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1. Introduction. The spaces L1 and L2 of unbounded operators associated with a
regular gauge space (von Neumann algebra equipped with a faithful normal semi-
finite trace) are defined by Segal(5) definitions 3-3, 3-7. The spaces Lv (1 < p < oo,
p + 2) are denned by Dixmier(2) as the abstract completions of their bounded parts.
Dixmier makes use of the Riesz convexity theorem to prove the Holder inequality,
and the uniform convexity, and hence reflexivity, of Lv (2 < p < oo).

Here, we define the IXspaces concretely as spaces of unbounded operators, give a
more direct and elementary proof of the Holder inequality, and prove that the dual
of-LpisL3(l < p < oo, 1/p+l/q = 1) by means of a Radon-Nikodym theorem.

Let 8& be a semifinite von Neumann algebra and let m be a faithful semifinite normal
trace on 5?. Given Segal's definition, (5) 3-3, of the space L1 = L1^, m) of m-integrable
unbounded operators, and of the extension of m to L1, we make the following definition.

1-1. Definition. Let 1 < p < oo and denote by ^ = ^M(0t) the algebra of measurable
operators affiliated w i t h ^ ((5), definition 2-1). Define

LP = Lv{M,m) = {AeJ!: \A\veL1},

IÎ U, = (m(l^h)yi' (AelP).

This is consistent]jwith(5), definitions 3-3, 3-4, 3-7 and 3-8, in the cases p = 1, 2, by (5)
corollary 11-2, corollary 12-11, and corollary 12-14.

It is not immediate that Lv is a vector space and that A -> ||.4||j, is a norm; this will
follow from the Holder inequality (Theorem 3-4), which will be deduced from an in-
equality (Theorem 3-3) involving rearrangements of operators. The latter inequality
is proved by Garling, ((3) proposition 4), in the case where 0t = SS(yC) and L1 is the
usual trace class of compact operators, and is stated for bounded operators by Grothen-
dieck ((4) Corollaire 2(6)) as a special case of a more general inequality ((4) theoreme 1).

2. Preliminaries. Throughout, ^ is a von Neumann algebra on a Hilbert space Jf,
m is a faithful semifinite normal trace on SI, !F = ^(Si, m) is the ideal of elementary
operators ((5) definition 3-1), Ji? = £?(&) is the algebra of locally measurable operators
((7) definition 2-2), and=^+ denotes {A etf-.A > 0} for any subse t s of .§?. A simple

k

operator is an operator of the form £ XiEi with Aie'^', Ei projections in &, and
i l

EiEi = d if i *j. We introduce the algebra JT = Jf(&,m) of totally measurable
operators.
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92 F. J. YEADON

2-1. Definition. An operator A e =§? is totally measurable if there is a projection
such that A(I-E)e&. The subalgebra # of Jf is defined by: 4 e'g', if and only if for
every e > 0, there is a projection Ee^ such that || A{I-E)^ < e, where || fl*, denotes
the usual operator norm on 3$.

f 00
An application of (7) lemma 1-1 shows that, if AeJ? and |-4| = I AdE(A), is the

Jo
spectral resolution of\A\ = (̂ 4*̂ 4)4, then the following conditions are equivalent:

(i) AeX",
(ii) m(I — E(A0)) < oo for some Ao > 0,

(iii) m(I — E(A)) < oo for some Ao > 0 and all A > Ao,

(iv) m(I-E(A))^0 as A -> oo.
Also, Ae&if and only if TO(7 — E(A)) < oo for all A > 0.

2-2. Definition. The rearrangement A of an operator A eJf is the function
Z: ]0, oo[-» [0, oo[ defined by

l{a) = inf{Ae[0,oo[:m(/-#(A)) < a},
where

\A\ = C°AdE(A).
Jo

A is decreasing and continuous on the right. We have

V = {Ae3f:A(a)^0 as a^oo}
and, by (7) lemma 1-1,

2-3. PROPOSITION. A(a) = inf{||^l(/-^)||00:^eJ',w(^) < a).

Proof. I — E{A) -( E implies m(I — E(A)) ^ m(E). The next result summarizes some
basic facts about rearrangements.

2-4. PROPOSITION.

(i) A*~ = \A\~ = A (AeJf),
(ii) (AX)- ̂  \\X\\nA (AeJf,Xe0i),
(iii) (A+B)~(*+fi)^ A(a) + £(fi) (A,BeJ(r,a,/3>0),
(iv) (AB)~{a+/J) ^ A(a.).g(/3) (A,BeX,a,p > 0),
(v) A^S if A,BeJfT, O^A^B,
(vi) (AP)~ = (A)P if AeJf,A^O,l^p<oo,
(vii) Ae& if and only if AeX~ and J[(0 + ) = limJ^(a) = supZ(a) < oo,

0
p

in which case ||^||oo = -̂ "(0 +) ,
Too

< oo) if and only if AeJf and I (^f)p < oo,
Jo

\\A\\p = Iin which case
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Proof, (i) Let A = W\A\ be the polar decomposition of A and

141 = f°°AdE(A)
Jo

the spectral resolution of \A\. Then

|4* | = {AA*)i = WI4IPF* = f °° AdF(A),
Jo

where F(A) = WE(A) W* + (I- WW*), so that m(I-F(A)) = m(I-E(A)).
(ii) By Proposition 2-3.

(iii) There exist projections E, F s.t.

\\B(I-F)\\m = /3, m(F)^fi.

LetG = EvF,I-G = (I-E)A (I-F).

Then | | (4+5) (7-0)11,0 < ct+/3, m(G) ^ a+0.

(iv) With E, F as in (iii), let

G = F v [B*E{^f)l 1-0 = {I-F)h[B-i{I-E)(3e)l

Then\\AB(I-G)\\x ^ afi,m{G) ^
(v) By Proposition 2-3.

(vi) If A = P \dE(\),Av = f°°AP^(A)= f "/idFfa), where * » =
Jo Jo Jo

(vii) Asm if and only if JS7(A) = 7 for all A ̂  Ao =
(viii) By (vi), it is sufficient to prove the case p = 1. This follows from (5) corollaries

12-6 and 12-14 and the fact that

[ml(a)da= [a'm{I-E(\))d\= [^ Xdm{E{X)) if \A\ = [* \dE{\).
Jo Jo Jo Jo

We obtain the following properties of the i>-"norm".

2-5. PROPOSITION. Let 1 ^ p < oo.

(i) IfAeLP and \\A\\p = 0, then A = 0,

(iii) H4XII, ^ IIXIUI4H, {AeL»,XelX),

(iv) ||4||, < ||5||, if A,BeLv,0^A<

Proof.

(i) By (5) corollary 12-3.

(ii) By Proposition 2-4 (i) and (vi).

(iii) By Proposition 2-4 (ii) and (vi).

(iv) By Proposition 2-4 (iii) and (vi).
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2-6. Definition. The expression

cr{A-B) = infmax{\\(A-B)(I-E)\\!B1m(E)}

= inf max {A, m(I - E(A))}
A>0

= infmax{(.4-.B)~(a),a} (A, Be Of),
a>0

/•oo

where |.A — B\ = AdZ?(A), defines a metric on •#] Convergence in thismetric coin-

cides with convergence in measure as defined in (6) section 3, where it is proved that the
algebraic operations are continuous. I t can be shown, as in (7) theorem 3-4, that JT
is complete in this metric.

2-7. PROPOSITION. The following are equivalent:

(i) The sequence (An) in J f converges in measure to AeJf,
/•OO

(ii) m(I-En(\))^-0 for each A > 0, where \A-An\=\ AdEn(A),
Jo

(iii) (A— An)~ (a) -> 0 for each a > 0.
2-8. Definition. A sequence (An) in Jf converges m-nearly everywhere (m.n.e.) to

A e J f if, for each e > 0, there exist projections En &8/1, such that

En\I, \\(A-An)En\\»<e and m(I-En)^0.

The above definition is in conflict with (5) definition 3-3 but it is, in fact, the concept
actually used in (5) theorem 11, lemma 12-1 and corollary 13-1.

Convergence m.n.e. implies both convergence in measure and convergence locally
nearly everywhere, each of which implies convergence locally in measure ((7) definit-
ions 3-1,5-1). The proof of (6) theorem 3-1 shows that if An -> A in measure, then (An)
has a subsequence that converges to A m.n.e.

We use later the following version of Fatou's lemma. The proof given in (6) theorem
4-10 is incorrect; the proof given here is derived from that of (5) theorem 13.

2-9. THEOREM. Let (Aa) be a net in L1 such that Aa converges locally in measure to
AeJiP, and sup \\AJij_ < oo. Then A e i 1 and \\A\\j_

Proof. First suppose that 0t has countably decomposable centre S£', so that the
topology of convergence locally in measure is metrizable, and let (An) be a sequence in
L1, such that sup ||^n||i < oo and An converges locally nearly everywhere to AeSC.

n

As in the proof of (7) theorem 3-4 or 5-2, we can find projections Qke&, such that

Qk\I, AnQke3$ if n^k,

AQke& and \im\\(An-A)Qk\\co = Q for each k.

For any projection PeJ2" with P ^ Qfc,wehave

HI^-IK^II i l ^ \\AP-AnPl ^ \\{A-An)Qk\n.m(P),
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By (5) lemma 13-1 (extended to locally measurable operators),

m{Qk\A\Qk) = sup{m( |4 |P) :Pe i^ P < Qk},

and m( \A \) = sup m(Qk\A | Qk).

It follows that
and

This still holds if An -> A locally in measure, since then every subsequence of (An) has
a subsequence that converges locally nearly everywhere to A ((7) section 5). Thus, if
2£\& countably decomposable, the ball {A eL1: \\A\\i ^ A} is (sequentially) closed in 3?
in the (metric) topology of convergence locally in measure.

In the general case, suppose that (Aa), A are as in the statement of the theorem and
let (Zp) be a set of projections in ^Twith each Zp countably decomposable in ^"and
ZAl. Then for each /?, lim AaZfi = AZp, locally in measure, and, by the first part,

m(\A\Zfi) = \\AZfi\\x < lim\\AaZfil < tolij,
a a

Since TO(|V1|) = supm(\A\Zfi), the result follows.
/?

3. Inequalities. The next result is a first step towards Theorems 3-3, 3-4.

3-1. PROPOSITION. Let A = £ Ai^/i, B = 2 faFd be positive simple operators, where
i=i j=\

0 < Xk < Ak_x < ... < Ax, 0 < /i, < /*;_! < ... < /i1} andEi; F^ are projections in £F, with
EtEv = 0 (i + »'), FtFr = 0 (j #= j ' ) . Thenm(AB) < J^l~5~.

Proof. We have
& A:

^ = S Atx K-i> «t [ = S (A* - Ai+1) X [0, a, [,

where a,-= TO I 2 J57r I ( i = l , ...,&),

f
\s=l

ao = Ao = Afc+1 = /t;+1 = 0.
Thus

.S .S (Ai - Ai+1) (^-/iH1) min

But
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where My = £ £ m(ErFs) = m ( £ Er. £ F\
r=ls = l \r = l 8=1 /

since
m(PQ) < mvn (m(P),m(Q))

for projections P,

3-2. PROPOSITION. Ze£ .4, Be &r+. Then (i) TO(^£) < jAS, (ii) H^^Hi ^ J AS.

Proo/. (i) Choose sequences An= ^ \inEin, Bn= ~Z P* n
Fj n of positive simple

t=i ,-=i -1' ' '

operators such that

An^A, Bn^B and \\A-An\x->0, IB-B^ + Q.
Then

and m(AB) = \imm(AnBn), since the restriction of m to the finite von Neumann
algebra E&E is norm-continuous, where E = \A{^) ] v \B{3^)] e«F.

(ii) Let 4̂.B = F|^4£| be the polar decomposition of AB, so that

HASH, = m{\AB\) = m(V*AB) = m(ABV*).

By (l) 1-6-10 Lemma 2,

(m^.BF*))2 < m(A\BV*\).m{A\(BV*)*\)

^ jl\BV*\~.$I\(BV*)*\~

< (JAB)2-
3-3. THEOREM. Let A,BeJT and suppose that jAS<oo. Then ABeL1 and

\\AB\\, ^ jlS.

Proof. Since ABeL1 iff \A\\B*\ eL\ and \AB\X = |||̂ 1 J|,B*jJ|l5 and also A = \A\,
S = |-B*|~, we may assume that i , 5 > 0. First suppose that both, A, Beif.

A = f" Arftf(A), £ = r°°ArfP(A)
Jo Jo

with m{I-E{\)) < oo, m(I-F(A)) < oo for all A > 0,

and let An = A(E(n)-E(l/n)), Bn = B(F(n)-F(l/n))e^.

Then | | ^ n 5 n | | x ^ J ^ n 5 n < J^.g, and {{AB^ ^^lAnBnllt by Theorem 2-9, since
An -> A and Bn-> B metrically nearly everywhere, and so AnBn -> AB in measure.

Suppose next that A e X~\ia (the case where B e Jf \& is similar). Then

Ao = limJ^(a) = inf{A:ra(l-.E(A)) < oo} > 0,
a->oo

and since [AS < oo, jS < oo, whence BeL1, Let

A2 = ( ^ - = f
JO
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so that

A=A1 + AZ, i j e f , ||41||oo = A0,

and 12 = A-AO, A2e% (thus X =& + <§).

Then jA2S < oo, A2BeLx, hence AB = ^ - B + ̂ -BeL 1 , and

= f AS.
3-4. THEOREM. If AelP, BEL",p,q> 1, 1/^+ 1/g = 1, then

ABeV and jAB^ ^ \\A\\p\\B\\q.

Proof. \\AB\U < I AS < (jAvWjB*)* = \\AUB\\Q < oo.

3-5. LEMMA. Let p > 1, 1/p + l/q^ 1, Ae^C. If ABeL1 for every Be^ and
^ l\} = N < co, then A eL* and \\A\\p < N.

Proof. Let J. = W\A\, \A\ = AdE(A). We first show that m(I-E(A)) < oo for all
Jo

A > 0, so that Aetf. Suppose that A > 0, m(I — E(A)) = oo, and choose a projection
r, such that E < I-E(A) andm(f) > A~PNP. Then EAE ^ AE&nd

a contradiction. Now let

Br = \A\p
Then

ABn = \Bn\« = W\A\v{E(n)-E(l/n)) W*,

and, since
\A\v(E()E(l/))^\A\v m.n.e.,

and m{\A\v) ^ N?.

3-6. COROLLARY. If A eLP, where p > 1, and 1/p + l/q = 1, then

«, \\B\\a ̂  1}

Proof. YiA&lP and | |5| |g < 1, then \m{AB)\ ^ ll^^llx < | | ^ | | j , . The converse follows
from 3-5.

3-7. THEOREM, (i) / / A,BeL^ then A+BeL* and \\A + B\\p ^ \\A\\p + \\B\\p.
It follows that IP is a vector space and that A -> \\A\\p is a norm on Lp.

(ii) S' is dense in L".

(iii) Lp is complete.
7 PSP 77
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Proof, (i) If A, B e 2>, then A + B e D>, by 2-4 (iii), (viii). It now follows from (3-6) that
\\A+B\\p^\\A\\p + \\B\\p.

(ii) If AeLv,let A = W\A\, \A\ = j AdE(\) and let An = W\A\ (E(n)-E(l/n)).
Then Ane^ and\\A-An\\p = m(\A\r (l-E(n)+E(l/n))) ^ 0.

(iii) Let (An) be a cauchy sequence in Lv. By (6) theorem 3-2, (An) is cauchy in
measure and, as in the proof of (5) theorem 13, has a m.n.e. -convergent subsequence.
To save notation, we assume (An) is itself m.n.e.-convergent to AeW. Let BeL*.
Then \AnB-AmB\\x ^ | |^n-^m| | p | |£ | | g so that {AnB) is cauchy in L\ and since
AnB-+AB m.n.e., ABeL1 a,nd AnB-> AB in L1. If\\B\\q < 1, then

\m{AB)\ = lim \m(AnB)\ ^ \im\\An\\p\\B\\g,

and it follows by 3-5 that AeLP and ||^||p ^ lim \A^V. Finally, HBGLP and \\B\\g < 1,
then

\m(An-A)B\ = lim \m(An-Am)B\ < \im\\AnB - AmB\\x

whence

\\An-A\\p = 8up{|m(4n-4)5|:B6Z«,||B||fl ^ 1} <

so that ^4n -> A in i>.

3-8. Remark. The full strength of theorem 2-9 is not needed for the proof of theorem
3-7 (iii) or that of (5) theorem 13; all that is necessary is the result that if (An) is a
cauchy sequence in L1 and An -*• 0 m.n.e., then {{A^ -> 0. A proof can be given on the
lines of (5) theorem 11, making use of (5) lemma 13-1.

3-9. THEOREM. Let p > 1, l/p + 1/q = 1. / / A &SC and ABeL1 for all BeL«, then

Proof. We show that the mapping Bv-+AB (Lq ->- L1) has closed graph, and is there-
fore continuous. There exists then a number N, such that ||-4.B|| x < JV||.B||ff (BeLQ), and
the result follows from 3-5. Suppose that Bns» B in Lq and ABn -> C in L1. Then
Bn -5- B locally in measure, hence ABn -+ AB locally in measure, but ABn ->• C locally
in measure, whence C = AB.

4. Duality. It follows from the results of the preceding section that the mapping
A \-+fA, where fA(B) = m(AB) (BeL"), is a linear isometry of i« (q > 1, 1/p + l/q = 1)
onto a closed subspace of the norm-dual of Lv. We show now that if/is any continuous
linear functional on Lv, then/ = fA for some A eLQ. The construction of the. operator A
requires the following result, which is a form of the Radon-Nikodym theorem.

4-1. THEOREM. Let f be an ultraweakly continuous linear functional on &. Then there
exists AeL1 such that

Proof. It is shown in (l) 1-6-10 that the mapping A\-+fA, where fA(B) = m(AB)
(Be8%) is a linear isometry of IF, equipped with the i^-norm, onto a dense subspace
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of the ultraweak dual $%% of St. L e t / e ^ * . Then there exists a sequence (An) in !F,
such t h a t / = lim/^n. Let A = lim^4nei1. Then for any B e f , AB = lim AnBeU,
and/(5) = Km.fAn(B) = limm(AnB) = m(AB).

4-2. THEOREM. Suppose that we are given, for each projection Ee^, an operator
AE e L1 such that

(i) AF = ABF whenever E,Fe^,F < E,

(ii) E .AE is self-adjoint for each Ee^.

Then there exists A = A*e J?, such that AB = AE for each

Proof. Define an operator Ao by

The operator Ao is well defined and linear, for if xe(@AEC\ E(3f)) n (@Ar 0 F(J?)),
then, since

and AEx = AE^px = AFx;

and if xe&AB(\E(je) and ye@AFnF(3f),

then, since
^ E = AEvFE and ^ = ^^j.J?' ,

x,y,x + ye^AEvFO(EvF)(^f) and ^BvjF(a; + t/) = ^ £ v F a ; + AEwFy.

Similarly,
= {(EyF)AEwFx,y)

= <*, (^ V F) AE^Fy) = <(£ v F) x, AEvFy)
= <*>̂ o2/>>

so that Ao is symmetric.
Further, if [/ is any unitary operator in the commutant 8%' oi8&, and x e @AE f\

then
Ux = UEx =

and ^40 ?7x = AE Ux = UAEx = UAox, proving that ^ 4 0 ^ . Evidently AE = ^40-B for
each projection Ee^. Since ^40 is symmetric, it has a symmetric closure Atj^, and
AE = AE for each projection Ee^. Since ^ £ n ^(^f) is dense in E(3V) for each
E, and (J E(J^) is dense in ^f, ^ and therefore 3)A is dense in ^f, and so .4

f 00

has a polar decomposition A = W\A\, We@. Let \A\ = Ad^(A), then \A\i\3t,

Let {Pa} be a set of minimal non-zero projections in 8& that is maximal, subject to
the condition that the central carriers Qa = C(Pa) are mutually orthogonal. Then
Qa& is a type I factor for each a and (I — ~LQa)@l contains no minimal non-zero pro-
jections. We prove that AQa is bounded for each a and that A(I — "LQa)eL1+&, so
that A e££ by (7) theorem 2-1-2 (iii).

7-2
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If E is a minimalnon-zero projection with E < Qa, then AE = AEE is bounded,
since the only possible spectral projections of \AE\ = E\AE\E are 0, E, I — E, I. If
E is a projection with E < Qa, m(E) < oo, then there exist minimal non-zero projec-
tions Ev ..., En> such that

1 = 1
so that

AE = AEE = S ^ £ ^ i = S ^,-
i=i t=i

is bounded.
For each, a, there is a Hilbert space Jfa and a *-isomorphism (j>a of&Qa onto88{3P^.

Define an operator Aa on J f a by Aa(x) = 0a(.4s) (x), where E is a projection such that
E < Qa, m(E) < oo, 4>a(E) x = x. By a repetition, with simplification, of the argument
of the first part of this proof, Aa is well defined on all of 3/f a, linear, symmetric, and
hence bounded, and satisfies Aa<f>a(E) — (f>a(AE), <f>~*{Aa)E = AE for all projections
E such that E < Qx, m(E) < oo. (The set of all such projections is mapped by (j>a onto
the set of all projections of finite rank defined on 3^a.) Since AQaE = AE for all such
projections, the closed operator AQa coincides with the bounded operator <f>~£(Aa)
on the dense subset \J{E{Qa3tf) :E ^ Qa, m(E) < oo} of Qa{J^), and so AQa is bounded.

For the rest of the proof to save notation, we may assume that iffl contains no
minimal non-zero projections. Suppose that m(I — E(A)) = oo for all A > 0. LetA0 = 1,
and choose, inductively, Xn such that Xn ^ 2n and m(E(An) — E(An_1)) ^ 2~n. Since
01 contains no minimal non-zero projections, we can choose projections Fne& such

that Fn < ^(ATO)-^(An_1) and m(Fn) = 2~n, and let F = S Fn. Then m{F) = 1 and

F\A\F = FW*AF = FW*APeLi, and

co >m(F\A\F)= £ m{Fn\A\Fn).
»=i

But

Fn\A\Fn > 2*-iFn, m(Fn\A\Fn) > 2^m{Fn) = i,

yielding a contradiction. I t follows that m(I — E(X)) < oo for some A > 0, and

\A\ = \A\E(A) + \A\(1 -E{X))e@ + L\

Since A is symmetric and locally measurable, A = A*.

4-3. THEOREM. Let fbe a linear functional on #", such that

(i) f(B*)=f(B) (SeJF),
(ii) for each projection Ee^F, the restriction offto the ultraweakly closed right ideal ES&

is ultraweakly continuous.
Then there exists an operator A = A * e 3? such thatf{B) = m(AB) (B e IF).

Proof. For each projection Ee^, the mapping B -> EB (^ -> Et%) is ultraweakly
continuous, and so B -*f(EB) defines an ultraweakly continuous linear functional
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on &. By Theorem 4-1 there exists an operator AEeLx such that f(EB) = m(AEB)
(BeM).JfF ^E,

m(AFB) =f(FB) =f(EFB) = m(AEFB) (Be@) whence AF = AEF.
Also

m(EAEB) = m(AEBE) = f(EBE) = f(EB*E) = m{AFB*E)

= m(EBA%) = m(AEEB) (Be@),

and so J&4£ = AEE = (EAE)*.
By Theorem 4-2, there exists ̂  = A* e jSf such that AE = AE(Ee ^). ISBeS?, then
E = [B(Jf)]e^ and £ =

=f(EB) = m{AEB) = m{AEB) = m{AB).

4-4. THEOREM. Let f be a continuous linear functional on Lv (p > 1). TAew <Aere
AeL«{l/p + l/q = 1), such that f(B) = TO(XB) {BeD>).

Proof. By considering the real and imaginary parts g» = \{f+f*), h = (l/2i) (/—/*) of
f=g + ih, where/*(B) =f(B*) (BeL?), it is clear that we may assume /(£) =f(B*)

Let 2? be a projection in 3F, and let (Aa) be a net in ̂  such that

ll^Ja, < 1, ^ a = J:a^ and Ax^0 strongly.
Then \Aa\ = E\Aa\ E -+ 0 strongly and |̂ a|*> = ^ |^a |P^-> 0 strongly,

since \Aa\
p < |̂ La|. Hence, since m is strongly continuous on

{Ae@;\\A\\co<l,A = EAE}, m(\Aa\r>) ^ 0,\\Aa\\p-> 0, and f(Aa) -* 0.

Thus/is strongly continuous at 0 on {4 e^ : ||̂ l||oo < 1, -4 = 4̂̂ ?}, hence ultrastrongly
and therefore ultraweakly continuous on 0$E = {Ae!M; A = AE}.

Since the mapping B -> B* is ultraweakly continuous on $& and (E&)* = 3$E,
f is ultraweakly continuous on EM. By Theorem 4-3 there exists AeL such that
f(B) = m(̂ 4.B) {Be^). Let £ e 2>, and let (Bn) be a sequence in &, such that Bn^-B
in £". Then 5 n ->• £ in measure and so ABn -*• AB locally in measure. We have

, = SuV{\m(A(Bn-BJX)\:XeM,\\X\\m ^ 1}

^\\f\\.\\Bn-Bm\\p,

hence ABn-+ ABinLi^ndfiB) = lim/(5n) = ]imm(ABn) = m(AB).

By Lemma 3-5, A eLQ.
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