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Abstract
The Latent Position Model (LPM) is a popular approach for the statistical analysis of network data. A
central aspect of this model is that it assigns nodes to random positions in a latent space, such that the
probability of an interaction between each pair of individuals or nodes is determined by their distance
in this latent space. A key feature of this model is that it allows one to visualize nuanced structures via
the latent space representation. The LPM can be further extended to the Latent Position Cluster Model
(LPCM), to accommodate the clustering of nodes by assuming that the latent positions are distributed
following a finite mixture distribution. In this paper, we extend the LPCM to accommodate missing net-
work data and apply this to non-negative discrete weighted social networks. By treating missing data as
“unusual” zero interactions, we propose a combination of the LPCM with the zero-inflated Poisson distri-
bution. Statistical inference is based on a novel partially collapsed Markov chain Monte Carlo algorithm,
where a Mixture-of-Finite-Mixtures (MFM) model is adopted to automatically determine the number of
clusters and optimal group partitioning. Our algorithm features a truncated absorb-eject move, which is a
novel adaptation of an idea commonly used in collapsed samplers, within the context of MFMs. Another
aspect of our work is that we illustrate our results on 3-dimensional latent spaces, maintaining clear visu-
alizations while achieving more flexibility than 2-dimensional models. The performance of this approach
is illustrated via three carefully designed simulation studies, as well as four different publicly available real
networks, where some interesting new perspectives are uncovered.

Keywords: social networks; latent position cluster model; weighted networks; zero-inflated Poisson; clustering; mixture of
finite mixtures

1. Introduction
The Latent PositionModel (LPM) was introduced for social network analysis by Hoff et al. (2002).
An important feature of the LPM is that it facilitates network visualization via latent space mod-
eling. The LPM assumes that the data distribution depends on the stochastic latent positions of
the nodes of the network. Usually these latent positions are assumed to lie in a Euclidean space.
We refer the reader to Kaur et al. (2023); Rastelli et al. (2016); Salter-Townshend et al. (2012)
for detailed reviews of this model. Clustering of nodes plays a central role in statistical network
analysis: the LPM can be extended to this context following the pioneering work of Handcock
et al. (2007). This leads us to the well-known Latent Position Cluster Model (LPCM) whereby the
latent positions of the nodes are assumed to follow a mixture of multivariate normal distributions.
With these assumptions, the network model can better support the presence of communities and
assortative mixing.

A limitation of the original LPM and LPCM models is that they are only defined for the net-
works with binary interactions between the individuals. An interesting extension of these models
to the weighted setting is provided by Sewell and Chen (2015, 2016), where the authors extend the
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LPM to dynamic unipartite networks with weighted edges and propose a general link function for
the expectation of the edge weights. In this paper, we focus on non-dynamic unipartite networks
with non-negative discrete weighted edges, corresponding to networks where the edge values are
typically integer counts.

Missing data is a common issue in statistical data analysis which generally leads to an over-
abundance of zeros. In this paper, we classify zero entries in a dataset either as “true” zeros or as
“unusual” zeros. A zero-inflated model proposed by Lambert (1992) assumes a probability model
for the occurrence of unusual zeros, which can be paired with the Poisson distribution as a canon-
ical choice for count weighted data. In this situation, an unusual zero may correspond to an edge
that although present, the corresponding edge weight is not recorded.

Zero-inflation is well-explored in the area of regression models with many extensions, for
example, Hall (2000), Ridout et al. (2001), Ghosh et al. (2006), Lemonte et al. (2019) to cite a few.
By contrast, zero-inflated models are not widely applied in the statistical analysis of network data.
Zero-inflation is mentioned in Sewell and Chen (2016): while their dynamic latent space model
may be extended to the zero-inflated case for sparse networks, their applications do not cover
this extension. Some advancements in this line of literature include Marchello et al. (2024), which
incorporate the zero-inflated model within the Latent Block Model (LBM) (Govaert and Nadif,
2003) for dynamic bipartite networks, and Lu et al. (2025), which adopts the zero-inflation to the
Stochastic Block Model (SBM) for unipartite networks. The SBM is widely used clustering model
for network analysis that shares some similarities with the LPM, since both models are based on
a latent variable framework. Differently from the LPM, the SBM is capable of representing dis-
assortative patterns, but, on the other hand, the LPM can provide clearer and more interpretable
network visualizations.

In this paper, we propose to incorporate a Zero-Inflated Poisson (ZIP) distribution within the
LPCM leading to the Zero-Inflated Poisson Latent Position Cluster Model (ZIP-LPCM), and, in
doing so, we create a simultaneous framework that can be used to characterize zero inflation, clus-
tering and the latent space visualization. Similar model assumptions can be found in Ma (2024)
where a Latent Space Zero-Inflated Poisson (LS-ZIP) model is proposed. However, differently
from our model structure, their LS-ZIP embeds an inner-product latent space model (Hoff, 2003;
Ma et al., 2020) and proposes two different sets of latent positions for the Poisson rate and for
the probability of unusual zeros, respectively. Furthermore, their model does not account for the
clustering of nodes, which is a central feature of our proposed model.

We employ a Bayesian framework to infer the model parameters and the latent variables of
our ZIP-LPCM. Our inferential framework takes inspiration from the literature on the LPCM,
the Mixture of Finite Mixtures (MFM) model (Miller and Harrison, 2018; Geng et al., 2019), and
collapsed Gibbs sampling, and we combine some key ideas from the available literature to create
our own original procedure. As regards the LPCM, commonly used inference methods include
a variational expectation maximization algorithm (Salter-Townshend and Murphy, 2013), and
Markov chain Monte Carlo methods (Handcock et al., 2007). A contribution close to our own is
that of Ryan et al. (2017) where the authors exploit conjugate priors to calculate a marginalized
posterior in analytic form, and then target this distribution using a so-called “collapsed” sampler.
Similar parameter-collapsing ideas are also employed in McDaid et al. (2012); Wyse and Friel
(2012). In this paper, we propose to follow a similar strategy as that presented in Lu et al. (2025)
for the inference task leveraging the partially collapsed Gibbs sampler introduced by Van Dyk and
Park (2008); Park and Van Dyk (2009).

As regards the choice of the number of clusters, we also make an original contribution by
combining some approaches and ideas available from the literature. We highlight Nobile and
Fearnside (2007), where the authors introduced an Absorb-Eject (AE) move to automatically
choose the number of clusters. Here we propose a variant of this move to better match our frame-
work. Indeed, as a prior distribution for the clustering variables and number of clusters, we adopt
aMFMmodel, along with the supervision idea introduced by Legramanti et al. (2022). In this case,
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the AE move can further facilitate the estimation of clusters, but such a step can only be defined
if the framework allows for the existence of empty clusters. Unfortunately, this is not the case for
MFMs, and so the move and the model are incompatible. To address this impasse, we propose a
new Truncated Absorb-Eject (TAE) move which allows us to efficiently explore the sample space
thus obtaining good estimates of the clustering variables and of the number of groups.

This paper is organized as follows. Section 2 provides a detailed introduction of our proposed
ZIP-LPCM. Section 3 explains how we design the Bayesian inference process of our model where
the incorporation of a mixture of finite mixtures model as well as its supervised version is included
in Section 2.3. The idea of partially collapsing the model parameters in the posterior distribu-
tion, and the newly proposed TAE move, are introduced in Sections 3.1 and 3.2, respectively. The
detailed steps and designs of the Partially Collapsed Metropolis-within-Gibbs (PCMwG) algo-
rithm for the inference are illustrated in Section 3.3. In Section 4, we show the performance of our
strategy via three carefully designed simulation studies within which different scenarios are pro-
posed to tackle different real world situations. Applications on four different real social networks
with different network sizes are included in Section 5. Finally, Section 6 concludes this paper and
provides a few possible future directions.

2. Model
In this paper we focus on weighted networks with non-negative discrete edges, and denote N
as the total number of individuals in the network. This framework is particularly common in
observed real datasets, most notably whereby edges indicate the intensity or frequency of inter-
actions. Examples include some types of friendship and professional networks, email networks,
phone call networks, proximity networks. In this paper we consider several real datasets, including
a summit co-attendance network which records the number of times that two criminal sus-
pects co-attended summits within a specified period. Since the edges indicate the number of
co-attendances, these are observed as non-negative integers. The model introduced in this sec-
tion is designed for directed networks, however it is straightforward to apply it to the undirected
case. A network is usually observed by an N ×N adjacency matrix denoted as Y , where each ele-
ment yij is a non-negative integer indicating the interaction from node i to node j, and reflecting
the corresponding interaction strength. An element yij = 0 corresponds to a non-interaction or a
zero interaction. Self-loops are not allowed.

2.1 Zero-inflated Poissonmodel
In real networks which are observed in practice, there is often an overabundance of zeros. It is
possible that these zeros are due to the nature of the network’s sparse architecture, but they may
also be due to missing data or misreported data. Since practitioners are typically not aware of
the presence of unusual zeros, we aim to provide a model-based solution that helps detecting any
unusual zeros in the observed data.

We consider the ZIP model (Lambert, 1992), which is a commonly used framework to deal
with an excessive number of zeros in Y . The ZIP model assumes that each observed interaction yij
follows

P(yij|λij, pij)=
{
pij + (1− pij)fPois(0|λij), if yij = 0;
(1− pij)fPois(yij|λij), if yij = 1, 2, . . . ,

(1)

for i, j= 1, 2, . . . ,N; i �= j, where fPois(· |λij) is the probability mass function of the Poisson distri-
bution with parameter λij. Here, the zeros assigned with probability mass pij + (1− pij)fPois(0|λij)
can be classified into two types: “structural” zeros, which are observed with probability pij, and
Poisson zeros, which naturally arise from the Poisson distribution, and are observed with prob-
ability (1− pij)fPois(0|λij), respectively. If we treat the Poisson zeros as the conventional zeros,
then we refer to the other observed zeros as the “structural” or “unusual” zeros, since these are
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not determined according to the natural distribution that we assume on the data. We formalize
the two possibilities by augmenting the model in Eq. (1) with a new indicator variable, νij, indi-
cating whether the corresponding yij is a structural zero or not, and thus the data distribution is
determined separately for the two cases below:

yij|λij, νij ∼
{
1(yij = 0), if νij = 1;
Pois(λij), if νij = 0,

(2)

where, for every i and j, the collection of νij ∼ Bernoulli(pij) constitutes the N ×N structural
zero indicator matrix ν. The function 1(yij = 0) is an indicator function returning 1 if yij = 0 and
returning 0 otherwise.

As far as νij = 1, the observed yij is a structural zero with probability 1. Here, we interpret such a
“structural” zero as an “unusual” zero ormissing data that replaces a true interaction weight which
follows the corresponding Pois(λij) distribution. A zero arising from fPois(· |λij) is thus treated as a
“true” zero. We denote the covert true interaction as xij: we assume that this value is not observed
when νij = 1, and that it follows the same Poisson distribution of yij|λij, νij = 0. Thus, based on the
augmented zero-inflated model in Eq. (2) as well as the observed Y , the augmented data X, which
is a N ×N matrix with entries {xij}, is in the form{

xij ∼ Pois(λij), if νij = 1;
xij = yij, if νij = 0.

(3)

Here, the case xij = yij is equivalent to xij ∼ 1(xij = yij) when νij = 0. A similar data augmentation
framework has appeared in other works, for example, Tanner and Wong (1987), Ghosh et al.
(2006). The augmented X is known as the missing data imputed adjacency matrix.

2.2 Zero-inflated Poisson latent position cluster model
To characterize the Pois(λij) distribution under the νij = 0 case of the augmented ZIP model in
Eq. (2), we employ the LPCM (Handcock et al., 2007), which is an extended version of the Latent
Position Model (LPM) (Hoff et al., 2002). Each node i : i= 1, 2, . . . ,N in the network is assumed
to have a latent position ui ∈R

d, and we denote the collection of all latent positions as U := {ui}.
A generalization of the latent position model without considering covariates can be expressed in
the form g[E(yij)]= h(ui, uj), where g(·) is some link function, and h :Rd ×R

d →R is a function
of two nodes’ latent positions. Here, we make standard assumptions on the functions g(·) and
h(·, ·), which link the Poisson rate λij in Eq. (2) with the latent positions U as follows:

log(λij)= β − ||ui − uj||. (4)
In the equation above, || · || is the Euclidean distance, while β ∈R can be interpreted as an inter-
cept term where higher values bring larger interaction weights as well as lower chance of a true
zero. Note that the model characterization in Eq. (4) is symmetric for directed edges in directed
networks, that is, log (λij)= log (λji). This may be seen as a limitation of the framework, but it can
be overcome when additional information, such as covariates, are available and thus are charac-
terized in Eq. (4). We note that also other variations of latent space models, such as the projection
model discussed in Hoff et al. (2002) or the random effects model of Krivitsky et al. (2009), can be
formulated in ways that allow for non-symmetric patterns. However, in this paper, we do not pur-
sue this characteristic directly, but our model can certainly be adapted to deal with non-symmetric
patterns.

The LPCM further assumes that each latent position ui is drawn from a finite mixture of K̄
multivariate normal distributions, each corresponding to a different group:

ui ∼
K̄∑

k=1

πkMVNd(μk, 1/τkId). (5)
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Here, each πk is the probability that a node is clustered into group k, and
∑K̄

k=1 πk = 1. The
combination of Eqs. (2), (4) and (5) defines our ZIP-LPCM.

Letting zi ∈ {1, 2, . . . , K̄} denote the group membership of node i, the mixture in Eq. (5) can be
augmented as

ui|zi = k∼MVNd(μk, 1/τkId),
where a multinomial(1,�) distribution is assumed for each zi, and � := (π1, π2, . . . , πK̄). The
notation zi := (zi1, zi2, . . . , ziK̄) is equivalent to zi = k if we let zig = 1(g = k) for g = 1, 2, . . . , K̄,
and thus fmultinomial(zi|1,�)= πzi . Note that K̄ here denotes the total number of possible groups
that the network is assumed to have, even though some groups may be empty. Further, we denote
z := (z1, z2, . . . , zN) as a vector of group membership indicators for all {zi}, while μ := {μk : k=
1, 2, . . . , K̄}, and τ := (τ1, τ2, . . . , τK̄).

The indicator of unusual zero νij in Eq. (2) is proposed to instead follow a Bernoulli(pzizj), that
is, a typical Stochastic Block Model (SBM) structure is further assumed for ν, where we replace
the probability of unusual zero pij with a cluster-dependent counterpart pzizj , as in a network
block-structure. One intuition behind this is that the probability of an unusual zero observed
between two nodes is expected to vary depending on their respective groups. Taking the summit
co-attendance real network for criminal suspects as an example here, the occurrences of unusual
zeros possibly correspond to different group-level secrecy strategies applied by the group leaders
where some summits are intentionally hidden to the law enforcement investigations (Lu et al.,
2025), leading to different levels of unusual zero probability within and between different groups.

There are other possible ways to model the probability of unusual zeros. A homogeneous setup
where the probability is the same for all pairs of nodes is also possible, albeit naive. This would
correspond to a special case of our framework. Alternatively, one may characterize the probability
of unusual zeros using the latent distances. However, we eventually decided not to pursue this
type of model formulation in this paper. One could argue: should the unusual zero probability
be larger or smaller when the nodes are close to each other? Intuitively one could choose that a
large distance would make it more likely that there is an unusual zero. However, it turns out that
the Poisson distribution would also be more likely to give a zero in that case. So, the logic behind
this assumption does not seem particularly convincing. On the other hand, a SBM structure can
give disassortative patterns which can be more flexible for this particular task. In any case, we
emphasize again that there is no one solution to this, and alternative approaches to ours may be
perfectly valid. We denote P as a K̄ × K̄ matrix with each entry pgh denoting the probability of
unusual zeros for the interactions from group g to group h, where g, h= 1, 2, . . . , K̄.

The following Directed Acyclic Graph (DAG) provides a clear visualization of the relationships
between the observed adjacency matrix data Y and all the model latent variables and parameters
as well as the augmented missing data imputed adjacency matrix X for our proposed ZIP-LPCM:

yijxij

β

ui,uj

νij

zi, zj

μ, τ

P

Π
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The complete likelihood of the ZIP-LPCM is thus written as:

f (Y , ν,U , z|β , P,μ, τ ,�)= f (Y|β ,U , ν)f (ν|P, z)f (U|μ, τ , z)f (z|�)

=
N∏

i,j : i�=j,
νij=0

fPois(yij|exp(β − ||ui − uj||))
N∏

i,j : i�=j
fBern(νij|pzizj)

×
N∏
i=1

fMVNd (ui|μzi , 1/τziId)
N∏
i=1

fmultinomial(zi|1,�), (6)

which can be calculated analytically and efficiently for all choices of parameter values.

2.3 Mixture of finite mixtures and supervision
Instead of the multinomial distribution, we further consider the Mixture-of-Finite-Mixtures
(MFM) model for the clustering z, because such a model is actually an extension of the Dirichlet-
multinational conjugacy and allows the corresponding inference procedure to automatically
choose the number of clusters.

A natural conjugate prior for the multinomial parameters is

� ∼Dirichlet(α, . . . , α).

By further proposing a prior K̄ ∼ πK̄(·), the MFM marginalizes both � and K̄, leading to the
probability mass function of a MFM, which is defined for the unlabeled clustering and reads as
follows:

f (C(z))=
∞∑
k=1

k(K)
(kα)(N)πK̄(k)

∏
G∈C(z)

α(|G|), (7)

where C(z) := {Gk : k= 1, 2, . . . , K̄; |Gk| > 0} is a set of non-empty unordered collections of
nodes with each collection Gk := {i : i= 1, 2, . . . ,N; zi = k} containing all the nodes from group
k. Here, |Gk| denotes the number of nodes inside the collection, and the number of non-empty
collections/groups K := |C(z)|. In the case that Gk is the empty set, we have |Gk| = 0. The ascend-
ing factorial notation α(n) := α(α + 1) · · · (α + n− 1), while the descending factorial notation
k(K) := k(k− 1) · · · (k− (K − 1)). The parameter K̄ is collapsed by summing over all the possi-
ble K̄ = k values from k= 1 to k= ∞. Note that C(z) is invariant under any relabeling of z. The
k(K) ≡

(k
K
)
K! term in Eq. (7) is the number of ways to relabel a specific z or to label the unlabeled

partition C(z) provided with K̄ = k. The natural choice of K̄ prior is a zero-truncated Poisson(1)
distribution (Geng et al., 2019; Nobile, 2005; McDaid et al., 2012) that is assumed throughout this
paper.

To ensure that the clustering z is invariant under any relabeling of it, we adopt a particular
labeling method following the procedure used in Rastelli and Friel (2018). We assign node 1 to
group 1 by default, and then iteratively assign the next node either to a new empty group or to
an existing group. In this way, the defined z only contains K occupied groups and is one-to-
one correspondence to C(z) regardless of whether the clustering before label-switching has empty
groups or not. The clustering dependent parameters, μ, τ and P are relabeled accordingly and the
entries relevant to empty groups are treated as redundant. The probability mass function of the
MFM in Eq. (7) may be rewritten as

f (z)=WN,K

K∏
g=1

α(ng ), (8)
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where ng is the number of nodes in group g. The non-negative weight

WN,K :=
∞∑
k=1

k(K)
(kα)(N)πK̄(k)

satisfies the recursion WN,K := (N +Kα)WN+1,K + αWN+1,K+1 with W1,1 = 1/α, and we refer
to Miller and Harrison (2018) for the details of the computation ofWN,K .

One could proceed to determine a generative/predictive urn scheme by checking the formulae
differences between the f (z) and each f ({z, zN+1}) for zN+1 = 1, 2, . . . ,K,K + 1. Then, sampling
from Eq. (8) can be performed using the following procedure: assuming that the first node labeled
as node 1 is assigned to group 1 by default, then the probability of the subsequent node being
assigned to existing non-empty groups or to a new empty group is defined as:

P(zN+1 = k|z)∝

⎧⎪⎨
⎪⎩
nk + α, for k= 1, 2, . . . ,K;

WN+1,K+1
WN+1,K

α, for k=K + 1,
(9)

that is conditional on the current clustering z with parameters N and K, where nk is defined as
the number of nodes in group k. We refer to Theorem 4.1 of Miller and Harrison (2018) for a
more detailed discussion on this generative procedure. This generative scheme also belongs to
the Ewens-Pitman two-parameter family of Exchangeable Partitions (Gnedin et al., 2009; Pitman,
2006).

Some exogenous node attributes may be available when analyzing real datasets, and, in this
case, we leverage the idea of supervised priors proposed by Legramanti et al. (2022) to account
for such information in the modeling. We use c= {c1, c2, . . . , cN} to denote the categorical node
attributes in our context where each ci ∈ {1, 2, . . . , C}, and propose that

f (z|c)∝WN,K

K∏
g=1

P(cg)α(ng ), (10)

where cg := {ci : zi = g} and where the distribution P(cg) is chosen as the Dirichlet-multinomial
cohesion of Müller et al. (2011), which is given by:

P(cg)=
∏C

c=1 �
(
ng,c + ωc

)
�
(
ng + ω0

) � (ω0)∏C
c=1 � (ωc)

. (11)

Here, ng,c denotes the number of nodes in group g that have the node attribute c, whereas ωc is the
cohesion parameter for each level c of the node attributes and ω0 =∑C

c=1 ωc. Similar to Eq. (9),
we can determine an urn scheme also for the supervised MFM as:

P(zN+1 = k|z, c, cN+1)∝

⎧⎪⎪⎨
⎪⎪⎩
nk,cN+1 + ωcN+1

nk + ω0
(nk + α), for k= 1, 2, . . . ,K;

ωcN+1

ω0

WN+1,K+1
WN+1,K

α, for k=K + 1,
(12)

which, compared to Eq. (9), is inflated or deflated by a term that favors allocating the new node
N + 1 to the group with higher fraction of the same node attribute as the cN+1, that is, the
allocation is supervised by c.

Note that, in the case that some categorical node attributes c are available, these can be con-
sidered as a reference clustering under the MFM framework. For example, individuals in a social
network can be clustered into different groups based on their affiliations, while they can also be
clustered in a different way according to their job categories. However, none of these reference
clusterings might be the “true” clustering or the “best” clustering for the network. Our supervised
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MFM framework can be treated as a type of supervised prior, in the sense of Legramanti et al.
(2022), with a reference clustering c: this should not be confused with the general idea of super-
vised learning, which is often used in similar contexts. We refer to Legramanti et al. (2022) for
more details on the use and terminology of supervised priors.

3. Partially collapsed Bayesian inference
In this section, we illustrate our original inference processes which aim to jointly infer the intercept
β , the indicator of unusual zeros ν, the latent positionsU , the latent clustering indicator z and the
number of occupied groups K. The model includes other parameters, such as μ and τ , which
are dealt with via marginalization, as shown in Section 3.1. We emphasize that K indicates the
number of occupied groups for the clustering z, and thus can be calculated directly from z. This
should not be confused with the total number of groups K̄. This distinction is crucial since we
leverage mixture-of-finite-mixtures (Miller and Harrison, 2018; Geng et al., 2019) to marginalize
K̄ in Section 2.3. As a result, we only need to focus on non-empty groups during the inference
procedures.

3.1 Inference and collapsing
In the case that the exogenous node attributes c are available, adopting the supervisedMFM intro-
duced in Eq. (10) as well as the missing data imputation shown in Eq. (3) leads to the posterior
distribution of our ZIP-LPCM being written as:

π(X, ν,U , z, β , P,μ, τ |Y , c)∝ f (X|Y , β ,U , ν)f (Y|β ,U , ν)f (ν|P, z)f (U|μ, τ , z)f (z|c)
× π(P)π(μ)π(τ )π(β)

= f (X|β ,U)f (ν|P, z)f (U|μ, τ , z)f (z|c)π(P)π(μ)π(τ )π(β), (13)
where the f (Y|β ,U , ν), the f (ν|P, z) and the f (U|μ, τ , z) are exactly the same as the ones shown
in the complete likelihood in Eq. (6). Furthermore, similar to the f (Y|β ,U , ν), the f (X|Y , β ,U , ν)
above can be obtained based on its sampling process in Eq. (3). The combination of the
f (Y|β ,U , ν) and the f (X|Y , β ,U , ν) in Eq. (13) is equivalent to the f (X|β ,U) which reads as
follows:

f (X|β ,U)=
N∏

i,j : i�=j
fPois(xij|exp(β − ||ui − uj||)).

However, in our context, not all the real networks that we work on provide exogenous node
attributes. In the case that c is not available, the unsupervised prior f (z) from Eq. (8) is instead
proposed in Eq. (13) to replace the f (z|c).

We leverage conjugate prior distributions to marginalize a number of model parameters from
the posterior distribution in (13). This methodology is also known as “collapsing” and has already
been exploited in, for example, McDaid et al. (2012); Wyse and Friel (2012); Ryan et al. (2017);
Rastelli et al. (2018); Legramanti et al. (2022); Lu et al. (2025). By proposing the conjugate prior
distributions:

τk ∼Gamma(α1, α2/2) for k= 1, . . . ,K, (14)

μk|τk ∼MVNd(0, 1/(ωτk)Id) for k= 1, . . . ,K, (15)

where (α1, α2,ω) are hyperparameters to be specified a priori, the collapsed posterior distribution
of the ZIP-LPCM is obtained as:

π(X, ν,U , z, β , P|Y , c)∝ f (X|β ,U)f (ν|P, z)f (U|z)f (z|c)π(P)π(β), (16)
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where the f (U|z) is calculated according to the methodology explored in Ryan et al. (2017):

f (U|z)=
K∏

k=1

⎧⎪⎨
⎪⎩

α
α1
2

�(α1)
�
(
α1 + d

2nk
)

π
d
2 nk

(
ω

ω + nk

) d
2

⎡
⎣α2 −

∥∥∑
i : zi=k ui

∥∥2
nk + ω

+
∑
i : zi=k

‖ui‖2
⎤
⎦

−( d2 nk+α1)
⎫⎪⎬
⎪⎭.

(17)
Now that we have our target collapsed posterior distribution, we apply a partially collapsed

Markov chain Monte Carlo approach (Van Dyk and Park, 2008; Park and Van Dyk, 2009) aiming
to infer the latent clustering z, the latent indicators of unusual zeros ν, the intercept β and the
latent positions U from the posterior in Eq. (16). This is accomplished by constructing a sam-
pler which consists of multiple steps for each of the target variables and parameters, and for the
number of occupied groups K simultaneously. The sampling of the imputed adjacency matrix X
straightforwardly follows from Eq. (3), and we leverage ideas similar to those in Lu et al. (2025)
to infer ν and z. Another layer of conjugacy is proposed for the inference procedure of the proba-
bility of unusual zeros P that is required by the sampling step of ν, and we further develop a new
TAE move tailored for the clustering without empty groups to facilitate the clustering inference.
The sampling ofU and β are performed via two standardMetropolis-Hastings steps. More details
of all these sampling steps are carefully discussed and provided next.

3.1.1 Inference for ν
Recall that each of the latent indicators of unusual zeros {νij} is assumed to follow the Bern(pzizj)
distribution. However, note that each νij must be zero by assumption when the corresponding
observed yij > 0, so only those {νij : yij = 0} are required to be inferred during the inference.
Conditional on that the observed interaction yij is a zero interaction, the probability of such an
interaction being an unusual zero is:

P(νij = 1|yij = 0, pzizj , β , ui, uj)=
pzizj

pzizj + (1− pzizj)fPois(0|exp(β − ||ui − uj||) , (18)

and, on the contrary, the conditional probability of it not being an unusual zero is P(νij = 0|yij =
0, pzizj , β , ui, uj)= 1− P(νij = 1|yij = 0, pzizj , β , ui, uj). This motivates the sampling of each νij to
follow:

νij|yij, pzizj , β , ui, uj ∼

⎧⎪⎪⎨
⎪⎪⎩
Bern

(
pzizj

pzizj + (1− pzizj)fPois(0|exp(β − ||ui − uj||)

)
, if yij = 0;

1(νij = 1), if yij > 0.

(19)

This distribution is actually the full-conditional distribution of νij under the posterior:
π(ν,U , z, β , P|Y , c)∝ f (Y|β ,U , ν)f (ν|P, z)f (U|z)f (z|c)π(P)π(β), (20)

which further marginalizes the augmented missing data imputed elements from Eq. (16), that is,
collapsing the f (X|Y , β ,U , ν) therein. The sampling in Eq. (19) requires the inference of the prob-
ability of unusual zeros defined for the interactions between and within those occupied groups.
This can be accomplished by further proposing the conjugate prior distributions:

pgh ∼ Beta(β1, β2) for g, h= 1, . . . ,K, (21)
leading to a typical Gibbs sampling step for each non-redundant probability of unusual zeros:

pgh|ν, z ∼ Beta
(
νgh + β1, ngh − νgh + β2

)
, for g, h= 1, 2, . . . ,K, (22)

where (β1, β2) are hyperparameters, and ngh :=
∑N

i,j : i�=j 1(zi = g, zj = h). The notation νgh
denotes the sum of all the νij|zi = g, zj = h, i �= j. Note that the conditional probability of unusual
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zero provided that the corresponding observed interaction is a zero interaction shown in Eq. (18)
is of key interest for practitioners to explore when observing a zero interaction. We refer to
Lu et al. (2025) for a detailed discussion of the ν sampling in Eq. (19).

3.1.2 Inference for z
Carrying out inference for the clustering variable z based on the supervised MFM prior in
Eq. (12) simultaneously infers the clustering allocations and automatically chooses the number
of groups. However, the dimension of the model parameter matrix P becomes problematic when
the nodes are proposed to be assigned to a new empty group. Thus, following the prior distribu-
tion introduced in Eq. (21), we can marginalize the target posterior in Eq. (16) in a different way
compared to the posterior in Eq. (20). Here, we collapse the parameter P from Eq. (16) following,
for example, McDaid et al. (2012); Lu et al. (2025), and this leads to a posterior:

π(X, ν,U , z, β|Y , c)∝ f (X|β ,U)f (ν|z)f (U|z)f (z|c)π(β), (23)

where the collapsed likelihood function f (ν|z) reads as follows:

f (ν|z)=
K∏

g=1,h=1

[
B
(
νgh + β1, ngh − νgh + β2

)
B(β1, β2)

]
. (24)

Here, B(·, ·) is the beta function. The sampling of each zi is based on the normalized probability
proportional to its full-conditional distribution of the posterior in Eq. (23) (Legramanti et al.,
2022), that is,

P(zi = k|ν,U , c, z−i)∝ P(zi = k|c, z−i)f (ν|zi = k, z−i)f (U|zi = k, z−i), (25)

where the notation z−i := z\{zi} contains all the clustering indicators except zi, and the P(zi =
k|c, z−i) follows the supervised MFM urn scheme in Eq. (12) by assuming that the node i is
removed from the network and then is treated as a new node to be assigned a group in the network.
More specifically, we have

P(zi = k|c, z−i)∝

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

n−i
k,ci + ωci

n−i
k + ω0

(
n−i
k + α

)
, for k= 1, 2, . . . ,K−i;

ωci
ω0

WN−i+1,K−i+1
WN−i+1,K−i

α for k=K−i + 1,

(26)

where (·)−i denotes the corresponding statistics obtained after removing node i from the network.
If removing node imakes one of the groups empty, the remaining non-empty groups in z−i should
be relabeled in ascending order by letting zj = zj − 1 for all the {zj : j= 1, 2, . . . ,N; j �= i; zj > zi}
during the inference procedures. If c is not available, the P(zi = k|c, z−i) should be replaced with
the P(zi = k|z−i) which instead follows the unsupervised MFM urn scheme in Eq. (9), that is, the
specific form can be obtained by removing the (n−i

k,ci + ωci)/(n
−i
k + ω0) and the ωci/ω0 terms in

Eq. (26). We refer to Miller and Harrison (2018), Geng et al. (2019), Legramanti et al. (2022),
Lu et al. (2025) for more details of the inference procedure of z.

3.2 Truncated absorb-eject move
Since the latent clustering variable z is updated one element at a time based on Eq. (25), the
inference algorithm is susceptible to getting stuck in local posterior modes. Thus, we propose
to leverage an Absorb-Eject (AE) move proposed by Nobile and Fearnside (2007) to facilitate
the clustering inference and to deal with such a sampling issue. However, the AE move, as sug-
gested by Nobile and Fearnside (2007), may create empty groups, and this does not work well
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with our method, which requires non-empty groups. Thus we instead propose a TAEmove which
specifically addresses this issue by no longer creating empty groups, as we describe more in detail
here below.

Similar to a typical AE move, we have two reversible moves in each iteration of the inference
algorithm: a truncated eject move, denoted as ejectT , and an absorbmove. In general, with proba-
bility P(ejectT), the ejectT move is applied and, with probability 1− P(ejectT), the absorbmove is
applied. As an exception, the ejectT move is applied with probability 1 if K = 1, while the absorb
move is applied with probability 1 when K =N.

• EjectT move: first randomly pick one of the K non-empty groups, say group g. Then, we
sample an ejection probability from a prior distribution, pe ∼ Beta(a, a), and each node
in group g has probability pe to be reallocated to the new group labeled as K + 1. Thus,
on the contrary, each node stays in group g with probability 1− pe. The proposed state is
denoted as (z′,K ′ =K + 1) after the reallocation. If this process creates an empty group,
that is, either the proposed group g or the proposed group K + 1 in z′ is an empty group,
we propose to abandon this truncated AE move and remains at the current state, (z,K).
If the reallocation does not create an empty group, we propose:

{z,K} → {z′,K ′ =K + 1},
with the proposal probability

P({z,K} → {z′,K ′})=
∫ 1
0 p

n′
K′

e (1− pe)n
′
gπbeta(pe|a, a)dpe

1− p0
P(ejectT)

1
K
, (27)

where n′
g and n′

K′ , respectively, denotes the number of nodes in group g and in group K′ of
the proposed clustering z′. Here, the reallocation probability pe is collapsed leading to:∫ 1

0
p
n′
K′

e (1− pe)n
′
gπbeta(pe|a, a)dpe =

∫ 1

0
p
n′
K′

e (1− pe)n
′
g
�(2a)
�(a)2

(1− pe)a−1pa−1
e dpe

= �(2a)
�(a)2

∫ 1

0
p
n′
K′+a−1

e (1− pe)n
′
g+a−1 = �(2a)

�(a)2
�(a+ n′

g)�(a+ n′
K′)

�(2a+ ng)
, (28)

where ng is the number of nodes in group g of the current clustering z, and note here that
ng = n′

K′ + n′
g . The p0 in Eq. (27) is the probability that all the selected nodes are reallocated

in one group leaving another group empty, and is calculated following the similar way as
Eq. (28), that is,

P
(
n′
K′ = 0

)= P
(
n′
g = 0

)= p0
2

=
∫ 1

0
p0e (1− pe)ngπbeta(pe|a, a)dpe = �(2a)

�(a)
�(a+ ng)
�(2a+ ng)

.

The prior parameter a for the reallocation probability pe is set by checking the pre-
computed look-up table of p0 with respect to a and ng . According to our simulation studies,
since we do not expect too many moves to be abandoned due to creating empty groups,
we propose to set p0 = 0.02 in our experiments. On the contrary, the reverse proposal
probability is

P({z′,K ′} → {z,K})= P(absorb)
K

.

Thus this ejectT move is accepted with probability

min
(
1,

f (ν|z′)f (U|z′)f (z′|c)
f (ν|z)f (U|z)f (z|c)

P({z′,K ′} → {z,K})
P({z,K} → {z′,K ′})

)
, (29)
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where the details of the f (ν|z), f (U|z) and f (z|c) terms are, respectively, provided in
Eqs. (24), (17) and (10). Otherwise, we remain at the current state (z,K).

• Absorb move: first randomly select two groups, say groups g, h with g < h, from the K
groups and merge them together into cluster g. Then relabel all the groups in ascend-
ing order from group 1 to group K ′ := K − 1. We accept this absorb move with the same
probability scheme in Eq. (29) but with different proposal probability:

P({z,K} → {z′,K ′})= P(absorb)
K(K − 1)

,

while the reverse proposal probability is

P({z′,K ′} → {z,K})=
�(2a)
�(a)2

�(a+ ng)�(a+ nh)
�(2a+ n′

g)

1− 2
�(2a)
�(a)

�
(
a+ n′

g
)

�
(
2a+ n′

g
)

P(ejectT)
K ′(K ′ + 1)

.

The proof of the above formula is similar to Eq. (28). If the absorb move is not accepted,
we remain at the current state.

Note that our proposed TAE move is a Metropolis-Hastings move that extends the typical AE
move proposed in Nobile and Fearnside (2007), wherein a complete study and discussion on these
moves are provided.

3.3 Partially collapsedmetropolis-within-Gibbs
Inferring the indicators of unusual zeros ν and the latent clustering indicators z from different
posteriors does not guarantee the convergence to the same target distribution. However, note that
both posteriors in Eq. (20) and in Eq. (23) are different partially collapsed forms of the posterior
in Eq. (16) which is further a partially collapsed form of the posterior:

π(X, ν, P̄,U , z, β|Y , c)∝ f (X|Y , β ,U , ν)f (Y|β ,U , ν)f (ν|P̄, z)f (U|z)f (z|c)π(β)π(P̄), (30)
where P̄ is defined as a N ×N matrix of which P is a submatrix. The joint prior distribution
π(P̄)∝∏N

g=1,h=1 fBeta(p̄gh|β1, β2) is proposed to be the product up to the maximum reachable
value of K, that is, N, and the {p̄gh} here are the entries of P̄. Thus we leverage the partially col-
lapsed Gibbs approach proposed by Van Dyk and Park (2008); Park and Van Dyk (2009) to ensure
the correct target stationary distribution. Our Algorithm 1 further adopts theMetropolis-Hastings
(M-H) steps of inferring β and U leading to the Partially Collapsed Metropolis-within-Gibbs
(PCMwG) algorithm. Note that the full-conditional distribution of β remains the same under
either the posterior in Eq. (16) or the posterior in Eq. (30), that is,

p(β|X,U)∝ f (X|β ,U)π(β)=
⎡
⎣ N∏
i,j : i�=j

fPois(xij|exp(β − ||ui − uj||))
⎤
⎦ π(β), (31)

while the full-conditional distribution of each ui is also invariant under the two different
posteriors:

p(ui|zi = k, β , X,U\{ui})∝ f (X|β ,U)f (U|z−i, zi = k)

∝
⎡
⎣ N∏
j : j�=i

fPois(xij, xji | exp(β − ||ui − uj||))
⎤
⎦
⎡
⎢⎣α2 −

∥∥∥∑j : zj=k uj
∥∥∥2

nk + ω
+

∑
j : zj=k

∥∥uj∥∥2
⎤
⎥⎦

−( d2 nk+α1)

.

(32)
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Algorithm 1: A partially collapsed Metropolis-within-Gibbs sampler for ZIP-LPCM.

Input: Y , c, σ 2
β , σ

2
U , α1, α2,ω, α, β1, β2, {ωc : c= 1, 2, . . . , C}.

Initialize U , z, β , P, ν, X.
for t = 1 to T do

for i, j= 1, 2, . . . ,N and i �= j do
1. Sample νij from Eq. (19).
2. Sample xij from Eq. (3) where λij is obtained from Eq. (4).

end for
3.1 Propose β ′ ∼N(β , σ 2

β ).
3.2 Based on Eq. (31), accept β = β ′ with probability min

(
1, p(β

′|X,U)
p(β|X,U)

)
.

Otherwise, set β = β .
for i= 1, 2, . . . ,N do

4.1 Propose u′
i ∼MVN(ui, σ 2

UId).
4.2 Based on Eq. (32), accept ui = u′

i with probability

min
(
1, p(u

′
i|zi,β ,X,U\{ui})

p(ui|zi,β ,X,U\{ui})
)
.

Otherwise, set ui = ui.
end for
for i= 1, 2, . . . ,N do
5. Each clustering variable zi is inferred to be k with the normalized
probability proportional to Eq. (25) for k= 1, 2, . . . ,K−i + 1.

end for
6. The truncated AE move is applied following Section 3.2.
for g, h= 1, 2, . . . ,K do
7. Infer pgh from Eq. (22).

end for
end for
Output: Posterior samples of ν, X, β ,U , z, P,K for each iteration t = 1, 2, . . . , T.

Here we set normal proposal distribution with variance σ 2
β for the M-H step of β , while we pro-

pose a multivariate normal proposal distribution for each latent position ui with covariance σ 2
UId.

Both proposal distributions are centered at the previous state of the corresponding parameter or
latent variables.

According to Van Dyk and Park (2008); Park and Van Dyk (2009), the ordering of the steps in
Algorithm 1 matters in that the sampling of X must be performed after the sampling on ν; also,
the inference on Pmust be performed after the step on z and after the truncated AEmove. If these
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requirements are not satisfied, the algorithm would yield a Markov chain targeting an unknown
stationary distribution.

The posterior samples of interests are those of ν, β ,U , z and K. Since the sampled values of
each νij are either 0s or 1s, the posterior mean of the νij, denoted as ν̂ij, provides an approximation
of the conditional probability in Eq. (18). Such an approximation takes into account the uncer-
tainty generated by β ,U , z and P, where pzizj varies along with different posterior clustering z
throughout the posterior samples. Similarly, the posterior mean is also calculated for the intercept
β to obtain its summary statistic, β̂ .

As concerns the latent clustering variable, we may obtain a point estimate via

ẑ = arg min
z′

Epost[LVI(z, z′)|Y , c], (33)

within which LVI is the Variation of Information (VI) loss function (Meilă, 2007; Wade and
Ghahramani, 2018) defined as LVI(z, z′)= 2H(z, z′)−H(z)−H(z′), measuring the log-ratio of
the mutual and the individual entropies of the clusterings. Here, H(z) is the entropy of z, and
H(z, z′) is the joint entropy of z and z′. Such a method is widely used in the literature and is shown
to perform well for obtaining a point estimate of the clustering from a set of posterior samples, for
example, Rastelli and Friel (2018); Legramanti et al. (2022); Lu et al. (2025). An estimated K̂ can
thus be obtained based on the number of non-empty groups in ẑ. A natural approach to summa-
rize posterior samples of latent positions U is to first apply Procrustes transformation (Borg and
Groenen, 2005) on each posterior sample with respect to a reference U , and then to calculate the
posterior mean from the posterior samples of each ui. However, we find that, under LPCMs, the
latent positions can still keep rotating within each individual group, especially when the groups are
well separated. This creates further complications that are not resolved by the standard Procrustes
transformations. For this reason, we opt for a more pragmatic approach and resort to obtain a
point estimate of U via

Û = arg max
U

post
[
f (X|β ,U)f (ν|P, z)f (U|z)f (z|c)1(z = ẑ)

]
, (34)

which is the posterior latent positions from the posterior state which maximizes the complete
likelihood function of the posterior in Eq. (30) among those states whose corresponding posterior
clustering is identical to ẑ. In the case that no posterior clustering agrees with ẑ, the posterior
states after burn-in process are all considered. However, this is not the case of any experiments we
illustrate in the next sections.

3.4 Choice of the number of latent dimensions
In our simulations and applications, we generally propose d = 3 for the latent positions, aim-
ing to provide 3-d visualizations of the complex networks. Latent spaces with higher dimensions
cannot be visualized in practice and are generally not required to represent most typical real
networks, so d = 2 or d = 3 dimensions are usually more than sufficient. In fact, in Hoff et al.
(2002), the authors defined (for binary networks) a concept of representability that determines by
which dimension d of the latent positions a network is representable. However, it is not easy to
theoretically evaluate the value d, especially for complex networks, regardless of whether such a
concept can be well extended to weighted networks. In any case, the authors argue that a small
value of d can be sufficient to represent a large variety of common social networks. In this spirit,
we perform our simulation studies in three dimensions, and, in the real data applications of
Section 5, we compare the d = 3 performance to the corresponding d = 2 performance for each
real network we focus on, giving some nuanced views for the different cases. We note that model
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choice for LPMs remains a critical research question. Our work contributes in this research direc-
tion by providing additional examples of the typical results that can be obtained in two and three
dimensional LPMs.

4. Simulation studies
In this section, we show the performance of the newly proposed ZIP-LPCM+MFM model in
both a supervised and unsupervised setting. For clarity, the inference algorithm of the unsuper-
vised case is obtained by simply replacing Eq. (12) with Eq. (9) in Eq. (25) within the Algorithm 1
Step 5, and by replacing Eq. (10) with Eq. (8) in Step 6 of the algorithm. Further, we also make
comparisons with the binary LPCM explored in Ryan et al. (2017), which we suitably extend
to the non-negative weighted networks framework. The extension of the binary LPCM to the
weighted case is done by replacing the Bernoulli logistic link function with the Poisson distribu-
tion equipped with the link function in Eq. (4), leading to the Poisson LPCM (Pois-LPCM). Note
that the Pois-LPCM is a specific case of the ZIP-LPCM if we let the probability of unusual zeros
for each pair of nodes be zero, corresponding to the situation that no unusual zero or missing data
is assumed for the model. Both supervised and unsupervised MFM priors are also proposed for
the Pois-LPCM along with the truncated AE move to achieve a more fair performance compari-
son. Thus the corresponding inference processes for the Pois-LPCM also follow Algorithm 1, the
only differences being the removal of Steps 1, 2, 7, as well as all the ν terms in Steps 5, 6, and also
treating X as Y instead.

We propose three simulation studies. In simulation study 1, we randomly generate two artifi-
cial networks: one from a ZIP-LPCM (scenario 1) and one from a Pois-LPCM (scenario 2). We
implement the supervised and the unsupervised versions of ZIP-LPCM and of Pois-LPCM on the
artificial network in each scenario, aiming to show that our newly proposed ZIP-LPCM is able to
perform well when it is mis-specified to networks without unusual zeros or missing data. We also
aim to illustrate that the capability of modeling unusual zeros plays a key role during the inference,
leading to better performance of the ZIP-LPCM compared to the Pois-LPCMwhen we fit them to
networks with unusual zeros.

Instead, in simulation study 2, we focus on synthetic networks which are generated from the
Zero-Inflated Poisson Stochastic Block Model (ZIP-SBM) explored in Lu et al. (2025). Also for
this second simulation study, we consider two scenarios. In the first scenario we have a basic
community structure, whereas in the second we also include hubs and thus disassortative pat-
terns. Our goal is to analyze whether the ZIP-LPCM is able to fit well to networks that generated
from a different model, that is, the ZIP-SBM. Indeed, it is known that the ZIP-SBM is able to
characterize specific structures which are not possible to represent with the latent positions of
the ZIP-LPCM (due to the inherent transitivity of the latent space), and thus may be more flexible
when compared to the ZIP-LPCM.However, the ZIP-SBM cannot capture much variability within
the blocks, and cannot provide the latent space views of the networks, thus making the ZIP-LPCM
a viable modeling choice. Note that the simulation settings of all the models in this section mimic
the structures of the real networks from our real data applications, thus, the simulation study
performance provide valuable benchmarks for the analyses of real networks.

In simulation study 3, we further explore the robustness of our ZIP-LPCM approach perfor-
mance by replicated experiments on different sampled networks with the same model settings.
We also investigate the generalization of our results to networks with larger network sizes.

4.1 Simulation study 1
We propose synthetic networks with N = 75 nodes and K = 5 clusters, where the true clus-
tering z∗ has group sizes: n1 = 5, n2 = 10, n3 = 15, n4 = 20 and n5 = 25. The network that

https://doi.org/10.1017/nws.2025.10021 Published online by Cambridge University Press

https://doi.org/10.1017/nws.2025.10021


16 C. Lu et al.

we generate for scenario 1 is randomly simulated from a ZIP-LPCM with settings: β = 3,
τ = ( 1

0.25 ,
1

0.50 ,
1

0.75 , 1,
1

1.25
)
and

μ =

⎡
⎢⎢⎣
⎛
⎜⎜⎝

−1.5

−1.5

−1.5

⎞
⎟⎟⎠ ,

⎛
⎜⎜⎝

−2

2

0

⎞
⎟⎟⎠ ,

⎛
⎜⎜⎝

2

−2

0

⎞
⎟⎟⎠ ,
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The network in scenario 2 is simulated from a Pois-LPCMwith the same set of parameters shown
above, but excluding the probability of unusual zeros P. In order to assess the performance of the
estimation procedure, the above parameter values, which are used for generating the networks,
are treated as the reference values to be compared to the corresponding posterior samples. We
further use (·)∗ to denote these reference values, that is, (K∗, z∗, β∗, τ ∗,μ∗, P∗) indicate the true
parameter values that have generated the data. However, not all of these parameters are actually
used, for example, the parameters τ andμ aremarginalized out during the inference and thus they
are not taken into account. Figure 1 illustrates the latent positions and the clustering used for gen-
erating the networks in two scenarios. The pattern of the latent positions for the second scenario
are similar to the first scenario one but with denser edges because no missing data is assumed. We
refer to https://github.com/Chaoyi-Lu/ZIP-LPCM for more details including the 3-d interactive
plots of the latent positions as well as all the implementation code of the experiments in this paper.
Figure 2 shows the heatmap plots of the adjacency matrices for both synthetic networks.

Prior settings similar to those of Handcock et al. (2007), Ryan et al. (2017) are applied for all
the experiments of this paper: α = 3 for the MFM and α1 = 1, α2 = 0.103 in Eq. (14). The tuning
parameter ω in Eq. (15) is instead set as 0.01, encouraging more split clusters in the latent space.
A common prior distribution of K̄ in MFM is assumed as we discussed in Section 2.3, that is,
K̄ ∼ Pois(1)|K̄ > 1. Based on the ZIP-SBM results illustrated in Lu et al. (2025), we also propose to
set a Beta(1, 9) prior for the probability of unusual zeros by default in Eq. (21), but we also check
in the simulation studies the sensitivity of this prior setting by considering four other different
options, that is, Beta(1, 1), Beta(1, 3), Beta(1, 19) and Beta(1, 99).

As regards the node attributes, a contaminated version of the true clustering z∗ is used as the
exogenous node attributes c where the clustering of 20 out of 75 nodes are randomly reallocated.
This setting aims to check whether the output are robust when noise exists in the node attributes.
The prior of β is proposed to be a continuous uniform distribution defined on a large enough
interval centered around zero so that the corresponding probability density function can always
be canceled in the acceptance ratio of Step 3.2 of Algorithm 1. The cohesion parameter of the
supervised MFM is canonically set as ωc = 1 for c= 1, 2, . . . , C.

With regard to theMCMC posterior samples, we run the algorithm for 12,000 iterations, where
the first 2000 iterations are discarded as burn-in for each setting that we consider. The conver-
gence and mixing of the posterior samples of the ZIP-LPCM is monitored by checking the trace
plots of the corresponding values of the complete likelihood function of the posterior in Eq. (16),
that is,

f (Y , X, ν,U , z|β , P, c)= f (X|β ,U)f (ν|P, z)f (U|z)f (z|c).
The complete likelihood of the Pois-LPCM is obtained by simply removing the f (ν|P, z) term and
by replacing X with Y in the above equation. In practice, we observe that the posterior samples
of all implementations in simulation study 1 and simulation study 2 quickly converge to the sta-
tionary distribution within approximately 2000 iterations, however we conservatively use a much
larger number of iteration to ensure satisfactory convergence.
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1
2
3
4
5

Figure 1. Simulation study 1 synthetic networks. The 1st row plots correspond to the scenario 1 network, while the 2nd row
plots correspond to the scenario 2 network. The 1st column plots show the 3-dimensional plots of the latent positions with
different node colors denoting the corresponding true clustering. Node sizes are proportional to node betweenness, whereas
edgewidths and colors are proportional to edgeweights. The 2nd column plots are the rotated plots of the 1st column latent
position plots that are rotated for 90◦ clockwise with respect to the vertical axis.

The initial clustering is proposed to be the trivial clustering where each node occupies a
different group. This leads to higher computational burden required in early iterations of the
implementations: on a laptop equipped with a Intel Core i7 1.80GHz CPU, the supervised ZIP-
LPCM algorithm implemented for 2000 iterations in this simulation study 1 take around 5.5
mins to finish, the 6000-iteration implementations take approximately 14 mins, and the 12,000-
iteration implementations that wemainly focus on in practice take around 24mins. The execution
time of the unsupervised implementations is generally 20% less than that of the supervised imple-
mentations, and the time spent by Pois-LPCM algorithm executions is approximately 12.5% less
than that of the ZIP-LPCM cases.

Latent positions are initialized by a natural approach where classical multidimensional scaling
(Gower, 1966) is applied on the geodesic distance matrix of the observed adjacency matrix, in the
same style as Hoff et al. (2002). The proposal variances of M-H steps of β and U are tuned so that
the corresponding acceptance rates are approximately 0.23. The probability of applying an ejectT
move is set as P(ejectT)= 0.5 by default.
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Figure 2. Simulation study 1. Synthetic networks’ adjacencymatrix heatmapplots. Darker entries correspond to higher edge
weights. The side-bars indicate the reference clustering z∗. Left plot: scenario 1 network, generated from a ZIP-LPCM. Right
plot: scenario 2 network, generated from a Pois-LPCM.

Recall that a point estimate of the posterior clustering and of the latent positions is, respec-
tively, obtained by Eqs. (33) and (34). The set of distances {dij = ||ui − uj|| : i, j= 1, 2, . . . ,N; i> j}
between each pair of nodes are invariant under any rotation or translation of U , so that the
set of {d̂ij} can be obtained via posterior mean of each dij in the posterior samples, accounting
for the uncertainty of all other model parameters and latent variables. We treat the distances
obtained from U∗ as the corresponding reference values to be compared to those {d̂ij}, that is,
{d∗

ij = ||u∗
i − u∗

j || : i, j= 1, 2, . . . ,N; i> j}. Similarly, the probability of unusual zeros P is, by defi-
nition, composed by {pgh : g, h= 1, 2, . . . ,K} for each pair of non-empty clusters and is dependent
on the clustering. Due to the fact that the posterior clustering keeps mixing during the inference
leading to different number of clusters, the identifiability problem occurs in the posterior samples
of P. However, instead of such a group-level parameter, we focus on an individual-level N ×N
matrix, p, within which each ijth entry is the probability of unusual zero pzizj , and we obtain the
corresponding p̂zizj via posterior mean accounting for the uncertainty of the posterior clustering.
The p∗

zizj is proposed to be zero for each pair of nodes i, j in scenario 2 by considering that the
Pois-LPCM is a specific case of the ZIP-LPCM.

The performance of eight different cases are illustrated in Table 1. The table shows that the
supervised implementations are able to provide better clustering performance with lower uncer-
tainty in both scenarios as expected, even though there is significant contamination existing in
the exogenous node attributes. The Pois-LPCM cases fail to recover the true clustering and are
shown to be unable to fit well to the network generated from the ZIP-LPCM in scenario 1. On the
contrary, the ZIP-LPCM provides good performance in both scenario 1 and 2, especially when
the parameter β2 of the prior of the probability of unusual zeros is set to be around 9. In the
case that β2 = 99, the prior encourages very small probability of unusual zeros, and this makes
the ZIP-LPCM become close to the Pois-LPCM leading to small {p̂zizj} shown as, for example,
E({|p̂zizj − p∗

zizj |})[sd] where p∗
zizj = 0 in scenario 2 of Table 1. Moreover, the inferred ẑ from the

cases of “ZIP-LPCM Sup Beta(1,99)” and “Pois-LPCM Sup” is also very similar in scenario 1.
Though the estimated clustering is not detailed here, the materials can be provided upon request
or following the provided code in theData availability statement section to reproduce the output.
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Table 1. Simulation study 1. Performance of eight different implementations where (i) K̂: the number of clusters in ẑ; (ii) VI(ẑ, z∗): the VI distance between the point estimate ẑ and the
true clustering z∗; (iii) Ez[VI(ẑ, z) | Y]: the minimized expected posterior VI loss of the clustering with respect to ẑ. This statistic measures the uncertainty of the posterior clustering
around the ẑ; (iv) E({|d̂ij − d∗

ij |}) [sd]: the mean of {|d̂ij − d∗
ij | : i, j= 1, 2, . . . , N;i> j} with the corresponding standard deviation (sd) shown in the square bracket; (v) β̂: the posterior

mean of β; (vi) E({|p̂zizj − p∗
zizj |}) [sd]: the mean of {|p̂zizj − p∗

zizj | : i, j= 1, 2, . . . , N;i> j} with sd in the square bracket. More details are included in Section 4.1. The best performance
within each column are highlighted in bold font

K̂ VI(ẑ, z∗) Ez[VI(ẑ, z) | Y] E({|d̂ij − d∗
ij |})[sd] β̂ E({|p̂zizj − p∗

zizj |})[sd]
Scenario 1 2 1 2 1 2 1 2 1 2 1 2

ZIP-LPCM Sup Beta(1,1) 7 5 0.68 0.00 0.551 0.031 0.359 [0.266] 1.356 [1.097] 2.95 2.93 0.193 [0.158] 0.157 [0.127]
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ZIP-LPCM Sup Beta(1,3) 5 5 0.00 0.00 0.018 0.008 0.250 [0.203] 1.347 [1.088] 3.03 2.96 0.084 [0.065] 0.116 [0.081]
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ZIP-LPCM Sup Beta(1,9) 5 5 0.00 0.00 0.009 0.011 0.249 [0.201] 1.341 [1.081] 3.02 2.96 0.033 [0.034] 0.074 [0.050]
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ZIP-LPCM unSup Beta(1,9) 5 5 0.00 0.00 0.072 0.052 0.250 [0.202] 1.339 [1.080] 3.02 2.96 0.032 [0.031] 0.069 [0.043]
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ZIP-LPCM Sup Beta(1,19) 5 5 0.00 0.00 0.005 0.021 0.262 [0.210] 1.334 [1.074] 3.03 2.93 0.029 [0.025] 0.039 [0.019]
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ZIP-LPCM Sup Beta(1,99) 5 5 0.27 0.00 0.023 0.029 0.290 [0.229] 1.334 [1.074] 3.02 2.96 0.084 [0.055] 0.009 [0.002]
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Pois-LPCM Sup 5 5 0.42 0.00 0.369 0.025 0.384 [0.293] 1.322 [1.070] 2.62 2.91 – –
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Pois-LPCM unSup 2 5 1.53 0.00 1.086 0.072 0.400 [0.320] 1.333 [1.072] 2.63 2.96 – –
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Figure 3. Simulation study 1 scenario 1. Performance of the posterior mean ν̂, which approximates the conditional prob-
ability in Eq. (18). The top-left plot is the heatmap of the reference values of Eq. (18), obtained by leveraging the reference
model parameters used for simulating the network, whereby darker entry colors correspond to higher values. The other four
heatmap plots describe ν̂ as inferred by the corresponding priors indicated on top of the heatmap. The rows and columns
of the matrices are rearranged and separated according to ẑ while the side-bars indicate the true clustering of each individ-
ual. The last plot shows the Receiver Operating Characteristic (ROC) curves for all the supervised ZIP-LPCM cases, where the
reference ν∗ is the response variable.

The results also highlight that the ZIP-LPCM implementations with higher prior mean of the
probability of unusual zeros tend to overestimate K on ZIP-LPCM networks. For example, in
scenario 1 the posterior clustering of the “ZIP-LPCM Sup Beta(1,1)” tends to split some of the
groups into smaller subgroups, leading to K̂ = 7 against K∗ = 5, even though such an implemen-
tation is supervised and thus uses some extra information. On the contrary, the unsupervised
Pois-LPCM underestimates K: the posterior clustering of the “Pois-LPCM unSup” merges sev-
eral groups together and provides K̂ = 2. Considering that the Pois-LPCM is in fact an extreme
case of the ZIP-LPCM wherein all the probability of unusual zeros is set to be zero, this over-
estimated/underestimated K performance correspond to the fact that the probability of unusual
zeros controls the sparsity of the network, where larger probability corresponds to sparser latent
positions bringing more separated clusters, and vice-versa.

Each element νij of the indicators of unusual zeros ν is defined to be either 1 or 0. Hence,
the posterior mean of each νij measures the proportion of the times that the corresponding yij is
inferred as an unusual zero. In the case that yij > 0, the posterior samples of νij are all inferred to
zero by default. Denoting ν̂ij as the posterior mean of νij, then ν̂ij becomes an approximation of the
conditional probability of the unusual zeros in Eq. (18) accounting for the posterior uncertainty
of all other model parameters and latent variables. The performance of ν̂ij for the supervised ZIP-
LPCM cases from scenario 1 are shown in Figure 3. We note that the Beta(1, 1) case is excluded
because its summarized clustering is not satisfactory. The figure shows that the Beta(1, 9) case
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provide the best matching and the best ROC curves with respect to the references, while slightly
tuning the β2 provides comparable performance. However, it is also interesting that the Beta(1, 99)
prior also successfully and correctly prioritizes many zero interactions which are more likely to be
unusual zeros compared to other zeros. In fact, more non-zero interactions exist in a particular
block, more accurate the pairwise distances between the nodes inside are, hence bringing more
robust inference results of how likely the zero interactions in the block are unusual zeros. Note
here that in general smaller pij does not imply smaller value of Eq. (18): that also depends on β

and U . Hence, from a practical standpoint we suggest the Beta(1, 9) as the default prior setting
for the probability of unusual zeros, whereas priors with smaller means can be considered when
practitioners expect a more clustered network or prefer to learn more towards true zeros rather
than unusual zeros. By contrast, higher prior mean is encouraged if practitioners expect sparser
network architecture bringing more subgroup features. However, moderate tuning of the prior
parameters does not significantly affect the overall performance as shown in both Figure 3 and
Table 1.

4.2 Simulation study 2
In this second simulation study, the network sizeN and the clustering z∗ of the synthetic networks
are the same as those proposed in the first simulation study. The networks are randomly simulated
from the ZIP-SBM which can be obtained by removing the latent position parts in Eq. (4) and in
Eq. (5) from the ZIP-LPCM, and directly proposing a Pois(λzizj) in Eq. (2). The model parameter
λ is a K ×K matrix with entries {λgh : g, h= 1, 2, . . . ,K} being the Poisson rates defined for the
interactions between any two occupied groups.

In scenario 1 of simulation study 2, the values of λ used for generating the network are indicated
with λ1 in the equation shown below, whereas the probability of unusual zeros P is the same as
the one in Section 4.1.

λ1 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

7.0 0.5 0.5 0.5 0.5

0.5 4.5 0.5 0.5 0.5

0.5 0.5 3.5 0.5 0.5

0.5 0.5 0.5 2.0 0.5

0.5 0.5 0.5 0.5 2.5

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
, λ2 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

7.0 2.0 2.0 2.0 2.0

2.0 4.5 0.5 0.5 0.5

2.0 0.5 3.5 0.5 0.5

2.0 0.5 0.5 2.0 0.5

2.0 0.5 0.5 0.5 2.5

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

P2 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0.40 0.60 0.20 0.60 0.20

0.20 0.40 0.05 0.10 0.05

0.60 0.10 0.40 0.05 0.10

0.20 0.05 0.10 0.40 0.05

0.60 0.10 0.05 0.10 0.40

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

The values indicated with λ2 and P2 describe instead the setup for the second scenario of this
simulation study, whereby the interaction rate matrix λ2 includes a group of hubs, that is, nodes
that have relatively high connection rates to all other groups. The heatmap plots of the networks’
adjacency matrices from both scenarios are shown in Figure 4. In practice, we observe that the
execution time of our approach is affected by the complexity of the observed networks, whereby
all the simulation study 2 implementations require approximately 10% less time compared to
those in simulation study 1.

Figure 5 illustrates the inferred Û obtained by the supervised ZIP-LPCM with the default
Beta(1, 9) prior setting, whereas Table 2 illustrates the performance of all the implementations that
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Figure 4. Simulation study 2. Synthetic networks’ adjacencymatrix heatmapplots. Darker entries correspond to higher edge
weights. The side-bars indicate the reference clustering z∗. Left plot: scenario 1 network, generated from a ZIP-SBM without
hubs. Right plot: scenario 2 network, generated from a ZIP-SBM with hubs.

we take into account in this second simulation study. The latent positions show well-separated
clusters when they are inferred for ZIP-SBM networks, with significant hubs exiting in the cen-
ter for scenario 2. Based on the λ∗s used for simulating the networks, it is also shown that smaller
{λ∗

gh} correspond to sparser inferred latent positions between andwithin the clusters. The presence
of the hubs leads to slightly more clustered latent positions in scenario 2, which in turn brings
slightly higher β̂ in scenario 2 as shown in Table 2.

In the ZIP-LPCM, the λij can be obtained based on β and U following Eq. (4) for each pair of
nodes i, j: we use this to construct the posterior samples of λij for each ZIP-LPCM implementation.
The posterior mean of these samples forms the λ̂ij which contributes to the statistic, E({|λ̂ij −
λ∗
ij|})[sd], shown in Table 2. The corresponding reference parameter λ∗

ij is obtained according
to λ∗

z∗i z∗j
.

In general, our ZIP-LPCM still performs reasonably well in situations where the data are gener-
ated using a ZIP-SBM. However, we note that in this case the best performance is provided by the
Beta(1,19) prior instead of the default Beta(1,9). The Pois-LPCM fails to recover the true clustering
of the scenario 2 network when the inference is unsupervised. The same deteriorated performance
is also observed for the supervised ZIP-LPCM with Beta(1, 99) prior, the performance of which is
considered to be close to that of the Pois-LPCM. After a careful analysis of the resulting posterior
samples, we noticed that even though these two settings are able to recover the true clustering,
it is easy for them to get stuck around some local posterior mode of the clustering, whereby the
hubs are merged into another group. We find that these simulation results highlight that the zero-
inflation feature of the model becomes critical to efficiently characterize the group differences and
thus recover the correct partitioning of the nodes.

Figure 6 further illustrates the performance of ν̂ for the ZIP-LPCM. Though the elements in
the diagonal blocks are well approximated, the elements in the off-diagonal blocks are difficult to
infer. This shows that, in some cases, it is difficult for the ZIP-LPCM in the latent space to capture
specific network architectures produced by those freely chosen model parameters of ZIP-SBM.
This is especially significant for the asymmetric patterns of the upper-diagonal and the lower-
diagonal blocks shown in Figure 6. However, we can still observe remarkably many elements in
the off-diagonal blocks of ν̂ from scenario 2 that have significantly higher values than others, espe-
cially for those blocks associated to the hubs. The patterns of these elements generally agree with
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Figure 5. Simulation study 2. The 1st and the 2nd rows illustrate the inferred point estimate Û obtained by ZIP-LPCM Sup
Beta(1,9) implementations for Scenario 1 and Scenario 2, respectively. The 2nd column plots are rotated version of the
1st column plots where each inferred latent position rotated for 90◦ clockwise with respect to the vertical axis. Different
node colors correspond to different inferred groups according to the corresponding ẑ. Node sizes are proportional to node
betweenness while edge widths and colors are proportional to edge weights.

the corresponding reference patterns, thus successfully and correctly highlighting non-negligible
many zero interactions that are more likely to be unusual zeros compared to others.

As a final note, we also applied the supervised ZIP-SBM with the Beta(1,9) prior and a Ga(1,1)
Poisson rate prior, which extend the applications in Lu et al. (2025) to directed networks, on both
ZIP-SBM networks from the two different scenarios. We indicate these as “ZIP-SBM Sup” here.
Since the network data was generated from the ZIP-SBM, it is expected that the “ZIP-SBM Sup”
implementations have natural advantages over ZIP-LPCM implementations in this case. However,
we note that, though the results of the “ZIP-SBM Sup” implementations are even better than
the best “ZIP-LPCM Sup Beta(1,19)” cases illustrated in Table 2 and Figure 4, the discrepan-
cies in performance between them are not substantial. Especially for the inferred approximate
conditional probability of unusual zeros {ν̂ij}, the mean absolute error of which between the “ZIP-
SBM Sup” case and the “ZIP-LPCM Sup Beta(1,19)” case is 0.0403 in scenario 1, and is 0.0301
in scenario 2, while the corresponding standard deviation is 0.0320 and 0.0756, respectively.
Considering that the ZIP-SBM is not able to visualize networks, these deterioration can be fairly
neglected compared to the gains in the ability of network visualization for the ZIP-LPCM.
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Table 2. Simulation study 2. Performance of eight different implementations where (i) K̂: the number of clusters in ẑ; (ii) VI(ẑ, z∗): the VI distance between the point estimate ẑ and the
true clustering z∗; (iii) Ez[VI(ẑ, z) | Y]: the minimized expected posterior VI loss of the clustering with respect to ẑ. This statistic measures the uncertainty of the posterior clustering
around the ẑ; (iv) β̂: the posterior mean of β; (v) E({|p̂zizj − p∗

zizj |})[sd]: the mean of {|p̂zizj − p∗
zizj | : i, j= 1, 2, . . . , N; i> j}with the corresponding standard deviation (sd) shown in the

square bracket; (vi) E({|λ̂ij − λ∗
ij |})[sd]: the mean of {|λ̂ij − λ∗

ij | : i, j= 1, 2, . . . , N; i> j} with the corresponding sd in the square bracket. More details are included in Section 4.2. The
best performance within each column excluding the β̂ column are highlighted in bold font

K̂ VI(ẑ, z∗) Ez[VI(ẑ, z) | Y] β̂ E({|p̂zizj − p∗
zizj |})[sd] E({|λ̂ij − λ∗

ij |})[sd]
Scenario 1 2 1 2 1 2 1 2 1 2 1 2

ZIP-LPCM Sup Beta(1,1) 5 5 0.00 0.00 0.00 0.17 1.42 1.60 0.076 [0.069] 0.092 [0.078] 0.152 [0.261] 0.245 [0.299]
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ZIP-LPCM Sup Beta(1,3) 5 5 0.00 0.00 0.00 0.00 1.42 1.56 0.063 [0.071] 0.073 [0.067] 0.149 [0.259] 0.243 [0.306]
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ZIP-LPCM Sup Beta(1,9) 5 5 0.00 0.00 0.00 0.00 1.40 1.55 0.051 [0.048] 0.059 [0.061] 0.149 [0.265] 0.240 [0.318]
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ZIP-LPCM unSup Beta(1,9) 5 5 0.00 0.00 0.00 0.00 1.42 1.55 0.042 [0.038] 0.060 [0.058] 0.145 [0.260] 0.239 [0.319]
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ZIP-LPCM Sup Beta(1,19) 5 5 0.00 0.00 0.00 0.00 1.39 1.54 0.037 [0.026] 0.056 [0.071] 0.141 [0.267] 0.239 [0.329]
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ZIP-LPCM Sup Beta(1,99) 5 5 0.00 0.42 0.19 0.08 1.37 1.53 0.082 [0.049] 0.112 [0.126] 0.151 [0.288] 0.287 [0.413]
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Pois-LPCM Sup 5 5 0.00 0.00 0.07 0.05 1.03 1.15 – – 0.312 [0.511] 0.461 [0.564]
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Pois-LPCM unSup 5 4 0.00 0.40 0.21 0.23 1.02 1.16 – – 0.312 [0.514] 0.465 [0.573]
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Table 3. Simulation study 3. Performance of the replication simulation study (top table) and the simulation studies for net-
works with larger network sizes (bottom table). The same set of summary statistics used in Table 1 is also leveraged here
for performance explorations. The values in each row of the top table below correspond to the median, 10% and 90% quan-
tiles of the corresponding summary statistics for all 50 replicated implementations. The values in the bottom table below
correspond to the output values of the corresponding summary statistics for the two simulation studies of larger networks

50-Replications K̂ VI(ẑ, z∗) Ez[VI(ẑ, z) | Y] E({|d̂ij − d∗
ij |})[sd] β̂ E({|p̂zizj − p∗

zizj |})[sd]

10% quantile 5 0.00 0.0058 0.2486 [0.1978] 2.9164 0.0280 [0.0207]
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Median 5 0.00 0.0354 0.2818 [0.2323] 2.9704 0.0345 [0.0310]
.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

90% quantile 5 0.15 0.1160 0.3249 [0.2725] 3.0188 0.0469 [0.0458]

K̂ VI(ẑ, z∗) Ez[VI(ẑ, z) | Y] E({|d̂ij − d∗
ij |})[sd] β̂ E({|p̂zizj − p∗

zizj |})[sd]
ZIP-LPCM N150 5 0.00 0.0042 0.2924 [0.2920] 2.9536 0.0237 [0.0189]

.. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ZIP-LPCM N225 5 0.00 0.0119 0.2197 [0.1983] 3.0153 0.0182 [0.0241]

Sce 1 Reference Sce 1 ZIP−LPCM Sup Beta(1,9) Sce 1 ZIP−LPCM Sup Beta(1,19)

Sce 2 Reference Sce 2 ZIP−LPCM Sup Beta(1,9) Sce 2 ZIP−LPCM Sup Beta(1,19)

Figure 6. Simulation study 2. Performance of ν̂ based on the Beta(1, 9) and Beta(1, 19) prior settings. The 1st and 2nd rows,
respectively, correspond to scenarios 1 and 2. Darker colors indicate higher (approximate) probability of unusual zero con-
ditional on the fact that the corresponding observed interaction is a zero interaction. The rows and columns of the matrices
are rearranged and separated according to ẑ while the side-bars indicate the true clustering of each individual.

4.3 Simulation study 3
In this third simulation study, we first replicate the simulation study 1 scenario 1 experiments
for multiple times to check the robustness of the ZIP-LPCM performance. We repeatedly draw
50 different networks with the same model settings introduced therein, and we leverage the same
implementation settings for the inference. The performance of this replication simulation study
is shown as the top table of Table 3, wherein we use the same set of summary statistics as being
used in Table 1 for the performance exploration. The median, 10% and 90% quantiles of the cor-
responding statistics for all the 50 replication experiments are provided. The results show that all
the 50 implementations successfully select the true number of groups K∗ = 5 for the 50 different
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1
1 -> 2
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Figure 7. Simulation study 3. A two-group synthetic network example of showing possible misclassifications of nodes’ clus-
tering. The 2nd plot is the rotated plot of the 1st latent positions’ plot that is rotated for 45◦ anti-clockwise with respect to
the vertical axis. The latent positions are those used for generating the network, whereas the dark red (group 1) and dark
blue (group 2) nodes correspond to the nodes which are inferred to have true clustering. The three light red nodes are the
ones which should belong to group 1 according to the reference clustering z∗ but they are instead inferred to be misclassi-
fied to group 2 based on their network structure. Nomisclassification observed for group 2 nodes’ clustering. Node sizes are
proportional to node betweenness. Edge widths and colors are proportional to edge weights.

networks, respectively, and provide similar performance of the distance matrix {dij}, the intercept
β , and the individual-level probability of unusual zeros p, which are as good as those illustrated in
simulation study 1. However, we observe that not all the implementations successfully recover the
true clustering. In fact, there are 60% implementations which perfectly recover the true clustering;
32% implementations misclassified 1 node; 6% implementations misclassified 2 nodes, and there
is only 1 output clustering which clusters two true groups together leading to the final 4-group
clustering.

The above observed misclassifications are due to the model assumption that the clustering is
highly dependent on the latent positionsU . Figure 7 provides amore challenging simulation study
to explain this situation. The synthetic network shown in the figure has N = 50 nodes, which are
evenly assigned to K = 2 groups. The network is randomly generated from a ZIP-LPCM with set-
tings: β = 3,μ = [(2, 0, 0)T , (− 2, 0, 0)T], τ = (0.75, 0.75), and the unusual zero probability is set
to be 0.6 and 0.4, respectively, for diagonal and off-diagonal elements. These settings make the two
groups of the network in the latent space be close to each other, forming some mixed nodes in the
middle that are challenging to classify as shown in Figure 7. By treating the reference clustering z∗
with 15 nodes’ clustering contaminated (randomly reallocated) as the node attributes c, our super-
vised inference approach misclassified three nodes which should belong to group 1 (dark reds)
but which are inferred to be in group 2 (dark blues) according to the reference clustering used
for generating such a network. However, this “misclassification” might not be wrong based on
the network architecture. In fact, the complete likelihood value evaluated based on the reference
values of those model parameters and variables used for generating the network is −3114.734,
whereas that of our inferred output is −2771.003, indicating a better fitting to such a synthetic
network. Considering also the fact that 98% of the replication simulation studies provide either
true clustering or the clustering that is very close to the reference clustering, our proposed method
is shown to work well in this robustness checking experiment.

We also experiment on two more synthetic networks with larger network sizes in this simu-
lation study 3. The first network has double of the number of nodes of the simulation study 1
networks, that is, N = 150, whereas the second network has triple of the number, that is, N = 225.
Both networks are randomly generated from the ZIP-LPCMs that have settings which are the same
as those proposed in simulation study 1 scenario 1, except that the latent space group centers are
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scaled to be larger and are 1.25 and 1.375 of the μ∗ therein, respectively, in order to maintain
similar or less network sparsity. The supervised inference is applied on both networks where 40
and 60 nodes’ clustering is contaminated in the reference clustering to, respectively, form the cor-
responding node attributes. The inference results on such two networks are shown as the bottom
table of Table 3, where the performance which are comparable as those illustrated in Sections 4.1
and 4.2 are observed. However, though it is shown that our good performance can be generalized
to larger networks, we found that the practical implementations are more challenging, where the
12,000-iteration executions of our approach for the N = 150 network take approximately 43 mins
to finish. The execution time spent by fitting the N = 225 network is much longer and is around
1.2 hr, even when a k-means algorithm is used to initialize the partition with a 25-group solution.
The convergence of posterior samples of the N = 225 network simulation study are shown to
require more than 4000 iterations, which is significantly longer than all our previous experiments
and thus 4000-iteration burn-in is instead proposed in this case.

5. Real data applications
In this section, we illustrate the ZIP-LPCM performance on four different real networks. The
experiment priors and proposal variance settings are similar to those applied in the simula-
tion studies in Section 4 with the default prior setting of the probability of unusual zeros being
Beta(1, 9). Since the real networks have different network sizes and complexity, a conservative
60, 000 iterations are used for each real network, with the first 30, 000 iterations treated as burn-in.
We find that this leads to satisfactory mixing and convergence in all the applications considered.

In this section, we introduce an extra summary statistic to help with the illustration of the
results. Recall that the posterior mean ν̂ij approximates Eq. (18), which is the conditional prob-
ability of yij being an unusual zero provided that yij is observed as a zero. However, once an
observed yij = 0 is inferred as an unusual zero, the corresponding missing weight xij ∼ Pois(λij)
can be assumed following Eq. (3), where λij = exp(β − ||ui − uj||). This allows us to construct
the conditional probability of an observed zero interaction that should actually be a non-zero
interaction by using the product of P(xij > 0|β , ui, uj)= 1− fPois(0|λij) and Eq. (18), confirmed
by:

P(xij > 0|yij = 0, β , ui, uj, pzizj)= P(xij > 0|β , ui, uj)P(νij = 1|yij = 0, β , ui, uj, pzizj).

The above probability can be approximated by P̂(xij > 0|yij = 0, . . . )= [1− fPois(0|λ̂ij)]ν̂ij
accounting for the uncertainty of the posterior samples. From a practical standpoint, this statistic
is usually the one that the practitioners are more interested in, compared to Eq. (18). Here, the
λ̂ij can be obtained by the posterior mean of Eq. (4) accounting for the uncertainty of posterior
samples of β and U .

5.1 Sampsonmonks network
The social interactions among a group of 18 monks were recorded by Sampson (1968) during
his stay in a monastery. A political “crisis in the cloister” occurred in that period, leading to the
expulsion of four monks and the voluntary departure of several others. The interactions were
recorded as follows: each monk was asked at three different time points whether they had positive
relations to each of other monks and to rank the three monks they were closest to. The dataset has
been studied on many previous works, including Hoff et al. (2002). We aggregated the three time
points leading to a directed non-negative discrete weighted social network describing different
levels of friendships between the monks.

The observed adjacency matrix Y is shown as the first plot of Figure 8, within which the non-
negative discrete values of each entry ranges from 0 to 3. Each monk was classified by Sampson to
be within one of the three groups: “Turks”, “Outcasts” or “Loyal”, and such a clustering is treated
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Figure 8. The heatmap plots for the Sampson monks real network where the grays are used for zero values in order to
highlight other non-zero elements. Left plot: original observed adjacency matrix, Y . Middle plot: plot of Y where the rows
and columns of the matrices are rearranged and separated according to z∗. The different colors in the side-bars of this and
the last plot correspond to different reference clustering of each individual. Right plot: inferred P̂(xij > 0|yij = 0, . . . ).

as the reference clustering z∗ for this network. The plot ofY rearranged based on z∗ is shown as the
second plot of Figure 8, where we use red, blue and green colors to represent the three reference
groups, respectively. An extra true-or-false variable “Cloisterville” from De Nooy et al. (2018) was
also added to this dataset to indicate whether or not each monk attended the minor seminary of
“Cloisterville” before coming to the monastery. In our experiments, we leverage the combination
of the z∗ and the “Cloisterville” information as the exogenous node attributes indicated with c, to
implement the supervised version of the ZIP-LPCM on this network. For example, the monks in
the “Turks” group are separated into two different levels in c depending on whether each of them
attended the minor seminary or not. Similar for the other two groups leading to a total of C = 6
levels in c.

The inferred latent positions, Û , shown in Figure 9 illustrate a typical SBM structure which
resembles the ones shown in our simulation study 2 in Section 4.2. The inferred clustering ẑ per-
fectly agrees with the reference clustering z∗, even consider the more informative exogenous node
attributes c during inference. It is shown that the exogenous “Cloisterville” information does not
bring more subgroup features to the clustering of this network under the ZIP-LPCM. Our unsu-
pervised ZIP-LPCM implementation, which is not detailed here, also returns the same inferred
clustering but with higher uncertainty of the posterior clustering.

The red “Turks” group is shown to be more tightly clustered than the blue “Outcasts” group,
which is itself more clustered than the green “Loyal” group. According to the analysis of the con-
ditional probability of observed zeros that should actually be non-zero interactions shown in the
last plot of Figure 8, the within-group zero interactions of the “Loyal” group are more likely to
be non-zeros compared to other zero interactions, though the corresponding inferred probability
is around 0.4 which is not particularly high. The number of zero interactions from “Turks” to
“Outcasts” are shown to be significantly less than that in the reverse direction, leading to slightly
higher conditional probability of those zero-interactions being unusual zeros. However, consid-
ering the far latent distance between the two groups illustrated in Figure 9, the corresponding
conditional probability of being non-zeros shown in the last plot of Figure 8 remains relatively
small and negligible.

5.2 Windsurfers network
This is an undirected non-negative discrete weighted network (Freeman et al., 1998, 1988;
Kunegis, 2013) recording the interpersonal contacts between 43 windsurfers in southern
California during the fall of 1986. The values of interaction weights range from 0 to 47 recorded
in the adjacency matrix. As the network size is larger than the Sampson monks network, the
Beta(1, 19) prior of the probability of unusual zeros is proposed to encourage more clustering.
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Figure 9. The Sampson monks real network. Left plot: inferred latent positions, Û. The three inferred groups in ẑ are
distinguished by different colors, and perfectly agree with the reference clustering. Node sizes are proportional to node
betweenness. Edge widths and colors are proportional to edge weights. Right plot: rotated version of the latent positions
shown in the left plot where the whole latent space is rotated by 90◦ clockwise with respect to the vertical axis.

Figure 10. Windsurfers real network. Left plot: inferred latent positions, Û. The three inferred groups in ẑ are distinguished
by different colors. Node sizes are proportional to node betweenness. Edge widths and colors are proportional to edge
weights. Right plot: rotated version of the latent positions shown in the left plot where the whole latent space is rotated
by 90◦ clockwise with respect to the vertical axis.

Further, no reference clustering and exogenous node attributes are available for this network, so
the unsupervised ZIP-LPCM is used.

Figure 10 shows that the whole network may generally be split into two main groups. However,
it is interesting that our inferred clustering ẑ returns K̂ = 3 inferred groups, one of which is likely
to be a core group since it sits at the center of another group.We use dark red color to represent the
core group while the light red and light blue colors are used, respectively, for the corresponding
non-core group and another group. In combination with the middle plot of Figure 11, it is shown
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Figure 11. The heatmap plots for the windsurfers real network where the grays are used for zero values in order to highlight
other non-zero elements. Left plot: original observed adjacencymatrix, Y . Middle plot: plot of Y where the rows and columns
of the matrices are rearranged and separated according to ẑ. The different colors on the side-bars correspond to different
inferred clustering of each individual. Right plot: inferred P̂(xij > 0|yij = 0, . . . ).

that there are four windsurfers clustered into the red core group: they frequently interact with
each other thus leading to very strong connections. This core group also actively interacts with all
other windsurfers from the red non-core group, within which a few windsurfers seem to be the
“close friends” of the core windsurfers. These findings indicate that the members from the core
group may have a central or leader role or generally high reputation across the whole network.

It can also be observed in Figure 10 that four blue windsurfers are also well connected with
each other and tend to form a core of the blue group, but their connection patterns tend to be
significantly weaker than the red core group, and thus our model prefers not to distinguish them
from the whole blue group. The zero interactions which are more likely to be non-zeros are mainly
those within the red non-core group: some of them have very high probability to be non-zero
interactions. This result indicates that either the corresponding interpersonal contact data was
lost, or that those pairs of windsurfers might have other forms of interactions which were not
recorded in this dataset.

5.3 Train bombing network
This dataset (Hayes, 2006; Kunegis, 2013) aims at reconstructing the contacts between suspected
terrorists involved in the train bombing of Madrid on 11thMarch, 2004. The corresponding undi-
rected network records 64 suspects, and the pair-wise interaction strengths, which range from 0
to 4, indicate the aggregation of friendship and co-participating in training camps or previous
attacks. For this dataset, we propose a Beta(1, 9) prior and we use the unsupervised setting.

The inferred latent positions and clustering shown in Figure 12 illustrate that a small red group
containing five suspects forms the core of the whole network: strong connections between each
pair of members inside this core group can be observed. The big blue group contains the non-core
suspects and, based on the middle plot of Figure 13, some of them seem to be more “central” than
others in light of the significantly stronger connections with each other and with the core nodes.
By contrast, the other “non-central” blue members do not interact with the core nodes and only
interact with these “central” blue members. Though this “central” and “non-central” feature of the
inferred blue group can be illustrated by the plots, our inference results suggest not to split them
into two separate groups.

It is interesting that we also observe a small green group which contains five suspects who inter-
act strongly with each other. This special group is shown to only interact well with the core red
group and has very few connections with the non-core blue group. According to the correspond-
ing inferred latent positions shown in Figure 12, these features are unusual and in agreement with
the results shown in the last plot of Figure 13 where there are significantly many zero interactions,
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Figure 12. Train bombing real network. Left plot: inferred latent positions, Û. The inferred clustering distinguished by differ-
ent colors. Node sizes are proportional to node betweenness. Edgewidths and colors are proportional to edgeweights. Right
plot: rotated version of the latent positions shown in the left plot where the whole latent space is rotated by 90◦ clockwise
with respect to the vertical axis.
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Figure 13. The heatmap plots for the train bombing real network where the grays are used for zero values in order to high-
light other non-zero elements. Left plot: original observed adjacencymatrix, Y . Middle plot: the plot of Y where the rows and
columns of thematrices are rearranged and separated according to ẑ. The different colors in the side-bars of this and the last
plot correspond to different inferred clustering of each individual. Right plot: inferred P̂(xij > 0|yij = 0, . . . ).

which are more likely to be non-zeros compared to other zero interactions, between this special
green group and the non-core blue group. Finally, a small purple group seems to form a separate
small network by themselves and only has few weak connections with the blue group.

5.4 Summit co-attendance criminality network
The last real network that we propose in this paper was obtained from https://sites.google.
com/site/ucinetsoftware/datasets/covert-networks, and was previously analyzed in a number of
works, including Legramanti et al. (2022) and Lu et al. (2025). This is an undirected network
recording the co-attendance of summits for 84 criminal suspects operating in the north of Italy.
The edge weights represent the number of summits that any two individuals co-attended, and the
maximum edge weight is 13. We consider a ground-truth partition of the nodes as in Lu et al.
(2025), which we indicate with z∗. This reference clustering is made of 10 groups, which describe
the roles and affiliations of the suspects.
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Figure 14. Summit co-attendance criminality network. The 1st rowplots illustrate the inferred latent positions, Û, alongwith
the different dark or light node colors indicating the reference clustering z∗. Darker square nodes indicate amore central role
in the organization. The same Û is shown in the 2nd row plots but the node colors denote instead the inferred partition ẑ.
The 2nd column plots are the rotated version of the latent positions shown in the 1st column plots where the whole latent
space is rotated by 60◦ clockwise with respect to the vertical axis. Node sizes are proportional to node betweenness. Edge
widths and colors are proportional to edge weights.

The network also contains additional exogenous node attributes, which we indicate with c, and
use for the supervised implementations. The additional node information is also a partition with
C = 7 clusters. Since these partitions contain more levels compared to the ones explored in the
previous sections, we propose to apply a Beta(1, 6) as the prior of the probability of the unusual
zeros, so that we encourage the network sparsity, thus bringing more subgroup features.

Figure 14 illustrates the inferred latent positions plotted along with a set of different node col-
ors and shapes. The clustering in the 1st row plots is the reference clustering, z∗, where different
node colors correspond to different affiliations. Darker squares indicate individuals with more
central roles within the organization. Figure 15 shows the heatmaps for this network, with side-
bars indicating z∗, and row and column gaps indicating ẑ. We note that there is a fairly strong
agreement between the ground truth partition and the inferred one.
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Figure 15. The output heatmap plots for the summit co-attendance criminality network where the grays are used for zero
values in order to highlight other non-zero elements. The different colors in the side-bars correspond to the role-affiliation
information, z∗. The rows and columns of the matrices are rearranged and separated according to ẑ, where the inferred
groups containing central nodes are placed at the bottomwhile the others are placed at the top. Left plot: adjacency matrix
Y . Middle plot: inferred ν̂. Right plot: inferred P̂(xij > 0|yij = 0, . . . ).

Combining both Figure 14 and 15, significant core-periphery structure can be observed. Based
on the inferred latent positions, the core groups, consisting mainly of the criminal suspects with
central roles shown as darker groups in the 2nd row plots of Figure 14, mostly sit at the center
of the network, while the non-core groups are at the periphery. The core groups generally show
a flat structure as they roughly lie within a flat plane, whereas the periphery non-core groups
are more tridimensional and more pervasive. But the members of the non-core groups mainly
have connections within their own group or with the corresponding core groups, indicating a
lack of interactions between the non-core groups for this network. This is further confirmed by
visualizing the first plot of Figure 15. The members within each core group are densely connected
with each other, but significant sparsity between the cores can be observed, as exemplified by
those relatively sparse between-group interactions of the cores at the center of the latent positions
in Figure 14. However, most of the corresponding zeros within and between these core groups are
not likely to be non-zeros according to the right plot of Figure 15.

It is worthwhile to note that our inferred clustering, ẑ, is similar to the inferred clustering
(denoted as z† here) obtained by ZIP-SBM in Lu et al. (2025). However, one key difference between
ẑ and z† is relevant to some of the central nodes, including two orange nodes, one blue and one
green, whose inferred latent positions are close to each other and are near the center of the network
as shown in Figure 14.

5.5 Comparisons to inference on 2-dimensional latent space
We finish this section of real data applications by comparing the inference output obtained in
a 3-dimensional latent space to the output obtained in a 2-dimensional latent space for the real
datasets. The analyses are performed in an analogous way, with the obvious exception that the
dimension of the latent positions is instead set as d = 2. Figure 16 illustrates the inferred 2-
dimensional latent positions for the real networks. In summary, these results show that the plot
of the 2-d inferred latent positions is roughly like a screenshot of the corresponding 3-d inferred
latent positions from a specific angle, for example, if we compare the top-left plot of Figure 16,
which illustrates the 2-dimensional Û of the windsurfers network, to the left plot of Figure 10.
Similarly, the bottom-left plot of Figure 16, which shows the 2-dimensional Û and the reference
clustering z∗ of the criminality network, generally follow the pattern which is similar to that of the
top-left plot of Figure 14 which is a screenshot of the 3-dimensional Û of this network.

However, this does not mean that the third dimension is redundant, actually, there is good evi-
dence that a 2-dimensional latent space is not sufficient to characterize the architectures of these

https://doi.org/10.1017/nws.2025.10021 Published online by Cambridge University Press

https://doi.org/10.1017/nws.2025.10021


34 C. Lu et al.

Figure 16. The windsurfers, train bombing and summit co-attendance criminality network in 2-dimensional latent space.
The plot settings regarding node sizes, colors, types and edge colors, widths are similar to those applied in the previous
subsections. Top-left: inferred 2-d latent positions’ plot of the windsurfers network. Different node colors correspond to
different inferred groups in ẑ. Top-right: inferred 2-d latent positions’ plot of the train bombing network where the inferred
clustering has only 1 group. Bottom plots: inferred 2-d latent positions of the summit co-attendance criminality network,
where the different node colors in the left plot indicate the reference clustering z∗, while those in the right plot correspond
to different inferred groups in ẑ.

complex networks. For example, in the summit co-attendance criminality network, the green
nodes are distributed pervasively and tend to overlap with red and blue nodes in 2-d latent space
as shown in the bottom-left plot of Figure 16. In comparison, this group of nodes can be well sep-
arated along the extra 3rd dimension in 3-d latent space according to Figure 14. Furthermore, it is
also shown that the networks are generally inferred to be more aggregated in 2-d space compared
to the corresponding 3-d cases, making it harder to well infer the network clustering.

Similarly for the train bombing network, the 2-dimensional Û and the corresponding ẑ are
plotted at top-right of Figure 16. The core red group and the special green group are well inferred
in the 3-d space shown in Figure 12, but can no longer be well separated and be identified in
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the 2-d space, bringing a trivial inferred clustering which only has one singleton group. Our
experiments show that the illustrated unsatisfactory clustering of the summit co-attendance crim-
inality network and the train bombing network inferred in 2-d space also brings unreasonable
performance of inferred probability of unusual zeros. On the other hand, we point out that the
inference performance of the windsurfers network and the Sampson monks network in 2-d space
are shown to be comparable with those in 3-d space. Similar inferred latent positions’ patterns
and inferred clustering are observed in both 2-d and 3-d space, though the inferred probabil-
ity of unusual zeros is generally higher in 2-d cases due to the more aggregated patterns of
the 2-d latent positions. The plot of inferred 2-d latent positions of the Sampson monks net-
work, which is not included in Figure 16, is similar to the plots shown in Figure 9. We refer to
https://github.com/Chaoyi-Lu/ZIP-LPCM for more details of all the 2-d implementations for the
four real networks.

The above findings show that 3-dimensional latent positions are capable of giving a more
nuanced model-based representation compared to 2-d latent spaces. The choice of the number of
latent space dimensions remains a challenging problem. According to our results, 3-dimensional
latent spaces can allow for a better model fit while still maintaining visualizations that are easy
to interpret. Thus, our work emphasizes once more the criticality of this model-choice research
question within the scope of latent space modeling.

6. Conclusion and discussion
This paper describes an original ZIP-LPCM which leverages several recent ideas from the litera-
ture on computational statistics to analyze non-negative weighted networks with unusual zeros or
missing data. Our methodology combines ZIP distributions, clustering (via mixture of finite mix-
tures), and optional nodes attributes to be used within the clustering structure, when available. As
regards the inferential procedure, our novel approach relies on a partially collapsed sampler which
features a new TAEmove, and leads to an automatic and computationally efficient selection of the
optimal number of groups. One fundamental output of our proposed procedure is that it provides
new model-based visualizations of the complex network data using a 3-dimensional latent space.

The results that we obtain using this methodology include the latent space visualizations, the
clustering of the nodes, and the detection of unusual zeros, that is, missing or non-reported data.
As we demonstrate via various examples on simulated datasets, the model has great flexibility
and can generalize well to a variety of data patterns. In addition, the inferential procedure is scal-
able and is able to discover the accurate estimates for the model parameters and model structure.
Applications on various real networks show that we are able to uncover multiple complex and
interesting architectures for the social networks, which provide new perspectives on the analyses
of these datasets.

Future work will focus on computational scalability, since we are interested in estimating net-
works with much larger sizes that are common in real world. Moreover, instead of our proposed
partially collapsed MCMC approach, the variational Bayesian methods (for example, Salter-
Townshend and Murphy, 2013; Gollini and Murphy, 2016; Marchello et al., 2024) are also viable
approaches for inference tasks, and it will be interesting to compare the performance of these
two widely-used classes of inference methods. As motivated by Legramanti et al. (2022), instead
of a mixture of finite mixtures clustering prior, one could compare different forms of Gibbs-type
priors (Gnedin and Pitman, 2006) to complement our framework. If exogenous node attributes
are not categorical, one may consider a more generalized structure of the clustering prior, as
suggested by Shen et al. (2024), which can accommodate continuous or categorical or mixed type
attributes. Another viable modification is to replace Eq. (4), which is one of the simplest forms to
link between the E(yij) and the corresponding latent positions, with a more sophisticated choice,
for example, considering a different metric between pair-wise nodes on a different latent geomet-
ric space (Smith et al., 2019). Similarly, count data distributions beyond the Poisson may also be
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considered. Finally, following Sewell and Chen (2015), a natural and ambitious extension for this
network model would be to consider a dynamic setting, for the interactions, the clustering, and
the missing data specifications.
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