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Abstract

We consider shock models governed by the bivariate geometric counting process. By
assuming the competing risks framework, failures are due to one of two mutually exclu-
sive causes (shocks). We obtain and study some relevant functions, such as failure
densities, survival functions, probability of the cause of failure, and moments of the
failure time conditioned on a specific cause. Such functions are specified by assuming
that systems or living organisms fail at the first instant in which a random threshold is
reached by the sum of received shocks. Under this failure scheme, various cases arising
for suitable choices of the random threshold are provided too.
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1. Introduction

Shock models are adequate to describe the failure mechanism of systems, living organisms,
or general items that are subject to stress or shocks during their working period. In this context,
a device is initially active and it receives random shocks according to a counting process. In
addition, the number of shocks that cause the failure of the device is itself random. Many
contributions regarding shock models have been developed in different areas of the literature.
We refer the reader to [7, 22, 24, 32]. Moreover, aiming to deal with more general settings,
multivariate shock models have been studied in various fields as well (see [5, 6, 21, 29, 33, 34,
37D).

Often shock models follow the Poisson process as the underlying counting process, since it
represents a good compromise between a realistic representation of the phenomena and math-
ematical tractability of the model (see, for instance, [12, 19, 23]). However, in many practical
situations, specific random occurrences of events in time cannot be adequately described by the
Poisson process, since the assumption of independence between its increments is not feasible.
Therefore, alternative counting processes to the Poisson one have been considered in view of
managing shock models (see [9, 10, 20, 25]).
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The geometric counting process deals with random occurrences between events that are not
independent, and it represents another suitable alternative to the Poisson process (see [8, 17]).

In this article, we study bivariate shock models in which shocks are governed by two homo-
geneous geometric counting processes, with possibly different intensities. Specifically, we
consider the bivariate geometric counting process, which is a two-dimensional mixed Poisson
process with mixing distribution given by the maximum of two exponential distributions. We
face the problem when the intensities of baseline Poisson processes are shared, leading to the
dependence between the marginal geometric counting processes.

The competing risks framework is also considered, by taking into account that failures are
due to a single cause (risk). This model is of considerable interest in various fields (see [4, 11]
as classical references). In reliability theory and survival analysis, Balakrishnan and Castilla [3]
developed robust inference for one-shot device test data with Weibull lifetimes under the com-
peting risks scenario. Di Crescenzo and Longobardi [13] proposed a version of the well-known
‘new better than used’ and ‘new worse than used’ ageing properties for random lifetimes within
a specific cause of failure. Moreover, Di Crescenzo and Meoli [15] studied relations with cop-
ula and time-transformed exponential models. Competing risks are a common issue also in
medical research. For instance, in cancer studies, both treatment-related death and disease
recurrence are important outcomes. A classic example comes from studies on tumor-causing
agents. Altshuler [2] proposed a method using Poisson processes to model these competing
events, estimating biological activity over time. Kim [27] introduced statistical methods to ana-
lyze competing risks, by providing comparisons with their respective counterparts in standard
survival analysis.

Since competing risks are noteworthy for the description of the failure of a complex system
subject to different types of risk, we refer to observable pairs (7, §), where T is a nonnegative
random variable, namely, random lifetime, that describes the time of failure of an item, while §
describes the (exclusive) cause or type of failure. Di Crescenzo and Longobardi [14] considered
a formulation of the competing risks model within the framework of stochastic shock models
governed by a bivariate Poisson process. Recently, Di Crescenzo and Meoli [16] and Soni ef al.
[36] investigated different generalized versions of bivariate Poisson processes.

The article is organized as follows. Section 2 is devoted to the description of the two-
dimensional shock model within the competing risks framework, by our taking into account
that failures are due to a single cause. The study is carried out in a general configuration, i.e.
underlying counting processes and the failure pattern are not fixed. We also provide sufficient
conditions for the independence between the random failure time 7" and the cause of failure §.
In Section 3 we assume that the shocks are driven by two homogeneous geometric counting
processes N1(¢) and N;(t) by providing the explicit expression of some relevant functions. In
Section 4 failures are assumed to occur at the first instant in which Ny (¢) + N»(t) = M, where
M is a random counting number, independent of (Nj(¢), N2(#)). Special choices of the random
threshold are considered too. Some final remarks are then given in Section 5.

Throughout this article the terms increasing and decreasing are used as meaning ‘non-
decreasing’ and ‘nonincreasing’, respectively. Moreover, R* denotes the set of positive real
numbers, ]Rar =R" U {0}, N denotes the set of positive integers, and Ng = N U {0}.

2. Bivariate Shock Models within Competing Risks

In this section we describe and study the bivariate shock model driven by (generic) counting
processes within the competing risks framework. In particular, we provide sufficient conditions
for which the failure time and the cause of failure are independent.
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Let T be a random lifetime with an absolutely continuous distribution that describes the
failure time of an item (system or a living organism) having survival function (SF) defined as
Fr(t) =P(T > t) for t > 0. We assume that the item is initially active, i.e. F7(0) = 1. Moreover,
it fails in a certain instant, so that lim;—, 4 Fr()=0. Let 8§ =i if the failure occurs due to a
shock of type i for i = 1, 2. We denote by N;(¢), for i = 1, 2, the counting process representing
the number of shocks of type i occurring in [0, #].

We can partition the state space Ng of (N1(1), N»2(1)) into nonempty subsets

Sg = {(x1, x2) € NZ : W(xy, x2) =k}, k € Np, (1)

called failure sets, where W : N(z) —> N is a given suitable function that creates a partition
of the state space. We assume that Sy includes the numbers of nonfatal shocks; namely, if
(N1(2), N2(1)) € So then the shocks that arrived up to time ¢ do not cause a failure.

We denote by M the integer-valued random variable that represents the index of which fail-
ure set Sk, k € N, contains the numbers of fatal shocks, independent of (N;(#), Na(¢)). In other
words, M = k if and only if the system fails at the first instant # > 0 in which (N1 (z), N2(?)) € Sk.
For k € N the risky sets are defined as

R = (1, x2) € N2\ Sg: (x1 + 1, x2) € S,

. ; (2)
R,” = {(x1, x2) e N5\ Sk : (x1, x2 + 1) € S¢,

where R;{i), i=1, 2, contains all states of N(z) leading to a failure at time ¢ at the next occurrence

of a shock of type i, given that M = k. Note that, from (2), the failures are due to a single cause.
In addition, we remark that in general R(kl) is different from Si_1. Under these assumptions, the

failure time can be denoted as
T =inf{t > 0: W (N1(?), N2(2)) = M}.
The probability density function (PDF) of T is expressed as

O =10 +L0), t>0,

where f;, for i = 1, 2, is the failure density (FD), also named subdensity function, defined by

filhy= %P{Tﬁt, §=1i}, t>0. 3)

Note that f;, for i = 1, 2, is not a proper PDF. Indeed, since § = i, when the failure occurs due
to a shock of type i, we have

+00
P =i)= £ dt, i=1,2. )
0

From (3) and (4), we can obtain the moments of the failure time conditioned on the cause
of failure for s > 1 as

1

E(TH(S:Z’):P((SZZ_)

+00
/ £ fi(0) dt, i=1,2. 5)
0
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To express the FDs f; for i=1,2 in terms of the joint probability distribution of
(N1(2), N2(1)), we introduce the following hazard rates:

1
rixy, x5 )= lim —P[N1(t+ 1) =x1 + 1, No(t + 7) = x2|N1 (1) = x1, N2(t) = x2],
=0+t T (6)
1
ra(x1, x5 1) = lir& ;P[Nl(t-FT):xl, No(t+ 1) =x2 + 1IN1(H) = x1, No(t) = x2],
T—>

with (x1, x2) € N(z) and 7> 0. Hence, given that x; shocks of type 1 and x shocks of type 2
occurred in [0, 7], ri(x1, x2; t) gives the intensity of the occurrence of a shock of type i immedi-
ately after ¢, with i = 1, 2. Note that r1(x1, x2; f) 4+ r2(x1, x2; 7) is the hazard rate of a shock of
any type.

From the assumptions stated above, the item fails at time ¢ due to a shock of type i if the two-
dimensional counting process (N1(#), N2()) takes values in Rg) at time ¢ and a shock of type i
occurs immediately after. Hence, conditioning on M and recalling (2) and (6), fori=1, 2, we
have

+00
[O=Y "pu®) Y PIN@=x1, Na)=x2]riCx1, x50, 120, (7
k=1 (x1.%2)eRy
where py(k) =P(M =k), for k€ N, denotes the probability distribution of M. Therefore,
by using (7), we can express (4) and (5) in terms of the joint probability distribution of
(N1(5), N2(D).
We recall that a multivariate counting process {N(?), t € Rg } has the multinomial property
if the identity

P | () {NG@) —N@-) =nj}

Jj=1

(i) ' ®)
- - J Tl - .
(M T () )2 | {Na=Xom
i=1 Hj:l o= " j=1
holds for all me N and ¢y, 1y, ..., tmeRg with 0=ty <t <--- <ty, and for all njeNg,
je{l, ..., m}; see Section 2.2 in [38]. Hereafter, we characterize the expression for the FDs
given in (7) by assuming that the corresponding bivariate counting process has the multinomial
property.
Proposition 1. If N(7) = (N1(?), Na2(¢)) has the multinomial property, then
= P[Ni(t + 1) =xi + 1, Ni(t + 1) = x/]
(1) — , 1+x2 13 ! M > —
fio=3pu® Y G+ DO lim o ©)

k=1 (1, x)eR]

fori=1,2,j=3—i,andt>0.
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Proof. We prove the result for i = 1, since in a similar way it follows for i = 2. From (6), we

have
ri(x1, x2;1)
~ tim TP[N@+1)=x1+1, Mot + 1) =x2, Ni() = x1, Na(1) = x3]
10t T P [(N1(®), N2(t)) = (x1, x2)]
— m TP {(N1(1), Na(0) = (x1, x2)} N{N1 (2 + ) — N1(1), No(r + 7) — Na (1) = (1, 0)}]
10t T P [(N1(D), N2(1)) = (x1, x2)]

_ 4o o PINVIE+1), Mo+ 1) =01+ 1, )]
=k e r1—1>r(r)l+ (t + Tyt P (N (), Na(0) = (x1, x2)]

having used in the last equality the multinomial property given in (8) for £ = m = 2. Hence, the
result follows by applying the latter expression in (7). (]

Since {T > t} = {W (N1(?), Na(t)) < M} for all t > 0, by conditioning on (N1(t), N2(?)), from
(1) we obtain

+00
Friy=Y) Fu®) Y PINi@O=xi,Na@O=x]  1=0, (10)
k=0 (x1,X2)€ESk

where Fy(k), for k € Ny, is the SF of M such that Fy;(0) = 1.

Remark 1. Let us assume that two random thresholds M; and M, are ordered in the usual
stochastic sense; that is, FMI (k) < FMz(k) for all k € Ny (denoted as M| <y M»). Therefore,
from (10), if the corresponding random failure times 77 and 7> are conditioned on the same
pair of counting processes, according to the same failure scheme, then 77 <y 7>. For more
details about stochastic orders, we refer the reader to [35]. Moreover, see [31] for stochastic
comparisons between random lifetimes in the context of shock models driven by univariate
counting processes.

Hereafter we provide sufficient conditions for which the random failure time 7 and the
cause of failure § are independent. We refer to [26] for a characterization of the independence
between time and cause of failure for a general item.

Theorem 1. In (1), let us assume V(x1, x3) = W(x2, x1) for all (x1, xp) € N(z). If
(N1(0), N2(1)) =5t (N2(2), N1(1))  forall >0, an
then T and § are independent, where =g means equality in law.

Proof. Under the stated hypothesis on W, from (2) it is easy to see that (x1, x2) € R,(Cl) if and

only if (x2, x1) € Rf) , for any (x1, x0) € N%. Therefore, from (7), by using (11), it follows that
f1(®) =f>(¢) for all ¢ > 0. Hence, from (4) we have P(§ = 1) =P(§ =2) = 1/2, which allows us
to obtain fori =1, 2

P(§ = Dfr () =fi(), 1>0,
and the proof is completed. U

From this point on we assume that shocks are driven by homogeneous geometric counting
processes.
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3. Results under the Geometric Counting Process

In this section we assume that the two kinds of shock affect the system according to homo-
geneous geometric counting processes Ni(f) and N»(¢), respectively. The definition of the
geometric counting process can be stated as follows.

Definition 1. Let (N (¢), t € R(‘)" } be a Poisson process with intensity «. Let U be an exponen-
tial distribution with mean A € R*. The process {N(¢?), t € Rar } having marginal distributions
for x € Ny given by

+o0
P[N() =x] = / PN () =x]dU(@),  teR],
0

is named geometric counting process with intensity A.
We now extend the geometric counting process to the bivariate case.

Definition 2. Let {Nia)(t), te Rar} and {N;D‘)(t), te ]R(J)r } be independent Poisson processes,
both having intensity « € R™. Let U be the distribution of max{Ty, 7>}, where T; has an expo-
nential distribution with mean %I € R¥ fori =1, 2. The bivariate process N(t) = (N (¢), N2(1)),

forte RS‘ , having joint distribution for x1, x2 € Ny given by
PN () =x1, Na(t) = x2] = / PN 0=x N0 =0]dU@.  1eRy. (12)
R

is named bivariate geometric counting process, where the intensity of N; is 1/A;, fori=1, 2.

Remark 2. By taking into account Lemma 3.1.1 in [38], the bivariate geometric counting pro-
cess in (12) has the multinomial property given in (8). Then it satisfies the assumptions of
Proposition 1.

For the next result we recall that the gamma function is defined as

+o00
I'(z):= / e ds, (13)
0

with Re(z) > O (see, for instance, the equation 6.1.1 in [1]).
Proposition 2. Under the assumptions of Definition 2, if T1 and T» are independent, then
P [N1(t) = x1, No(t) = xa] = (12) 711772

Al N A2 A+ Ao (14)
X _
2t + )\‘l)x|+x2+l 2t + )\Z)XH_XZ—H Qt+ A + )LZ)X1+X2+1

for x1, x5 € Ny.
Proof. Under the stated hypothesis, from (12) it holds that
P [N1(1) = x1, Na(1) = x2]
t X +X2
:/ e,m,& [Me™M9(1 — e7"2%) + ape 2%(1 — e 1)) da
R+ x1!x0!

T2 [R(xy 4 x5 1) + Bl xo; A2) — A(xn +x25 A1 + A2)]
- x1!x0!

’
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where oo
Al 1
h(x; A) 1= / e ¥Ry — L,
0 (2t + Ayt
having set u=oa(2t+A) in the last equality and by recalling (13). Then, since
['(x+ 1) =x!, for x € Ny, the thesis follows by straightforward calculations. [l

Note that, under the assumptions of Proposition 2, (11) holds. Moreover, (14) can be
rewritten as

1
2X14x2

P[N; () = x1. No(f) = x3] = (xl ;m) P [N(Z max(T1.72) (1) = x; + xz],

where 77 and T, are independent exponential random variables with means 1/A; and
1/A;, respectively, and N@(7) denotes a Poisson process with intensity & € R* and that is
independent of T and 7>.

As a consequence of Remark 2 and Proposition 2, from (9) it follows that

+00
X1 +x2
0= Y @tntD < ! ) g+
- 1)<k (15)
« Al " A2 _ A+ Ao
(2[ + )\l)x1+x2+2 (21 + )\'Z)XI +x0+2 (2l + )\1 + kz)x1+x2+2

fori=1, 2 and r > 0. Moreover, from (10) and (14), the SF of T becomes

+00
FT(I) — ZFM(k) Z <x] +x2) Pt

X1

k=0 (x1,X%2)ESk 16)
x Al n A2 B A+ A
Qt+ A)atntl T (24 a2 4 A 4 Ap TRt

fort > 0.

We now specify the expression for the probability of the cause of failure given in (4) under
the hypothesis that shocks are governed by the bivariate geometric counting process having
probability law given in (14). For this aim, we recall that the well-known beta function can be

expressed as
“+o00 tzfl
B(z, w) = —dt, 17
@ w) /O ERIED (17)

which converges if Re(z) > 0 and Re(w) > 0 (see, for instance, the equation 6.2.1 in [1]).
Proposition 3. Under the above assumptions, for i =1, 2 it follows that
+00 x|+ x
Be=i=) puk) Y. (1 2) ], (18)

C\ X
k=1 (x1.x2)€Ry

Proof. Without loss of generality we prove the result for i = 1. From (4) and (15) we have

+00
PE=D=)_puk) >  Gi+x+1) (xl;tm) P(x1 +x2),

= 1
k=1 (x1 »xz)ERi k
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where
+o00 Arr 1 L1
= ———dt=2"""B » b,
e @11
having set y = 2¢/A in the integral and by recalling (17). Then, since B(x, 1) = 1/x, (18) follows
by straightforward calculations. ]

Note that, from (18), the probability of the cause of failure does not depend on the respective
intensities A1 and A, of the geometric counting processes.

Hereafter we prove that, in the proposed competing risks framework, the conditioned
moments of the failure time 7 given in (5) diverge for all s > 1.

Proposition 4. Under the above assumptions, for i =1, 2 it follows that
E(T’|1§=i) =400, s>1.
Proof. For i = 1, from (5) and (15) we have

P(s = DE(T*|8 = 1)

+00
=> puk) Y (Ax+ 1) (1)
k=1

(x1 ,X2)€R§(1)

x [g(r1 +x25 85 A1) 4 g(x1 + 25 55 A2) — g(x1 + X23 53 A1 + A2)]

+o0
=Y omt) Y +xm+D ()
k=1

(x1,x2)eRy”

AR — G +02) 1B x4+ 1 1)

2x1+x+s+1
where
Too s AMB(x+s+1,1—y)
glx; 53 4) = t= ,
0 (2t+)»)x+2 2x+s+1

having set y=2¢/A in the integral and by recalling (17). We can do the same similarly
for i=2. Hence, from (5), the thesis follows since B(x; +x»+s+ 1,1 —s)=400 for
all s > 1. O

Clearly, from the above results, the nature of the shock model is completely specified when
the structures of the failure sets and of the risky sets are fixed. Hence, in the rest of this article,
we consider a special case for the failure scheme. Specifically, by recalling (1), we assume that
W(xy, x2) =x1 + x2.

4. Failures due to the Sum of Shocks

In this section we assume that the system fails when the sum of shocks of type 1 and of
type 2 reaches a random threshold that takes values in N, keeping in mind that shocks are
driven by the bivariate geometric counting process having probability law given in (14). Hence,
from (1) we have

Sk={(x],x2)€N%:x] —l—xz:k}, kGN(), (19)
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FIGURE 1. Failure scheme due to the sum of shocks.

X X3

FIGURE 2. Example of a series system made of two units.

and

R(k]) =R](€2) :Skfl, kEN; (20)
see Figure 1. Note that Sop = {(0, 0)}, which corresponds to no shocks of any kind having
occurred during the system’s working period.

Remark 3. From (14) and (19), the assumptions of Theorem 1 are satisfied, and thus T and §
are independent. It also holds that fi =, and P (§=1) =P (§ =2) =1/2.

In reliability theory, such a model may be appropriate to describe, for instance, the failure
of systems made of units connected in series, as described below.

Remark 4. Let X; and X, describe the respective random failure time of two components
in a series system having random lifetime denoted by 7 = min{Xj, X>}. We assume that the
component with lifetime X; is subject to a shock of type i for i = 1, 2. If § denotes the related
cause of failure, then

Pl=i=PX;=T7), i=1,2.
An example of this kind of system is given in Figure 2. For more details about system reliability
theory, we refer the reader to [30].

Hereafter, from (15), we specify the expression for the PDF of T according to the failure
scheme of the sum.

Proposition 5. Under the assumptions leading to (19) and (20), it follows that

Al n A2 _ A+ A2
Qt 4+ AL QAR (24 A+ AR

+00
fr)y ="y 2k pu (k) [

k=1

] 2y

fort>0.
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Proof. By using (20) in (15), it holds that

+00 k—1
i1 A Ao M+ A2 k—1

A= 2 b [(2r+ AT @ 3T @it hy A ] Z_O ( x )
Then the thesis follows from

=l

T ( ) _ k1

x1=0 11
and by taking into account that, from Remark 3, it holds that fr = 2f;. O

A similar result can be obtained for the SF of T given in (16), the proof of which is omitted
for brevity.

Proposition 6. Under the assumptions leading to (19), it holds that

Al n A2 _ A+ A2
Qt 4+ AL QAR (214 A+ ARt

+00
Fr(y=Y_ Fuk@* [ } (22)
k=0

fort=>0.

In the following we provide some examples of applications of Propositions 5 and 6 accord-
ing to different choices for the random threshold M. We also consider the hazard (or failure)
rate function of a random lifetime 7', which is defined by
Pe<T<t+e|T>0  fr()

e ~ Fr()

hr(t):= lim 23)
e—0F

for all ¢ such that F7(¢) > 0. Such an ageing function has an interpretation different from that

of the hazard rates introduced in (6), since it represents the average probability of failure in the

interval [¢, t + ] when € — O for an item that is working at time ¢ (see Section 2.2 in [30]).

Example 1. Let M be a geometric distributed random variable with parameter p € (0, 1), i.e.
pu(k) = p(1 — p)=1 for k € N. From (21), by applying the arithmetic—geometric series

+00 a
S atkyt= 2t 2
2 — -y

for |y| < 1, with a few calculations it follows that

frn=2 [ MLk Mtk } >0 (24)
BO= P G202 T Gat 2002 G+ ha+ 202 ‘
Similarly, from (22), we have
_ A A PP
Frin=—"! 2 112 >0, (25)

+ — ) t=
AM+2pt Ay+2pt A+ Ao+ 2pt

which is a generalized mixture between three Pareto type-1I (Lomax) distributions, having the
same unitary shape parameter and scale parameters 2p/A1, 2p/X2, and 2p/(A1 + A7), respec-
tively. We recall that the generalized mixtures are defined as the classic ones but they might
contain negative coefficients, as in (25). Moreover, from (23), it holds that
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1.0
0.6 0.8

fr(t)
05
Fr(t)
04
hr(t)
05

0.2

0.0
0.0
0.0

FIGURE 3. Plots of fr (left) given in (24), F7 (middle) given in (25), and h7(¢) (right) given in (26) when
A1 =1and Ay =2 for p =0.25, p=0.5, and p = 0.75 (full, dashed, and dotted lines, respectively).
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In Figure 3 we plot the PDF fr given in (24) on the left-hand side, the SF F7 given in (25) in

the middle, and the hazard rate function Ar(f) given in (26) on the right-hand side for suitable
choices of the parameters A, Ao >0 and p € (0, 1).

hr(t) =

t>0. (26)

Note that, from Example 1, the random thresholds considered in Figure 3 are ordered in the
usual stochastic sense. Then, according to Remark 1, the corresponding random lifetimes are
ordered in the usual stochastic sense too. Moreover, the hazard rate functions depicted on the
right-hand side in Figure 3 are decreasing in ¢ > 0. Then the corresponding random lifetimes
possess the property of decreasing failure rate (DFR); see, for instance, Section 4 in [30]. In
addition, we recall that the reversed hazard (or failure) rate function of a random lifetime 7T is
defined by

ir(t) = mnPa—s<T§ﬂT§0: ﬁﬁ)
e—0F € 1—Fr(t)
for all ¢ such that F7(f) < 1, representing the instantaneous probability of failure at ¢ for an item
that has failed in the interval [0, #] (see Section 2.2 in [30]). Hence, since the PDFs depicted on
the left-hand side in Figure 3 are decreasing in 7 > 0, the corresponding random lifetimes have
the property of decreasing reversed failure rate (DRFR); see, for instance, Section 4 in [30].

Note that, from (23) and (27), if T is DFR, then it is also DRFR. In general, the reverse
implication does not hold. Indeed, in the next example, we consider a suitable choice for the
random threshold M such that the corresponding random lifetime 7" is DRFR but not DFR.
In this case the hazard rate function turns out to be increasing up to an instant close to O,
representing a high probability of an item’s failure when it starts working.

Example 2. Let M be uniformly distributed with pys(k) = 1/3 for k =1, 2, 3. Then, from (21),
it follows that

27)

fT(l‘)=8t2( adl e Mt )

+ —
Qt4+2)% Qa0 QA+

(28)

8 A %) A+ A2
+ =t + -
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N 2

3
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Qt+r1)?2 Qe+ Qt4+A+1)?

https://doi.org/10.1017/jpr.2025.10061 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2025.10061

860 M. CAPALDO AND S. SPINA

fr(t)
0.2 0.3
Fr(t)
0.6 0.8
h(t)
0.2 0.3

0.4
L

0.1
0.2
L
0.1

0.0
0.0
L
0.0

FIGURE 4. Plots of fr (left) given in (28), F7 (middle) given in (29), and h7(¢) (right) given in (30) when
A1 =5and Ay =2.

for t > 0, and, from (22), we get

7 A A e
Frip= 14 22 Mt
24+A1 24ry 24A+ A
A A ALt A
2 ! 2 1 +A2
—t -
+ 3 <(2[+)\,1)3 + (2l’+)‘«2)3 (2t+)\1 +)\.2)3> (29)
+ =t ! + 2 _ 1+ A2
3 \NQRt+1)2 Qt+r)?2 Qe+ A+ )2

for t > 0. In Figure 4, for .1 =5 and A, = 2, we plot the PDF f7 given in (28) on the left-hand
side, the SF Fr given in (29) in the middle, and the corresponding hazard rate function

+ 6 + 6
I+t S5+2t T+2

4 (30135 + 116 3611 + 176 859:% + 136 9481 + 57 660¢* + 12 6001 + 1120:°)

25725 + 120 5401 + 232 72212 + 235 81213 + 136 948¢* + 46 12815 + 840010 + 64017
(30)

hr(t) =

on the right-hand side, having used (23).

We conclude this section by providing an example in which M is a degenerate random
variable, describing the case in which the sum of shocks that determines the item’s failure is
fixed.

Example 3. Let M be a degenerate random variable in k =2, i.e. pps(2) = 1 and py,(k) = 0 for
k € N\ {2}. Then, from (21), we have

8Aqt 8Aat 8(A1 + At
1= — , t>0, 31
0= Gy Y ey @it R GV
and from (22) it holds that
_ M4t + 412 412
Fr(y= L2 > 0. 32)

- + K
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FIGURE 5. Plots of fr (left) given in (31), F7 (middle) given in (32), and h7(¢) (right) given in (33) when
A =Ay=2.

In Figur_e 5, for A1 = Ap =2, we plot the (unimodal) PDF f7 given in (31) on the left-hand side,
the SF Fr given in (32) in the middle, and the corresponding hazard rate function

2t (7T+31(3+ 1)) ~0 (33)

hr (1) = ) 1=
A+02+024+3:(24+1)

on the right-hand side, having used (23).

5. Concluding Remarks and Future Developments

Shock models describe how systems or living organisms fail due to random stresses over
time. An item starts working and experiences random shocks, with failure that occurs after a
random number of these shocks. The geometric counting process represents a relevant option in
the context of counting processes in order to handle random occurrences between events that
are not independent. In this article shock models driven by the bivariate geometric counting
process have been studied within a competing risks framework. We assume that the mixing
distribution is given by the maximum of two independent exponential distributions. In addition,
the dependence between the marginal geometric counting processes comes from the hypothesis
that intensities of baseline Poisson processes are shared. We have assumed that the failures are
due to one of two mutually exclusive causes. In particular, failures occur at the first instant in
which a random threshold M is reached by a suitable function W of the two type of shock,
given in (1). Under these assumptions we have obtained FDs, SFs, the probability of the cause
of failure, and the moments of the failure time conditioned on a specific cause. Moreover, these
functions have been laid down by considering W (x, x3) = x| + x7. Particular cases have been
analyzed for fixed distributions of M.

Other functions W can be considered as long as they create certain partitions of the state
space analogous to (1), such as (i) W(x1, xp) = min{xy, x2} and (ii) W(x1, x2) = max{x, x2}.
In addition, aiming to deal with more general settings, we can make alternative choices of
counting processes that govern the shocks as well (see [9, 28]). Note that each shock can be
governed by a different type of counting process (for instance, one by the Poisson counting
process and the other by the geometric counting process).

Further dependency structures related to the counting processes involved can be considered
and described by copulas (see, for instance, [18]).
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Another option for future research would be to develop a comprehensive inferential frame-
work for the proposed shock models within competing risks, including methods for parameter
estimation, model validation, and statistical testing.

Finally, the proposed competing risks model can be extended to the case of an arbitrary num-

ber r of types of shock. Let (N1(¢), . .., N.(f)) be a multidimensional counting process, where
N;(t) describes the number of shocks of the ith type that occurred in [0, f] fori=1,2,...,r.
Then the SF of T can be expressed as
+00
Frty=Y_ puPIWNi(0), ..., N@) <k}, =0,
k=0

where W extends the function W defined in (1) to the case of r components.
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