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Abstract

Not-reached (dropout) and omitted (intermittent missingness) behaviors are often inevitable in timed
computerized tests. These missingness behaviors may be related to the subject’s latent traits, the difficulty
of the item, or even the unobserved item response itself. In order to better understand the underlying test-
taking behaviors, a Bayesian hierarchical framework is adopted to jointly model the item response, the item
response time, the not-reached, and the omitted behaviors. For missing data, a sequential multinomial
model is developed for the not-reached behavior, and a conditional model is proposed for the omitted
behavior conditioning on the not-reached behavior. A decomposed logarithm of the pseudo marginal
likelihood (LPML) is then developed to assess the fit of the missing data models. It can be further used
to quantify the importance of modeling item response and response time jointly versus individually in
identifying the missing data mechanism. The empirical performance of the proposed models and the model
assessment criterion are examined through extensive simulations. The proposed methodology is further
applied to analyze the Program for International Student Assessment (PISA) 2018 Test.
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1. Introduction

Missing data are frequently encountered in the fields of education, psychology, and social science due to
the nature of data collection through tests or questionnaires, where responses are often not mandatory
(Rose et al., 2017; Yuan et al., 2018). In timed tests, two types of missing behaviors can occur. One is
called not-reached or dropout (Wu et al., 2019), where test takers fail to reach the end of the test due
to time limits, early quitting, strategic planning, or other reasons. The other type is called omitted or
intermittent missingness, where test takers skip questions intentionally or accidentally, or run out of
time due to item-level time limits. For example, in the 2018 PISA math exam data in Brazil, 18.7% of
test takers did not complete the test and 18.6% of answers was missing. Ignoring or handling missing
data inappropriately can result in loss of information or even bias when analyzing the testing results
(Glas & Pimentel, 2008; Rose et al., 2015).

To appropriately address the missing data problem, one needs to understand different types of
missing data mechanisms and their underlying assumptions. The term “ignorable” missingness was
first introduced by Rubin (1976), meaning that the inference for the response models is still valid if
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the missing data process is ignored. In contrast, missing data are considered nonignorable if Rubin’s
assumption of ignorable missingness is violated (Little & Rubin, 2019; Rabe-Hesketh & Skrondal, 2023).
According to Glas and Pimentel (2008), Guo et al. (2022), and Rose et al. (2017), the not-reached
and omitted behaviors may depend on the latent characteristics and the difficulty of the items and
thus cannot be ignored for valid inference. The missingness is thus more likely to be nonignorable.
Furthermore, these two behaviors are different processes that result in item nonresponses with different
characteristics, and therefore should be handled differently in the item response theory (IRT) models
(Rose, 2013; Rose et al., 2017).

Approaches for dealing with the aforementioned nonignorable missingness for item responses have
been developed. O’Muircheartaigh and Moustaki (1999) proposed a shared parameter joint model for
item responses and missing data indicators, where the tendency to omit items is included as a latent
variable shared by both models. Following this framework, Holman and Glas (2005) considered a
general IRT model framework via a combination of a generalized partial credit model (GPCM) for
the observed dichotomous and polytomous responses and a multidimensional IRT (MIRT) model for
the missing data process. Glas et al. (2015) generalized the approach to incorporate covariates into the
joint model of latent variables. For all the aforementioned papers, they focused only on missingness
due to omission. Following the modeling framework of Holman and Glas (2005), Glas and Pimentel
(2008) assumed a sequential IRT model with linear restrictions for the missing data model of the
not-reached behavior. List et al. (2019) extended the model by applying a semiparametric approach
to capture nonlinear relationships between the onset of the not-reached items and the characteristics
of test takers. Both papers focused on the unobserved responses at the end of the response sequence
(the not-reached item) and did not consider missingness due to omission. To account for both omitted
and not-reached missing behaviors, Rose et al. (2017) proposed a joint model that combines an MIRT
model for response and omitted items, and a latent regression model (LRM) for latent variables with a
function of the number of not-reached items as a predictor. Consequently, the not-reached behavior of
test takers was not directly modeled. Guo (2019) and Zhang et al. (2025) proposed a selection model
to jointly study the item response and the missing data, where the cumulative number of missing
indicators and cumulative responses were used as covariates in the missing data model. Our model
adopts the joint modeling philosophy, but extends it by differentiating between intermittent and not-
reached missingness to account for their distinct underlying causes, and incorporating response time
data to enhance the modeling of item response and missing data process.

The response time for each item can sometimes be easily collected because of the prevalence of
computerized testing. Many recent developments incorporate this additional source of information in
the analysis of missing item response data, with the hope of improving the estimation and inference of
item parameters and subjects’ latent characteristics (Guo et al., 2022; Lu & Wang, 2020; Lu et al., 2023;
Pohl et al., 2019; Ulitzsch et al., 2020c; Van der Linden, 2007). Pohl et al. (2019) adopted a hierarchical
framework to jointly model response accuracy and response time, assuming that the missingness was
caused solely by time limits, an assumption not applicable to our real data, where the median total
time spent on the test for not-reached subjects (23.26 minutes) is far less than the test time limit
(60 minutes). Ulitzsch et al. (2020c) adopted the speed and accuracy model proposed in Van der Linden
(2007) and the IRT model for the omitted behavior proposed in Holman and Glas (2005), and assumed
different response time models for the observed and omitted items. Ulitzsch et al. (2020a) further
included the modeling of engagement (guessing) behavior in the hierarchical model framework, and
assumed fully engaged students did not skip questions. Both papers focused exclusively on omission
behavior. Lu and Wang (2020) proposed a response time process (RTprocess) model where they modeled
item omission as a type of censoring. They assumed that the omitted items were due to item-level
time limits, and that the not-reached items were not the result of early quitting. Guo et al. (2022)
proposed a joint model for responses and response times that accounts for missingness due to the
not-reached behavior, where a censoring mechanism was assumed for the response time. Similarly,
the not-reached and omitted behaviors were not directly modeled. Lu et al. (2023) proposed a two-
stage mixture RTprocess model to detect aberrant behaviors (i.e., cheating and guessing behaviors) and
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to account for item nonresponses (not-reached and omitted items). Their model did not differentiate
between the not-reached and omitted behaviors and assumed that the missing data mechanism was
ignorable if the response time information was incorporated. Ulitzsch et al. (2020b, 2025) proposed a
model that accounts for different types of not-reached behaviors: a response time model to address not-
reached behavior due to time limits, and a Poisson model to address not-reached behavior due to early
quitting. Their paper centered solely on not-reached behavior. Ulitzsch et al. (2024) distinguished rapid
omissions from omissions due to solution behavior and considered omission classification uncertainty.
Their paper focused only on missingness due to omission. Guo et al. (2025) proposed a joint model
of item response, response time, and omitted time through the competing risk formulation. The three
outcomes were assumed to be conditionally independent given the latent traits, where a multivariate
normal distribution was adopted. Their paper focused on missingness due to omission only.

Not-reached and omitted behaviors often stem from different behavioral processes, such as time
limits, early quitting, or strategic planning, which may follow distinct missing data mechanisms.
These two types of behaviors should be modeled separately to capture their unique characteristics,
but also jointly, as they may both be related to the same underlying latent ability and item difficulty
parameters (Debeer et al., 2017; Mislevy & Wu, 1988). Joint modeling of both behaviors allows for a
more accurate understanding of test-taking behavior and results in improved parameter estimation by
borrowing information between both types of missing behaviors. Guo et al. (2025) proposed a joint
model framework for both omitted items and not-reached items by combining the competing risk
models from Guo et al. (2025) and the censoring approach introduced in Guo et al. (2022). Their focus
was on missingness resulting from time limits. The existing literature that simultaneously modeling
both not-reached and omitted behaviors is sparse, and our study aims to fill this gap. In this article, we
propose a joint model framework to simultaneously study the item response, response time, the not-
reached missingness, and the omitted missingness, without restricting missingness to time constraints.
Specifically, a summary of the contributions of this work is listed below.

(i) A data-driven missing data model is developed to allow for joint modeling of the not-reached
and omitted behaviors of test takers. Specifically, a sequential multinomial model is developed
for the not-reached behavior, and a conditional model is proposed for the omitted behavior
given the not-reached behavior. This formulation enables the modeling of not-reached and
omission behaviors within a unified IRT modeling framework. It also provides a clear and
natural distinction between the two types of missing behaviors: the omitted behavior, which
may be due to strategic planning, and the not-reached behavior, which may be due to early
quitting or time limits. Our proposed missing data model assumes nonignorable because the
probability of missingness does not directly depend on any unobserved data but only depends
on latent variables, and the missing data process cannot be ignored for valid inference of the
response models (Pohl & Becker, 2020; Robitzsch, 2021, 2023). The model also encompasses an
ignorable missing data mechanism as a special case.

(ii) We propose a hierarchical model framework and a new formulation for the joint distributions
of all latent propensity parameters. This allows us to quantify the extent to which the missing
data mechanism is nonignorable and to conveniently incorporate the conditional independence
properties of latent propensity parameters, facilitating the specification of prior distributions
more conveniently and resulting in a more efficient implementation and better mixing of
Markov chain Monte Carlo (MCMC) sampling. Our simulation studies demonstrate good
empirical performances even when the missing data percentages are as small as 5%, either due
to omission or due to not-reached behaviors.

(iii) The decomposition techniques of various model selection criteria have been widely applied
to the IRT to enhance the understanding of model fit within the joint model framework (Liu
et al., 2025; Sun et al., 2025). In this article, we also develop a model selection criterion,
built on the decomposition of the logarithm of the pseudo marginal likelihood (LPML), a
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computationally efficient posterior predictive criterion, using the idea of leave-one-subject-
out. The decomposition of LPML gatekeeps the selection of the “best” missing data mechanism.
More importantly, it can also be used to quantify the importance of modeling the item response
and response time jointly versus individually in identifying the missing data mechanism.

The remainder of this article is organized as follows. We present models for the item response,
response time, and missing data mechanism in Section 2. The hierarchical model framework and
Bayesian inference are given in Sections 3 and 4, including the decomposition of LPML for model fit
assessment. Extensive simulation studies and a detailed analysis of the PISA 2018 data are presented in
Sections 5 and 6, respectively. Finally, we conclude this article with a brief discussion in Section 7.

2. Models

2.1. Item response model
Suppose that there are a total of n subjects and J items. Let yij denote the binary score for the ith subject
at item j, where yij = 1 indicates that the answer is correct and yij = 0 otherwise. Denoting P(yij = 1) = pyij ,
a two-parameter logistic model (2PL) (Bock & Aitkin, 1981) is assumed for pyij as

pyij =
exp(aYj(θYi−bYj))

1+exp(aYj(θYi−bYj))
, (1)

for i = 1, . . . ,n,j = 1, . . . ,J, where aY = (aY1, . . . ,aYJ)
′

is the vector of discrimination parameters, θY =
(θY1, . . . ,θYn)

′

is the vector of latent response propensity parameters (O’Muircheartaigh & Moustaki,
1999) measuring the tendency to give correct answers, and bY = (bY1, . . . ,bYJ)

′

is the vector of difficulty
parameters. A higher value of the product of aYj and bYj indicates that the corresponding item j is more
difficult and, consequently, the answer is more likely to be wrong.

2.2. Response time model
Let tij denote the response time for the ith subject at item j. A log-normal model (Van der Linden, 2006,
2007) is built as

log(tij) = bTj−σTθTi+ εij, (2)

where bT = (bT1, . . . ,bTJ)
′

is the vector of time intensity parameters, θT = (θT1, . . . , θTn)
′

is the vector of
latent response time propensity parameters, σT > 0 captures the subject-specific variation, εij ∼N(0, 1

aTj
),

and aT = (aT1, . . . , aTJ)
′

is the vector of precision parameters. A higher value of bTj indicates that subjects
tend to take more time on item j.

2.3. Missing data models
We adopt a sequential multinomial model to study the not-reached behavior of each subject. A joint
model of all the previous missing statuses, that is, omitted behavior, is then developed given that the
subject fails to reach a certain item.

Let Wi denote the item number at which the ith subject fails to reach, for i = 1, . . . ,n. The possible
values of Wi are 1,2, . . . ,J,J+1, where Wi = J+1 indicates that the ith subject reaches the last item.

Let

pij = P(Wi = j∣j ≤Wi ≤ J+1) if 1 ≤ j ≤ J. (3)
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We then have

P(Wi = j) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

pi1 if j = 1,
∏j−1

�=1(1−pi�)pij if 1 < j ≤ J,
∏J

�=1(1−pi�) if j = J+1,
(4)

A Rasch model (Rasch, 1993) is assumed for pij in (3):

pij =
exp(θWi−bWj)

1+exp(θWi−bWj)
, (5)

for i = 1, . . . ,n,j = 1, . . . ,J. Let θW = (θW1, . . . ,θWn)′ denote the vector of latent not-reached propensity
parameters (O’Muircheartaigh & Moustaki, 1999; Ulitzsch et al., 2020a) that measure the tendency to
withdraw from the test and bW = (bW1, . . . ,bWJ)′ denote the vector of difficulty parameters for the not-
reached behavior. This allows us to model the not-reached behavior within a unified IRT modeling
framework.

Let Ri� be the binary variable that indicates whether item � is omitted or not for the ith subject:

Ri� =
⎧⎪⎪⎨⎪⎪⎩

0 yi� is observed,
1 yi� is missing.

Assuming that the ith subject fails to reach item j (Wi = j), we know for sure that the missing indicator
Ri� = 1 with probability one for � ≥ j. Moreover, yi,j−1 must be observed (Ri,j−1 = 0) with probability one.
Otherwise, Wi < j, which contradicts the condition that Wi = j. Thus, given Wi = j, we only need to model
the conditional joint distribution of Ri� up to � = j−2.

Following Ibrahim, Chen, and Lipsitz (2001) and Ibrahim et al. (2005), we write the joint distribution
of (Ri1, . . . ,Rij−2) through a sequence of one-dimensional conditional distributions. Specifically, for j =
2, P(Ri1 = ri1∣Wi = 2) = 1− ri1; for j = 3, P(Ri1 = ri1,Ri2 = ri2∣Wi = 3) = f (ri1∣Wi = 3)(1− ri2); and for
j > 3, P(Ri1 = ri1, . . . ,Ri,j−2 = ri,j−2∣Wi = j) = f (ri1∣Wi = j)∏j−2

�=2 f (ri�∣Wi = j,ri1, . . . ,ri,�−1). We assume the
following formulation for the conditional distribution of Ri� given Wi = j and the previous omitted
indicators:

P(Ri� = 1∣Wi = j,Ri1 = ri1, . . . ,Ri,�−1 = ri,�−1)
= P(Ri� = 1∣Ri1 = ri1, . . . ,Ri,�−1 = ri,�−1)

=
⎧⎪⎪⎨⎪⎪⎩

qi� if 1 ≤ � ≤ j−2,
0 if � = j−1,

(6)

where qi� is modeled by another Rasch model:

qi� =
exp(θRi−bR�)

1+exp(θRi−bR�)
, (7)

for i = 1, . . . ,n,� = 1, . . . ,j− 2. Let θR = (θR1, . . . ,θRn)′ denote the vector of latent omission propensity
parameters that measures the tendency to omit the item, and bR = (bR1, . . . ,bR,J−1)′ denote the vector
of difficulty parameters for the omitted behavior model. A higher value of bR� indicates that the
corresponding item � is less difficult and tends to be answered.

The joint distribution of Wi and Ri = (Ri1, . . . ,RiJ)′ can be written as

P(Wi =wi,Ri1 = ri1, . . . ,Riwi = riwi)

= {
wi−1
∏
�=1
(1−pi�)}

1(1<wi≤J+1)

piwi
1(wi<J+1)

⎧⎪⎪⎨⎪⎪⎩

wi−2
∏
j=1

qrij
ij (1−qij)1−rij

⎫⎪⎪⎬⎪⎪⎭

1(wi>1)

.
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Remark 2.1. The sequential model framework in (3) and (4) allows us to directly interpret pij = P(Wi =
j∣j ≤Wi < J + 1), that is, the chance of failing to reach the current item given that the subject has not
withdrawn from the test. This is inspired by the survival function in survival analysis, where pij is of
great practical interest and should not depend on later items. The sequential model framework implicitly
takes into account the order of items, where each pij depends on the item values only up to j, rather than
taking them as a whole in a conventional multinomial logistic regression model (Wu et al., 2019). This
aligns well with the design of certain computer-based tests, such as PISA 2018, which do not allow
students to return to a question once it has been answered or skipped. The proposed sequential logistic
regression model is therefore more appealing. The sequential multinomial model for the not-reached
behavior automatically sets the upper limit of the total number of not-reached items and allows for
incorporating both subject-specific and item-specific parameters, which is expected to provide a better
fit for the data than a more parsimonious Poisson model in Ulitzsch et al. (2020b, 2025).
Remark 2.2. The minimum requirements for the missing data models in (5) and (7) to be estimated are
that i) the number of subjects failing to reach item j should be greater than 0 for any j and ii) the number
of omissions should be greater than 0 for any item level. These conditions are akin to the traditional
requirement of “adequate item response variability” in response models (Hambleton et al., 1991). In
Section 3, we introduce a hierarchical framework where these requirements can be relaxed by borrowing
information from items with missing data. Apart from the traditional assumptions for IRT models (Fox,
2010), the only additional assumption introduced to simplify the proposed missing data model is given
in Equation (6): Ri� is independent of Wi given (Ri1, . . . ,Ri,�−1). This assumption can potentially be
relaxed if there is evidence that P(Ri� = 1∣Wi = j,Ri1 = ri1, . . . ,Ri,�−1 = ri,�−1) varies between different
item levels, with a sufficiently large percentage of missing data and a sufficiently large sample size n, and
a sufficiently small number of items J. Additionally, we assume that qi� does not depend on any function
of Rij,j = 1, . . . ,�− 1 for better identifiability. This assumption can also be relaxed with a large enough
percentage of missing data and a large enough sample size (Köhler et al., 2015).

3. Hierarchical model framework

3.1. Latent propensity parameters
For the ith subject, let yi = (yi1, . . . ,yiJ)′ denote the vector of all response measures and ti = (ti1, . . . ,tiJ)′
denote the vector of all response times. Let y = (y′1, . . . ,y′n)′, t = (t′1, . . . ,t′n)′, W = (W1, . . . ,Wn)′, and
R = (R′1, . . . ,R′n)′. To capture the dependence between y, t, W, and R, we assume the following joint
distributions of the latent propensity parameters:

(θYi,θTi,θWi,θRi)′ ∼N(μ,Σ), (8)

where μ is a four-dimensional column vector and Σ is the covariance matrix of (θYi,θTi,θWi,θRi)′ given
by

Σ =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

σ2
θ σθθT σθθW σθθR

σθθT σ2
θT

σθT θW σθT θR

σθθW σθT θW σ2
θW

σθW θR

σθθR σθT θR σθW θR σ2
θR

⎤⎥⎥⎥⎥⎥⎥⎥⎦

. (9)

To ensure identifiability, let μ be a four-dimensional column vector of zeros and the diagonal elements
of Σ be 1.
Proposition 3.1. For i = 1, . . . ,n, θWi and θRi are conditionally independent given θYi and θTi if and only
if

σθW θR −
σθθW σθθR σ2

θT
−σθθW σθT θR σθθT −σθθR σθT θW σθθT +σθT θR σθT θW σ2

θ

σ2
θ σ2

θt
−σ2

θθt

= 0. (10)
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Proof of Proposition 3.1. For multivariate normal distributions, uncorrelated and independent proper-
ties are equivalent. Thus, we focus on the conditional covariance matrix of (θW,θRi)′∣(θYi,θTi)′, which
is given by

ΣWR∣YT = [
σ2

θW
σθW θR

σθW θR σ2
θR

]−[ σθθW σθθR

σθT θW σθT θR

][ σ2
θ σθθT

σθθT σ2
θT

]
−1

[σθθW σθT θW

σθθR σθT θR

]

= [Σ11 Σ12
Σ21 Σ22

],

where

Σ11 = σ2
θW −

σ2
θθW

σ2
θT
−2σθθW σθT θW σθθT +σ2

θT θW
σ2

θ

σ2
θ σ2

θt
−σ2

θθt

,

Σ12 = Σ21 = σθW θR −
σθθW σθθR σ2

θT
−σθθW σθT θR σθθT −σθθR σθT θW σθθT +σθT θR σθT θW σ2

θ

σ2
θ σ2

θt
−σ2

θθt

,

Σ22 = σ2
θR −

σ2
θθR

σ2
θT
−2σθθR σθT θR σθθT +σ2

θT θR
σ2

θ

σ2
θ σ2

θt
−σ2

θθt

.

Therefore, θWi and θRi are conditionally independent given θYi if and only if Cov(θWi,θRi∣θYi,θTi) =
Σ12 = 0. ◻

Proposition 3.1 leads to the following formulation:

θTi = ηTθYi+
√

1−(ηT)2ζTi,

θWi = ηW sin(αW)θYi+ηW cos(αW)ζTi+
√

1−(ηW)2ζWi,

θRi = ηR sin(αR)θYi+ηR cos(αR)ζTi+
√

1−(ηR)2ζRi, (11)

where ηT ∈ (−1,1), ζTi ∼ N(0,1), ηW ∈ (−1,1), αW ∈ (0,π], ζWi ∼ N(0,1), ηR ∈ (−1,1), αR ∈ (0,π], ζRi ∼
N(0,1), and ζTi, ζWi,ζRi are independent of θYi, for i = 1, . . . ,n. It is worth noting that (ηW,αW) and
(ηR,αR) can be viewed as polar coordinate systems.

In this formulation, μ = (0,0,0,0)′ and Σ are given by
⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 ηT ηW sin(αW) ηR sin(αR)
ηT 1 σθT θW σθT θR

ηW sin(αW) σθT θW 1 ηWηR cos(αW −αR)
ηR sin(αR) σθT θR ηWηR cos(αW −αR) 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

, (12)

where

σθT θW = ηW (ηT sin(αW)+
√

1−η2
T cos(αW)),

σθT θR = ηR(ηT sin(αR)+
√

1−η2
T cos(αR)) .

After some algebra, we can show that condition (10) in Proposition 3.1 is satisfied and consequently θWi
and θRi are conditionally independent given θYi and θTi for any i.

Remark 3.1. To guarantee that the matrix in (12) is positive definite, we need to ensure that all the
leading principal minors of the matrix are positive. After some algebra, we obtain the 1 × 1, 2 × 2,
3× 3, and 4× 4 leading principal minors: 1, 1− η2

T , (1− η2
T)(1− η2

W), and (1− η2
T)(1− η2

W)(1− η2
R).

All are positive since ηT,ηW,ηR ∈ (−1,1). Thus, we can assign independent priors to these parameters,
since there are no constraints between them. Compared with the original joint distribution in (8)
and (9), which requires additional constraints on the parameters to ensure positive definiteness, the
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1,⋯, ; 1,⋯,
ℓ

1,⋯, ; ℓ 1,⋯, 2 1,⋯, ; 1,⋯, 1

, ℓ

0,0,0,0 , Σ ⎛
⎝
⎜

1 1
sin sin

sin
sin

1 cos
cos 1

⎞
⎠
⎟

sin 1 cos , sin 1 cos

, , , , , , ,

Item Domain Person Domain

1,⋯, ; 1,⋯,

,

Figure 1. Diagram of the proposed model.

current formulation induced by conditional independence in (11) and (12) results in a more efficient
implementation and better mixing of MCMC sampling.

Remark 3.2. Let yobs = (y′1,obs, . . . ,y′n,obs)′ and ymis = (y′1,mis, . . . ,y′n,mis)′, where yi,obs and yi,mis are the
observed and missing responses for the ith subject. Similarly, let tobs = (t′1,obs, . . . ,t′n,obs)′ and tmis =
(t′1,mis, . . . ,t′n,mis)′, where (ti,obs,ti,mis) denote the response times for the observed and missing items,
respectively, for the ith subject, with the response times for the omitted items treated as missing data.
Let ΩYT = (aY,bY,aT,bT,ηT) and ΩWR = (bW,ηW,αW,bR,ηR,αR) denote the collections of parameters
for the response models and missing data models, respectively. Let VL denote the collection of latent
propensity variables, including θi,ζTi,ζWi,ζRi,i = 1, . . . ,n.

As discussed in Ibrahim et al. (2005) and Wu et al. (2019), after integrating VL, the missing data
mechanism is ignorable if P(W,R∣y,t,ΩyT,ΩWR) =P(W,R∣ΩWR) for any y,t,ΩYT , and ΩWR, that is, ηW =
ηR = 0. After integrating VL, the missing data mechanism is nonignorable if P(W,R∣y,t,ΩYT,ΩWR) =
P(W,R∣yobs,tobs,ΩYT,ΩWR) for any ymis,tmis, ΩYT , and ΩWR, that is, ηW ≠ 0 or ηR ≠ 0.

Remark 3.3. The correlation between the latent not-reached propensity θWi and the response propen-
sity θYi is measured by ηWsin(αW) and the correlation between θWi and the latent propensity parameter
for the response time θTi is measured by ηW(ηTsin(αW)+

√
1−η2

Tcos(αW)). The correlations between
θRi and θYi, θRi and θTi are similar, except that we replace ηW and αW with ηR and αR, respectively.

3.2. Difficulty parameters
We also assume a hierarchical framework for the difficulty parameters to improve the precision and
convergence of the parameter estimation by borrowing information from other item parameters (Fox,
2010): bYj ∼N(μbY,ψ−1

Y ),bTj ∼N(μT,ψT
−1),bWj ∼N(μW,ψW

−1), and bRj ∼N(μR,ψR
−1),j = 1, . . . ,J.

A diagram of the proposed model within the hierarchical framework is given in Figure 1.
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4. Bayesian inference

Denote by Dc = {yi,ti,Wi,Ri,i = 1, . . . ,n} the set of complete data and Dobs = {yi,obs,ti,obs,Wi,Ri,i =
1, . . . ,n} the set of observed data for y,t,W,R. Let DyWR,obs = {yi,obs,Wi,Ri,i = 1, . . . ,n} denote the set of
observed data for y,W,R, DtWR,obs ={ti,obs,Wi,Ri,i= 1, . . . ,n} denote the set of observed data for t,W,R,
and DWR,obs = {Wi,Ri,i = 1, . . . ,n} denote the set of data for W and R, where there is no missingness.

4.1. Likelihood function
Let Ω = {aY,bY,aT,bT,ηT,σT,bW,ηW,αW,bR,ηR,αR} be the collection of all parameters, and also let VL =
{θY,ζT,ζW,ζR} be the collection of all latent propensity variables, where θY = (θYi), ζT = (ζTi), ζW =
(ζWi), and ζR = (ζRi). The complete data likelihood function is given by

L(Ω∣Dc,VL) =
n
∏
i=1

⎡⎢⎢⎢⎢⎣

wi−1
∏
j=1

exp(yijaYj(θYi−bYj))
1+exp(aYj(θYi−bYj))

√aTj√
2πtij

exp{−aTj(log(tij)−(bTj−σTθTi))2

2
}
⎤⎥⎥⎥⎥⎦

{
wi−1
∏
�=1
(1−pi�)}

1(1<wi≤J+1)

piwi
1(wi<J+1){

wi−2
∏
�=1

qri�
i� (1−qi�)1−ri�}

1(wi>2)

.

After integrating missing response measures ymis, the corresponding response times tmis, and all latent
propensity variables VL, the observed data likelihood function is given by

L(Ω∣Dobs) =
n
∏
i=1
∫ ∑

yi,mis

⎡⎢⎢⎢⎢⎣

wi−1
∏
j=1

exp(yijaYj(θYi−bYj))
1+exp(aYj(θYi−bYj))

√aTj√
2πtij

exp
⎧⎪⎪⎨⎪⎪⎩
−

aTj(log(tij)−(bTj−σT(ηTθYi+
√

1−(ηT)2ζTi)))2

2

⎫⎪⎪⎬⎪⎪⎭

⎤⎥⎥⎥⎥⎦
dti,mis

{
wi−1
∏
�=1
(1−pi�)}

1(1<wi≤J+1)

piwi
1(wi<J+1){

wi−2
∏
�=1

qri�
i� (1−qi�)1−ri�}

1(wi>2)

f (θYi)f (ζTi)f (ζWi)f (ζRi)dθYidζTidζWidζRi,

where

pi� =
exp(ηW sin(αW)θYi+ηW cos(αW)ζTi+

√
1−η2

WζWi−bW�)
1+exp(ηW sin(αW)θYi+ηW cos(αW)ζTi+

√
1−η2

WζWi−bW�)
,

qi� =
exp(ηR sin(αR)θYi+ηR cos(αR)ζTi+

√
1−η2

RζRi−bR�)
1+exp(ηR sin(αR)θYi+ηR cos(αR)ζTi+

√
1−η2

RζRi−bR�)
.

4.2. Joint prior and posterior distributions
The priors for the discrimination parameters aYj should be restricted to positive support (Fox, 2010).
Common choices include log-normal distributions (Harwell & Baker, 1991; Mislevy, 1986; Patz &
Junker, 1999). For the difficulty parameters, we assume hierarchical priors that improve the accuracy
and convergence of parameter estimation via borrowing information from other item parameters (Fox,
2010). Priors with large variances and thus less informative are chosen for all other parameters (Fox,
2010; Gelman, 2006; Gelman & Hill, 2007). Specifically, we assume that the joint prior density can be
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expressed as

π(Ω) = π(aY)π(bY)π(μY)π(ψY)
π(ηT)π(aT)π(bT)π(σT)π(μT)π(ψT)
π(ηW)π(αW)π(bW)π(μW)π(ψW)
π(ηR)π(αR)π(bR)π(μR)π(ψR),

with the following independent priors:

(i) {aYj ∼ log-normal(0,1),j = 1, . . . ,J}, {bYj ∼N(μY,ψ−1
Y ),j = 1, . . . ,J}, μY ∼N(0,0.01−1ψY), ψY ∼

Gamma(0.01,0.01);
(ii) ηT ∼ U(−1,1),{aTj ∼ log-normal(0,1),j = 1, . . . ,J}, {bTj ∼ N(μT,ψT

−1),j = 1, . . . ,J}, σT ∼
log-normal(0,0.01−1), μT ∼N(0,0.01−1ψT), ψT ∼Gamma(0.01,0.01);

(iii) ηW ∼ U(−1,1), αW ∼ U(0,π], {bWj ∼ N(μW,ψW
−1),j = 1, . . . ,J}, μW ∼ N(0,0.01−1ψW), ψW ∼

Gamma(0.01,0.01);
(iv) ηR ∼ U(−1,1), αR ∼ U(0,π], {bRj ∼ N(μR,ψR

−1),j = 1, . . . ,J − 1}, μR ∼ N(0,0.01−1ψR), ψR ∼
Gamma(0.01,0.01),

where (μY,μT,μW,μR)′ and (ψY,ψT,ψW,ψR)′ are the means and precisions of (b′Y,bT
′,bW

′,bR
′)′.

The joint posterior based on the observed data Dobs is written as

π(Ω∣Dobs) ∝L(Ω∣Dobs)π(Ω). (13)

4.3. Bayesian model comparison—LPML decomposition
Similarly to the conventional LPML (Ibrahim, Chen, & Sinha, 2001), we use the joint probabil-
ity, ∏n

i=1 f (yi,ti,Wi,Ri∣Ω), to measure the model’s predictive ability using a leave-one-out idea. Let
D(−i)

obs = {y�,obs,t�,obs,W�,R�,� = 1, . . . ,i − 1,i + 1, . . . ,n} denote the observed data with (yi,ti,Wi,Ri)
deleted. Let D(−i)

WR,obs = {W�,R�,� = 1, . . . ,i − 1,i + 1, . . . ,n} denote the observed data with (Wi,Ri)
deleted. Let Ω1 and Ω2 denote the parameters of (y,t) and (W,R), respectively. Specifically, Ω1 =
{aY,bY,μY,ψY,aT,bT,μT,ψT,ηT,σT} and Ω2 = {bW,μW,ψW,ηW,αW,bR,μR,ψR,ηR,αR}.

The conditional predictive ordinate (CPO) identity (Geisser & Eddy, 1979) for the ith subject is
defined as

CPOi = ∫ f (yi,ti,Wi,Ri∣Ω)π(Ω∣D(−i)
obs )dΩ,

where π(Ω∣D(−i)
obs ) =

∏j≠i f (yi,ti,Wi,Ri∣Ω)π(Ω)
∫ ∏j≠i f (yi,ti,Wi,Ri∣Ω)π(Ω)dΩ and LPML is defined as LPML =∑n

i=1 logCPOi,
Using CPO identity III (Zhang et al., 2017), we have

CPOi =
f (yi,ti,Wi,Ri∣Ω)π(Ω∣D(−i)

obs )
π(Ω∣Dobs)

, (14)

for any value of Ω. CPO i can be decomposed as

CPOi = CPOi,yt ⋅CPOi,WR∣yt,

where

CPOi,yt =
f (yi,ti∣Ω1)π(Ω1∣D(−i)

obs )
π(Ω1∣Dobs)

(15)
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and

CPOi,WR∣yt =
f (Wi,Ri∣yi,ti,Ω)π(Ω2∣Ω1,D(−i)

obs )
π(Ω2∣Ω1,Dobs)

. (16)

Proposition 4.1. The total LPML under the proposed joint model can be decomposed as

LPML = LPMLyt+LPMLWR∣yt,

where LPMLyt =∑n
i=1 logCPOi,yt and LPMLWR∣yt =∑n

i=1 logCPOi,WR∣yt.

To compute LPMLWR∣yt, we start with Remark 4 of Zhang et al. (2017),

π(Ω̄1∣D(−i)
obs )

π(Ω̄1∣Dobs)
= CPOi∫

π(Ω2∣Ω̄1,Dobs)
f (yi∣ti,Ω̄1)f (ti∣Ω̄1)f (Wi,Ri∣yi,ti,Ω̄1,Ω2)

dΩ2, (17)

where we plug in a fixed value of Ω1 such as the posterior mean, denoted by Ω̄1.
Together with (15), we obtain

[CPOi,WR∣yt]
−1

= f (yi∣ti,Ω̄1)f (ti∣Ω̄1)∫
π(Ω2∣Ω̄1,Dobs)

f (yi∣ti,Ω̄1)f (ti∣Ω̄1)f (Wi,Ri∣yi,ti,Ω̄1,Ω2)
dΩ2

= f (yi∣ti,Ω̄1)∫
k(θYi,θWi,θRi∣Ω̄1,Ω2,yi,ti,Wi,Ri)π(Ω2,θYi,θWi,θRi∣Ω̄1,Dobs)

f (yi∣θYi,Ω̄1)f (Wi,Ri∣θWi,θRi,Ω2)f (θYi,θWi,θRi∣ti)
dθY dθWdθRdΩ2,

(18)

where ∫ k(θYi,θWi,θRi∣Ω̄1,Ω2,yi,ti,Wi,Ri)dθYidθWidθRi = 1 and π(Ω2,θYi,θWi,θRi∣Ω̄1,Dobs) is the condi-
tional posterior density of (Ω2,θYi,θWi,θRi) given Ω̄1 and Dobs. In both simulations and real data analysis,
we choose a multivariate normal distribution for k(θYi,θWi,θRi∣Ω̄1,Ω2,yi,ti,Wi,Ri) that approximates
f (yi∣θYi,Ω̄1)f (Wi,Ri∣θWi,θRi,Ω2)f (θYi,θWi,θRi∣ti). The remaining two conditional densities that need to
be computed are f (yi∣ti,Ω̄1) and f (θYi,θWi,θRi∣ti).

To compute f (yi∣ti,Ω̄1), we apply the formula:

f (yi∣ti,Ω̄1) = ∫
⎧⎪⎪⎨⎪⎪⎩

wi−1
∏
j=1

f (yij∣θYi,Ω̄1)1−rij

⎫⎪⎪⎬⎪⎪⎭
f (θYi∣ti,Ω̄1)dθYi,

where

f (θYi∣ti,Ω̄1) ∝ f (θYi)∫
⎧⎪⎪⎨⎪⎪⎩

wi−1
∏
j=1

f (tij∣θTi,Ω̄1)1−rij

⎫⎪⎪⎬⎪⎪⎭
f (θTi∣θYi)dθTi

and θTi∣θYi ∼N(σθθT θYi,1−σ2
θθT
). After some algebra, we obtain

θYi∣ti,Ω̄1 ∼N
⎛
⎝
−η̄T σ̄T∑wi−1

j=1 (1− rij)āTj(log(tij)− b̄Tj)
σ̄2

T∑
wi−1
j=1 (1− rij)āTj+1

,
(1− η̄2

T)σ̄2
T∑wi−1

j=1 (1− rij)āTj+1

σ̄2
T∑

wi−1
j=1 (1− rij)āTj+1

⎞
⎠
.
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Thus,

f (yi∣ti,Ω̄1) = ∫
⎡⎢⎢⎢⎢⎣

wi−1
∏
j=1
{ exp(yijāYj(θYi− b̄Yj))

1+exp(āYj(θYi− b̄Yj))
}

1−rij⎤⎥⎥⎥⎥⎦

√
σ̄2

T∑
wi−1
j=1 (1− rij)āTj+1

√
2π{(1− η̄2

T)σ̄2
T∑

wi−1
j=1 (1− rij)āTj+1}

exp

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−
{(σ̄2

T∑wi−1
j=1 (1− rij)āTj+1)θYi+ η̄T σ̄T∑wi−1

j=1 (1− rij)āTj(log(tij)− b̄Tj)}
2

2{(1− η̄2
T)σ̄2

T∑
wi−1
j=1 (1− rij)āTj+1}(σ̄2

T∑
wi−1
j=1 (1− rij)āTj+1)

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
dθYi.

To determine f (θYi,θWi,θRi∣ti), we apply the formula:

f (θYi,θWi,θRi∣ti) ∝ f (θYi,θWi,θRi)∫
⎧⎪⎪⎨⎪⎪⎩

wi−1
∏
j=1

f (tij∣θTi,Ω̄1)
⎫⎪⎪⎬⎪⎪⎭

f (θTi∣θYi,θWi,θRi)dθTi,

where θTi∣θYi,θWi,θRi ∼ N(γ1θi + γ2θWi + γ3θRi,γ4), (γ1,γ2,γ3)′ = Σ′2,134Σ−1
134, γ4 = 1 − Σ′2,134Σ−1

134Σ2,134,
Σ2,134 = (σθθT ,σθT θW ,σθT θR)′, and Σ134 is the covariance matrix corresponding to θYi, θWi, and θRi. After
some algebra, we have

(θYi,θWi,θRi∣ti)′ ∼N(μ*
i ,Σ

*
i ),

where μ*
i = −

σ̄T∑
wi−1
j=1 (1−rij)āYj(log(tij)−b̄Tj)

σ̄2
T∑

wi−1
j=1 āYjγ4+1

Σ*
i

⎡⎢⎢⎢⎢⎢⎣

γ1
γ2
γ3

⎤⎥⎥⎥⎥⎥⎦
,

Σ*
i
−1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

1−σ2
θW θR

γ0
+κi11

σθθR σθW θR−σθθW
γ0

+κi12
σθθW σθW θR−σθθR

γ0
+κi13

σθθR σθW θR−σθθW
γ0

+κi12
1−σ2

θθR
γ0
+κi22

σθθW σθθR−σθW θR
γ0

+κi23
σθθW σθW θR−σθθR

γ0
+κi13

σθθW σθθR−σθW θR
γ0

+κi23
1−σ2

θθW
γ0
+κi33

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

κikk′ =
σ̄2

T∑
wi−1
j=1 (1−rij)āYjγkγk′

σ̄2
T∑

wi−1
j=1 āYjγ4+1

, and γ0 = 1−σ2
θθW
−σ2

θθR
−σ2

θW θR
+2σθθW σθθR σθW θR .

Similarly to a traditional LPML, a higher value of LPMLWR∣yt indicates a more favorable model in
terms of prediction.

Remark 4.1. To measure the extent to which the missing data mechanism is nonignorable, we introduce
ΔLPML = LPMLWR∣yt−LPMLWR, where LPMLWR =∑n

i=1 logCPOi,WR and CPOi,WR is calculated solely

based on the joint model of W and R. Specifically, [CPOi,WR]
−1
= ∫ k(θWi,θRi∣Ω2,Wi,Ri)π(Ω2,θWi,θRi∣Dobs)

f (Wi,Ri∣θWi,θRi,Ω2)f (θWi,θRi)

dθWdθRdΩ2, where k(θWi,θRi∣Ω2,Wi,Ri) is a bivariate normal distribution that approximates the joint
posterior distribution of Ω2.

LPMLWR∣yt is reduced to LPMLWR and consequently ΔLPML is 0 if the missing data mechanism is
ignorable, that is, ηW = ηR = 0. This formulation, by integrating the latent variables associated with t,
enables the evaluation of multidimensional integrals, making it computationally efficient. Furthermore,
it simplifies the comparison between the joint model of (y,t) and the single outcome model of y, as
CPOi,WR∣yt and CPOi,WR∣y share the same dimension.

Remark 4.2. To assess the importance of modeling item response (y) and response time (t) jointly
versus individually (y−only or t−only) in identifying the missing data mechanism, we consider the
following single response models. The first single response model we compare is the one that includes
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only y, where (11) is reformulated as follows:

θWi = ηWθYi+
√

1−η2
WζWi,

θRi = ηRθYi+
√

1−η2
RζRi. (19)

Consequently,

[CPOi,WR∣y]
−1

= f (yi∣Ω̄1)∫
k(θYi,θWi,θRi∣Ω̄1,Ω2,yi,Wi,Ri)π(Ω2,θYi,θWi,θRi∣Ω̄1,DyWR,obs)

f (yi∣θYi,Ω̄1)f (Wi,Ri∣θWi,θRi,Ω2)f (θYi,θWi,θRi)
dθidθWdθRdΩ2,

where ∫ k(θYi,θWi,θRi∣Ω̄1,Ω2,yi,Wi,Ri)dθYidθWidθRi = 1. The second single response model we compare
is the one that includes only t, where (11) is reformulated as follows:

θWi = ηWθTi+
√

1−η2
WζWi,

θRi = ηRθTi+
√

1−η2
RζRi. (20)

Consequently,

[CPOi,WR∣t]
−1

= f (ti∣Ω̄1)∫
k(θTi,θWi,θRi∣Ω̄1,Ω2,ti,Wi,Ri)π(Ω2,θTi,θWi,θRi∣Ω̄1,DtWR,obs)

f (ti∣θTi,Ω̄1)f (Wi,Ri∣θWi,θRi,Ω2)f (θTi,θWi,θRi)
dθTidθWdθRdΩ2,

where ∫ k(θYi,θWi,θRi∣Ω̄1,Ω2,ti,Wi,Ri)dθTidθWidθRi = 1.
We then compute LPMLWR∣yt - LPMLWR∣y and LPMLWR∣yt - LPMLWR∣t, respectively. A positive value

indicates that the joint model provides a better fit for the missing data model. We can also compare
between LPMLWR∣y and LPMLWR∣t, where a larger value indicates that the corresponding outcome
model provides better identification of the missing data mechanism.

5. Simulations

In this section, we conduct extensive simulation studies to examine the performance of LPMLWR∣yt
on model selection and the performance of the proposed nonignorable and ignorable missing data
mechanisms in modeling the simulated missing data. In all Bayesian computations, we use 5,000 MCMC
samples, which are taken from every tenth iteration, after a burn-in of 5,000 iterations for each model
to compute all the posterior estimates, including posterior means, posterior standard deviations, 95%
highest posterior density (HPD) intervals, and LPMLWR∣yt. The MCMC sampling code is written with
R package nimble (de Valpine et al., 2017) with double-precision accuracy. The code for computing
the LPMLWR∣yt is written in FORTRAN 95 using IMSL subroutines with double-precision accuracy.
The convergence of the MCMC samples is checked by the R package “mcmcplots” using R version
4.5.2. Convergence is reached approximately after 5,000 iterations. The codes for nimble and Fortran
are provided in the Supplementary Material.

5.1. Simulation Scenarios I and II
The purpose of simulations in this section is to investigate the impact of misspecification of the missing
data model under a setting similar to that of the real data. In Simulation Scenarios I and II, we first
generate S = 1,000 replications. For each replication, we set the total number of subjects (n) equal to
2,000 and the total number of items (J) equal to 12 to mimic the real data. The binary responses yij
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Figure 2. Boxplots of ΔLPMLWR∣yt (Nonignorable–Ignorable) when the true missing data mechanisms are nonignorable (Simulation

Scenario I in red) and ignorable (Simulation Scenario II in cyan).

are generated based on the item response model in (1), where the aYjs are sampled from a truncated
normal distribution with a lower bound of 0.2 and an upper bound of 1, bYj ∼ N(μY,ψ−1

Y ) with μY = 1
and ψY = 1 for j = 1, . . . ,J. The response times tij are generated based on the model in (2), where aTjs
are sampled from a truncated normal distribution with a lower bound of 0.5 and an upper bound of
4, ηT = −0.4, bTj ∼ N(μT,ψ−1

T ) with μT = 2 and ψT = 1 for j = 1, . . . ,J. For the missing data models in
Simulation Scenarios I and II, the not-reached items Wi are generated based on models in (3)–(5), where
bWj ∼ N(μW,ψ−1

W ) with μW = 6 and ψW = 1 for j = 1, . . . ,J, to mimic the real data. The omitted items,
Ri�s, are generated based on models in (6) and (7), where bRj ∼ N(μR,ψ−1

R ) with μR = 2 and ψR = 1 for
j = 1, . . . ,J. To investigate the associations between the latent propensity parameters, we independently
generate θYi,ζTi,ζWi,ζRi ∼N(0,1) for each replication, i = 1, . . . ,n.

The only differences between Simulation Scenarios I and II are the choices of ηW , αW , ηR, and αR.
In Simulation Scenario I, we set ηW = −0.3, αW = 1.3, ηR = −0.5, and αR = 1.7 to mimic the real data
in Section 6. In Simulation Scenario II, all values are set to 0 to generate an ignorable missing data
mechanism. In both settings, the missing data percentages of the simulated datasets are around 20%,
with 15% due to omission behavior and 5% due to not-reached behavior, which is similar to the real
data. The missing percentages by item are provided in Figures S1 and S2 in the Supplementary Material.

We fit both nonignorable and ignorable models to the simulated nonignorable datasets in Sim-
ulation Scenario I and the simulated ignorable datasets in Simulation Scenario II. The boxplots of
the differences values ΔLPMLWR∣yt (Nonignorable–Ignorable) under these two models are given in
Figure 2. For Simulation Scenario I where the true missing data mechanism is nonignorable, the median
of the values of LPMLWR∣yt under the nonignorable model (−9674.02) is greater than that under the
ignorable model (−9738.74). Furthermore, the entire boxplot (Median=63.86, IQR=(55.90, 72.34)) for
ΔLPMLWR∣yt is above 0 (Figure 2 left panel in red), indicating that LPMLWR∣yt correctly selects the best
model in this case. For Simulation Scenario II where the true missing data mechanism is ignorable, the
median of the values of LPMLWR∣yt under the ignorable model (−9240.21) is slightly greater than that
under the nonignorable model (−9241.49). The horizontal y= 0 line intersects the whisker of the boxplot
(Median= −1.18, IQR=(−1.79, −0.29)). This is expected as the nonignorable model is approximately
ignorable when the estimates of ηT,ηW , and ηR are close to zero, as observed in Scenario II. However,
the ΔLPMLWR∣yt measure accounts for the dimension penalty, as reflected in the boxplot. The entire box
for ΔLPMLWR∣yt is below 0 (Figure 2 right panel in cyan), indicating that LPMLWR∣yt effectively selects
the true model in this case. In conclusion, LPMLWR∣yt can serve as a good criterion for selecting a better
model in these two different settings.
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In Tables 1 and 2, we report the differences between the posterior mean and the true value (Bias), the
standard deviation of the estimate (SD), the root mean squared error of the posterior mean (RMSE), and
the coverage probability (CP) of the 95% HPD interval for each parameter in the item response, response
time, and missing data models under the optimal models in Simulations I (i.e., nonignorable) and II (i.e.,
ignorable), respectively. In both tables, the Bias and SDs of the posterior estimates are relatively small,
SDs are similar to RMSEs, and most of the CPs are around the 95% nominal level. The CP for bY7 in
Simulation Scenario I, which corresponds to the item with the smallest value of bY and the highest
missing percentage (median=58.50%), is slightly lower than the nominal level. Similarly, the CP for bY4
and bW11 in Simulation Scenario II, which correspond to the item with the largest value of bY and the
highest missing percentage (median=57.45%), and the item with the largest value of bW and the second
highest missing percentage (median=48.20%), respectively, are slightly lower than the nominal level.
These CPs are improved when sample size increases, as shown in Simulation Scenario VIII.

To further investigate the performance of the θ estimates, we conduct an additional simulation
under the same setting as Simulation Scenario I, except that θ is fixed across repetitions. The posterior
summaries of θ also exhibit good performance, with the following median (IQR) values: bias= −0.058
(−0.363, −0.021), SD=0.701 (0.688, 0.704), RMSE=0.606 (0.523, 0.681), and CP=0.976 (0.940, 0.989).

Under the same setting of Simulation Scenario I, we compare our methods with multivariate
imputation by chained equations (MICE) methods (Rubin, 1987; Van Buuren & Groothuis-Oudshoorn,
2011) in Table 3. Twenty mutiple imputations are performed. The same item response and response
time models in (1) and (2) and the same hierarchical framework and reparameterization techniques in
Section 3 are assumed for fair comparison. Weighted predicted mean matching method is used for the
imputation step. The posterior summaries of the response models are good, while poor CPs are observed
for the parameters in the response time model. The two missing data behaviors are not studied under
MICE and the method is computationally intensive.

We also compare our methods with the RTprocess model (Lu & Wang, 2020) in Table 4, where the
item omission behavior is modeled as a type of censoring based on the response time model. Most of
the posterior summaries of the response models are good, while large biases and poor CPs are observed
for the parameters in the response time model and the correlation parameter ηT . This is expected
as the method assumes the omission and not-reached behaviors are solely due to time limitations.
However, it does not account for the propensities of omission and not-reach that are incorporated in
the simulation design. Additionally, we compare these three methods when data are generated from
the RTprocess model, with a similar percentage of missingness (15% due to omission behavior and
5% due to not-reached behavior). Posterior summaries under the RTprocess model (Table S1 in the
Supplementary Material) are good, as expected, since this is the data-generating model. Under the
proposed nonignorable model, posterior summaries of most parameters (Table S2 in the Supplementary
Material) are also satisfactory, except for several item-specific parameters in the response time model
that correspond to high missingness, as well as σT and ηT . Results under MICE are the worst under this
setting (see Table S3 in the Supplementary Material).

5.2. Simulation Scenarios III and IV
The purpose of simulations in this section is to investigate the impact of misspecification of the missing
data model when the missing data percentages (30%) are higher than those in Scenarios I and II, with
20% due to omission behavior and 10% due to not-reached behavior. In Simulation Scenarios III and
IV, we set μW = 5.5,μR = 1.5 to increase the missing data percentage while keeping all other conditions
the same as in Scenarios I and II.

Similarly, we fit both nonignorable and ignorable models to the simulated nonignorable datasets in
Simulation Scenario III and the simulated ignorable datasets in Simulation Scenario IV. The boxplots
of the differences values LPMLWR∣yt (Nonignorable–Ignorable) under these two models are given in
Figure 3. For Simulation Scenario III where the true missing data mechanism is nonignorable, the
median of the values of LPMLWR∣yt under the nonignorable model (−11042.51) is greater than that

https://doi.org/10.1017/psy.2026.10121 Published online by Cambridge University Press

https://doi.org/10.1017/psy.2026.10121
https://doi.org/10.1017/psy.2026.10121
https://doi.org/10.1017/psy.2026.10121
https://doi.org/10.1017/psy.2026.10121


Psychometrika 1295

Table 1. Bias, SD, RMSE, and CP of parameters in the item response model, the response time model, and the

missing data models under the nonignorable missing data mechanism in Simulation Scenario I (n = 2,000, J = 12,

median sizes of ηs, 20% missing data percentage (15% due to omission + 5% due to not-reached), and the true

missing data mechanism is nonignorable)

Parameter Bias SD RMSE CP Parameter Bias SD RMSE CP

aY1 −0.012 0.092 0.096 0.942 bY1 0.026 0.114 0.119 0.930

aY2 0.003 0.074 0.073 0.948 bY2 0.008 0.131 0.124 0.950

aY3 −0.001 0.071 0.068 0.951 bY3 0.053 0.237 0.223 0.955

aY4 0.026 0.105 0.110 0.937 bY4 −0.009 0.147 0.147 0.944

aY5 0.007 0.089 0.089 0.941 bY5 0.009 0.153 0.148 0.954

aY6 0.015 0.067 0.062 0.966 bY6 −0.012 0.218 0.191 0.960

aY7 0.052 0.083 0.087 0.953 bY7 0.271 0.322 0.368 0.887

aY8 −0.008 0.080 0.079 0.952 bY8 0.012 0.121 0.118 0.954

aY9 0.008 0.118 0.111 0.955 bY9 0.008 0.137 0.128 0.959

aY10 −0.005 0.103 0.107 0.936 bY10 0.011 0.082 0.082 0.948

aY11 −0.005 0.090 0.090 0.943 bY11 0.020 0.120 0.119 0.951

aY12 −0.004 0.085 0.084 0.943 bY12 0.001 0.108 0.100 0.957

aT1 0.010 0.104 0.109 0.933 bT1 0.001 0.019 0.019 0.952

aT2 0.001 0.087 0.086 0.952 bT2 0.000 0.018 0.017 0.942

aT3 0.000 0.088 0.088 0.940 bT3 0.000 0.020 0.019 0.949

aT4 0.002 0.057 0.055 0.951 bT4 −0.001 0.021 0.021 0.954

aT5 0.003 0.138 0.132 0.953 bT5 −0.001 0.017 0.017 0.934

aT6 0.001 0.088 0.087 0.949 bT6 −0.001 0.018 0.017 0.956

aT7 0.006 0.079 0.079 0.941 bT7 0.001 0.030 0.030 0.952

aT8 0.001 0.072 0.072 0.941 bT8 0.000 0.020 0.021 0.948

aT9 −0.001 0.115 0.116 0.948 bT9 0.000 0.019 0.019 0.960

aT10 0.004 0.096 0.097 0.940 bT10 0.000 0.019 0.018 0.960

aT11 −0.001 0.066 0.064 0.954 bT11 0.000 0.021 0.021 0.960

aT12 −0.001 0.100 0.101 0.947 bT12 0.000 0.019 0.019 0.946

bW1 −0.011 0.541 0.516 0.959 bR1 0.004 0.059 0.059 0.943

bW2 −0.137 0.614 0.543 0.948 bR2 −0.002 0.093 0.093 0.938

bW3 0.048 0.142 0.148 0.950 bR3 0.003 0.066 0.065 0.946

bW4 0.036 0.470 0.448 0.962 bR4 0.005 0.094 0.093 0.953

bW5 0.086 0.352 0.365 0.960 bR5 0.005 0.071 0.068 0.956

bW6 0.099 0.367 0.392 0.954 bR6 −0.014 0.151 0.145 0.949

bW7 0.037 0.130 0.135 0.945 bR7 0.007 0.057 0.056 0.947

bW8 0.072 0.230 0.251 0.937 bR8 0.005 0.081 0.081 0.952

bW9 0.087 0.257 0.280 0.940 bR9 0.006 0.062 0.062 0.940

bW10 0.097 0.465 0.486 0.954 bR10 0.009 0.081 0.081 0.946

bW11 0.090 0.351 0.380 0.942 bR11 0.007 0.098 0.097 0.947

(Continued)
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Table 1. Continued

Parameter Bias SD RMSE CP Parameter Bias SD RMSE CP

bW12 0.006 0.076 0.075 0.955 σT 0.000 0.008 0.008 0.940

ηT 0.003 0.036 0.038 0.941

ηW 0.024 0.105 0.107 0.940

αW 0.074 0.385 0.264 0.966

ηR 0.002 0.045 0.045 0.947

αR 0.010 0.091 0.090 0.952

under the ignorable model (−11106.94). Additionally, the box (Median=66.46, IQR=(58.64, 74.11))
for the ΔLPMLWR∣yt is above 0 (Figure 3 left panel in red), indicating that the nonignorable model
outperforms the ignorable model when the true missing data mechanism is nonignorable. For Simu-
lation Scenario IV where the true missing data mechanism is ignorable, the median of the values of
LPMLWR∣yt under the ignorable model (−10452.53) is slightly greater than that under the nonignorable
model (−10453.09). Posterior estimates of ηT,ηW, and ηR under the nonignorable model are close to 0,
making it similar to the ignorable model. A key advantage of LPMLWR∣yt is that it accounts for dimension
penalty. The entire box (Median= −1.16, IQR= (−1.87, −0.31)) for the ΔLPMLWR∣yt is below 0 (Figure 3
right panel in cyan), indicating that the LPMLWR∣yt effectively selects the true model in this case. In
conclusion, the LPMLWR∣yt can serve as a good criterion for selecting a better model under these two
different settings.

Similarly to Simulation Scenarios I and II, in Table 5 for Simulation Scenario III and Table 6 for
Simulation Scenario IV, the biases and SDs of the posterior estimates are relatively small, SDs are similar
to RMSEs, and most of the CPs are around the 95% nominal level. Due to the same reason (large missing
percentages for the corresponding items) in Simulations I and II, the CP for bY7 in Simulation Scenario
III and CPs for bY4 and bW11 in Simulation Scenario IV are lower than the nominal level. These CPs are
improved when sample size increases, as shown in Table 10.

5.3. Simulation Scenarios V and VI
The purpose of simulations in this section is to investigate the impact of misspecification of the missing
data model when the sizes of ηs are large (ηT = ηW = ηR = −0.9) in Simulation Scenario V and the sizes
of ηs are small (ηT = ηW = ηR = −0.1) in Simulation Scenario VI. All else are the same as in Simulation
Scenarios I and II. Under both settings, the missing data percentages are still controlled at 20%, with
15% due to omission behavior and 5% due to not-reached behavior.

Similarly, we fit both nonignorable and ignorable models to the simulated nonignorable datasets
in Simulation Scenarios V and VI. The boxplots of the differences values LPMLWR∣yt (Nonignorable–
Ignorable) under these two models are given in Figure 4. For Simulation Scenario V (Figure 4 left
panel in red) where the true missing data mechanism is nonignorable and the sizes of ηs are large,
the median of the values of LPMLWR∣yt under the nonignorable model (−9470.20) is greater than that
under the ignorable model (−9606.93). Additionally, the box (Median=133.33, IQR=(121.68, 145.16))
for the ΔLPMLWR∣yt is above 0, indicating that the nonignorable model outperforms the ignorable
model when the true missing data mechanism is nonignorable and the size of η is large. For Simulation
Scenario VI where the true missing data mechanism is nonignorable but the extent of nonignorability
is small (i.e., the sizes of ηs are small), the median of the values of LPMLWR∣yt under the nonignorable
model (−9759.10) is slightly greater than that under the ignorable model (−9760.90). The difference
ΔLPMLWR∣yt (Median=1.00, IQR= (−0.44, 1.57)) is not as significant as in Scenario V when the sizes of
ηs are large, which is expected.

Similarly to Simulation Scenarios I and II, in Table 7 for Simulation Scenario V and Table 8 for
Simulation Scenario VI, the biases and SDs of the posterior estimates are relatively small, SDs are similar
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Table 2. Bias, SD, RMSE, and CP of parameters in the item response model, the response time model, and the

missing data models under the ignorable missing data mechanism in Simulation Scenario II (n = 2,000, J = 12,

ηW = ηR = 0, 20% missing data percentage (15% due to omission + 5% due to not-reached), and the true missing

data mechanism is ignorable)

Parameter Bias SD RMSE CP Parameter Bias SD RMSE CP

aY1 0.019 0.070 0.072 0.947 bY1 −0.017 0.223 0.210 0.953

aY2 0.004 0.151 0.154 0.948 bY2 0.015 0.088 0.090 0.948

aY3 0.004 0.110 0.111 0.940 bY3 0.013 0.097 0.101 0.934

aY4 0.034 0.082 0.083 0.954 bY4 0.241 0.326 0.369 0.891

aY5 −0.003 0.086 0.090 0.940 bY5 0.014 0.080 0.081 0.941

aY6 0.015 0.074 0.071 0.954 bY6 −0.001 0.252 0.219 0.963

aY7 −0.010 0.118 0.122 0.949 bY7 0.011 0.065 0.067 0.939

aY8 0.002 0.098 0.100 0.935 bY8 0.015 0.095 0.102 0.932

aY9 −0.007 0.069 0.068 0.951 bY9 0.036 0.165 0.164 0.942

aY10 −0.013 0.079 0.081 0.933 bY10 0.022 0.093 0.093 0.941

aY11 0.078 0.206 0.223 0.942 bY11 −0.020 0.178 0.172 0.944

aY12 −0.004 0.094 0.091 0.955 bY12 0.021 0.098 0.099 0.952

aT1 0.007 0.093 0.088 0.958 bT1 0.000 0.017 0.018 0.940

aT2 −0.002 0.092 0.088 0.955 bT2 −0.001 0.018 0.018 0.945

aT3 0.002 0.079 0.076 0.965 bT3 0.000 0.018 0.018 0.937

aT4 0.005 0.083 0.085 0.945 bT4 0.000 0.029 0.030 0.937

aT5 0.004 0.136 0.130 0.959 bT5 0.000 0.016 0.016 0.951

aT6 −0.001 0.103 0.104 0.944 bT6 −0.002 0.020 0.020 0.950

aT7 0.002 0.056 0.056 0.941 bT7 0.000 0.022 0.022 0.943

aT8 0.003 0.070 0.070 0.950 bT8 −0.002 0.020 0.020 0.941

aT9 −0.002 0.102 0.099 0.957 bT9 −0.001 0.017 0.017 0.951

aT10 0.002 0.093 0.095 0.934 bT10 0.000 0.018 0.017 0.952

aT11 0.003 0.083 0.082 0.946 bT11 0.001 0.025 0.025 0.952

aT12 0.004 0.100 0.101 0.939 bT12 −0.001 0.018 0.018 0.950

bW1 0.012 0.442 0.414 0.971 bR1 0.003 0.092 0.096 0.943

bW2 0.074 0.334 0.337 0.953 bR2 0.006 0.070 0.071 0.945

bW3 0.079 0.347 0.351 0.950 bR3 −0.011 0.148 0.148 0.944

bW4 0.045 0.127 0.137 0.941 bR4 0.003 0.056 0.056 0.945

bW5 0.077 0.221 0.243 0.935 bR5 0.002 0.079 0.082 0.939

bW6 0.088 0.248 0.264 0.945 bR6 0.004 0.061 0.060 0.947

bW7 0.036 0.432 0.411 0.965 bR7 0.004 0.080 0.081 0.945

bW8 0.101 0.337 0.352 0.957 bR8 0.006 0.089 0.089 0.950

bW9 0.094 0.255 0.287 0.944 bR9 0.006 0.097 0.101 0.933

bW10 0.059 0.386 0.385 0.955 bR10 −0.005 0.110 0.111 0.945

bW11 −0.781 0.723 0.876 0.841 bR11 0.005 0.061 0.063 0.944

bW12 0.003 0.075 0.073 0.949 σT 0.000 0.008 0.008 0.947
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Table 3. Bias, SD, RMSE, and CP of parameters in the item response model and the response time model under

MICE in Simulation Scenario I (n = 2,000, J = 12, median sizes of ηs, 20% missing data percentage (15% due to

omission + 5% due to not-reached), and the true missing data mechanism is nonignorable)

Parameter Bias SD RMSE CP Parameter Bias SD RMSE CP

aY1 −0.022 0.094 0.100 0.932 bY1 −0.037 0.117 0.126 0.911

aY2 −0.003 0.077 0.076 0.952 bY2 −0.025 0.137 0.133 0.955

aY3 −0.005 0.072 0.070 0.947 bY3 −0.009 0.246 0.229 0.954

aY4 0.010 0.110 0.113 0.945 bY4 −0.012 0.159 0.160 0.948

aY5 −0.007 0.092 0.092 0.948 bY5 −0.016 0.163 0.159 0.944

aY6 0.012 0.070 0.065 0.964 bY6 −0.012 0.231 0.204 0.967

aY7 0.032 0.080 0.084 0.938 bY7 −0.016 0.383 0.335 0.952

aY8 −0.014 0.083 0.083 0.950 bY8 −0.038 0.124 0.125 0.938

aY9 −0.021 0.120 0.118 0.946 bY9 −0.043 0.146 0.146 0.933

aY10 −0.019 0.107 0.111 0.939 bY10 −0.031 0.084 0.088 0.933

aY11 −0.014 0.094 0.093 0.949 bY11 −0.006 0.126 0.121 0.955

aY12 −0.010 0.089 0.090 0.948 bY12 −0.040 0.109 0.109 0.952

aT1 −0.048 0.102 0.127 0.899 bT1 0.009 0.019 0.021 0.924

aT2 −0.021 0.087 0.091 0.931 bT2 0.003 0.017 0.018 0.938

aT3 −0.035 0.086 0.098 0.913 bT3 0.007 0.019 0.020 0.938

aT4 −0.009 0.057 0.057 0.945 bT4 0.002 0.021 0.021 0.949

aT5 −0.056 0.135 0.157 0.910 bT5 0.004 0.016 0.017 0.937

aT6 −0.016 0.087 0.088 0.949 bT6 0.000 0.017 0.017 0.952

aT7 −0.068 0.073 0.105 0.831 bT7 0.019 0.030 0.037 0.894

aT8 −0.018 0.071 0.075 0.929 bT8 0.004 0.020 0.021 0.947

aT9 −0.064 0.113 0.142 0.889 bT9 0.009 0.019 0.021 0.926

aT10 −0.026 0.096 0.105 0.921 bT10 0.004 0.018 0.019 0.952

aT11 −0.014 0.065 0.066 0.943 bT11 0.003 0.021 0.021 0.955

aT12 −0.016 0.099 0.102 0.940 bT12 0.001 0.018 0.019 0.952

σT −0.010 0.008 0.016 0.783

ηT 0.009 0.038 0.039 0.937

to RMSEs, and most of the CPs are around the 95% nominal level. Due to the same reason (large missing
percentages for the corresponding items) in Simulations I and II, the CP for bY7 in Simulation Scenario
V and CPs for bY4 and bW11 in Simulation Scenario VI are lower than the nominal level. These CPs are
improved when sample size increases, as shown in Table 10.

5.4. Simulation Scenarios VII and VIII
The purpose of simulations in this section is to investigate the impact of misspecification of the missing
data model when the sample size is small (n = 500) in Simulation Scenario VII and large (n = 4,000) in
Simulation Scenario VIII, with all other conditions identical to Scenario I.

Similarly, we fit both nonignorable and ignorable models to the simulated nonignorable datasets in
Simulation Scenario VII and the simulated ignorable datasets in Simulation Scenario VIII. The boxplots
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Table 4. Bias, SD, RMSE, and CP of parameters in the item response model and the response time model under

the response time process model in Simulation Scenario I (n = 2,000, J = 12, median sizes of ηs, 20% missing

data percentage (15% due to omission + 5% due to not-reached), and the true missing data mechanism is

nonignorable)

Parameter Bias SD RMSE CP Parameter Bias SD RMSE CP

aY1 −0.022 0.095 0.100 0.937 bY1 −0.056 0.118 0.132 0.891

aY2 −0.013 0.079 0.079 0.940 bY2 −0.061 0.149 0.154 0.941

aY3 −0.004 0.072 0.068 0.952 bY3 −0.060 0.252 0.240 0.927

aY4 0.005 0.112 0.115 0.941 bY4 −0.003 0.163 0.164 0.944

aY5 −0.007 0.094 0.093 0.945 bY5 −0.018 0.166 0.162 0.934

aY6 0.009 0.071 0.065 0.969 bY6 0.002 0.240 0.209 0.964

aY7 0.032 0.082 0.075 0.969 bY7 −0.066 0.387 0.295 0.978

aY8 −0.018 0.083 0.084 0.944 bY8 −0.061 0.128 0.136 0.913

aY9 −0.018 0.123 0.119 0.947 bY9 −0.048 0.149 0.149 0.931

aY10 −0.020 0.108 0.112 0.936 bY10 −0.039 0.085 0.092 0.918

aY11 −0.015 0.095 0.095 0.944 bY11 −0.008 0.127 0.123 0.948

aY12 −0.016 0.090 0.093 0.938 bY12 −0.057 0.113 0.120 0.926

aT1 −0.415 0.086 0.424 0.011 bT1 0.205 0.019 0.206 0.000

aT2 −0.125 0.082 0.149 0.659 bT2 0.047 0.017 0.050 0.212

aT3 −0.268 0.076 0.279 0.085 bT3 0.147 0.019 0.149 0.000

aT4 −0.074 0.054 0.091 0.722 bT4 0.057 0.021 0.060 0.206

aT5 −0.340 0.122 0.360 0.236 bT5 0.092 0.016 0.093 0.000

aT6 −0.070 0.085 0.108 0.865 bT6 0.013 0.017 0.022 0.878

aT7 −0.527 0.050 0.529 0.000 bT7 0.667 0.032 0.668 0.000

aT8 −0.135 0.066 0.150 0.477 bT8 0.087 0.020 0.089 0.009

aT9 −0.436 0.096 0.446 0.009 bT9 0.191 0.019 0.192 0.000

aT10 −0.179 0.089 0.200 0.476 bT10 0.077 0.018 0.079 0.013

aT11 −0.088 0.062 0.107 0.706 bT11 0.056 0.021 0.059 0.236

aT12 −0.048 0.098 0.110 0.906 bT12 −0.002 0.019 0.019 0.942

σT 0.073 0.038 0.083 0.489

ηT −0.008 0.008 0.011 0.850

of the differences values LPMLWR∣yt (Nonignorable–Ignorable) under these two models are given in
Figure 5. All the three boxplots are above 0, indicating that the nonignorable model outperforms the
ignorable model when the true missing data mechanism is nonignorable. As sample size increases,
the power of LPMLWR∣yt becomes greater, which is visualized by the boxplots diverging further from the
reference line y = 0. Specifically, the median (IQR) values are 63.86 (55.90, 72.34) for Scenario I, 14.05
(10.33, 18.23) for Scenario VII, and 129.94 (119.49, 140.93) for Scenario VIII.

Similarly to Simulation Scenario I, in Table 9 for Simulation Scenario VII, the biases and SDs of
the posterior estimates are relatively small, SDs are similar to RMSEs, and most of the CPs are around
the 95% nominal level. Results for CPs are further improved in Table 10 when the sample size is large,
with all CPs being around the nominal level. Additionally, SDs and RMSEs in Simulation Scenario VIII
(n = 4,000) are the smallest, followed by those in Simulation Scenario I (n = 2,000).
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Figure 3. Boxplots of ΔLPMLWR∣yt (Nonignorable–Ignorable) when the true missing data mechanisms are nonignorable (Simulation

Scenario III in red) and ignorable (Simulation Scenario IV in cyan).

5.5. Simulation Scenario IX
The purpose of simulations in this section is to investigate the impact of misspecification of the missing
data model when the missing data percentages of the simulated datasets are around 20% (5% due to
omission behavior and 15% due to not-reached behavior). The proportions of missing percentage are
different from those in Simulation Scenario I (15% is due to omission and 5% is due to not-reached
behavior). Other conditions are identical to Scenario I.

We fit both nonignorable and ignorable models to the simulated nonignorable datasets in Simulation
Scenario IX. The boxplot of difference values LPMLWR∣yt (Nonignorable–Ignorable) under these two
models is given in Figure 6. All the two boxplots are above 0, indicating that the nonignorable model
outperforms the ignorable model when the true missing data mechanism is nonignorable. The power of
LPMLWR∣yt in Simulation Scenario I is greater than that in Simulation Scenario IX, which is visualized
by the boxplots diverging further from the reference line y = 0. Specifically, the median (IQR) values are
63.86 (55.90, 72.34) for Scenario I and 39.20 (33.58, 45.33) for Scenario IX.

Similarly to Simulation Scenario I, in Table 11 for Simulation Scenario IX, the biases and SDs of the
posterior estimates are relatively small, SDs are similar to RMSEs, and most of the CPs are around the
95% nominal level. SDs and RMSEs of W model in Simulation Scenario IX are smaller than those in
Simulation Scenario I. SDs and RMSEs of R model in Simulation Scenario IX are greater than those in
Simulation Scenario I. Both results are expected given that we have more missingness due to not-reached
and less missingness due to omission in Scenario IX.

Posterior summaries remain good for the parameters of R model even when the percentage of
missingness due to omission is small (5%) in Simulation Scenario IX and for the parameters of W model
even when the percentage of missingness due to not-reached is small (5%) in Simulation Scenario I.
This indicates that our methods perform robustly when the missing data percentages for both omission
and not-reached are small.

6. Analysis of the PISA 2018 Test Data

6.1. Data overview
The PISA 2018 math exam in Brazil includes six test booklets. The percentages of missing items for
each booklet are 18.6%, 10.9%, 13.0%, 14.1%, 13.6%, and 16.8%, respectively. In our real data analysis,
we focus on the first test, which comprises 1,742 records (n = 1,742) and 12 items (J = 12). The total time
limit is 60 minutes. The percentage of missing items (R) is 18.6% (12.3% due to omission and 6.3% due to
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Table 5. Bias, SD, RMSE, and CP of parameters in the item response model, the response time model, and the

missing data models under the nonignorable missing data mechanism in Simulation Scenario III (n = 2,000, J = 12,

median sizes of ηs, 30% missing data percentage (20% due to omission + 10% due to not-reached), and the true

missing data mechanism is nonignorable)

Parameter Bias SD RMSE CP Parameter Bias SD RMSE CP

aY1 −0.021 0.101 0.102 0.940 bY1 0.032 0.123 0.123 0.949

aY2 0.003 0.077 0.075 0.953 bY2 0.013 0.136 0.130 0.948

aY3 0.000 0.075 0.069 0.969 bY3 0.049 0.250 0.220 0.956

aY4 0.026 0.111 0.113 0.941 bY4 −0.008 0.153 0.146 0.958

aY5 0.007 0.095 0.092 0.949 bY5 0.018 0.160 0.152 0.958

aY6 0.015 0.069 0.065 0.956 bY6 −0.012 0.223 0.200 0.962

aY7 0.064 0.094 0.101 0.957 bY7 0.347 0.346 0.439 0.854

aY8 −0.010 0.086 0.085 0.945 bY8 0.016 0.131 0.124 0.954

aY9 0.012 0.130 0.125 0.951 bY9 0.012 0.147 0.143 0.946

aY10 −0.019 0.110 0.110 0.953 bY10 0.016 0.087 0.087 0.949

aY11 0.002 0.096 0.094 0.953 bY11 0.017 0.124 0.121 0.944

aY12 −0.007 0.088 0.090 0.941 bY12 0.002 0.113 0.109 0.937

aT1 0.011 0.113 0.116 0.944 bT1 −0.001 0.020 0.020 0.958

aT2 0.003 0.090 0.093 0.941 bT2 0.000 0.018 0.018 0.942

aT3 0.001 0.093 0.093 0.948 bT3 0.000 0.021 0.020 0.948

aT4 0.003 0.059 0.059 0.943 bT4 0.000 0.022 0.021 0.944

aT5 0.001 0.146 0.143 0.949 bT5 −0.001 0.017 0.017 0.952

aT6 0.008 0.091 0.087 0.960 bT6 −0.002 0.018 0.018 0.946

aT7 0.004 0.090 0.091 0.950 bT7 0.000 0.035 0.035 0.952

aT8 −0.002 0.076 0.076 0.944 bT8 −0.001 0.022 0.021 0.946

aT9 0.004 0.127 0.122 0.958 bT9 0.000 0.021 0.021 0.944

aT10 −0.002 0.103 0.103 0.944 bT10 0.000 0.020 0.020 0.943

aT11 0.001 0.069 0.067 0.953 bT11 0.001 0.022 0.021 0.951

aT12 −0.001 0.103 0.100 0.950 bT12 −0.001 0.019 0.019 0.953

bW1 −0.039 0.420 0.401 0.954 bR1 0.003 0.056 0.055 0.946

bW2 −0.078 0.501 0.460 0.955 bR2 0.001 0.080 0.084 0.939

bW3 0.031 0.115 0.119 0.943 bR3 0.003 0.061 0.063 0.939

bW4 0.040 0.380 0.384 0.955 bR4 −0.003 0.080 0.079 0.951

bW5 0.059 0.282 0.297 0.949 bR5 0.003 0.065 0.067 0.942

bW6 0.038 0.290 0.293 0.948 bR6 −0.011 0.126 0.128 0.941

bW7 0.024 0.109 0.114 0.937 bR7 0.006 0.060 0.059 0.949

bW8 0.053 0.190 0.203 0.937 bR8 0.004 0.073 0.075 0.932

bW9 0.051 0.212 0.220 0.952 bR9 0.003 0.060 0.060 0.950

bW10 0.058 0.383 0.388 0.960 bR10 0.002 0.073 0.074 0.935

bW11 0.059 0.290 0.300 0.940 bR11 0.004 0.086 0.087 0.942

(Continued)
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Table 5. Continued

Parameter Bias SD RMSE CP Parameter Bias SD RMSE CP

bW12 0.004 0.079 0.081 0.946 σT 0.000 0.009 0.009 0.944

ηT 0.003 0.038 0.039 0.931

ηW 0.021 0.104 0.115 0.910

αW 0.066 0.376 0.241 0.971

ηR 0.000 0.045 0.046 0.930

αR 0.006 0.091 0.090 0.950
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Figure 4. Boxplots of ΔLPMLWR∣yt (Nonignorable–Ignorable) when the true missing data mechanisms are nonignorable with large sizes

of ηs (Simulation Scenario V in red) and nonignorable with small sizes of ηs (Simulation Scenario VI in cyan).

not-reached) and the percentage of not-reached behavior (W) is 18.7%. Table 12 shows the not-reached
and omitted behaviors, where the (i,j)th element represents the total number of missing answers for
item j among subjects who fail to reach item i. The lower triangular matrix in red and bold font then
shows the number of omitted items for item j among subjects who fail to reach item i, for j ≤ i−2. Each
row total for W ≤ 12 returns the total number of subjects that fail to reach the corresponding item,
which is the same as the corresponding diagonal element. Each column total returns the total number
of missing answers for that item, with the total number of omitted items in parentheses and in red and
bold font. Table 13 presents a summary of the response accuracy and response times for each item.

6.2. Posterior estimation
We fit the data using the proposed item response and response time models proposed in Section 2,
together with both nonignorable and ignorable (i.e., set ηW = ηR = 0) missing data mechanisms proposed
in Section 3. We evaluate the convergence of models using traceplots and autocorrelation plots, as shown
in the Supplementary Material. All plots indicate good mixing of the chains and convergence for all
parameters. We define a posterior estimate to be “statistically significant at a significance level of 0.05”
if the corresponding 95% HPD interval does not include 0.

Table 14 presents the posterior summaries of the difficulty parameters in the response model, that is,
aYjbYj, where a larger value indicates that the jth item is more difficult and its answer is more likely wrong.
For example, aY1bY1 = −0.759 (95% HPD = (−0.883,−0.642)) is the smallest significant value reported
in Table 14, which is consistent with the fact that Item 1 has the highest percentage of correct answers
as shown in Table 13. aY9bY9 = 5.062 (95% HPD = (4.400,45.958)) and aY11bY11 = 5.366 (95% HPD =
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Table 6. Bias, SD, RMSE, and CP of parameters in the item response model, the response time model, and the

missing data models under the ignorable missing data mechanism in Simulation Scenario IV (n = 2,000, J = 12,

ηW = ηR = 0, 30% missing data percentage (20% due to omission + 10% due to not-reached), and the true missing

data mechanism is ignorable)

Parameter Bias SD RMSE CP Parameter Bias SD RMSE CP

aY1 0.022 0.073 0.069 0.960 bY1 −0.024 0.229 0.205 0.963

aY2 0.007 0.164 0.163 0.936 bY2 0.015 0.094 0.094 0.944

aY3 0.005 0.115 0.121 0.935 bY3 0.015 0.101 0.104 0.940

aY4 0.041 0.093 0.092 0.960 bY4 0.332 0.358 0.453 0.847

aY5 −0.005 0.091 0.088 0.957 bY5 0.013 0.084 0.083 0.957

aY6 0.023 0.081 0.079 0.961 bY6 −0.010 0.267 0.233 0.977

aY7 −0.008 0.127 0.129 0.933 bY7 0.010 0.068 0.067 0.950

aY8 0.001 0.105 0.107 0.945 bY8 0.017 0.101 0.105 0.938

aY9 −0.003 0.073 0.070 0.948 bY9 0.046 0.173 0.171 0.930

aY10 −0.009 0.083 0.089 0.923 bY10 0.015 0.097 0.099 0.947

aY11 0.097 0.234 0.243 0.955 bY11 −0.032 0.195 0.188 0.949

aY12 −0.008 0.098 0.095 0.951 bY12 0.026 0.102 0.103 0.948

aT1 0.005 0.095 0.091 0.958 bT1 0.000 0.017 0.017 0.951

aT2 −0.002 0.096 0.097 0.944 bT2 −0.001 0.019 0.019 0.945

aT3 0.002 0.080 0.078 0.945 bT3 0.001 0.018 0.018 0.930

aT4 0.003 0.095 0.097 0.947 bT4 0.001 0.033 0.032 0.956

aT5 0.006 0.144 0.150 0.933 bT5 0.000 0.017 0.017 0.934

aT6 −0.002 0.112 0.113 0.948 bT6 −0.001 0.021 0.021 0.955

aT7 0.004 0.059 0.060 0.937 bT7 0.001 0.023 0.023 0.946

aT8 0.000 0.074 0.073 0.948 bT8 −0.001 0.021 0.021 0.947

aT9 0.007 0.108 0.111 0.939 bT9 0.000 0.018 0.018 0.946

aT10 0.001 0.097 0.099 0.939 bT10 0.000 0.018 0.019 0.939

aT11 0.003 0.093 0.092 0.950 bT11 0.001 0.028 0.029 0.945

aT12 −0.001 0.102 0.102 0.947 bT12 0.000 0.019 0.019 0.935

bW1 0.013 0.353 0.356 0.950 bR1 0.009 0.079 0.080 0.937

bW2 0.051 0.264 0.273 0.951 bR2 0.003 0.063 0.065 0.942

bW3 0.062 0.275 0.280 0.948 bR3 0.001 0.123 0.117 0.950

bW4 0.027 0.104 0.107 0.939 bR4 0.005 0.059 0.061 0.939

bW5 0.056 0.180 0.191 0.948 bR5 0.002 0.071 0.072 0.947

bW6 0.057 0.203 0.216 0.948 bR6 0.002 0.059 0.060 0.933

bW7 0.015 0.355 0.347 0.954 bR7 0.003 0.071 0.074 0.924

bW8 0.058 0.275 0.284 0.955 bR8 0.003 0.079 0.076 0.950

bW9 0.056 0.209 0.218 0.943 bR9 0.001 0.084 0.084 0.952

bW10 0.052 0.324 0.332 0.948 bR10 0.006 0.095 0.096 0.936

bW11 −0.616 0.666 0.744 0.870 bR11 0.003 0.063 0.064 0.936

bW12 0.002 0.078 0.080 0.937 σT 0.000 0.009 0.009 0.947
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Table 7. Bias, SD, RMSE, and CP of parameters in the item response model, the response time model, and the

missing data models under the nonignorable missing data mechanism in Simulation Scenario V (n = 2,000, J = 12,

large sizes of ηs, 20% missing data percentage (15% due to omission+ 5% due to not-reached), and the true missing

data mechanism is nonignorable)

Parameter Bias SD RMSE CP Parameter Bias SD RMSE CP

aY1 −0.004 0.072 0.073 0.946 bY1 0.000 0.103 0.098 0.958

aY2 0.003 0.059 0.056 0.957 bY2 0.017 0.121 0.113 0.955

aY3 −0.001 0.059 0.057 0.954 bY3 0.043 0.221 0.205 0.952

aY4 0.019 0.081 0.082 0.947 bY4 −0.012 0.120 0.121 0.944

aY5 0.007 0.071 0.069 0.950 bY5 0.004 0.128 0.127 0.947

aY6 0.015 0.055 0.055 0.953 bY6 −0.023 0.188 0.181 0.930

aY7 0.040 0.070 0.072 0.957 bY7 0.264 0.320 0.369 0.894

aY8 −0.002 0.064 0.066 0.941 bY8 0.004 0.116 0.115 0.945

aY9 0.011 0.091 0.091 0.949 bY9 −0.002 0.111 0.111 0.940

aY10 0.003 0.078 0.081 0.938 bY10 0.002 0.073 0.074 0.944

aY11 0.004 0.071 0.070 0.962 bY11 0.006 0.101 0.103 0.944

aY12 0.000 0.068 0.073 0.937 bY12 0.003 0.105 0.105 0.944

aT1 0.000 0.103 0.103 0.945 bT1 0.000 0.019 0.019 0.951

aT2 −0.003 0.086 0.084 0.952 bT2 0.000 0.018 0.018 0.929

aT3 0.001 0.087 0.088 0.944 bT3 0.001 0.019 0.019 0.955

aT4 0.001 0.057 0.056 0.947 bT4 0.000 0.021 0.021 0.939

aT5 0.000 0.136 0.138 0.944 bT5 0.001 0.016 0.016 0.959

aT6 −0.001 0.087 0.090 0.942 bT6 0.000 0.017 0.018 0.930

aT7 0.002 0.077 0.078 0.941 bT7 0.001 0.030 0.030 0.946

aT8 −0.001 0.071 0.071 0.943 bT8 −0.001 0.020 0.021 0.941

aT9 −0.002 0.114 0.111 0.952 bT9 0.000 0.019 0.019 0.953

aT10 0.001 0.095 0.096 0.951 bT10 0.000 0.019 0.018 0.950

aT11 0.000 0.065 0.066 0.945 bT11 0.001 0.021 0.021 0.946

aT12 0.001 0.099 0.100 0.946 bT12 0.001 0.019 0.019 0.951

bW1 −0.023 0.535 0.468 0.962 bR1 0.007 0.059 0.062 0.942

bW2 −0.112 0.619 0.520 0.957 bR2 0.003 0.094 0.098 0.935

bW3 0.051 0.142 0.153 0.940 bR3 0.008 0.066 0.068 0.938

bW4 0.070 0.477 0.467 0.958 bR4 0.005 0.095 0.095 0.943

bW5 0.098 0.355 0.368 0.953 bR5 0.006 0.072 0.074 0.939

bW6 0.081 0.364 0.394 0.940 bR6 −0.008 0.156 0.153 0.955

bW7 0.032 0.130 0.133 0.943 bR7 0.006 0.057 0.055 0.953

bW8 0.077 0.230 0.251 0.933 bR8 0.013 0.083 0.085 0.937

bW9 0.095 0.259 0.281 0.943 bR9 0.005 0.063 0.062 0.956

bW10 0.047 0.454 0.450 0.956 bR10 0.006 0.083 0.085 0.946

bW11 0.097 0.352 0.381 0.945 bR11 0.003 0.103 0.104 0.948

(Continued)

https://doi.org/10.1017/psy.2026.10121 Published online by Cambridge University Press

https://doi.org/10.1017/psy.2026.10121


Psychometrika 1305

Table 7. Continued

Parameter Bias SD RMSE CP Parameter Bias SD RMSE CP

bW12 0.002 0.076 0.077 0.938 σT 0.001 0.008 0.008 0.956

ηT 0.006 0.021 0.022 0.932

ηW 0.027 0.069 0.062 0.976

αW 0.019 0.092 0.093 0.954

ηR 0.015 0.056 0.052 0.956

αR 0.017 0.067 0.068 0.941

Table 8. Bias, SD, RMSE, and CP of parameters in the item response model, the response time model, and the

missing data models under the nonignorable missing data mechanism in Simulation Scenario VI (n = 2,000, J = 12,

small sizes of ηs, 20% missing data percentage (15% due to omission+5% due to not-reached), and the true missing

data mechanism is nonignorable)

Parameter Bias SD RMSE CP Parameter Bias SD RMSE CP

aY1 −0.018 0.099 0.100 0.939 bY1 0.030 0.126 0.126 0.947

aY2 0.001 0.080 0.080 0.953 bY2 0.005 0.134 0.124 0.956

aY3 −0.001 0.075 0.067 0.960 bY3 0.071 0.246 0.214 0.962

aY4 0.021 0.117 0.114 0.954 bY4 0.004 0.165 0.154 0.953

aY5 0.015 0.097 0.097 0.956 bY5 0.011 0.168 0.164 0.943

aY6 0.019 0.072 0.067 0.964 bY6 −0.008 0.231 0.208 0.958

aY7 0.044 0.088 0.087 0.965 bY7 0.246 0.331 0.364 0.911

aY8 −0.017 0.086 0.087 0.940 bY8 0.019 0.127 0.125 0.948

aY9 0.014 0.129 0.132 0.947 bY9 0.014 0.157 0.153 0.946

aY10 −0.005 0.114 0.116 0.945 bY10 0.014 0.089 0.088 0.954

aY11 0.000 0.099 0.098 0.947 bY11 0.019 0.130 0.132 0.945

aY12 −0.009 0.093 0.094 0.938 bY12 0.004 0.109 0.104 0.950

aT1 −0.005 0.104 0.106 0.936 bT1 0.000 0.019 0.019 0.945

aT2 −0.001 0.087 0.089 0.936 bT2 0.000 0.018 0.018 0.942

aT3 −0.005 0.087 0.086 0.946 bT3 0.000 0.020 0.019 0.951

aT4 0.001 0.057 0.058 0.941 bT4 0.000 0.021 0.021 0.955

aT5 0.001 0.138 0.137 0.941 bT5 −0.001 0.016 0.017 0.948

aT6 0.001 0.088 0.086 0.947 bT6 −0.001 0.017 0.017 0.943

aT7 0.002 0.079 0.078 0.961 bT7 0.001 0.030 0.030 0.957

aT8 0.000 0.072 0.067 0.959 bT8 −0.002 0.020 0.020 0.950

aT9 0.003 0.116 0.115 0.940 bT9 −0.001 0.020 0.020 0.942

aT10 0.002 0.097 0.097 0.946 bT10 −0.001 0.019 0.019 0.933

aT11 0.002 0.066 0.064 0.951 bT11 0.000 0.021 0.021 0.937

aT12 0.005 0.100 0.100 0.947 bT12 −0.001 0.019 0.018 0.942

bW1 0.005 0.545 0.503 0.967 bR1 0.007 0.059 0.062 0.943

(Continued)
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Table 8. Continued

Parameter Bias SD RMSE CP Parameter Bias SD RMSE CP

bW2 −0.123 0.619 0.543 0.960 bR2 0.003 0.093 0.094 0.937

bW3 0.038 0.142 0.149 0.941 bR3 0.007 0.065 0.068 0.940

bW4 0.075 0.478 0.460 0.968 bR4 0.003 0.093 0.093 0.944

bW5 0.100 0.356 0.392 0.945 bR5 0.004 0.071 0.069 0.955

bW6 0.093 0.366 0.386 0.949 bR6 −0.013 0.151 0.148 0.950

bW7 0.037 0.130 0.136 0.935 bR7 0.006 0.057 0.057 0.938

bW8 0.076 0.230 0.251 0.937 bR8 0.003 0.080 0.081 0.953

bW9 0.085 0.257 0.277 0.940 bR9 0.004 0.062 0.064 0.941

bW10 0.057 0.455 0.452 0.968 bR10 0.007 0.081 0.084 0.943

bW11 0.109 0.354 0.382 0.954 bR11 0.004 0.097 0.094 0.951

bW12 0.002 0.076 0.076 0.940 σT 0.000 0.008 0.009 0.936

ηT −0.002 0.039 0.038 0.942

ηW 0.038 0.112 0.106 0.959

αW 0.676 0.785 0.733 0.979

ηR 0.026 0.062 0.067 0.924

αR 0.427 0.670 0.576 0.974
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Figure 5. Boxplots of ΔLPMLWR∣yt (Nonignorable–Ignorable) when the true missing data mechanisms are nonignorable with n = 2,000

(Simulation Scenario I = in red), nonignorable with n = 500 (Simulation Scenario VII in green), and nonignorable with n = 4,000

(Simulation Scenario VIII in cyan).

(4.629,6.300)) are the first and second highest values, which aligns well with the fact that these two
items have the smallest percentages of correctness in Table 13.

According to Table 15, bT3 = 3.125( 95% HPD = (3.066,3.186)), bT7 = 3.088 (95% HPD =
(3.036,3.147)), and bT10 = 3.209 (95% HPD = (3.179,3.242)) are the three significant parameters
with the highest values among all items. This aligns well with the findings in Table 13, where students
tend to spend more time on Items 3, 7, and 10. bR3 = 0.872 (95% HPD = (0.749,1.008)) and bR5 = 0.584
(95% HPD= (0.457,0.718)) are the two significant parameters with the smallest values among all items,
which is consistent with the fact that the total numbers of omitted missingness of Items 3 and 5 are the
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Table 9. Bias, SD, RMSE, and CP of parameters in the item response model, the response time model, and the

missing data models under the nonignorable missing data mechanism in Simulation Scenario VII (n = 500, J = 12,

median sizes of ηs, 20% missing data percentage (15% due to omission + 5% due to not-reached), and the true

missing data mechanism is nonignorable)

Parameter Bias SD RMSE CP Parameter Bias SD RMSE CP

aY1 −0.037 0.176 0.171 0.951 bY1 0.066 0.262 0.234 0.955

aY2 0.010 0.141 0.133 0.961 bY2 0.108 0.269 0.261 0.929

aY3 0.043 0.122 0.112 0.978 bY3 0.119 0.387 0.317 0.967

aY4 0.095 0.210 0.219 0.958 bY4 −0.061 0.266 0.241 0.944

aY5 0.039 0.170 0.163 0.964 bY5 −0.004 0.283 0.236 0.964

aY6 0.056 0.122 0.122 0.957 bY6 −0.095 0.340 0.271 0.964

aY7 0.112 0.148 0.161 0.964 bY7 0.575 0.456 0.663 0.797

aY8 −0.015 0.151 0.154 0.942 bY8 0.081 0.281 0.247 0.948

aY9 0.054 0.233 0.224 0.960 bY9 −0.001 0.262 0.227 0.957

aY10 −0.034 0.205 0.206 0.941 bY10 0.060 0.189 0.181 0.958

aY11 0.006 0.175 0.165 0.957 bY11 0.040 0.244 0.214 0.965

aY12 −0.022 0.164 0.166 0.938 bY12 0.056 0.253 0.226 0.956

aT1 −0.009 0.207 0.206 0.939 bT1 0.003 0.039 0.038 0.955

aT2 0.005 0.175 0.175 0.945 bT2 0.001 0.035 0.035 0.948

aT3 0.006 0.176 0.170 0.946 bT3 0.002 0.039 0.037 0.957

aT4 0.003 0.115 0.114 0.950 bT4 0.001 0.042 0.042 0.948

aT5 −0.001 0.275 0.272 0.943 bT5 −0.001 0.033 0.032 0.952

aT6 0.009 0.177 0.183 0.929 bT6 −0.003 0.035 0.034 0.944

aT7 0.016 0.159 0.157 0.951 bT7 0.000 0.061 0.061 0.940

aT8 0.010 0.144 0.144 0.955 bT8 −0.003 0.041 0.040 0.955

aT9 0.001 0.232 0.235 0.940 bT9 −0.001 0.039 0.040 0.942

aT10 0.004 0.194 0.197 0.935 bT10 0.000 0.037 0.038 0.943

aT11 0.006 0.132 0.136 0.945 bT11 0.000 0.042 0.042 0.937

aT12 0.003 0.200 0.198 0.946 bT12 0.000 0.038 0.037 0.953

bW1 −0.148 0.950 0.694 0.956 bR1 0.009 0.118 0.120 0.932

bW2 −0.379 1.013 0.761 0.936 bR2 −0.007 0.185 0.179 0.964

bW3 0.178 0.299 0.367 0.911 bR3 0.013 0.131 0.128 0.952

bW4 0.031 0.882 0.717 0.975 bR4 0.006 0.187 0.186 0.950

bW5 0.242 0.725 0.755 0.973 bR5 0.014 0.142 0.153 0.936

bW6 0.242 0.748 0.761 0.975 bR6 −0.060 0.297 0.297 0.935

bW7 0.167 0.276 0.345 0.901 bR7 0.020 0.114 0.112 0.951

bW8 0.283 0.486 0.623 0.914 bR8 0.006 0.161 0.158 0.956

bW9 0.299 0.539 0.641 0.930 bR9 0.014 0.125 0.126 0.944

bW10 0.128 0.878 0.740 0.979 bR10 0.004 0.162 0.159 0.956

bW11 0.287 0.723 0.771 0.968 bR11 0.013 0.195 0.194 0.948

(Continued)
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Table 9. Continued

Parameter Bias SD RMSE CP Parameter Bias SD RMSE CP

bW12 0.003 0.152 0.153 0.948 σT 0.002 0.017 0.017 0.943

ηT 0.012 0.073 0.077 0.923

ηW 0.064 0.209 0.197 0.963

αW 0.145 0.691 0.297 0.990

ηR 0.011 0.089 0.093 0.935

αR 0.052 0.200 0.195 0.948

Table 10. Bias, SD, RMSE, and CP of parameters in the item response model, the response time model, and the

missing data models under the nonignorable missing data mechanism in Simulation Scenario VIII (n = 4,000, J = 12,

median sizes of ηs, 20% missing data percentage (15% due to omission + 5% due to not-reached), and the true

missing data mechanism is nonignorable)

Parameter Bias SD RMSE CP Parameter Bias SD RMSE CP

aY1 −0.006 0.065 0.065 0.939 bY1 0.012 0.076 0.075 0.954

aY2 0.002 0.053 0.052 0.941 bY2 0.005 0.091 0.089 0.949

aY3 −0.005 0.053 0.051 0.946 bY3 0.025 0.163 0.155 0.951

aY4 0.010 0.075 0.074 0.943 bY4 −0.003 0.106 0.102 0.952

aY5 0.001 0.064 0.063 0.948 bY5 0.010 0.108 0.106 0.950

aY6 0.004 0.049 0.046 0.960 bY6 0.010 0.163 0.149 0.967

aY7 0.033 0.062 0.063 0.957 bY7 0.160 0.264 0.266 0.922

aY8 −0.006 0.056 0.058 0.944 bY8 0.003 0.082 0.082 0.939

aY9 0.006 0.084 0.087 0.942 bY9 0.004 0.096 0.100 0.929

aY10 −0.007 0.072 0.075 0.926 bY10 0.005 0.057 0.058 0.941

aY11 −0.001 0.064 0.064 0.947 bY11 0.011 0.082 0.084 0.936

aY12 −0.003 0.060 0.061 0.947 bY12 −0.005 0.074 0.075 0.949

aT1 −0.002 0.073 0.072 0.953 bT1 0.000 0.014 0.013 0.957

aT2 −0.001 0.062 0.059 0.944 bT2 0.000 0.012 0.013 0.939

aT3 −0.002 0.062 0.062 0.953 bT3 0.000 0.014 0.014 0.935

aT4 0.002 0.040 0.040 0.945 bT4 −0.001 0.015 0.015 0.936

aT5 0.003 0.097 0.100 0.942 bT5 0.000 0.012 0.012 0.946

aT6 −0.002 0.062 0.064 0.935 bT6 −0.001 0.012 0.012 0.942

aT7 0.002 0.055 0.056 0.942 bT7 0.000 0.021 0.021 0.947

aT8 0.002 0.051 0.050 0.946 bT8 −0.001 0.014 0.014 0.944

aT9 −0.003 0.082 0.082 0.945 bT9 0.000 0.014 0.014 0.945

aT10 0.001 0.068 0.069 0.946 bT10 −0.001 0.013 0.013 0.946

aT11 0.001 0.046 0.046 0.949 bT11 0.000 0.015 0.014 0.955

aT12 −0.003 0.071 0.070 0.944 bT12 0.000 0.013 0.013 0.936

(Continued)
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Table 10. Continued

Parameter Bias SD RMSE CP Parameter Bias SD RMSE CP

bW1 −0.023 0.385 0.357 0.959 bR1 0.004 0.042 0.042 0.939

bW2 −0.070 0.453 0.420 0.959 bR2 0.000 0.066 0.064 0.946

bW3 0.022 0.099 0.104 0.941 bR3 0.002 0.046 0.047 0.943

bW4 0.039 0.338 0.356 0.941 bR4 −0.003 0.066 0.066 0.949

bW5 0.044 0.247 0.254 0.951 bR5 0.001 0.050 0.048 0.952

bW6 0.043 0.256 0.255 0.953 bR6 −0.006 0.107 0.110 0.931

bW7 0.015 0.091 0.093 0.942 bR7 0.002 0.040 0.040 0.947

bW8 0.031 0.160 0.166 0.943 bR8 0.001 0.057 0.057 0.952

bW9 0.047 0.181 0.195 0.934 bR9 0.002 0.044 0.044 0.950

bW10 0.029 0.323 0.310 0.959 bR10 0.004 0.057 0.059 0.954

bW11 0.050 0.246 0.253 0.947 bR11 0.004 0.069 0.071 0.945

bW12 −0.003 0.053 0.052 0.960 σT 0.000 0.008 0.008 0.940

ηT 0.002 0.026 0.026 0.940

ηW 0.015 0.073 0.078 0.928

αW 0.042 0.230 0.195 0.959

ηR 0.002 0.032 0.033 0.934

αR 0.007 0.064 0.065 0.937
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Figure 6. Boxplots of ΔLPMLWR∣yt (Nonignorable–Ignorable) when the true missing data mechanisms are nonignorable (Simulation

Scenario I in red) and nonignorable (Simulation Scenario IX in cyan).

greatest. Additionally, Table 15 shows that ηT = −0.377 (95% HPD = (−0.438, −0.309)) has a negative
significant effect, indicating that subjects tend to spend less time if their latent propensities are low.
ηW = −0.275 (95% HPD = (−0.450, − 0.093)), αW = 1.274 (95% HPD = (0.666,1.909)), ηR = −0.462
(95% HPD = (−0.530, − 0.391)), and αR = 1.713 (95% HPD = (1.552,1.885)) are all significantly
different from 0, indicating that the missing data mechanism may be nonignorable, which is consistent
with the LPMLWR∣yt model selection criterion in Section 6.3 and the statements in Glas and Pimentel
(2008) and Rose et al. (2017). Additionally, σT = 0.390 (95% HPD = (0.374,0.404)).
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Table 11. Bias, SD, RMSE, and CP of parameters in the item response model, the response time model, and the

missing data models under the nonignorable missing data mechanism in Simulation Scenario IX (n = 2,000, J = 12,

median sizes of ηs, 20% missing data percentage (5% due to omission + 15% due to not-reached), and the true

missing data mechanism is nonignorable)

Parameter Bias SD RMSE CP Parameter Bias SD RMSE CP

aY1 −0.009 0.084 0.086 0.941 bY1 0.021 0.105 0.101 0.949

aY2 −0.001 0.073 0.070 0.962 bY2 0.004 0.128 0.128 0.948

aY3 −0.006 0.067 0.064 0.950 bY3 0.050 0.231 0.209 0.955

aY4 0.021 0.105 0.105 0.939 bY4 −0.004 0.149 0.143 0.957

aY5 0.004 0.087 0.081 0.965 bY5 0.025 0.153 0.144 0.961

aY6 0.015 0.069 0.064 0.968 bY6 −0.013 0.222 0.191 0.961

aY7 0.037 0.071 0.071 0.963 bY7 0.178 0.288 0.296 0.918

aY8 −0.006 0.081 0.082 0.939 bY8 0.011 0.124 0.124 0.935

aY9 0.018 0.114 0.114 0.942 bY9 −0.004 0.133 0.128 0.946

aY10 −0.013 0.103 0.104 0.941 bY10 0.012 0.085 0.088 0.942

aY11 −0.008 0.093 0.090 0.955 bY11 0.021 0.124 0.126 0.939

aY12 −0.004 0.090 0.092 0.931 bY12 0.005 0.118 0.115 0.945

aT1 0.004 0.093 0.094 0.945 bT1 0.000 0.017 0.018 0.935

aT2 0.000 0.085 0.088 0.936 bT2 −0.001 0.017 0.017 0.944

aT3 0.001 0.083 0.085 0.942 bT3 −0.001 0.019 0.019 0.943

aT4 0.001 0.057 0.059 0.942 bT4 0.000 0.021 0.020 0.960

aT5 −0.006 0.132 0.133 0.949 bT5 0.000 0.016 0.015 0.955

aT6 0.003 0.089 0.090 0.942 bT6 −0.001 0.018 0.018 0.952

aT7 0.005 0.065 0.063 0.954 bT7 0.000 0.025 0.025 0.945

aT8 0.002 0.073 0.072 0.947 bT8 −0.002 0.021 0.021 0.945

aT9 0.003 0.111 0.108 0.951 bT9 −0.001 0.019 0.019 0.949

aT10 −0.001 0.098 0.098 0.954 bT10 −0.001 0.019 0.019 0.942

aT11 0.002 0.068 0.065 0.964 bT11 0.000 0.022 0.022 0.935

aT12 0.002 0.106 0.105 0.950 bT12 −0.001 0.020 0.019 0.956

bW1 0.005 0.340 0.350 0.947 bR1 0.010 0.085 0.084 0.948

bW2 −0.049 0.399 0.375 0.958 bR2 0.005 0.175 0.178 0.949

bW3 0.019 0.095 0.098 0.939 bR3 0.010 0.105 0.106 0.952

bW4 0.024 0.308 0.315 0.955 bR4 0.010 0.177 0.171 0.954

bW5 0.031 0.228 0.235 0.954 bR5 0.015 0.121 0.125 0.938

bW6 0.041 0.239 0.239 0.952 bR6 −0.050 0.316 0.316 0.950

bW7 0.012 0.093 0.096 0.941 bR7 0.013 0.067 0.067 0.951

bW8 0.030 0.161 0.166 0.945 bR8 0.019 0.150 0.149 0.954

bW9 0.046 0.182 0.190 0.945 bR9 0.014 0.098 0.102 0.940

bW10 0.035 0.325 0.328 0.960 bR10 0.014 0.152 0.151 0.945

bW11 0.052 0.249 0.257 0.949 bR11 0.018 0.189 0.189 0.948

(Continued)
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Table 11. Continued

Parameter Bias SD RMSE CP Parameter Bias SD RMSE CP

bW12 0.004 0.084 0.081 0.953 σT 0.000 0.008 0.008 0.940

ηT 0.002 0.036 0.037 0.936

ηW 0.018 0.100 0.108 0.913

αW 0.068 0.346 0.243 0.959

ηR 0.001 0.060 0.058 0.947

αR 0.022 0.119 0.124 0.936

Table 12. The not-reached and omitted behaviors in PISA 2018 test data: the (i,j)th element

represents the total number of missing answers for item j among subjects who fail to reach item i

W/Item no. 1 2 3 4 5 6 7 8 9 10 11 12 Total

1 0 0 0 0 0 0 0 0 0 0 0 0 0

2 0 7 7 7 7 7 7 7 7 7 7 7 7

3 0 0 17 17 17 17 17 17 17 17 17 17 17

4 0 0 0 1 1 1 1 1 1 1 1 1 1

5 1 1 28 0 32 32 32 32 32 32 32 32 32

6 0 0 0 0 0 1 1 1 1 1 1 1 1

7 1 1 13 6 17 0 34 34 34 34 34 34 34

8 0 0 5 6 8 3 0 12 12 12 12 12 12

9 6 1 31 22 30 7 22 0 47 47 47 47 47

10 3 5 27 22 32 8 14 8 0 53 53 53 53

11 2 0 29 16 35 5 14 2 16 0 63 63 63

12 3 0 23 11 25 4 9 4 6 17 0 58 58

13 22 9 413 251 497 58 117 43 83 200 332 0 1,417

(Total

omitted (38) (17) (569) (334) (644) (85) (176) (57) (105) (217) (332) (0)

missingness)

Total (R) 38 24 593 359 701 143 268 161 256 421 599 325

According to Table 16, the correlation of the latent propensities between the item response and the
not-reached behavior, measured by ηWsin(αW) = −0.252 (95% HPD = (−0.423,−0.081)) is significant,
indicating that subjects with better latent abilities tend not to withdraw the test. The correlation
of the latent propensities between the response time and the not-reached behavior, measured by
ηW(ηTsin(αW)+

√
1−(ηT)2cos(αW)) = 0.018 (95% HPD = (−0.126,0.151)) is insignificant. We then

calculate the correlation of latent propensities between the item response and the omitted behavior,
measured by ηRsin(αR) = −0.456 (95% HPD = (−0.524, −0.382)), indicating that subjects with better
latent abilities tend not to omit items. We further compute the correlation of latent propensities between
the response time and the omitted behavior, measured by ηR(ηTsin(αR)+

√
1−(ηT)2cos(αR)) = 0.232

(95% HPD = (0.164,0.286)). The positive signficant value indicates that subjects with longer response
times tend to omit items.
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Table 13. The total number of observed answers (nobs), the number and percentage of correct

answers, the median, the first quartile (Q1), and the third quartile (Q3) of response times (in minutes)

for each item

Item no. 1 2 3 4 5 6 7 8 9 10 11 12

nobs 1,704 1,718 1,149 1,383 1,041 1,599 1,474 1,581 1,486 1,321 1,143 1,417

Correct 1,129 651 554 714 197 514 194 441 67 148 31 198

% 66.26 37.89 48.22 51.63 18.92 32.15 13.16 27.89 4.51 11.20 2.71 13.97

Median 8.64 10.07 29.54 14.38 19.65 14.38 27.46 9.56 16.79 27.22 13.49 15.69

Q1 6.22 7.39 17.65 8.63 9.09 9.38 17.93 5.98 12.23 19.05 8.46 10.24

Q3 12.58 14.86 47.32 21.40 35.71 20.03 38.95 14.01 24.12 37.36 22.37 22.28

Table 14. Mean, SD, and 95% HPD of the difficulty param-

eters in the item response model under the nonignorable

missing data mechanism

Parameter Mean SD 95% HPD

aY1bY1 −0.759 0.065 ( −0.883, −0.642)

aY2bY2 0.631 0.063 (0.501, 0.748)

aY3bY3 0.612 0.117 (0.390, 0.836)

aY4bY4 0.191 0.080 (0.022, 0.337)

aY5bY5 2.007 0.122 (1.797, 2.266)

aY6bY6 1.001 0.075 (0.846, 1.146)

aY7bY7 3.315 0.243 (2.879, 3.775)

aY8bY8 0.977 0.060 (0.868, 1.108)

aY9bY9 5.062 0.414 (4.400, 5.958)

aY10bY10 3.640 0.285 (3.143, 4.226)

aY11bY11 5.366 0.455 (4.629, 6.300)

aY12bY12 2.389 0.129 (2.155, 2.651)

We also present the posterior summaries under the ignorable missing data mechanism in
Table 17, some of which are quite different from the posterior summaries under the nonignorable
missing data mechanism in Table 15. For example, bY4 = 0.120 is significant under the nonignorable
missing data mechanism (95% HPD = (0.015,0.211) but is not significant under the ignorable missing
data mechanism bY4 = 0.035 (95% HPD = (−0.072,0.126)).

6.3. Model comparison
We first use the LPML decomposition technique developed in Section 4.3 to guide the selection of the
missing data mechanism. The LPMLWR∣yt (−6943.24) under the nonignorable missing data mechanism
is greater than the LPMLWR (−7026.59) under the ignorable missing data mechanism, indicating that
the nonignorable missing data mechanism is more favorable for this dataset. The posterior summaries
under the nonignorable missing data mechanism are given in Tables 14 and 15.

To further evaluate the significance of the joint model for item response (y) and response time
(t) in identifying the missing data mechanism, we compare it with the single outcome model for
y in (19) and the single outcome model for t in (20) under the nonignorable missing data mech-
anism, respectively. The LPMLWR∣y (−6957.56) for the y-only model and the LPMLWR∣t (−6999.81)
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Table 15. Mean, SD, and 95% HPD of discrimination parameters and difficulty parameters in the item response

model, item time intensity parameters and discrimination parameters in the response time model, difficulty

parameters for the not-reached behavior, difficulty parameters for the omitted behavior, and the formulation

parameters under the nonignorable missing data mechanism

Parameter Mean SD 95% HPD Parameter Mean SD 95% HPD

aY1 0.871 0.082 (0.725, 1.029) bY1 −0.878 0.096 ( −1.074, −0.700)

aY2 1.033 0.086 (0.883, 1.222) bY2 0.614 0.068 (0.478, 0.743)

aY3 2.138 0.194 (1.759, 2.533) bY3 0.286 0.048 (0.193, 0.377)

aY4 1.587 0.143 (1.315, 1.881) bY4 0.120 0.049 (0.015, 0.211)

aY5 1.101 0.124 (0.858, 1.364) bY5 1.837 0.158 (1.582, 2.216)

aY6 1.139 0.091 (0.967, 1.316) bY6 0.881 0.071 (0.753, 1.023)

aY7 2.171 0.226 (1.752, 2.629) bY7 1.533 0.079 (1.391, 1.709)

aY8 0.346 0.057 (0.239, 0.466) bY8 2.898 0.482 (2.135, 4.095)

aY9 2.268 0.272 (1.818, 2.880) bY9 2.244 0.127 (2.020, 2.500)

aY10 2.171 0.266 (1.745, 2.762) bY10 1.687 0.102 (1.489, 1.900)

aY11 1.933 0.272 (1.496, 2.485) bY11 2.803 0.228 (2.426, 3.324)

aY12 1.274 0.129 (1.025, 1.505) bY12 1.888 0.149 (1.645, 2.195)

aT1 4.276 0.170 (3.954, 4.631) bT1 2.180 0.015 (2.148, 2.209)

aT2 3.738 0.147 (3.456, 4.011) bT2 2.361 0.016 (2.329, 2.392)

aT3 0.865 0.037 (0.797, 0.942) bT3 3.125 0.032 (3.066, 3.186)

aT4 0.659 0.026 (0.611, 0.709) bT4 2.284 0.036 (2.215, 2.362)

aT5 0.781 0.036 (0.714, 0.858) bT5 2.762 0.036 (2.696, 2.832)

aT6 1.914 0.072 (1.789, 2.062) bT6 2.490 0.021 (2.448, 2.528)

aT7 1.101 0.041 (1.030, 1.186) bT7 3.088 0.029 (3.036, 3.147)

aT8 2.688 0.107 (2.470, 2.892) bT8 2.123 0.018 (2.087, 2.159)

aT9 5.427 0.238 (4.976, 5.919) bT9 2.806 0.016 (2.776, 2.836)

aT10 5.080 0.235 (4.662, 5.570) bT10 3.209 0.016 (3.179, 3.242)

aT11 2.866 0.132 (2.633, 3.126) bT11 2.618 0.020 (2.578, 2.657)

aT12 3.343 0.141 (3.075, 3.623) bT12 2.698 0.018 (2.665, 2.732)

bW1 8.491 1.159 (6.634, 11.185) bR1 4.438 0.169 (4.136, 4.762)

bW2 6.073 0.404 (5.414, 6.956) bR2 5.236 0.249 (4.769, 5.776)

bW3 5.142 0.255 (4.664, 5.650) bR3 0.872 0.063 (0.749, 1.008)

bW4 7.633 0.871 (6.285, 9.623) bR4 1.728 0.074 (1.588, 1.868)

bW5 4.449 0.184 (4.121, 4.874) bR5 0.584 0.063 (0.457, 0.718)

bW6 7.624 0.854 (6.344, 9.547) bR6 3.476 0.119 (3.250, 3.717)

bW7 4.333 0.177 (3.991, 4.681) bR7 2.576 0.092 (2.391, 2.743)

bW8 5.376 0.306 (4.817, 6.052) bR8 3.848 0.144 (3.570, 4.135)

bW9 3.914 0.148 (3.618, 4.199) bR9 3.080 0.111 (2.843, 3.298)

bW10 3.710 0.152 (3.437, 4.008) bR10 2.069 0.090 (1.898, 2.245)

bW11 3.464 0.138 (3.205, 3.745) bR11 1.371 0.074 (1.228, 1.518)

(Continued)
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Table 15. Continued

Parameter Mean SD 95% HPD Parameter Mean SD 95% HPD

bW12 3.429 0.137 (3.153, 3.721) σT 0.390 0.008 (0.374, 0.404)

ηT −0.377 0.034 ( −0.438, −0.309)

ηW −0.275 0.093 ( −0.450, −0.093)

αW 1.274 0.299 (0.666, 1.909)

ηR −0.462 0.037 ( −0.530, −0.391)

αR 1.713 0.085 (1.552, 1.885)

Table 16. Mean, SD, and 95% HPD of computed parameters under the nonignorable

missing data mechanism

Parameter Mean SD 95% HPD

ηW sin(αW) −0.252 0.088 ( −0.423, −0.081)

ηW(ηT sin(αW)+
√

1−(ηT)2cos(αW)) 0.018 0.070 ( −0.126, 0.151)

ηRsin(αR) −0.456 0.039 ( −0.524, −0.382)

ηR(ηT sin(αR)+
√

1−(ηT)2cos(αR)) 0.232 0.031 (0.164, 0.286)

for the t-only model are smaller than that for the joint model, indicating that the joint model
provides better identification of the missing data mechanism compared to the two single outcome
models.

We further compare our methods with MICE with 20 imputations. We apply the same item response
and response time models in (1) and (2) for each imputed data set for fair comparison. Table 18 shows
the final posterior summaries obtained after pooling. Most results are similar except for bY4, which is not
significant under MICE but is significant under the proposed nonignorable missing data models. The
computation time under MICE (274.87 minutes) is substantially longer than that of the proposed model
(49.00 minutes). Additionally, the omission and not-reached behaviors are not studied in the MICE
approach. We also compare our methods with the RTprocess model in Table 19. For fair comparison,
we assume the same hierarchical framework and reparameterization technique for θ and θT , which
guarantees that the covariance matrix is positive definite. Similarly to MICE, bY4 is not significant under
the RTprocess model but is significant under the proposed nonignorable missing data models. ηT and
σT are similar to those obtained in the proposed model. However, similar to MICE, the omission and
not-reached behaviors are not modeled directly.

Finally, we compare the estimations and inferences of the ability parameters across different models.
The stacked bar charts in Figure 7 show the counts of significant and insignificant ability parameter
estimates θ̂, grouped by the number of missing items. The bars represent negative significant estimates
with 95% HPD intervals that are entirely below zero in blue, positive significant estimates with 95%
HPD intervals that are entirely above zero in green, and insignificant estimates with 95% HPD intervals
including zero in red. We see from Figure 7 that there are lower (higher) proportions of “blue” and
higher (lower) proportions of “green” among the bars for small (large) numbers of missing items under
the proposed nonignorable model than the other three methods. The results under the nonignorable
model are more desirable and intuitively appealing since the subjects with higher (lower) abilities are
more likely to have fewer (more) missing items. Table 20 presents the minimum (Min), first quartile
(Q1), median (Q2), third quartile (Q3), and maximum (Max) of the posterior means of the latent
traits across different models. The proposed nonignorable model has the largest values of IQR (Q3–
Q1) and range (Max–Min). Thus, the nonignorable model can distinguish the subjects’ abilities more
effectively.

https://doi.org/10.1017/psy.2026.10121 Published online by Cambridge University Press

https://doi.org/10.1017/psy.2026.10121


Psychometrika 1315

Table 17. Mean, SD, and 95% HPD of discrimination parameters and difficulty parameters in the item response

model, item time intensity parameters and discrimination parameters in the response time model, difficulty

parameters for the not-reached behavior, and difficulty parameters for the omitted behavior under the ignorable

missing data mechanism

Parameter Mean SD 95% HPD Parameter Mean SD 95% HPD

aY1 0.978 0.094 (0.800, 1.183) bY1 −0.813 0.085 ( −0.991, −0.655)

aY2 1.160 0.098 (0.974, 1.361) bY2 0.552 0.060 (0.432, 0.674)

aY3 2.098 0.204 (1.714, 2.518) bY3 0.173 0.047 (0.084, 0.264)

aY4 1.471 0.131 (1.243, 1.729) bY4 0.035 0.051 ( −0.072, 0.126)

aY5 1.121 0.133 (0.871, 1.407) bY5 1.720 0.157 (1.436, 2.029)

aY6 1.069 0.091 (0.898, 1.251) bY6 0.873 0.077 (0.728, 1.049)

aY7 2.137 0.214 (1.753, 2.583) bY7 1.491 0.084 (1.343, 1.673)

aY8 0.314 0.059 (0.206, 0.427) bY8 3.179 0.639 (2.223, 4.624)

aY9 2.163 0.266 (1.693, 2.698) bY9 2.247 0.149 (1.992, 2.568)

aY10 2.067 0.240 (1.685, 2.658) bY10 1.655 0.095 (1.485, 1.841)

aY11 1.742 0.287 (1.272, 2.318) bY11 2.893 0.276 (2.418, 3.514)

aY12 1.225 0.125 (0.998, 1.480) bY12 1.882 0.147 (1.630, 2.197)

aT1 4.394 0.169 (4.074, 4.740) bT1 2.183 0.016 (2.153, 2.214)

aT2 3.779 0.161 (3.484, 4.098) bT2 2.361 0.015 (2.333, 2.391)

aT3 0.864 0.039 (0.791, 0.940) bT3 3.134 0.034 (3.070, 3.201)

aT4 0.661 0.026 (0.611, 0.713) bT4 2.290 0.033 (2.223, 2.354)

aT5 0.772 0.034 (0.706, 0.836) bT5 2.774 0.035 (2.704, 2.839)

aT6 1.914 0.074 (1.778, 2.074) bT6 2.493 0.020 (2.452, 2.531)

aT7 1.101 0.042 (1.022, 1.184) bT7 3.091 0.027 (3.038, 3.146)

aT8 2.670 0.103 (2.477, 2.863) bT8 2.126 0.018 (2.093, 2.161)

aT9 5.523 0.252 (5.030, 6.004) bT9 2.810 0.015 (2.781, 2.839)

aT10 4.972 0.224 (4.554, 5.411) bT10 3.216 0.016 (3.185, 3.247)

aT11 2.829 0.129 (2.593, 3.090) bT11 2.626 0.019 (2.588, 2.665)

aT12 3.283 0.136 (3.030, 3.576) bT12 2.700 0.018 (2.664, 2.733)

bW1 8.479 1.186 (6.671, 11.281) bR1 4.418 0.170 (4.103, 4.755)

bW2 6.064 0.379 (5.343, 6.849) bR2 5.238 0.236 (4.820, 5.720)

bW3 5.096 0.249 (4.657, 5.610) bR3 0.868 0.062 (0.743, 0.992)

bW4 7.649 0.812 (6.283, 9.395) bR4 1.727 0.076 (1.578, 1.878)

bW5 4.427 0.181 (4.093, 4.806) bR5 0.581 0.061 (0.463, 0.705)

bW6 7.552 0.819 (6.251, 9.287) bR6 3.481 0.126 (3.249, 3.734)

bW7 4.340 0.190 (3.987, 4.730) bR7 2.579 0.090 (2.410, 2.763)

bW8 5.348 0.279 (4.848, 5.918) bR8 3.853 0.150 (3.593, 4.157)

bW9 3.904 0.155 (3.611, 4.200) bR9 3.073 0.112 (2.854, 3.302)

bW10 3.725 0.153 (3.455, 4.030) bR10 2.064 0.084 (1.909, 2.231)

bW11 3.454 0.134 (3.197, 3.709) bR11 1.369 0.073 (1.224, 1.509)

bW12 3.433 0.140 (3.181, 3.718) σT 0.391 0.009 (0.373, 0.407)
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Table 18. Mean, SD, and 95% HPD of discrimination parameters and difficulty parameters in the item response model

and item time intensity parameters and discrimination parameters in the response time model under MICE

Parameter Mean SD 95% HPD Parameter Mean SD 95% HPD

aY1 0.941 0.093 (0.764, 1.131) bY1 −0.834 0.090 ( −1.025, −0.672)

aY2 1.151 0.096 (0.974, 1.348) bY2 0.553 0.063 (0.437, 0.682)

aY3 2.056 0.199 (1.703, 2.475) bY3 0.191 0.046 (0.101, 0.282)

aY4 1.522 0.128 (1.283, 1.782) bY4 0.046 0.049 ( −0.049, 0.143)

aY5 0.986 0.130 (0.741, 1.246) bY5 1.846 0.192 (1.528, 2.281)

aY6 1.137 0.099 (0.948, 1.339) bY6 0.843 0.078 (0.700, 1.003)

aY7 2.111 0.211 (1.723, 2.547) bY7 1.484 0.082 (1.334, 1.656)

aY8 0.333 0.060 (0.221, 0.456) bY8 2.990 0.561 (2.129, 4.317)

aY9 2.133 0.289 (1.617, 2.754) bY9 2.233 0.153 (1.971, 2.572)

aY10 2.094 0.230 (1.682, 2.580) bY10 1.626 0.096 (1.456, 1.826)

aY11 1.608 0.267 (1.144, 2.199) bY11 2.902 0.294 (2.416, 3.578)

aY12 1.291 0.134 (1.042, 1.568) bY12 1.818 0.140 (1.570, 2.117)

aT1 4.158 0.167 (3.836, 4.494) bT1 2.184 0.015 (2.155, 2.213)

aT2 3.675 0.144 (3.405, 3.960) bT2 2.362 0.016 (2.331, 2.392)

aT3 0.820 0.049 (0.728, 0.924) bT3 3.121 0.034 (3.052, 3.186)

aT4 0.637 0.030 (0.580, 0.694) bT4 2.287 0.035 (2.217, 2.355)

aT5 0.741 0.036 (0.671, 0.812) bT5 2.725 0.035 (2.655, 2.792)

aT6 1.928 0.079 (1.774, 2.088) bT6 2.493 0.021 (2.452, 2.533)

aT7 1.085 0.046 (0.995, 1.175) bT7 3.086 0.027 (3.034, 3.139)

aT8 2.688 0.106 (2.485, 2.898) bT8 2.122 0.018 (2.087, 2.157)

aT9 5.348 0.240 (4.893, 5.819) bT9 2.807 0.015 (2.779, 2.836)

aT10 4.955 0.254 (4.467, 5.467) bT10 3.211 0.016 (3.180, 3.243)

aT11 2.772 0.130 (2.527, 3.035) bT11 2.620 0.020 (2.582, 2.659)

aT12 3.338 0.139 (3.074, 3.618) bT12 2.700 0.017 (2.666, 2.734)

σT 0.392 0.009 (0.376, 0.409)

ηT −0.369 0.033 ( −0.432, −0.304)

Figure 8 shows the differences between ability estimates under the proposed nonignorable model
and the competing models as a function of the response time propensity estimates under the proposed
nonignorable model. Data points with darker color correspond to subjects with more missing items.
Among all the competing approaches, MICE provides the most different results. The ability estimates
under the proposed nonignorable model tend to be smaller than those under the proposed ignorable
model when the number of missing items is high and when the response time propensity estimate is
large. This suggests that the missing data process influences the analysis of outcome models, indicating
that the missing data mechanism may be nonignorable. The ability estimates under the proposed
nonignorable model tend to be smaller than those under the RTprocess model for subjects with more
missing items. The results are consistent with intuition that subjects with higher (lower) abilities are
more likely to have fewer (more) missing items.
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Table 19. Mean, SD, and 95% HPD of discrimination parameters and difficulty parameters in the item response model

and item time intensity parameters and discrimination parameters in the response time model under the response

time process model

Parameter Mean SD 95% HPD Parameter Mean SD 95% HPD

aY1 0.954 0.092 (0.786, 1.143) bY1 −0.838 0.086 ( −1.004, −0.673)

aY2 1.168 0.094 (1.002, 1.369) bY2 0.537 0.063 (0.413, 0.664)

aY3 2.073 0.189 (1.717, 2.461) bY3 0.167 0.046 (0.084, 0.256)

aY4 1.519 0.128 (1.287, 1.809) bY4 0.043 0.048 ( −0.054, 0.130)

aY5 1.125 0.122 (0.894, 1.383) bY5 1.685 0.151 (1.405, 1.998)

aY6 1.133 0.103 (0.941, 1.335) bY6 0.830 0.075 (0.689, 0.982)

aY7 2.211 0.226 (1.813, 2.663) bY7 1.440 0.083 (1.288, 1.610)

aY8 0.378 0.059 (0.271, 0.495) bY8 2.589 0.403 (1.939, 3.463)

aY9 2.316 0.303 (1.821, 2.925) bY9 2.136 0.148 (1.867, 2.451)

aY10 2.240 0.256 (1.752, 2.787) bY10 1.568 0.095 (1.399, 1.749)

aY11 1.980 0.271 (1.503, 2.582) bY11 2.633 0.211 (2.271, 3.107)

aY12 1.333 0.132 (1.087, 1.604) bY12 1.763 0.133 (1.520, 2.057)

aT1 4.236 0.165 (3.908, 4.555) bT1 2.186 0.016 (2.155, 2.218)

aT2 3.660 0.142 (3.395, 3.948) bT2 2.365 0.016 (2.334, 2.396)

aT3 0.872 0.035 (0.814, 0.942) bT3 3.352 0.031 (3.285, 3.410)

aT4 0.668 0.026 (0.615, 0.719) bT4 2.362 0.034 (2.294, 2.428)

aT5 0.797 0.036 (0.731, 0.875) bT5 2.974 0.034 (2.911, 3.036)

aT6 1.921 0.069 (1.787, 2.066) bT6 2.494 0.019 (2.456, 2.533)

aT7 1.098 0.044 (1.010, 1.188) bT7 3.151 0.027 (3.095, 3.201)

aT8 2.645 0.102 (2.449, 2.840) bT8 2.132 0.019 (2.094, 2.168)

aT9 5.318 0.228 (4.888, 5.774) bT9 2.833 0.014 (2.806, 2.859)

aT10 4.960 0.220 (4.547, 5.441) bT10 3.238 0.015 (3.208, 3.268)

aT11 2.765 0.118 (2.541, 3.002) bT11 2.690 0.020 (2.653, 2.727)

aT12 3.304 0.139 (3.029, 3.573) bT12 2.700 0.017 (2.671, 2.732)

σT 0.395 0.008 (0.379, 0.413)

ηT −0.362 0.033 ( −0.420, −0.291)

Table 20. Minimum, first quartile, median, third quartile, and maximum

of the posterior means of the ability parameters

Method Min Q1 Q2 Q3 Max

Nonignorable −2.602 −0.651 −0.070 0.607 2.871

Ignorable −1.347 −0.636 −0.080 0.511 2.884

MICE −2.171 −0.614 −0.066 0.523 2.759

RTprocess −2.176 −0.657 −0.057 0.586 2.842
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Figure 7. Stacked bar charts showing the number of significant and insignificant ability parameter estimates across different methods,

grouped by the number of missing items. Blue bars correspond to the negative significant θ̂, green bars correspond to the positive

significant θ̂, and red bars correspond to the insignificant θ̂.
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Figure 8. Difference in the ability estimates between the proposed nonignorable model and the competing models plotted against

the response time propensity estimates under the proposed nonignorable model. The number of missing values is given by the data

points’ color, with darker colors denoting a higher number of missingness.
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7. Discussion

In this article, a Bayesian hierarchical IRT-based model is developed to jointly model the item response,
response time, and not-reached and omitted behaviors. A missing data model is built via a combination
of a sequential multinomial model for the not-reached behavior and a conditional model for the
omitted behavior given the not-reached item. A reparameterization technique is introduced for the joint
model of the latent propensity parameters. This allows us to investigate the conditional independence
properties of the latent propensity parameters, measure the extent to which the missing data mechanism
is nonignorable, and facilitate the specification of prior distributions that results in a more efficient
Bayesian computation. Furthermore, a model selection criterion is developed to guide the selection
of the missing data mechanism. It can be further used to quantify the importance of modeling item
response and response time jointly over individually in identifying the missing data mechanism.
The simulation studies show that the proposed approach is able to provide accurate estimations
and inferences of the parameters of interest, and the model selection criterion also performs well
in selecting the optimal missing data mechanism. The proposed method is further applied to the
math exam data from 2018 PISA Test and our model selection criterion indicates that the missing-
ness is more likely nonignorable. The findings from the proposed model regarding item response,
response time, and omitted and not-reached behaviors align well with what we observe in the real
data.

Our proposed approach allows for directly and jointly modeling of the omitted and the not-reached
behaviors, without restricting missingness to time constraints, and is thus more flexible. Our definitions
for ignorable and nonignorable missing data mechanisms in Remark 3.2 are more general than the
definitions for latent ignorable and nonignorable missing data mechanisms in Robitzsch (2021), which
is provided specifically for the shared-parameter model. We assume the missing responses depend only
on the latent variables satisfying the second conditions of nonignorability in Pohl and Becker (2020).
This assumption can be relaxed by incorporating covariates such as missing outcomes in the missing
data model (Pohl & Becker, 2020; Robitzsch, 2023). Last but not least, our data-driven missing data
model allows for nonignorable missing data mechanism and also ignorable missing data mechanism as
a special case.

The current study does not distinguish aberrant behaviors (i.e., rapid guessing and cheating) (Lu
et al., 2023) from the solution behavior for response and response time models. How to naturally incor-
porate these behaviors with the not-reached and omitted behaviors under the current model framework
remains to be studied. We currently consider the Rasch model for the missing data mechanism due
to identifiability issues. Other more complicated models may be considered provided with enough
items and subjects or if we can incorporate techniques for borrowing information from “adjacent”
parameters, such as the mixture of finite mixture (MFM) prior for parameter clustering (Hu et al., 2023;
Miller & Harrison, 2018). We currently do not differentiate between different types of omitted behavior
(i.e., intentional, accidental, or time-limited) and not-reached behavior (due to overall time limits or
early quitting). The first avenue remains a fascinating direction for future work, while the second can
be readily accomplished by redefining W and adjusting the response time model. Additionally, the
decomposition of the LPML model selection criterion can also be modified for selecting the response
models, which is left for future studies.
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