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1. Introduction. The spaces L' and L? of unbounded operators associated with a
regular gauge space (von Neumann algebra equipped with a faithful normal semi-
finite trace) are defined by Segal(5) definitions 3-3, 3-7. The spaces L? (1 < p < o0,
p + 2) are defined by Dixmier(2) as the abstract completions of their bounded parts.
Dixmier makes use of the Riesz convexity theorem to prove the Holder inequality,
and the uniform convexity, and hence reflexivity, of L? (2 < p < o).

Here, we define the LP-spaces concretely as spaces of unbounded operators, give a
more direct and elementary proof of the Holder inequality, and prove that the dual
of Lris L7 (1 < p < o0, 1/p+1/g = 1) by means of a Radon-Nikodym theorem.

Let % be a semifinite von Neumann algebra and let m be a faithful semifinite normal
trace on Z. Given Segal’s definition, (5) 3-3, of the space L! = L1(Z%, m) of m-integrable
unbounded operators, and of the extension of m to L!, we make the following definition.

1-1. Definition. Let 1 £ p < co and denote by A = .#(Z) the algebra of measurable
operators affiliated with £ ((5), definition 2-1). Define

Lr = LP(R,m) = {AeM:|A|Pe LY},
Il = ((Ap)ye (deLp)

This is consistent,with (5), definitions 3-3, 3-4, 3-7 and 3-8, in the cases p = 1, 2, by (5)
corollary 11-2, corollary 12-11, and corollary 12-14.

It is not immediate that L? is a vector space and that 4 — || 4], is a norm; this will
follow from the Hdlder inequality (Theorem 3-4), which will be deduced from an in-
equality (Theorem 3-3) involving rearrangements of operators. The latter inequality
is proved by Garling, ((3) proposition 4), in the case where # = Z(5F) and L is the
usual trace class of compact operators, and is stated for bounded operators by Grothen-
dieck ((4) Corollaire 2(6)) as a special case of a more general inequality ((4) théoréme 1).

2. Preliminaries. Throughout, Z is a von Neumann algebra on a Hilbert space 52,
m is a faithful semifinite normal trace on &Z, &# = F (%, m) is the ideal of elementary
operators ((5) definition 3-1), & = L(Z) is the algebra of locally measurable operators
((7) definition 2-2), and &+ denotes {4 €¥: 4 > 0} for any subset & of L. A simple

k
operator is an operator of the form 3 A, E; with A;€¥, E; projections in &, and
i=1

E,E;=0 if ¢ +j. We introduce the algebra % = A (%, m) of totally measurable
operators.
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2:1. Definition. An operator A € & is totally measurable if there is a projection E e #
such that 4(] — E)eZ. The subalgebra # of £ is defined by: 4 €%, if and only if for
every € > 0, there is a projection £ € & such that | 4(I — E)|, < ¢, where || |, denotes
the usual operator norm on £.

An application of (7) lemma 1-1 shows that, if A€ and |4| = fwAdE(A), is the
0

spectral resolution of | 4| = (4*4)}, then the following conditions are equivalent:

(i) de,

(ii) m(I—E(Ay)) < oo for some A, > 0,

(iii) m(I—E(A)) <o forsome A;>0 andall A A,

(iv) m(I—EA) >0 as A->oco.
Also, Ae¥ifand onlyif m(I -E(A)) <o forall A >0,

2-2. Definition. The rearrangement A of an operator Ae is the function
A:10, 00[-+ [0, o[ defined by

A(e) = inf{A e[0,00[: m(I - B(Q)) < o},

where

4] =f:AdE(A).

4 is decreasing and continuous on the right. We have
€ ={AdeA:A(@) >0 as a— 0}

and, by (7)lemma 1-1,

2:3. ProrosiTioN. A(a) = inf{|A(I - E)|.: E€ F,m(E) < a}.

Proof. I—E(A)< E implies m(I — E(A)) < m(E). The next result summarizes some
basic facts about rearrangements.

2-4. PROPOSITION.

() A*~=|4|~=4 (deX),

(i) AX) <|X|.d (ded, Xed),

(iii) (A+B)”(@+p) < A(@)+B(f) (4,BeX,a,p>0),

(iv) (AB)~ (@+p) < A(«).B(f) (4,BeX,a,p>0),

(v) A<B if A,Bex, 0< ALB,

(vi) APy~ =AY if AeA,A>0,1<p <o,

(vil) Ae® ifandonlyif AeX and A(0+)=lim d(a) = sup d(a) < oo,

a}0 a>0
in which case | A|n = 4A(0+),

(vi)AeLP (1 < p <o) ifandonlyif AeHA and f:(ff)l’<oo,

in which case | A, = ( f 0°° (A)p)”p.
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Proof. (i) Let 4 = W|A4| be the polar decomposition of 4 and

4] = f:AdE(A)

the spectral resolution of [4|. Then
1A% = (A4%)} = W|A|W* = fw/\dF(/\),
0

where F(A) = WE(A) W* + (I — WW#*), so that m(I — F(A)) = m(I — E(]A)).
(ii) By Proposition 2-3.
(iii) There exist projections E, F's.t.
|A(I-E)|o =a, m(E)
1B =F)|e = B, m(F)
LetG=EvF,I-G=(I—-E)A(I-F).
Then [|(A+B)(I—0)||o € 2+ 8, m(G) < a+p.
(iv) With E, F as in (iii), let
G =Fv[B*E(#)), I-G=I—-F)A[BX—-E)(HK)].
Then |AB(I — G)|» < af, m(G) < a+p.
(v) By Proposition 2-3.

2

<
<

B.

(vi) If4 = fwAdE(A),A” = fwﬂpdE(A) = [mﬂdF(ﬂ), where F(u) = E(ulir).

LY

(vii) AeZ ifandonlyif EQA)=1 forall A= A= |4]s.

(viii) By (vi), it is sufficient to prove the case p = 1. This follows from (5) corollaries
12-6 and 12-14 and the fact that

fo A(a)da =f0 m(I — B(A))dA =f:/\dm(E(A)) if |4 =f0°°/\dE(/\)

We obtain the following properties of the LP-*‘norm”’.

2-5. ProposITION. Let1 < p < 0.
(i) If AeL® and |Af,=0, then A =0,
(11 ) 14%)5 = 14l = 1415

i) |AX], < |X||4l, (Aelr,Xe),
(1v |4], <|Bl, ¥ A,BeLr,0< A< B.
Proof.
(i) By (5) corollary 12-3.
(if) By Proposition 2-4 (i) and (vi).
(iti) By Proposition 2-4 (ii) and (vi).
(iv) By Proposition 2-4 (iii) and (vi).

https://doi.org/10.1017/50305004100049434 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004100049434

94 F. J. YEADON
2-6. Definition. The expression
(4 — B) = inf max {|(4 — B) (I — B)|| o, m(E)}
Eeg
= :ni(‘)max A, m(I-EQQ))}

= infmax{(4 — B)~ (z),a} (4,BeX),
a>0

where |4 —B| = f AdE(A), defines a metric on . Convergence in this metric coin-
0

cides with convergence tn measure as defined in (6) section 3, where it is proved that the
algebraic operations are continuous. It can be shown, as in (7) theorem 3-4, that ¢
is complete in this metric.

2-7. ProposITION. The following are equivalent:
(1) The sequence (4,) in A~ converges in measure to A e X,
(ii) mI—E,(A) >0 foreach A>0, where |A—A,|= f " AE, ),
(i) (4—4,)" (@) >0 for each o > 0. '
2-8. Definition. A sequence (4,) in 4 converges m-nearly everywhere (m.n.e.) to
A e X if, foreach e > 0, there exist projections E, € Z, such that
E. 1, |(A-4,)E,|,<¢ and m(I-E,)—0.

The above definition is in conflict with (5) definition 3-3 but it is, in fact, the concept
actually used in (5) theorem 11, lemma 12-1 and corollary 13-1.

Convergence m.n.e. implies both convergence in measure and convergence locally
nearly everywhere, each of which implies convergence locally in measure ((7) definit-
ions 3-1, 5-1). The proof of (6) theorem 3-1 shows that if 4,, - 4 in measure, then (4,)
has a subsequence that converges to 4 m.n.e.

We use later the following version of Fatou’slemma. The proof given in (6) theorem
4-10 is incorrect; the proof given here is derived from that of (5) theorem 13.

2-9. THEOREM. Let (A,) be a net in L' such that A, converges locally in measure to
Ae, and sup|4,], < . Then Ae L' and |Al, < lim|4,],.

Proof. First suppose that #Z has countably decomposable centre &, so that the
topology of convergence locally in measure is metrizable, and let (4,,) be a sequence in
L1, such that sup ||4,]|; < oo and 4, converges locally nearly everywhere to 4e.%.

n

As in the proof of (7) theorem 3-4 or 5-2, we can find projections @, €, such that
Q.rI, A,Q.eZ if n>xk,
AQ,e# and lim|(A4,-A)Qy|o=0 foreach F.
n—>w

For any projection P e # with P < Q,, we have
APl —[|4nPla| < |AP—A4, P, < (4~ 4,) Quflo-m(P),
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m(|4|P) < IIAPlll—hmllA P, < hm”AnHI

By (5) lemma 13-1 (extended to locally measurable operators),
m(Qr|41Qy) = sup {m(|4|P): Pe F, P <@,
and m(|4]) = S‘i_Pm(leAle)-

It follows that
el snd 4], = m(|4]) < lim | 4,],.

n

This still holds if 4,, - A4 locally in measure, since then every subsequence of (4,,) has
a subsequence that converges locally nearly everywhere to 4 ((7) section 5). Thus, if
Zis countably decomposable, the ball {4 € L!: || 4|, < A}is (sequentially) closed in ¥
in the (metric) topology of convergence locally in measure.

In the general case, suppose that (4,), 4 are as in the statement of the theorem and
let (Z4) be a set of projections in 2 with each Z; countably decomposable in 2 and
Z',,TI . Then for each g, H;n A,Zy = AZjg, locally in measure, and, by the first part,

m(|4|Zg) = |AZ|, < < lim 142Zp|y < lim [ 4, ],
Since m(|4|) = supm(|4|Z), the result follows.
b4
3. Inequalities. The next result is a first step towards Theorems 3-3, 3-4.

1
3:1. ProrosITION. Let 4 = E NE, B = 2 1; F; be positive simple operators, where
0< A <Ay <...<A,0< ,w, < M <. < ,u,l, and E;, F; are projections in F, with

272

E.E,=0(i+1i), F;F,=0(j+j). Then m(AB [A~B~.
Proof. We have
k k
4= '21 Ay (g, [= 021 (A~ ) X [0, 2, [,
1= 1=

1 1
B= ]Eal,“jx [ﬂj—l’ ;Bj [= jz:.‘:l (/l’j—ﬂ’j+l)x [o, ﬂj [,
where ai=m(§‘,E,) (t=1,...,k),
r=1

p=m(EE) (G=1..0,

= Bo= Apy1 = thy1 = 0.

Thus
JJB zzljg (A Aﬁ-l) (/u’; /"7—}-1 uﬂy
But
ko1 ko1
m(AB) = Z Z uujm(Ei ) = 21 21 (A= A1) (5 — H542) Mij:
i=1j=1 =1j
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where M;; = é ]Z m(E, F)) =m ( i B,. é Eg) < min (o, £;),
r=1 8=1

r=1s8=1
since

m(PQ) < min (m(P), m(Q))
for projections P, Qe Z.

3-2. ProposITION. Let A, Be F+. Then (i) m(AB) < j 4B, (i) |4B], < [4B.

kn
Proof. (i) Choose sequences 4, = 3 A; B, ., B, = E M F; , of positive simple
i=1 =1
operators such that
4,<4, B,<B and [4-4,)|c—>0, |B-B,|,—>

4,<4, B,<B, m4,B,)<[4,B,<[4B,

and m(4B) =limm(4,B,), since the restriction of m to the finite von Neumann
algebra EZE is norm-continuous, where K = [4(5£)]v [B(s#)]e Z.

(ii) Let AB = V|AB| be the polar decomposition of 4B, so that
|AB|l, = m(|AB|) = m(V*AB) = m(ABV*).
By (1) 1-6-10 Lemma 2,
(m(ABV*))? < m(A|BV*|).m(4|(BV*)*)
< [A|BV*~.[ A|(BV*)*|~
< (J4B):.
3:3. TueoreM. Let A,Bet and suppose that [AB < co. Then ABeL' and

|4B], < [4B.

Proof Since ABeL* iff |4||B*|eL*, and |AB|, = ||4||B*||,, and also 4 = |4],
= | B*|~, we may assume that 4, B > 0. First suppose that both, 4, Be%.

Then

V| =f0 AdE(A), B =f0 AdF(A)
with m(l—E(A)) <o, m(I-FA) <o forall A>0,

and let A, = A(Em)—E(i/n)), B, = B(F(n)—F(1jn))eF.

Then |4, B, < [4,B, < [4B, and | 4B|, < lim ”Aan”l, by Theorem 2-9, since
A4, - A and B, > B metrically nearly everywhere, and so 4,, B, - AB in measure.
Suppose next that 4 € £ \€ (the case where Be 4 '\¥ is similar). Then
Ao = lim A(a) = inf{A:m(1 — E(A)) < o0} > 0,

and since f AB < oo, f B < o0, whence Be L1, Let
A1 = AE(AO) + AO(I_ E(Ao)),

4y = (A=) I-EQW) = |7 A=2)dBQ0) = [ " AaBQ+2),
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so that
A=A4,+4, A,eZ, |A4io= 20

and A, =A-2, A4,e%¢ (thusH =Z+F).
Then [4,B < 00, A;Be L, hence AB = 4, B+A4;,Be L, and
4B < 4]l Bll: + [ 42B]:
<A [B+[4,B
= f/ﬂ?.
3-4. TueorEM. If AeL?, Be L%, p,q > 1,1[p+1/q =1, then
ABeL' and |AB|, < |4]y] Bl
Proof. | AB|, < [ AB < (] dvyw(| Boyie = | 4],| B, < oo.
3-5. LemmMa. Let p> 1, 1fp+1jg=1, AecZ. If ABel! for every BeF and
sup {|m(AB)|: BeZ, |B|, < 1|} = N < o0, then Ac L? and |A], < N
Proof. Let A = W|4|, |4| = fwAdE(A). We first show that m(l — E(A)) < oo for all
0

A > 0, so that Ae%. Suppose that A > 0, m(I — E(A)) = o0, and choose a projection

Ee%,suchthat E < I - E(A)and m(E) > A-PN?. Then EAE > AE and

mAE) m(EAE)
18], ~ m(@e

N> A(m(E))t-12 > N,

a contradiction. Now let
B, = |A|P~1(E(n) 1/'n)) W*eZF.

Then
= |B,|?= W|A|”(E(n)—l’7(1/n)) W,
N> ”ﬁ(gﬁ w) _ (m(| A[P(E(n) — E(1/n)))">,
and, since “e

|4|?7(B(n)— E(1/r))4 |4|? mmne.,
|A[Pel* and m(|4|?) < NP
3:6. COROLLARY. If AeLP, wherep > 1, and 1[p+1]q = 1, then
4], = sup{|m(4B)|: Be Ls, |B], < 1}
=sup{|4B|,: BelLs, |B|,<1

Proof. If Ae L? and || B|, < 1, then [m(A4B)| < |4B|}; < ||4],. The converse follows
from 3-5.

3-7. TagorEM. (i) If A,Bel” then A+BeLP and |4+ B|, <|4], +|B|,
It follows that L? is a vector space and that A — ||A||,, is a norm on L.

(il) & isdensein LP,
(iii) LP 18 complete.
7 PSP 77
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Proof. (i)If A, Be LP, then A + B e L?, by 2-4 (iii), (viii). It now follows from (3 6) that
14 +Bl, < [ 4]+ B],-

(i) If Aelr,let 4 = W|A|, |4| = [AdE(A) and let A, = W|4|(E(n)—E(1/n)).
Then 4,,€ % and |4 —A4,|, = m(]4|? (1 - E(n) + E(1/n))) - 0.

(iii) Let (4,) be a cauchy sequence in L?. By (6) theorem 3-2, (4,,) is cauchy in
measure and, as in the proof of (5) theorem 13, has a m.n.e. - convergent subsequence.
To save notation, we assume (4,,) is itself m.n.e.—convergent to 4e%. Let Be L.
Then ||4,B—A4,,B|, < [4,—A4,|,|B|, so that (4, B) is cauchy in L!, and since
A4,B—>ABmn.e., ABeL'and 4,B -+ ABin I1. If | B|, < 1, then

[m(AB)| = lim [m(4,, B)| < lim [| 4, | Bl

and it follows by 3-5 that 4 € L? and | 4], < lim ||4,]],,. Finally,if Be Leand | B, < 1,

'n”p

then
|m(4,— A) B| = lim |[m(4,—A4,,) B| <lim|4,B—4,,B||; < lim |4, — 4, | Bl
m~>»0 m—>x m—>
whence
|4,—A4|, = sup{|n(d,—A4)B|: Be L, |B|, < hmllA — Al

so that 4,, > 4 in LP,

3-8. Remark. The full strength of theorem 2-9 is not needed for the proof of theorem
3-7 (iii) or that of (5) theorem 13; all that is necessary is the result that if (4,,) is a
cauchy sequence in L and 4,, - 0 m.n.e., then | 4,]|; - 0. A proof can be given on the
lines of (5) theorem 11, making use of (5) lemma 13-1.

3-9. THEOREM. Let p > 1, 1/p+1/q=1. If Aec ¥ and ABeL? for all Be L4, then
Aelr,

Proof. We show that the mapping B+ AB(L? - L) has closed graph, and is there-
fore continuous. There exists then a number N, such that | 4B|; < N| B|, (Be L?), and
the result follows from 3-5. Suppose that B, - B in L% and 4B, - C in L'. Then
B, — Blocally in measure, hence 4B, - 4B locally in measure, but 4B,, - C locally
in measure, whence ¢ = AB.

4. Duality. It follows from the results of the preceding section that the mapping
Awf,, where f(B) = m(4B) (BeL?),is alinear isometryof L2 (g > 1, 1/p+1/g = 1)
onto a closed subspace of the norm-dual of L?. We show now that if fis any continuous
linear functional on L?,then f = f , for some 4 € 2. The construction of the operator 4
requires the following result, which is a form of the Radon-Nikodym theorem.

4-1. THEOREM. Let f be an ultraweakly continuous linear functional on R. Then there

exists A € L1 such that
J(B)=m(4AB) (Be%).

Proof. It is shown in (1) 1-6-10 that the mapping A—f,, where f(B) = m(AB)
(BeZ) is a linear isometry of &, equipped with the L!-norm, onto a dense subspace
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of the ultraweak dual %, of #. Let feZ#,. Then there exists a sequence (4,) in Z,
such that f =limf, . Let A = lim 4, € L'. Then for any BeZ%, AB =1lim4,Be L,
and f(B) = limf , (B) = limm(4, B) = m(4B).

4-2. THEOREM. Suppose that we are given, for each projection Ee ZF, an operator
Ayge Lt such that

(i) Ay = AgF whenever E, Fe %, F < E,

(ii) E.Ag1sself-adjoint for each E € F .

Then there exists A = A*e L, such that Ay = AE for each Ec F.

Proof. Define an operator 4, by

Ees
The operator 4, is well defined and linear, for if xe (%4, n E(H)) N (D4, 0 F(#)),

then, since

Ap(EAF)=Ap(EAF)=Ag,p, €Dy, o, N(EAF)H) and Apx = Ag,px = Apx;
and if xeDy N E(H) and yeD,, nF(H),

then, since

AE=AEVFE and AF=AEVFF’
z, ?/,x'*'?le-@AEvpn (EvF)(#) and Ag plx+y)=Ag pr+Ag py.

Similarly,
(Aoz,y) = {Ap.r%, (EVF)y) = (EV F) A p2,y)
=z, (EVF)Ag py) ={(EVF)x,Adp ry)
=<z, 4oy,
so that 4,is symmetric.
Further, if U is any unitary operatorin the commutant 2’ of Z, and x€ 2, ,n E(),
then

Ux = UEx = EUze D, n E(K)

and A Ux = ApUx = UAgx = UAgyz, proving that 4,9%. Evidently 4, = A, E for
each projection K e % . Since 4, is symmetric, it has a symmetric closure 47%, and
Ay = AE for each projection K e #. Since 9,,n E() is dense in E(5#) for each

E, and U E(5#) is dense in 5, 9, and therefore 9, is dense in &, and so 4
EeF

has a polar decomposition 4 = W|4|, WeZ. Let 4| = Jm/\dE’(/\), then |4|7%,
0

E(A)eZ for all A.

Let {P,} be a set of minimal non-zero projections in & that is maximal, subject to
the condition that the central carriers @, = C(P,) are mutually orthogonal. Then
@, % is a type I factor for each « and (I - £Q )% contains no minimal non-zero pro-
jections. We prove that 4¢), is bounded for each « and that A(I -%Q,)e L'+ Z, so
that 4 € Z by (7) theorem 2-1-2 (iii).

7-2
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If £ is a minimal non-zero projection with ¥ < @,, then 45 = 4, E is bounded,
since the only possible spectral projections of [4gz| = E|Ag|E are 0, B, I-E, I. If
E is a projection with £ < Q,, m(E) < oo, then there exist minimal non-zero projec-
tions %, ..., £, such that

E= 3 E,
so that =
Ag=AgE = % ApB; = % AE,-
isbounded. = -

For each, a, there is a Hilbert space 5, and a *-isomorphism ¢, of ZQ, onto Z(H#,).
Define an operator 4, on #, by 4,(x) = ¢,(4dx) (x), where E is a projection such that
E < Q,,mE) < w0, ¢, (E)x = z. By a repetition, with simplification, of the argument
of the first part of this proof, 4, is well defined on all of 5, linear, symmetric, and
hence bounded, and satisfies 4,¢,(E) = ¢,(4g), p2A4,) E = Ay for all projections
E such that £ < @,, m(X) < co. (The set of all such projections is mapped by ¢, onto
the set of all projections of finite rank defined on 5 ,.) Since AQ,E = A for all such
projections, the closed operator 4@, coincides with the bounded operator ¢,}(4,)
on the dense subset U{#(Q,o¢): E < Q,, m(E) < o0} of Q,(5£), and so 4Q, is bounded.

For the rest of the proof to save notation, we may assume that % contains no
minimal non-zero projections. Suppose that m(l — E(A)) = coforall A > 0. Let A, = 1,
and choose, inductively, A, such that A, > 27 and m(E(A,)— E(A,_,)) > 2. Since
Z contains no minimal non-zero projections, we can choose projections F,eZ such

that F, < E(A,)—E(A,_,) and m(F,) = 2-», and let F = 3 F,. Then m(F) = 1 and
n=1
F|A|F = FW*AF = FW*4 e L%, and
w > m(F|4|F) = 3, m(F,|A|L,).
n=1

But
IA I (E(An) - E(An—l)) = A'n,—l(E’(/\'n,) - E(’\n—l)) 2 2n—1(E(An) - E(/\n—l)):

F,|A|F, > 2»'F,, m(F,|A|F,) = 2" 'm(F,) = },
yielding a contradiction. It follows that m(l — E(A)) < oo for some A > 0, and
4] = |A|EQ)+|4|(1 - BO) e+ L1,
Since 4 is symmetric and locally measurable, 4 = 4%,

4-3. TEEOREM. Let f be a linear functional on F, such that
() f(B*) =f(B) (Be#),
(ii) for each projection E € F, the restriction of f to the ultraweakly closed right ideal EZ

s ultraweakly continuous.
Then there exists an operator A = A* e &£ suchthat f{(B) = m(AB) (Be F).

Proof. For each projection E €%, the mapping B - EB (Z — EZ) is ultraweakly
continuous, and so B — f(£B) defines an ultraweakly continuous linear functional
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on #. By Theorem 4-1 there exists an operator 4z L! such that f(EB) = m(4 zB)
(BeZ).IfF < E,

m(ApB) = f(FB) = f(EFB) = m(AyFB) (Be%) whence Ap=AgF.

A~lso m(EAgB) = m(AyBE) = f(EBE) = f(EB*E) = m(Ap B*E)
= m(EBA%Y) = m(ALEB) (Be%),
and so EAy = ALE = (EAg)*
By Theorem 4-2, there exists A = A*e€ ¥ such that Ay = AE (Ee€%). If Be %, then
E = [B(s#)]e & and B = EB,
f(B) = f(EB) = m(AzB) = m(AEB) = m(4B).

4-4. THEOREM. Let f be a continuous linear functional on L (p > 1). Then there exists
AeLi(1fp+1/q = 1), such that f(B) = m(AB) (Be L?).

Proof. By considering the real and imaginary parts g = 3(f+f*), b = (1/24) (f—f*) of

f =g +ih, where f*(B) = f(B*) (Be L?), it is clear that we may assume f(B) = f(B*)
(BeLr).
Let E be a projection in &, and let (4,) be a net in % such that
|4 lo <1, 4,=4,E and A,—0 strongly.
Then |4,| = E|4,|E—0 strongly and |4,|? = E|4,|?E - 0 strongly,
since |4,[|? < [4,|. Hence, since m is strongly continuous on
{Ae;||A4||. <1, A =EAE}, m(|4,?)—>0,|4,),—0, and f(4,)—>0.

Thus f is strongly continuous at 0 on {4 €Z: | 4|, < 1, 4 = AE}, hence ultrastrongly
and therefore ultraweakly continuous on ZE = {4 e#; A = AE}.

Since the mapping B -> B* is ultraweakly continuous on # and (EZ)* = ZE,
J is ultraweakly continuous on E%. By Theorem 4-3 there exists 4 €L such that
f(B) =m(4B) (Be%). Let Be L?, and let (B,) be a sequence in &, such that B,, > B
in L?. Then B, - B in measure and so 4B, - AB locally in measure. We have

|4B,~AB,|, = sup{|m(4(B, - B,) X)|: XeZ, | X]. < 1}
= sup {|f((B, - B,,) X)|: X 2, | X[» < 1}
< - 1Ba = Ball s
hence AB, -~ ABin I',and f(B) = limf(B,)) = lim m{4B,) = m(AB).
By Lemma 3-5, 4 e L9,
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