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Abstract

We discuss a continuous-time Markov branching model in which each individual can
trigger an alarm according to a Poisson process. The model is stopped when a given
number of alarms is triggered or when there are no more individuals present. Our goal
is to determine the distribution of the state of the population at this stopping time. In
addition, the state distribution at any fixed time is also obtained. The model is then
modified to take into account the possible influence of death cases. All distributions are
derived using probability-generating functions, and the approach followed is based on
the construction of families of martingales.
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1. Introduction

Consider a population of individuals described by a classical continuous-time Markov
branching process. All individuals behave independently of each other, and each can give birth
at a rate of λ> 0 but can die at a rate of μ> 0. Let It be the number of individuals present at
time t ≥ 0. In the following, we often take I0 = 1. The number of deaths during the period (0, t)
is denoted Rt. Thus, It + Rt gives the size of the total progeny up to time t (including I0).

Branching models play an important role in many areas, including biology, genetics,
medicine, and population dynamics; see [9, 11, 12, 16]. In this paper we are interested in an
application of branching processes to model the spread of an epidemic. Much of the stochas-
tic theory of epidemics can be found in [1, 7, 10]. The so-called general epidemic process is a
traditional model for describing the spread of a susceptible–infected–removed (SIR) infectious
disease. Intuitively, during the early stages of this epidemic the number of susceptibles can be
considered almost constant, so that the evolution of the number of infectives may be approx-
imated well by an appropriate branching process. Such an approximation has been rigorously
established for different types of SIR models, e.g. [2, 3, 4, 14]. In this context, It represents
the number of infectives present at time t, and Rt is the number of infectives that have been
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permanently removed, by death or immunization, up to time t. Thus, It + Rt gives the total
number of infections up to t.

The current work is devoted to a generalized branching model which includes a possible
alarm system triggered by the individuals from the population. More specifically, we assume
that each individual present can activate an alarm independently and at the points of a Poisson
process of rate α > 0. In the previous epidemic setting, the alarms are thus triggered by the
infectives and could alert an inspection body to take intervention measures. We denote by At the
number of alarms occurring up to time t. The branching model is thus described by the trivariate
Markov process {(It, Rt, At), t ≥ 0} of state space {(i, r, a) ∈N

3
0} with (I0, R0, A0) = (1, 0, 0)

initially. The infinitesimal transition probabilities are given by

P[(It+dt, Rt+dt, At+dt) = (i + 1, r, a) | (It, Rt, At) = (i, r, a)] = λidt + o(dt),

P[(It+dt, Rt+dt, At+dt) = (i − 1, r + 1, a) | (It, Rt, At) = (i, r, a)] =μidt + o(dt),

P[(It+dt, Rt+dt, At+dt) = (i, r, a + 1) | (It, Rt, At) = (i, r, a)] = αidt + o(dt). (1.1)

The model is stopped at time τj when a given number j ( ≥ 1) of alarms is triggered, or when
the population dies out.

Our primary goal is to determine the distribution of the stopped vector (Iτj, Rτj , Aτj ). We
start by stopping the branching at the first alarm, then we continue by examining a subse-
quent alarm. In the latter case, we are discussing two different situations: assuming that the
a person who triggered the alarm cannot be identified, or, on the contrary, is recognized and
isolated. Another objective is to obtain for the model the temporal distribution of the state vec-
tor (It, Rt, At) at any fixed time t. Finally, two variants of the model are considered: the alarms
are only triggered when a given number of deaths have occurred, or else the alarms are caused
by the total number of recorded deaths. Although different alarm scenarios are envisaged, the
approach followed for their study is broadly similar throughout. The distributions, stopped
or temporal, of the state vector will be derived by means of the joint probability-generating
functions (PGF). To this end, the methods of proof will consist first of building a family of
martingales and then applying the optional stopping theorem.

Branching processes with alarms have various applications in biosciences. For epidemics,
the triggering of an alarm can correspond to the successful detection of an infective by a health
service. This is the situation considered in [17], which proposed the model (1.1) with τ1 as the
stopping time to approximate the general epidemic at the first detection time (see also [5]). This
led to [13] studying a branching model with arbitrary lifetime distributions as a splitting tree
stopped at the first exponential clock ring. Recently, [15] discussed an extended general epi-
demic process that allows successive detections of infectives. However, this analysis remains
quite complex, and the branching approximation will provide us with simple, elegant results
that are easier to use. It should be noted that systems with alarms have also been developed
in other fields, in particular in economics for risk management (see [6, 8] for financial and
insurance applications). Many other references can be found there.

The paper is organized as follows. Section 2 concerns the first stopping time τ1; we obtain
the PGF of the vector (Iτ1 , Rτ1 ), Aτ1 (Propositions 2.1, 2.2). We thus prove that if an alarm
is triggered at τ1, the variable Iτ1 has a shifted geometric distribution (Corollary 2.1). Section
3 relaxes two hypotheses of the model, namely that the birth of individuals can be multiple
(Proposition 3.1) and that there may be several initial individuals (Proposition 3.2). Section 4
deals with the following stopping times τj, j ≥ 2. We discuss the two possible cases where an
alarm implies or not isolation of the infective at the origin of the alarm. We then determine the
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PGF of the vector (Iτj , Rτj , Aτj ) (Propositions 4.1, 4.2, 4.3, 4.4). We also exhibit a representa-
tion for the variable Iτj if an alarm is triggered at τj (Corollary 4.1). Section 5 focuses on the
state vector at an arbitrary time t. We show that the PGF of (It, Rt, At) can be expressed in terms
of the solution of a simple Riccati equation (Proposition 5.1). The last two sections involve the
number of deaths in the alarm system. Section 6 assumes that an alarm can only be triggered if
the death cases reach a certain threshold. We derive the PGF of the vector (Iτ1, Rτ1 ) according
to whether the initial population size is greater or strictly less than this threshold (Propositions
6.1, 6.2). Section 7 considers that the alarm process is triggered this time by the total number
of recorded deaths. We obtain the PGF of (It, Rt, At) by the method of Section 5 but using
the explicit solution of a more complex Riccati equation (Proposition 7.1). An appendix gives
some technical results used in the proofs of Sections 4, 5, and 7.

1.1. Related topics

The branching model is formulated here as a continuous-time birth–death process. A
discrete-time Markovian version, however, can be treated by means of similar martingale meth-
ods. Moreover, the present study can also be generalized to bivariate birth–death processes. In
an epidemic context, such a model provides, for example, an approximation of the host–vector
epidemic situation. The alarm system is now double because it concerns both populations. We
leave these topics for future research.

2. First alarm triggering

Consider the first alarm if it actually occurs. The process (1.1) is then stopped at the time

τ1 = inf{t> 0 : At = 1 or It = 0}. (2.1)

If the population ends by an alarm, the stopping state has the form (Aτ1 = 1, Iτ1 = i), i ≥ 1.
Conversely, if the population dies out before any alarm, the stopping state is (Aτ1 = 0, Iτ1 = 0).
Note that Aτ1 = min (Iτ1, 1), so that only Iτ1 needed to be retained.

Our goal in this section is to determine the PGF of the population state (Iτ1 , Rτ1 ). For
that, we will use simple martingale arguments and the optional stopping theorem. We start
by looking for a martingale of the form

Mt = f (It, Rt, At), t ≥ 0, (2.2)

with respect to Ft = σ {(Iu, Ru, Au), 0 ≤ u ≤ t}, where f (i, r, a) is a real function to choose.

Lemma 2.1. {Mt, t ≥ 0} is a martingale if the values f(i, r, a) satisfy the conditions

f (i + 1, r, a)λ+ f (i − 1, r + 1, a)μ+ f (i, r, a + 1)α = f (i, r, a)(λ+μ+ α), i ≥ 1. (2.3)

Proof. Let mt =E(Mt |Ft0 ), t ≥ t0. From (1.1), we have

mt+dt =E
{

f (It + 1, Rt, At)λItdt + f (It − 1, Rt + 1, At)μItdt + f (It, Rt, At + 1)αItdt

+ f (It, Rt, At)[1 − (λ+μ+ α)Itdt]
}+ o(dt),

so that the derivative of m(t) satisfies the equation

m′
t =E

{
It
[
f (It + 1, Rt, At)λ+ f (It − 1, Rt + 1, At)μ+ f (It, Rt, At + 1)α

− f (It, Rt, At)(λ+μ+ α)
]}

. (2.4)
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The martingale condition requires that m′
t = 0 for all t ≥ t0. From (2.4), this condition is

obviously satisfied if It = 0. On the other hand, when It = i ≥ 1, the condition gives us the
announced relations (2.3). �

Let us now try as a particular case the function f defined by

f (i, r, a) = yizrva, (2.5)

where y, z are any reals in (0, 1] and v ≡ v(y, z) is a real that will be taken accordingly.

Lemma 2.2. The function (2.5) satisfies the martingale conditions (2.3) if

v(y, z) = −λy2 + (λ+μ+ α)y −μz

αy
. (2.6)

The associated martingale (2.2) is then

Mt = yIt zRt [v(y, z)]At , t ≥ 0. (2.7)

Proof. Substituting (2.5) in (2.3) gives

λyi+1zrva +μyi−1zr+1va + αyizrva+1 = (λ+μ+ α)yizrva, i ≥ 1,

which reduces to
λy2 +μz + αyv = (λ+μ+ α)y.

For y, z fixed in (0, 1], this equality gives the expression (2.6) for v = v(y, z). The martingale
(2.7) follows directly. �

We are ready to derive the state distribution at the stopping time (2.1). Clearly, we
can write

E
(
yIτ1 zRτ1

)=E
(
yIτ1 zRτ1 1(Iτ1=0)

)+E
(
yIτ1 zRτ1 1(Iτ1>0)

)
= p1(z) +E

(
yIτ1 zRτ1 1(Iτ1>0)

)
, (2.8)

after setting
p1(z) ≡E

(
zRτ1 1(Iτ1=0)

)
. (2.9)

The expectation (2.9) plays a key role in the following and will be determined in
Proposition 2.4 below. Note that for z = 1, p1(1) = P(Iτ1 = 0), which represents the probability
of extinction of the population before any alarm. The formula (2.8) can now be completed as
follows.

Proposition 2.1. The PGF of (Iτ1, Rτ1 ) is given by

E
(
yIτ1 zRτ1

)= p1(z) − αy[y − p1(z)]

λy2 − (λ+μ+ α)y +μz
. (2.10)

Proof. Let us stop the martingale (2.7) at the time τ1. By the optional stopping theorem, we
know that E(Mτ1) = M0. Of course, M0 = y since (I0, R0, A0) = (1, 0, 0). Therefore,

E(Mτ1) =E
(
yIτ1 zRτ1 [v(y, z)]Aτ1

)= y. (2.11)
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Moreover, E(Mτ1) can be expressed as

E(Mτ1) =E
[
yIτ1 zRτ1 (v(y, z))Aτ1 1(Iτ1=0)

]+E
[
yIτ1 zRτ1 (v(y, z))Aτ1 1(Iτ1>0)

]
=E

(
zRτ1 1(Iτ1=0)

)+ v(y, z)E
(
yIτ1 zRτ1 1(Iτ1>0)

)
=E

(
zRτ1 1(Iτ1=0)

)+ v(y, z)
[
E
(
yIτ1 zRτ1

)−E
(
yIτ1 zRτ1 1(Iτ1=0)

)]
= p1(z) + v(y, z)

[
E
(
yIτ1 zRτ1

)− p1(z)
]
, (2.12)

using the notation (2.9). From (2.11) and (2.12), we obtain

y − p1(z) = v(y, z)
[
E
(
yIτ1 zRτ1

)− p1(z)
]
,

and hence the desired result (2.10) after inserting (2.6). �
It remains to determine p1(z) as announced. Since the rates μ, α are positive, we notice

from (2.9) that
0< p1(z)< 1, z ∈ (0, 1]. (2.13)

Proposition 2.2. The expectation p1(z) is the root in (0, 1) of the quadratic equation

λy2 − (λ+μ+ α)y +μz = 0. (2.14)

Proof. Consider the quadratic equation (2.14). For z ∈ (0, 1], we see that its two roots,
denoted y1(z) and y2(z), are such that 0< y1(z)< 1< y2(z). Thus, if p1(z) is one of these roots,
it is necessarily the smallest, y1(z).

Proceeding by contradiction, suppose that p1(z) is not a root of (2.14), i.e.

λ
[
p1(z)

]2 − (λ+μ+ α)p1(z) +μz �= 0.

As a consequence, we may choose y = p1(z) in the formula (2.10), which gives the identity

E

([
p1(z)

]Iτ1 zRτ1
)

= p1(z). (2.15)

Let us expand the left-hand side of (2.15) depending on whether the value of Iτ1 is null or not.
Using (2.9), the formula (2.15) becomes

p1(z) +E

([
p1(z)

]Iτ1 zRτ1 1(Iτ1>0)

)
= p1(z). (2.16)

The solution p1(z) = 0 is excluded by (2.13). Since p1(z)> 0, the identity (2.16) implies that
P(Iτ1 > 0) = 0 or, equivalently, p1(1) = 1. This is in contradiction with (2.13). �

The formula (2.10) provides us with the PGF of Iτ1 . We are going to derive an explicit
formula for the distribution itself of Iτ1 . Remember that P(Iτ1 ≥ 1) = 1 − p1(1).

Corollary 2.1. We have

P
(
Iτ1 = i | Iτ1 ≥ 1

)= (1 − π1)π
i−1
1 , i ≥ 1, (2.17)

where π1 ∈ (0, 1) is given by

π1 = λp1(1)/μ (= 1/y2(1)). (2.18)
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Proof. From (2.10) with z = 1, we get

E
(
yIτ1

)= p1(1) − αy[y − p1(1)]

λy2 − (λ+μ+ α)y +μ
. (2.19)

On the right-hand side of (2.19), the quadratic form has two roots y1(1), y2(1) such that
y1(1)y2(1) =μ/λ and y1(1) = p1(1), hence y2(1) =μ/λp1(1) (> 1). We thus see that y2(1) =
1/π1 in the notation (2.18). Then, the formula (2.19) becomes

E
(
yIτ1

)= p1(1) − αy

λ[y −μ/λp1(1)]

= p1(1) + απ1y

λ(1 − π1y)
. (2.20)

Moreover, since p1(1) is a root of (2.14) with z = 1, we have the equality

−λp1(1)[1 − p1(1)] − αp1(1) +μ[1 − p1(1)] = 0,

which yields, after division by μ[1 − p1(1)] and using (2.18),

απ1

λ[1 − p1(1)]
= 1 − π1. (2.21)

Inserting (2.21), we can rewrite (2.20) as

E
(
yIτ1

)= p1(1) + απ1y

λ(1 − π1y)

1 − p1(1)

1 − p1(1)

= p1(1) + (1 − π1)y

1 − π1y
[1 − p1(1)],

whose power series expansion in y is

E
(
yIτ1

)= p1(1) + [1 − p1(1)]
∞∑

i=1

(1 − π1)π i−1
1 yi.

The desired result (2.17) then follows. �

By (2.17), we thus have the representation (Iτ1 | Iτ1 ≥ 1)
D= 1 + G1, where G1 is a geometric

random variable of parameter 1 − π1. In other words, given that an alarm is triggered at τ1, the
population size Iτ1 has a shifted geometric distribution. A similar result was obtained in [17]
in a close setting.

In particular, we obtain from (2.17) that

E(Iτ1 ) = 1 − p1(1)

1 − π1
= 1 − p1(1)

1 − λp1(1)/μ
. (2.22)

Let us look at the influence of the detection rate α. From (2.14), we see that p1(1), the probabil-
ity of extinction of the population at time τ1, is a decreasing function of α, as waited intuitively.
From (2.22), we deduce that E(Iτ1 ), the expected population size at τ1, increases with α when
λ<μ (i.e. if the population decreases on average).
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From (2.10), we can also derive an explicit formula for the distribution of Rτ1 . For

convenience, we set
(0

1

)
1
0 = 1.

Corollary 2.2. We have

P(Rτ1 = 0) = α

μ+ α
,

P(Rτ1 = r) = α

μ+ α

(
μ

μ+ α

)r

+ μ

μ+ α

(
2r − 2

r

)
1

r − 1

λr−1μr

(λ+μ+ α)2r−1

−
r−1∑
k=1

α

μ+ α

(
μ

μ+ α

)r−k(2k − 2
k

)
1

k − 1

λk−1μk

(λ+μ+ α)2k−1
, r ≥ 1. (2.23)

Proof. From (2.10) with y = 1, we get

E
(
zRτ1

)= p1(z) + α[1 − p1(z)]

(μ+ α) −μz

= p1(z) + [1 − p1(z)]
∞∑

i=0

α

μ+ α

(
μ

μ+ α

)i

zi

=
∞∑

i=0

α

μ+ α

(
μ

μ+ α

)i

zi + p1(z)
μ

μ+ α
− p1(z)

∞∑
i=1

α

μ+ α

(
μ

μ+ α

)i

zi. (2.24)

Let us expand p1(z) as a power series in z. We recall that

(1 + z)1/2 =
∞∑

k=0

(
1/2

k

)
zk = 1 +

∞∑
k=1

(
2k − 3
k − 1

)
(− 1)k−1

k22k−2
zk,

for any real z. From Proposition 2.2, we then obtain that

p1(z) = λ+μ+ α − [(λ+μ+ α)2 − 4λμz]1/2

2λ

= λ+μ+ α

2λ

{
1 −

[
1 − 4λμ

(λ+μ+ α)2
z

]1/2}

= λ+μ+ α

2λ

∞∑
k=1

(
2k − 3
k − 1

)
1

k22k−2

(4λμ)k

(λ+μ+ α)2k
zk

=
∞∑

k=1

(
2k − 2

k

)
1

k − 1

λk−1μk

(λ+μ+ α)2k−1
zk. (2.25)

Inserting (2.25) in (2.24), we get a power series for the PGF of Rτ1 , which leads to the desired
formula (2.23). �

3. Multiple births and initial size

So far, the birth process can only generate one new individual, and the population has only
one initial individual. These assumptions can, however, be relaxed.
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3.1. Several possible offspring

For a branching with multiple births, the first transition probability in (1.1) is replaced by
the probabilities of k ( ≥ 1) possible births defined as

P[(It+dt, Rt+dt, At+dt) = (i + k, r, a) | (It, Rt, At) = (i, r, a)] = λkidt + o(dt), (3.1)

where λk ≥ 0 with λ≡∑∞
k=1 λk > 0. The same martingale method is also applicable to this

extended model.

Proposition 3.1. The PGF of (Iτ1, Rτ1 ) is given by

E
(
yIτ1 zRτ1

)= p1(z) − αy[y − p1(z)]∑∞
k=1 λkyk+1 − (λ+μ+ α)y +μz

, (3.2)

in which p1(z) is the root in (0, 1) of the polynomial equation

∞∑
k=1

λkyk+1 − (λ+μ+ α)y +μz = 0. (3.3)

Proof. Under (3.1), the conditions (2.3) on f for having a martingale (2.2) become

∞∑
k=1

λkf (i + k, r, a)λ+ f (i − 1, r + 1, a)μ+ f (i, r, a + 1)α = f (i, r, a)(λ+μ+ α), i ≥ 1.

For f given by (2.5), these conditions are satisfied if

v(y, z) = −∑∞
k=1 λkyk+1 + (λ+μ+ α)y −μz

αy
.

By arguing as for Propositions 2.1 and 2.2, we then obtain the announced results (3.2) and
(3.3). Note that the equation (3.3) has a unique root in (0, 1) since the polynomial on the left is
a convex function that is positive in y = 0 and negative in y = 1. �

For instance, if λk is geometrically decreasing, i.e. λk = abk−1, k ≥ 1 (a> 0, 0< b< 1),
the formula (3.3) states that p1(z) is the root in (0, 1) of the quadratic equation

[a + b(1 − b)(μ+ α)]y2 − [a + (1 − b)(μ+ α + bμz)]y + (1 − b)μz = 0.

3.2. Several initial individuals

Let us go back to the branching model (1.1), but now suppose that I0 = m ( ≥ 1). We can
easily adapt the previous method to this situation. Denote by p1(z; m) the expectation (2.9),
with p1(z;1) ≡ p1(z).

Proposition 3.2. The PGF of (Iτ1, Rτ1 ) is given by

E
(
yIτ1 zRτ1

)= (p1(z))m − αy[ym − (p1(z))m]

λy2 − (λ+μ+ α)y +μz
. (3.4)

In particular, conditionally that the alarm is triggered first, Iτ1 is distributed as a mixture of m
independent shifted geometric random variables, namely

(
Iτ1 | Iτ1 ≥ 1

) D= j + Gj with probability cj, j = 1, . . . ,m, (3.5)
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where the Gj are independent and identically distributed (i.i.d.) geometric random variables

of parameter 1 − π1, and the cj are given by cj = (p1(1))m−j/
∑m−1

i=0 (p1(1))i.

Proof. Obviously, Lemmas 2.1 and 2.2 still hold. Instead of (2.11), we now have
E(Mτ1) = ym so that (2.10) in Proposition 2.1 is replaced by

E
(
yIτ1 zRτ1

)= p1(z; m) − αy[ym − p1(z; m)]

λy2 − (λ+μ+ α)y +μz
,

where p1(z; m) is defined by (2.9). Arguing as for Proposition 2.2, we find that p1(z; m) =
(p1(z))m, which is intuitive because the m individuals have i.i.d. behaviours. This yields the
announced formula (3.4).

When z = 1, (3.4) becomes

E
(
yIτ1

)= (p1(1))m − αy[ym − (p1(1))m]

λy2 − (λ+μ+ α)y +μ
. (3.6)

Since the quadratic form in (3.6) has roots y1(1) = p1(1), y2(1) = 1/π1, and as we can write

ym − (p1(1))m = [y − p1(1)]
m−1∑
j=0

yj(p1(1))m−1−j,

we deduce from (3.6) that

E
(
yIτ1

)= (p1(1))m + απ1

λ

m∑
j=1

yj(p1(1))m−j

1 − π1y
.

Using (2.21), we then obtain

E
(
yIτ1

)= (p1(1))m +
m∑

j=1

[1 − p1(1)](p1(1))m−j (1 − π1)yj

1 − π1y
,

and hence the distributional representation (3.5). �

4. Next alarm triggerings

Consider a later alarm, say the jth, if it actually occurs ( j ≥ 1). As a first alarm may already
have been triggered, it is necessary to specify in the model whether the triggering of the suc-
cessive alarms implies certain control measures of the monitoring system. Both possibilities
are discussed below in the case where I0 = 1.

4.1. Without intervention

In this part, we assume that when an alarm is triggered, it is not possible to identify the cause
(i.e. the infective who is responsible) or to remedy this cause (e.g. by isolating this infective).
Thus, the infinitesimal generator (1.1) of the model remains unchanged.

As a result, the same martingale (2.7) is still applicable. The model (1.1) is then stopped at
the time

τj = inf{t> 0 : At = j or It = 0}. (4.1)
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If the process ends with the jth alarm, the stopped state has the form (Aτj = j, Iτj = i), i ≥ 1.
Conversely, if the population dies out before the jth alarm, the stopped state is (Aτj = a, Iτj = 0),
0 ≤ a ≤ j − 1.

Our goal is to determine the PGF of the population state (Iτj, Rτj , Aτj ). This will ask us to
generalize (2.8) by defining the expectations

pj,a(z) ≡E
(
zRτj 1(Aτj=a)

)
, 0 ≤ a ≤ j − 1. (4.2)

When z = 1, pj,a(1) = P(Aτj = a), which represents the probability of extinction of the popula-
tion after the triggering of a (< j) alarms.

First, we consider the case where Aτj = j. As a preliminary, we rewrite v(y, z) defined by
(2.6) as

v(y, z) ≡ w(y, z)/αy, (4.3)

where w(y, z) = 0 is the quadratic equation (2.14) of roots y1(z), y2(z), i.e.

w(y, z) = −λ(y − y1(z))(y − y2(z)). (4.4)

Proposition 4.1. The PGF of (Iτj , Rτj ) when the jth alarm first arises is given by

E
(
yIτj zRτj 1(Aτj=j)

)= αjyj+1 −∑j−1
a=0 α

j−a[w(y, z)]ayj−apj,a(z)

[w(y, z)]j
. (4.5)

Proof. Let us stop the martingale (2.7) at the time (4.1). By the optional stopping theorem,

E(Mτj ) =E
(
yIτj zRτj [v(y, z)]Aτj

)= y. (4.6)

Moreover, E(Mτj) can be expressed as

E(Mτj) =E
(
yIτj zRτj [v(y, z)]Aτj 1(Aτj<j)

)+E
(
yIτj zRτj [v(y, z)]Aτj 1(Aτj=j)

)
=E

(
zRτj [v(y, z)]Aτj 1(Aτj<j)

)+ [v(y, z)]j
E
(
yIτj zRτj 1(Aτj=j)

)
. (4.7)

From (4.6) and (4.7) and with the substitutions (4.3) and (4.4), we then obtain

E
(
yIτj zRτj 1(Aτj=j)

)=
y −E

(
zRτj [v(y, z)]Aτj 1(Aτj<j)

)
[v(y, z)]j

=
αjyj+1 −E

(
α

j−Aτj [w(y, z)]Aτj yj−Aτj zRτj 1(Aτj<j)
)

[w(y, z)]j
,

and hence the formula (4.5) using the notation (4.2). �
It remains to determine in (4.5) the expectations pj,a(z) for a< j. To begin, we take (4.4) to

write
[w(y, z)]ayj−a = (y − y1(z))a bj,a(y, y2(z)), (4.8)

after putting bj,a(y, y2(z)) ≡ λa(y2(z) − y)a yj−a. Let b(i)
j,a(y, y2(z)) be the ith derivative of bj,a at

point y.

Proposition 4.2. The expectations pj,a(z), 0 ≤ a ≤ j − 1, are the solution of the triangular
system of j linear equations(

j + 1
k

)
[y1(z)]j+1−k =

k∑
a=0

1

αa

b(k−a)
j,a (y1(z), y2(z))

(k − a)! pj,a(z), 0 ≤ k ≤ j − 1. (4.9)
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Proof. Inserting (4.8) in (4.5) yields

E
(
yIτj zRτj 1(Aτj=j)

)= αjyj+1 −∑j−1
a=0 α

j−a(y − y1(z))abj,a(y, y2(z)) pj,a(z)

[w(y, z)]j
. (4.10)

The right-hand side of (4.10) must not have a pole in the unit disk, so at the small root y1(z) ∈
(0, 1) of w(y, z). This requires that the following j conditions are met:⎧⎨

⎩ dk

dyk

[
αjyj+1 −

j−1∑
a=0

αj−a(y − y1(z))abj,a(y, y2(z)) pj,a(z)

]⎫⎬
⎭

y=y1(z)

= 0, 0 ≤ k ≤ j − 1.

Written explicitly, these conditions become

αj
(

j + 1
k

)
(k!) [y1(z)]j+1−k

=
j−1∑
a=0

αj−a pj,a(z)

{
dk

dyk

[
(y − y1(z))a bj,a(y, y2(z))

]}
y=y1(z)

=
j−1∑
a=0

αj−a pj,a(z)
k∑

i=0

(
k
i

)(
a
i

)
(i!) 0a−i b(k−i)

j,a (y1(z), y2(z))

=
j−1∑
a=0

αj−a pj,a(z)

(
k
a

)
(a!) b(k−a)

j,a (y1(z), y2(z)),

which gives the j linear equations (4.9). �
Second, we consider the case where Aτj < j. This time, the argument v is freely chosen in

(0, 1] and the argument y ≡ y(v, z) is taken accordingly. From (2.6), y(v, z) is therefore the root
in (0, 1) of the quadratic equation

−λy2 + [λ+μ+ α(1 − v)]y −μz = 0.

Proposition 4.3. The PGF of (Rτj , Aτj ) when the population first dies out is given by

E
(
zRτj vAτj 1(Aτj<j)

)= y(v, z) − vj
E
(
[y(v, z)]Iτj zRτj 1(Aτj=j)

)
, (4.11)

where the expectation on the right-hand side is provided by (4.5) for y = y(v, z).

Proof. From (4.6) and (4.7), we have

E
(
zRτj [v(y, z)]Aτj 1(Aτj<j)

)= y − [v(y, z)]j
E
(
yIτj zRτj 1(Aτj=j)

)
. (4.12)

Substituting in (4.12) v to v(y, z) and y(v, z) to y, we deduce the formula (4.11). �
Motivated by Corollary 2.1, we would like to know the conditional distribution of Iτj given

that the alarm is triggered at τj.

Corollary 4.1. When j ≥ 2,

P
(
Iτj = i | Aτj = j

)=
j−2∑
t=0

bj,t P(G1 + · · · + Gj−t = i − 1), i ≥ 1, (4.13)
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where the bj,t are appropriate real coefficients and the Gj are i.i.d. geometric random variables
of parameter 1 − π1.

Proof. Putting z = 1 in (4.5), we have

E
(
yIτj 1(Aτj=j)

)= αjyj+1 −∑j−1
a=0 α

j−a[w(y, 1)]ayj−apj,a(1)

[w(y, 1)]j
, (4.14)

and from (4.4) and (2.18),

w(y, 1) = λ(y − y1(1))(y2(1) − y) = λy2(1)(y − y1(1))(1 − π1y). (4.15)

The numerator on the right-hand side of (4.14) can be written as a product yψ2(j−1)(y), where
ψ2(j−1)(y) is a polynomial in y of degree equal to max{j, 2(j − 1)}, i.e. 2(j − 1) since j ≥ 2.
Thus, dividing ψ2(j−1)(y) by λj(y2(1))j(y − y1(1))j gives a polynomial of degree j − 2 that we
denote χj−2(y). The formula (4.14) then becomes

E
(
yIτj 1(Aτj=j)

)= yχj−2(y)

(1 − π1y)j
. (4.16)

From (4.16), we directly obtain that

E
(
yIτj | Aτj = j

)= y
1

pj,j(1)

χj−2(y)

(1 − π1y)j
, (4.17)

where pj,j(1) ≡ P(Aτj = j) and is given by

pj,j(1) = 1 −
j−1∑
a=0

pj,a(1),

the pj,a(1) being provided by the equations (4.9) with z = 1. Now, the fraction following y on
the right-hand side of (4.16) corresponds to the PGF (A.1) of Proposition A.1 in the appendix,
where δ = π1 and k = j − 2. Therefore, the expansion derived in (A.2) is applicable. After its
insertion in (4.17), we deduce the result (4.13). �

An explicit expression of the formula (4.13) is given in the appendix for the jth alarm when
j = 2, 3, 4. Note that some coefficients bj,t can be negative, so the representation (4.13) is not
always a true mixed distribution.

4.2. With isolation measures

In this second part, we make the opposite assumption: that when an alarm is triggered, the
responsible person can be identified and is immediately isolated as a precautionary measure
or to be treated. The infinitesimal generator (1.1) of the model is then partially modified by
replacing the third transition probability by

P[(It+dt, Rt+dt, At+dt) = (i − 1, r, a + 1) | (It, Rt, At) = (i, r, a)] = αidt + o(dt).

The model (1.1) is again stopped at the time τj defined by (4.1). Note, however, that the two
possible causes of stopping It = 0 and At = j are no longer exclusive because if (At = j − 1,
It = 1) at a time t, the triggering of an alarm will then give (Aτj = j, Iτj = 0). Thus, if the process
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ends with the jth alarm, the stopped state has the form (Aτj = j, Iτj = i), i ≥ 0, while if the
population dies out before the jth alarm, the stopped state is (Iτj = 0, Aτj = a), 0 ≤ a ≤ j − 1.

To determine the PGF of the vector (Iτj , Rτj , Aτj ), we follow a similar reasoning method and
start by adapting Lemmas 2.1 and 2.2 to the current situation.

Lemma 4.1. {Mt, t ≥ 0} is a martingale if the values f(i,r,a) satisfy the conditions

f (i + 1, r, a)λ+ f (i − 1, r + 1, a)μ+ f (i − 1, r, a + 1)α = f (i, r, a)(λ+μ+ α), i ≥ 1.
(4.18)

Let f (i, r, a) = yizrva with y, z ∈ (0, 1]. Then the conditions (4.18) are satisfied if v ≡ v(y, z)
is defined as

v(y, z) = −λy2 + (λ+μ+ α)y −μz

α
. (4.19)

Let pj,a(z), 0 ≤ a ≤ j − 1, be the expectations (4.2) calculated for this model. As done previ-
ously, we also define y ≡ y(v, z) as the root in (0, 1) of the quadratic equation (4.19). For fixed
z, let y(i)(0, z) be its ith derivative at point y. We then easily deduce the following variants of
Propositions 4.1, 4.2, and 4.3.

Proposition 4.4. When the jth alarm first arises, the PGF of (Iτj , Rτj ) is given by

E
(
yIτj zRτj 1(Aτj=j)

)= y −∑j−1
a=0 [v(y, z)]apj,a(z)

[v(y, z)]j
,

while when the infection first dies out, the PGF of (Rτj , Aτj ) is given by

E
(
zRτj vAτj 1(Aτj<j)

)=
j−1∑
a=0

pj,a(z)va,

where the expectations pj,a(z) are obtained as

pj,a(z) = y(a)(0, z)

a! , 0 ≤ a ≤ j − 1.

Concerning Corollary 4.1, the formula (4.16) is replaced here by

E
(
yIτj 1(Aτj=j)

)= ψj−2(y)

(1 − π1y)j
,

where ψj−2(y) is still a polynomial of degree j − 2 ( ≥ 0). Applying Proposition A.1 of the
appendix, we then obtain, in a similar notation,

P(Iτj = i | Aτj = j) =
j−2∑
t=0

dj,t P(G1 + · · · + Gj−t = i), i ≥ 0. (4.20)

To conclude, let us mention that the situation in which each infection causing an alarm is
isolated or not with a given probability could also be treated.
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5. Temporal state distribution

Let us focus on any fixed moment t0. The martingale method also allows us to determine
the PGF of the state of the model (It0, Rt0 , At0 ). For brevity, we only consider the situation in
which an alarm does not involve intervention measures, with I0 = 1.

We are now looking for a martingale which explicitly depends on the time t, i.e. of the form

Mt = f (It, Rt, At; t), t ≥ 0, (5.1)

for some bounded function f .

Lemma 5.1. {Mt, t ≥ 0} is a martingale if the functions f (i, r, a; t) satisfy the differential
equations

df (i, r, a; t)

dt
+ λif (i + 1, r, a; t) +μif (i − 1, r + 1, a; t) + αif (i, r, a + 1; t)

= (λ+μ+ α)if (i, r, a; t), i ≥ 0. (5.2)

Let f be the function
f (i, r, a; t) = y(t)izrva, (5.3)

where z, v are any reals in (0, 1] and y(t) is some function of t in (0, 1]. Then, the equations (5.2)
are satisfied if y ≡ y(t) is a solution in (0, 1] of the Riccati equation with constant coefficients:

dy

dt
+ λy2 − (λ+μ+ α(1 − v)) y +μz = 0. (5.4)

Proof. From (5.1), mt =E(Mt |Ft0 ), t ≥ t0, is such that

mt+dt =E
{

f (It + 1, Rt, At; t + dt)λItdt + f (It − 1, Rt + 1, At; t + dt)μItdt

+ f (It, Rt, At + 1; t + dt)αItdt + f (It, Rt, At; t + dt)

[1 − (λ+μ+ α)Itdt]
}+ o(dt). (5.5)

A first-order approximation gives

f (It, Rt, At; t + dt) ≈ f (It, Rt, At; t) + [
df (It, Rt, At; t)/dt

]
dt,

which implies that in (5.5),

f (It, Rt, At; t + dt)[1 − (λ+μ+ α)Itdt]

≈ f (It, Rt, At; t) + [df (It, Rt, At; t)/dt]dt − (λ+μ+ α)Itf (It, Rt, At; t)dt.

Since the derivative of m(t) must be 0, we then obtain from (5.5) the system of differential
equations (5.2). For the function f given by (5.3), we directly see that these equations are
reduced to the Riccati equation (5.4). �

Now define y(t) ≡ y(t; t0, y0), t ≥ 0, as the solution of the equation (5.4) which takes the
value y0 at the time t = t0 ( ≥ 0), with y0 arbitrary in [0,1]. We easily derive an explicit expres-
sion of this solution in Proposition A.2 of the appendix. Moreover, we show that, as required,
y(t) ∈ [0, 1] for 0 ≤ t ≤ t0. Note that y(t) depends on the parameters z, v, but this is not indicated
to simplify the notation.
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Returning to the martingale (5.1) with (5.3), we can then write that

E
[
y(t; t0, y0)It zRt vAt

]= y(0;t0, y0), t ≥ 0. (5.6)

Consider any stopping time τj given by (4.1). We are going to position this moment τj with
respect to the moment of interest t0 in order to obtain the desired PGF. The result will be
expressed in terms of the function l(v, z) defined by

l(z, v) ≡ y(0;t0, y0) − y(0;t0, 0), (5.7)

whose ath derivative at point v = 0 is denoted l(a)(z, 0).

Proposition 5.1. The basic formula is given by

E

(
y

It0
0 zRt0 1(It0>0,At0=a)

)
= l(a)(z, 0)

a! , a ≥ 0. (5.8)

When the jth stopping time occurs after t0, the PGF of (It0, Rt0 , At0 ) is

E

(
y

It0
0 zRt0 vAt0 1(τj>t0)

)
=

j−1∑
a=0

l(a)(z, 0)

a! va, (5.9)

while when the jth stopping time occurs before t0,

E

(
y

It0
0 zRt0 vAt0 1(τj<t0)

)
= y(0;t0, y0) −

j−1∑
a=0

l(a)(z, 0)

a! va. (5.10)

Proof. Obviously, we have

E

(
y

It0
0 zRt0 vAt0 1(It0>0)

)
=E

(
y

It0
0 zRt0 vAt0

)
−E

(
zRt0 vAt0 1(It0=0)

)
. (5.11)

The identity (5.6) at time t = t0 gives

E

(
y

It0
0 zRt0 vAt0

)
= y(0;t0, y0), E

(
zRt0 vAt0 1(It0=0)

)
= y(0;t0, 0), (5.12)

so that (5.11) becomes

E

(
y

It0
0 zRt0 vAt0 1(It0>0)

)
= y(0;t0, y0) − y(0;t0, 0) ≡ l(z, v) (5.13)

in the notation of (5.7). Differentiating (5.13) with respect to v and at point v = 0, we deduce
the basic formula (5.8). This implies the formula (5.9) by noting that (τj > t0) means (It0 > 0,
At0 < j). The formula (5.10) then follows from (5.9) and (5.12). �

6. After several recorded deaths

Sometimes, a regulator decides to trigger the alarm process only when there have been
enough recorded deaths. We consider such a situation, assuming that alarms are triggered once
a given number l of deaths has occurred (l ≥ 0). Thus, in the transition probabilities (1.1), the
alarm rate is given by αi1(r≥l) (instead of αi). In other words, the alarm system is activated, if
it is, from the random time inf{t : It > 0 and Rt = l}.
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Let τ1 be the stopping time defined again by (2.1). We want to determine the PGF of the
population state (Iτ1 , Rτ1 ). The initial number of individuals plays a special role here; set I0 =
m. We notice that (Iτ1 > 0) implies (Rτ1 ≥ l), and (Iτ1 = 0) implies (Rτ1 ≥ m). Thus, if m ≥ l,
then Rτ1 ≥ l necessarily, while if m< l, then Rτ1 ≥ m necessarily. Both situations are discussed
separately below.

Lemma 6.1. {Mt, t ≥ 0} given by (2.2) is a martingale if the values f(i,r,a) take the form

f (i, r, a) = yiqr(y, z)[v(y, z)]a, (6.1)

where v(y,z) is given by (2.6), and qr(y, z) is defined as

qr(y, z) = zl
(

μ

y[μ+ λ(1 − y)]

)(l−r)+
. (6.2)

Proof. To build a martingale (2.2), we have to solve the equations

f (i + 1, r, a)λ+ f (i − 1, r + 1, a)μ+ f (i, r, a + 1)α1(r≥l) = f (i, r, a)(λ+μ+ α1(r≥l)) (6.3)

for i ≥ 1. Let us consider the two cases r ≥ l and r< l.
For r ≥ l we have 1(r≥l) = 1, so that the system (6.3) reduces to (2.3). This leads us to take,

as in (2.5), f (i, r, a) = yizrva in which v ≡ v(y, z) is given by (2.6).
For r< l we have 1(r≥l) = 0, so that (6.3) becomes

f (i + 1, r, a)λ+ f (i − 1, r + 1, a)μ= f (i, r, a)(λ+μ), i ≥ 1. (6.4)

This suggests extending the function f to lower values of r under the form indicated in (6.1)
above, where qr(y, z) remains to be determined via (6.4). Inserting (6.1) in (6.4), we get

yi+1qr(y, z)[v(y, z)]aλ+ yi−1qr+1(y, z)[v(y, z)]aμ= yiqr(y, z)[v(y, z)]a(λ+μ),

which provides the following recursion in r:

y2qr(y, z)λ+ qr+1(y, z)μ= yqr(y, z)(λ+μ), 0 ≤ r ≤ l − 1.

Note that the choice made before when r ≥ l implies that ql(y, z) = zl. Therefore, we deduce
that qr(y, z) is given by

qr(y, z) = qr+1(y, z)
μ

y[μ+ λ(1 − y)]

= zl
(

μ

y[μ+ λ(1 − y)]

)l−r

. (6.5)

Combining the results (2.5) when r ≥ l and (6.1), (6.5) when r< l, we then obtain the
martingale (6.1), (6.2). �

Let us now exploit this martingale. We start with the case where m ≥ l, so that Rτ1 ≥ l. Let
p1(z; m, l) denote the expectation (2.9) computed for the present model. As before, p1(z) =
y1(z) represents the smallest root of the quadratic equation (2.14).

Proposition 6.1. If m ≥ l, the PGF of (Iτ1, Rτ1 ) is given by

E
(
yIτ1 zRτ1

)= p1(z; m, l) − αy[ymq0(y, z) − p1(z; m, l)]

λy2 − (λ+μ+ α)y +μz
, (6.6)
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where q0(y, z) is defined by (6.2) for r = 0 and

p1(z; m, l) = (p1(z))m q0 (p1(z), z) . (6.7)

Proof. By the optional stopping theorem, we have M0 =E(Mτ ), i.e., equivalently,

ymq0(y, z) =E
(
yIτ1 qRτ1

(y, z)[v(y, z)]Aτ1
)
. (6.8)

Since Rτ1 ≥ l by assumption, we have from (6.2) that qRτ1
(y, z) = zRτ1 . Thus, (6.8) becomes

ymq0(y, z) =E
(
yIτ1 zRτ1 [v(y, z)]Aτ1

)
= p1(z; m, l) + v(y, z)

[
E
(
yIτ1 zRτ1

)− p1(z; m, l)
]
,

by arguing as for (2.12). We deduce that

E
(
yIτ1 zRτ1

)= p1(z; m, l) + ymq0(y, z) − p1(z; m, l)

v(y, z)
,

and substituting (2.6) for v(y, z) then gives the formula (6.6). Moreover, Proposition 2.2 directly
yields the formula (6.7). �

As a particular model, assume that the initial population has I0 = 1 individual and the detec-
tion is activated only when l = 1 individual has been removed. In this case, the state Iτ1 still
has a simple distributional representation. Define π1 ∈ (0, 1) again by the formula (2.18).

Corollary 6.1. Let m = l = 1. If positive, the population size Iτ1 is distributed as

(Iτ1 | Iτ1 ≥ 1)
D= 1 + G1 + H1, (6.9)

where G1 and H1 are two independent geometric random variables of parameter 1 − π1 and
μ/(μ+ λ), respectively.

Proof. From (6.6), (6.7) with z = 1, we have

E
(
yIτ1

)= p1(1)q0(p1(1), 1) − αy
[
yq0(y, 1) − p1(1)q0(p1(1), 1)

]
λy2 − (λ+μ+ α)y +μ

.

By factorizing the quadratic form as before in terms of y1(1) = p1(1) and y2(1) = 1/π1, this
can be rewritten as

E
(
yIτ1

)= p1(1)q0(p1(1), 1) + απ1

λ

y

1 − π1y

yq0(y, 1) − p1(1)q0(p1(1), 1)

y − p1(1)
. (6.10)

Note from (6.2) that yq0(y, 1) =μ/[μ+ λ(1 − y)], so that

yq0(y, 1) − p1(1)q0(p1(1), 1) = μ

μ+ λ(1 − p1(1))

λ

μ+ λ(1 − y)
(y − p1(1))

= p1(1)q0(p1(1), 1)y3

1 − y3y
(y − p1(1)), (6.11)
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in which we set y3 = λ/(μ+ λ) (< 1). Inserting (6.11) in (6.10), we obtain

E
(
yIτ1

)= p1(1)q0(p1(1), 1) + απ1

λ

y

1 − π1y

p1(1)q0(p1(1), 1)y3

1 − y3y

= p1(1)q0(p1(1), 1)p1(1) + απ1p1(1)q0(p1(1), 1)y3

λ(1 − π1)(1 − y3)
y

1 − π1

1 − π1y

1 − y3

1 − y3y

= p1(1)q0(p1(1), 1) + [1 − p1(1)q0(p1(1), 1)] y
1 − π1

1 − π1y

1 − y3

1 − y3y
,

where the last equality follows from the definitions of π1, y3, and q0(p1(1), 1), and the fact that
p1(1) is a root of (2.14). This implies the distributional representation (6.9) for Iτ1 under the
condition that it is positive. �

Second, we consider this time the case where l>m, so that Rτ1 ≥ m. Let us define the
expectation φ1(z; m, l) as

φ1(z; m, l) =E
(
zRτ1 1(Iτ1=0,Rτ1≥l)

)
. (6.12)

Proposition 6.2. If l>m, the PGF of (Iτ1, Rτ1 ) is given by

E
(
yIτ1 zRτ1

)=
l−1∑
i=m

biz
i + φ1(z; m, l) − αy[zlh(y) − φ1(z; m, l)]

λy2 − (λ+μ+ α)y +μz
, (6.13)

where h(y) is defined by

h(y) = ym
[

μ

y(μ+ λ(1 − y))

]l

−
l−1∑
i=m

bi

[
μ

y(μ+ λ(1 − y))

]l−i

,

the bi are provided by (6.20) and (6.22) below, and φ1(z; m, l) is given by

φ1(z; m, l) = zl h (p1(z)) . (6.14)

In particular, Iτ1 is of PGF

E
(
yIτ1

)= 1 + h(1) − h (p1(1))− αy[h(y) − h(p1(1))]

λy2 − (λ+μ+ α)y +μ
. (6.15)

Proof. Stopping at time τ1, we have

ymq0 =E
(
yIτ1 qRτ1

(y, z)[v(y, z)]Aτ1
)

=E
(
yIτ1 zRτ1 [v(y, z)]Aτ1 1(Rτ1≥l)

)+E
(
yIτ1 qRτ1

(y, z)[v(y, z)]Aτ1 1(Rτ1<l)
)

=E
(
yIτ1 zRτ1 [v(y, z)]Aτ1 1(Rτ1≥l)

)+E
(
qRτ1

(y, z)1(Rτ1<l)
)
, (6.16)

since (Rτ1 < l) implies that Aτ1 = 0, hence Iτ1 = 0 too. Using (6.2) for qr(y, z) and setting bi ≡
P(Rτ1 = i) for 0 ≤ i ≤ l − 1, we obtain from (6.16) that

E
(
yIτ1 zRτ1 [v(y, z)]Aτ1 1(Rτ1≥l)

)
= zl

{
ym
[

μ

y(μ+ λ(1 − y))

]l

−
l−1∑
i=0

bi

[
μ

y(μ+ λ(1 − y))

]l−i}
≡ zl h(y), say. (6.17)
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We are going to see how to determine the probabilities bi in (6.17). For that, we introduce
an argument u by writing

u = y(μ+ λ(1 − y)). (6.18)

Viewing (6.18) as a quadratic equation in y, we then get

y = 1

2λ
{λ+μ− [(λ+μ)2 − 4λu]1/2} = λ+μ

2λ

{
1 −

[
1 − 4λu

(λ+μ)2

]1/2}
.

Thus, y can be expanded under the form
∑∞

i=1 aiui. As a result, we get

ym =
( ∞∑

i=1

aiu
i

)m

=
∑

i1,...,im≥1

ai1 · · · aim ui1+···+im =
∞∑

k=m

ckuk, (6.19)

where
ck =

∑
i1,...,im≥1 : i1+···+im=k

ai1 · · · aim . (6.20)

Let us return to the right-hand side of (6.17). In terms of u, the function h(y) becomes, after
insertion of (6.18) and (6.19), a function k(u) given by

k(u) =
( ∞∑

k=m

ckuk

)(
μ

u

)l

−
l−1∑
i=0

bi

(
μ

u

)l−i

. (6.21)

We note that the expectation on the left-hand side of (6.17) is bounded as y → 0. Thus, this is
true for h(y) on the right-hand side. From (6.18), y → 0 as u → 0, so that k(u) ≡ h(y) must also
be bounded when u → 0. But, from (6.21), k(u) can be expressed as

k(u) =μl

(
l−1∑
k=m

ck

ul−k
+

∞∑
k=l

ckuk−l

)
−
(

m−1∑
i=0

μl−ibi

ul−i
+

l−1∑
i=m

μl−ibi

ul−i

)
.

From this, we deduce that b0 = b1 = · · · = bm−1 = 0 (as we knew because Rτ1 ≥ m), and that
the following bi are given by

bi =μici, i = m, . . . , l − 1. (6.22)

We can now derive the desired PGF. First, we rewrite the left-hand side of (6.17) taking into
account that Iτ1 can be 0 or positive. This gives

E
(
yIτ1 zRτ1 [v(y, z)]Aτ1 1(Rτ1≥l)

)
=E

(
zRτ1 1(Iτ1=0,Rτ1≥l)

)+ v(y, z)E
(
yIτ1 zRτ1 1(Iτ1>0,Rτ1≥l)

)
= φ1(z; m, l) + v(y, z)

[
E
(
yIτ1 zRτ1 1(Rτ1≥l)

)− φ1(z; m, l)
]

(6.23)

in the notation of (6.12). Combining (6.17) and (6.23), we then obtain

E
(
yIτ1 zRτ1 1(Rτ1≥l)

)= φ1(z; m, l) + zlh(y) − φ1(z; m, l)

v(y, z)
.
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Thus, we find that φ1(z; m, l) = zlh(p1(z)) as stated in (6.14), and, using (2.6),

E
(
yIτ1 zRτ1 1(Rτ1≥l)

)= φ1(z; m, l) − αy[zlh(y) − φ1(z; m, l)]

λy2 − (λ+μ+ α)y +μz
. (6.24)

On the other hand, we have

E
(
yIτ1 zRτ1 1(Rτ1<l)

)=E
(
zRτ1 1(Rτ1<l)

)=
l−1∑
i=m

biz
i. (6.25)

Therefore, adding the expectations (6.24), (6.25) yields the formula (6.13).
For z = 1, (6.14) becomes φ1(1; m, l) = h(p1(1)), and, from (6.13),

E
(
yIτ1

)=
l−1∑
i=m

bi + h(p1(1)) − αy[h(y) − h(p1(1))]

λy2 − (λ+μ+ α)y +μ
. (6.26)

Moreover,
∑l−1

i=m bi = 1 − P(Rτ1 ≥ l) by definition, and (6.24) for y = z = 1 gives

P(Rτ1 ≥ l) = φ1(1; m, l) − [h(1) − φ1(1; m, l)] = 2h(p1(1)) − h(1). (6.27)

From (6.26) and (6.27), we deduce the formula (6.15) for the PGF of Iτ1 . �

7. Alarms by recorded deaths

Until now, the individuals responsible for a possible alarm are those present in the popula-
tion. In this section, we assume that the triggering of an alarm is due to the number of deaths
that have occurred so far. Thus, the alarm rate in (1.1) is now given by αr (instead of αi).

Let t0 be any fixed moment. As in Section 5, our goal is to determine the PGF of the
state (It0, Rt0 , At0 ). Here too, there is no intervention after an alarm and I0 = 1. We try again a
martingale like (5.1), i.e. of the form Mt = f (It, Rt, At; t) for some bounded function f .

Lemma 7.1. {Mt, t ≥ 0} is a martingale if the functions f (i, r, a; t) satisfy the differential
equations

df (i, r, a; t)

dt
+ λif (i + 1, r, a; t) +μif (i − 1, r + 1, a; t) + αrf (i, r, a + 1; t)

= [(λ+μ)i + αr]f (i, r, a; t), i ≥ 0. (7.1)

Let f be the function
f (i, r, a; t) = y(t)iz(t)rva, (7.2)

where v is any real in (0, 1] and y(t), z(t) are functions of t in (0, 1]. Then, the equations (7.2)
are satisfied if

z(t) = z0eα(1−v)(t−t0), (7.3)

where z(t0) = z0 ∈ [0, 1], and y ≡ y(t) is the solution in (0, 1] of the Riccati equation

dy

dt
+ λy2 − (λ+μ)y +μz0eα(1−v)(t−t0) = 0. (7.4)
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Proof. Arguing as for Lemma 5.1, we find this time that the f (i, r, a; t) must satisfy the
system of differential equations (7.1).

Choose now f (i, r, a; t) of the special form (7.2). After simplification by f (i, r, a; t), these
equations (7.1) are reduced to

i

[
λy +μ

z

y
− (λ+μ) + dy

dt

1

y

]
+ r

[
α(v − 1) + dz

dt

1

z

]
= 0, i ≥ 0. (7.5)

Therefore, it suffices that the two terms [ . . . ] in (7.5) are equal to 0. The second condition
yields the differential equation dz/dt + α(v − 1)z = 0. Its solution z(t), of value z0 at time t = t0,
is given by (7.3). The first condition yields the differential equation dy/dt + λy2 − (λ+μ)y +
μz = 0, which is the Riccati equation (7.4) after inserting (7.3). �

Let y(t) ≡ y(t; t0, y0), t ≥ 0, be the solution of the equation (7.4) that takes the value y0 at
the time t = t0, with y0 arbitrary in [0,1]. Applying a standard method, we derive an explicit
expression for this solution in Proposition A.3 of the appendix. Moreover, as desired, y(t) ∈
(0, 1] for 0 ≤ t ≤ t0. Obviously, y(t) depends here on the parameters z0, v. When v = 1, (7.4)
becomes a Riccati equation with constant coefficients (as (5.4)).

From the martingale (5.1), (7.2), we then obtain

E
[
y(t; t0, y0)It z(t; t0, z0)Rt vAt

]= y(0;t0, y0), t ≥ 0. (7.6)

In particular, (7.6) at time t = t0 gives

E
(
y

It0
0 z

Rt0
0 vAt0

)= y(0;t0, y0),

which is similar to the identity (5.12). Now, consider any stopping time (4.1). To obtain the
desired PGF, we define a function l(z0, v) as in (5.7), then we follow the same reasoning as for
Proposition 5.1. This leads to results with the same structure.

Proposition 7.1. The formulas (5.8), (5.9), and (5.10) remain valid when expressed in terms of
derivatives l(a)(z0, 0).

Appendix A. Technical results

We derive below some technical results used in proofs of Sections 4, 5, and 7.

A.1. Section 4

The following property allows us to establish the distributional representations (4.13) and
(4.20).

Proposition A.1. Let ξ be a random variable valued in N0 with PGF given by

E(yξ ) =
∑k

i=0 biyi

(1 − δy)j
, y ∈ [0, 1], (A.1)

where j is a positive integer, k is a non-negative integer < j, and δ is a real number in (0, 1).
Then ξ is distributed as a pseudo-mixture of sums of geometric random variables, i.e. its
probability density function can be expressed as

P(ξ = l) =
k∑

t=0

cj,t P(G1 + · · · + Gj−t = l), l ≥ 0, (A.2)
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where G1, . . . ,Gj are i.i.d. geometric random variables of parameter 1 − δ, and the weights
cj,t, which are not necessarily positive, are given by

cj,t = (− 1)t(1 − δ)t−j
k∑

i=t

(
i
t

)
bi

δi
. (A.3)

Proof. We write a monomial yi under the form

yi = (1/δi)(δy)i = (1/δi)(δy − 1 + 1)i

= 1

δi

i∑
t=0

(
i
t

)
(− 1)t(1 − δy)t.

Dividing by (1 − δy)j with j> i ( ≥ t) gives

yi

(1 − δy)j
= 1

δi

i∑
t=0

(
i
t

)
(− 1)t(1 − δ)t−j

(
1 − δ

1 − δy

)j−t

= 1

δi

i∑
t=0

(
i
t

)
(− 1)t(1 − δ)t−j

E
(
yG1+···+Gj−t

)
,

where the random variables Gj are defined as above. Thus, (A.1) can be rewritten as

E(yξ ) =
k∑

i=0

bi

δi

i∑
t=0

(
i
t

)
(− 1)t(1 − δ)t−j

E
(
yG1+···+Gj−t

)

=
k∑

t=0

(− 1)t(1 − δ)t−j

[
k∑

i=t

(
i
t

)
bi

δi

]
E
(
yG1+···+Gj−t

)
.

In other words, ξ is a mixture of (k + 1) sums of geometrics, G1 + · · · + Gj−t for t = 0, . . . , k,
with weights cj,t given by (A.3), hence the formula (A.2). Note that the cj,t are not necessarily
positive. �

To illustrate the formula (4.13), we determine below the distribution of (Iτj | Aτj = j) in the
special cases j = 2, 3, 4.

A.1.1. Special cases of (4.13) Let us return to the proof of this formula. For j = 2, we get from
(4.16), (4.14) respectively

χ0(y) = lim
y→0

1

y
E
(
yIτ2 1(Aτ2=2)

)= −αw(0, 1)p2,1(1)

[w(0, 1)]2
= α

μ
p2,1(1) ≡ χ0,

since (4.15) gives w(0, 1) = −λy1(1)y2(1) = −μ. From (4.16), we have

E
(
yIτ2 | Aτ2 = 2

)= y
1

p2,2(1)

χ0

(1 − π1y)2
=
[

χ0

p2,2(1)(1 − π1)2

]
y

(1 − π1)2

(1 − π1y)2
.

Taking y = 1 shows that the constant [ . . . ] is equal to 1. Therefore, we deduce that (Iτ2 | Aτ2 =
2)

D= 1 + G1 + G2.
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Consider j = 3 and denote χ1(y) = a1,0 + a1,1y. From (4.16) and (4.14) we similarly obtain

a1,0 = lim
y→0

1

y
E
(
yIτ3 1(Aτ3=3)

)= −α[w(0, 1)]2p3,2(1)

[w(0, 1)]3
= α

μ
p3,2(1).

On the other hand, we also find that

lim
y→∞ y E

(
yIτ3 1(Aτ3=3)

)= lim
y→∞

y2 χ1(y)

(1 − π1y)3
= a1,1

(− π1)3

= − lim
y→∞ α3−2 [w(y, 1)]2

[w(y, 1)]3
y3+1−2p3,2(1) = α

λ
p3,2(1),

hence the value of a1,1. The expression of χ1(y) follows. Using (4.17) and (A.2), we then
deduce the representation (4.13); the details are omitted.

Consider j = 4 and denote χ2(y) = a2,0 + a2,1y + a2,2y2. As for j = 3, we take successively
y → 0 and y → ∞ to obtain

lim
y→0

1

y
E
(
yIτ4 1(Aτ4=4)

)= a2,0 = α

μ
p4,3(1),

lim
y→∞

y2χ2(y)

(1 − π1y)4
= a2,2

π4
1

= lim
y→∞ y E

(
yIτ4 1(Aτ4=4)

)

= − lim
y→∞ α4−3 [w(y, 1)]3

[w(y, 1)]4
y4+1−3p4,3(1) = α

λ
p4,3(1),

which gives us a2,2. Moreover, when y = 1, we have

χ2(1) = a2,0 + a2,1 + a2,2 = (1 − π1)4p4,4(1),

the last equality resulting from (4.16). This gives a2,1 and so χ2(y), hence again (4.13).

Remark A.1. The polynomial χj−2(y) can also be determined once its derivatives at y = 0 are
known. From (4.16) and (4.14), we see that

χj−2(y) = (1 − π1y)j
{
αjyj[w(y, 1)]−j −

j−1∑
a=0

αj−a[w(y, 1)]a−jyj−1−apj,a(1)

}
.

Thus, the calculation of the derivatives [χj−2(y)](i) requires calculating the derivatives
[w(y, 1)b](k) (with b a negative integer) for 1 ≤ i, k ≤ j − 2. As w(y,1) is a polynomial of degree
2, we obtain

[w(y, 1)b](k) =
[k/2]∑
r=0

ck,r b[k−r][w(y, 1)]b−k+r[w(y, 1)(1)]k−2r[
w(y, 1)(2)]r,

where the coefficients ck,r satisfy the recurrence

ck,0 = 1, ck+1,r = ck,r + (k + 2 − 2r)ck,r−1, k ≥ 1, 1 ≤ r ≤ [k/2].
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A.2. Section 5

For Proposition 5.1, we must know the function l(z, v) given by (5.7), and thus the values
of y(0;t0, y0) and y(0;t0, 0). These are provided by the solution y(t) = y(t; t0, y0) of the Riccati
equation (5.4), with constant coefficients, satisfying y(t0;t0, y0) = y0 ∈ [0, 1]. Let us derive that
solution.

Proposition A.2. The solution of the Riccati equation (5.4) is

y(t; t0, y0) = c + m + 2m(y0 − c − m)

(y0 − c + m) exp (2mλ(t − t0)) − (y0 − c − m)
, (A.4)

where c ≡ c(v) and m ≡ m(z, v) are defined by

c = λ+μ+ α(1 − v)

2λ
, m =

(
c2 − μz

λ

)1/2

, (A.5)

with m> 0 for z small enough. This solution is such that y(t; t0, y0) ∈ [0, 1] for all 0 ≤ t ≤ t0.

Proof. Equation (5.4) can be rewritten as

−dy

dt
= λ

[
y − λ+μ+ α(1 − v)

2λ

]2

−
[

(λ+μ+ α(1 − v))2

4λ
−μz

]
= λ[(y − c)2 − m2]

using the notation (A.5). Setting ȳ ≡ y − c, that equation just becomes dȳ/(ȳ2 − m2) = −λdt.
At time t0 we have ȳ0 = y0 − c by assumption. After some calculations, we then obtain as a
solution

ȳ + m

ȳ − m
= ȳ0 + m

ȳ0 − m
e2mλ(t−t0).

The left-hand side is equal to 1 + 2m/(ȳ − m), so that

ȳ = m + 2m(ȳ0 − m)

(ȳ0 + m) exp [2mλ(t − t0)] − (ȳ0 − m)
.

This becomes the formula (A.4) for y = y(t;0, y0).
It remains to show that y(t; t0, y0) of value y0 ∈ [0, 1] at time t = t0 stays in the interval

[0,1] when we go back in time from t0 to 0. Let us prove this by contradiction. A first pos-
sibility would be to go through the point 0 at some time t1 (< t0). Then, y(t1) = 0 and, from
(5.4), this implies that dy/dt< 0 at time t1, which is contradictory (remember that we work
in reverse time from t0 to 0). A second posibility would be to go through the point 1 at some
time t2 (< t0). Then, y(t2) = 1 and, from (5.4), we see that dy/dt> 0 at time t2, which is again
contradictory. �

A.3. Section 7

Proposition 7.1 is expressed similarly in terms of the function l(z0, v). Thus, to compute the
values of y(0;t0, y0) and y(0;t0, 0), we must obtain the solution y(t) = y(t; t0, y0) of the Riccati
equation (7.4) satisfying y(t0;t0, y0) = y0 ∈ [0, 1]. To get it, we start with a brief reminder.

Lemma A.1. The confluent hypergeometric equation

x
d2y

dx2
+ (γ − x)

dy

dx
− αy = 0
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admits, if γ is not an integer, the linearly independent solutions

F(α, γ ; x) =
∞∑

n=0

n−1∏
j=0

α + j

γ + j

xn

n! and x1−γF(α− γ + 1, 2 − γ ; x),

called confluent hypergeometric functions of the first and second kinds.

From this lemma, we deduce that the equation

x
d2y

dx2
+ γ

dy

dx
− αy = 0 (A.6)

admits the linearly independent solutions

G(α, γ ; x) = lim
k→0

F(α/k, γ ; kx) =
∞∑

n=0

αn∏n−1
j=0 (γ + j)

xn

n! ,

H(α, 2 − γ ; x) = lim
k→0

x1−γF(α/k − γ + 1, 2 − γ ; kx) = x1−γG(α, 2 − γ ; x). (A.7)

Now, consider the Riccati equation (7.4). We define the constants ρ, a, b as

ρ = α(1 − v), b = −(λ+μ)/ρ, c = λμz0e−ρt0/ρ2, (A.8)

so that (7.4) takes the form

dy

dt
+ λy2 + bρy + c

λ
ρ2eρt = 0. (A.9)

Proposition A.3. The solution of the Riccati equation (A.9) is

y(t;t0, y0) = ρτ

λ

c0(d/dτ )G(− c, b + 1; τ ) + (d/dτ )H(− c, 1 − b; τ )

c0G(− c, b + 1; τ ) + H(− c, 1 − b; τ )
, (A.10)

where τ ≡ exp (ρt), G, H are defined in (A.7), and c0 is the constant

c0 = ρτ0[(d/dτ )H(− c, 1 − b; τ )]τ=τ0 − λy0H(− c, 1 − b; τ0)

λy0G(− c, b + 1; τ0) − [(d/dτ )G(− c, b + 1; τ )]τ=τ0

. (A.11)

This solution is such that y(t;t0, y0) ∈ [0, 1] for all 0 ≤ t ≤ t0.

Proof. Let u(t) ≡ exp (λ
∫ t

0 y(s)ds), so that du/dt = λyu. After multiplication by λu, (A.9)
can be rewritten as

d2u

dt2
+ bρ

du

dt
+ cρ2eρtu = 0. (A.12)

Put τ = exp (ρt) as announced, and then denote u(t) ≡ v(τ ). Obviously, du/dt = (dv/dτ )ρτ
and d2u/dt2 = (d2v/dτ 2)ρ2τ 2 + (dv/dτ )ρ2τ . Therefore, (A.12) becomes, after simplification
by ρ2τ , the second-order linear differential equation

τ
d2v

dτ 2
+ (b + 1)

dv

dτ
+ cv = 0,
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which is exactly of the type (A.6). From (A.7), the general solution of this equation is

v(τ ) = c1G(− c, b + 1; τ ) + c2H(− c, 1 − b; τ ) (A.13)

for some constants c1, c2. By the definition of u(t) and v(τ ),

y(t; t0, y0) = 1

λ

du(t)

dt

1

u(t)
= ρτ

λ

dv(τ )

dτ

1

v(τ )
,

and, using (A.13), we then deduce the formula (A.10) in which c0 ≡ c1/c2. This constant c0 is
such that y(t) = y0 at time t0, i.e. when τ0 = exp (ρt0), hence its expression (A.11). Finally, as
for Proposition A.2, we obtain from (7.4) that y(t; t0, y0) of value y0 ∈ [0, 1] at t0 stays in the
interval [0,1] for 0 ≤ t ≤ t0. �
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