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SEPARABLY CLOSED VALUED FIELDS: QUANTIFIER ELIMINATION

JIZHAN HONG

Abstract. It is proved in this article that the theory of separably closed nontrivially valued fields of
characteristic p > 0 and imperfection degree e > 0 (e ≤ ∞) has quantifier elimination in the language
Lp,div = {+,−,×, 0, 1} ∪ {�n,j (x; y1, . . . , yn)}0≤n<�,0≤j<pn ∪ {|}; in particular, when e is finite, the
corresponding theory has quantifier elimination in the languageL = {+,−,×, 0, 1} ∪ {b1, . . . , be} ∪
{�e,j (x; b1, . . . , be)}0≤j<pe ∪ {|}.

§1. Introduction. It is perhaps not amiss to say that, at least among the
researchers who have thought about the model theory of separably closed valued
fields, it is part of the folklore that the theory admits quantifier elimination in the
language consisting of the language of rings, symbols for thep-coordinate functions
(namely the so-called �-functions), and a division predicate for the valuations, or
in some variant of this language. However, the proof seems to be more subtle and
interesting than one would expect.
Separably closed (valued) fields of finite imperfection degree in general are consid-
ered much easier to understand than those of infinite imperfection degree. Here we
give a unified proof of the quantifier elimination results for both the finite imperfec-
tion degree case and the infinite imperfection degree case, using relativep-coordinate
functions introduced in [12].We remark that, in his Ph.D. thesis [6], the authorwrote
up a proof of the quantifier elimination result for the finite imperfection degree case,
but there were gaps in his proof, and the language was not minimal (requiring an
extra constant symbol). The remarks about the infinite imperfection case in said
thesis were also not accurate. We have obtained better results in this paper.
Themodel-theoretic study of separably closed fieldswas first investigated byEršov
[4]. Later, it was shown that separably closed fields are stable fields by Macintyre,
Shelah and Wood [14]. It was even conjectured that they are the only infinite
stable fields. The subsequent investigation of model theory of separably closed
fields was notably also used in Hrushovski’s proof of theMordell–Lang Conjecture
for function fields in positive characteristic (see [7]).
To the best of the author’s knowledge,Delonwas the first to start the investigation
of the model theory of separably closed valued fields, which was done in a more
general framework in terms of Kaplansky separably algebraically maximal valued
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fields, see [2]. It in fact follows from results in [2] that SCVFp,e (see definition below)
is complete and that the theory ismodel-complete in a slightlyweaker language (than
ours). It is entirely possible that one might be able to prove a quantifier elimination
result using her methods and results, however, that is not what we will pursue here
(neither is it obvious to the author how to do it). In fact, it does follow from
the proof of Theorem 6.1 in a recent preprint of F.V. Kuhlmann and K. Pal, [8],
that when the imperfection degree e is finite, our SCVFp,e below admits quantifier
elimination in a larger language, namely our Lp,div adjoint by a constant symbol
for an element which has a nonzero value (which is exactly what was shown in [6]);
but our proof here works when the imperfection degree e is infinite and shows that
Lp,div is enough.
Apart from the work mentioned above, recently more investigations related to
separably closed valued fields are being carried out. For example, [1] examines
separably closed fields in a different context; Martin Hils andMoshe Kamensky are
preparing a preprint on results related to elimination of imaginaries for separably
closed valued fields, using the so-called geometric sorts. The author also hopes
to write a subsequent paper on immediate expansions (namely that the theory of
separably closed valued fields is an immediate expansion of the theory of separably
closed fields).We hope that ourworkwill contribute to the subsequent and on-going
model-theoretic investigations on separably closed valued fields.
It is well-known (see [11] and Page 83 of [10]) that the theory of algebraically
closed nontrivially valued fields admits quantifier elimination in Ldiv described
below, so in this article, we only consider separably closed fields that are not alge-
braically closed (characteristic nonzero and imperfect). Without doubt, in the case
where the imperfection degree is finite, a nicer language could be chosen and the
proof will be slightly (if not much) easier; see below.

Notation 1.1. The letter p always denotes a (positive) prime integer. The letter e
always denotes an element in the set (N\{0}) ∪ {∞}.
Notation 1.2. If (K,V ) is a valued field, the valuation map corresponding to the
valuation ring V is denoted by its lower case v, the value group vK , the residue field
Kv, and the residue map resv : K → Kv ∪ {∞}.
Notation 1.3. For a field K , the n-th Cartesian power of K is denoted by ΠnK ,
and the subset of n-th powers of K is denoted by Kn.

Notation 1.4. The symbolLr always denotes the language of rings {+,−,×, 0, 1}.
The symbol Ldiv denotes the language of valued fields (rings) Lr ∪ {|}, where ‘|’ is
the usual (cf. [13]) binary division predicate associated to a valuation; namely if the
valuation is v, then x | y if and only if v(x) ≤ v(y).
Recall that on a field K of characteristic p, there is a notion of p-independence.
A subset X of K is said to be p-independent if for any proper subset X ′ of X ,
Kp(X ′) is a proper subfield of Kp(X ). Given X ⊆ K , a p-monomial in X is a term
of the form

∏
x∈X x

i(x), where i : X → p = {0, 1, . . . , p − 1} is a function with
finite support. X ⊆ K is p-independent if and only if all the p-monomials in X are
Kp-linearly independent. A p-basis of K is a p-independent subset X of K such
thatK = Kp(X ). The imperfection degree ofK is the cardinality of a p-basis ofK .
If the imperfection degree e of K is not a finite number, we usually write ‘e =∞’.
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Regarding the p-independence relation, we refer the reader to Section 2, for a
more thorough review of relevant facts.

Definition 1.5. Let Lp denote the following first-order language (of relative
p-coordinate functions) (cf. [12])

Lp := Lr ∪ {�n,j(·)}0≤n<�,0≤j<pn ,
where each �n,j(·) is an (n + 1)-ary function symbol, which is usually going to
be written as �n,j(x;y1, . . . , yn) if the input is the tuple (x, y1, . . . , yn); we call the
entries y1, . . . , yn basis entries. LetLp,div beLp ∪ Ldiv.

Definition 1.6. Let SCFp,e be the theory of separably closed fields of positive
characteristic p and imperfection degree e, consisting of the following collection of
statements inLp:

(1) a model is a field of characteristic p;
(2) a model has imperfection degree e;
(3) a model is separably closed;
(4) the �n,j are the relative p-coordinate functions, satisfying the following
axioms:
(a) if y1, . . . , yn are p-independent and there exist elements sj such that

x =
∑
j∈pn
spj

n∏
i=1

yj(i)i ,

then �n,j(x;y1, . . . , yn) = sj ; otherwise �n,j(x;y1, . . . , yn) = 0. Accord-
ingly, �0,0(x) = x1/p if x ∈ Kp, and �0,0(x) = 0 if x �∈ Kp.

Definition 1.7. Let SCVFp,e be the theory of separably closed nontrivially val-
ued fields of positive characteristic p and imperfection degree e, consisting of the
following collection of statements in Lp,div:

(1) all the axioms of SCFp,e ;
(2) ‘|’ is the division predicate corresponding to a valuation on the underly-
ing field; that is, if the valuation is denoted by v, then ‘a|b’ if and only if
‘v(a) ≤ v(b)’;

(3) the model is nontrivially valued, for instance ‘∃x(x � 1)’.

The main result of this article is

Theorem 1.8. SCVFp,e (1 < p < ∞, 1 ≤ e ≤ ∞) has quantifier elimination
inLp,div.

One can, of course, discuss separably closed valued fields using multi-sorted
languages. However, for the clarity of the presentation and owing to the preference
of the author, in this article we only focus on the one-sorted case; the multi-sorted
results can be done as expected.

Notation 1.9. For the convenience of exposition, we introduced (see [14]) the
predicates of p-indepndence Qn; for each n > 0:

Qn(y1, . . . , yn)⇔ y1, . . . , yn are p-independent.
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Notice that in fact they are equivalent to quantifier-free Lp-formulas (modulo, say,
SCFp,e),

Qn(y1, . . . , yn)⇔ �n,0(1;y1, . . . , yn) = 1,
assuming the 0-th p-coordinate is the p-coordinate corresponding to the coefficient of
the p-monomial 1. We define Q0 to be the true sentence �0,0(1) = 1.

§2. Relative p-bases. Recall that a field extension L over K has a separating
transcendence basis T , if L is a separable algebraic extension over K(T ) and T is a
subset of L which is algebraically independent over K .
It is quite well-known that, related to separating transcendence bases, there is
a criterion called Mac Lane’s Criterion, which says that every finitely generated
separable field extension admits a separating transcendence basis; see [9], or below.
In the same article [9], he also introduced the notion of relative p-independence,
and proved some useful properties of it, related to separating transcendence bases.
We give a quick review of some results that are needed in our proof.

Definition 2.1. SupposeL/K is a field extension of characteristic p. A subsetX
ofL is relatively p-independent inL/K ifLp(K,X ′) is a proper subfield ofLp(K,X )
whenever X ′ is a proper subset of X . A relative p-basis B for L/K is a relatively
p-independent subset of L such that L = Lp(K,B).

Every extension L/K has a relative p-basis, and any two relative p-bases have
the same cardinality; every relatively p-independent subset of L for L/K can be
enlarged into a relative p-basis for L/K . When K is the prime field Fp, we get
the usual notion of p-independence.
Fact 2.2 (Theorem 7 of [9]). Suppose that L/K is a field extension of character-
istic p, then the following are equivalent:
(1) every set X ⊂ K p-independent in K is p-independent in L;
(2) there is a p-basis B of K which is p-independent in L;
(3) Kp(S) = K ∩ Lp(S) for every finite set S ⊂ K ;
(4) K ′(Kp) = K ∩K ′(Lp) for every subfield K ′ ⊂ K .
In fact, any of the above equivalent conditions can be taken to be the definition
of L/K being separable.
Fact 2.3 (Theorem 11 of [9]). The elements of any relative p-basis B of a
characteristic-p field extension L/K which is separable are algebraically independent
over K .
Fact 2.4 (Theorem 12 of [9]). If the characteristic-p field extension L/K is
separable, and if B and C are disjoint subsets of L with C ⊂ K , then any two of the
following statements imply the third :
(1) B is a relative p-basis of L/K ;
(2) C is a p-basis for K ;
(3) B ∪ C is a p-basis for L.
Fact 2.5 (Theorem 15 of [9]). If the characteristic-p field extension L/K is
separable and finitely generated, then L has a separating transcendence basis over K .
Under the same assumption, T of L is a separating transcendence basis for L/K if
and only if it is a relative p-basis for L/K .
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§3. Relative �-resolvents. What is more on a general separably closed field than
on an algebraically closed field is that the former has a nontrivial p-independence
relation. In order to understand theLdiv-structure of a separably closed valued field,
it is necessary to understand the interaction of the valuationand thep-independence
relation. On the face of it, this seems to be a hard problem, because the formulas
could easily get very complex. But we will see that the complexity of a quantifier-
freeLp,div-formula on a separably closed valued field is in fact not too much higher
the complexity of a quantifier-freeLdiv-formula over the same field. Indeed, in the
following, we will see that, given a quantifier-free Lp,div-formula Φ satisfied by a
tuple �a in amodelK of SCVFp,e , Φ(�a) is equivalent to a formula of the formQ∧φ in
a tuple of different but related parameters, whereQ is a predicate of p-independence
and φ is a quantifier-free Ldiv-formula. Furthermore, this formula Q ∧ φ only
depends on the ‘p-independence type’ of �a. In the case where the imperfection
degree of the field K is finite, we could even replace Q ∧ φ by a quantifier-free
Ldiv-formula ϕ. We may call a formula of the formQ ∧ φ a ‘resolution’ of Φ, since
it ‘resolves’ Φ into something more susceptible to being studied. This motivates our
definition of a ‘relative �-resolvent’ below.

Definition 3.1. Suppose that K |= SCVFp,e . Given a tuple �a ∈ ΠnK (n ≥ 1),
and a quantifier-free Lp,div-formula Φ(�x) with K |= Φ(�a), a relative �-resolvent of
�a with respect to Φ(�x) is a tuple �c ∈ ΠmK for some m ≥ 1 such that there is some
k with 0 ≤ k ≤ m and the following hold
(1) there exist n Lr-terms t1(x1, . . . , xm), . . . , tn(x1, . . . , xm) in m free variables,
such that for all 1 ≤ i ≤ n, ai = ti(�c);

(2) K |= Qk(c1, . . . , ck);
(3) suppose that K′ |= SCVFp,e and �c′ ∈ ΠmK ′ such that �c and �c′ are Ldiv-
isomorphic, then K′ |= Qk(c′1, . . . , c′k)→ Φ(t1(�c′), . . . , tn(�c′)).

Theorem 3.2. Suppose that K is a model of SCVFp,e , �a a tuple in
∏n
K , and

Φ(�x) a quantifier-free Lp,div-formula with K |= Φ(�a). Then there exists a relative
�-resolvent of �a with respect to Φ.

Proof. First, if all theLp-terms occurring inΦ areLr-terms already, then clearly
k = 0 and �c = �a is a relative �-resolvent of �a.
We may assume that Φ(�x) is a quantifier-free Lp,div-formula involving symbols
of relative p-coordinate function. We prove by induction on the number of relative
p-coordinate functions occurring in the expression of Φ. We may assume that Φ(�x)

is written as Ψ
(
��(�t(�x)), �x

)
, where Ψ is a quantifier-freeLp,div-formula having less

symbols of relative p-coordinate function than Φ, and �� is a tuple of symbols of
relative p-coordinate function and �t(�x) is a tuple ofLr-terms in free variables �x.
Introducing a new tuple of free variables �z, we have

SCVFp,e |=
{
∃�z
[
�z = ��

(
�t(�x)

)] ∧Ψ(�z, �x)}↔ Φ(�x). (3.1)

Let {ai1 , . . . , ais } be a maximal p-independent (in K) subset of the set {ai}i .
If s = 0, then it means that all the ai are in Kp; let �c = (ci)i be the tuple (a

1/p
i )i ,

then there is a tuple of Lr-terms �s(�x) such that �(�t(�a)) is �s(�c). This means that
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if �c′ is a tuple in K2 |= SCVFp,e such that �c′ and �c areLdiv-isomorphic, then

K2 |= Ψ
(
�s(�c′),

−→
c′i
p
)
→ Φ

(−→
c′i
p
)
.

By the induction hypothesis, there is a relative �-resolvent �d of �ci with respect to
Ψ(�s(�y),

−→
yp) and an integer k satisfying the three conditions in Definition 3.1. It

follows that �d is a �-resolvent of �a with respect to Φ.
Sowemay assume that s > 0.Let (b1, . . . , bs) be (ai1 , . . . , ais ), and let (bs+1, . . .) be
the tuple of all the relative p-coordinates of the rest of ai with respect to (b1, . . . , bs ).
It is then clear that there is a (canonical) tuple of Lr-terms (Ti )i such that �a =
(Ti (�b))i . Without loss of generality, we may assume that the length of �z is just 1.
Then Equation (3.1) becomes

SCVFp,e |=
{∃z [z = �r,j (t0(�x); t1(�x), . . . , tr(�x))] ∧Ψ(z, �x)}↔ Φ(�x), (3.2)

for some r ≥ 0, j ∈ pr .
Let �(�x) be the formula

Qs(xi1 , . . . , xis ) ∧ (∧l �∈{i1,...,is}¬Qs+1(xl , xi1 , . . . , xis ));

Let the variables yl,l ′ be �s,l ′(xl ;xi1 , . . . , xis ) for all l
′ ∈ pl and l �∈ {i1, . . . , is},

and let y1, . . . , ys be xi1 , . . . , xis . Clearly �x is a tuple of Lr-terms in y1, . . . , ys and
{yl,l ′}l,l ′; we may assume that xi = Ti(y1, . . . , ys , (yl,l ′)l,l ′).
If r > s , then clearly

SCVFp,e |= �(�x)→ z = �r,j
(
t0(�x); t1(�x), . . . , tr(�x)) = 0,

because ti (�x) ∈ Fp(yl,l ′)pl,l ′(y1, . . . , ys ) for all 0 ≤ i ≤ r.
If 1 ≤ r ≤ s , then the formula z = �r,j(t0(�x); t1(�x), . . . , tr(�x)) is equivalent
(modulo SCVFp,e) to

{
Qr(t1(�x), . . . , tr(�x)) ∧ ¬Qr+1(t0(�x), . . . , tr(�x)) ∧

[
z = �r,j(t0(�x); t1(�x), . . . , tr(�x))

]}∨
∨[
(¬Qr(t1(�x), . . . , tr(�x)) ∨Qr+1(t0(�x), . . . , tr(�x))) ∧ (z = 0)

]
;

if r = 0 (then j = 0), then it is equivalent (modulo SCVFp,e) to[
Q1(t0(x)) ∧ (z = 0)

]∨[¬Q1(t0(x)) ∧ (zp = t0(x))] .
For each α, 	 such that 0 ≤ 	 ≤ r and 0 ≤ α ≤ r − 	, we have SCVFp,e |=
Q	+1(tα(�x), . . . , tα+	(�x)) if and only if the matrix[

�s,l

(
α+	∏
i=α

ti(�x)q(i);y1, . . . , ys

)]
l∈ps ,q∈p	+1

has rank p	+1, which can be expressed using a quantifier-free Lr-formulas in
y1, . . . , ys and {yl,l ′}l,l ′ saying that there is a nonzero p	+1 × p	+1-minor. Let
A	α(y1, . . . , ys , (yl,l ′)l,l ′) be this quantifier-freeLr-formula.
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If 1 ≤ r ≤ s , and SCVFp,e |= �(�x) ∧ Qr(t1(�x), . . . , tr(�x)) ∧ ¬Qr+1(t0(�x), . . . ,
tr(�x)), then the formula z = �r,j(t0(�x); t1(�x), . . . , tr(�x)) is equivalent to a quantifier-
freeLr-formula in z, y1, . . . , ys and {yl,l ′}l,l ′ as follows:

t0(�x) =

[
r∏
i=1

ti (�x)q(i)
]
q∈pr

· [�r,q(t0(�x); t1(�x), . . . , tr(�x))p]Tq
=

[
s∏
i=1

yu(i)i

]
u∈ps

·
[
�s,u

(
r∏
i=1

ti(�x)q(i);y1, . . . , ys

)p]
u∈ps ,q∈pr

× [�r,q(t0(�x); t1(�x), . . . , tr(�x))p]Tq ,
therefore,

[
�s,u

(
t0(�x);y1, . . . , ys )

]T
u∈ps =

[
�s,u

(
r∏
i=1

ti (�x)q(i);y1, . . . , ys

)]
u∈ps ,q∈pr

× [�r,q(t0(�x); t1(�x), . . . , tr(�x))]Tq .
Under our assumption, the coefficient matrix, denoted by C , on the right-hand side
has rank pr . Denote by C
1,...,
pr the p

r × pr-submatrix of C consisting of the rows
of number 
1, . . . , 
pr , and denote by

(
C ∗

1,...,
pr

)
j
the j-th row of the adjugate

of C
1,...,
pr . Then the formula z = �r,j(t0(�x); t1(�x), . . . , tr(�x)) is equivalent to the
quantifier-freeLr-formula �j(z, y1, . . . , ys , (yl,l ′)l,l ′) defined as∨

1,...,
pr

{
det
(
C
1,...,
pr

) �= 0 ∧ (C ∗

1,...,
pr

)
j
· [�s,u (t0(�x), y1, . . . , ys )]Tu=
1 ,...,
pr

= z det
(
C
1,...,
pr

)}
.

To conclude, if r > s ,

SCVFp,e |= �(�x)→
[
Ψ(0, �x)↔ Φ(�x)] ;

if r = 0,

SCVFp,e |= �(�x)→
{[ [
A00(y1, . . . , ys , (yl,l ′)l,l ′) ∧ (z = 0)

]
∨[¬A00(y1, . . . , ys , (yl,l ′)l,l ′) ∧ (zp = t0(�x))] ] ∧Ψ(z, �x)→ Φ(�x)};

if 1 ≤ r ≤ s , then letting �y be (y1, . . . , ys , (yl,l ′)l,l ′),
SCVFp,e |= �(�x)→

{{ [
Ar−11 (�y) ∧ ¬Ar0(�y) ∧ �j(z, �y)

]
∨[
(¬Ar−11 (�y) ∨ Ar0(�y)) ∧ (z = 0)

]}∧
Ψ(z, �x)→ Φ(�x)

}
.

Let z0 ∈ K be the value of z in K . Therefore, as long as (�b′, z′0) ∈ K2 |= SCVFp,e
with (�b, z0) and (�b′, z′0) being Ldiv-isomorphic and K2 |= Qs (y1, . . . , ys ), then,
denoting the corresponding tuple (Ti (�b′))i by �x′, we have

K2 |= �(�x′),
and if K2 |= Ψ(z′0, �x′) then K2 |= Φ(�x′).
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We can then carry on the induction to find a relative �-resolvent of the tuple
(�b, z0) with respect to Ψ(z, �x), by repeating the steps above (making sure that the
new maximal p-independence subset now includes b1, . . . , bs). �
Remark 3.3. From the proof above, we can also see that a specific kind of
relative �-resolvents exist. Using the notation in Definition 3.1, for any fixed p-basis
B := {b1, . . . , bn, . . .} of K , we can find a relative �-resolvent �c of �a with respect to
Φ such that �c further more satisfies the property that {c1, . . . , ck} ⊆ B (to see this,
replace the ‘maximal p-independent subset of the set {ai}i ’ in the proof by some
suitable subset of B). We will use this kind of relative �-resolvents in the proof of
the quantifier elimination result.

§4. Quantifier elimination. For a valued field (K,V ), K naturally becomes a
topological field where the topology is generated by sets of the form {x ∈ K |v(x −
a) > 	} with a ∈ k and 	 ∈ vK . It is easy to see that any such a set is Zariski-dense
inAk ; any Zariski-open set isV -open (i.e., openwith respect to the topology induced
by V ).
The following theorem provides a convenient tool for studying the interaction
between thep-independence relation and the valuation on a separably closed valued
field.

Theorem 4.1 (cf. [6]). Suppose that K is a separably closed field of positive char-
acteristic p with a valuation ring V . Then for any natural number n and any element
b ∈ K×, the set bKp

n

is V -dense in K .

Proof. We may assume that v is not trivial and n > 0. Then the value group
is an ordered abelian group without upper bound. It is then obvious that bKp

n

is
V -dense at 0.
Suppose that z is an element ofK×, and � > 0 is an element of the value group of
K ; it is enough to show that there exists some z� ∈ K× such that v(z − bzpn� ) > �.
Case 1. v(z) ≥ 0.
We can always find some d ∈ K× such that v(z/b) ≥ v(dpn). Pick a ∈ K×

such that v(a) > �, then consider the polynomial f(X ) = bdp
n

X p
n − aX − z.

Notice that the formal derivative of f, f′(X ) = −a �= 0. Thus f splits over K .
In particular since ∞ �= v(z/(bdpn)) ≥ 0, there exists some root r �= 0 of f with
v(r) ≥ 0. Then v(z − b(dr)pn ) = v(ar) > � and z� = dr is what we want.
Case 2. v(z) < 0.
One can always pick one g ∈ K× such that v(gp

n

z) ≥ 0. Let ε = v(gpn)+�. Then
applying Case 1 (to gp

n

z and ε), one has a z′ �= 0 such that v(gpnz − bz′pn ) > ε.
Therefore, letting z� = z′g−1, we get v(z − bzp

n

� ) > �. �
Corollary 4.2. The set ofp-independent tuples areV -dense. That is, suppose that
�a = (a1, . . . , an) is a point in ΠnK with K |= SCVFp,e , 1 ≤ n ≤ e, and ε ∈ vK , then
there is some point �b ∈ ΠnK such that K |= Qn(�b) and v(ai − bi) > ε.
Proof. Let �c ∈ ΠnK be p-independent. Then for any tuple �g ∈ ΠnK , with
gi �= 0 for all 1 ≤ i ≤ n, (cigpi )i is still p-independent. It then immediately follows
from Theorem 4.1 that �g could be chosen so that v(ai − cigpi ) > ε for all 1 ≤ i ≤ n,
and then (bi)i = (cig

p
i )i is what we want. �

https://doi.org/10.1017/jsl.2015.62 Published online by Cambridge University Press

https://doi.org/10.1017/jsl.2015.62


SEPARABLY CLOSED VALUED FIELDS: QUANTIFIER ELIMINATION 895

Remark 4.3. By the same reasoning, the set of p-dependent tuples are also
V -dense. In fact, the set of tuples of any fixed p-independence type is also V -dense.
It also follows from Theorem 4.1 thatK is V -dense inKalg, which meansKalg/K
is an immediate valued-field extension, provided thatK is not trivially valued.

The following lemma and its proof are taken almost verbatim from [13].

Lemma 4.4 (van den Dries). Suppose that (L,V ) is a valued-field extension of
(K,W ) (so v|K = w) such that Kw = Lv, a1, . . . , an ∈ K , and x ∈ L\K such
that v(x − ai) ∈ vK for all i = 1, . . . , n. Then there exists a ∈ K such that
v(x − ai) = v(a − ai) for all i = 1, . . . , n.
Proof. Any a ∈ K with v(a − x) > v(a − ai) for all i has the desired property.
We may assume that v(x− a1) ≥ v(x − ai) for i = 2, . . . , n. Since v(x− a1) ∈ vK ,
we can take b ∈ K such that v(x − a1) = v(b). So v((x − a1)/b) = 0 and since
Kw = Lv, there exists some c ∈ K such that (x − a1)/b = c + ε, v(c) = 0 and
v(ε) > 0. Then a = a1 + bc works because x − a = bε and v(bε) > v(x − ai). �
For the reader’s convenience, we recall some frequently used facts about valued
field.

Fact 4.5 (Corollary 2.2.2 of [3]). Suppose that (K,V ) is a valued field. Then
there is exactly one extension W of V to the rational function field K(X ) such
that w(X ) = 0 and resw(X ) is transcendental over Kv. Furthermore, for this w,
K(X )w = (Kv)(resw(X )) and w(K(X )) = vK .
Fact 4.6 (Corollary 2.2.3 of [3]). Suppose that (K,V ) is a valued field, vK an
ordered subgroup of Γ, with � ∈ Γ having the property that if n ∈ Z satisfies n� ∈ vK
then n = 0. Then there is exactly one valuation w on the rational function field
K(X ) extending v, with w(X ) = �. Furthermore, for this w, K(X )w = Kv and
w(K(X )) = (vK)⊕ Z� with the ordering induced from Γ.
Fact 4.7 (Theorem 3.2.15 of [3]). Suppose that L/K is a normal field extension,
V is a valuation of K ,W1 andW2 are valuation rings in L extending V . Then there
exists � ∈ Aut(L/K) with �(W1) = �(W2).
Recall that the rational rank rr(G) of an ordered abelian groupG is the maximal
number of elements in G that are linearly independent over Z.
Fact 4.8 (Theorem 3.4.3 of [3]). Suppose that L/K is a field extension, v is a
valuation on K and w is an extension of v to L. Then

tr.deg((Lw)/(Kv)) + rr((wL)/(vK)) ≤ tr.deg(L/K).
The following is an easy exercise taken from [5] (which remains to be an easy
exercise for the reader).

Fact 4.9 (Exercise 2.4 in [5]). Let v be a valuation on the rational function field
K(X ) which is trivial on K . Suppose for all f ∈ K [X ], v(f) ≥ 0 and there is a
g ∈ K [X ] with the smallest degree such that v(g) > 0. Then v is isomorphic to the
valuation induced by the irreducible polynomial g(X ).
The following extension lemma is central to the proof of quantifier elimination.

Lemma 4.10 (Cf. [6]). Suppose that K1 := (K1, V1) and K2 := (K2, V2) are two
models of SCVFp,e and K2 is |K1|+-saturated. Suppose that f : F → K2 is an
Ldiv-embedding, and F is a separably closed subfield of K1.
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Then for any a ∈ K1 which is transcendental over F , there is an Ldiv-embedding
f̃ : F (a)sep → K2 extending f.
Proof. We may assume that v1(a) ≥ 0 (otherwise do the argument for a−1). We
remark that F might be trivially valued, but should it not be, the residue field Fv1
would be algebraically closed and the value group v1F divisible. v1F is divisible in
any case, be it trivial or not. There are four cases.

Case 0. F (a)v1 �= Fv1 and v1(F (a)) �= v1F .
According to Fact 4.8, if F (a)v1/Fv1 is transcendental, then v1(F (a)) = v1F .
Thus this case is only possible if F (a)v1/Fv1 is algebraic, in which case, Fv1 cannot
be algebraically closed, thus F is trivially valued.
In this case, there are two polynomials g(X ), h(X ) ∈ F [X ] such that h(a) �= 0
and resv1 (g(a)/h(a)) is not inFv1. In factwe can choose the polynomials such thata
is separable over F (g(a)/h(a)). In other words, we can find G(X ),H (X ) ∈ F [X ]
with the properties that H (a) �= 0, resv1 (G(a)/H (a)) = resv1 (g(a)/h(a)) and
a is separable over F (G(a)/H (a)). To see this, consider two polynomial with
undetermined coefficients A, B, C and D (in F ):

G(X ) := g(X ) +AXq + B,

H (X ) := h(X ) + CXq +D,

where q > max{deg g,deg h} and q �= p. The element a is a root of the polynomial
G(a)
H (a)

H (X )−G(X ) ∈ F (G(a)/H (a))[X ].

It is enough to make sure that G(a)H (X ) − H (a)G(X ) has a as a simple root,
it being equivalent to saying that the formal derivative G(a)H ′(X ) −H (a)G ′(X )
does not vanish at a, that is

G(a)H ′(a)−H (a)G ′(a) �= 0. (4.1)

One checks that the above inequality (4.1) is a nontrivial equation in variablesA,B,
C and D. Thus it has a solution in any V -open subset in Π4F . In particular, there
is a solution of Inequality (4.1) such that resv1 (g(a)/h(a)) = resv1 (G(a)/H (a)).
Thus we may assume that resv1 (g(a)/h(a)) is not in Fv1 and a is separable over
F (g(a)/h(a)). Let t = g(a)/h(a). Then there is a smallest n such that resv1 (t)

pn =
resv1 (s) for some s ∈ F . SinceK2v2 is algebraically closed, there is some b ∈ K2 such
that resv2 (b)

pn = resv2 (f(s)) with n being the smallest exponent of p satisfying this
property. b canbe then also chosen to be transcendental overf(F ), by the saturation
of K2.
Then by Fact 4.9, the map f̄ : F (t) → f(F )(b) is a valued field isomorphism,
since tp

n − s and bpn − f(s) are polynomials of the smallest degree such that their
valuations are positive, in their respective function fields (the trivial valued field F
is Henselian, thus certain types of factorizations in the residue field can be lifted
back to the field). Thus, one can extend f to an Ldiv-embedding f̃ : F (a)sep =
F (t)sep → K2 by Fact 4.7.
Case 1. F (a)v1 �= Fv1 and v1(F (a)) = v1F .
If F is trivially valued, then v1(F (a)) = v1F = 0, so F (a) is also trivially valued.
For each g(X ) ∈ F [X ], one can find some b′ ∈ f(F ) such that v2(f(g)(b′)) = 0
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(as long as b′ is not a root of f(g)(X )). Then by the saturation of K, there is
some b ∈ K2 such that for all g(x) ∈ f(F )[X ], v2(g(b)) = 0; b is automatically
transcendental over f(F ), then one can extend f into a valued-field isomorphism
from F (a) to f(F )(b) by sending a to b. Thus there is no problem of extend-
ing the map f to F (a)sep, by Fact 4.7. So we may assume that F is nontrivially
valued.
As done in Case 0 above, we may assume that a is separable over F (g(a)/h(a)),
and resv1 (g(a)/h(a)) is transcendental over Fv1. Since K2 is |K1|+-saturated, there
exists some b ∈ K2 with resv2 (b) ∈ (K2)v2 such that resv2 (b) is transcenden-
tal over f(F )v2. So b is transcendental over f(F ) as well. It is also clear that
v1(g(a)/h(a)) = 0 and v2(b) = 0. Then by Fact 4.5, f extends to a valued field
embedding which is also an Ldiv-embedding f1 : F (g(a)/h(a)) → K2 sending
g(a)/h(a) to b. But by Fact 4.7,f1 clearly has an extension to the separable closure
f̃ : F (a)sep = F (g(a)/h(a))sep → K2.
Case 2. F (a)v1 = F v1 and v1(F (a)) �= v1F .
Since F (a) is the quotient field of F [a] and v1(F (a)) �= v1F , there is some
g(a) ∈ F [a] such that v(g(a)) �∈ v1F . Because F is separably closed, there are
c′, ci ∈ F and natural numbers ni such that g(a) = c′

∏
i(a
pni − ci). This implies

that there is some factor ap
ni − ci with v1(apni − ci) �∈ v1F ; let n be this ni and c

be this ci . Then there is some k ∈ K2 such that v2(k) �∈ v2f(F ) and v2(k) realizes
the quantifier-free type of v1(ap

n − c) over v1(F ) (identified with v2(f(F ))) in the
language of ordered abelian groups (the theory of divisible ordered abelian groups
has quantifier elimination in this language). Furthermore, by the V2-denseness of
Kp

n

2 in K2, there is some b ∈ K2 such that bpn and k + f(c) are sufficiently close,
whence v2(bp

n − f(c)) = v2(k + f(c) − f(c)) = v2(k). Since K2 is sufficiently
saturated, we may also assume that b is transcendental over f(F ). Then, by Fact
4.6, it is clear that f can be extended to a valued-field isomorphism f̄ : F (ap

n −
c) → f(F )(bp

n − f(c)). But then F (a) is a purely transcendental extension of
F (ap

n − c) and f(F )(b) is also a purely transcendental extension of f(F )(bpn −
f(c)). Thus f̄ extends to a valued-field isomorphism from F (a) tof(F )(b), which
in turn extends to a valued-field isomorphism f̃ : F (a)sep → f(F )(b)sep ⊆ K2
by Fact 4.7.

Case 3. F (a)v1 = F v1 and v1(F (a)) = v1F .
First we show that we can extend f to anLdiv-embedding on F (a).
BecauseK2 is sufficiently saturated, it is enough to show that for any g(X ), h(X ) ∈
F [X ] such that g(a)|h(a) we have a transcendental element b ∈ K2 overf(F ) such
that f(g)(b)|f(h)(b). Furthermore, one can factorize g into d∏j(Xpnj − dj)
with d, dj ∈ F (and accordingly for h(X )), since F is separably closed. Therefore,
it is enough to show that for any finitely many element c1, . . . , cn ∈ F and any
integers α1, . . . , αn , if v1(ap

αi − ci) = v1(ki) �= ∞, ki ∈ F for 1 ≤ i ≤ n, then
there is some b transcendental over f(F ) such that v2(bp

αi − f(ci)) = v2(f(ki)),
for 1 ≤ i ≤ n.
We may assume that α1 ≥ αi for all i . By Lemma 4.4 we can find some w ∈ F
such that for all i ,

∞ �= v1(apα1 − cp
α1−αi
i ) = v1(w − cpα1−αii ). (4.2)
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By Theorem 4.1 (or its proof), we can find infinitely many different t ∈ F such
that v1(w − tpα1 ) are sufficiently large and hence, for all i

v1(ap
α1 − cpα1−αii ) = v1(tp

α1 − cpα1−αii ),

namely,
∞ �= v1(ki) = v1(apαi − ci) = v1(tpαi − ci).

Thus in K2, we have, for all 1 ≤ i ≤ n,
∞ �= v2(f(ki)) = v2(f(t)pαi − f(ci)).

This is true for infinitely many different t ∈ F , so by the saturation of K2, there is a
b which is transcendental over f(F ) such that for all 1 ≤ i ≤ n,

∞ �= v2(f(ki)) = v2(bpαi − f(ci)).
Therefore, f can be extended to anLdiv-embedding on F (a). By Fact 4.7 again,
we get an Ldiv-embedding f̃ : F (a)sep → K2 extending f to include the separable
closure of F (a). �
Lemma 4.10 could be improved to preserve the p-independence relation.

Lemma 4.11. Suppose that K1 := (K1, V1) and K2 := (K2, V2) are two models of
SCVFp,e andK2 is |K1|+-saturated. Suppose that f : F → K2 is anLdiv-embedding,
andF is a separably closed subfield ofK1. Suppose that for some n ≥ 0, a1, . . . , an ∈ F
satisfy that K1 |= Qn(a1, . . . , an) and K2 |= Qn(f(a1), . . . , f(an)).
Then for any a ∈ K1 transcendental over F and K1 |= Qn+1(a1, . . . , an, a), there is
anLdiv-embedding f̃ : F (a)sep → K2 extendingf, such thatK2 |= Qn+1(f(a1), . . . ,
f(an), f(a)).

Proof. Let p(x/F ) be the quantifier-free Ldiv-type of a over F , it is enough
to show that K2 realizes p(x/f(F )) and Qn+1(f(a1), . . . , f(an), x). To achieve
this, it is enough to show that for any formula (which is quantifier-free in Ldiv)
φ(x, �c) in p(x/F ), there is some b ∈ K2 such that K2 |= φ(b,f(�c)) and K2 |=
Qn+1(f(a1), . . . , f(an), b).
By Lemma 4.10, there is some b′ ∈ K2, transcendental over f(F ), such that

K2 |= φ(b′, f(�c)). But as long as v(b − b′) is large enough, K2 |= φ(b,f(�c)).
We may thus use Corollary 4.2 (or its proof) to guarantee that at the same time
K2 |= Qn+1(f(a1), . . . , f(an), b). �
Theorem 4.12. SCVFp,e admits quantifier elimination.

Proof. Suppose that K1 := (K1, V1) and K2 := (K2, V2) are two models
of SCVFp,e and K2 is |K1|+-saturated. Suppose that F := (F, v1) is an Lp,div-
substructure of K1 and f : F → K2 is an Lp,div-embedding. We need to show that
for any a ∈ K1\F , we can extendf to anLp,div-embedding of anLp,div-substructure
containing F (a). We may assume that F is already a field (if x ∈ F is not a p-th
power, then �1,j(x;xp+1) is 1/x, since we have the equality x = (1/x)pxp+1; thus
the only elements without inverse are p-th powers in F , whence there is only one
way to extend theLp,div-embedding to the quotient field, which one easily checks to
preserve theLp,div-substructure). Furthermore, we may assume that F is separably
closed, since the Lp-structure on F sep is entirely determined by the Lr-structure
on F (if y is separably algebraic over F , then F (y)/F (yp) is separable and purely
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inseparably at the same time, hence they are the same, thus y =
∑
i ai(y

p)i , ai ∈ F )
and by Fact 4.7. It is enough to make sure that the quantifier-free Lp,div-type of
a over F can be realized in K2 (replacing the corresponding parameters �s in F by
f(�s) in f(F )). It is then enough to make sure that for any quantifier-free Lp,div-
formula Φ(a, �c) and �c ∈ K1, such that K1 |= Φ(a, �c), there is some d ∈ K2 such
that K2 |= Φ(d,f(�c)).
SinceK1 is separable over F (becauseF is anLp,div-substructure), we can extend
a p-basis of F to a p-basis B of K1. By Remark 3.3, there is a relative �-resolvent
�b of (a, �c) with respect to Φ such that {b1, . . . , bk} ⊆ B (k as in Definition 3.1).
We may assume that none of b1, . . . , bk is in F ; then it follows that they are also
algebraically independent over F , by Fact 2.4 and Fact 2.3. Since F (�b) is separably
generated, and {b1, . . . , bk} is relatively p-independent inK1/F , {b1, . . . , bk} can be
enlarged into a separating transcendence basis (or equivalently, a relativep-basis, by
Fact 2.5) for F (�b)/F , say {b1, . . . , bk, bk+1, . . . , bs}. By iterating Lemma 4.10 and
Lemma 4.11, we can find an Ldiv-embedding f̃ from F (b1)sep(b2)sep · · · (bs)sep ⊃
F (�b) to K2 extending f such that at the same time K2 |= Qn(f(b1), . . . , f(bk)).
By the definition of a relative �-resolvent, K2 |= Φ(d,f(�c)) for some d being an
Lr-term in terms of elements in f(F (�b)). And we are done. �
Corollary 4.13 (cf. [6]). When e <∞, the theory of separably closed nontrivially
valued fields of characteristic p > 0 imperfection degree e > 0 has quantifier elim-
ination in the languageL := Lr ∪ {b1, . . . , be} ∪ {�e,j(x; b1, . . . , be)}0≤j<pe ∪ {|},
where {b1, . . . , be} is interpreted to be a p-basis.
Proof. One could change the proof for the general case a little bit to get the result.
Another way to see it is to observe that all the atomic Lp,div-formulas can be
expressed using quantifier-freeL -formulas, using techniques similar to those used
in Section 3 (instead of introducing new variables, one has to deal with rational
functions, but the problem is still solvable). �

§5. Acknowledgements. The research leading to these results has been supported
by the Scientific Research Funds of HuaqiaoUniversity (Project 14BS307).Most of
the work in the article is based on the author’s Ph.D. thesis [6] under the supervision
of Deirdre Haskell atMcMaster University. The author would like to thankDeirdre
Haskell and Bradd Hart for their encouragement on pursuing the investigation on
separable closed valued fields, Deirdre Haskell for reading an early version of this
article and giving valuable suggestions, Françoise Delon for her valuable discussion
on the finite imperfection degree case and related chapters of her Thèse d’état,
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