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In this paper, we study the existence of solutions to the following Hartree equation

—Au+ AV (z)u + pu = (fRN %) |uP~2u, in RV,

f]RN ‘u|2 = w,

Where N >3, w,A\>0,p € <%¢°ﬂ%>\{%} and p will appear as a

Lagrange multiplier. We assume that 0 < V € L£S (RY) has a bottom intV ~1(0)
composed of ¢y (€p > 1) connected components {Qi}fil, where intV ~1(0) is the
interior of the zero set V—1(0) = {x € RN |V () = 0} of V. It is worth pointing out
that the penalization technique is no longer applicable to the local sublinear case
pE (%, 2). Therefore, we develop a new variational method in which the two
deformation flows are established that reflect the properties of the potential.
Moreover, we find a critical point without introducing a penalization term and give

the existence result for p € <%7 %) \ {W } When w is fixed and satisfies

—(p—1)
w —Np+N+a+2 gufficiently small, we construct a ¢-bump (1 < £ < {y) positive
normalization solution, which concentrates at £ prescribed components {Qi}le for

large A. We also consider the asymptotic profile of the solutions as A — co and
—(p—1)
w*NP+pN+0<+2 — 0.

Keywords: nonlinear Hartree equation; normalized multi-bump solutions; steep
potential well; variational method

2020 Mathematics Subject Classification: 35B35, 35J20, 35J60

© The Author(s), 2025. Published by Cambridge University Press on behalf of
The Royal Society of Edinburgh.

1

https://doi.org/10.1017/prm.2025.10075 Published online by Cambridge University Press


mailto:hehzhang@163.com
mailto:shyao2019@163.com
mailto:math_chb@csu.edu.cn
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/prm.2025.10075&domain=pdf
https://doi.org/10.1017/prm.2025.10075

2 H. Zhang, S. Yao and H. Chen
1. Introduction

This paper concerns the existence of multibump solutions to the following Hartree
equation

|ul? -2, . mN
—Au+ AV a:u—l—,uu:(/ ulP7?u, in R 1.1
(x) [ (11)

under the mass constraint

[ =, (1.2)

where N > 3, w,A > 0, p € (%ﬁ”‘,%fg‘) \ {NJF]\D;H}, 0 < V(z) € L (RY)

and the zero set V=1(0) = {z € RY| V(z) = 0} of V have a nonempty interior
Q = int V71(0), p € R appears as a Lagrange multiplier and is part of the
unknowns. It is easy to know that Y4242 is the L?-critical exponent of (1.1) and
29 s the usual critical Sobolev exponent of (1.1). We call u a normalized solution

to (1.1), since (1.2) imposes a normalization on its L?-mass.
When V(z) = 0, for example, the following problem

|ul? -2, i mN
—Au+ pu = ——— | Ju/P"?u, in R (1.3)
R

N |z =y

where N > 1, p € R, 0 < o < N, 232 < p < T2 arises in various fields of

mathematical physics. The nonlinear term ( f]RN %) |u|p*2u describes the

interactions between the particles. Physically, |x|’(N ~®) is the so-called nonlocal
response or Kernel, which represents the nonlocal character of the nonlinearity of
the medium. Its width determines the degree of non-locality, see [28]. ||~ (N =) is
a short range potential, if N —a > 1 (long range potential, if N — a < 1, see [18]),
and sometimes even considers Dirac. This leads to the so-called Grose—Pitaevsky or
cubic Schrodinger equation, which describes the standard Kerr-type local medium.
In the physical case N =3,p =2, pu=1 and a =2, (1.3) appeared at least as early
as in 1954, in a work by S.I. Pekar describing the quantum theory of a polariton
at rest [38]. In [28], Choquard applied it as an approximation to the Hartree—Fock
theory of one-component plasma. It also arises in multiple particle systems [19] and
quantum mechanics [28, 40]. In this context, (1.3) is usually called the nonlinear
Schrédinger—Newton equation.

The existence and qualitative properties of solutions to the Hartree equation (1.1)
and (1.3) have been studied for a few decades by variational methods. If N = 3,p =
2, p=1 and a =2, the existence of ground states to equation (1.3) was obtained in
[28, 30] by using variational methods. Concerning the qualitative properties of the
ground state, uniqueness is proved in [28]. In [36], Moroz and Schaftingen estab-
lished some results about qualitative properties and decay estimates of ground
state solutions to (1.3) with p>1. Ye [51] studied the qualitative properties of
the functional related to (1.1), including the existence and nonexistence of min-
imizers. Cingolani and Tanaka [10] developed the deformation arguments and
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Normalized multi-bump solutions of the nonlinear Hartree equation 3

proved the existence of a ground state solution for the nonlinear Hartree equa-
tion with prescribed mass, when the nonlinear term satisfies Berestycki—Lions type
conditions. In [10, 51], the existence of L*-normalized solutions to equation (1.3)
was investigated when p € (¥F2, N4a42) "je in the L?-subcritical case. Using
constrained minimization method, Luo [33] proved the existence of a normalized
solution for problem (1.3) with least energy when a« =2 and 2 < p < {4, N}. When
the nonlinear term satisfies different assumptions, we can see [2, 8, 12, 27, 46, 47]
and the references therein.

When V(z) # 0, there have been some works concerning the study of prob-
lem (1.1) under various assumptions on the potential. We refer the readers to [1,
5, 7,9, 13-17, 20-23, 26, 39, 42, 44, 49, 50, 52] and the references therein. Among
them, the authors are mainly interested in the problem of how the properties of
the existence, multiplicity, and concentration of solutions. When V' (z) = k|x|?,
Wang [44] proved the existence of ground state for problem (1.1) by the mini-
mization method on the Nehari manifold. Luo [33] considered the existence and
stability /instability of standing waves with a prescribed L?-norm for problem (1.1)
with @ = 2,2 < p < min{4, N}. Cao [5] et al. considered the problem with a|z|?
replaced by a more general harmonic potential. They proved the existence and
stability of standing waves with a prescribed L?-norm for problem (1.1). In the
semi-linear case, Wei and Winter [45] constructed families of solutions concentrat-
ing to the nondegenerate critical points of potential V by using Lyapunov—Schmidt
reduction when N =3 and p = o = 2. Using the nonlocal penalization method,
Moroz et al. [37] proved existence of a single-peak solutions of (1.1) concentrating

at a local minima of V' (z) for p € {2 N+O‘> When p € (N“‘, ]]\\Z,Jrg‘), Cingolani and

Tanaka [9] obtained the multiplicity of concentrating solutions by the cup-length

of a critical set Crity, = {x € Q: V(x) = Vo}, where Q C R¥ is a bounded set

such that Vo = ire%V(a:) < ieanQ V(z). Subsequently, they [11] studied the exis-
x T

tence of a family of solutions concentrating to a local maximum or a saddle point
of V(z) € CN(RY R). The results for the critical problem, we can see [1, 16, 20-22,
32, 41, 48, 54]. For more information on global well-posedness, blow-up solutions,
and scattering for the Hartree equation (1.1), we refer the reader to [14, 17, 23, 26,
34] and the references therein.

Motivated by the above papers, the aim of this paper is to consider the existence
of normalized multibump solutions for equation (1.1) in the case of a steep potential
well. To illustrate the results of the problem (1.1) in this direction, we assume that:

1. (V1) Q =Ui<j<e, 2 (bo € N\{0}), where Q, - - - ,Qy, are nonempty bounded
domains with C'' smooth boundary such that Q; N Q\ Q; = 0 for each j =
1, , 4.

(Va ) v € L2 (RY) and V(z) > 0 for a.e. z € RY; Q := intV~1(0) satisfies
(V1), and V >0 a.e., in RV \ Q.

(V3) There exists MO > 0 such that

2.

3.

meas ({z € RN| V(z) < Mo}) < o0.

https://doi.org/10.1017/prm.2025.10075 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2025.10075

4 H. Zhang, S. Yao and H. Chen
Let £ € [1,4p] be an integer. For every fixed subset
L:= {jlaj27 e 7j€} - {15 e 7&)}7

we set 17, := U;cr.82;. By scaling, we have

U() =w 2(—N;(ix1)a+2) u(w —N;j»pl\TiL+2 )

for every u € H'(RY) with [y [ul* = w. Then (1.1) is equivalent to

—2(p—1) —(p—1) _ [v|?
_ = o = o — I ) p—2
Ao+ =R () 0= (o e bl
in RV,
2 _
Jan [v(2)

_ —2(p—1) .
where i = w=~r+~N+aF2 . For convenience, let

—(p—1)

€ = wNp+NFaF2,
Then (1.1) is equivalent to
—Av + X2V (ex)v + fiv = <fRN %dy) [v|P~2v, in RV,

f]RN lv(z |2 =1L

Clearly, there holds

(1.4)

too, ifpe (N-&-oz’ N+a+2) 7

N
e—>0asw—
N 2 N
ot, ifpe (% th).

Set V.(-) = V(e-) and consider the functional corresponding to (1.4) by

JM(U)ZE/ (1Vuf? + Ae2Veu?) / / [u@)PluWI” ;. 4,
’ 2 Jrn 2p Jan Jan |z —y[Ne ’

which is defined on

E. := {u € H'(RY)| Vou? < +oo}

]RN
endowed with the norm

1

2
lall. = (||u||2 - Vu) ,
RN

where || - || is the standard H'(R") norm. Normalized solutions to (1.4) can be
obtained by searching critical points of Jy . on the constraint

Mgz{ueE5|/ |u|2:1}.
]RN
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From the above analysis, we have the following results.

THEOREM 1.1 Suppose the conditions (Vi) — (V3) hold. Then for every € suffi-
ciently small, there exists A\; > 0 such that if A > A, problem (1.1) has a solution
(Hxws Uaw) With py e, >0 and vy, > 0 in RY.

According to the conditions (V1) — (V3), we deduce that as A — +oo, the limit
problem related to (1.1) is

—Av+ pv = (fRN %dy) [v[P~2v, in Q,

(1.5)
v>0inQp, v=0inQ\Q, [, o) =w.

Then it follows from the asymptotic behaviour of the solution (px w, v ) given by

Theorem 1.1, we have the following results about problem (1.5).

THEOREM 1.2 Suppose (V1) holds. Then for sufficiently small € >0, problem (1.5)
admits a normalized solution v. € H}(Q) with an associated Lagrange multiplier

W = fin. Moreover, there exists xJ, € Q;, for each j € L such that when ¢ — 0,
there holds

—2(p—1) )
W mNPENFOR2 [, — g1, m Rv

4
- Z1o — p—1 ___p-1
W 2(=Np+N+a+2) ’UE(UJ —Np+Nta+t2 ) — E Wj ( — W —Np+NFa¥2 xi) — 0,

j=1
in H'(RY),
where
2(—Np+ N + o+ 2p)lly
— = O

pemt Np—N-2—-« =%

and Wj is the normalized ground state solution to
_ — Jul? i RN
Au + pu = (fRN oyva dy) u, inRY, (16)

Jan Jul?> =071
REMARK 1.3. The results in theorems 1.1 and 1.2 hold for ¢ = 1.

For the nonlinear Schrédinger equation

—Au+ AV (2)u + pu = |u|P~2u in RY (17)

f]RN "LL|2 = w,

the existence and orbital stability of the normalized solutions have been studied
in [3, 6, 24, 25, 43, 53]. Among them, Tang et al. [43] studied the existence of
normalized multibump solutions to problem (1.7) when V satisfies (V1) — (V3)
by using a penalized argument [53] and combining with the unique of solutions
to problem (1.7) satisfying V(z) = 0. However, we have to point out that when
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V(xz) = 0, problem (1.1) has a unique solution only if p = o = 2, and in other cases
the solution is not unique due to the existence of a non-local term, that is, a Hartree
term. More importantly, the penalization technique depends on the decay property
of linear equations outside small balls. To this aim, it is crucial for the exponential
decay of solutions. From [36], we see that the solutions decay exponentially only if

pE [2 y +”‘> Hence, the penalization technique in [53] is not valid when p < 2.

According to (V1), we known that Q = U/_,Q;(£ > 2) is composed of several dis-
joint bounded domains {€2;}¢_, and each point in €); is a degenerate minimizer of
V. Hence, it is quite nontrivial to prove the existence of normalized multibump solu-
tions to the limit problem (1.5) that do not vanish over multiple components of ;.
If we consider the L?-constrained problem on each component €2; separately, then
the associated Lagrange multipliers may be different. Moreover, due to the inter-
action in the L?-constraint, it is difficult to guarantee the nonvanishing property of
gauge resolution for multiple given components.

Motivated by [4], the positive ground state solutions to the following limiting
Hartree system

—Av; + pv; = (f]RN e MULC) . ) |vi(x)|P~2v;  in RV,

z—y|N—=

vi(z) >0, lim v;(z) =0, i=1,2,...,¢, (1.8)
Tr—r00
0if3 = si, Xisysi =1,

can be used as the building blocks to construct the multi-bump solutions of (1.1).
However, the existence of positive ground state solutions is unknown in the lit-
erature. Unlike [4], p is unknown in (1.8) under the L2-constraint. Therefore, we
cannot use their method to prove the existence of positive ground state solutions
to problem (1.8). Inspired by [33, 51], combining some analysis tricks, we show the
existence of positive ground state solutions to system (1.8), see Lemma 2.3.

In this paper, we adopt a new approach inspired by [9], where we obtain an oper-
ator 7. defined by Proposition 4.1. It has similar properties to the tail minimization
operator via deformation parameters in [9]. Using the operator 7, in combination
with the standard deformation argument, we can directly deal with the problem
of Jy. in X (see Section 3) without introducing the penalization technique or
requiring uniform exponential decay of the solutions, so that we can deal with the

case of p € (Nﬁa, %i;‘) \ { )

The paper is organized as follows. In Section 2, the existence of the posi-
tive ground state solutions to (1.8) will be given. Following, an e, A-dependent
concentration-compactness (see Proposition 3.3) will be established in Section 3.
In Section 4, we develop a deformation parameter for the tail of u € X2, that
is, the outside of the small balls, to construct a map 7.. In Section 5, we use the
deformation lemma to search for critical points of J . restricted to M, and give
the proof of Theorems 1.1 and 1.2.

2. Preliminary results

In this paper, for convenience, we will use the following notations.
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LI(RM)(1 < g < 00) is the Lebesgue space with norm |ulg = ( [on |u|‘1da:)é
H'(RY) is the Sobolev space with norm [[ul = ([ [Vu|* + |u|2dx)
Br(y) = {z €RY: |z —y| < R}.

on(1),0-(1) indicate a generic infinitesimal as n — oo, € — 0.

2.1. Estimates for non-local term

Since we will be dealing with a non-local type problem (1.1), we introduce the two
inequalities, which will be frequently used in this article.

PRrROPOSITION 2.1.

(1) (Hardy-Littlewood-Sobolev inequality (see [29])) Let ¢,r > 1 and o € (0, N)
with 1/q+ 1/r = % Then there exists a constant C = (N, «, q,r) > 0

such that
/ / f(fv)gj(vy_)a i
gy Jry |7 — 9

for all f € LYRY) and g € L"(RYN).
(2) ([9]) Assume q,7 > 1 and a € (0, N) with 1/q+1/r < 2. Then for R >0,
there exists a constant Dgr = Dr(N, a, p, ) > 0 such that Rlim Dr =0 and
— 00

f(x)g(y)
/RN /RN J;_y|N—ad$‘ < Dglflqlgls

for all f € LYRN) and g € L"(RN) with dist(suppf, suppg) > R.

S C|f‘q|g|7“7

2.2. Limits problems

From [4], we know that the normalized ground state solutions to the following
Kirchhoff system

Je—y[N =

vila) >0, lm vi(e) =0, i = 1,2,....0, (2.1)
T—r o0

vil3 =55, Yp_ysi=1

i + s = (fon T2 foi(@) P20 in RY,

can be used as the building blocks to construct the multi-peak solutions of (1.1).
However, the existence of positive normalized ground state solutions for system
(2.1) is unknown in the literature. To study system (2.1), we first give the results
about the equation

—Av+ pv = (f]RN %) l(@)[P~?v in RY,

|U|2 = w.

(2.2)
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Define the energy functional

tw =g [ wepo g [ OEEOE
2 g 2p Jon Jon o —ylNo v

It follows from [51] that for % <p< W, the minimizing problem

. 2 2 z)[Plu(y)[”
I, :=inf < I(u)| |ul5 =w, |Vul; = . dxdy
RN JRN |5'3 yl

is achieved and
= inf {I(u)| |uf} =w} < 0. (2.3)

As for the L2-supercritical case, when 2 < p < min{4, N} and a=2, Luo [33]
proved that I, is achieved and

I, = inf {max[(tN/Qu(t~))| lul2 = w} > 0. (2.4)

We have to point out that the same conclusions can be obtained when p €

(N+a+2 N+a

St N72) by using the minimization method in [33], that is, I, is achieved

and (2.4) still holds for each p € (% N+°‘). We will not prove it here. Since the

' N—2
normalized ground state solution of (2.2) is not necessarily unique, for convenience,
we define
Np— N —«
S, = {u I= Hl(RN) 2 I(u) =1, |u|§ = w, |Vu|§ = p27
P

2)|Plu(y)|?
— 77 dxd
// o —yN—a T

where p € (N+a N+O‘) \ {82} Let w = €71, we have

? N—-2

2(=Np+ N + o+ 2p)lI,-

o = Np—N—-2—«

Clearly, for each u € Sy-1, (pp-1, u) is the normalized ground state solution of (2.2)
when w = ¢~
Set

¢
Si = {s: (81,7 ,80) € (0,1)£|Zsi = 1}.
i=1

We define s© = (¢=1,--- ¢71) and E(s) := Yt_, I, for s = (s1,---,8,) € SL.

Clearly, (wp-1, (ug-1, -+ ,up-1)) is the solution of system (2.1), where uy—1 € Sy-1.
Next, we claim that (pp-1, (ug-1, -+ ,up-1)) is the normalized ground state solution
of (2.1).
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LEMMA 2.2. For each s € 8¢ \ s° (¢ >2), there holds

E(s) < E(s°), ifpe (N;a, N+]3+2>, (2.5)
E(s) > B(s"), if pe (N+]§+2, Z;jg) (2.6)

Proof. Let s = (s1,---,s¢) € SL\ {0}. For each u with |u|3 = ¢~!, we define

2+a p—1
i) = (540) TRPIRNTaT 4 ((sig)m) .

ptNtat2
Then by calculating, we have |v;|3 = s;€|ul3, |Vv;|3 = (s:0) =Ny INTa s |Vul3 and

[ I gy S [ [ WY,
gy Jry Tz -yl ry Jry | —y[N

Thus, according to the definition of I,,, we deduce I,, = (s;£) ~NpFNFaF2 [, ;.

Then combining with (2.3) and (2.4), we calculate that E(s%) = (I, satisfying
E(s%) < 0ifpe (N+°‘ N+°‘+2) and E(s°) > 0ifp € (W, %) Moreover,

it holds
¢ f  _Np+Ntat2p 2
:ZI&' _ E(SO)ZSifNP+N+2+a (f)m
i=1 i=1
¢ 14+ —2p=2 2p—2
=B(s°) Y s, T () i, (2.7)
i—1
Denote
2p—2 i Nta Nta+2
4o ) e (O TR,
P 2p—2 . Nta+2 N+
L+ = iNrerar HfPE ( N Ns ) -
It follows from the Hoder inequality that for p € (N ta N +ﬁ+2)7

L 1+1dp L T+dp
[Zsi*dw)dp] =[ sﬁdp(@dp]

i=1 =1

J4
Zsz p/ 1+d (E)*dp/(lﬁ*dp) — 1 (28)

i=1

| V
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and equality holds if and only if s;, = 71, ¢ = 1,2,---,¢. In a similar way, for
pE (W, %), we also obtain

¢ T+,
[Z(E)Hdp (si)df’] > 1 (2.9)

i=1

and equality holds if and only if s; = =%, i =1,2,--- ,£. According to (2.7)—(2.9),
we complete the proof. a

LEMMA 2.3. If (u,(u1, - ,ug)) is the solution of system (2.1), then we have
Zle I(u;) > E(s%). Moreover, equalities hold if and only if u; € S;—1 for each
i=1,- L.

Proof. Let |u;|3 = s;, >. s; =1 for each i = 1,--- ,£. For convince, we denote

2(—=Np+ N +a + 2p)

A:
—Np+N+2+«

Ifpe (N+a N+"‘+2) then A >0 and a direct calculation that

I(ui) < als _A(3;0) “NpENTars T (2.10)

Si Si 54

p=—A——m>=

and

:fAZIul < AZI%:—AE s). (2.11)

where i = 1,--- ,£. If s; = {71 for each i = 1,--- ¢, by I(u;) > I;,-1, we easily
obtain E(s) > E(s”) and equalities holds if and only if I(u;) = I)-1, i.e., u; € Sp-1.
Otherwise, there exists ig such that s;, < £~!. Combining with (2.10) and (2.11),

2p—2 —Np+N+at2p

we obtain that y = —A Ele I(u;) < —As; M7V =R [ < — Al

¢
This implies ;I(ui) >0, =E(s%). Ifpe (N+°‘+2, %Jra) then by Lemma 2.2,

¢ ¢
we have > I(u;) > > I, = E(s) > E(s°). O
=1

i=1

3. Concentration-compactness type results

Without loss of generality, we may suppose that L = {1,2,---,¢} and give the
following notations: For i = 1,--- ,¢, ¢ € (0,1), and ¢ >0,

Qe ={zeRY ez e Q;}, Qr.={reRN ez ecQr}, Q :={zeRN|exeQ},
Q. ={ze RN |dist(ex, Q;) < t}, Q. ={xe RN |dist(ex, Qr) < t}.
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If follows from (V1) that we may assume that

1 _
ri= %lgglzodzst(ﬁhﬂ Q;) > 0.

Define

i=1
where &.(+) = £(e-) with £ € C§°(Ba,-(0), [0, 1]) satisfying £ =1 in B,.(0) and |V¢| <
2/r. Note that suppé(- — x;/e) NU;28j . = 0 for ; € Q;. Set

dy := min / / ‘P|u lig ru€e S
’ 2A ry Jry |z —y[N e Y o 7

where A, is the Sobolev embedding constant from H(RY) to LP(RY). For
sufficiently small e >0, we will find a solution to (1.1) in the following set

¢
Xe = {Z(fng’% —xi/e)| xi € Qy, w; € Sel} ,

X = {u € M| inf flu— o]l < d} .

where 0 < d < dy.

REMARK 3.1. For 0 < d < dg, we have |ju| < limsup,._ o+ |lulle <
fmax;—q.... ¢ ||wi|| + 1 for u € XZ. Here, w; € Sy-1 is defined as in X.. Moreover,

sup{||u|lcle € (0,1),u € Xg} < 4o0.

In fact, since dy < 1 and ||V€||LOQ(Q?E\QLYE) = [Vl (@2r\,) < +00, we have

|€cw; || = ||w;]] and  sup / 52‘/5(x)|(§gu(x — acg))|2 —0ase —0.
mseﬁL,s RN

So the conclusion holds.
Define
1 2
G(u) = = |u|®, for u € E..
2 JrN
Then we give an £, \-dependent concentration-compactness type results, which will
be useful to develop deformation theory in Section 5.

PROPOSITION 3.2. For any € € (0,1) fized, the Palais—Smale condition holds for
Jre in the set X3. That is, \: > 0 exists such that for any A > \:, if {u,} C X2

satisfies
lim sup Jxc(un) < E(s%), (3.1)
n—oo
lim mf (I3 (un) + pn G (un) || 2 = 0, (3.2)

MN—>00 Uy,

then uy has a strong convergent subsequence in E..
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Proof. From Remark 3.1, we easily obtain that {u,} is bounded in E,. Since

nlP [uy [P 1 1
et 4o [ ] [n "l =5 IVunB+ 5 [ APV +on(),
RN JR 2 2 Jrw

N |z —y[N-o

combining with the Hardy-Little-wood-Sobolev inequality and the assumption
(3.1), we obtain that for large n,

1
3 /N A2V (z)u? < Inelun) + Cllun|* < Cy
R

and

:|Mn (un)un‘ = |J/\ s(un Un +0n( )|

<C (lunl2 + funli> + [ a2va) <

|tin

where the constant C; > 0 independent of ¢ and A. Since {u,} is bounded in E,,
we assume, up to a subsequence, u,, — ug in E..

Next, we claim u, — uo in E,. We first claim that A} > 0 exists such that for
any A > Al and 6 >0, R >1 exists such that

A
lim sup / <|Vun2 + (62‘/5(1) + 1) ui) < 0. (3.3)
n—00 JRN\ B3 (0) 2

we fix a cut-off function ¢ € C>(R", [0, 1]) satisfying ¢ (z) = 1in 2| > 2, ¢(z) = 0
in || <1 and |Ve(x)| < 2 for all x € RY. For convenience, set ¥ 5(-) = 9 (-/R).
Then we text (3.2) by EQRUH to get

[, 19 @)+ OVie) + 1) )]

—2
:/ leun(x)plun(y)|p+/ IV 522 + on(1). (3.4)
RN JRN RN

lx —y|N -

Using the two inequalities of Proposition 2.1, we derive that

2
/ Vplun(@)P|un(y)[? / / |un () |P|un (y) P
RN JRN |z — y[ V- = JRM\Bor(0) JRM\Bar(0) [T —y[N T

D () (2) [P [ (1) P
2
* /R<|x<2R |z — y| N

/ / |un (@) P |un (y) P
Br(0) JRN\Bar(0) 1T —Y e —yNe

§C|un‘L2Np/(N+a> (RN\B2£(0)) + DR

— 2(p—1
§C||7/’Run||2|un|L(2pr/)<N+a)(RN\BQR(O)) + Dr

A
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and

— — C
/ IV p|us :/ VY g[Pup < I
RN R<|z|<2R

where C' is a positive constant independent of e, R, and large n, R}im Dr = 0.
—00

Then combining with (3.4), we obtain

[ 19 @)+ OVele) + 1) )]
2(p—1) Cy
<CQ||wRunH |un|L(2pr/(N+a)(]RN\BQ ) + Dgr + R + on(1), (3.5)

where C5 is a constant independent of £, A\, R and large n. According to the
condition (V3), we denote

Ko(R) :== (RN \ Br(0)) N {z € RN|V.(z) < My}
and
Lo(R) := (RV \ Bg(0)) N {z € RY|V.(z) > My}.

Then we deduce that for every €, A > 0,
lim meas Ko(R) =0, lim limsup/ |un\% =0 (3.6)
R—o0 R—o00 pooo Ko(R)

and

fim timsup [ (APV.(a) + ) (n)?
Ko(R)

R—oo posoo

R—o0 nooo

< lim limsup/ (Ae®My + C1) (Y gun)?® = 0. (3.7)
Ko(R)

It follows from the Gagliardo—Nirenberg inequality that

(Np—N—-a)N (=Np+N+a+2p)N
Nta
/ [unl 755 <ColVan iy sz
Lo(R)

(=Np+N+a+2p)N

<Oy (M A e) T (38)

where C'3 is a positive constant independent of e, A\ and large n. Using (3.6) and
(3.8), and fixing A} large enough such that for A > A%,

A
lim hmsup|un|2(p 1 < (2C9)71, §€2M0 —Cp > 1. (3.9)

R—o0 pooo LNFa (RN\B2r(0))
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Then by (3.7) and (3.9),

lim sup lim Sup/ A2V () + n) (Y gun)?
RN

R—oo n—oo

= lim sup lim sup/ (A Vo (@) + pn) (Y pun)?
Lo(R)

R—oo n—oo

1 _
> lim sup lim sup/ <)\52V€(m) + 1> (Y gun)?
Lo(R) 2

R—oo0 n—oo

= lim sup lim sup/ <;)\52V5($) + 1) (Y gun)?. (3.10)
RN

R—oo n—oo

Thus, it follows from (3.5), (3.9), and (3.10) that

imsuptimsup [ 9G0P + (5270 +1) @] =0
RN

R—oo n—oo

which implies (3.3). Then by the Rellich theorem and (3.3), we deduce that

N
/ Ve ()|t — up|* = 0 and u, — ug in LY(RY), q € [2, M) . (3.11)
RN N -2
According to this, we text (3.2) by u,, — up and get
. Vu,V(uy, —ug) = — / A2V ()t (U, — 10) — i (tgy — U0 ),
R
/ / [ty [PuB = (uyy — o)
]RN RN |z — |N “
_On
which implies
/ |V, — Vugl? — 0. (3.12)
RN

By (3.11)—(3.12), we easily get u,, — ug in E.. Thus, we complete the proof. O

Since meas(Q%’:E\QL@) < +4ooand V; > 0a.e.in QSLT,E\QL,E, we choose a. € (0,1)
such that

meas(A® :=={z € QY \Qr.: Ve(z) <ac}) »0ase—0. (3.13)

Then we have the following result.
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PROPOSITION 3.3. For sufficiently small d >0, Jy . has the following property: let
{en}, ), {tn} CR, and {u,} C X2 satisfying that

en — 0T, /\neiasn — 400,

lim Jy, e, (un) < EB(sY), (3.14)
175, e, (Un) + G (un) g2, = 0, (3.15)
as n — oo. Then pn, — pe—1 and for each i = 1,--- ¢, there exist gn; € Qipc,,
u; € Sp-1 such that
¢
dist(qni,0c,) =00 and un — Y (S tti(- = qni))llz, — 0.
i=1

Proof. Since u, € X¢, there exist ¢,; € Qic,, ui € Sp-1 and h, € E., satisfying
[1hnlle, < d such that u, = Zle(@"ui)C — qn,i) + hn. By Remark 3.1, we obtain
that ||u,|| and |Juy]|, are bounded for large n. Similar to Proposition 3.2, by (3.14),
we also deduce that for large n,

|Mu/ M2 Ve, (2)u2 < C
RN

where the constant C' >0 is independent of n. Then by (3.13),

/ IMFS/ \%F+/ zé+/ 1 ?
RN\Qp,.. RN\QS7 Q8 \(AnUQL ) Asn

a+2
S/ funl? + (A, ) ™" + meas AT | 355 fun s
RN\Q%;E” N—2

where measA®» — 0 as n — oo. Now we claim that lim fRN o8 ui = 0.
n—oo \ L,en

Otherwise, by Lions’ Lemma, there is x., € RV \ Qstgn such that

limsup/ [, |? > 0.
n—oo Bl(zsn)

Since |gn,; — xe, | = 00, we have

14

| Z(fsnui)(‘ - Qn,i)|i2(31(z€n)) = on(1).

=1

It follows from |ju, — Zle(fgnui)(- — qn.i)llBi(a.,) < 2d that we obtain a con-
tradiction for sufficiently small d. Hence, we conclude that fRN\QSr lun|? =
L,en

on(1).
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Since |un| and ||u,| are bounded, up to a subsequence, we may assume that
n = po in R and

Un (- + @) = v, in Hl(RN) and Lq(RN),q € {2, N3

N+«
RN 2, ——
( ),qE{,N_2>

N—l—a)

un(' + Qn,i) —wv; in L]

loc
3 N
Un (- + qni) = v; a.e. in R,

Obviously, there holds
. [P . [P
lim lim / / |u”( + qn,2)| |’lj\7_( + Qn,z)|
R—00 n—00 Br(0) J Br(0) |CL’ _ y‘ @

P lqy. |P P gy, [P
B0 [0y JBr) |2 —yN =2 Jan Jan [z —y|N -

On the other hand, since |gn,; — gn,j| = 00 if i #j, we get that for each fixed R >0,

[ G (g
Br(0) JBr(0) |z — y Br(0) JBr(0) |7 — Yl

For d sufficiently small, according to the above inequality and combining with
(3.16), we deduce that

/ / |Ul |p lvi (y |p / / |u1|p ‘u1|p Apd2p
RN JRN |:U—y| RN JRN |1;—y|

p p
/ / [l %‘azo. (3.17)
RN JRN |z —y|

[vila < lim inf|u,|*> =1 < 2. (3.18)
n—oo

By Fatou’s lemma, we have

The following proof proceeds in four claims.
Claim 1 lim dist(gn,i, 0Q; ., ) — 0.
n—roo

Suppose, on the contrary, that for some i, up to a subsequence,
lim dist(gn,;, 00 ,) = M € [0,00), and for some g; € 08, €,Gn,; — ¢; aS N — 0.
n—oo
By a transformation, we may assume that ey := (0,---,0,1) is inward normal to
0Q; at g;. Denote A = {z € R¥|zy > —M} and let B + ¢, ; = {z + qni|z € B}
where B C int(RN \ A) is a closed ball. Then we claim

lim inf dist(B + ¢n.i, Qie,) > 0. (3.19)

n—00

Through the compactness and indirect argument, we assume |z + gn; — Tn| — 0
for some z € B and x, € Q;, . Let ¢, € 09Q;., be such that |g,; — gn| =
dist(qn,i, 0., ) = M. Clearly, it holds {gn,i, 2+Gn,is Tn} C Blg|+nm+1(qn) for large
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n. Since €,q, — ¢;, we derive that (¢n; — ¢n) - ey — M and sup{(¢, — y) - enly €
Qie, N Bjgj+m+1(gn)} — 0. By calculating, we conclude that

0= lim sup(z+gn; — xn) -en =z -ex + M + lim sup(g, — z,) - en <O,
n—oo n—oo
which contradicts with (3.19). Since

0= T |un|r2@ro.,) < 0 |un|L2(B14,.)
ani_?;o [un (- + qn,i)lL2(B) = |VilL2(B)s

we obtain that v; € H(A) by the arbitrary choice of B. Next, we text (3.15) by
Y(- — qn,i) for any ¢ € C§°(A). Similar to (3.19), we show that suppy(- — gni) C
Qr ., forlarge n,

On(]-) :\/]RN V'I.LnV’l/J( — Qn z)+/ n5 V; ( )unw( — Qn, 2)"‘,Ufn

[t ()" ()20 ()2 = )
< wtta=a= [ [ P

- / Vit (@ + 4. V() + fin /R (@ + g )b (@)
/ / e (5 + Go) P10 (2 + G ) P20 (2 + i) 16(2)
RN JRN

o=y

/ Vo Vib(x) + o / Vi (a / / |v’|p|rz|p_;|1/1§(xivi(x)+on(1>-

According to this, we deduce that v; is a nontrivial solution to —Aw; + pov; =

+ 0,(1)

(fA B l;]zv a) |v;[P~2v;, which is impossible since this equation has no nontrivial

solution on a half space by [35].
Claim 2. pyg >0and v; >0fori=1,---,¢.
Since lim dist(qn. i, 02, ) = 00, it holds
n—oo

|Ui‘p —2 . 1 N
—Av; + pov; = (/ — ) |v|P "%, in H(RY). 3.20
RN ‘.’E — y|N*0‘ | | ( ) ( )

By the Pohozaev identity, we deduce pg > 0. Now we claim v; > 0. Since u >0, we
deduce that for any d <1,

2
14

/RN | [° g/RN tn = S (Eer i) (-~ dn) :/RN ol < &2

j=1
From Fatou’s Lemma, one has

lv; |3 < liminf |u,, (- + gn ;)3 < d. (3.21)
n—oo
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By Remark 3.1, ||v; || < ¢max;—1,... ¢ ||u;]| + d. According to equation (3.20), we
get

o
[oweeneor= [ [ R sy < calter 2+ DoV B,
RN JR

N Ix—y\N «

where 3 is chosen so that D3 = B(¢||lv; || + 1)2=1) = 1. This implies

w<cs ([ <v;>2)p1. (3.22)

Combining with (3.21)—(3.22), we deduce v; = 0 by controlling d small. Using the
maximum principle, we have v; > 0.

Claim 3. u,, — Zle Vi (+ — qn,i) = 0 in LY(RY) for any q € [2 N+a).

' N-2
Suppose, on the contrary, that according to the Lions’ vanishing lemma [31],
there is a point sequence {z,,} C RY that satisfies

n—oQ

¢
lim sup / Z —Gni)| > 0. (3.23)
B1 (mn i=1

For any fixed R >0, there holds

/ Z“J — Gn,j)| —/ [tn (- + gn.i) — vil* + 0n(1) = 0.
BR(q'Il,l) Br(0)

Combining with (3.23), we have |z, — ¢ ;| — oo for i = 1,2,---, (. Hence, we
deduce ||vi(- + Zn — Gn,i)ll22(B, (0)) — 0 and

lim sup |, (- + 2n)|£2(B, (0)) > 0. (3.24)

n—oo
We assume, up to a subsequence, u, (- +x,) — vg in H1(RY). It follows from (3.24)
that vg # 0.

For R>0, we set g = 1 — ¢(-/R) € C§°(B2r(0)) where 1 is defined as
Proposition 3.2. Then we test (3.15) by ¥r pun := Yr(- — z,)u, and obtain that

On(l) :/ (|vun|2 + ,unu + )\n5 en W n) '(/]R n / Unvunv'(/)R,n

RN
/ / | () |P|wn (2)[PhR 0
RN JRN |37*Z/|N *
Plun(z)PYrn  C
> \V4 n2 n n |un | n \n _ =
> [Vl b o = [ [ RS
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By the Rellich theorem and p, — po,
[tn () [P |un (2)[PP R0
Juotwiona= [ [
_ [un (Y + ) |P|un(z + 20) |[PYR
*/ Nlnun( +£L’ 'l/]R /RN /RN

RN |z —y|N -
vo|P|vo|PYR
- MOUOﬂ)R*/ / [vol”] ]lva~
RN JR Y|

N |.7J—

Then we get that

2 2 [vo(y) [P |vo(2)|PYR(z)
/]RN (Vo +N0%)¢R_/ /RN  — y|N—=

p p
<limsup / (Vn]? + i) o / / [ () Pt (2) P4
RN RN JRN

n—»o0 |z —y|N -

C
<—.
R

Passing to the limit R — oo in the above equation yields that it holds

|[vo(2)[Pvo (y)|”
\Y% .
/ [Vool" + ot < / /RN o —yNe

Arguing in a similar way to (3.17) and (3.22) yields

_1
[vila > |uila —d =£7 —d

p—1
wo<Ca( [ 1wP)
]RN

Then when d sufficiently small,

and

V4
> [vil3 + [vol3 > 1 —2de*? + £d® + £l |3 > 1.

i=1
This is impossible since

4

1= hm |, |3 > hm hmsup (Z [l (- +an)||L‘2(BR 0))+||un( +xn)||L2 (Br(0))

i=1
¢
=> " Jvil3 + |vol3.
=1

Thus, claim 3 is proved.
¢

Claim 4. |lu, — 3~ (&,v:) (- = qni) [le, = 0.

i=1
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Let R, = 2 lim m_ingdist (Gn,i» 08 ¢, ). According to Claim 1, we have

2~n~>oo 1<i<
Ry, — oo. Set ¢, = 1 — U(-/R,) € C§°(Bag,(0)). It is easy to check that
1 (€ vi) (- = gni) = ($n0i) (- = gn.i)

4

Hun - Z("vaz)( - %L,i)”sn — 0. (3'25)

i=1

e, — 0. Thus, we only need to claim

Noting that supp Jn( — Gn,;i) C Bagr, (qn,i) CC Q;., and (3.15) is tested by wu,, —

[
> (Wnvi) (- — Gnyi), as well as claim 3, we obtain
i=1

4
Vu,V <u = (@Whnvi)(- — qn,n)
RN i=1
Z ~
2 U Up — nUi )\ — Qni S Op .
+/RN(Anan5n + tn) n< > (W@nvi)(- — g ,)) < on(1)

i=1

Due to Jnvj — vj and up (- + ¢n,;) — v; in HY(RY) for each j = 1,--- ¢, and
|gn,j — qn.i| = oo for i #j, it follows that

0
/RN V(lzn%)( - Qmj)v (un - Z(invz)( - Qmi))

i=1
)4
= N ijv un( + Qn,z) Y Z Ui(' + qn,j — qn,z) + On(]-)
i=1,i#]

= Jon Vu;V (tn (- + gn ;) = v5) + on(1) = on(1).

Moreover, it follows from V., = 0 in supp ©n(- — gn ;) C e, that

¢
/RN (Angivan + /Jn) (Un - Z(Jnvz)( - %L,i)) ({vaj)( - Qn,j)
i=1
¢
= /]RN Hn (Un - Z(wn%)( - qu,l')) (wnvj)( - qmj) = On(l)'
i=1
Thus, from the above results, we conclude
¢ 2 ‘ 2
i=1 i=1

< on(1).

This proves claim 4.
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Now we are ready to complete the proof. By claim 4, we have

2

Zlvz\g = lim Z(Sanvi)(- —ang)| =1
i=1 2
and together with Lemma 2.3,
1< *
nhﬂngo Ine(tn) fnlirrgo 3 |V ;(%%’Uz)( — qnyi) i %

p

[z —y|N =

1 |vg|P|v: [P
= — |V, 2 > E(s).
;;(2 ali o [ [ AR = B

] (S @) = an))| (Sl @ne) = an))
4

This indicates v; € Sy;-1 and the proof is completed. O

4. Deformation outside small balls

To find the critical point of Jy. in X4, it is crucial to control the size of u of
outside of the set Q%TE We notice that the penalization technique described in [43]
can only handle the case of p >2, so we take a different approach to construct a
special deformation flow outside a small ball, i.e., we construct a map 7. as shown
below.

Define

€

yd — {u € E.| UiGH)EE lu — vl < d} .

PROPOSITION 4.1. For sufficiently small € >0, there exists a map 7. : X — Y2
such that

(i) 7¢ is continuous.
(it) 7=(u) = u if u(x) = 0 for all (QF)°.
(iii) For each u € X,

7e(u) = u(z) for x € QL o (4.1)
|V (u )|L2((QST )e ) S O, (4.2)
Ine(ra(w)) < Ty <(0) (43)

Here o. > 0 is independent of u and satisfies lin%) o = 0.
E—r
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In what follows, we construct I'c(u) : X¢ — R by
Le(u) = |VU|%2((Q§I’75)C)7
which will play an important role to build ..
LEMMA 4.2. For any u € X¢, there exists a ¢, € Hj ((Q7",)°) such that
(i)
IGull < 2d.
(if)
J/'\)E(u)gu >ale(u) —o.),
where o, is independent of p,u and satisfies liH(lJ o =0.
e—
(i)
IL(u)Cu = a(Te(u) = o2).
where a,o. > 0 are as in (ii).

Proof. (i) Denote

Z‘Psz E HO ((Q%?:e)c)a

(4.6)

where @, ;(z) € C§° (RN, [0, 1]) is a cut-off function satisfying ¢.; = 1 on (Qg’;)c
and ¢.; = 0 on Q2 for each i = 1,---,£. Clearly, for ¢>0 small, it holds

(4i) From Propositions 2.1, we calculate that

/ / ) [Plu(y)? / / ) [Plu(y)?
RN J(Q3r,)e |.%'— ‘N « RN J(@sr,)e |$— |N «
/ / ) [Plu(y)[”
RN Jasr \927 |33—y|N o
/ / ) |P|uly)[”
QST )c QST )c |J) - |N o
e D)l
RN Jogr \Q?r |33 —y|N-e

/ / ) [Pluly)|”
Q27‘ QSr )c |l'— |N «

<Ce + Cllull (o -
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where lin}) C. = 0. Combining with the above inequality, a direct calculation gives
e—

¢
Ty e (u)Cu :/]R VuV Z Pei(@)u(z)dr + /N AV (z)u Z e i(x)u(z)de
i=1

¢
/ / ) [Plu@) [P 3 i—y Pei(y)
RN QZr c ‘Qf — y|N—(x

¢
2/ |Vu|2d:£+/ uVuV E ©e,i(z)dx
QSr c

QSr \QLE i—1
/ / |u(@)[Plu(y) [
RN J(Q3r )e |:L’— |N @
Z/(QST ) |Vul?de — C. — D, C’||u||H1((Qgr ey (4.7)

where lir% D, = 0. Controlling d small, there is a > 0 such that
e—
\Vul?dz — Cllull?) o ey = a/ |Vul|*d. (4.8)
/(Q%:’E)c Hl((QB ) ) (Qiy;s)c

Let 0. = (C: + D.) /a and combining with (4.7)-(4.8), (4.5) is proved.
(4ii) (4.6) can be shown as in (7). O

Let u € X4 and X (u) = HCZH' By Lemma 4.2, we have the following corollary.
COROLLARY 4.3. There is a locally Lipschitz vector field
X(u): X2 — HY ((9F,))
such that, for all u € X2,

(1) [IX(w)[gr < 1.
(ii) J3 (W)X (uw),IL(uw)X(u) > 0 for Te(u) > o.. Here 0. > 0 is as in
Lemma 4.2.

We consider the following equation in H: for u € X2,

W p(T (W)X (W),

W(0,u) =u “9)

where the function p(r) € C*°(]0, 00), [0, 1]) satisfies

1, for r > 20.,
0, for r < o..

p(r) =
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Obviously, problem (4.9) has a unique solution, which we may assume to be
W (T, u). We next investigate some properties of W (T, u).

LEMMA 4.4. Let W(T,u) be the unique solution of (4.9). Then we have the
following conclusions:

(i) W(T,u) € Y2 for all T> 0 and u € X2.
(ii) There holds

%FE(W(T, u)) <0, forallu e X2,
d
cTTFE(W(T’ u)) <0, if T.(W) > o..
(iii) There holds
L (WL w)(@)) <0
dT A€ yu)lr)) = U,
where
__ 2r
W (T, u)(x) = u(x) Jorx € Q7'

W(Tu) forz e ()"
(iv) There exists T. > 0 such that for all u € X2,
Ir.(W(T.,u)) < o-.

Proof. First, we show (ii). Obviously, there holds -&T.(W(T,u)) < 0 for all
u € X2 It follows from I'.(W) > o. that p(I'.(W)) > 0. Hence, combining with
Lemma 4.2,

d
DLW T ) = —p(T(W)ILW)X (W) <0,

By (i), we get that I'c(W (T, u)) is non-increasing. This suggests that W (T, u) €
Y® for T € [0,00). Hence, (i) follows. (iv) is easily inferred from (ii). Since
W (T, u)|yeue_ ogzr, is independent of T, one has W(T,u)(z) € Hg(RY). Hence,
from Proposition 4.3 (ii), we can see that (éii) holds. O

The proof of Proposition 4.1: For any u € X2, we define 7. = W (7%, u). It
follows from Lemma 4.4 that 7, satisfies (4.1)—(4.3) mentioned in Proposition 4.1.

5. Existence of /-bump critical points

In this section, we complete the proof of Theorems 1.1 and 1.2.
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PROPOSITION 5.1. There is eg > 0 such that for e € (0,g9) and A > Ao, Jx c|ar.
has a critical point uy . € X2 with an associated Lagrange multiplier I satisfying

. _ 0
;LI)I(I) J)\,E(“)\ﬁ) = E(S )a

lim sup |y e = pp-1| = 0.

e,

Proof of proposition 5.1. Choosing d > 0 smaller if necessary, as in Proposition 3.3
we can see for some vg, ky > 0 independent of ¢ that for e >0 small,

15 clar. @iz aay 2 va for we (XENXI) 0 [Jae < B() +ke] . (5.1)

If Jyc(u) does not have any critical point with Jy . < E(s%) 4+ k¢ in X2, then from
Proposition 3.2, there exists k) > 0 such that

[RA YAD]

T (M.) 2 Kae for u € Xg n [J,\,E < E(SO) + k’g] . (5.2)

For convenience, we set

[b2 < J)\,E] = {u S E5|J)\,E(u) > b2}7
b2 < Jrne <b1]:={u € E.|by < Jyc(u) <bi}

[Jre <bi]:={u € Ec|Jre(u) <b},

for any by, bs € R.

If Jyc(u) does not have any critical point with Jy . < E(s°) + k, in X2, by
(5.1)-(5.2), we can find a deformation flow 7 : M, — M, be defined as the following
lemma. O

LEMMA 5.2. Under the assumption (5.1) and (5.2), for any k Ei(O,min {k:g, % ),

there exists an € > 0 such that for any € € (0,ex) and A € (Ag, +0), there is a
deformation n : M, — M, satisfying

1) n(u) =uifue M\ (XIN[E(s?) = 2ke < Jxe < E(sY) + k).
(2) Iae((w) < Jxe(u) if ue M.
(3) n(u) € XIN [Jr. < B(s°) — k] ifue XI* N [Jre < E(s°) +k].

Proof. Set v. : M. — E. is locally Lipschitz continuous tangent vector field
satisfying ve(u) € T, M. for every u € M, and

lv-|l <1 and <Jf\75|ME(u),Vs(u)> > 0 for u € M,,

(J5ela. (), ve(w)) = % for u e X3 N [Jre < E(s°) + kel ,

(T elar. (), ve(u) = % for w e (XN XN [Ine SEG) + k). (5.3)
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Then for every u € M., the flow 7(¢, ) is defined as a solution of

Ttu) = _Cl( (t, 1)) (1(t, w))ve (7(E, w),
7(0,u) =

where locally Lipschitz functions (3, (s : M. — [0, 1] are defined as

ueXd/2 1 uwe [E(s%) — ke < e,
2
Oa u ¢ 53 0, u ¢ [E(SO) — 2k < J)\,s} .

It is easy to obtain that 77 € C([0,+00) x M., M,) satisfies

n(,u) € X4 ifue X4,
7(u) =u ifué [E(s) — 2k < Jy ] NXE,

For w € M, and t > 0, we have

d _

gp e (1t w)) = =Gt w) Gt w)) (5 elar, (0 w), ve(t,u) < 0. (5.4)
We set n:=7 ( u) and note that it satisfies the desired first two conclusions.

To show (3), we argue by contradiction and assume u. € X /4 N[Ire < E(s°) + k]
exists such that

Ir:(M(t,u) € (B(s°) — k,E(s°) + k] forallte [0, 1k } ) (5.5)
R

17 € X2 for every t € {0 Ak } it follows from (5.3) and (5.4) that

Tre(n(u2)) JAE( (45“))

4k
e d
:/ N STt u))dt 4+ Ty ()
0

4k

g—/“““der( )+ k
O 2

=E(s%) — k.

This contradicts (5.5). If 7j(t, ue) ¢ X2 for some t € [0 4—’2} then we can find
an interval [t1,ts] C [O, %’:] such that 7(t1, ue) € ox¥ 7(t2, ue) € X% and
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7(t,ue) C X2 \Xd/4 for all t € (¢1,%2). Since

to
— 2/ e ((t, we)) |dt >

ty

to dﬁ
/ d(t,ua)dtH =T(ta, ue) — M(t1, ue) > d/4,
t1 t

according to (5.3) and (5.4), there holds

el = e (1(2500) ) <ctateaud) < [ ettt 00)
+ e (T(t1, ue))
< — E(tg —t))+E(s°) +k

—2k+E( %) +k

<

which also contradicts (5.5). Therefore (¢) holds. O

As shown by (2.3) and (2.4), the geometric structure of the energy functional
I(u) depends on p. Moreover, from Lemma 2.2, we also see that the magnitude
relation between E(s) and E(s") depends on p. Thus, we study it in two parts.

Step 1: L?-subcritical case p € (%, W)

We define the (¢ — 1)-dimensional initial path by

L
Xe(s) = Ce Z(@swsq)( —qie) fors=(s1,---,50) € Ss,

i=1
where S5 == {s € S{| [s —s°| < 4,6 > 0}, 0 :=

o 1<
?-(-) = @(e*) is defined for some $ € Cg(Bag(0),[0,1]
and |Vg| < 2/6, and

min dist(qg;,08;), ws, € Sg,,

i<l
) satisfying ¢ = 1 in By(0)

—1

L
Z Pews, (- — gie))

2

Fix § > 0 small enough (independent of ¢ small) such that
Xe(s) € Xg/4 for s € Ss
and
C. —1 ase— 0 uniformly in Ss.

According to V. = 0 in supp @ (- —qie) C Qe foreach i =1,--- , £, we obtain that
JIre(X<(s)) is independent of A and

Irne(Xe(s)) = E(s) as € — 0 uniformly for s € S5
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Moreover, using E(s) < E(s%) introduced in Lemma 2.2, we have

lim max Jy . (X (s)) = E(s°). (5.6)

e—0 s€Ss
Fix k € (0, min{k, , dl%}) such that

lim max Jy . (Ye(s)) = max E(s) < E(s°) — 2k. (5.7)

e—0 sesass sesasé

Next, we will have the contradiction in the L?-subcritical case. By (5.6) and
Lemma 5.2 (3), for small e >0, we have

Ine(n(Xe(s) < E(s%) =k and 7(Xe(s)) € X2 for s € S;. (5.8)
When ¢ > 2, it follows from (5.8) and lemma 5.2 (1) that for smaller ¢ > 0, there
holds
77()?5(8)) = %s(s) if s € 0Ss.
Set

—1
U, i(u) = </ |u|2> (/ |u2> VYue M, i=1,--- 1.
e .

To get a contradiction, we now claim that there exists s* € S5 such that
Ui (re(n(Xe(sh)) =€~ foreachi=1,--- L (5.9)
By Proposition 4.1, we have
JreoTm.onoXe(s) < E(s®) —k, if s €Sy,
||VTe(77(>?e(S)))HL%(QE,*];E)C) =oc(1),

TeonoXe(s)(x) =noXe(s)(x), if v € QF,
7o 0o Xe(s)(z) = Xe(s)(x), if s € 0S5 and z € QF_.

(5.10)

We use the Brouwer degree to prove (5.9) holds. We consider the map f. : S5 — R*
defined by

fs(s) = (\Ijs,l o %6(8)7 e 7q]£,l o %e(s))
Clearly,

W, ;0X:(8) = |ws, |3 =5; ase— 0 uniformly for every s € Ss.

Hence s° ¢ f.(dSs) for e small and the Brouwer degree

deg(f-,Ss, ) = deg(id, S5,5") =1 for ¢ small.
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Then we set
he(s) == (Wepome0moXe(s), -+, WepoTe 0moXe(s))-
Combining with (5.10), we deduce s & g.(9Ss) for e small and the Brower degree
deg(he, Ss, ") = deg(f.,Ss,s°) =1 for € small,

and the claim is verified. Now we denote

Te(n(x=(1))) if£=1,

re(n(X=(s))) f£=>2,

U, = Ui,s = gi,sUa

where & € Cg°(Q17,[0,1]) is a cut-off function such that & . = 1 on QF. and

1,€ )

[V&iel < e/r, for each i = 1,2,--+ L. It follows from [|VU.||p2(qsr ) = 0-(1) and
the fact that Q?’; N Q}f); = () for each ¢ # j, we conclude that

\Uicls =V, (U) 4+ 0c(1) = 071 + o (1). (5.11)
Thus

L2 <1 (fl/QUi,gU, 51) = I(Us.) + 0.(1). (5.12)

Using (5.8), (5.11) and (5.12), we calculate that

E(SO) -k Z‘])\,E(UE) > I(Us)
4
1/ 2 / / AU PO

> = VU|* — — + 0.(1
; 2 Q? ‘ | QST QSv X — |N @ ( )
4

:ZI(Ui,S) + 0:(1)
i=1

Zé[g—l + 05(1)
=F(s%) + 0.(1),

which is a contradiction.
. .72 oy N 2 N
Claim 2: L“-supercritical case p € (%"Jr, ﬁ

Similar to Claim 1, according to the geometry of the energy functional I(u), we
set the initial path by

L
:CEZ_:< N/2~ c— 4, E)) z(ti('_Qi,E))) fOI‘t:(tl,"' 7t€) GRﬁ_,

i=1
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where u; € Sp-1, ¢; € Q; and ¢; . = %qi fori = 1,2,--- 4, p-(-) = p(e) with
@ € CL(Ba9(0),[0,1]) satisfying @ = 1 in By(0) and |V| < 2/6,

—1

I4
Z (tN/2<Za(tl( _ Qi,a))ui (tz( — Qz,E))>)

i=1

2

Then we fix ¢* > 0 small enough (independent of ¢ small) such that
V() € XY* forte [l —o* 140"

Obviously, there holds lim 6’; =1 and
e—0

1
lim Jy e (9=(1)) = Z}I (tfm“i(ti'))

4
—Z< 2|V, 3 —fta 1/ / |wi () |P|ui(y )”)
- 7

P 2 gy Jry |z —ylNe

for any t € [1—o*, 1+0*]". Since I(u;) > I( V20t )) for t; € [1—o*, 140"\ {1},
we can fix k € (0, min{ky, % G }) such that

lim max e oV < B(s%) =2k < lim  max IrneoVe = E(s°).
e=09[1—0*,140*]¢ e=0[1—0o*,1+0*]¢

(5.13)
It follows from (5.13) and Lemma 5.2 that
e () < B(s°) — k, n(0-(t)) € X for t € [1 — o™, 1 + 0*]* (5.14)
and
nW.(t)) =9.(t) iftecdl—o*, 140"

For each i =1, -, ¢, define

- , —NPTETN TS |Vu|p|Vu|p —NpTErNTe
Ve i(u) = |Vl T N—a
987 2p QSr QSr ‘Z‘ y|

Now we claim that there exists t! € [I — 0,1+ ¢*] such that

T i(x(n(W:(t"))) =1 foreachi=1,--- ¢ (5.15)
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From Proposition 4.1, we obtain that

JreoTonod(t) < E(®) —k, ifte[l—0o* 1+ U*]e,

197 (10Ol 2o ey = 0=(1),

Teon o (t)(x) =nod.(t)(x), if z € O,

Teonode(t)(z) = I (t)(x), if t € Il —0*,1+0%]" and z € QF_.

(5.16)

Define the map f; ‘1 —0%14+ 0% = R%:

Fo(t) = (Weq 09:(t), -, We g0 9(1)) .

Since suppPe(- — ¢ic) C Qie C QZSTE and Qf’é N Q?TE = () for each i # j, we deduce
lim W, ; 09 (t) = t;

uniformly for ¢ € [1—o*,1+0*]%. Then t* := (1,--- ,1) € RE\ fo(O[1 — 0", 1+ 0*]")
for € small and the Brower degree

deg(fo,[1 — 0%, 1+ 0*]%,t%) = deg(id,[1 — 0,1+ *]*,t°) =1 for & small.

Then we denote

ha = (@a,l 0Tz 0M 0195(75), e 7§5J 0Te0MN0° 198(1;)) :

It follows from (5.16) that t° := (1,--- ,1) € R\ fo(9[1 — 0,1 + ¢*]%) for ¢ small
and the Brower degree

deg(%67 [1—0",14+ a*]z,to) = deg(f67 1—0",14+ a*]é, t%) =1 for e small.
Hence, the claim is proved. Now denote

1
2

) _
[76 = Te (n(ﬂe(tl))) ) 01,5 = §i76ﬁs (Z |§i,eﬁeg>
i=1

where & . € C5°(2;27(0,1]) is a cut-off function such that & . = 1 on Q. and
|V&.| < e/r, for each ¢ = 1,---,¢. Since ||Vﬁ€||L2((QEZI‘E)c) = 0¢(1), we deduce
that '

L

D 16Uel3 =1+ 0c(1). (5.17)

i=1
Combining with (5.15) and (5.17), we obtain that

tie=We,;(U:)+0:(1) =1+ 0(1). (5.18)

)
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A direct calculation shows that

2

-1 T -1 2 4
s* t 2 W, Neltie)| s *Wene(t, o) ) €Sy
2 ’ 2

Hence, using Lemma 2.2, equation (5.17) and (5.18), we deduce that

E(s°) < Si ( th_l) ZI i) +0(1). (5.19)

However, according to (5.13), (5.17) and (5.19) we conclude that

¢

~ ~ 1 |U.|?|U.|?

E(s%) — k> J\.(U.) > I(U.,) > f/ VU.|? - / /

(s7) re(Ue) > 1(U:) ;:12 o | | % o Jos [z —yi—=
+05(1)

which is a contradiction.
This completes the proof of Proposition 5.1.

Proof of Theorems 1.1 and 1.2. Following the proof of Proposition 5.1, for ¢ suffi-

ciently small and A large enough, Jy . has a critical point u) . with the associated

Lagrange multipler u . in X satisfying lim Jxre(unre) = E(s). According to the
e—

strong maximum principle, we obtain that uy . > 0. Then we complete the proof

of Theorem 1.1 by setting

o 24 2(p—1) _ 2(p—1)
uA7€ = W2(—Np+N+a+2) u)\7€ W —Np+N+a+2 , /‘L)\,E = W —NpF+N+at2 M}\7€

Next, we give the proof of Theorem 1.2. For fixed ¢ small, we consider a sequence
An = 00. Let (fn, upn) 1= (U, e Un,,e) be the positive solution of problem (1.4).
Similar to Proposition 3.2, we get [[unl|e, [rn Ane?Ve(x)u? and p, are bounded.
This shows that, up to a subsequence, we may assume that u, — wu. in E. and
tn — e in R. Using Fatou’s lemma, we have

< N _ 0’

U
n =
An

liminf [y A\pe?Ve(z)u?
/ 2V (z)u? <hm1nf/ 2V, (z)u? .
RN RN

n— o0
which implies u. = 0 a.e. in RV \ .. Next, we claim u,, — u. in E,. Since u,, solves

|un|p

B MV + i = ([ ) a2, 0 B,
R

Nz —y[NTe
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we deduce that u. € H(Q.) is the solution of

P
—Aug + petle = (/ |u8|a) |ue [P~ %u,, in Q. (5.20)

and
/ IV (un — ue)|® + / (A Ve (@) + pn) (un — ue)?
RN RN

|un - us|p|un - uslp
- L (1). 5.21
Jo Jur = ) 621

By the Hardy-Littlewood-Sobolev inequality,

|un — uelPlun — ucl? 2 2p—2 2
/RN /]RN |z —y| N < Cllun — e[ < Cllun = tellgrr g, llun — vell™

Combining with (5.21), we have

[wn — U5H2 < Cllun — “6”271 ]2RN\Q )Hun - U8H2~

Controlling ¢ small enough such that C||lu, — u€||§lf§N\Q y < 1, then we have

lun — uel|?> = o0n(1). Hence, we deduce u,, — u. in E. and |u.|3 = 1. Clearly, it
holds

/N /\n52VE(x)ui = liminf/N\ /\n€2V5(un — UE)Q — 0.
R RN\Q

n—oo

Similar to the proof of claim 2 in Proposition 3.3 to uc|o \o, ., we obtain u. =0
in RV \ Q..

Now, we study the properties of i, and u.. Note that up to a subsequence p. —
He—1. Set

Qre ={r e Q. dist(z,00.) < R}

for every R > 0. Similar to the proof of Claim 1 in Proposition 3.3, we obtain

: a0 _
;I_I% 5 |ue|? =0 (5.22)

R,e

for 1 < ¢ < 5*9. Let ¢. r € C=(RV,[0,1]) satisfying

ver=1, nRY\Qp,
Ye,r =0, InQp .\ Qre,
Veoerl < %
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Clearly, it holds p. > %/U,g—l for e small. Multiplying (5.20) by gozyRus and
integrating, we deduce for e small enough,

1
/]RN |:V(<)087Ru8)|2 + 2/1'21(@6,}%“5)2]

g/ [Vu-V (92 pue) + pe (e, rue)?] +/N Ve rl*u?
R

4 ()P @)P 2 ()
+ Ve r|*u?
/]RN /]RN |;(;—y|N a /]RN| (PE,R| (U

N—a

2Np 2N 2Np ];]J;;
<([ ) ()T [ e
QRE RN QR,E

N—«o

B Neo
< / || Vo5 (/ lu |13N’;) ! +/ A2
N R,e : RN : QR,E R2 :

Combining with the above inequality and (5.22), one has

. C
lim sup ||9067RU6|| < R (5.23)
e—0

For any sequence ¢, — 0, we define Xn such that Xna,%asn — +00. Clearly, (1 —
¢, R)V € H}(QL ¢,)) for any v € E. . By calculating,

<J//\n,sn Ue,); > + pe, (G (ue,,), v>’

|ue,, (y)|P|ue, [P~ U, v
/RN ten VU Hen i) // oo yv

= (Vue, V(pe, rV) + pe, Ue, Pe, RV)
]RN

/ / |ue, (y)|P|ue, ( )|p_2u€n(:c)<p6m3v
RN JRN lx —y|N -

[V(@sn RUe, )VV + Ve, R (Ve v — ue, Vo) + pie, Ue, <)05n7R’U}

/ / |ue,, (y)[P|ue, (z )|p_2Uen(37>906mRU
RN JRN |l —y|N -

1
€ (1pen e + il + e, Pl i ) ol

Combining with (5.23) and passing to the limit as R — 0, it holds

lim ||J~

R—oo AnsEn

(te,) + pe, G (ue,)| B = 0.

Since

lim J5 _ (ue,) = E(s),

n—oo  An€n
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by proposition 3.3 to ., and u.,, we obtain that there exist ¢, ; € Q; ¢, , u; € Sp-1

such that
4
dist(qn,i, 0Qic,) = 00 and [luc, — Z(ﬁsnui)(' —ni)lle, — 0 asn — oo.
i=1
By the following scaling,
2+a 2(p—1) 2(p—1)
ﬁs = W 2(—Np+N+a+2) Ue (w—Np+N+a+2) R ﬁg = W —Np+N+a+2 Ue-

we complete the proof of Theorem 1.2. O
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