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The present article aims at enhancing the computation of the global stability modes
of the internal flow of solid rocket motors (SRMs) approximated by the Taylor—Culick
solution. This modal approach suffers from the consequences of the non-normality
of the global linearized incompressible Navier—Stokes operator, namely the lack of
robustness of the eigenvalues that can lead to the computation of pseudo-modes rather
than actual eigenmodes. In this respect, the effects of non-normality associated with
strongly amplified eigenfunctions are highlighted on a simplified convective—diffusive
stability problem with uniformly accelerated base state, the latter property being
a typical characteristic of the Taylor—Culick flow. Non-convergence zones for the
eigenvalues are exhibited for large Reynolds numbers and are related to the critical
sensitivity to disturbances applied to one of the boundary conditions. For this reason,
and according to experimental and numerical data related to the stability of simplified
SRMs, a global stability analysis is performed assuming that the hydrodynamic
fluctuations emerge from a geometrical defect applied at the sidewall. This comes
to fix the upstream boundary condition at the abscissa of the sidewall disturbance. The
resulting eigenmodes are shown to be discrete, numerically converged, well identified
by a finite number of points of undefined phase of the velocity fluctuations. They
marginally depend on Reynolds number variations, but are modified by changes on
the boundaries location. As in the simplified problem, the inflow boundary condition
is the most critical in terms of sensitivity to numerical errors, although not dramatic.
Finally, the sensitivity analysis to infinitesimal base flow changes indicates that the
variations applied close to the inflow boundary condition induce the largest move
of the eigenvalues. In spite of the large non-normal effects induced by the large
polynomial growth of the eigenfunctions, this paper shows that discrete instabilities
may emerge from a wall defect, in contrast to configurations without such a
geometrical perturbation whose dynamics may be rather driven by pseudo-modes.
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1. Introduction

In the past decade, the stability analysis of the incompressible Navier—Stokes
equations has played a major role in the comprehension of the internal pressure
oscillations occurring in large segmented solid rocket motors (SRMs) such as those
of the European Ariane 5 launcher and the American Titan IV. Indeed, these motors
exhibit several pressure bursts whose discrete frequencies occur nearby those of the
axial acoustics. Although these oscillations were primarily thought to result from
acoustic instabilities, as assumed in the acoustic balance method introduced by
Culick (1966) and enhanced by Flandro (1995) and Flandro & Majdalani (2003),
Majdalani, Fischbach & Flandro (2006) and Majdalani (2009), several vortex-shedding
phenomena, numerically described by Vuillot (1995), are now understood to be the
triggering factor of pressure oscillations. In particular, several cold gas experiments
have highlighted the existence of parietal vortical structures growing all along the
motor close to the propellant surface modelled as a blowing wall (Yagodkin 1967;
Brown et al. 1981; Dunlap et al. 1990; Avalon & Josset 2006). Amongst the various
hydrodynamic phenomena triggering the pressure oscillations, the predominance of this
so-called ‘parietal vortex shedding’ (PVS) has been shown by reduced-scale firings
performed in simplified configurations (Prévost & Godon 2005).

In this respect, the PVS can be modelled as a hydrodynamic instability of the
Taylor—Culick solution (Taylor 1956; Culick 1966) that is a widely used as a
steady approximation of the internal flow of SRMs for theoretical purposes, even if
compressible or viscous disturbances are sought (Varapaev & Yagodkin 1969; Flandro
& Majdalani 2003; Majdalani 2009). The local approach first introduced by Varapaev
& Yagodkin (1969), further used by Casalis, Avalon & Pineau (1998) and enhanced
by Griffond & Casalis (2001) consisted of computing the local incompressible, viscous
disturbances of the Taylor—Culick flow. It did show the existence of convectively
amplified modes whose shape is similar to the experimental PVS in the laminar zone
of the motor. Then, global stability modes were tentatively pursued by Chedevergne,
Casalis & Feraille (2006) according to the general works of Theofilis (2003), so as
to explain the frequency selection of the experimentally observed pressure oscillations.
A branch of temporally stable modes resulting from the imposed conditions at the
front wall and the downstream boundary of the computational domain showed very
good agreement with the pressure bursts experimentally observed in cold gas set-ups
and occurring at constant values of fR/V,,;, where f is the actual burst frequency,
R the average radius of the motor internal fluid section and V;, the parietal fluid
velocity injection. The spatial features of the related eigenfunctions, namely the
axial amplification and the radial profile of the velocity fluctuations, were consistent
with experimental data (Chedevergne et al. 2006) and results derived from the local
approach. However, the physical relevance of these eigenmodes, evidenced by the
numerical simulations of Chedevergne, Casalis & Majdalani (2012), is marred by
their large dependence on the employed axial discretization (Chedevergne 2007).
Conversely, according to several simplified reduced-scale firings (Prévost & Godon
2005), the emergence of pressure oscillations and PVS structures with large amplitude
and well-separated frequencies is largely eased by the existence of small geometrical
disturbances such as intersegments or even wall defects. From this standpoint, a
perturbation including a modelled geometrical disturbance has been taken into account
in the global stability analysis of SRMs by Boyer, Casalis & Estivalezes (2012).
More precisely, numerical simulations have shown that the hydrodynamic structures
related to the PVS emerge from such a disturbance. A global stability analysis
of the Taylor—Culick flow has then been performed on the domain comprised
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Headwall

FIGURE 1. Schematic view of the global stability analysis performed when a geometrical
disturbance is applied to the blowing wall. Here V;,; designates the wall injection velocity, X,
the reduced abscissa of the wall defect and X,,, the duct aspect ratio, the duct radius R being
the reference length. The PVS structures (dotted lines) are shown to emerge from the wall
disturbance (Boyer et al. 2012). The dash-dotted lines enclose the resulting stability analysis
domain. The grey lines depict the stream lines of the Taylor—Culick flow.

between the axial location of the wall defect and the duct outflow (figure 1). The
resulting eigenmodes were discrete, showed an effective convergence regarding the
used discretization and the related eigenfunctions were in good agreement with the
simulated vortical structures.

From a theoretical point of view, the encountered difficulties in the numerical
resolution of this stability problem may come from a characteristic feature of the
linearized Navier—Stokes equations, namely the effects of non-normality. According to
the work of Trefethen er al. (1993), the eigenvalues related to non-normal operators
can easily be destabilized by small perturbations applied to physical parameters or by
small numerical disturbances. In the same way, large sets of approximate solutions up
to an arbitrary accuracy, called pseudo-modes, can be exhibited in such cases. That is
why, for robustness reasons, the optimal framework, introduced for instance by Sipp
and co-workers (Monokrousous et al. 2010; Sipp, Marquet & Meglia 2010; Brandt
et al. 2011), might better suit to the study of hydrodynamic instabilities occurring for
instance in boundary layers and separate flows than the modal approach widely used
so far (Ehrenstein & Gallaire 2005; Alizard & Robinet 2007, Akervik et al. 2008). In
the present case, the non-normality effects may be all the more critical as the resulting
eigenfunctions are much more spatially amplified than those occurring in boundary
layers because of the base flow axial amplification. They may therefore explain not
only the large sensitivity of the eigenmodes, but also the previously observed strong
mesh dependence itself.

The present paper aims at showing that the modal stability analysis of the
Taylor—Culick flow leads to discrete, converged hydrodynamic modes that can be
tentatively used to model the experimentally observed PVS instabilities. First, referring
to the simplified stability modelling introduced by Trefethen & Embree (2005), the
non-normality effects will be evaluated on a mono-dimensional convective—diffusive
eigenvalue problem whose convective term is proportional to the axial coordinate as
for the Taylor—Culick flow. Such a study allows us to better understand the numerical
issues encountered in the computation of the global modes and justify the ansatz
introduced by Boyer et al. (2012). As a consequence, the global hydrodynamic
instabilities of the Taylor—Culick flow that are assumed to propagate from a wall
defect down to the duct exit will be further depicted. Their negligible dependence
on the used mesh and their discreteness has to be confirmed, and the influence of
the non-dimensional parameters of the problem, namely the Reynolds number (Re)
and the location of the axial boundaries (X;, for the injection break and X,, for
the outflow) will be investigated. A sensitivity analysis, based on the computation
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of both direct and adjoint eigenfunctions as described by Hill (1995), will also be
carried out. On the one hand, it will be used to assess the numerical sensitivity of the
computed eigenmodes and confirm their relevance. On the other hand, according to the
framework used by Bottaro, Corbett & Lucchini (2003) and Tumin (2003) in boundary
layer stability and by Marquet, Sipp & Jacqin (2008) for the cylinder flow, the effect
of base flow distortions on these eigenmodes will be computed and the areas of largest
sensitivity will be described.

The paper proceeds hereafter as follows. First (§ 2), a simplified convective—diffusive
operator with uniformly accelerated convection velocity is studied: approximate
eigenmodes and e-pseudo-spectra subsets are analytically calculated, and then
compared with numerical integration results. The sensitivity to disturbances is also
presented so as to illustrate the effects of non-normality. Then (§ 3), the global stability
of the Taylor—Culick flow is performed on a subdomain whose upstream boundary
coincides with a spatial disturbance from which potential instabilities emerge. The
influence of the Reynolds number and the location of the domain boundaries is
then investigated. Finally (§4), the boundary conditions and base flow sensitivities
of the global eigenvalues are calculated to evaluate the robustness of the previous
eigenmodes.

2. A convective-diffusive simplified case

This section aims at more precisely describing the numerical problems occurring
in the computation the eigenmodes of the incompressible Navier—Stokes equations
linearized around the Taylor—Culick solution. As shown by Trefethen & Embree
(2005) on a simplified convective—diffusive problem and Sipp et al. (2010) in global
stability analyses, these problems are basically due to the non-normality of the
stability operators which induce non-orthogonal eigenfunctions, large transient effects
associated with a sum of eigenmodes, and a large sensitivity of the eigenmodes
to numerical errors. In the present work, these issues are expected to be even
more critical than in the computation of the global convective instabilities occurring
for instance in boundary layers. Indeed, the hydrodynamic instabilities sought in
SRMs have been shown to grow polynomially with the axial coordinate (Griffond
& Casalis 2001). Correlatively, Chedevergne (2007) has shown that the eigenvalues
resulting from a global stability of these motors do not reach a fixed location in
the complex plane when the axial discretization is arbitrarily refined, even if their
related eigenfunctions show a very good agreement with the local ones and the vortical
structures measured in cold gas set-ups (Chedevergne et al. 2006). These features
might be related to a fundamental difference between the boundary layer stability
problems and the present one, i.e. the strong non-parallelism of the Taylor—Culick flow
used as a base state here.

That is why, following Trefethen’s approach, a simplified axial convective—diffusive
stability problem with uniformly accelerated convection of the fluctuations is
introduced in this section. The analytical integration of this modelling aims at
highlighting the specific numerical issues due to the combined effects of the non-
normality of the linearized Navier—Stokes equations and the huge non-parallelism of
base states such as the Taylor—Culick flow. This problem, defined for x € [0, 1], reads

1
du—iou=0 with .dit:—R—ﬁ”+xi/ (2.1)
e
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with the homogeneous boundary conditions #(0) =0 and #'(1) = 0. Here the prime ’
stands for the derivative with respect to x. In expression (2.1), Re denotes a
Reynolds number by analogy with the viscous term of the linearized incompressible
Navier—Stokes equations. The first derivative term xif' represents the convection of
the eigenfunctions by a uniformly accelerated velocity as in the stability problem
occurring in solid propellant rocket motors. In the same way, boundary conditions are
called ‘inlet’ (x =0) and ‘outlet’ (x = 1) conditions since they are analogous to the
boundary conditions which will be used in the global stability problem in § 3. Note
that this problem might have been defined for x € [0, X,,,] with X,,, > 0. The current
definition would have been recovered by changing x into x/X,,, and Re into ReX>

out*

2.1. Matched asymptotic developments

An approximate solution of the stability problem (2.1) is sought for as a matched
asymptotic expansion for large Reynolds numbers. Since the Reynolds number is
assumed to be large, the viscous effects are expected to be negligible on a large part
[0,a], a > 0, of the domain and the eigenfunctions z to be similar to the solutions
u(x) = x'*, Im(w) < 0 of the non-viscous problem {xu’' — iwu = 0; u(0) = 0}. Therefore
#t can be approximated by the Nth-order expansion it(x) ~ Uy (x) = uo(x) +Re ™ 'u; (x) +
-+ 4 Re Muy(x) with respect to the small parameter Re™'. As shown in § A.1, a set of
N approximate eigenvalues denoted as Ay(«) = {—(2m + 1)i,m=0...N} is obtained
together with the N following eigenfunctions

_ - 2m + 1)! x2om—m+l
{U"'(x) =2 Qm —n)+ D! n! (—2Re)" } o 2.2)

n=0

.....

that exactly verify (2.1) and #,(0) = 0. The above eigenvalues are all located on
the negative part of the imaginary axis, and the related eigenfunctions are growing
polynomially with x. They are called ‘external solutions’ by analogy with the external
part of a boundary layer where the viscous effects are neglected. In contrast, this
external solution must be modified at x =1 to match with the second boundary
condition. Therefore, an ‘internal solution’ is calculated thanks to the variable change
(X = Re(1 — x)) = t(x) which aims at precisely modelling the sharp variations of the
eigenfunctions close to x = 1. Once again v is expanded up to a given order K as
0(X) ~ Ug(X) = vp(X) + Re v (X) + - - - + Re X vg (X).

As detailed in § A.2, Vi is separated into two terms denoted as Vg ; and Vg ,. Vi g is
a polynomial function of X and Re and is identified to the mth internal eigenfunction
U, if K=2m+ 1, and therefore verifies (2.1) and the inflow boundary condition.
Here Vg ,, which exactly satisfies (2.1) and the outflow boundary condition, can be
expressed as

K
D2 (X) = (Z Qk(X>> e (2.3)
k=0

where each O, denotes a set of polynomial functions of degree 2k — 2. Since the above
asymptotic expansions are valid regardless of the order N of the external solution that
is chosen, a complete set of approximate eigenvalues A(g/) = {—(2m + 1)i, m € N}
related to the polynomially growing eigenfunctions

. " @Qn+ DI 2ot e .
" Re(1 — e 24
{u (x) Z n! (—2Re)" + (; Oc(Re(1 —x)) | e - (2.4)

n=0
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FIGURE 2. Eigenvalues of the Nth-order approximation of the direct eigenvalue problem (M)
and level lines of its resolvent norm (- - -) for various Reynolds numbers: (a) Re =200, N = 6;
(b) Re =200, N = 10; (c) Re =500, N = 6. The particular line (—) defines the zone where
the resolvent norm is lower than the numerical accuracy &), &~ 10~ and where no eigenvalue
can be computed.

is then obtained. These solutions exhibit a polynomial growth along x and are
ended by a boundary layer whose characteristic size, driven by the term eR*=D  is
proportional to the inverse of the Reynolds number.

Now, the robustness of these eigenmodes can be further investigated. For this
purpose, let us consider the external asymptotic expansion Uy calculated for a fixed
order N and o & Ay(&7). Note that Uy verifies the inflow boundary condition, and
if —Im(w) > 2N + 3/2, then the norm of the residual function ry(®) = (& — i®)Uy
expressed in (A 4) can be evaluated. In particular, one obtains

R N 1
Irv(@)Il 2en40(w) S 2Re(@)—4N—4 4 (2.5)

IUNII — 2Re)M ' NYUN| Jo

Therefore, for a given ¢, the subset

A () = {cf) eC W <e, Im(@) < —(2N + 3/2)} (2.6)
N
of the e-pseudo-spectrum A.(<7) defined as
of —i
A () = {w € C such as ||(”|1|a))u|| < ¢ for some u} 2.7)
u

can be calculated. If the order N of the asymptotic expansion is large enough,
this subset A} , (=) is not empty, which means that a continuous set of pseudo-
eigenmodes up to a precision of ¢ can be exhibited. In figure 2, the contour lines of
A () are plotted for various Reynolds numbers Re, the order of the asymptotic
expansion N and values of e. Let us consider in particular the subsets calculated
for e =107, Re =200 and N = 10 or Re =500 and N = 6. If an eigenvalue is
numerically sought in these areas, it can hardly be computed correctly because pseudo-
eigenpairs satisfying the problem equations with the same numerical accuracy may be
exhibited in its very vicinity. In this respect, a sensitivity analysis of the eigenmodes
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that are close to the limit of numerical accuracy may be useful to determine the terms
of the eigenvalue problem (2.1) associated with its homogeneous boundary conditions
that most easily destabilize the eigenmodes computation.

2.2. Sensitivity to numerical disturbances on the boundary conditions

Referring to the sensitivity formalism introduced for instance by Airiau (2000) and
Bottaro et al. (2003), the adjoint equations associated with the direct problem (2.1)
can be used to evaluate the effect of numerical disturbances on the eigenvalues.
Considering the usual dot product ( , ) on .Z*([0, 1]), the adjoint eigenvalue problem
(/" —iw)it = 0 is defined by the relation

Ya, i, (@, (o —io)a) = (1 — i), i) (2.8)

where # and @ denote the adjoint eigenvalue and eigenfunction. Referring to the
method devised by Hill (1995) for the boundary layer receptivity, the left-hand side
of (2.8) can also be derived to obtain the following Lagrange identity

¥ ~ 1 A~ p AL~
(it, (it — id)a) — (AT — i), ity = E([W ](1) —[u'u ](1))

+ [ait*]y +i(@* + &) (@, i) (2.9)
which leads to the adjoint operator .« defined as
1
A= ——i" —xil — 0 (2.10)
Re
and associated with the homogeneous boundary conditions #(0) =0 and Re '#'(1) +
u(l) =0 provided that @ = —®*. Note that if & and ® are a couple of direct

and adjoint eigenvalues such that @ # —&* related to eigenfunctions & and iig,
then (i3, ;) = 0. As a consequence, the direct and adjoint eigenvectors form a
biorthogonal set of .£%(£2).

The relation (2.9) is then used to estimate the influence of small disturbances of
amplitude ¢ < 1 applied to the inflow and outflow boundary conditions that are written
as 1(0) + e6u(0) = sup and &' (1) + &8’ (1) = eu,. Consequently, the eigensolutions of
the direct problem are sought for as a sum of a non-disturbed part and a disturbance of
amplitude ¢, i.e. (@ + €8®, it + £8i1). Linearizing relation (2.9) yields

. (GO (0) — si' (Dir(1))
S =1 — .
Re(u, u)
This relation can be formally rewritten as 8 = ) (Vy, 8f;) where the V. are the

sensitivity functions with respect to the parameters f;. More precisely, the sensitivity
functions read

@2.11)

Vi (%) = —iRe™ i (0)8p (x) /i1, &), 2.12)
V() = —iRe '@ (1)8p(x — 1)/ (@, it). (2.13)

where §p is the Dirac function.

Since the values of the adjoint eigenfunctions or their derivative at the boundaries
explicitly arise in the above relations, the adjoint problem must be solved to evaluate
these sensitivity functions. The direct and adjoint problems are therefore integrated
numerically using a spectral collocation technique and the generalized eigenvalue
solver implemented in the MATLAB function eig. Examples of direct and adjoint
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FIGURE 3. Comparison between the theoretical eigenvalues of the direct problem and the
computed direct and adjoint eigenvalues, for various Reynolds numbers: (a) Re = 100;
(b) Re = 200; (c) Re =500. The symbols represent: B, analytical solution; A, computed
direct eigenvalues; V, computed adjoint eigenvalues, discretization by the spectral collocation
method, N = 200 points.
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FIGURE 4. Direct and adjoint eigenfunctions related to the mode @ = —3i computed

for Re = 500: (a) full view; (b) zoom close to x = 1. The direct eigenfunctions are
normalized by #(0.97) and the adjoint ones are normalized by #(0.03). The approximate
direct eigenfunctions, given in (2.4), are plotted as a comparison.

spectra are plotted in figure 3 for Re = 100, Re = 200 and Re = 500, as well as
the related eigenfunctions computed for Re = 500 (figure 4); N = 200 collocation
points are used. Interestingly, the direct and adjoint eigenvalues predicted by the
analytic solution (2.4) are perfectly recovered down to a limit value of Im(w). Then,
for Re =200 and Re = 500, two symmetric branches are obtained instead of the
theoretical pure imaginary eigenvalues. These branches exactly appear in the area of
e-pseudo-modes calculated for ¢ = 10~'* as presented in figure 2. Note also that the
theoretical shape of the direct eigenfunctions also matches with the computed ones;
in particular, both polynomial downstream growth and outflow boundary layer are
recovered exactly. In contrast, the adjoint eigenfunctions are even more amplified in
the upstream direction than the direct ones are amplified in the downstream direction.
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FIGURE 5. Evolution of the sensitivity function V;, related to a disturbance on the boundary
condition at x = 0 for a varying Reynolds number. The first five eigenmodes modes are
considered. The y-axis scale is logarithmic.

The direct and adjoint eigenfunctions reach their maximum amplitude in opposite
zones of the domain. This is a characteristic feature of the so-called ‘convective non-
normality’ as defined by Sipp et al. (2010). The non-normality can be quantified by
the ratio ¢ = ||u||||]|/{u, i) expressed for a couple of direct and adjoint eigenfunctions
u and i related to a same eigenmode. The closer to one, the less non-normal
the operator; in contrast, { is much larger here because the direct and adjoint
eigenfunctions are strongly amplified in opposite directions. As a consequence, the
sensitivity functions (2.12), that are proportional to 1/(i, &), are naturally larger
for highly non-normal operators. In practice, the sensitivity function of the outflow
boundary condition is proportional to #*(1) that is exponentially small because of the
upstream growth of the adjoint eigenfunctions. Numerically, §& has been computed in
this case and is of the order of the machine accuracy as soon as Re = 50. This is
consistent with the property that the approximate analytical solutions actually do no
depend on this outflow condition. In contrast, the effects of the non-normality fully
arise at the inflow boundary condition, because the dot product (i, ) is small and the
variations of the adjoint eigenfunctions close to x = 0 are very large, which makes the
values reached by #/'(0) even larger. As depicted in figure 5, this sensitivity increases
with the Reynolds number and the order of the considered eigenmode. In particular,
for a given disturbance of magnitude, say, ¢ = 10719, the eigenvalue related to the
mode & = —9i can undergo an amplitude shift ¢5& = 1 at Re = 500.

2.3. Discussion

The study of this convective—diffusive eigenvalue problem reveals two numerical issues
that may occur in the integration of the linearized incompressible Navier—Stokes
equations. First, the direct eigenfunctions, that are amplified downstream, exhibit a
boundary layer at the outflow condition whose size decreases with the Reynolds
number. Second, the analytical integration of this problem shows the existence of
continuous sets of pseudo-eigenmodes that verify the stability problem up to an
arbitrary precision ¢. The existence of these pseudo-modes is due to the large
sensitivity to small disturbances applied on the inflow boundary condition that
can shift exact eigenvalues from their theoretical location. Wider areas of pseudo-
eigenmodes for small ¢ and more critical sensitivities are obtained when the Reynolds
number is larger and the spatial growth of the eigenfunctions increase, or the related
imaginary part of the eigenvalues or pseudo-eigenvalues is more negative. As in
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Trefethen’s convective—diffusive simplified modelling, the effects of the convective non-
normality, in particular the opposite growths of the direct and adjoint eigenfunctions,
together with the strength of these growths itself, are clearly identified in the
formulation of the sensitivity functions and are understood to play a major role in
the existence of such pseudo-eigenmodes and in the numerical non-convergence of
the eigenvalues. The only difference with Trefethen’s problem is the behaviour of the
eigenvalues that become stabilized in the present case instead of closing up when the
Reynolds number increase, and that do not depend on the outflow boundary condition.

All of these features related to non-normality are all the more likely to occur in the
global stability of the Taylor—Culick flow as the latter is also uniformly accelerated
and its instabilities are known to be polynomially amplified in the axial direction.
In addition, the non-convergence of the eigenvalues when the axial discretization is
increased has clearly been evidenced by Chedevergne (2007). Since these modes are
correctly recovered in the numerical simulations carried out by Chedevergne et al.
(2012), they must actually be pseudo-modes or they may belong to a continuous set of
eigenmodes that is discretized because of the employed numerical method. In contrast,
the modes computed on an axial subdomain x € [X;,, X,,,], assuming that the related
vortical structures emerge from a wall injection break imposed at X;, seem to be
actual discrete modes, as stated by Boyer ef al. (2012). Indeed, according to the above
results, the sensitivity of the inflow condition may be less critical in this latter case
because the singularity induced by the base flow at x =0 is avoided. Therefore, in
the following sections, these modes are more precisely described and their numerical
sensitivity is evaluated.

3. Global stability of a simplified SRM
3.1. Direct and adjoint problems

In this section, the hydrodynamic instabilities that occur in a simplified SRM with
cold-gas normal wall injection are investigated. We consider a cylindrical duct of
unitary radius R = 1 and length-to-radius aspect ratio X,,;. The non-dimensional axial
and radial coordinates are denoted as x and r; the flow is supposed to be axisymmetric,
so that the azimuthal coordinate 6 will not be used. The fluid domain is a part of
this duct delimited by the inflow and outflow reduced abscissae X;, and X,,, so that
(x, r) belong to [X;,, X,u:] X [0, 1], as depicted in figure 1. The parietal fluid injection
induces a constant and uniform wall velocity V;, that is the reference velocity used
for non-dimensionalization. The reference pressure, density and kinetic viscosity py,
po and po are those evaluated at the head end x = 0. In this respect, the parietal
Reynolds number Re = pyV;,jR/ 4o is introduced to characterize the viscosity effects.
Let also U = (U,, U,) be the laminar Taylor—Culick steady base velocity that usually
approximates the internal SRM flows, and that reads

(nr2> 1. <nr2>
Ucx,r)=mxcos [ — and U,(x,r)=—-sin| — |. 3.1
2 r 2

Note that, as in the previous simplified case, the average flow is uniformly
accelerated. The small unsteady perturbations (p’,u’) to this base state are sought
for as (p',u') = (p, w)e ', with &t = (i, &t,) for axisymmetric disturbances and & the
complex circular frequency of the normal-mode disturbances. Note that an azimuthal
dependence of the pressure and velocity field, as well as the existence of an azimuthal
velocity component, are deliberately not taken into consideration. Indeed, previous
works carried out by Griffond & Casalis (2001) in the local stability framework
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show that, amongst the PVS modes sought as ¢'(x, r, 0, t) = §(r)e!®@+m =) the spatial
modes obtained for m = 0 are the most amplified for a given w. Therefore, only
axisymmetric modes are sought in this study. In these conditions, the non-dimensional
linearized incompressible Navier—Stokes equations are written as

A (p, ) =i0HB (P, u), (3.2)
where &7 and & are the operators

o (P, ) 1 d B, n) 0 (3.3)
) = an =1 .1. .
— o A+ (U - V)it + (@ - V)U + Vp i
e

The boundary conditions shall ensure that the weak form of the above system is
well posed: the velocity fluctuations are set equal to zero at the inlet and the wall,
the normal stress tensor is set equal to zero at the outflow, and simple symmetry
conditions are imposed on the axis. One obtains

9,p(x, 0) = 3,4, (x,0) = 1t,(x,0) =0 Vx € [Xin, Xour] (3.4a)
uX;,,r)=0 Vrel0,1] (3.4b)

u(x,1)=0 Vxel[X,, Xl (3.4¢)

o(p,u)-e.(X,;,r)=0 Vrel0,1] (3.4d)

where e, is the unitary normal vector in the axial direction and o the stress tensor
defined by

o | . . . .
o(p,u)= —Fe(Vu + 6o Vit') + Boutt - U™ + pS. (3.5

The normal component is set equal to zero at the outflow. In the above expression,
superscript T denotes transpose, and «,,, and B,, are additional parameters. If o, =1
and B, = 0, the classic expression of the stress tensor is recovered. Otherwise, these
parameters can be chosen as follows without altering the problem wellposedness: o,
can be set equal to zero since the fluid is incompressible, and B, can be chosen
between 0 and 1/2.

Once again, the relation between the direct and adjoint problems is given by
the Lagrange identity. Let (,) denote the Hermitian dot product on (32(.{2))3,
(gl = [, g - ndo the integral on the domain boundary of a function, vector or tensor
g, and superscript H the tensors trans-conjugate. Then the Green’s theorem yields

p,it; (o —idB)(p, ) — (" —i0B")(p, ); p, )
— i@ — )@ -a) + i - o (p, ) — o™ (B, &) - @t] - (3.6)
where (p; u) are the adjoint pressure and velocity fluctuations, @ the adjoint complex

circular frequency, «/" and %' = % the adjoint spatial and temporal operators defined
on the domain £2 by

-V .u

. 0
Tem =y for Ty —
o (p,u) = —RieAﬁ—(U-V)ﬁ—l—VUT-&—V[) and %’(p,u)_<ﬂ> 3.7)
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and associated with the boundary conditions

9,p(x,0) = 0,1, (x,0) = i, (x,0) =0 Vx € [Xin, Xou] (3.8a)
WX, r)=0 Vrel0,1] (3.8b)

a(x, ) =0 Vxe X Xoul (3.8¢)

o', u)-e(X,u, 1) =0 Vrelo,1]. (3.8d)

In addition, o' is the adjoint stress tensor
. I _ . . . .
o' (p, ) = - (Vi + 00 Vit') + (1 = Bou)it - U' + pd. (3.9

3.2. Multi-domain discretization

Among the various discretization methods employed in linear stability, the spectral
collocation technique based on Chebychev interpolation is particularly well suited to
regular solutions. Indeed, as explained by Canuto et al. (1988), if u is a given function
such as its pth derivative is continuous and uy its N-point Chebychev interpolation,
then the error u — uy satisfies a relation that schematically reads as

lu —unllg,, < CN7 u? g, (3.10)

where || ||, is a quadratic norm on the domain §2 where u is defined, pondered by

a positive function w, typically w(§) = /1 — €2 when £ =[—1, 1]. Yet the current
stability problems are elliptic but non-normal: their solutions are actually regular, but
they are expected to exhibit strong variations in thin zones near the domain boundaries,
so that, even if the term N~ is small in the previous convergence relation, the norm of
the pth-order derivative is large. Nevertheless, if a particular discretization is employed
on such a thin zone, say £2’ C §2, the relation (3.10) still holds with the pondered
norm defined on £2’, so that ||u?|| o'.w 18 expected to be smaller and enhance the

convergence.

In practice, the integration domain £2 = [X;,, X,,;] X [0, 1] is divided into P x Q
subdomains denoted as Djy,...Dp,...,Dpg, delimited by the axial and radial
coordinates xo = Xj,, X1, ..., Xp_1,Xp = Xoue and ro=1,7,...,79_1,79 = 0. On each

domain D,, delimited by the points (x,_;,x,) and (r,—i,7,), a local double
Gauss—Lobatto grid (&, nj)(i,j)e[ll,Npl]x[\l,Mq\] of size (N,,M,) is set up and the
Gauss—Lobatto variables are mapped to the physical variables (x;, r;) by the variable
changes x; = (x, — x,_)(1 — &)/2 +x,y and 1, = (r, — r,m1)(1 — 1;)/2 + r,y. The
spectral collocation technique allows us to express at any point (x;, r;) the nth axial
derivatives and mth radial derivatives of each variable u# as a linear combination of
the elements u(x;, r;), (i,7) € [|1, N,|] x [|1, M,|] thanks to local derivation matrices
denoted as D" and D);". These are computed thanks to the algorithm introduced by
Don & Solomonoff (1997), that is more accurate than the initial method presented
by Canuto et al. (1988). Note that the above discretization ensures that the computed
solutions are continuous; the continuity of the first axial and radial derivatives is
imposed by adding interface conditions. To sum up, let X be a global vector
containing the variables expressed at each point of the multi-domain bidimensional
grid. The global discretized eigenvalue problem AX — iwBX = 0 is assembled on each
domain in two steps: first, the operators (3.3) or (3.7) are discretized thanks to the
derivation matrices on the internal points; and, second, boundary conditions (3.4)—(3.8)
or interface conditions are imposed on the points located at the boundaries.
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FIGURE 6. Spectra resulting from the global stability analysis of the Taylor—Culick flow,
computed for Re = 100, X;, = 4 and X,,, = 8. Direct eigenvalue problem solved with meshes
MONO, (), MULTI{ (<) and MULTI{ (O), and adjoint problem solved with meshes MONO,
(A) and MULTI] (V).

X0 N, X1 N, X2 N; X3
MONO, 4 300 8
MULTIl 4 151 796 31 7998 20 8
MuLTY 4 161 796 41 7998 30 8

MULTI; 4 21 40004 31 404 150 8

TABLE 1. Axial discretization for the meshes used for global stability computations.

Finally, the resulting matrix eigenvalue problem is solved by the Krylov-subspace
iteration technique of Arnoldi (1951), according to the methodology introduced by
Rodriguez & Theophilis (2009). An eigenvalue target ¢ with positive imaginary part
is first chosen. Then, a cyclic-block decomposition of the matrix A, = A — iwB is
dispatched on a square grid of n,.,. X My, processors and its lower—upper (LU)
factorization is computed by calling the driver routines of the ScaLAPACK library
(Blackford et al. 1997). Therefore, the Arnoldi algorithm allows a small set, say 20, of
the largest eigenvalues of the matrix A;'B, in other words the closest eigenvalues to
the target, and the related eigenvectors to be computed.

3.3. Description of the eigenmodes

In this section, we present the computed direct and adjoint stability modes, the
analogies with the simplified previous convective—diffusive case, and the necessary
mesh refinements carried out for growing Reynolds numbers. We first consider a
computation performed for Re = 100 on the domain [X;, = 4, X,,,, = 8]. Three single-
domain and multi-domain meshes, denoted as MONO, (for mono-domain), MULTIY,
MULTIY and MULTI§ (for multi-domain), are used here. Their features are reported
in table 1. The meshes MULTI] and MULTI} allow the respective outflow and inflow
boundary layers of the direct and adjoint problems to be caught with more accuracy
than with the initial mesh MONOy. Here MULTIY is introduced to study the mesh
convergence of the direct problem.

We first describe the spectra, computed by Arnoldi inverse iteration, presented
in figure 6. The generated Krylov subspace is of size 200, so as to obtain 20
converged eigenvalues. Basically, two branches of discrete temporally damped modes
are obtained. The upper one begins from the eigenvalue w = 31.37 — 26.62i; its
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(a) 1.0
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FIGURE 7. Isocontours of the eigenfunctions amplitude in logarithmic scale for the
eigenmode w = 56.55 — 27.91i, computed for Re = 100, X;, = 4 and X,,, = 8. The direct
axial (a) and radial (b) velocities are obtained with MULTIg; the adjoint axial (¢) and radial
(d) velocities are obtained with MULTI§. A normalization factor 1/u, (x=7.5, r=0.9) is
applied. Once again, the direct velocity fluctuations are amplified downstream and the adjoint
ones decay away from x = X;,. One must note the existence of particular points where the
amplitude tends towards zero, called ‘amphidromic points’.

modes are of minimal temporal decay in the neighbourhood of the least stable one
w = 56.55—27.91i, and then are increasingly stable at higher frequency. Except for the
mesh MONO, that is too coarse, the modes neither depend on the used mesh nor the
solved problem. Such a branch was previously obtained in the stability computations
carried out on the whole cylinder by Chedevergne et al. (2006) and Chedevergne
et al. (2012), but the location of each eigenvalue was strongly dependent on the
axial discretization used. Therefore, the instabilities computed on a subdomain, in
other words emerging from a parietal disturbance located at X;,, correspond to real
eigenmodes of distinct frequencies rather than pseudo-modes. Note that it is not
necessary to compute more modes on this branch because no instability corresponding
to such w, has ever been measured experimentally, see Chedevergne et al. (2006). In
the same way, the second branch, corresponding to even more stable modes, is not of
great interest because their related instabilities would decay much more rapidly than
those of the first branch. They are not as well converged as the latter ones, but a
constant number of eigenvalues appears on a given range of reduced frequencies when
the number of axial collocation points increases. For this reason, they may be actual
modes rather than pseudo-modes as well. Conversely, as shown on the amplitude fields
depicted in figure 7 for the mode w = 56.55 — 27.91i, the temporally stable modes of
the upper branch are related to spatially amplified direct eigenfunctions and decaying
adjoint eigenfunctions. Both direct and adjoint velocity profiles reach their maximum
amplitude in the vicinity of the blowing wall, for instance r =~ 0.95 for the direct
axial fluctuations. The shape of the direct eigenfunctions are very similar to those
obtained by Chedevergne et al. (2006) and those compared with the ‘PVS’ structures
evidenced in cold-gas experiments by Griffond & Casalis (2001). As a consequence,
these modes will be subsequently referred to as ‘PVS instabilities’. Moreover, the
logarithmic scale used in figure 7 allows us to quantify their growth. The constant
step between each level denotes an exponential amplification, that is tentatively sought
as i(x, ro), i, (x, ro) ~ a(ry)x*"® on each line of constant ry. The typical polynomial
growth of the eigenfunctions induced by uniformly accelerated base states, already
observed in the above simplified modelling, is recovered here in spite of the domain
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FIGURE 8. Axial (a) and radial (b) profiles of the logarithmic amplitude of the direct velocity
fluctuations, and related approximations i, (x, r;) =~ a(r;)x*"V and i, (x, r,) & b(r,)x*"?, with
rp =091, r, =0.66, A(r;) = A(r,) = 25, as functions of log(x). The agreement is correct
everywhere but in the neighbourhood of the outflow, where the imposed boundary condition
induces a boundary layer in the same way as in the simplified convective—diffusive problem.
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FIGURE 9. Phase isocontours of the eigenfunctions whose amplitude is presented in figure 7:
(a) direct axial velocity; (b) direct radial velocity; (c) adjoint axial velocity; (d) adjoint radial
velocity. The amphidromic points where the amplitude decays to zero correspond to the
endpoints of the phase break lines here, so that the phase is not defined at these particular
locations.

truncation. Note that the sought approximation does not take account of the inflow
abscissa X;,. Provided that the selected lines of constant ry, are far from particular
points where the amplitude rapidly decays as highlighted in figure 7, a good agreement
is found for both axial and radial direct velocity fluctuations with A(ry) ~ 25, see
figure 8. The similarity with the eigenfunctions of the simplified stability problem
also arises in the rough variations near the outflow boundary condition for the direct
velocity fluctuations (figure 8).

In addition to the initial set of outflow boundary condition parameters, the choices
o =0, Bow =0 and apy =0, Bow = Re™' have also been tested. The resulting
eigenvalues are exactly similar to those depicted in figure 6. Correlatively, the
eigenfunctions are only impacted at the outflow on a thin layer x € [(1 — &) Xur, Xou]
with ¢ ~ 0.01. This remarkable independence on the outflow parameters is very
similar to that observed in the simplified problem (§2). This tends to prove that
these eigenmodes basically depend on the imposed outflow pressure, but not on the
viscous or convective terms included in the outflow boundary condition. In the further
computations, «,,, and S,, will be set equal to zero.

Finally, special attention must be paid on the remarkable points where all of the
velocity amplitudes presented in figure 7 decay down to zero. Correlatively, the
phase fields depicted in figure 9 exhibit phase break lines that start from the wall
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FIGURE 10. Phase isocontours of the adjoint radial velocity profile of the eigenmodes
computed for Re = 100, X;, =4 and X,,, = 8 with MULTI}: (a) mode o = 31 — 27i;
(b) =40 — 29i; (¢) ® =49 — 28i; (d) w =57 — 28i; () w =63 — 28i; (f) 0 =71 — 209i.

(a)lo

and stop at these points, which means that the phase cannot be defined in these
singular locations. Actually, the phase of the velocity fluctuations computed along
time, namely Re(u)/|u,| or Re(u,)/|u.|, turns around these points, which are therefore
called ‘amphidromic points’. They separate two zones of the velocity fields: an upper
area where a finite number of wavelengths occur along the axial coordinate; and a
lower area where a single wavelength appears and all of the points are approximately
in phase. Note also that the number of amphidromic points seems to define each mode
of the upper branch: for instance, the radial adjoint velocity phase exhibits one more
singularity for each subsequent mode of larger frequency, as presented for the first six
eigenmodes in figure 10.

To conclude, actual discrete converged modes of the Taylor—Culick flow are
exhibited in this section. Their direct and adjoint counterparts are computed correctly,
and they are well identified by the number of amphidromic points occurring in the
fields of velocity fluctuations that define a particular number oscillations in the axial
direction. These general statements are of great interest with respect to the existence of
modal instabilities in solid propellant motors.

3.4. Influence of the viscosity and the domain extent

Starting from the previous case X;, =4, X,,, = 8 and Re = 100, the influence of the
inflow and outflow position and of the Reynolds number is studied. In this section,
identical PVS branches of the spectra are obtained by solving the direct or adjoint
stability equations. In figure 11, the sole adjoint spectra are exhibited. The employed
meshes include again three axial partitions with boundaries that are the same as those
of MULTI, but, if necessary, the number of points of the third partition is increased to
reach mesh convergence. The Reynolds number has first been increased, stating from
100 up to 2000. As depicted in figure 11, a decreasing viscosity has a destabilizing
effect on the eigenmodes, but the reduced frequencies are marginally impacted. In
addition, the effect of such variations decreases at larger Reynolds numbers.
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FIGURE 11. Spectra of the adjoint stability problem of the Taylor—Culick flow, computed
for X;, =4 and X,,, = 8: (O) Re = 100; (1) Re =200; (>) Re = 500; (V) Re =700; (L)

Re =1000; () Re = 2000.
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FIGURE 12. Adjoint radial velocity for the third eigenmode (&, =~ 57) computed for
Re = 100 (solid lines), Re = 500 (dotted lines) and Re = 2000 (dashed lines); here X;, = 4
and X,,, = 8. (a) Level lines of the phase field. (b) Global profiles at r = 0.91 (left) and zoom

close to x = X, (right).

More remarkably, the location of the amphidromic points that define each mode
is exactly the same for the three considered Reynolds numbers (see figure 12 for
the phase fields). The only visible difference lies in the profile of the radial velocity
near x = X;,: the upstream amplification of the eigenfunctions and the imposed inflow
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FIGURE 13. Direct radial velocity profiles for the third eigenmode (@, ~ 57) computed for
Re = 100 (solid lines), Re = 500 (dotted lines) and Re = 2000 (dashed lines); here X;, = 4
and X,,, = 8.
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FIGURE 14. Spectra of the adjoint stability problem of the Taylor—Culick flow, computed for
Re=100and X, =8: (M) X;, =3; (A) X =4; (V) X; = 5.

no-slip condition induces rough variations there which characteristic length is smaller
for larger Reynolds numbers. The same observation holds for the axial derivative of
the direct radial velocity profiles (figure 13), that are ended by a boundary layer at
x = X,,. This typical feature already observed in the simplified stability problem is
recovered here.

The variations of the inflow boundary location at constant output (X, = 8) and
Reynolds number (Re = 100) have then been investigated. The spectra plotted in
figure 14 show that moving upstream the inflow switches the whole PVS branch
towards the real axis. Conversely, for a fixed value of X;,, the eigenvalues remain
approximately on the same branch and close up from each other when the duct length
increases, as depicted in figure 15 where X, is increased from 7 to 9.5, still with
Re = 100. In addition, the first mode of the branch (w =~ 31 — 26i, no amphidromic
point) clearly merges towards a fixed location, the second one (w ~ 39 — 30i, one
amphidromic point) is almost stabilized at X,,, = 9.5, and the variations of the other
eigenvalues becomes smaller at larger outflow abscissae. However, larger aspect ratios
have not been tested since mesh convergence issues appear then. As in the simplified
stability problem, the limit of the machine accuracy seems to be reached. In the next
section, a sensibility analysis of these modes is carried out, and some critical elements
of the numerical integration are exhibited.
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FIGURE 15. Spectra of the adjoint stability problem of the Taylor—Culick flow, computed
for Re = 100 and X;, = 4: (W) X,y = 7; (8) Xowr = 7.5; (V) Xowr = 85 () Xour = 8.5; ()
Xowr = 9; (©) Xour = 9.5. The modes with 0, 1, 3, 6 and 9 amphidromic points are represented.

4. Sensitivity analysis of the global stability problem

In this section, the effect of small disturbances on the global Ilinearized
Navier—Stokes operator is investigated. In the same way as for the simplified
convective—diffusive problem, the shift 8@, due to perturbations on the boundary
conditions or a small variation of the base data of amplitude &, is obtained thanks
to the Lagrange identity (3.6) that is linearized with respect to ¢. In this respect, the
counterpart of (2.11) reads

S = —

[/ @* -o(8p, 8ir) — o™ (p, ) - 8tt)do

(u, u)
4 / G i 8 B, ﬁ))dsz] | @1
2

where (8p, ) are the disturbances of the direct pressure and velocity fluctuations
calculated at the boundaries, and .o/ a disturbance to the direct spatial operator. This
expression will be derived to calculate the sensitivity function V;® of each parameter
f, so that the contribution of f to the eigenvalue variation is 8;® = (V;®; f)g, where
( ; )g denotes the hermitian dot product on the whole domain (E = £2) or on the
boundary faces (E is a subset of 92, namely the inflow section I}, the outflow section
I, and the parietal boundary I,).

4.1. Sensitivity of the boundary conditions

Expanding the first term of (4.1) allows to distinguish several sensitivity functions. At
the wall and at the inflow cross-section, the direct velocity is imposed. Therefore, the
eigenvalues are only sensible to errors §& on the imposed velocity. More precisely,
taking account for the adjoint boundary conditions, the following sensitivity functions
are obtained:

- p* . .Re'dirr
Vi@=i——, V,0=i——— (4.2)
(u, u) (u, u)
Re™'d,i; P
V=i =il 4.3)
’ (u,n) ’ (u, )
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FIGURE 16. Amplitude of the sensitivity functions of the mode w = 57 — 28i obtained for
Re =100, X;, =4 and X,,,, = 8: (a) inflow boundary condition; (b) wall boundary condition;
(¢) outflow boundary condition. Continuous lines: §; ®; continuous lines with symbols: §;,®;
dashed lines: 8, @; dashed lines with symbols: &, ;,@. The sensitivity function related to the
outflow pressure §;& is not shown in plot (c) since it is directly equal to Red, ;, @.

In contrast, the imposed outflow normal stress leads to gradients related to errors on
the axial derivative of the velocity and on the pressure:

. Re7lirr . Re’'u L I
g D=1, g.w=i—7+2" and V;(/):—INXA . 4.4)
o (u, u) A (a, u) (u,u)

The results obtained are similar to those presented in § 2.2, insofar as the sensitivity
functions are much larger for the inflow than for the outflow boundary condition
(where they remain in O(1)) and rapidly decrease away from x = X;, at the wall
(figure 16). More precisely, the resulting sensitivity functions shall be compared
with the machine accuracy ¢, that may be employed as the linearization factor in
the Lagrange identity to obtain the eigenvalue sensitivity (4.1). In this respect, a
disturbance of order &y (say 107'*) on the imposed axial derivative of the velocity
fluctuations induces a shift on the eigenvalue that remains of order &,. In contrast,
a disturbance of amplitude &), applied to the velocity fluctuations at the wall close
to x = Xj,, or at the inflow boundary, may have the eigenvalue be displaced of about
end® = 107> according to the plotted sensitivity functions. Such an uncertainty is large
indeed, but not critical, in contrast to the simplified convection—diffusion problem,
where the eigenvalue displacement &6 could be as large as the eigenvalue itself.

4.2. Sensitivity to a disturbance on the base state

The present section aims at evaluating the sensitivity of the eigenvalues to small
variations of the base state. This point is of great significance for physical purposes,
since pressure oscillations are largely furthered by the existence of small geometric
perturbations, e.g. a separation between two propellant grains, an emerging thermal
protection or even irregularities on the propellant surface. These perturbations may
induce slight modifications to the Taylor—Culick solution as steady state of the
internal flow, whose influence can be quantified thanks to the above relation (4.1).
More precisely, if a small disturbance §U is added to the base state, let .27 (p, &t) =
U -V)u+ (- V)3SU be the induced disturbance on the direct operator. Two sensitivity
functions, related to the base flow velocity (Vydw) and its gradient (Vyydéw),
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FIGURE 17. Amplitude of the sensitivity functions to base flow velocity modifications for
the direct stability problem: (a) 8y, @; (b) 8y, @; (¢) 8y,.u,@; (d) 8.0, ®; (€) 8o,u,@; (f) 85,0, 0.
Mode w = 57 — 28i obtained for Re = 100, X;, =4 and X,,, = 8.

respectively, are thus obtained:

iVt 1 7
VUd) = —1 ~u Au and Vvud) = _1u~ ®i u- (45)
(u, u) (a, u)

These sensitivities shall be associated with the non-normality rooted in the convective
terms of the linearized incompressible Navier—Stokes equations. The global non-
normality is quantified by the ratio ¢ = ||u||||&||/ (&, &), necessarily larger than one.
Then, in contrast to the simplified stability problem of §2, two sources of non-
normality can be identified (Marquet et al. 2009). The first is related to the convection
of the velocity fluctuations by the base state, and implies that the direct and
adjoint eigenfunctions are amplified in opposite directions. The second causes the
direct and adjoint eigenfunctions to reach their maximum amplitude in a different
velocity component, and is associated with the transposition of the base flow velocity
gradient between the direct and the adjoint problems. It is quantified by the ratio
n = (lall, @)/ @ |||, where ( , ) denotes here the dot product between two scalar
fields defined on the domain £2. Therefore, splitting up ¢ as ¢ =n¢ + (1 — n)¢ allows
us to quantify the respective effect of each source of non-normality. In addition, one
obtains easily that n¢ = ||[Vyp®||: in other words, the component-type non-normality
can be quantified by considering the sensitivity to modifications on the velocity
gradient.

Once again, the mode w = 57 — 28i obtained with parameters Re = 100, X;, =4 and
X, = 8 is analysed. As depicted in figure 17, the higher base flow sensitivity zones
are located in a thin band close to the wall, and rather upstream. This indicates that
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small disturbances on the main velocity field, such as those usually caused by thermal
protections or intersegments in real configurations, may have a severe influence on
the eigenmodes if they occur in the head end zone; in contrast, if the base flow
slightly differs from the Taylor—Culick solution, which is physically relevant in longer
cylinders (X,,, > 12) with partly turbulent zones (Varapaev & Yagodkin 1969; Brown
et al. 1981; Avalon & Josset 2000), then the eigenvalues are not expected to be
noticeably impacted upon. In addition, the sensitivity functions related to the sole
base flow convection U are markedly larger than the other ones. The non-normality
is thus dominated by the convective effects, which may be verified in the shape
of the eigenfunctions depicted in figure 7: the counterpart of the large downstream
growth of the direct velocity fluctuations is the even larger upstream amplification of
the adjoint ones, whereas both axial and radial components are of equal amplitude.
This convective sensibility can be further analysed by evaluating an optimal base
flow disturbance that maximizes the perturbation on the eigenvalues. The method
introduced by Bottaro et al. (2003) can be easily carried out thanks to the assumption
of infinitesimal disturbances. In that case, the optimal velocity perturbation §U, (or
8U,) is colinear to the sensitivity function Vy @ (or Vy.®) and the modulus of
the eigenvalue variation is directly |So| = ||Vy,@||||8U;|| (or |§&] = ||Vy,&|I8U,|).
For the eigenmode w = 57 — 281, the resulting norm of the optimal sensitivities are
[Vy. ol =10 and ||Vy,&| = 15 for the optimal axial and radial base flow disturbances.
These values remain lower than 175 for all of the considered eigenmodes of the
cases (Re =100,X;, =4, X,, =8), (Re =500, X;, =4, X,, =8) and are even lower
for the case (Re =100, X;, =4, X,.. = 7). Therefore, these values ensure that the direct
stability problem is robust to numerical errors or small uncertainties on the base flow
if the their norm is smaller than, say, 1073, so that §& remains much smaller than 1.
However, considering the limit of linear base flow disturbances (||6U,||/||U,|| =~ 0.1 or
WSUN/IU, I = 0.1, with |U,|| = 19.8 and ||U,| =~ 1.3), the above optimal disturbances
can lead to eigenvalues modifications much larger than 1. Therefore, the effect of a
wall defect imposed at a maximum peak of sensitivity field may completely change the
shape of the spectrum.

5. Final discussion

In this work, the possible existence of separated instability modes of the internal
flows of SRMs, modelled as cylindrical ducts with blowing walls, has been
investigated. The modes computed in purely smooth configurations, that have been
shown to have a physical relevance but also a strong dependence on the axial
discretization in previous works (Chedevergne et al. 2012), can now be re-interpreted
as pseudo-modes that verify the stability equations up to a small error. Indeed,
the analytical study of a simplified monodimensional convective—diffusive stability
problem whose convective term, as the Taylor—Culick flow, is proportional to the
axial coordinate, provides helpful hints on the numerical criticality of the global
stability of SRMs. This numerical stiffness arises as follows: first, the axial polynomial
amplification of the eigenfunctions, mostly related to the accelerated base state,
induces a ratio between the inflow and the outflow amplitudes that reaches the
machine accuracy; second, a continuous set of pseudo-modes up to the machine
accuracy can be exhibited when the Reynolds number is larger than a critical value;
third, the boundary condition at x =0 shows a dramatic sensitivity to numerical
disturbances. Since the global problem presents the same features, it can be assumed
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that the global modes computed from the head end are pseudo-modes, and that
hydrodynamic instabilities hardly emerge at discrete frequencies in these conditions.

That is why the effect of a wall defect occurring at a given position X;,, where the
PVS structures have been shown to emerge (Boyer et al. 2012), has been explicitly
taken into consideration in the present global stability analysis by assuming that the
resulting modes only propagate between X;, and the outflow boundary located at X,,,.
Among the resulting eigenmodes, the most unstable branch is of particular interest. Its
eigenvalues do not depend on further mesh refinements if the boundary layer zones are
computed correctly; the related fields of velocity fluctuations exhibit a finite number of
nodal or amphidromic points, and one point is added to each mode of larger circular
frequency. In contrast to the simplified problem, the inflow sensitivity is not critical
insofar as it cannot switch the eigenvalues to different locations in the complex plane.

These results thus indicate that the current modal approach, although difficult from
a numerical standpoint, can be used to model the instabilities of the Taylor—Culick
flow that emerge from a spatial disturbance. In this framework, a parametric study
indicates a marginal influence of an increasing Reynolds number, in particular on
the frequencies and the location of the amphidromic points. In contrast, the whole
branch of eigenmodes is temporally stabilized when the inflow boundary condition is
switched downstream, whereas the eigenvalues close up to each other on the same
branch when the duct length is increased, the inflow being fixed. The sensitivity
analysis of the eigenvalues to base flow modifications has been also evaluated. The
sensitivity functions basically show larger amplitudes close to the inflow boundary and
the blowing wall; they exhibit then several local peaks whose amplitudes decrease
along x. This shows that the eigenmodes may be largely modified by adding slight
parietal disturbances located upstream. In contrast, the effect of perturbations is much
smaller downstream, so that the effect of the usual disturbances due to turbulent
transition that occur at large x might be negligible. Anyway, the optimal base flow
perturbations remain bounded for all of the eigenmodes: the existence of discrete
eigenvalues is therefore robust to small modifications on the base state.

To conclude with, the present paper shows the relevance of the enhanced modal
approach introduced by Boyer et al. (2012) to perform the stability analysis of
the internal flow of SRMs. In contrast to the analysis previously carried out on
the whole domain (Chedevergne et al. 2006, 2012), the resulting discrete modes
show similar features as those computed in boundary layer stability (Ehrenstein &
Gallaire 2005; Alizard & Robinet 2007; Akervik et al. 2008), even if they are still
much more amplified in the axial direction. In this respect, further questions may
be raised about the Taylor—Culick flow dynamics. Indeed, such temporally stable
modes, although discrete, are supposed to carry physical information collectively
but not individually in the case of noise amplifiers corresponding to convectively
unstable modes (Sipp et al. 2010). For instance, the convection of a wave packet
modelled as a large superimposition of eigenmodes has been evidenced in the works
of Ehrenstein & Gallaire (2005). In the case of SRM, the physical relevance of
each mode shall be further investigated. In particular, the eigenmodes computed here
shall be compared with instabilities actually measured experimentally or computed by
numerical simulation. Then, the mechanisms leading to the well-known appearance
of pressure oscillations of discrete frequencies may be interpreted in the light of the
notions of forced response, since the PVS is excited by external sources, and transient
growth that typically play a major role in convectively unstable flows.
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Appendix. Theoretical details on the convective-diffusive simplified case
A.1. External development

The solution of the eigenvalue problem (2.1) is sought as an asymptotic expansion
Un(x) = up(x) + Re "uy (x) + - - - + Re Nuy(x) with respect to the small parameter Re™!
on a subdomain [0, a] where a is arbitrarily close to 1. Here Uy is thus assumed to
take the inflow boundary condition Uy (0) = 0, but no condition is imposed at x = a. In
the above development, the functions u, are assumed to remain bounded on the whole
domain, i.e. u, = O(1). Therefore, (& —i®)Uy can be re-expressed into separate terms
related to the growing powers of Re™'. If each order is set equal to zero, then the
recursive system of ordinary differential equations with initial conditions

xuy —idug =0;  up(0) =0 (A1
xu, —iou, =u, 3 u,(0)=0 Vn=1,...,N (A2)
is obtained. The following generic term is calculated by recursive integration:
_ G (@) i(@—2n)
U, (x) = m ) (A3)

where cy(®) =1, ¢,(®) = (i®)(iw —1)...(iw —2n+ 1) for n=1, ..., N. In addition,
Uy exactly verifies (2.1) if the residual

N [N CN+1(C"\)) id—2N
v@) = (& —i)Uy)(x) = ———F—=x"* A4
v(@) = (( YUn) (x) RN (2 (A4)
is nullified, which implies that i® € {1, 2, ..., 2n — 1}. Among these values of i®, only

the odd ones allow the initial condition Uy(0) = 0 to be satisfied. As a conclusion,
N eigenpairs are obtained by calculating the above Nth-order expansion. For the mth
solution that corresponds to the eigenvalue @, = —(2m — 1)i with m=1,..., N, the
coefficients ¢, cancel for n > m and the expansion is reduced to a sum of m terms. The
eigenpairs eventually read

) . "L QmA D P
n= e

A.2. Internal development and matching conditions
The above eigenfunctions do not account for the outflow boundary condition.
Therefore, the variable change 0(X = Re(l — x)) = a(x) is introduced so as to
calculate the particular shape of the eigenfunctions in the neighbourhood of x = 1.
The eigenvalue problem is thus re-expressed as

1
@' +0)— —@ —iaov) =0. (A6)
Re
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As earlier, v is approximated as a Kth-order asymptotic expansion 0(X) ~ Ux(X) =
Vo(X) + Re vy (X) + - -+ + Re Xvg(X), where K is not necessarily equal to N and
v = O(1) for all k. Introducing this expression in (A 6) leads to the recursive system

vy +v,=0 (A7)
Vi v =Xy, —ioy, Ve=1,... K. (A8)

The recursive integration of each generic term v, shows that
u(X) = Pe(X) + Qr(X)e™ (A9)

where P, and @, are polynomial functions of degree k and 2k — 2, respectively,
verifying the recurrence relations

Pl + Piyy = XP — i0Py (A 10)
i1 — Qi =X (O — Q) — 100y (ATD)

Moreover, the boundary condition Vi (0) = 0 implies that
P,(0) + Q,(0) — Qu(0) = 0. (A12)

Therefore, the global solution can be expressed as a sum of two independent solutions
Vk(X) = Vk.1(X) + Vk2(X) such as

K

K
Ve i) =) Re™*Pu(X) and Vg, (X) = <Z Qk(X)> e ™. (A13)
k=0

k=0

On the one hand, if the set of polynomials P, is of size K =2m + 1, then Vi ;(X)
can be identified with the external part of the mth eigenfunction i, of the set (A5),
expressed as 0,,(X) = i,,(x = 1 — X/Re). Indeed, Vi ; does not depend on the outflow
condition since the P, polynomials appear with a first-order derivative in (A 12);
it satisfies the same differential equation as &, apart from the variable change
X = Re(l — x) and admits the same polynomial form. On the other hand, Vx ,(X)
is exponentially small as soon as X > 1, i.e. when 1 — x> 1/Re, so that the global
solution is hardly disturbed in the external zone, but fits to the imposed boundary
condition at x = 1 and behaves like a boundary layer.
Practically, P, and Q, may be written as

K 2K-2
P.(X) = Z a,X? and Oy (X) = Z b, X? . (A 14)
p=0 p=0

The ay, are directly obtained by the identification with the coefficients of the external
solution. Then, the by, are obtained by the recurrence relation (A 11) for p > 1, and by
the expression of the outflow condition (A 12) for p = 0 that reads ay; + by — by = 0.
In particular, for the two first eigenmodes @&, = —i and @®; = —3i, one obtains the
following re-expressed external solutions:

Do(X)=tg(x=1—Re'X)=1—Re 'X (A 15a)
1X)=0(x=1—Re'X)=1—3Re 'X +3Re>X> —Re>X>. (A 15D)
This induces the following Q, polynomials:

Qy=0 and Q,=-1 for ug (A16)
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and
Qo =0, (A17a)
0, =-3 (A 17b)
0, =—(3X*/2+12X +9) (A 170)
and
Q3 =—(3X*/8 + 15X /2 + 111X?/2 4 139X + 139)  for i1;. (A17d)
Therefore, the total eigenfunctions including the viscous outflow correction read
. eRe(x—1)
L:o(x)=X— 156 2 (A18)
() =x — ;—i - 3Re(18—x) + 150 =) ;3(1 =)

(11— x) 4241 —x)+6) (1391 -0 +9) | 139\ .y
— e (A 19
* 2Re * Ré? * Re’ ¢ ( )

As a conclusion, eigenfunctions approximated as a full matched asymptotic
expansion can be decomposed into a first part that only depends on the inflow
boundary condition and the order of its related eigenvalue, and a second part that
is merely a correction added to capture the outflow boundary condition, but that has no
influence on the eigenvalues.
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