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Abstract

Let A denote the integers represented by the quadratic form x? +3y? and O, denote the numbers
represented as a sum of two squares. For a nonzero integer a, let S(A,O;,a) be the set of integers n
such that n € A and n + a € O,. We conduct a census of S(a, O, a) in short intervals by showing that
there exists a constant H, > 0 with

#S(A, Oz,a0) N [x, x + Hy - 20 - log? x] > x°/07¢

for large x. To derive this result and its generalisation, we use a theorem of Tolev [‘On the remainder term
in the circle problem in an arithmetic progression’, Proc. Steklov Inst. Math. 276 (2012), 261-274].

2020 Mathematics subject classification: primary 11B0S5; secondary 11B25, 11B34, 11N56.
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1. Introduction

For n € Z, let ry(n) denote the number of representations of n as a sum of two squares.
In 1932, Estermann [5] showed that whenever a is a nonzero integer, one obtains the
asymptotic formula

D rm) ran+ @) = Co-x + O™ (L1)
n<x
for 7 = 11/12, C, > 0, which depends only on a, and any & > 0. Later, with Weil’s
work on Kloosterman sums, Hooley provided an improvement to (1.1) with 7 =5/6
[6, page 282]. Using properties of modular groups, Chamizo showed that 7 =2/3
[3, 4]. For two sets of integers W) and W, denote

SWi,Wy,a)={n:ne W, n+ac W}

We use the notation O, to denote the numbers that are a sum of two squares. When a
is a nonzero integer, we may survey the number of elements of the set S(O,, O,, a)
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in intervals. In this direction, Hooley [7] showed that there exist constants C,D
depending on a # 0 and with 0 < C < D, so that for large x € R,

. D-
C X 5Oy, Oy a) N [1a] < 225
logx log x
Since
) =4 xad), (12)
d|n

where y4 is the primitive character modulo 4 [5, (33)], for every € > 0, there exists
a constant C, > 0 so that r(n) < C, - n®. Thus, a quick application of the asymptotic
formula (1.1) with 7 = 2/3 leads us to a lemma that counts elements of S(O,, O,, a) in
short intervals.

LEMMA 1.1. If B and & > 0, then #(S(0y, O, a) N [x,x + x*>3*B) > x*3B=¢ for suffi-
ciently large x.

The following lemma serves to bound the largest gaps.

LEMMA 1.2. There exists a constant C, >0 such that there is an element of
S(O,, Oy, a) in the interval [x,x + C, - x'/*] whenever x > 1.

PROOF. If a = 2'a’ for some nonnegative integer ¢ and odd «’, then g € S(O,, O,,a’)
implies 2" - g € S(O,, Oy, 2" - @’), since the product of two sums of two squares is itself
a sum of two squares. Thus, it is enough to prove the lemma for odd values of a. Now
observe that when s is an integer,

—1)\2 +1)2
(7 (5 )ra=s+ (") °

Let A denote the set of integers represented by the quadratic form x? + 3y?. We
similarly examine the density of the set S(A, Oy, a).

LEMMA 1.3. If ya(a) = 1 or y3(a) = —1, then #S(a, Oy, a) N [1,x]) > x/log*? x.
PROOF. Let P denote the set of primes. If y4(a) = 1, then by [9, Theorem 1],

#{n: 1 <n < x, there exists x,y € Z with n = 4(x* + 3y2), n+ac€P}> x/log3/2 X.
If y3(a) = —1, then by [9, Theorem 1],

#{n:1 < n <ux, there exists x,y € Z withn = 9(x? + yz), n—a€P}> x/log3/2 X.

Since primes = 1 mod 3 are in A and primes = 1 mod 4 are in O,, the proof is
complete. |

As in Lemma 1.1, we can count elements of the set S(A, O,, a) in short intervals.

COROLLARY 1.4. Let & > 0. There exists a constant H, > 0 such that for sufficiently
large x, #(S(8, On, @) O [x.x + H, - 35/° - log x]) > x5,
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Integers that are represented by the quadratic form x* + xy + y* are the same as
those for x?> + 3y? [11]. For a positive integer n, denote by R,(n) the number of
solutions to the equation 7 = x*> + xy + y* and by y3 the nontrivial character modulo 3.
Analogously to (1.2), we have the classical formula (see [8, (7.2)])

Ro(m) =6 )" x3(d),

dln

which is a key ingredient in the proof of Corollary 1.4. When y is a character modulo
k (k > 1), define

Fy(n) = > w(d).

dln

For natural numbers a, k, denote by P(a, k) the unique integer ¢ | a so that if a prime
p divides ¢, then p | k and gcd(a/t, k) = 1. The next theorem is a ‘local version’ of a
theorem by Miiller [12, Theorem 1].

THEOREM 1.5. Let  and p be primitive characters modulo k > 1. If a > 1, then

Z Fy(n)-Fy(n+a)=My,(a) x+ 0(x5/6+8),

n<x

where

My (@ = Cupl@ + (K3 b7 > 00 o5 +i)} - Copta)

bl|P(ak) J=1

and

_ Lp) - L(LY)

Loy V@ p@-d.

dla

By setting ¢ = p = y3, Theorem 1.5 allows the study of the set S(A, A, @) in short
intervals. However, this theorem cannot be employed to derive even a weaker version
of Corollary 1.4. The obstacle is that the characters y4 and y3 (or y¢) cannot be used
simultaneously in Theorem 1.5: they require a common modulus k (where 12 | k), and
lifting them to such a modulus destroys the primitivity in the theorem’s hypothesis.

For a positive integer ¢, set

n.(q) = #{1 <a,f<q: o? +,82 = a (mod g)}.

THEOREM 1.6. Let y be a real nontrivial character modulo b > 4, with b even. Ifa # 0
is an integer, then

D, Fu)-Fun+a)=BW,a) -0’ Wa) - x+ 0 log¥x),  (13)

n<x, (n,b)=1
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where

- ni(b)

2p?

- d : ad *
pwa=y "D 0w =
d=1

=LyG-a=1

Theorem 1.6 implies Corollary 1.4. With y¢ being the nontrivial real character
modulo 6, by Lemma 1.3 and (1.2),

Z Ry(n)-r(n+a)=24- Z F,(n)-F,(n+a)
n<x, (n,6)=1 n<x, (n,6)=1
n>max{1,1—-a}

=24- Z Fy,(n) - Fy,(n + a).
n<x, (n,6)=1
n>max{l,1-a}

Thus,
> Ramra(n+a) =24 Blxs, @) - 0" (@ a) - x + OG° - log" x).

n<x, (n,6)=1

The quantity 1*(ys, a) takes values from the set {5*(xs, 0), 7" (x6, 1), ..., 7" (xs,5)} and
each such value is positive. Noting that S(i,a) > 0, as proved in Theorem 1.6, we
conclude, by differencing the above asymptotic formula at suitable endpoints, that the
remainder of the proof of Corollary 1.4 follows as in the deduction of Lemma 1.1.

When K is a quadratic number field with discriminant D, there exists a primitive
character yx modulo D so that the number of ideals of norm n is given by the
expression F, (n) [12]. Denote

Ok :={n: neN, there exists an ideal I C K with [Ok : I] = n}
={n:neN, F, (n) >0}

Then, with Theorem 1.6, a result similar to Corollary 1.4 can be obtained for the set
S(©k, Oy, a). Deep results of Iwaniec [9, Theorem 1] examine S(Q, P, a), when Q is a
set containing values assumed by a quadratic form and P is the set of primes. Further,
Moree and Riele [11] compare the densities of A and O,. Let B;(x) denote the number
of integers v that satisfy v < x and v is represented by the quadratic form x* + jy’.
Then, B;(x) > B3(x) [11, Theorem 1]. Similar to Lemma 1.2, which attempts to study
the largest gaps between elements of S(O,, O, a), we obtain a weaker gap result for
sets of the form S(A, O,, a).

THEOREM 1.7. Let x > 1. There exists a constant D, > 0 such that there is an element
of S(A, 0Oy, a) in the interval [x,x + D, - x*¥], where

1/2  forae{n*-3m?: n,me 7},
(a) = 2 2.
5/8 foraeZ\{n"—-3m": n,meZ}.

A generalisation of Theorem 1.7 can be obtained, but we do not pursue that here.
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2. Notation

We adopt the usual notation: (u,v) denotes the greatest common divisor of the
integers u and v; for a prime p and an integer w, v,(w) is the largest integer ¢ with
p' | w (defined to be co when w = 0); ¢(-) is the Euler totient function and /(-) is the
Riemann zeta function.

Let U, V and W be complex quantities dependent on parameters P from some set,
along with (possibly) d, ¢ € N and x € R. Unless otherwise specified, we write U < V,
V> U or U = O(V) if there exists an effective constant C > 0, independent of d, g
and x, such that |U| < C -V for all choices of d, g and x (with other variables fixed),
whenever V # 0. Further, we write U = V+ OW)if U -V < W.

3. Proof of Theorem 1.6
We interpret a result of Tolev [13, (10)]. Put

Spa@i= ) Fyn)= 719D R, 0.

n<x 4q2
n=a (mod q)
Then,
Rya(x) < (q'* +x'P)(a, ) *1*(q) log” x. 3.1

With the notation F,(-) = A(-) and F,,(-) = B(:), the main expression we wish to
evaluate asymptotically is

J(x) := Z A(n) - B(n + a).
n<x, (n,b)=1

We need two lemmas.

LEMMA 3.1. If y(n) = —1, then A(n) = 0.

PROOF. Observe that A is the convolution of ¢ and 1, and thus, is multiplicative. On
primes p, with ¥(p) = —1, we have that A,(p/) = 0 if j is an odd number. Hence, the
lemma follows. O

Extend the character ¢ to the real numbers by setting y/(w) = O whenever w ¢ Z.
When ¢/(n) = 1 and d | n, we observe that /(n/d) = ¥(d), and this symmetry leads to
the following lemma.

LEMMA 3.2. Ify(n) = 1, then

AW = (2 Y @)+ uvm.
d<+n
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With Lemmas 3.1 and 3.2, we write

=Y AW -Bata= Y (Z w(d)) B(n+a)

n<x, Y(n)=1 n<x, y(n)=1 dn
= Y 2 X w@)ruem)-Buta
n<x, gim=1 din, d<vi

Z (2- Z w(d))B(n+a)+O(x1/2+s).

n<x, Y(n)=1 dn, d<yn

This implies
o=y 21p(d)( D B(n+a))+ 0>,
1<d<+x d*<n<x
din, y(n)=1

For (b,d) =1, let V(d) be the set of residue classes modulo bd so that if r is a
congruence class modulo bd, then r = a (mod d) and y(r — a) = 1. Note that V(d)
has ¢(b)/2 residue classes. List the residue classes as r(1,d), 7(2,d), ..., r(¢(b)/2,d).

Then,
#(b)/2
Iw= Y w@ oy (Y Bmw)+ou).
1<d<+/x Jj=1 m=r(j,d) (mod bd)
d*+a<m<x+a
Let

0G:)= ). Bm.
m=r(j,d) (mod bd)
d?+a<m<x+a

By the bound (3.1),

. Mrj, (bd) .
QG:x) = n g5 (e = &)+ O((bd) P +6'7) - (r(j. ). bd) 2 - 7 (b - Tog )
Since a # 0, we have (r(j, d), bd) < |ab| and so
, Nr(.a)(bd)
QUix) = iy (e = d) + OG- 7d) - log' x),

where the implied constant in the O-notation is independent of d in the range
1 <d < yx. Using 31 <gey T(d) < vx - log" x [14] (also see [10]), we find

1= w@ Z ”’Zg’g(dz u - )+ 06 - log® )
1<d<+vx J=

¢(b)/2

T Nr(.d ( )
= ( > w@ Z Ty dz)) + 005 - Tog" x).
1<d<+/x, (d,b)=1
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Since 7,(-) is multiplicative for each s € Z,

b
m nj(D)na(d)
s =g ( 2 w@ 5 TR d)r 0 togn,
1<d<yx j=LgG-a)=1

Thus,
b
J(x) = @ ( RO %(x—dz))+0(x5/6-loglgx). 3.2)
J=Ly(-a)=1 1<d<vx

3.1. Behaviour of 7n,(d). Put 4,(d) := n,(d)/d. The next two lemmas follow from
[2, (2.22), (2.23) and (2.24)].

LEMMA 3.3. If p = 1 (mod 4) is a prime such that v,(a) > O, then

1+j(1-1/p) for1 <j<vy(a),
(I +vpy(a)(=1/p) forj=vya)+ 1.

LEMMA 3.4. If p = 3 (mod 4) is a prime such that v,(a) > 0, then

%WP{

1/p for1 <j<vy(a), jodd,

A,(p) = 1 forl1 <j<vy(a), jeven,
“ i+ 1/p forj=vy(a)+1, v,(a) even,
0 forj=vy(a)+1, vy(a) odd.

The next lemma follows from [2, (2.20) and (2.21)].
LEMMA 3.5. Let p be an odd prime such that p 1 a. If j is a positive integer, then
A(P) = 1= xa(p)/p.
Following the proof of [2, Lemma 2.8], we also see that when j > 1,
0<2,(2)<4. 3.3)
COROLLARY 3.6. Let n € N. There exists a constant K, > 0 so that 0 < 1,(n) < K,,.

PROOF. The result follows by Lemmas 3.3, 3.4, the estimate (3.3) and noting that A,
is a multiplicative function. o

Let 2! be the convolution of A, with the Mobius function g, that is, ;' = A, * u.
Note that

) = 3@
din
LEMMA 3.7. We have

x ()_fa(")

where |f,(2)| £ C, whenever z is an odd number and C, > 0 is some positive constant.
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PROOF. Note that A;! = A, * u is a multiplicative function. If p is an odd prime
divisor of a, then by Lemmas 3.3 and 3.4, 2;1(p/) = 2,(p/) — 4.(p/~!) = 0 whenever
Jj = vpy(a)+ 2. Put D, := max, |4;1(d)|. Observe that if p | a, then vp(2) S vp(a) +1
or else A;'(z) = 0. If 2;'(z) # 0, then A;'(2) = ;' (nA;'(g), where z = rq with r | a*
and (a,q) = 1, so that

12, @) < Dal2; ' (g)l. (3.4)
If p is a prime such that (p,a) = 1, then from Lemma 3.5, /lgl(p) = —y4(p)/p and
A;1(p/) = 0 for j > 2. By (3.4), we obtain the estimate

1 ’D
' @) < D— < T2,
q Z

Hence, |f), ()| < a*D, when z is an odd positive number. O

Recall that b is an even number. For a multiplicative character p, modulo b, we put
J(o.b,a,x) = " pp(na(n).
n<x

LEMMA 3.8. When py, is a nontrivial multiplicative character, J(pp, b, a, x) < xlog x.

PROOF. Let a be an integer with 1 < @ < b and (@, b) = 1. Define

Iabax):= > nm= > nlm= >  n) '@
dln

n<x n<x n<x
n=a (mod b) n=a (mod b) n=a (mod b)

Using the notation and result of Lemma 3.7, we can continue the above equation as

> (Y ma@)= Y a@ Y m

n<x md=n d<x, (d,b)=1

< md<x
n=a (mod b) md=a (mod b)

= > n@ Y m+owal

d<x, (db)=1 md<x

md=0 (mod b)
=( OIS m)+0(x10gx). (3.5)
d<x, (db)=1 m=x/d
m=0 (mod b)

With the equation J(pp, b, a, x) = ZZ:I, (@b)=1 pp(@) - I(a, b, a,x) and the vanishing of
the character sum ZZ:I, (@b)=1 pp(@) = 0, we have (with (3.5))

b
Topban=( > @l X fu@ Y m)+owlogn)
a=1, (a,b)=1 d<x, (d,b)=1 m<x/d
m=0 (mod b)
b
= 0( Z Ipb(a)lxlogx) = O(bxlogx) = O(xlog x).
a=1, (a,b)=1
Here, we remark that the implicit constants are allowed to depend on b. O

https://doi.org/10.1017/50004972726101191 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972726101191

[9] Hexagonal and square lattices 429
Define the function G(pp, b, a, ) of the complex variable s by

G(PbJ),a,s) = ZM

n=1

COROLLARY 3.9. For a nontrivial character pp, G(pp, b, a, s) is analytic on Re(s) > 0.

PROOF. Let ¢ > 0 be fixed. By Lemma 3.8 and summation by parts,

> ‘W = ppmamn™ = < 1

n<x n<x

In particular, by [1, Theorem 11.8], the Dirichlet series G(pp, b, a, s) converges for
Re(s) > 0 and, by [1, Theorem 11.12], it is analytic in that domain. O

We need to show that G(op, b,a, 1) does not vanish whenever p, is a nontrivial
character modulo b. With the help of Corollary 3.6, we see that for s > 1, G(pp, b, a, 5)
has the Euler product

Gpboas= [] (1 +Z’M) (3.6)

ds
p an odd prime d=1 14

Put

/1 d
pwb,bas)_uzw

LEMMA 3.10. When p is an odd prime and py, is a multiplicative character modulo
b, then G,(pp, b,a, 1) # 0. Furthermore, when s > 1 and py, is a real character, then
G,(op,b,a,s) > 0.

PROOF. Using Lemmas 3.3, 3.4 and 3.5, we bound

1 +d(1-1
IGp(pb,b,a,l)|>1—ZM

d
d=1 P
1 1 2
=1———(1——) p S =1- :
p-1 p/(p-1) p-1
so that |G, (pp, b, a, 1)] > 0 for all odd primes. The proof for positivity of G (s, b, a, s)
(for real characters) on the region s > 1 follows similarly. O

Put
d d
Gippbras) = th(p )Aa(p )

pis
Using Lemmas 3.3, 3.4 and 3.5, for s > 1,
« d1-1/p) 8
IG(on, b, a, )] < Z L 37
d=2 p ' p
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Let y¢ be the trivial character modulo b. Using Lemmas 3.3, 3.4 and 3.5, we see that
G(xo0, b, a, s) is analytic on Re(s) > 1.

LEMMA 3.11. Ifs > 1, then 0 < G(xo, b, a,s) < K, - {(s) for some constant K, > O.

PROOF. From Corollary 3.6, 0 < 4,(n) < K,. We now write

G(XUaba a, S) =

o X0(m)Au(n)
D T < Ka L),

n=1
Clearly, G(xo, b, a, s) is positive whenever s > 1. O
Put
H(b,a,s) := 1_[ G(pp, b, a, s),

pp (mod b)
where the product is taken over all characters modulo b. Note that H(b, a, s) is analytic
for Re(s) > 1.
LEMMA 3.12. We have lim,_,1+ |[H(b, a, s)| = oo.
PROOF. Let

Hy(b,a,s) := ]_[ G0, b, a,s).

pp (mod b)

When s > 0 is real, then H,(b, a, ) is real-valued. We expand H,,(b, a, 5) as

Hybas= [] (1

o5 (mod b)
0,(p)A,
N h(p)s (p)

N pb(p)/sla(p)

+Gylpnb,a,9))
p

=1 +H)(b,a,s), (3.8)

where 6,(p) = b if p = 1 (mod b) and O otherwise. By (3.7), H;(b, a, s) is real-valued
for s > 1 and satisfies

Hy(b,a,s) < % (3.9)

for some constant O, > 0. Using Lemma 3.10, we see that H,(b,a, 1) # 0. Using
Corollary 3.6, we can find a positive number 7}, > 3 such that

B | O 1
P’ Pl 2
whenever p > T),. We will make use of the following elementary inequality:

log(1 +x) > x— 2x>  for |x| < % (3.10)
We now write
H(b,a,5) = [ | Hyb,a,) | | Hy(b,a,9), (.11)
p<Ty p>Tp
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where, by Lemma 3.10,
1_[ Hy(b,a,1) # 0. (3.12)

P<T)

For s > 1, by (3.8), (3.9), (3.10), Lemma 3.5 and Corollary 3.6,

log( HH (b, a, s)) = Zl ( Gb(p)/l () +H*(b a, s))

p>T, p>Tp

> Z () Aa(p)

D) | oy ) - z(eb(mfa(p)
p p

+ H;(b, a, s))2
P>T
R
(% %)_Z(%+2(ZK - 2)

p=1 (mod b)
ptb

Since ¥ =1 (moa ») 1/ = % and ¥ =1 (moa 5y 1/P* < o0,

'lir{l+ H,(b,a,s) = co. (3.13)
s 5T,
Equations (3.11), (3.12) and (3.13) prove the result. O

LEMMA 3.13. We have G(pp,b,a, 1) # 0.

PROOF. It is clear that G(xo, b, a, 1) = co. Now, assume that p, # yo. Suppose for the
sake of contradiction that G(pp, b,a,1) = 0. Since {(s) has a simple pole at s = 1,
Lemmas 3.11 and 3.9 imply that H(b,a,s) is bounded near s = 1. However, this

contradicts Lemma 3.12. ]
Recall
_ N 14(d) _ S Aa(d) _
BW.a) = ; ) =5 = = GW.b.a.), (3.14)
so that by Lemma 3.13, it is necessary that
B, a) # 0. (3.15)

From (3.6), on the ray s > 1,

Gu.b.as)= || ( Z‘/’(p (e )) [] Gwbas

p an odd prime p an odd prime

and, from Lemma 3.10, each entry in this infinite product is positive. Hence,
G, b,a,s) =0 when s > 1. By Corollary 3.9, G(,b,a,1) > 0 and, by (3.14) and
(3.15), we have B(¥, a) > 0.
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We now use these results in (3.2) to obtain an asymptotic formula. By Lemma 3.8,

i 7 1(b) W(d)na(d)

2 2
J=Ly(-a)=1 2b 1<d<yx d

J(x) = (x —d*) + 0(x*° - log" x)

m - 1;(b) w(d)m.(d)
2 AZ

70+ 0 log”x).

J=Ly(-a)=1 2b 1<d<+vx

From Lemma 3.8 and summation by parts, 3z ¥(d)n.(d)/d* < x~'/2*¢. Thus,

b .
0= (a3 TR 06 10g" ),
=L uG-a)=1

which finishes the proof.

4. Proof of Theorem 1.7

Suppose that a = n> — 3m? for some integers n and m. Under this assumption,
for each integer s, we have s> +3m? € A and s*> + 3m? + a = s> + n*> € O,. Hence,
Theorem 1.7 holds in this case.

Moving to the more nontrivial situation, we choose integers /1,/; € {0, 1} so that
l% - 315 —a =1 (mod 2), and require integers v and d to satisfy v = /; (mod 2) and
d =, (mod 2). If (c,d, u, v) is an integer solution to

A +3d*+a=u*+V, 4.1)
then (¢ + u)(c — u) = v* — 3d> — a, so that there exists a divisor g | (V> — 3d”> — a) and
a simultaneous system of equations satisfying
v -3d>-a

p .
Thus, the solutions (c, d, u, v) to (4.1) come from the set

1 2 - 34d% - 1 2 —3d* -
{(—(g + M),d, —(g - M), v) g vd€eZ, g+ O}.
2 g 2 g

At g = 1, we obtain a subfamily of solutions to (4.1) given by

ctu=g, c—u=

vV -3d®-a+1 V2 +3dl+a+1
(c,d,u,v) = ( .d, ,v).
2 2
Consequently,
2 _ 3d2 _ 1 2
(%) + 342 € S(a, O, ). 4.2)
Let
2 a2 2
f(v,d)=(v 3d2 a+1) ey
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be a complex valued function. Let g(x) be the largest real number such that
f(0, g(x)) = x (which exists for sufficiently large x). Observe that

x* < gx) < x4 (4.3)

Define Q(x) to be the smallest integer d, d = [, (mod 2), such that f(0,d) > x and
d > q(x). Note that g(x) < Q(x) < g(x) + 2 for sufficiently large x. Setting Q*(x) =
O(x) + 2, we deduce that

2t < 0F () < x4 (4.4)
Put E(x) = f(0, Q*(x)) — x. Differentiating r(y) := (0, y) as a function of y gives
r(y) =9y + (3 + 3a)y.

Hence, writing E(x) = f(0, O*(x)) — x as r(Q*(x)) — r(q(x)), and applying the mean
value theorem (together with (4.3) and 2 < Q*(x) — g(x) < 4) yields

¥ < E(x) < x4, (4.5)
so that for sufficiently large x,
G- QW +a-17-4-Ex) 0. (4.6)

For a given x > 1, let

—-3.0%x)? -
2w (w+ 3-0°x)" —a+1

2
; ) +3 007
w2 —(=3- Q") —a+ DHw + £(0,0"(x)),

so that g,(v?/2) = f(v, Q*(x)). Now, solve the equation g.(w) = x for w € C giving the
solutions

3-0°)* —a+ 13- 0" )? —a+ 17 - 4(f(0, Q")) — %)
w = .
2
For x sufficiently large so as to satisfy (4.6) and 3 - Q*(x)> —a+ 1 > 1 (the second
inequality holds for large x because of (4.4)), let
3.0 —a+1-+(3-Q"(x)2 —a+ 12 —4-E()
> .

wi(x) =
Then,
g(w(x)) =x and f(y2w.(x), 0" (x)) = x.

We now write

o) = l 4 - E(x)

2 3. 0GP -a+ 143 00 —a+ 17 -4 EQx)

By (4.4) and (4.5), we have x'/* < w,(x) < x'/* and

28 < 2w (x) < x'3. 4.7)
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For x large so that v2w.(x) > 3, let v.(x) be the largest number less than y2w.,(x) that
satisfies v.(x) = [; mod 2. From (4.7),

2 < v (x) < x'/8. (4.8)

By the element-set relation (4.2),

(v*(x)2 -3. Qz*(x)2 —a+ 1)2

It remains to show that the quantity mentioned above is sufficiently close to x. Let
h(y) := f(y, Q*(x)) be a function in the variable y € R.

+3-0°(x)? € S(a, 0, a). 4.9)

LEMMA 4.1. For sufficiently large x, h.(-) is decreasing on the interval [0, O (x)).

PrROOF. Differentiating 4,(y) in the variable y,

, 2-3.0"x)?-a+1
mo =4y (22 ) (4.10)
which is less than O when y € [0, O*(x)), provided x is sufficiently large. ]

For x sufficiently large,

((v*(x)2 -3 0’ —a+1

2
- ) +3 Q*(x)z) — X = (v (0) = he(y 2w ) > 0.

(4.11)

Furthermore, by the mean value theorem,

‘((v*(x)2 -3.0'(x)?> —a+ 1)2

4 = | (. (%)) — I (72w, (x))|

= A (Z(O))I(2w. (x) — vi(x)),
(4.12)

+3. Q*(x)z) —x

where z(x) is a quantity in the interval [v.(x), V2w.(x)]. With (4.12), (4.10), (4.4), (4.8)
and the inequality |v.(x) — V2w.(x)| < 2, we obtain

2 a2
‘((V*(x) 3Q2(x) a+1

The theorem follows from (4.13), (4.11) and the element-set relation (4.9).

2
) +3-Q*(x)2)—x <8, 4.13)
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