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Abstract. We introduce the notions of a rational point, a rational sub-nilmanifold and
a rational homomorphism of compact nilmanifolds and describe elementary properties
thereof. We also show that the closure of the orbit of a point of a nilmanifold X under
a polynomial action of the group Z¢ by translations is, up to a shift, a union of rational
sub-nilmanifolds of X.

0. Introduction

A nilmanifold is a compact homogeneous space of a nilpotent Lie group. Thanks to recent
developments of Host and Kra [HK1, HK2] and Ziegler [Z], nilmanifolds have started to
play a crucial role in the ergodic combinatorial number theory. Studying orbits of points
of a nilmanifold under the action of a polynomial sequence of translations becomes an
extremely important task. It is known that the closure of such an orbit is the union of
several sub-nilmanifolds (see [LL1, L.2]). This paper is devoted to the property of rationality
of these sub-nilmanifolds.

A point x of a standard torus X = R /Zk is rational if nx = 0 for some n € N, or,
equivalently, if all coordinates of x are rational numbers. An (affine) subtorus ¥ of X is
rational if it contains at least one rational point of X; in this case rational points of X are
dense in Y, and in coordinates on X, Y is described by a system of linear equations with
rational coefficients. More generally, an (affine) homomorphism ¢ : ¥ — X of two tori
is rational if 1 (Y) contains a rational point of X; in this case, in coordinates on X and Y,
Y is given by linear equations with rational coefficients. We transfer this simple theory
to the case where X is a nilmanifold. We do this in the first two sections of the paper;
the facts gathered there are quite elementary and we often skip their proofs. Finally, in
the third section we show that all components of the closure of the orbit of any rational
point of a nilmanifold X under a polynomial action of Z¢ by translations on X are rational
sub-nilmanifolds of X.
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1. Rational elements and subgroups of a nilpotent Lie group

1.1. Let G be a nilpotent Lie group with a discrete uniform (that is, cocompact)
subgroup I'. We will denote by G the connected component of G containing the identity
and assume that the group G/G? is finitely generated.

1.2.  We will say that an element a € G is rational (with respect to I') if a” € I" for some
n € N. We will denote the set of rational elements of G by Q(G).

LEMMA 1.3. Q(G) is a subgroup of G.

Proof. Leta,b € Q(G), let H be the group generated by @ and b, H = (a, b), and let
L = I' N H; we have to show that H" = {¢" | ¢ € H} C L for a certain n € N.
Let H=H; D H, D --- D Hy D Hyr41 = 1 be the lower central series of H. H/H>L
is finite, so there is m € N such that H” = {¢" | ¢ € H} C H;L. Assume by induction
on I that Hl.’"l C H;4+1L, then Hl.’”’ C H;i+1(L N H;), and we have

i+1
Hm

M CIH™ H"1Hiy2 C [HoL, Hip1(L 0 H) Hisn © HigoL.

i(i+1)/2

Now, assume by induction that H™ C Hiy1L for some i; then

(i+1)(i+2)/2 ii+1)/2
Hm

— (Hm )mi‘H c (Hi—i—lL)mi +1 c H+1 Lm HH-Z C Hj L.

r(r+1)/2

So, H™ CL. O
1.4. G°? is an exponential group (that is, the exponential mapping G —> G from the Lie
algebra G of G is surjective); thus for any a € G° there exists a one-parameter subgroup
{a(®)};er With (1) = a. We will write a’ for a(z), t € R (ignoring the fact that, in the
case G° is not simply connected, the subgroup {«(#)};cr corresponding to a may not be
unique). Clearly we have the following lemma.

LEMMA. Ifa € Q(G°) thena' € Q(G°) forallt € Q.

1.5. Let G be the universal covering of G°, p : G —> G° be the pI’O]eCthH mapping and
[ = p~1(I"). The connected simply-connected nilpotent Lie group G possesses a Malcev
basis compatlble with F a minimal finite set {ay, ..., ak} € [ such that {ay, .. ak]}
generates r, {a1 y e al }tl .1, €R generates G and for eachi € {1, ..., k} the group A;
generated by {a {'t akkl Vi fk cR is closed and normal in G. Any a € G is uniquely
representable in the form a= a1 k' with #1, ..., #%, € R. (See [M].) Let a; = pa;),
i=1,...,k;. Any a € G is then representable in the form a = a1 akﬁ‘ with
t,....ty) € R, Such a representation may not be unique, but distinct representations of
any element of G° form a discrete set in RF1, One has a € T if and onlyifr,..., 1%, €Z.

If G is not connected, then the finitely generated group G/ G? also has a basis, that is, a
subset {e1, ..., ex,} € G such that, for every j, the group generated by e;, ..., e, and G°
is normal in G. Every element of G/G? is then representable in the form e'l“ e ezzkz G°
withny,...,ng, € Z. If G = G°T theney, ..., e, can be chosen from I'; otherwise G°T"
has finite index in G, and so there exists § € N, such that »° € G°T for any b € G.
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LEMMA. Foranyb € G there exists ¢ € G° such that (bc)? € T.

Proof. Let G = G1 D G2 D --- D G D Gr41 = {1} be the lower central series of G,

and let Gf.’ be the identity component of G;, i = 1,...,r. Assume that = cy with
c € G?and y € T. Then (be™ /%)% = ¢’y with ¢’ € G?,,. By the descending induction
on i we are done. O

Now let {eq, ..., e} S G be a basis of G/G?; after replacing each ¢; by ejc; with
an appropriate ¢; € G° we will have e? e, j=1,...,ky. Putk = ki + kp,
e+1 = ai,...,ex = ak,. We will call {eq,..., e, ex,+1,..., ek} a basis in G.
Every element a of G is now representable in the form a = eq' .- -eltf withty,...,t, € Z
and t,+1, ..., % € R; we will call #1, ..., t the coordinates of a. We get a continuous
surjective coordinate mapping G : 7> x R\ — G, 16 (11, ..., ) = €} - - ¢}t, so that

16(Z*2 x Z*) C E. For any a € G the set rgl(a) is discrete in Zk2 x Rk,

1.6. In coordinates, the multiplication in G is given by polynomial formulas: there are
polynomials & : (R“"1)2 — Rand ¢; : R"™! x R — R, i = 1,..., k, with rational
coefficients and vanishing on ({0} x Ri=1) U (R'=! x {0}) and ({0} x R) U (R"~! x {0})

respectively, such that fora = tg(u1, ..., ux) and b = 76 (vy, ..., vr) the ith coordinate
of ab is

up +vi +& Wy, ..., Ui—1,V1,...,0i—1), (1.1)

and fora = tg(uy,...,ux) andt € Rifa € G° and ¢ € Z otherwise, the ith coordinate
of a’ is

tu; + ¢y, ..., ui—1,1). (1.2)

1.7. Let us say that a uniform subgroup I'’ of G is rationally equivalent to T if [’ N T
has finite index in I'". In this case I’ is discrete, G/(I'’ N T') is compact, and since T is
discrete, I'" N T has finite index in [ as well. Clearly, if I’ is rationally equivalent to ", the
rationality of an element a € G with respect to I is equivalent to the rationality of a with
respect to I'.

LEMMA 1.8. a € G is a rational element of G if and only if all coordinates of a are
rational numbers.

(The coordinates of a may not be uniquely defined; we claim that l((@(G)) =

Zk x Qk1)

Proof. The group E generated by {eq, ..., ex} is uniform in G and rationally equivalent
tol. Leta = tg(uy,...,ur). If ug,...,ux € Q, then since ¢; in formula (1.2)
have rational coefficients and vanish on Ri~! x {0}, for certain n one has nu; +
¢i(uy,...,uj—1,n) € Zforalli =1,...,k. Hence, a" € 76(Z*) C E; thus a is rational

with respect to E, and so, with respect to I".

Now, assume that a is rational with respect to E whereas not all of u; are rational.
Let a® € E. Let i be the minimal index for which u; ¢ @Q, then the ith coordinates
mnu; + i (uy, ...,ui—1,mn) of a™ € E are all different modulo 1 for distinct m € Z.
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This implies that there are infinitely many elements of 7 Y(E) in the compact set
{0}%2 x [0, 17¥, which contradicts the discreteness of TG ! (E). O

COROLLARY 1.9. Q(G) is dense in G.

1.10. A closed subgroup H of G will be said to be rational if it has a basis consisting of
rational elements of G.

LEMMA 1.11. A closed subgroup H of G is rational if and only if ' N H is uniform
in H.

Proof. Let H be rational and let {by,...,b;} C Q(G) be a basis in H. The group D
generated by by, ..., b; is uniform in H. Foreachi = 1,...,/ let n; € N be such that
b?’ € T. Then, the subgroup of I" generated by b}, ..., b;“ has finite index in D and so,
is uniform in H.

Conversely, let I' N H be uniform in H. Then H has a basis compatible with ' N H,

and elements of this basis are rational elements of G. O
1.12. Let H be a closed subgroup of G and let {b1,...,b;} be a basis in H with
bi,...,b, ¢ H° and bj,11,...,b; € H’, so that any element b € H is representable
in the form
t 1

b:bll'o'bl; (1.3)
withty,..., 4, € Zandt,41,..., 51 € R. Letty : 72 x R —> H be the corresponding
coordinate mapping: ty(f1,...,%) = b. For each of by, ..., b; choose a coordinate

representation in terms of coordinates of G; applying formulas (1.2) and (1.1) to the
product (1.3) we obtain a polynomial mapping Py : Z2 x Rl — 7k x Rk for which
the diagram

Py
71 x R ——= 7k x Rk

H———G

is commutative.
Since the polynomials &;, ¢ occurring in (1.1) and (1.2) are rational, we have the
following lemma.

LEMMA 1.13. H is a rational subgroup if and only if the polynomial mapping Py is
rational (that is, has rational coefficients).

COROLLARY 1.14. A closed subgroup H of G is rational if and only if rational elements
of G are dense in H.

COROLLARY 1.15. If H is a rational closed subgroup of G then for any b € Q(G) the
subgroup b~ Hb is also rationall.
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1.16. Let K be a (left or right) coset of a closed subgroup H of G. The natural
isomorphism H —> K induces a coordinate mapping tx : Z2 x Rl — K. Since the
(left or right) translation in G in coordinates is given by polynomial formulas, the mapping
Py induces a polynomial mapping Pk : Z2 x Rl —s 72 x RK such that the diagram

Pk
71 x R ——= 7k x Rk

K——G

is commutative.

We will say that a coset K of a closed subgroup H of G is rational if H is a rational
subgroup and K contains a rational element of G. From Lemma 1.13 we obtain the
following.

LEMMA 1.17. K is rational if and only if the polynomial mapping Pk is rational.

COROLLARY 1.18. A coset K of a closed subgroup H of G is rational if and only if
rational elements of G are dense in K.

COROLLARY 1.19. A coset K of a closed subgroup H of G is rational if and only if all
connected components of K are rational cosets of H°.

1.20. Let F be a nilpotent Lie group with a discrete uniform subgroup A.
A homomorphism ¢ : F —> G will be said to be rational if ¢(A) € Q(G). In this
case, (Q(F)) € Q(G). A rational homomorphism maps rational subgroups and cosets
in F' onto rational subgroups and cosets in G. It follows from the formulas (1.1) and (1.2)
that in coordinates a rational homomorphism is given by a rational polynomial mapping.

2. Rational points, sub-nilmanifolds and homomorphisms of nilmanifolds
2.1. Let X be the compact nilmanifold G/T" and let ¥ : G —> X be the factorization
mapping. The group G acts on X by left translations: x — ax,a € G, x € X.

2.2. We will say that x € X is rational if x € 7(Q(G)). In this case, 7~ (x) € Q(G).
We will denote the set of rational points of X by Q(X).
The following lemma ensues from Corollary 1.9.

LEMMA 2.3. Q(X) is dense in X.

2.4. We will now introduce coordinates on X. Let {eq, ..., ex} be abasis in G compatible
with " and let 7 : ZK2 x R¥t — G be the corresponding coordinate mapping. Let S be
a finite set in Z*2 such that 7G| is a bijection between S and a set of representatives
of G/(G°T); then t6(S x {0}) - G°T = G. Define txy : S x [0, )1 — X by
Tx =T © TGle[O,l)/"l'

We will call Ty the coordinate mapping for X. If x € X and x = tx(¢1,..., ), we
will call #1, ..., tx the coordinates of x.
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LEMMA 2.5. tx is bijective.

Proof. Let x € X, x = m(a) = al'. By the definition of S, there exists a unique
Ty Tky+1 ty

t .
yo € I such that ayy € t6(S x {0}) - G°. Then ayy = 611"'€k2 1€k with
(t1,..., tky) € Sand tgy41,.... 1% € R.If, for ko < i <k, y;—1 € I has already been
t Tky Vky+1 i—1 Ui U .
found so that ay;_| = ¢/ ~o~e,(22ek23rl o~oe;)L1] e/ e?j:’l] et with vy, ..., v €10, 1),
puty; = y,-,lel._[”"] (where [u] denotes the integer part of u € R). Then, by (1.1), ay;i—1 =
te, ; Coul ’ . .
etll o~oekl;2ek§f1' el el e o~e,':k where v; = u; — [u;] € [0, 1). By induction, for
. t Tky Vky+1 . .
vy = v € T we will have ay = ¢} ---¢;7¢; %, et with V41, ..., v € [0, 1),
Thus, ay € 16(S x [0, )%) and x = n(ay) € Range ty, so tx is surjective.
Since yp, ¥1, - - -, Yk € I' were defined uniquely, ty is one-to-one. O

Though the mapping 7y is continuous, its inverse is discontinuous at the points of
Tx (S % [0, DM\ (S x (0, D).
The following lemma ensues from Lemma 1.8.

LEMMA 2.6. A point x of X is rational if and only if all coordinates of x are rational
numbers.

PROPOSITION 2.7. A closed subgroup H of G is rational if and only if w(H) is closed
in X.

Proof. By Lemma 1.11, H is rational if and only if I' N H is uniform in H. We have
a continuous mapping x : H/(' N H) — #n(H) = (HI")/T. If ' N H is uniform
in H then H/(I' N H) is compact, x is a homeomorphism and 7 (H) is closed. On the
other hand, H is locally compact and separable, so when m(H) is locally compact
x is a homeomorphism [MZ, Theorem 2.13]. Thus, if 7(H) is closed then x is a
homeomorphism, so H/(I' N H) is compact and I' N H is uniform in H. a

2.8. A sub-nilmanifold Y of X is a closed subset of X of the form Y = 7w (bH) where H
is a closed subgroup of G and b € G. We see from Proposition 2.7 that for Y to be closed
H must be a rational subgroup of G. We will say that Y is a rational sub-nilmanifold
if b € Q(G); in other words, Y is a rational sub-nilmanifold of X if ¥ = 7 (K) where
K = bH is arational left coset in G.

2.9. Let H be a closed subgroup of G and b € G; define Y = w(Hb). Then ¥ =
7(b(b~'Hb)) and so, Y is a sub-nilmanifold of X if and only if the group b~ 'Hb is
rational. If b € Q(G), by Corollary 1.15 the subgroups H and b~!Hb are rational
simultaneously, so Y is a rational sub-nilmanifold if and only if H is a rational subgroup.
Hence, Y is a rational sub-nilmanifold of X if and only if ¥ = 7 (L) where L = Hb is a
rational right coset in G.

PROPOSITION 2.10. A sub-nilmanifold Y of X is rational if and only if Y contains a
rational point of X, and if and only if rational points of X are dense in Y.
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Proof. If Y contains a point 7 (b) with b € Q(G) then Y = 7 (bH) where H is a rational

closed subgroup of G. By Corollary 1.18, rational elements of G are dense in b H and so,

rational points are dense in Y. O
We also get the following proposition.

PROPOSITION 2.11. A sub-nilmanifold Y of X is rational if and only if all connected
components of Y are rational sub-nilmanifolds of X.

2.12. Let X be the nilmanifold G/I" and Y be a nilmanifold F/A. A mapping
Y : Y — X will be called a homomorphism if there exists a Lie group homomorphism
¢ : F — G suchthat ¥ (cy) = ¢(c)¥(y) forally € Y andc € F.

Let ¥ : Y — X be a homomorphism and ¢ : F — G be the corresponding Lie
group homomorphism. Let 7y : G — X and ny : F —> Y be the factorization
mappings; put 0y = wx(1g) and Oy = mwy(1F). Assume that ¥/ (0y) = Oy. Then, for
any d € A we have ¢(d)0x = ¥ (d0y) = ¥ (0y) = Ox and thus ¢(d) € I'. Hence, the
homomorphism ¢ is rational.

Now, let ¥(0y) = xg € X. Take b € n;l (x0), so that xo = b0y, and define
Yo = b~ 'y. Then, forany c € F and y € Y we have yo(cy) = b~ oY (y) =
b~ 'o(c)byo(y). Hence, Y is a homomorphism from Y to X corresponding to the Lie
group homomorphism ¢g : F — G defined by @o(c) = b~ p(c)b, ¢ € F. vy satisfies
Yo(0F) = 0g; thus, ¢ is a rational homomorphism. Hence, ¢ is rational if and only if b is
a rational element of G, which is true if and only if xq is a rational element of X. We will
say that a homomorphism ¢ : ¥ —> X is rational if ¥ (0y) € Q(X). We have proven the
following.

PROPOSITION. A homomorphism W : Y — X is rational if and only if the
corresponding homomorphism ¢ : F —> G is rational.

2.13.  We also have the following.

PROPOSITION. A homomorphism  : Y —> X is rational if and only if there exists
y € Q(Y) such that ¥ (y) € Q(X). In this case Yy (Q(Y)) € Q(X), and for any rational
sub-nilmanifold Z of Y its image (Z) is a rational sub-nilmanifold of X.

COROLLARY 2.14. If Y is a sub-nilmanifold of a nilmanifold X, the inclusion
homomorphism Y — X is rational if and only if Y is a rational sub-nilmanifold of X.

COROLLARY 2.15. X has only countably many rational sub-nilmanifolds. For any
x € X, there are only countably many sub-nilmanifolds of X containing x.

Proof. If Y is a rational sub-nilmanifold of X, the inclusion homomorphism ¥ — X
is defined by a rational homomorphism ¥ — G, which is a polynomial mapping with
rational coefficients, and there are only countably many of those. In particular, there are
only countably many sub-nilmanifolds of X containing 0x. For any other point x € X,
sub-nilmanifolds containing x are shifts of sub-nilmanifolds containing Oy . a
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2.16.  We will now describe how homomorphisms of nilmanifolds ‘look in coordinates’.
Let ¢ : Y —> X be a homomorphism from a nilmanifold ¥ = F/A to a nilmanifold
X = G/I',let¢ : F — G be the corresponding Lie group homomorphism and let
wy : F —> Y and mx : G —> X be the factorization mappings. We will first assume that
both Y and X are connected; we may then also assume that both ' and G are connected.
Let 7g : R¥ — G and 77 : R — F be coordinate mappings for G and F, and let
7x : [0, DF — X and 7y : [0, 1)) — Y be the corresponding coordinate mappings for
X and Y. In the commutative diagram

1

.,

F
4
Y

—_—

Q

X

-

e

the mapping ¢ is the composition of ¢ and the left translation by an element b €
n;l (Y (ry(1F))). Since, in coordinates, both ¢ and the translation by b are polynomial
mappings, in the commutative diagram

]Rl LRk

F——G

Pr is a polynomial mapping. Pr is rational if b and so v is rational.
In the commutative diagram

[0, 1)) —%> [0, 1y*

Yy —X

the mapping Py is the composition of P1c|[0 Iy and the ‘factorization’ mapping ¢ : R¥ —
[0, l)k defined in the following way. For v = (vy, ..., vt) € R let M, - RF — R* be
the polynomial mapping corresponding, by formula (1.1), to the right translation of G
by 76 (v). Let Q = [0, ¥ € R¥ and for v € R let Q,, = Mv_l(Q). It is seen from the
proof of Lemma 2.5 that | J, 7« Qy is a partition of R¥; the mapping ¢ : R¥ — Q'is
defined by ¢|Qv =M,,ve 7k,

Let vy, ..., vn € ZF be such that Pr([0, 1)) € U7, Qu; and let £; = P (Qy) N
[0, 1)), j =1,...,m. Then [0, 1)! is partitioned into U’;1=1 Lj. Foreach j € {1,..., N}
the restriction of Py on L; is the polynomial mapping Pj = My; o Pr|, ,and L; is defined

! J
by L; = Pj_l ([0, D*) N [0, 1)L If the homomorphism ¥ is rational, then P is a rational
polynomial mapping, and since M, are rational for v € Z?, the polynomial mappings P i
j =1,...,m, are also rational.
If X and/or Y are disconnected they consist of finitely many connected components,

and our argument is applicable to each component of Y and the corresponding component
of X.
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We arrive at the following result.

PROPOSITION 2.17. Let v : Y —> X be a homomorphism of nilmanifolds, let tx :
S§x[0, D¥ — X andty : Rx[0,1)! —> Y, with S and R being finite sets, be coordinate
mappings for X and Y and let Py = t;l ooty : R x[0,1)) — § x [0, D). Then,
foreachr € R, there exist s € S and polynomial mappings P, 1, ..., Prpy, : R! — R*
such that the sets Ly, j = Prjjl([o, DY N0, D, j =1,...,m,, partition [0, 1)! and for
each j = 1,...,m; one has Pyl{r}xﬁm- = {s} x Pr’jl{r}xﬁm-' If ¥ is rational, then P, j
are rational forally € Randall j € {1, ..., m,}.

2.18. Let us say that a mapping P : U —> RF from a set U C R’ is piecewise
polynomial if U can be partitioned, U = U’;lzl L, into subsets L, ..., L, such that,
foreach j =1,...,m, L; is defined by a system of polynomial inequalities:

Li={teU:q1t)>0,...,q:) >0,qi+1(t) 20,...,q,() =0},

where q1, . .., g, are polynomials on R!, and the restriction of P on £ j 18 a polynomial

mapping. We will say that a piecewise polynomial mapping P is rational if, for all j, the

polynomials g1, ..., gn and P|, are rational. If P is a mapping from a union U,er Ur
J

of subsets of distinct copies of R¥, we will say that P is piecewise polynomial if Py is
piecewise polynomial for all » € R.

2.19. From Proposition 2.17 we have the following.

COROLLARY. The mapping Py = tgl ooty : Rx[0, 1) — S x [0, 1)¥ is piecewise
polynomial. If  is rational, then Py is rational.

COROLLARY 2.20. Given two coordinate mappings tx and ty for a nilmanifold X, the
mapping Ty Lo Ty is piecewise polynomial and rational.

2.21. Let us say that a function f : X — R™ on a nilmanifold X is piecewise

Lo x[0,DF — R™ s piecewise polynomial.

1

polynomial if the function f o 7,
In this case, let us say that f is rational if f o T
of piecewise polynomial mappings is piecewise polynomial, and the composition of
rational piecewise polynomial mappings is rational, it follows from Corollary 2.20 that
the definitions above do not depend on the choice of the coordinate mapping ty.

is rational. Since the composition

2.22. Since the composition of piecewise polynomial mappings is piecewise polynomial,
we have the following.

COROLLARY. If f is a piecewise polynomial function on a nilmanifold X and v :
Y — X is a homomorphism of nilmanifolds, then f o VW is a piecewise polynomial
function on Y. If both f and r are rational, then f o\ is also rational.
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3. Rationality of the closure of a polynomial orbit
3.1. A sequence {g(n)},cz in G of the form g(n) = afl(n) .- -a,f,’”(n), where
ai,...,am € G and pq, ..., p, are polynomials taking on integer values on the integers,
will be called a polynomial sequence. Let {eq, ..., e} be abasisin G with ey, ..., e, &
G and e, 41, ..., ek € G it follows from formulas (1.1) and (1.2) that any polynomial
sequence g in G can be written in terms of this basis: g(n) = e(fl(n) .- -eZk(")
q1,...,qx € R[n]and q1, .. ., g, take on integer values on the integers.
Again,let X = G/TI" and w : G — X be the factorization mapping. Let {g(n)},c7 be
a polynomial sequence in G and let x € X. Itis provenin [L1] that the closure {g(n)x},c7,
of the ‘polynomial orbit’ {g(n)x},cz of x is a disjoint union Y1 U - - - U ¥; of connected

sub-nilmanifolds of X. We now prove the following.

where

THEOREM 3.2. If g(0)x is rational, then all of Y1, . .., Y; are rational.
We will first prove the following fact.

PROPOSITION 3.3. Let g be a polynomial sequence in G Wlth g(0) = 1g. There exists a
mlmamfold X=G / F WLth the factorlzanon mappmg 7#:G6 — X an open subgroup
G ofG such that 7t(G) = X and S0, X = G/(l" N G) ~ )? a rational homomorphism
/38 X —> X and an element ¢ € G such that t(g(n)) = Y (7 (™)), n € Z.

Proof. Let {e1,...,er} be a basis in G and let § € N be such that al € T for any a
from the (discrete) group generated by {eq, ..., er}. Let g(n) = eql(n) Z‘(n) where
q1, ..., qk, are polynomials Z — Z, qi,+1,...,qk are polynomlals 7Z —> R, and
degg; = mj, j =1,...,k. Let G be the free nilpotent Lie group of same nilpotency
class as G with discrete generators {b; ;}i—o,...m i d=lnka and continuous generators
{bjili=o,..., mj, j=ky+1,...k (see [L1]). Let ¢ : G —> G be the rational homomorphism
defined by ¢(bj0) = ej and ¢(b;;) = 1g,i =1,...,mj, j = 1,..., k. The group B
generated by {b; i}i=1,...m;, j=1,...k, and {b},i}teR, i=1,.mj, j=ka+1,..k is then contained
in ker ¢.

Let E be the subgroup of G generated by {b;, } =0....mj. j=1....k & and T be t’lle subgroup
generated by the §th powers of the elements of E T= {ylly e E }) Then I" is uniform
in G (p(l") C I' and one has U(F) =T for any automorphism o of E.LetX = G/l" and
let yr : X —> X be the rational homornorphlsm induced by ¢.

We define an automorphism o of G by o(bjo) = bjoand o(b;;) = ,L’ ,, 1 for
j=1,...,kandi =1,...,m;. o induces a unlpotent automorphlsm of G/ [G G] it
is shown in [L1] that o is a unlpotent automorphism of G. Let G be the extension of G
by o and let s € G be the element corresponding to o, so that s~las = o(a) for any
a € G, by [L1], G is a nilpotent group. Since o preserves E, it also preserves T, and
the group I = (F s) is uniform in G. The nilmanifold X = G / T is isomorphic to X
as a topological space, and we will identify them. Let 7 : G —> X be the factorization
mapping; we obtain the commutative diagram

¢
—_—

G2G G
S
P
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For j € {1,...,k} let g;j(n) = al(’f)+(x2( )+ +amj(,,’fj). Define a; =
ar () +or (5) ++am, )

bj."ll bj[m ; then 0" (aj) = b,o (o ’)h( ) = bp’

h(n) with h(n) €
B Ckerg,n € Z, and thus (0" (a;)) = ef'/(n). Puta = aj - - - ag; then p(c"(a)) = g(n),

-1

n € Z. Define ¢ = a—'s~la; then

70" (@) = 7 (s "as™) = 7#(s "a) = 7#(a(@ s ")) = ax((a" s a)t) = aw ().
Hence,

m(g(n) =m(p0" () = Y (@ (0" (@) = Y(an (") = p@)Y (T (c")) = Y (T (")

sincea € B C kerg. O

3.4. ProofofTheorem3.2. Letx = m(a). Then g(n)x = g(0)anm (g’ (n)) where g'(n) =
a~'(g(0)"g(n))a is a polynomial sequence with g'(0) = 15; since 7(g(0)a) = g(0)x €
Q(X), g(0)a € Q(G). Replace g by g’ and assume that g(0) = 1 and x = 7w (1g).
Let 5 f T, 5 5(\ Yandc € G be as in Proposition 3.3, so that g(n)x = ¥ (c"X), n € Z,
forX = 7(13). The closure Z = {¢"X} X}ney of the 0rb1t of X under the action of c is a
sub-nilmanifold ¥ of X (see, for example [Ll]) Since ¥ contains the rational p01nt %Y
is rational by Proposition 2.10. Let Y 1s-- Yl be the connected | components o of Y they all
are rational sub-nilmanifolds of X by Proposmon 2.11. Since G is open in G Y Is-- Yl
are rational sub-nilmanifolds of X. We have {g(n)x},ez = w(Yl) u---u w(Yl), since
is a rational homomorphism, 1//(17 Dy enns 1//(171) are rational sub-nilmanifolds of X. O

3.5. A polynomial mapping Z¢ —> G is a mapping w of the form w(n) =
af'(") . --a,ﬁ"’(n), where ay,...,a, € G and py, ..., p are polynomials 78 — 7.
One derives from Theorem 3.2 its multiparameter version.

THEOREM. Let w : Z% — G be a polynomial mapping, let x € Q(X), and assume
that w(0)x € Q(X). Then {w(n)x},cze = Y1 U---UY; where Yy, ..., Y, are connected
rational sub-nilmanifolds of X.

Proof. 1t is proven in [L2] that {®w(n)x},cz« is a disjoint union of connected sub-
nilmanifolds Y7, ..., Y; of X; we are only going to show that Y7, ..., Y; are rational.
Leti € {1,...,1}; find n € Z? such that w(n) € ¥; and consider the polynomial sequence
gm) = w(nm), m € Zin G. By Theorem 3.2, {g(m)x},,cz = Z1 U --- U Z; where
Z1, ..., Zy are connected rational sub-nilmanifolds of X. We have Z; C Y; for some j;
it follows that Y; contains a rational point and so, is rational by Proposition 2.10. a
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