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We consider statistical tests concerning various relationships between two abso-
lute concentration curves ~ACCs!+ In particular, we consider tests for determining
if the two ACCs coincide, if one is above another in a specified order, or if they
do not intersect without specifying which one is above0below the other one+ These
problems are of interest in the context of marginal conditional stochastic domi-
nance ~MCSD!+ Constructing statistical tests for the MCSD relies on ideas and
also on their modifications developed by Linton, Maasoumi, and Whang ~2005,
Review of Economic Studies 72, 735–765! in the context of stochastic dominance
for distribution functions+ Our theoretical considerations are supplemented with a
simulation study+

1. INTRODUCTION

Testing relationships between various population functions is a rapidly devel-
oping research area+ For up-to-date results and a literature review, we refer to
the paper by Linton, Maasoumi, and Whang ~2005!+ As we shall see from our
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limited literature review here, such tests have not been fully explored in the
case of absolute concentration curves ~ACCs! and hence in the case of mar-
ginal conditional stochastic dominance ~MCSD!+ The present paper is a step in
this direction+

MCSD was introduced and discussed by Shalit and Yitzhaki ~1994! ~see also
Shalit and Yitzhaki, 2003! as a way of using the stochastic dominance concept
in portfolio theory+ A typical problem in economics deals with optimization
under constraints+ Consider a decision maker that maximizes the expected util-
ity E@u~X !# , where u is a utility function, X is wealth, and E is the expectation
operator+ The utility function u is usually unknown+ However, the user is ready
to make certain assumptions on its properties+ Recall that first-order stochastic
dominance ~FSD! deals with the set of functions where the first derivative u ' is
positive, second-order stochastic dominance ~SSD! deals with the set of func-
tions such that u ' is positive and u '' is negative, and so on+ The SSD rule is a
very widely used and explored rule because a typical assumption in almost every
economic problem is that the marginal utility of income is positive and declin-
ing+ Shorrocks ~1983! proved that X dominates Y according to SSD if and only
if the absolute Lorenz curve ~ALC! of X is not lower than the ALC of Y+ As we
shall see later ~cf+ Appendix A!, the class of ALCs is a subclass of all ACCs,
and this observation links the SSD concept with the MCSD concept+

Consider a decision maker who maximizes his expected utility E@u~X !# by
choosing the share wi of his wealth invested in asset i ~i � 1, + + + , n! subject to
the constraints X � X0 �i�1

n wi ~1 � ri ! and �i�1
n wi � 1, where ri are random

rates of return+ ~We note in passing that if short sales are not allowed, then the
additional constraints wi � 0 should be imposed+! Two algorithms that are capa-
ble of solving a restricted version of this problem have been offered by Post
~2003! and Kuosmanen ~2004!+ Bodurtha ~2006! offers evaluations and improve-
ments of those algorithms+

MCSD rules are intended to solve a simpler problem than the preceding one+
Namely, the goal is to see if a given portfolio, say, w0 :� ~w01, + + + ,w0n!, is a
candidate to belong to the SSD efficient set+ ~Throughout the paper, we use :�
to denote equality by definition+! Assume that the investor who holds portfolio
w0 considers increasing the share of asset k on behalf of asset m by an epsilon+
Is there a portfolio w1 in the neighborhood of w0 that dominates w0 according
to SSD? Shalit and Yitzhaki ~1994! show that such w1 exists if and only if the
ACC of asset k with respect to the portfolio w0 is not lower than the ACC of
asset m on the entire domain+ Mayshar and Yitzhaki ~1995! and Shalit and
Yitzhaki ~2003! extend these rules to include changes in the shares of more
than two assets, whereas Yitzhaki and Mayshar ~1997! prove that if there is a
portfolio w2 not in the neighborhood of w0 that dominates w0, then there must
be a portfolio w1 in the neighborhood of w0 that dominates w0+ This means that
if w0 is found as belonging to the SSD efficient set according to the MCSD, it
also belongs to the SSD efficient set when the potential set of portfolios con-
sidered is not restricted to the neighborhood of w0+
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In addition to the applications discussed in the aforementioned papers, by
now there are several other applications of the MCSD rules in various fields of
economics+ They include, for example, evaluating tax reforms ~Mayshar and
Yitzhaki, 1995! where the rules are referred to as Dalton improvement and when
externalities are present ~Lundin, 2001!+ Another application is in examining
whether a monotonic transformation can change the sign of a regression coef-
ficient ~Yitzhaki, 1990! and of the instrumental variable estimator ~Yitzhaki
and Schechtman, 2004!+

In the previously noted papers on the MCSD rules and their applications,
essentially no statistical tests have been offered or used, even though in their
concluding remarks Shalit and Yitzhaki ~1994! express the need for such
research+ Note that tests for MCSD should, naturally, be derived based on com-
paring two ACCs+ Establishing such a statistical inferential theory for the curves
is a challenging task that requires the use of stochastic processes and estab-
lishing convergence results for them+ Fortunately, the problem has been suc-
cessfully resolved by Rao and Zhao ~1995! and Davydov and Egorov ~2000!+
For details on the topic, refer to Appendix 7 at the end of this paper and also
to the references in the aforementioned two papers for related results and
discussions+

To discuss several contributions that are available in the literature and that
are closely related to the topic of the present paper, we start by describing the
main contributions of Shalit and Yitzhaki ~1994!+ Specifically, the authors pro-
vide two main results+ The first one ~see Shalit and Yitzhaki, 1994, Thm+ 2!
gives a necessary and sufficient condition for MCSD in terms of ACCs+ The
second result ~see Shalit and Yitzhaki, 1994, Thm+ 3! gives two necessary con-
ditions for the MCSD in terms of means and so-called co-Ginis+ Based on these
results, several statistical tests in the area of the MCSD have been constructed
in the literature+ We discuss them next+

Chow ~2001! presents a test for the MCSD based on the necessary and suf-
ficient condition of Shalit and Yitzhaki ~1994!+ Loosely speaking, Chow ~2001!
bases his test on the differences between the corresponding two empirical ACCs
at a finite number of fixed points+ Seiler ~2001! considers a statistical test for
the “second” necessary condition for the MCSD, which is presented in Theo-
rem 3 of Shalit and Yitzhaki ~1994!+ His test is based on estimating the means
and the co-Ginis by U-statistics and then obtaining estimates of the asymptotic
variances using the jackknife method+ Schechtman and Shalit ~2006! develop a
statistical procedure for simultaneous testing of both necessary conditions for
the MCSD+ They reformulate the problem into the one concerning statistical
inference about a two-dimensional vector whose coordinates represent the afore-
mentioned two necessary conditions and then use multivariate statistical tools
for further statistical analyses+

The goal of the current paper is to develop statistical procedures for testing
the necessary and sufficient conditions for the MCSD as they are formulated in
Theorem 2 of Shalit and Yitzhaki ~1994!+ Analogously to Chow ~2001!, we
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base our tests on functionals of two ACCs+ It is worthwhile to note that our
functionals are taken over the entire domain of definition of the ACCs, whereas
Chow ~2001! considers different functionals at a finite number of ~arbitrarily
chosen! fixed points+ Note in this regard that the latter approach faces consis-
tency problems, whereas the approach presented in the current paper gives con-
sistent tests simultaneously over all the points where the ACCs are defined+
Naturally, our approach involves some elements of stochastic and in particular
empirical processes, and it therefore requires additional arguments and refine-
ments of the earlier used techniques+

The procedure presented in the current paper can easily be adapted for test-
ing analogous hypotheses about two arbitrary curves for which empirical
estimators can be constructed and weak convergence of the appropriately nor-
malized differences between the empirical and the theoretical curves estab-
lished+ In this sense, our paper can be put into a broad context of testing for
stochastic dominance in econometrics and actuarial science, whether it is the
MCSD as in Shalit and Yitzhaki ~1994!, or the classical FSD, SSD, etc+ ~cf+,
e+g+, Barrett and Donald, 2003; Davidson and Duclos, 2000; Eubank, Schecht-
man, and Yitzhaki, 1993; Horváth, Kokoszka, and Zitikis, 2006; Linton et al+,
2005, and references therein!+

The rest of the paper is organized as follows+ In Section 2 we introduce the
main hypotheses and reformulate them in terms of one-dimensional param-
eters+ In Section 3 we construct estimators for the parameters and analyze their
asymptotic behavior+ Section 4 contains simulation results+ Section 5 summa-
rizes the main contributions of the present paper and gives concluding remarks+
Results of a technical flavor but essential for the present paper are given in two
Appendixes at the end of the paper+

2. HYPOTHESES AND PARAMETERS

Consider a decision maker who owns a portfolio w0, whose value is X+ For
convenience, in what follows we shall use the same letter X to denote the port-
folio and its value, which should not cause any confusion+ Let Y and Z repre-
sent the rates of return of two assets in the portfolio X+ The decision maker is
interested in maximizing the expected utility E@u~X !# by choosing the share
wY of his wealth invested in the asset with the rate of return Y, the share wZ of
his wealth invested in the asset with the rate of return Z, and the share wi invested
in the asset with the rate of return ri + This is subjected to the constraint X �
X0 @wY~1 � Y !� wZ~1 � Z!� �i wi~1 � ri !# with wY � wZ � �i wi � 1+We are
interested in testing hypotheses about various relationships between the two
ACCs corresponding to the pairs ~Y, X ! and ~Z, X !+ Rigorous definitions and
formulations now follow+

Denote the cumulative distribution function of X by F+ Let F�1 denote the
corresponding quantile function, defined on the interval @0,1# by the equation
F�1~t ! :� inf $x : F~x! � t % , with F�1~0!� �` by definition+ Assume that the
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random variables Y and Z have finite first moments+ Then the corresponding
two ACCs are defined on the interval @0,1# by

A~t ! :� E@Y1@X�F�1~t !# # and B~t ! :� E@Z1@X�F�1~t !# # ,

where 1@X�F�1~t !# equals 1 if X � F�1~t ! and 0 otherwise+ Despite simple math-
ematical expressions, the ACCs are nevertheless complex objects in terms of
their geometry and econometric interpretations+ Some of the most important
properties are discussed in Appendix A at the end of this paper+ There we also
find relationships of the ACCs with the ALCs, which make up an important
class of curves widely used in measuring economic inequality and also in other
areas of application+

We may want to know if the two curves coincide ~i+e+, A � B! or if there is
dominance in a particular direction, say, A � B+We might also be interested in
testing if there is dominance in any direction, without specifying the direction
explicitly+ Note that rejecting the latter ~two-sided! null hypothesis means accept-
ing the claim that the ACCs A and B intersect+ By their nature, such hypotheses
are complex, because they involve comparisons of A~t ! and B~t ! over the val-
ues t � @0,1# + It is therefore natural to aim at reformulating the hypotheses in a
simpler way, using a single parameter t such that the null hypothesis would
become t� 0 and the alternative t� 0+ The construction of t, naturally, depends
on the hypotheses considered, and it may not be unique+ For helpful ideas on
the topic we refer to the paper by Linton et al+ ~2005!, which also influenced
the present paper+ Details on the topic follow next+

With the help of the parameter

s~h! :� sup
0�t�1

h~t !,

we obtain four mutually exclusive cases, written as ~i!–~iv! in Table 1, that
we use for constructing the aforementioned parameter t, depending on the
hypotheses+

For example, suppose that we are interested in testing the hypotheses

�H01: A~t ! � B~t ! ∀ t � @0,1# ,

H11: ∃ t � @0,1# : A~t !� B~t !+
(1)

Table 1. Analyzing hypotheses with the help of s~h!

Cases s~A � B! s~B � A!

~i! A~t ! � B~t ! ∀ t � @0,1# � 0 � 0
~ii! A~t ! � B~t ! ∀ t � @0,1# and ∃ t1 : A~t1! � B~t1! � 0 � 0
~iii! A~t ! � B~t ! ∀ t � @0,1# and ∃ t2 : A~t2! � B~t2! � 0 � 0
~iv! ∃ t1, t2 � @0,1# : A~t1! � B~t1! and A~t2! � B~t2! � 0 � 0
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~We simply write H01 as A � B+! Table 1 suggests using the parameter t1 :�
s~A � B! ∨ s~B � A! and reformulating H01 and H11 as H01 : t1 � 0 and H11 :
t1 � 0+ ~We use x ∨ y to denote the maximum between two numbers x and y+!
Note the equality t1 � 7A � B7`, where the right-hand side denotes the supre-
mum of 6A~t ! � B~t !6 over all 0 � t � 1+ Hence, as we shall explicitly see in
the next section, the therein constructed estimator of t1 is a Kolmogorov–
Smirnov type statistic+

We might be interested in testing hypotheses concerning one-sided dominance:

�H02: A~t ! � B~t ! ∀ t � @0,1# ,

H12: ∃ t0 � @0,1# : A~t0 ! � B~t0 !+
(2)

~We simply write H02 as A � B+! In this case, Table 1 suggests using the param-
eter t2 :� s~A � B!, which in turn leads to the following reformulation of the
hypotheses in ~2! as H02 : t2 � 0 and H12 : t2 � 0+ Of course, we might also be
interested in testing hypotheses such as

�H01: A~t ! � B~t ! ∀ t � @0,1# ,

H12: ∃ t0 � @0,1# : A~t0 ! � B~t0 !+
(3)

~Note the inclusion H01 � H02+! In this case we still use the parameter t2 to
reformulate the hypotheses in ~3! as H01 : t2 � 0 and H12 : t2 � 0+

The parameter t2 does not, of course, work when testing the hypotheses

�H01: A~t ! � B~t ! ∀ t � @0,1# ,

H13: ∃ t1, t2 � @0,1# : A~t1! � B~t1! and A~t2 ! � B~t2 !+
(4)

Table 1 suggests using the parameter t3 :� s~A � B! ∧ s~B � A! for the pur-
pose ~cf+ Linton et al+, 2005!, which allows us to reformulate the hypotheses in
~4! as H01 : t3 � 0 and H13 : t3 � 0+ The reformulation is not unique, as we can
also use, for example, the parameter t4 :� s~A � B! � s~B � A! and reformu-
late the hypotheses in ~4! as H01 : t4 � 0 and H13 : t4 � 0+

Finally, the MCSD rules are directly linked to the following hypotheses:

�H03: either A~t ! � B~t ! ∀ t � @0,1# or A~t !� B~t ! ∀ t � @0,1# ,

H13: ∃ t1, t2 � @0,1# : A~t1! � B~t1! and A~t2 ! � B~t2 !+
(5)

~Note the inclusion H01 � H03+!A clarification of the hypotheses in ~5! is needed,
especially with respect to those formulated in ~2!+ Namely, in ~2! we want to
know if the specified directional dominance A � B holds ~null! or not ~alterna-
tive!+ In ~5!, we actually want to know if the two ACCs intersect ~alternative!
or not ~null!+ In view of the fact that critical values of tests are determined by
their null hypotheses, we have therefore reversed the aforementioned alterna-
tive and null hypotheses, thus arriving at the formulation in ~5!+
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With the help of the earlier defined parameter t3, we reformulate the hypoth-
eses in ~5! as H03 : t3 � 0 and H13 : t3 � 0+ Instead of t3, we could have also
used the parameter t4+ Despite the equivalent reformulations of hypotheses ~4!
and ~5! in terms of the parameter t3 or t4, we shall later see how the difference
between the null hypotheses manifests itself in the definitions of critical values+

3. ESTIMATORS AND THEIR ASYMPTOTIC BEHAVIOR

The earlier introduced four parameters tk are not known+ Hence, we estimate
them empirically+ To this end, we first construct two empirical ACCs, An and
Bn, as follows+ Let ~Z1,Y1, X1!, ~Z2,Y2, X2!, + + + , ~Zn,Yn, Xn! be independent cop-
ies of the triplet ~Z,Y, X !+ Then

An~t ! :�
1

n �
i�1

n

Yi 1@Xi�Fn
�1~t !# and Bn~t ! :�

1

n �
i�1

n

Zi 1@Xi�Fn
�1~t !# ,

where Fn
�1 is the empirical quantile function based on X1, X2, + + + , Xn+ That is,

we have the equation Fn
�1~t ! � inf $x : Fn~x! � t % for all 0 � t � 1, where Fn

is the empirical distribution function based on X1, X2, + + + , Xn+ For further prop-
erties of empirical ACCs and also for computationally convenient formulas,
refer to Appendix A at the end of this paper+ We are now ready to define esti-
mators for the earlier introduced parameters tk:

[t2 :� s~An � Bn ! and also [t�2 :� s~Bn � An !,

[t1 :� [t2 ∨ [t�2 ~� 7An � Bn7` !,

[t3 :� [t2 ∧ [t�2 ,

[t4 :� [t2 � [t�2 +

The statistic [t1 is a ~two-sided! Kolmogorov–Smirnov type statistic, whereas
[t2 and [t�2 are one-sided Kolmogorov–Smirnov type statistics+ The statistic [t3

is a simple adaptation of a statistic proposed and thoroughly investigated by
Linton et al+ ~2005!+

Establishing asymptotic behavior of the appropriately normalized four statis-
tics [tk relies on the weak convergence result

Dn � Mn ~~An � Bn !� ~A � B!!n G, (6)

where G is a Gaussian process ~cf+ Appendix B for details!+
Statistic Mn [t1+ Under the null hypothesis H01, statement ~6! implies that
Mn [t1 rd 7G7`+ With xa,1 such that P@7G7` � xa,1# � a, we have that
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lim
nr`

P@Mn [t1 � xa,1#� a+ (7)

Under the alternative H11, we employ statement ~6! once again and obtain that
Mn [t1 rP � `+ Hence, the test statistic Mn [t1 has asymptotic power 1+

Statistic Mn [t2 + Under the null hypothesis H02, which means A � B, we have
the bound Mn [t2 � s~Dn!, whose right-hand side converges in distribution to
s ~G!+ In the case of H01, the bound becomes equality+ With xa, 2 such that
P@s~G! � xa,2#� a, we therefore have that

lim sup
nr`

P@Mn [t2 � xa,2 # �� a in the case of H01,

� a in the case of H02 +
(8)

~Note that H01 � H02+! The difference that we see between the null hypotheses
H01 and H02 in statement ~8! is natural+ Indeed, the equality A � B is the most
“confusing” for the test statistic Mn [t2 , and thus gives the approximate propor-
tion a of Type I errors, whereas the null hypothesis H02 includes curves such
that A~t1! � B~t1! for at least one point t1, in which case we naturally expect to
make fewer Type I errors than in the case A � B+

To show that the asymptotic power of the test statistic Mn [t2 is 1, we need to
check that under the alternative H12, the statistic tends to �` in probability+ To
this end we first note that Mn [t2 can be bounded from below by Mn ~A~t2 ! �
B~t2!!� Dn~t2!, where the point t2 is specified in Table 1+ In view of statement
~6!, the random variable Dn~t2! has a nondegenerate limiting distribution, whereas
the quantity Mn ~A~t2 ! � B~t2!! tends to �` when n r `, because A~t2! �
B~t2!+ Hence, the asymptotic power of Mn [t2 is 1+

Statistics Mn [t3 and n [t4+ When A � B, then Mn [t3 is s~Dn! ∧ s~�Dn!+ Con-
sequently, Mn [t3 converges in distribution to s~G! ∧ s~�G!+ That is, with xa,3
such that P@s~G! ∧ s~�G! � xa,3# � a, we have that

lim
nr`

P@Mn [t3 � xa,3 #� a+ (9)

Similarly, assuming A � B and using xa,4 such that P@s~G!� s~�G! � xa,4#�
a, we have that

lim
nr`

P@n [t4 � xa,4 #� a+

Under the alternative H13, the test statistics Mn [t3 and n [t4 have the asymp-
totic power 1+ Indeed, s~�Dn � Mn ~A � B!! tends to �` in probability
because A~t1! � B~t1!+ Likewise, s~Dn � Mn ~A � B!! tends to �` in proba-
bility because A~t2! � B~t2!+ Hence, under the alternative hypothesis H13, both
Mn [t3 and n [t4 tend to �` in probability+ This concludes our discussion con-
cerning H01 versus H13+
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The case H03 versus H13 is more complex, and we note at the outset that the
equality A � B ~i+e+, H01! might not be the most “confusing” case when testing
these hypotheses+ We shall next clarify the situation+ Let A � B and A~t1! �
B~t1! for some t1+ Rewrite the statistic Mn [t3 as the minimum between s~Dn �
Mn ~A � B!! and s~�Dn � Mn ~A � B!!+ Note that s~Dn � Mn ~A � B!! does not
exceed s~Dn! and the latter converges in distribution to s~G!+ Furthermore,
s~�Dn � Mn ~A � B!! converges to �` in probability because of the existence
of t1 as specified previously+ Hence, with ya,3 such that P@s~G!� ya,3#� a, we
have that

lim sup
nr`

P@Mn [t3 � ya,3 #� a+ (10)

Analogous considerations show that when A � B and A~t2! � B~t2! for some
t2, then

lim sup
nr`

P@Mn [t3 � za,3 #� a, (11)

where za,3 is such that P@s~�G! � za,3# � a+ The three bounds in ~9!–~11!
cover all the cases under the null hypothesis H03+ Because we do not know
which of the three cases may actually happen in practice, we thus combine the
three cases into one, which results in the earlier defined critical value xa,1+
Indeed, this is a consequence of the fact that 7G7` is the smallest upper bound
for the three random variables s~G! ∧ s~�G!, s~G!, and s~�G!+ Hence, xa,1 esti-
mates xa,3, ya,3, and za,3 from before+ In view of this, it is only natural that for
any combination of the ACCs A and B from the alternative H03, the critical
value xa,1 will likely be an “overestimation,” which makes the corresponding
test conservative in the sense that the proportion of Type I errors will be smaller
than the specified a+ The test, of course, has the asymptotic power 1+

Estimating critical values. The critical values defined previously are not dis-
tribution free and therefore need to be estimated empirically+ Recall that they
are defined in terms of functionals of the process G, which looks like Dn in view
of the weak convergence result in ~6!+We shall now discuss how to imitate the
process G using bootstrap, which we shall in turn use for estimating the critical
values of the tests discussed earlier+ We start with the note that the ~unknown!
distribution of the triplet ~Z,Y, X ! can be approximated by the ~known! empir-
ical distribution of the data ~Z1,Y1, X1!, ~Z2,Y2, X2!, + + + , ~Zn,Yn, Xn!+ Hence, we
imitate the process Dn by artificially simulating n new triplets ~Z1

*,Y1
*, X1

*!,
~Z2
*,Y2

*, X2
*!, + + + , ~Zn

*,Yn
*, Xn

*! from the original triplets ~Z1,Y1, X1!, ~Z2,Y2,
X2!, + + + , ~Zn,Yn,Xn! using sampling with replacement+ Then we construct the cor-
responding “asterisked” ACCs:

An
* ~t ! :�

1

n �
i�1

n

Yi
*1@Xi

*
�~Fn

*!�1~t !# and Bn
*~t ! :�

1

n �
i�1

n

Zi
*1@Xi

*
�~Fn

*!�1~t !# +
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The ~Fn
*!�1 in the preceding formulas is the empirical quantile function corre-

sponding to the distribution function Fn
*, which is based on X1

*, X2
*, + + + , Xn

*+ It
is now natural to expect that the ~unobservable! process Dn looks like the ~observ-
able! process

Dn
* � Mn ~~An

* � Bn
*!� ~An � Bn !!+ (12)

We use the process Dn
* to estimate the desired critical values as follows+ Sup-

pose that we want to estimate xa,1+ We define an estimator xa,1
* by the follow-

ing procedure+ We generate n asterisked triplets M times and obtain M values
of 7Dn

*7`+ Based on these values, we define xa,1
* as the smallest x such that the

proportion of those M values of 7Dn
*7` that are on or above x is at most a+

Using the just defined xa,1
* , we reject H01 if Mn [t1 � xa,1

* and retain H01 other-
wise+ Analogous considerations are valid for the remaining three test statistics
Mn [t2 , Mn [t3 , and n [t4+

4. A SIMULATION STUDY

We start with checking empirical significance levels of the four test statistics
Mn [tk , k � 1,2,3, and n [t4+ We set two values for the theoretical significance
level: a� 0+05 and 0+10+ The simulation procedure has seven steps, as follows:

1+ We assume that the three assets Z, Y, and W have the same normal distri-
bution N ~m,s! with mean m� 5 and standard deviation s� 1, and then
we define the portfolio X by the equation X � 0+2Y � 0+2Z � 0+6W+ ~The
means of the rates of return were chosen to be 5%, because this is the rate
of return on a risk free asset, which is commonly used in the literature+!

2+ We generate n independent copies ~Zi ,Yi , Xi ! of ~Z,Y, X ! and produce the
empirical ACCs An and Bn corresponding to ~Zi ,Xi !’s and ~Yi ,Xi !’s, respec-
tively+ We calculate the values of the four statistics Mn [tk , k � 1,2,3, and
n [t4+ The sample sizes: n � 50, 100, 200, 500, 1,000, and 2,000+

3+ We sample with replacement from the original sample of ~Zi ,Yi , Xi !’s
and obtain a new sample of ~Zi

*,Yi
*, Xi

*!’s of size n and produce the cor-
responding two empirical ACCs denoted by An

* and Bn
*+ We calculate

Tn,1
* :� 7Dn

*7`, Tn,2
* :� s~Dn

*!, Tn,3
* :� s~Dn

*! ∧ s~�Dn
*!, and Tn,4

* :�
s~Dn

*! � s~�Dn
*!+ The sampling distribution of Tn, k

* is expected to mimic
the limiting distribution of the corresponding test statistic under H0,1+

4+ We repeat the resampling procedure M :� 500 times and obtain M values
of Tn, k

* + Then we calculate the ~1 � a!� 100th percentile of the M values+
The percentile defines the critical value, denoted by xa, k

* , of the test+
5+ We check if Mn [tk � xa, k

* when k � 1,2,3, or n [t4 � xa,4
* +

6+ We repeat the preceding steps Q :� 5,000 times and calculate the propor-
tions of those instances when the inequalities in step ~5! hold+
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7+ To achieve stability in the final results, we repeat the preceding steps R :�
10 times and average the corresponding proportions+ The findings are
reported in Table 2+

We see from Table 2 that the statistics [t1 and [t2 exhibit a somewhat con-
servative nature, whereas the statistics [t3 and [t4 are more noticeably conser-
vative+ This pattern of “conservatism” also holds for larger sample sizes ~e+g+,
n � 10,000! and also for larger values of M or Q+ In this regard, we may
recall the mathematical analyses in Section 3 where the theoretical ~true! lev-
els are sometimes equal to, and sometimes smaller than, the specified a, depend-
ing on the hypotheses considered+ Specifically, when discussing the statistics
[t1 and [t2, we noted there that the case A � B is the most “confusing” for the

two statistics+ In the case of the statistics [t3 and [t4, the picture is more com-
plex ~see Section 3!+

We now discuss the empirical powers of the four tests ~cf+ Table 3!+ The case
when the two ACCs A and B intersect ~i+e+, A~t1! � B~t1! and A~t2! � B~t2! for
some t1, t2 � @0,1# ! is a part of all the three alternatives H11, H12, and H13+
Hence, we investigate the power of the four tests by constructing intersecting
ACCs with various levels of intersection, as shown in Figure 1+ We see from
the figure that the larger the standard deviation of the asset Z is, the more dis-
tant the case is from the equality A � B; hence, it becomes easier for the tests
to identify the case correctly+ For each test, we use two significance levels, a�
0+05 and 0+1+ The critical values of the four tests are calculated based on, respec-
tively, 7Dn

*7`, s~Dn
*!, s~Dn

*! ∧ s~�Dn
*!, and s~Dn

*!� s~�Dn
*!+ Our findings are

reported in Table 3+ As expected, we see from the table that, for a given sample
size and when proceeding from scenario ~a! to scenario ~d!, the power of each
test statistic generally increases+ This observation is consistent with the fact
that the greater the standard deviation, the easier it is to detect the intersection+
When the sample size n exceeds 500, the power of each statistic becomes fairly

Table 2. Empirical significance levels averaged over 10 experiments, with
~mZ ,mY ,mW ! � ~5,5,5! and ~sZ ,sY ,sW ! � ~1,1,1!

[t1 [t2 [t3 [t4

5% 10% 5% 10% 5% 10% 5% 10%

50 0+0454 0+0875 0+0456 0+0885 0+0191 0+0429 0+0192 0+0409
100 0+0442 0+0846 0+0440 0+0851 0+0181 0+0417 0+0175 0+0396
200 0+0433 0+0840 0+0439 0+0860 0+0209 0+0458 0+0203 0+0440
500 0+0456 0+0868 0+0437 0+0866 0+0218 0+0493 0+0233 0+0483

1,000 0+0445 0+0854 0+0435 0+0851 0+0257 0+0544 0+0260 0+0533
2,000 0+0440 0+0877 0+0441 0+0884 0+0297 0+0607 0+0288 0+0578
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close to 1, and we therefore do not report the results for larger sample sizes in
the table+ It is also interesting to note ~see Table 3! that in many instances the
statistics [t3 and [t4 are more powerful in rejecting the specified intersecting
cases than the statistics [t1 and [t2+ The advantage is more noticeable at rela-
tively small sample sizes+

We conclude the discussion with a note that the herein presented simulation
study is a part of a larger study ~by Shelef, 2006! that, in addition to the nor-
mal distribution, also includes beta, log-normal, and other distributions of inter-
est+ The results are in line with those presented here for the normal distribution,
and we therefore do not include them in the present paper+

5. SUMMARY AND CONCLUDING REMARKS

The notion of marginal conditional stochastic dominance, as introduced and
discussed by Shalit and Yitzhaki ~1994!, can be reformulated in terms of dom-

Table 3. Empirical powers averaged over 10 experiments

[t1 [t2 [t3 [t4

5% 10% 5% 10% 5% 10% 5% 10%

~a! ~mZ ,mY ,mW ! � ~5+5,5+0,5+0! and ~sZ ,sY ,sW ! � ~2+0,1+0,1+0!
50 0+2592 0+3596 0+3380 0+4500 0+2900 0+3814 0+4461 0+5523

100 0+4758 0+5976 0+5708 0+6866 0+5331 0+6202 0+8059 0+8632
200 0+8137 0+9029 0+8676 0+9193 0+7730 0+8331 0+9800 0+9868
500 0+9992 0+9985 0+9677 1+0000 0+9999 0+9995 0+9821 1+0000

~b! ~mZ ,mY ,mW ! � ~5+5,5+0,5+0! and ~sZ ,sY ,sW ! � ~2+5,1+0,1+0!
50 0+1930 0+3139 0+2333 0+3342 0+4711 0+5528 0+5987 0+6770

100 0+3985 0+5956 0+4218 0+5430 0+7638 0+8131 0+8859 0+9075
200 0+8279 0+9536 0+7186 0+8145 0+9558 0+9668 0+9859 0+9880
500 1+0000 1+0000 0+9838 0+9932 0+9996 0+9996 0+9999 0+9999

~c! ~mZ ,mY ,mW ! � ~5+5,5+0,5+0! and ~sZ ,sY ,sW ! � ~3+0,1+0,1+0!
50 0+2050 0+3734 0+1767 0+2656 0+5378 0+5950 0+6440 0+6947

100 0+5122 0+7659 0+3235 0+4406 0+7663 0+7972 0+8612 0+8762
200 0+9658 0+9972 0+5826 0+7025 0+9248 0+9366 0+9690 0+9726
500 1+0000 1+0000 0+9378 0+9678 0+9967 0+9975 0+9993 0+9993

~d! ~mZ ,mY ,mW ! � ~5+5,5+0,5+0! and ~sZ ,sY ,sW ! � ~3+5,1+0,1+0!
50 0+2820 0+4945 0+1411 0+2200 0+5300 0+5739 0+6312 0+6681

100 0+7137 0+9195 0+2553 0+3630 0+7155 0+7443 0+8236 0+8374
200 0+9848 1+0000 0+4761 0+5972 0+8787 0+8953 0+9470 0+9511
500 1+0000 1+0000 0+8633 0+9215 0+9907 0+9925 0+9977 0+9978
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inance of two absolute concentration curves+ In the present paper we have con-
sidered statistical procedures for testing various hypotheses about two ACCs,
including statistical tests for checking if ~1! the two ACCs coincide; ~2! one is
below another, in a specified order; or ~3! they do not intersect ~no specifica-
tion of the order of dominance!+ Because the tests are based on functionals of
empirical curves over the entire domain @0,1# of their definition, the tests avoid
the consistency problems that are inevitably present when using the approaches
available in the literature that are based on finite fixed partitions of the interval
@0,1# +

The herein investigated statistical tests can easily be adapted in other areas
of applied and theoretical research where it is of interest to test for equality,
one-sided dominance, or two-sided dominance in the earlier noted senses+ For
example, with some obvious modifications, the statistical procedures can be

Figure 1. ACCs A ~solid! and B ~small breaks! with ~mZ ,mY ,mW ! and ~sZ ,sY ,sW ! as
specified by ~a!–~d! in Table 3+
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used for testing hypotheses about two absolute or, if desired, relative Lorenz
curves+
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APPENDIX A: Properties of ACCs

In this section we have collected several notes concerning the theoretical and empirical
ACCs+ The notes are intended not only to clarify the geometry of the curves but also to
explain the construction of, and possible differences between, expressions of the ACCs
and related curves and also their estimators+

Note 1. When the distribution function F is continuous, then the ACC A is also con-
tinuous+ Moreover, in this case we have ~see equation ~A+2!, which follows! that A~t !
equals 	0

tmY 6X ~F
�1~u!! du, where mY 6X~x! �E@Y 6X � x# +

Note 2. When the random variables Y and X are independent and the distribution
function F of X is continuous, then the curve A coincides with the straight line connect-
ing the points ~0,0! and ~1,E@Y # !+

Note 3. If Y is nonnegative, then the function A is nondecreasing+ If, however, the
random variable Y can also take on negative values, then A might not be nondecreasing+

Note 4. The function A may or may not be convex+ If the regression function mY 6X is
nondecreasing, then A is convex+

Note 5. Because A~t ! equals E@mY 6X ~X !1@X�F�1~t !# # , we have the equation

A~t ! ��
~�`,F�1~t !#

mY 6X ~x! dF~x!+ (A.1)

On the other hand, if we assume that the distribution function F is continuous, then A~t !
equals E@mY 6X~F�1~U !!1$U � t %# , where U � F~X ! is a uniform on @0,1# random vari-
able+ Hence, A~t ! � A�~t !, where

A�~t ! ��
0

t

mY 6X ~F
�1~u!! du+ (A.2)

Formulas ~A+1! and ~A+2! give two representations for ACCs+ As we shall see in the
next note, the continuity assumption is necessary for the equality A � A� +

Note 6. When Y � X, then mY 6X ~x! � x, and so we have that A~t ! equals
	~�`,F�1~t !# xdF~x!+ The latter integral defines a curve on @0,1# that is sometimes called
the absolute Lorenz curve ~ALC!+ It should be noted, however, that the usual definition
of the ALC—more frequently known as the generalized Lorenz curve ~cf+ Shorrocks,
1983; Sen, 1997, pp+ 135–138!—is as follows:

ALC~t ! ��
0

t

F�1~u! du+ (A.3)

This shows that the results concerning ACCs given in the present paper can easily be
adjusted for constructing tests about two ALCs+ The aforementioned continuity assump-
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tion on F is necessary for having the equality A � A� + To show this, it is sufficient to
consider the case when the portfolio has only one asset+ Namely, let Yi � Xi for all i +
Then An~t ! equals ~10n!�i�1

k Xi :n for all t � ~~k � 1!0n, k0n# , where X1 :n � {{{ � Xn :n

are the order statistics of X1, + + + , Xn+ In other words, the integral 	~�`,Fn
�1~t !# xdFn~x!

equals ~10n!�i�1
k Xi :n for the specified values of t+ On the other hand, the integral

	0
t Fn

�1~s! ds equals ~10n!�i�1
k�1 Xi :n � ~t � ~~k � 1!0n!!Xk :n+ Taking these facts together,

we arrive at the equation

�
~�`,Fn

�1~t !#

xdFn~x! ��
0

t

Fn
�1~s! ds � � k

n
� t�Xk :n +

Hence, the difference between the two integrals in the preceding equation is not, gener-
ally, equal to zero, which in turn shows that the difference between A and A� may not be
negligible for small sample sizes n+ These issues have been discussed in detail by Schecht-
man and Zitikis ~2006!+

Note 7. When working with empirical ACCs in a simulation study or practice, it is
convenient to rewrite them in terms of so-called induced order statistics+ Consider the
curve An+ For every k � 1, + + + , n and t � ~~k � 1!0n, k0n# , we have the equations

An~t ! �
1

n �
i�1

n

Yi 1@Xi�Xk :n #�
1

n �
i�1

n

Y~i !1@Xi :n�Xk :n #�
1

n �
i�1

k

Y~i ! , (A.4)

where Y~1!, + + + ,Y~n! are the values of Y1, + + + ,Yn corresponding to the order statistics
X1 :n, + + + , Xn :n, respectively+ The random variables Y~1!, + + + ,Y~n! are called induced order
statistics+ The right-hand side of ~A+4! gives a computationally convenient formula for
An~t !+

Note 8. The difference A � B is the ACC AY�Z corresponding to the difference Y � Z,
that is, we have the equation AY�Z~t !� E@~Y � Z!1 @X�F�1~t !# # + Hence, one may equiva-
lently think about the tests discussed in this paper as those for testing whether the ACC
AY�Z coincides with the horizontal line passing 0, is below or above it, intersects it, and
so on+ The empirical estimator ZAY�Z of AY�Z is defined by

ZAY�Z~t ! :�
1

n �
i�1

n

~Yi � Zi !1@Xi�Fn
�1~t !# +

Note 9. The preceding arguments in the case of two ACCs can be generalized to
several ACCs+ For example, when testing for the optimality of portfolios we might be
interested in whether the relationship

�
k�1

K

dk AYk
� 0

holds, where di are certain parameters+ Because the relationship is equivalent to AV � 0
with V � �k�1

K dkYk , the statistical inferential tools developed in the present paper are
applicable for testing AV � 0+ Indeed, let the earlier considered ACC A be identically
zero and let B be AV + Hence, testing AV � 0 is equivalent to testing A � B+ The test
statistic is Mns~�AV, n !, where AV, n � �k�1

K dk ZAYk
with ZAYk

denoting the empirical ACC
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corresponding to the n pairs ~Yk,1, X1!, + + + ,~Yk, n , Xn!, where the first coordinates
Yk,1, + + + ,Yk, n are independent copies of Yk+ Note also that in the current situation, the
earlier used Dn and Dn

* are, respectively, Mn ~AV, n � AV ! and Mn ~AV, n
* � AV, n!, where

AV, n
* is the empirical ACC corresponding to the pairs ~Yk,1

* , X1
*!, + + + , ~Yk, n

* , Xn
*! obtained

from j1
* :� ~Y1,1

* , + + + ,YK,1
* ,X1

*!, + + + ,jn
* :� ~Y1,n

* , + + + ,YK,n
* ,Xn

*! by choosing the kth coordi-
nate ~i+e+, asset! of each vector ji

* and also the last coordinate ~i+e+, the portfolio value!+
The vectors j1

* , + + + ,jn
* are obtained by simple random sampling from the original data

j1 :� ~Y1,1 , + + + ,YK,1 ,X1!, + + + ,jn :� ~Y1,n , + + + ,YK,n ,Xn!+ Under the null hypothesis
AV � 0, we have that

lim sup
nr`

P@Mns~�AV, n ! � x#� lim
nr`

P@Mns~�~AV, n � AV !!� x#� a, (A.5)

where xa is such that P@s~�G0! � xa#� a for a nondegenerate Gaussian process G0+ ~If
desired, the process G0 can be specified explicitly, but we do not actually need to do so
at the moment+! The critical value xa can be estimated using the earlier described boot-
strap procedure, with obvious modifications+ Namely, we generate n asterisked triplets
M times and obtain M values of s~�Mn ~AV, n

* � AV, n!!+ Based on these values we define
xa
* as the smallest x such that the proportion of those M values of s~�Mn ~AV, n

* � AV, n!!
that are on or above x is at most a+

APPENDIX B: Asymptotic Behavior
of Empirical ACCs

In this section we present technical details concerning statement ~6!, upon which our
previous considerations are crucially based+ The problem is complex from the theoreti-
cal point of view+ Fortunately, it has been resolved by Rao and Zhao ~1995! and Davy-
dov and Egorov ~2000!+ For the sake of completeness of the present paper, we discuss
the results in detail+

Because statement ~6! is a “two-sample” problem, it is natural to start considerations
with a simpler “one-sample” problem, which is establishing the asymptotic behavior of
Mn ~An � A!+ To simplify the problem even further, we first look at the convergence in
distribution of Mn ~An~t ! � A~t !! at any given point t � ~0,1!+

THEOREM 1+ Let the distribution function F be continuous. Then, for every conti-
nuity point t � ~0,1! of the regression function mY 6X~F�1~t !! , we have that

Mn ~An~t !� A~t !!rd N ~0, vY, X2 ~t !! ,

where N ~0, vY, X2 ~t !! is a mean zero Gaussian random variable with the variance

vY, X
2 ~t ! � mY 6X

2 ~F�1~t !!t~1 � t !

� �
0

t

sY 6X
2 ~F�1~u!! du ��

0

t

mY 6X
2 ~F�1~u!! du � ��

0

t

mY 6X ~F
�1~u!! du�2

,

mY 6X~x! � E@Y 6X � x# and sY 6X
2 ~x! � Var @Y 6X � x# .
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Theorem 1, even though it was not explicitly formulated by Rao and Zhao ~1995!
and Davydov and Egorov ~2000!, can nevertheless be easily derived following the argu-
ments in those papers+

Theorem 1 is useful if one desires to have a pointwise ~1 � a!100% confidence inter-
val for A~t !, which is

An~t ! 6 za02
vY, X ~t !

Mn
, (B.1)

where za02 � F�1~1 � a02! and F is the standard Gaussian distribution function+ The
confidence interval in ~B+1! depends on the ~unknown! standard deviation vY, X~t !, which
has to be estimated empirically+ This can be done using either a plug-in estimator or a
bootstrap technique+

Theorem 1 also allows us to construct confidence intervals and test hypotheses in the
two-sample case+ A useful role in accomplishing this task is played by the earlier noted
fact that A � B is the ACC corresponding to the pair ~Y � Z, X !+ Likewise, An � Bn is
the empirical ACC based on the pairs ~Yi � Zi , Xi !+

Now we formulate a technical result crucial for the present paper+

THEOREM 2 ~see Rao and Zhao, 1995; Davydov and Egorov, 2000!+ Let the distri-
bution function F be continuous. Furthermore, let the function mY 6X~F�1~t !! be contin-
uous on the interval ~0,1! and let there exist 0 � g � 1

2
_ such that

sup
0�t�1

t g~1 � t !g 6mY 6X ~F
�1~t !!6 � `. (B.2)

Then we have the weak convergence

Mn ~ ZA � A!n G0 ,

where the Gaussian process G0 is defined by

G0~t ! :� ��
~0, t #

B~u! dmY 6X ~F
�1~u!!��

~0, t #
sY 6X

2 ~F�1~u!! dW~u!

with B and W denoting independent Brownian and Wiener processes, respectively.

A comment about condition ~B+2! is worthwhile+ Let Y � X, which gives the equality
mY 6X~x! � x for all x+ In this case, condition ~B+2! is equivalent to

sup
0�t�1

t g~1 � t !g 6F�1~t !6 � `+ (B.3)

Because we can choose g � ~0, 12_! as close to 1
2
_ as desired, condition ~B+3! means ~roughly

speaking! that the moment E@ 6X 62�e # or, equivalently, E@ 6Y 62�e # is finite for some
e � 0+ Because the finiteness of the second moment is necessary for establishing confi-
dence intervals for the mean of Y, the preceding discussion suggests that condition ~B+2!
is close to the necessary one in the context of the present paper+

Now we are ready to formulate Corollary 1, which establishes statement ~6! and thus,
in turn, justifies our earlier considered statistical tests+
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COROLLARY 1+ Let the distribution function F be continuous. Furthermore, let the
regression functions mY 6X~F�1~t !! and mZ 6X~F�1~t !! be continuous on the interval ~0,1!
and let there exist 0 � g � 1

2
_ such that

sup
0�t�1

t g~1 � t !g~6mY 6X ~F
�1~t !!6� 6mZ 6X ~F

�1~t !!6! � `.

Then we have that

Mn ~~An � Bn !� ~A � B!!n G,

where the Gaussian process G is defined by

G~t ! :� ��
~0, t #

B~u! dm~Y�Z!6X ~F
�1~u!!��

~0, t #
s~Y�Z!6X

2 ~F�1~u!! dW~u!

with B and W denoting independent Brownian and Wiener processes, respectively.

Proof. Use Note 8 of Appendix A together with Theorem 2 of the present Appendix+
The corollary follows+
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