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Abstract

We discuss a continuous-time Markov branching model in which each individual can
trigger an alarm according to a Poisson process. The model is stopped when a given
number of alarms is triggered or when there are no more individuals present. Our goal
is to determine the distribution of the state of the population at this stopping time. In
addition, the state distribution at any fixed time is also obtained. The model is then
modified to take into account the possible influence of death cases. All distributions are
derived using probability-generating functions, and the approach followed is based on
the construction of families of martingales.
Keywords: Birth—death process; alarm system; epidemic modeling; martingales; stop-
ping times.
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1. Introduction

Consider a population of individuals described by a classical continuous-time Markov
branching process. All individuals behave independently of each other, and each can give birth
at a rate of A > 0 but can die at a rate of ;> 0. Let I, be the number of individuals present at
time 7 > 0. In the following, we often take /o = 1. The number of deaths during the period (0, 7)
is denoted R;. Thus, I; + R; gives the size of the total progeny up to time ¢ (including ).

Branching models play an important role in many areas, including biology, genetics,
medicine, and population dynamics; see [9, 11, 12, 16]. In this paper we are interested in an
application of branching processes to model the spread of an epidemic. Much of the stochas-
tic theory of epidemics can be found in [1, 7, 10]. The so-called general epidemic process is a
traditional model for describing the spread of a susceptible—infected—removed (SIR) infectious
disease. Intuitively, during the early stages of this epidemic the number of susceptibles can be
considered almost constant, so that the evolution of the number of infectives may be approx-
imated well by an appropriate branching process. Such an approximation has been rigorously
established for different types of SIR models, e.g. [2, 3,4, 14]. In this context, I, represents
the number of infectives present at time ¢, and R, is the number of infectives that have been
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Branching with alarms 735

permanently removed, by death or immunization, up to time ¢. Thus, /; + R, gives the total
number of infections up to 7.

The current work is devoted to a generalized branching model which includes a possible
alarm system triggered by the individuals from the population. More specifically, we assume
that each individual present can activate an alarm independently and at the points of a Poisson
process of rate o > 0. In the previous epidemic setting, the alarms are thus triggered by the
infectives and could alert an inspection body to take intervention measures. We denote by A; the
number of alarms occurring up to time ¢. The branching model is thus described by the trivariate
Markov process {(I;, R;, A;), t > 0} of state space {(i, r, a) € Ng} with (Iy, Rg, Ag) = (1, 0, 0)
initially. The infinitesimal transition probabilities are given by

Pl isdes Rigar, Arra) =G+ 1,7, 0) | Uy, Ry, Ap) = (0, 7, a)] = Aidt + o(dp),
Plisdrs Regar, Aira) =G — 1, 7+ 1, a) | (I, Ry, A) = (i, 7, a)] = pidt + o(dt),
Pl(Ir+dr, Revars Arvdr) =@, o a+ 1) | (g, Ry, Ap) = (0, 1, @)] = aidt + o(de). (1.

The model is stopped at time 7; when a given number j ( > 1) of alarms is triggered, or when
the population dies out.

Our primary goal is to determine the distribution of the stopped vector (Ir;, Ry;, Ar). We
start by stopping the branching at the first alarm, then we continue by examining a subse-
quent alarm. In the latter case, we are discussing two different situations: assuming that the
a person who triggered the alarm cannot be identified, or, on the contrary, is recognized and
isolated. Another objective is to obtain for the model the temporal distribution of the state vec-
tor (I;, R;, A;) at any fixed time 7. Finally, two variants of the model are considered: the alarms
are only triggered when a given number of deaths have occurred, or else the alarms are caused
by the total number of recorded deaths. Although different alarm scenarios are envisaged, the
approach followed for their study is broadly similar throughout. The distributions, stopped
or temporal, of the state vector will be derived by means of the joint probability-generating
functions (PGF). To this end, the methods of proof will consist first of building a family of
martingales and then applying the optional stopping theorem.

Branching processes with alarms have various applications in biosciences. For epidemics,
the triggering of an alarm can correspond to the successful detection of an infective by a health
service. This is the situation considered in [17], which proposed the model (1.1) with 7; as the
stopping time to approximate the general epidemic at the first detection time (see also [5]). This
led to [13] studying a branching model with arbitrary lifetime distributions as a splitting tree
stopped at the first exponential clock ring. Recently, [15] discussed an extended general epi-
demic process that allows successive detections of infectives. However, this analysis remains
quite complex, and the branching approximation will provide us with simple, elegant results
that are easier to use. It should be noted that systems with alarms have also been developed
in other fields, in particular in economics for risk management (see [6, 8] for financial and
insurance applications). Many other references can be found there.

The paper is organized as follows. Section 2 concerns the first stopping time t1; we obtain
the PGF of the vector (I, R,), Ay, (Propositions 2.1, 2.2). We thus prove that if an alarm
is triggered at 71, the variable I, has a shifted geometric distribution (Corollary 2.1). Section
3 relaxes two hypotheses of the model, namely that the birth of individuals can be multiple
(Proposition 3.1) and that there may be several initial individuals (Proposition 3.2). Section 4
deals with the following stopping times t;, j > 2. We discuss the two possible cases where an
alarm implies or not isolation of the infective at the origin of the alarm. We then determine the
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PGF of the vector (Ifj, Rrj, Arj) (Propositions 4.1, 4.2, 4.3, 4.4). We also exhibit a representa-
tion for the variable I, if an alarm is triggered at 7; (Corollary 4.1). Section 5 focuses on the
state vector at an arbitrary time z. We show that the PGF of (/;, R;, A;) can be expressed in terms
of the solution of a simple Riccati equation (Proposition 5.1). The last two sections involve the
number of deaths in the alarm system. Section 6 assumes that an alarm can only be triggered if
the death cases reach a certain threshold. We derive the PGF of the vector (I, , Ry,) according
to whether the initial population size is greater or strictly less than this threshold (Propositions
6.1, 6.2). Section 7 considers that the alarm process is triggered this time by the total number
of recorded deaths. We obtain the PGF of (I;, R;, A;) by the method of Section 5 but using
the explicit solution of a more complex Riccati equation (Proposition 7.1). An appendix gives
some technical results used in the proofs of Sections 4, 5, and 7.

1.1. Related topics

The branching model is formulated here as a continuous-time birth—death process. A
discrete-time Markovian version, however, can be treated by means of similar martingale meth-
ods. Moreover, the present study can also be generalized to bivariate birth—death processes. In
an epidemic context, such a model provides, for example, an approximation of the host—vector
epidemic situation. The alarm system is now double because it concerns both populations. We
leave these topics for future research.

2. First alarm triggering

Consider the first alarm if it actually occurs. The process (1.1) is then stopped at the time
7y =inf{t>0:A,=1or I, =0}. 2.1)

If the population ends by an alarm, the stopping state has the form (A;, =1, I, =i), i> 1.
Conversely, if the population dies out before any alarm, the stopping state is (A;; =0, I;; =0).
Note that A;; = min (I, 1), so that only /;; needed to be retained.

Our goal in this section is to determine the PGF of the population state (/7,, R;,). For
that, we will use simple martingale arguments and the optional stopping theorem. We start
by looking for a martingale of the form

M, =f(;, Ry, Ay), t>0, 2.2)
with respect to F; = o {({,, Ry, Ay), 0 <u <t}, where f(i, r,a) is a real function to choose.
Lemma 2.1. {M;, t > 0} is a martingale if the values f{i, v, a) satisfy the conditions

fG+ 1L, rnar+fi—1Lr+ 1L, ap+fGr,a+ Da=f>Gr,aA+pu+ao), i>1. (2.3)
Proof. Let m; =E(M; | Fy,), t > tp. From (1.1), we have
Myydr = ]E{f([, + 1, Ry, ApALdt + f(I; — 1, Ry + 1, Ap)udedt + f(I;, Ry, Ar + Daud,dt
+ fUs, Ry AD[L — O+ e+ a)lidr]} + o(do),
so that the derivative of m(¢) satisfies the equation
my=E{L[f(I; + 1, R, ADA +f(I; — 1, R, + 1, A + f(I;, Ry, Ay + D
— f(1, Riy ADO-A+ 1 + )]}, 2.4)
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The martingale condition requires that m, =0 for all > fo. From (2.4), this condition is
obviously satisfied if /; =0. On the other hand, when I, =i > 1, the condition gives us the
announced relations (2.3). t

Let us now try as a particular case the function f defined by
[, r @)=y, 2.5)

where y, z are any reals in (0, 1] and v = v(y, z) is a real that will be taken accordingly.

Lemma 2.2. The function (2.5) satisfies the martingale conditions (2.3) if

A+ A+ pta)y—pz

v(y,2) = oy (2.6)
The associated martingale (2.2) is then
My =y"Rpy, 1", =0 2.7)
Proof. Substituting (2.5) in (2.3) gives
LV 4y L gy — G 4 ey, i>1,

which reduces to
A+ pztayy =+ p+a)y.

For y, z fixed in (0, 1], this equality gives the expression (2.6) for v =v(y, 7). The martingale
(2.7) follows directly. U

We are ready to derive the state distribution at the stopping time (2.1). Clearly, we
can write

]E(ylfl ZRfl ) = E(ylrl Zer 1(111 :0)) + ]E(ylrl ZRII 1(11| >0))
=p1@) +E(ym 1(1,1>0)), (2.8)
after setting
p1(2) =E(f 1q,, —0)). (2.9)

The expectation (2.9) plays a key role in the following and will be determined in
Proposition 2.4 below. Note that for z =1, p; (1) = P(/; = 0), which represents the probability
of extinction of the population before any alarm. The formula (2.8) can now be completed as
follows.

Proposition 2.1. The PGF of (I1,, R,) is given by

ayly — pi(2)]
W=+ pn+a)y+uz

E(ymzf) =pi(z) - (2.10)

Proof. Let us stop the martingale (2.7) at the time 71. By the optional stopping theorem, we
know that [E(M+,) = M. Of course, My =y since (I, Ry, Ag) = (1, 0, 0). Therefore,

E(M,) =E(™ 2 [v(y, 2)147) =y. (2.11)
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Moreover, E(M;) can be expressed as

E(M-,) =E[y"1 2 (u(y, 91 1, =0)] + B[y 251 0y, )11, 20
=E("1 14, —0) + (. DE( 1 21 1, 0))
=E("1 14, =0) + v, D[EQ125) —E(1 1, —0)]
=p1() +v(, I[E(1 ) — p1(2)]. 2.12)
using the notation (2.9). From (2.11) and (2.12), we obtain
y =@ =vy, [E(12") —pi12)].
and hence the desired result (2.10) after inserting (2.6). O

It remains to determine pi(z) as announced. Since the rates p, @ are positive, we notice
from (2.9) that
O<pi@<1,  ze(O 1] (2.13)

Proposition 2.2. The expectation p(z) is the root in (0, 1) of the quadratic equation
W — (A4 pu+a)y+puz=0. (2.14)

Proof. Consider the quadratic equation (2.14). For z € (0, 1], we see that its two roots,
denoted y;(z) and y»(z), are such that 0 < y1(z) < 1 < y2(z). Thus, if p1(2) is one of these roots,
it is necessarily the smallest, y;(2).

Proceeding by contradiction, suppose that p;(z) is not a root of (2.14), i.e.

A [pl(z)]2 — A+ u+a)pi(z) + uz #0.

As a consequence, we may choose y = p1(z) in the formula (2.10), which gives the identity

E([pl(z)]l” zR’l) =p1(2). (2.15)

Let us expand the left-hand side of (2.15) depending on whether the value of I, is null or not.
Using (2.9), the formula (2.15) becomes

P@+E([p @] #110,-0) =pi(@). (2.16)

The solution p1(z) =0 is excluded by (2.13). Since p;(z) > 0, the identity (2.16) implies that
P(I;, > 0) =0 or, equivalently, p;(1) = 1. This is in contradiction with (2.13). O

The formula (2.10) provides us with the PGF of I;,. We are going to derive an explicit
formula for the distribution itself of I;,. Remember that P(I;; > 1) =1 —p;(1).

Corollary 2.1. We have
P(ly =illy > ) =0 —mpr] ', i>1, (2.17)
where 1 € (0, 1) is given by

m=api(D/w (=1/y2(1)). (2.18)
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Proof. From (2.10) with z = 1, we get

ayly —p1(1)]

E(y)=pi(1) — :
b)=p® A=t pta)y+u

(2.19)

On the right-hand side of (2.19), the quadratic form has two roots yj(1), y2(1) such that

y1(Dy2(1) = /A and yi(1) = p1(1), hence y2(1) = u/Api(1) (> 1). We thus see that y>(1) =
1/m1 in the notation (2.18). Then, the formula (2.19) becomes

ay
E(y)=pi(1) = ————
0) Aly — n/Ap1(D)]
amyy
=pi(1)+ ——. (2.20)
PR =)
Moreover, since p1(1) is a root of (2.14) with z= 1, we have the equality
=Ap1(DI1 = pi(D] = api(1) + u[l = p1(1)] =0,
which yields, after division by u[1 — p1(1)] and using (2.18),
_ MM g, 2.21)
Al =pi(D)]
Inserting (2.21), we can rewrite (2.20) as
amyy  1—pi(l)
E(y) =pi(1)+
) =t o S T
(1 —my)
=p1(D)+ T [1 = pi(D)]
— Ty
whose power series expansion in y is
i . .
E(y) =pi()+[1 —pr(D]Y_ (A —mpmf "y,
i=1
The desired result (2.17) then follows. O

By (2.17), we thus have the representation (I, | Iy; > 1) Bl 1 4+ G1, where G is a geometric
random variable of parameter 1 — 1. In other words, given that an alarm is triggered at 71, the
population size I, has a shifted geometric distribution. A similar result was obtained in [17]
in a close setting.

In particular, we obtain from (2.17) that

1 —pi(1) _ 1 —pi(1)
—m 1)/

Let us look at the influence of the detection rate . From (2.14), we see that p; (1), the probabil-
ity of extinction of the population at time 71, is a decreasing function of «, as waited intuitively.
From (2.22), we deduce that [E(I7, ), the expected population size at 7y, increases with o when
A < u (i.e. if the population decreases on average).

E(l7,) = (2.22)

https://doi.org/10.1017/jpr.2020.24 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2020.24

740 C. LEFEVRE ET AL

From (2.10), we can also derive an explicit formula for the distribution of R;,. For

0
convenlence we set (1) 0= =1

Corollary 2.2. We have
o

n+a’

o r 2r—12 1 Alyr
PRy, =r)= K + ) pr
w+a\pu+a w+a r r—1+pu+a)"

I I C o N T G
k=1u+a nw+ao k k=104 p+oa)k1’ = :

Proof. From (2.10) with y =1, we get

all —pi(2)]
(L +a)—puz

P(R;, =0) =

E() =pi(2) +

Z
a\ U+

00 i o] i
o w i )% o N ;
= 7 +piz —pi(z Z. 2.24
;Ha(wa) I b m()éwa(Ha) (2.24)

Let us expand p;(z) as a power series in z. We recall that

_lkl
(14+2)1?= Z(l/z) —1+Z(2k 3) k22’22z’

k=0

ad o
=p@Q+[1-p@1)
i=0 "t

for any real z. From Proposition 2.2, we then obtain that

A p4a— [+ +a)? —druz)'/?

p1(2) =

2)
At pu+ta = li- 4L Z1/2
T2 A+ u+a)?
x+u+ai 2%k — 3 1 (CYY
T K22 G4 o+ )k
_ 1 )\k*l k
_ Z (2" 2) — (2.25)
po k Jk—1G+p+ o)
Inserting (2.25) in (2.24), we get a power series for the PGF of R, which leads to the desired
formula (2.23). O

3. Multiple births and initial size

So far, the birth process can only generate one new individual, and the population has only
one initial individual. These assumptions can, however, be relaxed.
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3.1. Several possible offspring

For a branching with multiple births, the first transition probability in (1.1) is replaced by
the probabilities of k£ (> 1) possible births defined as

Pl(i+ds Rear, Arrar) =G+ k, r, a) | Uy, R, Ay) = (0, 1, a)] = Aide + o(dp), (3.1

where Ax >0 with A =Y ;2 Ax > 0. The same martingale method is also applicable to this
extended model.

Proposition 3.1. The PGF of (I, Ry,) is given by

ayly — pi1(2)]

E(yn ) =pi(2) - : (3.2)
b= 2okoy MY = A+t a)y + pz
in which p1(z) is the root in (0, 1) of the polynomial equation
oo
> M =+ i+ @)y + pz=0. (3.3)

k=1

Proof. Under (3.1), the conditions (2.3) on f for having a martingale (2.2) become

o0
Z)»kf(i—i—k, rrar+fi—1L,r+ 1L, a)u+fGr,a+ Doa=f>Gr,ar+u+a), i>1.
k=1

For f given by (2.5), these conditions are satisfied if
2 M )y -z
ay '

By arguing as for Propositions 2.1 and 2.2, we then obtain the announced results (3.2) and
(3.3). Note that the equation (3.3) has a unique root in (0, 1) since the polynomial on the left is
a convex function that is positive in y = 0 and negative in y = 1. (]

vy, 2) =

For instance, if A is geometrically decreasing, i.e. Ay = ab* 1 k> 1 (a>0, 0<b<1),
the formula (3.3) states that p1(z) is the root in (0, 1) of the quadratic equation

[a+b(1 = b)(p + ) ly* — [a+ (1 — b)(u + & + buz)ly + (1 — b)uz =0.

3.2. Several initial individuals

Let us go back to the branching model (1.1), but now suppose that Io =m (> 1). We can
easily adapt the previous method to this situation. Denote by p1(z; m) the expectation (2.9),
with p1(z;1) = p1(2).

Proposition 3.2. The PGF of (I, Ry,) is given by

ayly" — (p1(2)"]

E(ylrl ZRTI) :(p](Z))m - )\’yz — ()\'+M+a)y+ﬂz

(34)

In particular, conditionally that the alarm is triggered first, I, is distributed as a mixture of m
independent shifted geometric random variables, namely

(Iny | Iy > 1) 2 j + G with probability c;, — j=1,...,m, (3.5)
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where the Gj are independent and identically distributed (i.i.d.) geometric random variables
of parameter 1 — 1y, and the c;j are given by c; = (pr()y" =/ > (pl(l))‘

Proof. Obviously, Lemmas 2.1 and 2.2 still hold. Instead of (2.11), we now have
E(M<) =y" so that (2.10) in Proposition 2.1 is replaced by

ayly™ — pi(z; m)]
V2 —(h+ o)y + puz’

E(y"12%) =pi(z;m) —

where p1(z; m) is defined by (2.9). Arguing as for Proposition 2.2, we find that pi(z; m) =
(p1(2))™, which is intuitive because the m individuals have i.i.d. behaviours. This yields the
announced formula (3.4).

When z =1, (3.4) becomes

ayy™ — (p1(1))"]

o " - : :
E(Y) = @i(1) G utayt (3.6)
Since the quadratic form in (3.6) has roots y{(1) = p(1), y2(1) = 1 /71, and as we can write
m—1
— ()" =ly—pi(D]1 Y Y1)y,
Jj=0

we deduce from (3.6) that

I, mam Y(pi ("
E(y) = (pi1(1)" + Z p—

Using (2.21), we then obtain

E(y" )@mw+2meWMWﬂ A-my

-7
Jj=1 1y

and hence the distributional representation (3.5). O

4. Next alarm triggerings

Consider a later alarm, say the jth, if it actually occurs (j > 1). As a first alarm may already
have been triggered, it is necessary to specify in the model whether the triggering of the suc-
cessive alarms implies certain control measures of the monitoring system. Both possibilities
are discussed below in the case where Ip = 1.

4.1. Without intervention

In this part, we assume that when an alarm is triggered, it is not possible to identify the cause
(i.e. the infective who is responsible) or to remedy this cause (e.g. by isolating this infective).
Thus, the infinitesimal generator (1.1) of the model remains unchanged.

As a result, the same martingale (2.7) is still applicable. The model (1.1) is then stopped at
the time

7j=inf{r > 0:A;=jor I, =0}. 4.1)
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If the process ends with the jth alarm, the stopped state has the form (A,j =], IT/. =1i),i>1.
Conversely, if the population dies out before the jth alarm, the stopped state is (A7, = a, Ir; = 0),
O<a<j—1.

Our goal is to determine the PGF of the population state (Irj, Ry, Af_,.). This will ask us to
generalize (2.8) by defining the expectations

Pa@=E( 4, =), O<a<j—1. (4.2)

When z =1, pj (1) = P(Af; = a), which represents the probability of extinction of the popula-
tion after the triggering of a (< j) alarms.
First, we consider the case where A;; =j. As a preliminary, we rewrite v(y, z) defined by

(2.6) as
v(y, 2) =w(y, 2)/ay, (4.3)
where w(y, z) = 0 is the quadratic equation (2.14) of roots y;(z), y2(z), i.e.
w(y, 2) = =A0 = y1()(y — y2(2)). (4.4)

Proposition 4.1. The PGF of (Ir;, Ry;) when the jth alarm first arises is given by

i -1 i i
oy = 3o @ W DY pja@)
w(, 2
Proof. Let us stop the martingale (2.7) at the time (4.1). By the optional stopping theorem,

E(y"2" La,=p) = (4.5)

EMy) =E(y'57" [v(y, 91'7) = . (4.6)
Moreover, E(Mx;) can be expressed as

Ry

E(My) =E(92" vy, 91" 1ia,, <p) + Q77000 D114, =)

=B(700, D11, <p) + D0, DVE(R 10, ). (4.7)
From (4.6) and (4.7) and with the substitutions (4.3) and (4.4), we then obtain

y =By, 91" Liag<p)

E(y92 1, =) =

v(y, 2V
oyt =B (o w(y, D1y 1, <)
B w(y, 2¥ ’
and hence the formula (4.5) using the notation (4.2). [
It remains to determine in (4.5) the expectations p; 4(z) for a < j. To begin, we take (4.4) to
write '
w(y, D1V = = y1(2)* bj.a(y, y2(2)), (4.8)
after putting b; (v, y2(2)) = A*(y2(2) — y)* ))7_“. Let bj(-f)a(y, ¥2(2)) be the ith derivative of b; , at
point y.

Proposition 4.2. The expectations p; .(z), 0 <a <j—1, are the solution of the triangular
system of j linear equations

k (k—a)
/ ; 1 bj, (1(2), y2(2)) .
(“,;1)[y1(z>y+l‘k=25 P, 0=ksj-L @9

a=0
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Proof. Inserting (4.8) in (4.5) yields
oyt = Y0 o = 31(2)by.ay ¥2(2) Pja(?)
w(y, D)V

The right-hand side of (4.10) must not have a pole in the unit disk, so at the small root y;(z) €
(0, 1) of w(y, z). This requires that the following j conditions are met:

(4.10)

(7214, =) =

j—1
oF {w*‘ > oy = 1) by, yz(z))pj,a@} =0, 0<k<j—1
a=0
y=y1(2)

Written explicitly, these conditions become

o (’ + l)ac') 1P+

_ i
Z “pj.a(2) { TF [ = 1) bj.a(y, yz(z))]}
- y y=y1(2)
Jj—
=Z “ Dj.al2) Z( )( ) @) 0" bV (31(2). y2(2)
a=0
Jj—1 X
=D & pja) (a) (@) blg " (512). y2(2)),
a=0
which gives the j linear equations (4.9). O

Second, we consider the case where A,j < j. This time, the argument v is freely chosen in
(0, 1] and the argument y = y(v, z) is taken accordingly. From (2.6), y(v, z) is therefore the root
in (0, 1) of the quadratic equation

2+ [+ p+a(l —v)]y — uz=0.

Proposition 4.3. The PGF of (Ry;, A;) when the population first dies out is given by

B 14, <) =30, 2) = VE(Iy(v, 912" 1 s, =), .11
where the expectation on the right-hand side is provided by (4.5) for y = y(v, 2).
Proof. From (4.6) and (4.7), we have

E("9 vy, 91" L, <p) =y = D0 DVE( 929 1a, =) (4.12)
Substituting in (4.12) v to v(y, z) and y(v, z) to y, we deduce the formula (4.11). O

Motivated by Corollary 2.1, we would like to know the conditional distribution of Ir; given
that the alarm is triggered at 7;.

Corollary 4.1. When j > 2,

j—2
P(I;=i|Ag =)) =ij,tﬁv(c;] +o o+ G =i 1), i>1, (4.13)
=0
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where the bj ; are appropriate real coefficients and the G; are i.i.d. geometric random variables
of parameter 1 — my.

Proof. Putting z=1in (4.5), we have

oy — ST &y, DI a(1)

Iy ) =
E(y 7 14,=) TR, 4.14)
and from (4.4) and (2.18),
w(y, D) =4y — y1(M)(y2(1) —y) =Ay2(Dy — y1 (D)) — 71y). (4.15)

The numerator on the right-hand side of (4.14) can be written as a product yyr—1)(y), where
Y2(i—1)(y) is a polynomial in y of degree equal to max{j, 2(j — 1)}, i.e. 2(j — 1) since j > 2.
Thus, dividing ¥r2;—1)(y) by &/(y2(1)Y(y — y1(1)Y gives a polynomial of degree j — 2 that we
denote x;j2(y). The formula (4.14) then becomes

I.. yxj—2(y)
By ag=n) =15y - — (4.16)
From (4.16), we directly obtain that
1 Xj—2(y)

e 4.17
ypj,j(l) (I —myy (@.17)

where p; (1) =P(A;; =) and is given by

j—1
P =1=Y"pja(l).

a=0

the p; 4(1) being provided by the equations (4.9) with z= 1. Now, the fraction following y on
the right-hand side of (4.16) corresponds to the PGF (A.1) of Proposition A.1 in the appendix,
where § =y and k =j — 2. Therefore, the expansion derived in (A.2) is applicable. After its
insertion in (4.17), we deduce the result (4.13). [

An explicit expression of the formula (4.13) is given in the appendix for the jth alarm when
J=2, 3, 4. Note that some coefficients b;, can be negative, so the representation (4.13) is not
always a true mixed distribution.

4.2. With isolation measures

In this second part, we make the opposite assumption: that when an alarm is triggered, the
responsible person can be identified and is immediately isolated as a precautionary measure
or to be treated. The infinitesimal generator (1.1) of the model is then partially modified by
replacing the third transition probability by

Plitdrs Revar, Arra) =G — 1, r,a+ 1) | U, Ry, Ay) = (i, 7, a)] = aidt + o(d).

The model (1.1) is again stopped at the time 7; defined by (4.1). Note, however, that the two
possible causes of stopping I; =0 and A; =j are no longer exclusive because if (A;=j— 1,
I;=1) atatime ¢, the triggering of an alarm will then give (A, =, I;; = 0). Thus, if the process
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ends with the jth alarm, the stopped state has the form (AT/. =], I,j =1), i >0, while if the
population dies out before the jth alarm, the stopped state is (I;; =0, A;; =a),0 <a<j— 1.

To determine the PGF of the vector (I,j, Rfj, Arj), we follow a similar reasoning method and
start by adapting Lemmas 2.1 and 2.2 to the current situation.

Lemma 4.1. {M;, t > 0} is a martingale if the values f{i,r;a) satisfy the conditions

f@+ 1, rnar+fi—1Lr+ 1L, au+fGi—1,r,a+ DHYa=fi,r,a)A+pnu+o), i>1.

(4.18)
Let f(i, r, a) = y'z'v¢ with y, z € (0, 1]. Then the conditions (4.18) are satisfied if v=v(y, z)
is defined as
-+ (4 p+ )y —pz
Yy, 2) = y+Oh+ut+a)y—u . 4.19)

o

Let pj 4(z),0 <a <j— 1, be the expectations (4.2) calculated for this model. As done previ-
ously, we also define y = y(v, z) as the root in (0, 1) of the quadratic equation (4.19). For fixed
z, let y(0, z) be its ith derivative at point y. We then easily deduce the following variants of
Propositions 4.1, 4.2, and 4.3.

Proposition 4.4. When the jth alarm first arises, the PGF of (Iy;, Ry;) is given by

Y= Y v, 919 a(2)
vy, 2)¥

)

E(y72" 14, =p) =

while when the infection first dies out, the PGF of (Ry;, Ay;) is given by

j—1
E( 1 Ly <)) = D Pia@V,
a=0

where the expectations pj ,(z) are obtained as

90, 2)

O<a<j—1.
al

pj,a(z) =

Concerning Corollary 4.1, the formula (4.16) is replaced here by

I, Yi2(y)
E(y1a,=)) = a—nyy

where ;_(y) is still a polynomial of degree j —2 (> 0). Applying Proposition A.1 of the
appendix, we then obtain, in a similar notation,

j-2
Pl =i| Ay =) = Z di PG+ +Gj_y =), i>0. (4.20)
t=0

To conclude, let us mention that the situation in which each infection causing an alarm is
isolated or not with a given probability could also be treated.
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5. Temporal state distribution

Let us focus on any fixed moment #y. The martingale method also allows us to determine
the PGF of the state of the model (/;,, Ry, As,). For brevity, we only consider the situation in
which an alarm does not involve intervention measures, with Iy = 1.

We are now looking for a martingale which explicitly depends on the time ¢, i.e. of the form

M;=f;, Ry, A 1), t>0, (5.1
for some bounded function f.

Lemma 5.1. {M;, t > 0} is a martingale if the functions f(i, r, a;t) satisfy the differential

equations
dfi, r,ast
%quif(i—i—l,r,a;t)—i-uif(i—l,r+1,a;t)+al~f(i’r’a+l;t)
=+ u+)ifl,r, a;t), i>0. 52)
Let f be the function

f. r, a;t)=y@)Z", (5.3)

where z, v are any reals in (0, 1] and y(t) is some function of t in (0, 1]. Then, the equations (5.2)
are satisfied if y=y(t) is a solution in (0, 1] of the Riccati equation with constant coefficients:

dy
dr
Proof. From (5.1), m; =E(M, | F,), t > to, is such that

+ 27— A+ pu+a(l —v) y+ uz=0. (5.4)

My dr = ]E{f([[ + 1, Rta Al‘7 t+ dt))\.ltdt +f(It — 1, Rl + 1, At7 t+ dt),l,LItdt
+f([t, Rtv At + 1, t+ dt)ot],dt +f(1tv Rt, Al‘9 t+ dt)
[1— (4 4+ a)ldi]} + o(dn). (5.5)

A first-order approximation gives
SUi, Ry, Ayt +dn) =~ f(Iy, Ry, Ay 1) + [df(ln Ry, Ay l‘)/dl‘] dr,
which implies that in (5.5),

S, R, At +d0)[1 — (A + e+ a)lidr]
%f(lt, Rt, At, t) + [df(ltv Rtv At, t)/dt]dt - ()\. + //L + a)Itf(It, Rtv At, t)dt

Since the derivative of m(f) must be 0, we then obtain from (5.5) the system of differential
equations (5.2). For the function f given by (5.3), we directly see that these equations are
reduced to the Riccati equation (5.4). U

Now define y(r) = y(t; to, yo), t > 0, as the solution of the equation (5.4) which takes the
value yq at the time ¢ = # ( > 0), with yg arbitrary in [0,1]. We easily derive an explicit expres-
sion of this solution in Proposition A.2 of the appendix. Moreover, we show that, as required,
y(t) € [0, 1] for 0 <t < ty. Note that y(¢) depends on the parameters z, v, but this is not indicated
to simplify the notation.
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Returning to the martingale (5.1) with (5.3), we can then write that

E[y(t; to, o) XM = y(0ito, o). £>0. (5.6)

Consider any stopping time 7; given by (4.1). We are going to position this moment 7; with
respect to the moment of interest 7y in order to obtain the desired PGF. The result will be
expressed in terms of the function /(v, z) defined by

I(z, v) = ¥(0st0, yo) — y(03t0, 0), (5.7)
whose ath derivative at point v =0 is denoted /(9)(z, 0).
Proposition 5.1. The basic formula is given by

19(z, 0)
a

Iy
]E(yo"zR 0 1<1,0>0,A,0=a>) = > 0. (5.8)

When the jth stopping time occurs after ty, the PGF of (I3, Ry, Ay) is

j—1
I 19z, 0)
E<yOOZRt0 v 1(T_/>to)) = Z v, (5.9)

al
a=0

while when the jth stopping time occurs before t,

j—1
i 19z, 0)
E(yo0 fovto 1(rj<to)) = (0310, y0) = ) v (5.10)

al
a=0

Proof. Obviously, we have
1, I
E <y0fo ZRIO VAto l(ItO >0)) — E(yoo ZRro VAI()) —E (ZRto vArO l(lro :0)) . (5.11)
The identity (5.6) at time 1 =t gives

1
E(yO’OZR’OVAfO) = y(0sto, o). E(ZR’OVA g 1(1,0=0)) =y(0st0, 0), (5.12)

so that (5.11) becomes

Iy
By 20401, ~0)) = 03t0, 30) = ¥(0st0, 0) = Iz, ) (5.13)

in the notation of (5.7). Differentiating (5.13) with respect to v and at point v =0, we deduce
the basic formula (5.8). This implies the formula (5.9) by noting that (z; > o) means (/;, > 0,
Aqy < J). The formula (5.10) then follows from (5.9) and (5.12). O

6. After several recorded deaths

Sometimes, a regulator decides to trigger the alarm process only when there have been
enough recorded deaths. We consider such a situation, assuming that alarms are triggered once
a given number / of deaths has occurred (/ > 0). Thus, in the transition probabilities (1.1), the
alarm rate is given by ail(,>; (instead of «i). In other words, the alarm system is activated, if
it is, from the random time inf{z: 7, > 0 and R, =1}.
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Let 71 be the stopping time defined again by (2.1). We want to determine the PGF of the
population state (I, , Rr,). The initial number of individuals plays a special role here; set /o =
m. We notice that (I;; > 0) implies (R;, > [), and (I, =0) implies (R, > m). Thus, if m > 1,
then Ry, > [ necessarily, while if m < [, then R;; > m necessarily. Both situations are discussed
separately below.

Lemma 6.1. {M;, t > 0} given by (2.2) is a martingale if the values f{(i,r,a) take the form

fG,r @)=Y q,(y, Dy, D1, (6.1)
where v(y,z) is given by (2.6), and q,(y, z) is defined as
=+
! 1
=7 [— % . 6.2
a2 =z <y[u+x<1—y)]> (2

Proof. To build a martingale (2.2), we have to solve the equations
fG+Lrar+fi—1,r+1, a)u+f0 r,a+ Dali=p)=f>0r, a) A+ pu+oal;=p) (6.3)

for i > 1. Let us consider the two cases r > [and r < [.
For r > [ we have 1(,~;) = 1, so that the system (6.3) reduces to (2.3). This leads us to take,

asin (2.5), f(i, r, a) = y'zv* in which v = v(y, z) is given by (2.6).
For r < [ we have 1, =0, so that (6.3) becomes

fG+Lrnar+fi—1r+ 1, a)yp=f30r, a)(r+pn), i>1 (6.4)

This suggests extending the function f to lower values of r under the form indicated in (6.1)
above, where ¢,(y, z) remains to be determined via (6.4). Inserting (6.1) in (6.4), we get

Y0 DL D1+ Y g1 00 DL DI =Y g DV DI o),
which provides the following recursion in r:
Var0: Dh+gra1(n Op=yar (v DA+ ), 0<r<i-1L

Note that the choice made before when r > [ implies that ¢;(y, z) = 7. Therefore, we deduce
that g,(y, z) is given by

qr(y, 2) =gr1(y H—t
P M+ a1 =)l
I—r
=7 (*) . 6.5)
Y+ A = y)]
Combining the results (2.5) when r >/ and (6.1), (6.5) when r </, we then obtain the
martingale (6.1), (6.2). O

Let us now exploit this martingale. We start with the case where m > [, so that R;; > I. Let
p1(z; m, I) denote the expectation (2.9) computed for the present model. As before, p1(z) =
v1(z) represents the smallest root of the quadratic equation (2.14).

Proposition 6.1. If m > [, the PGF of (I1,, Ry,) is given by

ay[y"qo(y, z) — p1(z;m, D]

E IflzRfl = zm, ) — ,
() =piem. b W2 =+t a)y+ uz

(6.6)
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where qo(y, z) is defined by (6.2) for r =0 and
pi(zm, )= (p1(2)" qo (p1(2), 2) - (6.7)
Proof. By the optional stopping theorem, we have My = E(M-), i.e., equivalently,

Y900, ) =E(y1 gr,, (v, DDy, D1*7). (6.8)

Since R;, > [ by assumption, we have from (6.2) that qR., >, 2= K. Thus, (6.8) becomes
Y"q0(y, 2) = E(y1 &1 [u(y, 2)1*71)
=pi@m, ) +v(y. D[E( ) — pizm, D).

by arguing as for (2.12). We deduce that

Y'q0(y, 2) — p1(z;m, )
v(y, 2)

]E(ylrl Zer ) =pi(z;m, )+
and substituting (2.6) for v(y, z) then gives the formula (6.6). Moreover, Proposition 2.2 directly

yields the formula (6.7). (]

As a particular model, assume that the initial population has Iy = 1 individual and the detec-
tion is activated only when /=1 individual has been removed. In this case, the state I, still
has a simple distributional representation. Define 1 € (0, 1) again by the formula (2.18).

Corollary 6.1. Let m = [ = 1. If positive, the population size I, is distributed as

Iy | Ie > D21+ Gy + Hy, (6.9)

where G| and Hy are two independent geometric random variables of parameter 1 — w1 and
w/(u—+ A), respectively.

Proof. From (6.6), (6.7) with z=1, we have

ay [yqo(v. 1) — p1(Dgo(p1(1), ]
W —O+p+ay+un

E(y1) =p1(Dgo(pi(1), 1) —

By factorizing the quadratic form as before in terms of y;(1) =p(1) and y>(1) =1/, this
can be rewritten as

amp —y  yqo(y, 1) = p1(Dgo(pi(1), 1)

E(y1) =pi1(Dao(pi (1), D+Tl—n1y E—— (6.10)
Note from (6.2) that ygo(y, 1) = w/[i + A(1 — )], so that
1 A
¥q0(y, 1) = p1(Dgo(p1(1), 1) = A — i) m A=) O =p1(1))
_ P1go(p1 (D), Dys R ©.11)

I —ysy
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in which we set y3 = A/(1 + A) ( < 1). Inserting (6.11) in (6.10), we obtain

1 1),1
]E(ylrl) =p1(1)q0(p1(1)’ 1)+ ﬂ y Pl( )QO(PI( ) ))’3
A 1—my 1 —yay
amip1(Dgo(p1(1), )ys 1—m 1—y3
= 1 1),1 1
P1Dao@rD, D+ =5 50 ) Y Ty T—ay
l—m 1—y3

1—my 1—y3y’

=p1(Dgop1(1), 1) +[1 = p1(Dgo(p1(1), D1y

where the last equality follows from the definitions of 71, y3, and go(p1(1), 1), and the fact that
pi(1) is a root of (2.14). This implies the distributional representation (6.9) for I;; under the
condition that it is positive. O

Second, we consider this time the case where /> m, so that Ry, > m. Let us define the
expectation ¢1(z; m, [) as

o1(z;m, )= E(ZR” 1, =o.r,, Zl))- (6.12)
Proposition 6.2. [f [ > m, the PGF of (I1,, R,) is given by

E(y' 2R ) = l_i; bid + pi(zm, D) — ;y‘f [fli(liyl;ﬁ(;)::lﬁz (6.13)
where h(y) is defined by
1 -1 1—i
w=r i)~ e
the b; are provided by (6.20) and (6.22) below, and $1(z;m, 1) is given by
¢1(zm, D=2"h(p12). (6.14)
In particular, I, is of PGF
E(/1) = 1+ h(1) — h (p1(1)) — 2O = 1pr(D)] (6.15)

MW= Fptay+p

Proof. Stopping at time 71, we have
Y'q0 =E (1 gr, (v, DIv(, DI*7)
=E( 12" o, 91 Lk, =) + B gr,, 0, DD, DY 1 gy, <)

=B (1 by, 91 Ak, 20) + E(gr,, 0 D1k, <), (6.16)

since (R;, < /) implies that A;, =0, hence I;, =0 too. Using (6.2) for ¢,(y, z) and setting b; =
P(R;, =1i) for 0 <i <[— 1, we obtain from (6.16) that

E(y1 2 vy, 1" L, =)
;-1 I—i
| om " 2 1
— "7 | = bij| —MMM — = 7 h(y), . (6.17
Z{y [y(wx(l—y»] 2 [y(mm—y»} } S0, say (61D

i=0
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We are going to see how to determine the probabilities b; in (6.17). For that, we introduce
an argument u by writing

u=y(p+ Al —=y)). (6.18)

Viewing (6.18) as a quadratic equation in y, we then get

_ 1 _ TN % PO DU/
y= ot i =10+ — 42} = = {1 [1 (k+u)2] :

Thus, y can be expanded under the form 2?21 a;u'. As a result, we get

00 m 00
ym — (Z a,-ul) — Z aj, + - - aimullerJrlm — Z Ckuk, (6.19)
i=1 i

[]yenns im=>1 k=m

where

k= > ai, - - a;,. (6.20)

ilsensim=1 ti e Fip=k

Let us return to the right-hand side of (6.17). In terms of «, the function A(y) becomes, after
insertion of (6.18) and (6.19), a function k(u) given by

o ;o i
k(i) = ( 3 Ckuk> <%) -y bi<%> . (6.21)
i=0

k=m

We note that the expectation on the left-hand side of (6.17) is bounded as y — 0. Thus, this is
true for A(y) on the right-hand side. From (6.18), y — 0 as u — 0, so that k(«) = h(y) must also
be bounded when u — 0. But, from (6.21), k(u) can be expressed as

-1

! — Ck - k—1 - Mliibi /Lliibi
k)= p Zﬁ"'zck” - X =i +2 .
k=l

k=m i=0 i=m

From this, we deduce that by = by =- - - = b,,—1 =0 (as we knew because R;, > m), and that
the following b; are given by

bi=ulci, i=m, ..., 1—1. (6.22)

We can now derive the desired PGF. First, we rewrite the left-hand side of (6.17) taking into
account that /;; can be 0 or positive. This gives

E(y 2% [v(y, 7)) 1z, ~1))
=E("1 14, —0.8,, 20) + v, DE( 110, 2ok, 21)
=1z m, D)+ v(y, D[EQ 1 1 1, 2p) — d1(zm, D] (6.23)
in the notation of (6.12). Combining (6.17) and (6.23), we then obtain

Zh(y) — d1(z;m, 1)
vy, 2) '

E(y R g, =) = ¢1(zm, D) +

https://doi.org/10.1017/jpr.2020.24 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2020.24

Branching with alarms 753

Thus, we find that ¢;(z; m, [) = Zh(p1(2)) as stated in (6.14), and, using (2.6),

aylZ'h(y) — ¢1(z; m, 1))

E(y 281 =¢1(z;m, ) — . 6.24
On the other hand, we have
-1
E(y7 21 g, <) =E(F1 Lk, <) =Y bid. (6.25)
i=m
Therefore, adding the expectations (6.24), (6.25) yields the formula (6.13).
For z=1, (6.14) becomes ¢1(1; m, [) = h(p1(1)), and, from (6.13),
-1
ay[h(y) — h(p1(1))]
E(y™) = b+ h(p1(1)) — . 6.26
() :Zm ) = (6.26)
Moreover, Zf;}n b; =1—P(R;, > [) by definition, and (6.24) for y =z =1 gives
PRy, = D)= ¢1(1;m, ) — [A(1) — ¢1(1;m, D] = 2h(p1(1)) — h(1). (6.27)
From (6.26) and (6.27), we deduce the formula (6.15) for the PGF of I,. O

7. Alarms by recorded deaths

Until now, the individuals responsible for a possible alarm are those present in the popula-
tion. In this section, we assume that the triggering of an alarm is due to the number of deaths
that have occurred so far. Thus, the alarm rate in (1.1) is now given by ar (instead of «i).

Let #p be any fixed moment. As in Section 5, our goal is to determine the PGF of the
state (I, Ry, Ay,)- Here too, there is no intervention after an alarm and /o = 1. We try again a
martingale like (5.1), i.e. of the form M; = f(I;, R;, A;; t) for some bounded function f.

Lemma 7.1. {M;, t > 0} is a martingale if the functions f(i, r, a;t) satisfy the differential

equations
df, r.a;t)y . . o .
T—}—Mf(z—i— Lrnat)y+pifi—1,r+1,a;0) +arf(i,r,a+ 1;1)
=[(A+ )i+ arlf(i, r,a;t), i>0. (7.1)

Let f be the function '
fG, 7, a; )= y(@®)'z(t)" v, (7.2)

where v is any real in (0, 1] and y(t), z(t) are functions of t in (0, 1]. Then, the equations (7.2)
are satisfied if
2(1) = zpe®I V=10, (7.3)

where z(ty) = zo € [0, 1], and y = y(¢) is the solution in (0, 1] of the Riccati equation

dy

ot AP = (A )y + pzoe! V00 = 0. (7.4)
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Proof. Arguing as for Lemma 5.1, we find this time that the f(i, r, a; f) must satisfy the
system of differential equations (7.1).

Choose now f(i, r, a; t) of the special form (7.2). After simplification by f(i, r, a; ), these
equations (7.1) are reduced to

] +r|:ot(v— 1)+%11| =0, i>0. (7.5)
dr z

i[keruE —(A+w+ bl

y dry
Therefore, it suffices that the two terms [...] in (7.5) are equal to 0. The second condition
yields the differential equation dz/dt 4+ o (v — 1)z = 0. Its solution z(7), of value zg at time 7 = 7o,
is given by (7.3). The first condition yields the differential equation dy/dz 4+ Ay* — (A + )y +
nz =0, which is the Riccati equation (7.4) after inserting (7.3). O

Let y(r) = y(t; to, yo), t > 0, be the solution of the equation (7.4) that takes the value yg at
the time r = 1y, with yg arbitrary in [0,1]. Applying a standard method, we derive an explicit
expression for this solution in Proposition A.3 of the appendix. Moreover, as desired, y(?) €
(0, 1] for 0 <t <tp. Obviously, y(r) depends here on the parameters zg, v. When v=1, (7.4)
becomes a Riccati equation with constant coefficients (as (5.4)).

From the martingale (5.1), (7.2), we then obtain

E[y(t: o, yo)"z(t: to, 20)*v*] = y(Osto, yo). 1> 0. (7.6)

In particular, (7.6) at time ¢ =t gives
I, R
E(y 2 °v*0) = y(0ito, o).

which is similar to the identity (5.12). Now, consider any stopping time (4.1). To obtain the
desired PGF, we define a function /(zg, v) as in (5.7), then we follow the same reasoning as for
Proposition 5.1. This leads to results with the same structure.

Proposition 7.1. The formulas (5.8), (5.9), and (5.10) remain valid when expressed in terms of
derivatives [D(zg, 0).
Appendix A. Technical results

We derive below some technical results used in proofs of Sections 4, 5, and 7.

A.1. Section 4
The following property allows us to establish the distributional representations (4.13) and

(4.20).
Proposition A.1. Let & be a random variable valued in No with PGF given by
Z"{—o biy'
EGH===0"  yelo, 1], (A.1)
(1—23dyy

where j is a positive integer, k is a non-negative integer < j, and § is a real number in (0, 1).
Then & is distributed as a pseudo-mixture of sums of geometric random variables, i.e. its
probability density function can be expressed as

k
PE=D=) ¢ PGi+---+Gi =D, 1=0, (A2)
=0
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where G, . .., Gj are i.i.d. geometric random variables of parameter 1 — §, and the weights
¢j.» which are not necessarily positive, are given by
KN b,
(= 1)1 = &) Nz
Gu=(=1/1=87 )" (t) = (A.3)

i=t
Proof. We write a monomial y’ under the form

Y =178y = (1/8) @y — 1+ 1)

1 < (i
=52 (;)(— (1= 8y)'".

t=0

Dividing by (1 — 8yy with j > i (> 1) gives

i i . _ j—t
= (’)(—1>’<1—6>ff/(1 5)
(1—syy — & =\ 1—38y

1
K

i i = Gi++Gj—
2 <t>(_ /(1 =8 T E(yorH o),

where the random variables G; are defined as above. Thus, (A.1) can be rewritten as

k i .
E(yg) = Z % Z (;>(_ (1 — S)t_jE(yG1+"'+Gj—t)
i=0 =0

. s (i) i G G
— ; (_ 1)[(1 _ 8)1—] [Z <t)§} E(y 1+t ./—t).

i=t

In other words, & is a mixture of (k + 1) sums of geometrics, G1 + - - - + Gj—, fort =0, ..., k,
with weights ¢; ; given by (A.3), hence the formula (A.2). Note that the ¢;; are not necessarily

positive.

O

To illustrate the formula (4.13), we determine below the distribution of (I | Ay = J) in the

special cases j =2, 3, 4.

A.1.1. Special cases of (4.13) Let us return to the proof of this formula. For j =2, we get from

(4.16), (4.14) respectively

—aw(0, Dp2.1(1) _ @

1
=lim - E(™21 )= -2 1) = xo.
x0() Jimy (2 1lu,=2) WO P MP2,1( )= X0

since (4.15) gives w(0, 1) = —Ay1(1)y2(1) = —u. From (4.16), we have

1 X0 [ X0 } (1—mp)?

E(y'" Ar, =2)= = .
014 =2) =y S Ty~ ez =2 ) G =m?

Taking y = 1 shows that the constant [ . . . ] is equal to 1. Therefore, we deduce that (I, | A, =

22146, +6,.
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Consider j = 3 and denote x1(y) = a1,0 + a1,1y. From (4.16) and (4.14) we similarly obtain

o1 —a[w(0, DI’p32(1)  «
=lim - E(Ys31u, —3) = 20 .
aio yg)r(l) y v (A,3_3)) (0. D Mp3,2( )

On the other hand, we also find that

2
. .y aip,|
lim yE(y314 —3) = lim = J
y>00 (7 =) y=oo (L—mpy)d (=m)?
— lim o372 Wy, DI* 515

o
M ¢ g, pp? D= gpa:

hence the value of aj ;. The expression of xi(y) follows. Using (4.17) and (A.2), we then
deduce the representation (4.13); the details are omitted.

Consider j =4 and denote x2(y) =a2,0+a2.1y + a2,2y2. As for j = 3, we take successively
y— 0 and y — oo to obtain

1 o
lim — B(y™ 14, —4) =a20=—ps3(1),
lim (" 14 =) "

2
y )  an I

m ————— =-—""= lim E %] —
y=oo (L—myy* o} =00 yE(y (Ary 4)

— _ lim %3 [w(y, DI 44+1-3

o
s o0, DI pa3(1)=—pas(l),

which gives us a2 2. Moreover, when y = 1, we have

x2()=az+ a1+ a2 =1 —m)*pss(1),

the last equality resulting from (4.16). This gives a1 and so x2(y), hence again (4.13).

Remark A.1. The polynomial y; 2(y) can also be determined once its derivatives at y = 0 are
known. From (4.16) and (4.14), we see that

j—1
X2 = —my) {afﬂ[wcy, D17 =) oy, 1)]“fﬂ‘“pj,a(1)}.
a=0

Thus, the calculation of the derivatives [ Xj_z(y)](i) requires calculating the derivatives
[w(y, l)b](k) (with b a negative integer) for 1 <i, k <j— 2. As w(y,1) is a polynomial of degree

2, we obtain
[k/2] .
i, DPI® = 37 e b vy, DI Ty, DOT ey, DY,
r=0

where the coefficients ¢y, satisfy the recurrence

cko=1, Ckt1,r = Chk,r + (k+2 = 2r)ck r—1, k>1, 1<r<[k/2].
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A.2. Section 5

For Proposition 5.1, we must know the function I(z, v) given by (5.7), and thus the values
of y(0;19, yo) and y(0;tg, 0). These are provided by the solution y(f) = y(t; to, yo) of the Riccati
equation (5.4), with constant coefficients, satisfying y(o;fo, o) = yo € [0, 1]. Let us derive that
solution.

Proposition A.2. The solution of the Riccati equation (5.4) is

2m(yg — ¢ —m)

(t; t0, yo) =c +m+ ; (A4)
neo (0 — ¢ + m) exp 2mA( — 10)) — (o — ¢ —m)
where ¢ = c(v) and m = m(z, v) are defined by
A 1— 1/2
c:—+M+a( V), m=(c? - , (A.5)
2A A

with m > 0 for z small enough. This solution is such that y(t; ty, yo) € [0, 1] for all 0 <t < ty.

Proof. Equation (5.4) can be rewritten as

Q_A[y_x+u+a(1—v)T_[(/\+u+a(1—v))2 B

_ _ N2 2
ar 2, an “Z}_’\[(y ¢y —m]

using the notation (A.5). Setting y =y — ¢, that equation just becomes dy/(y* — m*) = —Adr.
At time #( we have yo =yo — ¢ by assumption. After some calculations, we then obtain as a

solution ~ _
yHm _ YoM omia-1)

y—m  yo—m
The left-hand side is equal to 1 4 2m/(y — m), so that
— 2m(30 — m)
(Vo + m) exp [2mA(t — 10)] — (Yo — m)

This becomes the formula (A.4) for y = y(#;0, yo).

It remains to show that y(#; fo, yo) of value yg € [0, 1] at time ¢ = f( stays in the interval
[0,1] when we go back in time from fy to 0. Let us prove this by contradiction. A first pos-
sibility would be to go through the point O at some time #; (< o). Then, y(¢1) =0 and, from
(5.4), this implies that dy/df <O at time #;, which is contradictory (remember that we work
in reverse time from #( to 0). A second posibility would be to go through the point 1 at some
time 7 (< 7). Then, y(#2) = 1 and, from (5.4), we see that dy/d¢ > 0 at time #», which is again
contradictory. O

A.3. Section 7

Proposition 7.1 is expressed similarly in terms of the function /(zg, v). Thus, to compute the
values of y(0;t, yo) and y(0;t9, 0), we must obtain the solution y(¢) = y(t; to, yo) of the Riccati
equation (7.4) satisfying y(to;to, yo) = yo € [0, 1]. To get it, we start with a brief reminder.

Lemma A.1. The confluent hypergeometric equation

d?y dy
x@—i—(y —x)a —ay=0
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admits, if y is not an integer, the linearly independent solutions

oo n—1 o+ix
F(a,y;x)zzn—]_— and xlfVF(a—y+1,2—y;x),
=0 j=0 y +jn!

called confluent hypergeometric functions of the first and second kinds.

From this lemma, we deduce that the equation

d’y dy
x@+ya—ay=0 (A.6)

admits the linearly independent solutions

> a” X"
G, yix) = lim Fla/k, yiho =) ——— .
k—0 n=0 1 li=o (J/ -|-]) n:

H(a,2—y;x) =1}i_r)r(1)x1_”F(a/k —y+1,2—yik0)=x"7Ge, 2 - y; ). (A7)
Now, consider the Riccati equation (7.4). We define the constants p, a, b as
p=all—v),  b=—G+w/o,  c=kuze /% (A8)
so that (7.4) takes the form

dy

C
AW+ b —p2%ePt = 0. A9
dt+y+py+kpe (A9)

Proposition A.3. The solution of the Riccati equation (A.9) is

pt co(d/dD)G(—c, b+ 1; 1)+ (d/dD)H(—c, 1 —b; 1)

t;t0, = , A.10
M(E:to, yo) A coG(—c, b+ 1;t1)+H(—c,1 —b; 1) ( )
where T = exp (pt), G, H are defined in (A.7), and cy is the constant

_ pool(d/dDH(= ¢, 1 = b; D)lr=r — AyoH(= ¢, 1 = b; fo)‘ (A1)

MoG(—c, b+ 1519) — [(d/dT)G(= ¢, b+ 1, D)=,
This solution is such that y(t;ty, yo) € [0, 1] for all 0 <t < 1.

Proof. Let u(t) =exp (A fol y(s)ds), so that du/df = Ayu. After multiplication by Au, (A.9)
can be rewritten as
P 3 4 cpertu =0 A12
W+ ,oa+c,oe u=0~0. (A.12)
Put 7 =exp (p?) as announced, and then denote u(¢) =v(t). Obviously, du/dt = (dv/dt)pt
and d?u/dr? = (d®v/d1?)p?t? + (dv/dt)p?t. Therefore, (A.12) becomes, after simplification
by p’7, the second-order linear differential equation

d?v

dv
— b+1)— =0,
Td1:2+( + )dt—i—cv
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which is exactly of the type (A.6). From (A.7), the general solution of this equation is
v(t)=c1G(=c, b+ 1;7)+2H(—c, 1 = b; 1) (A.13)
for some constants c1, c2. By the definition of u(#) and v(7),

1 du(r) 1 pt dv(t) 1

y(; t0, yo) = T dr % = dr @,

and, using (A.13), we then deduce the formula (A.10) in which ¢y = ¢1/c». This constant ¢y is
such that y(f) = yg at time 7y, i.e. when 79 = exp (ptp), hence its expression (A.11). Finally, as
for Proposition A.2, we obtain from (7.4) that y(; ty, yo) of value yg € [0, 1] at 7y stays in the

interval [0,1] for 0 <t <. O
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