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A CONSISTENT TEST OF
CONDITIONAL PARAMETRIC
DISTRIBUTIONS

JOHN XU ZHENG
University of Texas at Austin

This paper proposes a hew nonparametric test for conditional parametric distribu-
tion functions based on the first-order linear expansion of the Kullback—Leibler
information function and the kernel estimation of the underlying distributions
The test statistic is shown to be asymptotically distributed standard normal under
the null hypothesis that the parametric distribution is correctly specifibéreas
asymptotically rejecting the null with probability one if the parametric distribu-
tion is misspecifiedThe test is also shown to have power against any local alter-
natives approaching the null at rates slower than the parametrintdté The

finite sample performance of the test is evaluated via a Monte Carlo simulation

1. INTRODUCTION

The work on testing a parametric distribution dates as early as Pearson’s chi-
square testKolmogorov—Smirnov testand Cramér—von Mises tetiee Dar-
lin, 1957). The Kolmogorov—Smirnov test and the Cramér—von Mises test share
similar asymptotic properties in terms of their null distributidocal powey
and consistencylhe latter two tests have very complicated null distributjons
and all three tests are only designed for testing unconditional distribution
functions

Andrews (19883 19880 extended Pearson’s chi-square test to testing for
parametric conditional distribution assumptions underlying many econometric
models Andrews (1997 also extended the Kolmogorov—Smirnov test to the
conditional distribution caséHis test is consistent against all possible misspec-
ifications of distributionsThe critical values for his test can be obtained by a
parametric bootstrap procedurgheng (1994 and Stinchcombe and White
(1998 provided nonparametric tests of conditional distribution functievtsch
are also consistent against all possible misspecifications

This paper proposes a new test for conditional parametric distributions that
is based on the classical Kullback—Leiblg951) information criterion The
information function has been used successfully in testing a parametric model
against another parametric mod&esting a parametric model against a non-
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parametric model requires estimating the information function nonparametri-
cally. However the general distributional properties of the nonparametric
information function are unknownexcept the consistency property estab-
lished by Ahmad and Lir§1976. The difficulty in finding the distribution may
be due to the fact that the nonparametric density estimator enters the informa-
tion function nonlinearlyTo overcome the problenin this paper we linearize
the information function by taking its first-order expansion and then obtain its
asymptotic distribution vidJ-statistic theoryA test can then be based on the
nonparametric estimator of the linearized information function

The plan of the paper is as followSection 2 states the testing problem and
provides the motivation for the test statisti®ection 3 shows that the test sta-
tistic is asymptotically standard normal under the nlillalso establishes the
consistency and local power properties of the.t8stction 4 provides a Monte
Carlo simulation of the finite sample performance of the.t8sfction 5 sum-
marizes the paper

2. THE HYPOTHESIS AND TEST STATISTIC

We have observationfy;, x;)}[_, that are assumed to be independently and
identically distributed(i.i.d.) with common density functiop(y, x). The term
y; is a vector of dependent variables that takes valueR'jrmandx; is a vector
of covariates that takes valuesR¥'.

In parametric econometric modetke marginal density functiop,(x) of x;
is often unknown and unspecifigdut the conditional density functiom(y|x)
of y; givenx; is assumed to belong to a parametric family of known real-valued
functionsf(y|x,0) onR' X R™ X @, where® C RX. The aim of this paper is to
develop a test of the parametric distribution that has asymptotic power one
against all deviations from the nupecifically the null hypothesis to be tested
is that the parametric model is correct

Ho: Prip(yi|x) = f(yi|x,0,)] =1 forsomey, € 0. (2.2)
The alternative to be tested is that the null is false
Hy: Prip(ylx) =f(y|x,0)] <1 forallg € ®. (2.2)

Thus the alternative consists of all the possible deviations from theAtdist
is consistent if the asymptotic power of the test is.one

The Kullback—Leibler information function(p, f) between two condi-
tional distribution functionsp(y|x) and f(y|x,6,) or betweenp(y, x) and

f(y[x,60)pi(X) is given by

I(p,f)EE{Iog{%]}=fp(y,x)log[%] dydx (2.3)

It is well known thatl (p, f) = 0 where the equality holds if and onlypf y|x) =
f(y|x,0y) almost everywheréa.e.). This property makes it very appealing to
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use the nonparametric estimator of the information function as a test statistic
Ahmad and Lin(1976 established the consistency of the nonparametric en-
tropy. But the asymptotic distribution of the nonparametric entropy has not been
developedThis makes it difficult to apply the information criterion to hypoth-
esis testing despite its natural appétiis difficulty was also encountered by
Robinson(199]) in testing for independence of two random variablése prob-

lem lies in the fact that the nonparametric density estimator enters the informa-
tion function nonlinearly To overcome the problemwe may take the first-
order expansion of the information functiahat is

p(yiIx) _ p(yiIx) _
E{Iog[f(yilxiﬂo)]} E{f(YiXi,Ho) 1}

_ E{ p(yiIx) _f(YiXi,Ho)}.

f(y; 1%, 60) 24)

Now the density functiop(y|x) enters the information function linearlgo it
is easier to work out the asymptotic distribution of the nonparametric informa-
tion. Note, however that the asymptotic distribution of p, f) may differ from
that of its first-order expansion as a result of higher-order terms
Weighting equation(2.4) by the density functiomp,(x) gives us the follow-
ing function

P(Yi, ) — (il X, 00)pa(X;)
f(yl |Xi’60)

(2.5)

Its sample analogue may be used as a test statfstiecn Powell Stock and
Stoker(1989, weighting the linearized information by the density function cir-
cumvents the problem of trimming the small values of the density fungtico
in the denominator of the conditional distribution functipty|x).

We need to verify if the linearized versid2.5) of | (p, f) can indeed dis-
criminate the null from the alternativéote that under eitheH, or H,, for
anyed € 0,

E[ fOy [x,0)pa(X) — p(Yi,Xi)]

p(yiIx)

_ E{E[ fCyi1%,0) — p(yilx) ‘Xi]pl(xi)}

p(yilx)

=f“f(ylx,(ﬂdy—fp(yIX)dy} p1(X) dx

= f(l— 1)py(x) dx= 0. (2.6)
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Thus we haveunder eitheH, or H,, for any 6 € 0,
E[ p(Yi, Xi) — f(yi|Xi,6)pl(Xi):|

f(y1x,0)
:E|:p(yi’xi)_f(yi|xi’0)p1(xi):|+E|:f(yi|xi"9)p1(xi)_p(yivxi):|
f(yi[%,0) p(Yi %)
_ P(Y [%) _\/f(yi|xi,a> ’ ]
_EH\/f(Vi|Xi,¢9) P(Y; %) ] Pa()
=0, (2.7)

where the equality holds for sondle= 6, if and only if v p(yi|x;)/f (|, 60) =
V(i %i,600)/p(vi| %) ae. orp(yi|x) = f(yi|x,6) ae, that is Ho holds There-
fore, the linearized version can distinguish the null from the alternative

The unknown density function®(y;, x;) andp,(x;) can be consistently esti-
mated by the kernel density meth@8lilverman 1986 as

. 18 1 Yi 7Y Xi =X

Py, %) = 5211 him Kz(T) K1< h >, (2.8)
. _ 1 n 1 X,—XJ
Pr(x;) = ngl T K1< - ) (2.9)

where K; and K, are kernel functions antl is a bandwidth The unknown
parametef, can be estimated by anfn-consistent estimatpsuch as the quasi-
maximum likelihood estimatofQMLE) of White (1982. Denote the empiri-
cal distributions of(y;, x;) and x; by P,(y, x) and F,(x), respectively Then
p(y;, X;) can be rewritten as

1 i~ i
050 = i [ o 25 k(25 ) e, (2.10

We use the following smoothed density estimat@(y, x) to estimate
fQyilxi, 0)p(x):

1 ; —  — A
P00 = v | Ko 25 a2 10y v

&1 i~y X=X R
:Hglhmﬂ fK2< h >K1< H )f(ylxj,f))dy. (2.11)

Here 6 is an estimator ofl, whose properties are specified subsequently

Substitutingp(y;, x;) and p(y;, %) for p(y;, x;) and f(y;|xi,6)pa(x;) in
(2.5), respectively we have the sample analogud|, of E[p(yi,xi) -
f(yi|%i, 00) pa(Xi)/F (il X, 00)],
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1 nno1
W, =
" n(n—l)zlzl h!+m
j#i

i_ H Xi_X' . — Xi_X' ~
K2<y hy’)K1< - J)—fK2<yhy>Kl< - ’)f(yx,-,e)dy

f(Yi|Xi,é) ’
(2.12)

where the negligible terms with= j are dropped to apply-statistic theory
Our final test statistid,, is based on the standardizeéd:

nh(l+m)/2Wn
T,=——", (2.13)

A

g

where g is the estimated standard error \f, and is defined in Theorem, 1
which follows The test based of, is one-sidedOne rejects the null iff, is
sufficiently large

Without loss of generalitywe assume that has a bounded suppofor ex-
ample II!_,(0,1). Otherwise a suitable transformation can be used to trans-
form the data to have bounded support

For any matrixA, let |A| denote its Euclidean normathat is ||A]| =
[tr(AA)]Y2. We make the following regularity assumptions

Assumption Al {(y1, X1),(VY2, X2),...,(Yn, Xn)} are ii.d. with a density func-
tion p(y, x). Herep(y, x) and its first-order derivatives with respectyt@ndx
are uniformly boundedThe marginal density functiop,(x) of x; and its first-
order derivatives are also uniformly bounded

Assumption A2 The parameter spacdg is a compact and convex subset of
RX. The parametric conditional density functibfy|x,8) and its first-order de-
rivatives with respect tg, x, and # are uniformly boundedUnder the null
E[logf(yi|x,0)] has a unigue maximum at an interior po#igtof ®, and un-
der the alternativeE[log f(y;|X;,#)] has a uniqgue maximum &t of ®, where
the expectations are taken with respect to the true distribufibare exists a
measurable functioh(y, x) with [b(y, x)dydx< oo, [b2(y, X)dydx< co, such
that for all@ in a neighborhood o, of 6,

0 < f(y|x,0),
If(ylx, 0) = b(y,x),
of (y|x,0)
|5
92logf(y|x,0)
e
H dlogf(y|x,0) » dlogf(y|x,0)
a0 a0’

= b(y, x),

= b(y, x),

= b(y, x).

https://doi.org/10.1017/5026646660016503X Published online by Cambridge University Press


https://doi.org/10.1017/S026646660016503X

672 JOHN XU ZHENG

Assumption A3 There exists an estimatof 6, such that/fi(6 — 6o) = Op(1)
under the nullwhereas under the alternative— 6" wheref” € 0.

Assumption A4 K;(u) is a nonnegativebounded and continuous function
such thatfK,(u) = 1. Here K,(v) is chosen such tha,(v) = IIl_,[2e 2/
1-—eMifo<v;=1/h) (i=1...,1)wherev = (vy,...,0), Ka(vg,...,1,) =
Ks(vy + (1/h),...,v, + (1/h)) for —=(1/h) =v;=0(i =1,...,1), andK,(v) =0
otherwise

Assumption Al requires thay; and x; are continuously distributedrhis
rules out the cases wherg are discrete or the density function gf is not
bounded The assumptions in A2 are standard for ensuring the consistency and
asymptotic normality of the quasi—-maximum likelihood estimator of White
(1982. The kernel functiorK,(-) in A4 is a standard kernel used in the non-
parametric literatureWe chooseKy(-) so that [3 ... o Ko[(y; — y)/hldy/

h' =1 for anyy, € (0,1). This ensures that the-statistic kernel iN2.12) is a
degenerate kerndbee equatiorfA.6) in the Appendix. Note that the kernel
function depends on the sample simethrough h. We can also see that
Jo-JoK2(y; — y)/hldy/h' = 1+ e?M)/(1 — e?") - 1 asn — oo.
Though this kernel is unusyat does not impose any restrictions on the dis-
tribution of the data

3. THE ASYMPTOTIC NULL DISTRIBUTION AND POWER

First we derive the asymptotic distribution of the statistit under the null
hypothesis thap(y;|x;) = f(y;|X;,0). The asymptotic null distribution o#\,
is provided in the following theorertall proofs are provided in the Appendix

THEOREM 1 Given Assumption81-A4, if h — 0 and nH™ — oo, then
under the null hypothesi®.1),

nh(|+m>/2Wn i),/\/(O,o-z), (3.1)

whereo? is the asymptotic variance of HA™/2W,,

o? = Zfo(u)dufpf(x) dx. (3.2)
Furthermore o2 can be consistently estimated by

2 n n 1 Xi — X;
52 = —K? 2. :
7 n(n—l)i:212h l< h ) (33)

The conditionnh'™™ — oo places an upper bound on the rate that the band-
width h converges to 0The bandwidth condition is the same for obtaining
the consistency in quadratic mean of the kernel estimation of a joint density
function (see Prakasa Rad@983. Note that anyyn-consistent estimata# of
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0o, including the QMLE can be used in the statistiiy,; the asymptotic distri-
bution of W, does not depend on the limiting distribution @f

It follows that under the null hypothesis, N N(0,1). The asymptotic null
distribution is similar to that for testing parametric modetwstly regression
models?

Next we provide the consistency and power of the. tiéshe null hypothesis
is false the behavior of\, is given by the following theorem

THEOREM 2 Given Assumption81-A4, if h — 0 and nH™ — oo, then
under the alternative hypothegi2.2),
LX) — Ty, 0 X
Wni>E p(yl |) (y|| |>|< )pl( |) ) (34)
f (yl | Xi ) 0 )
Becauser > ¢ under either the null or the alternativg, —, +oo. ThusT,
is consistent against any alternative
To investigate the power of the test against local misspecificati@ncon-
sider the following sequence of local alternatives

Hin: pylx) = f(y[x,600) + dy X (Y, X), (3.5)

whered, — 0 asn — oo and the functior (-,-) is continuously differentiable
and uniformly boundedBecause bottp(y|x) and f(y|x,0,) are densities
J1(y,x)dy = 0 for anyx. The power of our test against the local misspecifica-
tion (3.5) is given in the following theorem

THEOREM 3 Given Assumption81-A4, if h — 0 and nH™ — oo, then
under the local misspecificatiof.5) with d, = n~¥2h~(+m/4

T, -5 N(5,0), (3.5)
where

_ 12(yi, %)
i E{fZ(yixi,eo) pl(x‘)]/”a 5.

Here o is given in Theoreni.

Thus the test is consistent against local alternatives converging to the null
arbitrarily close tobut slower thanthe parametric rata~ /2. The local power
result is similar to that for the smoothing-based nonparametric tests of regres-
sion models and Zhend.994). The tests of Andrew$1997) and Stinchcombe
and White(1998 have better local power properties than the test proposed in
this paper—those two tests can detect’? local misspecification

4. A MONTE CARLO SIMULATION
In this section a Monte Carlo simulation is conducted to evaluate the finite

sample performance of the test
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In all of the following modelsthe covariatex; is generated from the stan-
dard normal distributionand the error terna; is independent ox;.

In models la—lewe consider testing for possible misspecifications in clas-
sical linear regression modelsn model 1athe dependent variablgis gen-
erated asy, =1 + x; + ¢ (i = 1,...,n), whereeg has the standard normal
distribution In model 1y, = 1 + x; + ¢, wheree; has the standard logistic
distribution In model 1¢cy; = 1 + x; + €;, wheree; has thet-distribution with
five degrees of freedomn model 1dy; = 1 + x; + x? + €;, wheree; has the
standard normal distributionn model 1ey; =1 + x; + X;¢;, wheree; has the
standard normal distributiorThe null hypothesis is that the model is linear
and homoskedastic with normal errohat is

Ho: p(ylx) = ¢[(y — B1— BX)/o]/o,

where¢ is the standard normal density function ahek (84, 8,,02) € R X
R X R, .. Under the null model 1a is true and models 1b—1e are faldere
0o = (1,1,1)" and is estimated by the maximum likelihood method

In models 1la—lewe use the standard logistic distribution functicienoted
by G;(y), to transform the datdy;}i_; with unbounded support—co,c0) to
{z; = G,(y))}_,, which has bounded suppof(®,1). Then the null hypothesis
is tested via testing the correct specification of the conditional density func-
tion of z.

In models 2a—2ewe consider specification testing of truncated regression
models where the latent dependent variabigsare generated the same as in
models la—LlerespectivelyWe observe(y?, x;) if and onlyy;" > 0. The null
hypothesis is that the observgd = y" has the conditional density function
f(y[x,0) =1(y > 0)[¢((y — B1 — B2X)/0)/c]/®((B1 + B2X)/0), whered is
the standard normal distribution function afd= (34, 82,0 2)". Thus under
the null model 2a is true and models 2b—2e are fal$ered, = (1,1,1)’ and is
estimated by the maximum likelihood method

We use a similar transformation &, G,(y) = 2G,(y) — 1, to transform
the data{y, }l_; with unbounded suppoKD,) to {z; = G,(y;)}";, which has
bounded support0,1). Then the null hypothesis is tested via testing the con-
ditional density function of;.

To see whether the size and power are sensitive to the choice of band-
width h, we leth = ¢ X s, X n™%® for ¢ = 0.5, 1.0, and 20, wheres, is the
sample standard deviation ¢%;}[_,. The kernel functiorK; is chosen to be
the Epanechnikov kernel

Ky(u) = 0.75(1 — u?)1(|Ju| = 1), (4.1)

and the kernel functioi, is chosen as in Assumption AZhe simulation is
conducted with sample sizes, 5000, 200 and 300 Each experiment is based
on 1,000 replicationsThe integral in the test statistic is calculated using the
Gauss—Legendre procedure INTQUAD1 in GAUS®: let the significance level

a be .01, .05, and.10.
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From the simulation results on models 1a and 2a in Tables 1 ané 2an
see thatat the.05 and 01 levels the sizes of the test are below the asymptotic
sizes andat the.01 level they are closer to each othé&or any given choice of
bandwidth the power increases as the sample size increasdise with the
consistency property of the tesh both the linear regression models and the
truncated regression modgthe test has high power detecting the regression
functional form misspecification or heteroskedastiddgcause the logistic dis-
tribution is closer to the normal distribution than theistribution with five
degrees of freedopin both types of modelghe test has higher power against
the t-distribution than the logistic distributiomhough the percentages of re-
jections are below the nominal sizes for mode) 2bverthelesghey are higher
than that for model 2asuggesting that with proper control of the sitiee test
can detect logistic distribution in the truncated regression modiaks simula-

TaBLE 1. Percentage of rejections in classical linear regression models

c=05 c=10 c=20

n 1% 5% 10% 1% 5% 10% 1% 5% 10%

Model lay =1+ x + ¢, e ~N(0,1)
50 14 19 2.9 13 19 2.7 13 18 2.3
100 12 2.0 31 15 2.7 39 16 34 4.0
200 13 2.2 4.6 17 25 4.0 2.8 39 4.7
300 19 35 55 18 2.7 4.0 2.6 4.4 53

Model lhy=1+ x+ ¢, € ~ Logistic
50 44 6.1 7.9 39 53 6.7 40 51 6.7
100 72 102 121 82 105 116 9.3 121 140
200 124 151 172 121 142 167 187 228 256
300 130 165 195 163 191 214 228 269 300

Model 1cy =1+ X + ¢, e ~t(5)

50 65 111 141 83 135 175 94 155 206
100 141 201 24.8 181 266 321 220 345 420
200 316 402 461 437 550 595 555 66.6 740
300 456 519 576 54.2 64.2 705 729 820 856

Model 1d y =1+ x+ x? + ¢, e ~N(0,1)

50 306 502 618 56.3 756 84.0 769 881 920
100 798 897 928 933 969 975 97.7 988 989
200 996 100 100 100 100 100 100 100 100
300 100 100 100 100 100 100 100 100 100

Model ley =1 + X + Xe, € ~N(0,1)
50 501 690 786 284 443 56.8 201 275 338
100 938 955 959 810 888 912 503 622 696
200 951 953 953 96.3 96.6 967 898 931 94.0
300 970 97.0 97.2 971 973 97.3 975 976 977
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TABLE 2. Percentage of rejections in truncated regression models

c=05 c=10 c=20
n 1% 5% 10% 1% 5% 10% 1% 5% 10%
Model 2a y* =1+ X + e, € ~ N(0,1)

50 08 14 31 0.7 10 21 0.2 0.5 0.9
100 Q9 19 37 0.9 21 32 0.8 10 15
200 10 22 33 0.6 13 23 0.7 16 23
300 15 2.7 49 0.8 22 3.6 0.9 16 2.8

Model 2h y* =1 + X + ¢, € ~ Logistic

50 a7 19 34 0.5 0.9 20 0.9 16 27
100 13 27 4.6 11 18 29 0.8 11 20
200 21 34 56 12 21 37 22 31 45
300 26 4.6 6.7 28 51 71 29 45 6.2

Model 2c y* =1+ x + ¢, e ~t(5

50 12 25 4.6 13 28 4.2 10 33 6.6
100 Q8 3.2 6.5 26 5.9 102 34 9.6 157
200 22 72 126 45 113 182 105 218 306
300 64 133 226 99 204 288 193 324 442

Model 2d y* =1+ x+x%2+¢, e~ N(01)

50 72 190 299 152 380 545 461 720 839
100 268 530 659 580 836 912 941 985 988
200 811 94.6 974 992 996 999 100 100 100
300 973 994 995 100 100 100 100 100 100

Model 2e y* =1+ x+xe, e~ N(0,1)

50 564 743 843 307 47.7 604 102 220 332
100 967 981 984 868 942 963 427 628 724
200 994 995 996 990 990 991 921 955 961
300 998 998 998 997 997 997 986 990 993

tions also show that the power and size are bandwidth dependent in small sam-
ples How to select the bandwidth via a data-driven method in this testing
problem is an important issue and is left for future research

5. CONCLUSION

This paper provides a new consistent specification test of conditional paramet-
ric distributions against nonparametric alternativigee test is based on the first-
order expansion of the well-known Kullback—Leibler information criterion
function The test is shown to have the standard normal distribution under the
null and to be consistent against any fixed alternatiVé® test can be applied

to testing for conditional distributions underlying econometric madet®ugh
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the paper only deals withiid. datg it is possible to extend the test to time
series cases

NOTES

1. A similar smoothing device was also used by Hardle and Mam(©883 and Fan(1994).

2. The related work includes Biereri4990, Fan and Li(1996, Gozalo (1993, Hardle and
Mammen(1993, Hong and Whitg1995, Horowitz and Hardl€1994), Lavergne and Vuon{l995,
Lee (1988, Li (1994, Stinchcombe and Whitél998, Whang and Andrew$1993, Wooldridge
(1992, Yatchew(1992, Zheng(1996 19983 1998h, and others
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APPENDIX: PROOFS

We first review some of the theories on nondegenerate and degehksististic The
general “second-order-statistic is of the form

EE an(zi,2) (A1)

where {z}", is an ii.d. random sample for a random vectdr and ¢, is any
dimensional-symmetric functiorthat is 0,(z,z) = an(z, z). The following lemma
follows from Lemma 3L of Powell et al (1989 and Lemma 3 of Zheng(1996.
LEMMA 1. If E[|an(zi, 2)]?] = o(n), then U, = E[rn(z)] + 0p(1).
The preceding result is usefulEf{ gn(z;, z)|z ] # 0 or theU-statistic is non-degenerate

A U-statistic is degenerate E[0,(z,z)|z] = 0 fori # j. For a one-dimensional de-
generatdJ-statistic denote

Gn(24,25) = E[0n(Z3, 1) On(Z3, Z2)| 21, Z5]. (A.2)
The next lemma follows from Hall1984).
LEMMA 2. Assume Eqn(z1,22)|z1] = 0 and E[q3(z,, 2,)] < oo for each n If

E[GZ(z1, )] + n*E[0n(2y, 25)]
{E[a7(z1, 2)1}?

— 0, asn— oo, (A.3)
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then

B 1 non 2E[02(21,2,)] ] 4
Un={n(n_1)2§ (I’ J)}/{ n2 }*)N(O,l)

i=1

Proof of Theorem 1. By taking a Taylor expansion &}, aroundd, up to the second
order we decompos¥\, into three parts

Yi Y i —
<X-—Xj>K2< h ) fK2< h )f(Y\Xp@o)dy
h

f(yilxi,60)
Xi — X
Kl( h J)
EE

n(n l)l 1j= 1h|+m f(y||xneo)

j#i

« |:K2<Yi ;yj> alogf(y;i|x,6)
alogf(y;|x,60)

00’
fK2< 26’

i af(Y|X,0) ~
n fK2<¥>a—6‘,°dy] (6 — 6,)

W, = EE

n(n i=1lj= 1h|+m
j#i

‘<

h >f(Y\ J?eo)d

. 1 n n
SO0 ) T 2 2 Ty x.0)
j#i
" [K (yi m)(azlogf(y.\xnﬁ) alogf(yi|x;,0) alogf(y.\x”é)>
2\ n 9000’ a0 06"
Y,
sz<' )f(ylxj,e)dy
<82Iogf(yi\xi,é) _ dlogf(yi|x;,0) alogf(yilxi,é)>
2000’ 20 PYY
yi —y\ of(y1%,0) alogf(yi|x.,0)
ZJK2< h) a6 dy 90’
2
Y, — f(ylx;,0) .
+ |k — Ty -
f2< h > a0 Y (0= 0)
= Wln - W2n(é - 00) - (é - 00)’W3n(é - 00), (A-4)
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whered lies betweer, and§. Under the null we will show thatnh(*™/2W,, is nor-
mally distributed nh(*™/2W,,(4 — 6o) = 0,(1), andnh*™/2(4 — 6)'Wan(6 — o) =
op(1).

First we establish the asymptotic distribution\&f,, under the null hypothesighe
termW,, is a U-statistic with kernel

yi -y .
K2< - J) sz<yh )f(ylxj,eo)dy

s (552)
{55 = gnrem K T (31 60)
Y~ f <y, )
Kl —— | — | K f d
1 . <Xj_xi> 2< h ) 2 h (y[xi,60) dy
2h!+m L h f(y;1%,60)
(A.5)
=(z,z) + I(7,7). (A.5)
Under the null hypothesidbecause
Vi — Y, yi/h 1/h
f KZ( )dyl = h'J K,(u) du= h'f K,(u)du=h' (A.6)
0 h y; /h—1/h 0

forany 0<vy; < 1, it is easy to show thaE[q,(z1, 25)| z:] = 0. ThusW, is a degener-
ate U-statistic
We next verify the condition of Lemma. 2Ve have

E[GH(z,7)] = E{E[On(Z3, 21)On(Z3, )| 24, 2,1}
= E{E[J.(23,21) (23, 2,) |24, Z,] + E[In(Z3, 21) In(22, Z5)| 24, Z5]
+ E[3.(24, 25) 31(2Z5, 25) |24, 2] + E[3,(24, 25) In(25, 25) | 24, 2,112
= 4E{E[J,(25,21) I.(25,25)| 21, 2,1}
+ 4E{E[J.(25,21) I(25, 25) | 21, 2,1}
+ AE{E[J.(241, 23) In(Z3, 25)| 24, 2,132

+ 4E{E[Jn(zl» ZS)Jn(Z2323)|213 22]}2' (A7)
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For the first term in the preceding equatiame have

E{E[J(Z3, 21) (23, 22) 24, 2,1}?

- g ||

X3 — X X — X
K1< 3h 1>K1< 3h 2>
A\ —=
F2(ys]Xs,60)

Y3~ Y1 Y3~ Y2
X
[K2< h >K< h >

Yz Y. Y3~V
_K2<3T1>J‘K2< 3h 2)‘(()’2‘X2,0o)dy2

Yz~ Y Yz~ Y
*K2< 3h 2>IK2< 3h l>f(y1|x1,00)dy1

Ys Y Yz Y.
- (2ot an ¢ o272 ) om0 o

2
X Ty X3, Qo)pl(xa)dysdxs}

X (Y2 Xz, 00)P1(X2) T(Y1] Xy, ) Pr(Xq) Ay, dX, dy; dXg

- g J ]
A e

X [Kz(W)Kz(W+ 7) — Ky(w) sz(Y)f(ya — hy|x; + hu,6,)h'dy

K+ 2) [ K2yl B 'y
+ sz(y)f(ys—hylxl,eo)h'dy
X sz(Y)f(ys_hy|X1+hu,eo)hldy}

2
X f(y, + hw|x; + hu, 6y)py (X, + hu)h'dwhmdu}

X f(y1 = hz|xy = hv, 0,)p1(xy — hw) f(y1] Xy, 0) p1(X,) h'dzhdody, dx;
=0O(h~*m), (A.8)
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where we have changed variables accordingste- x; + hu, y3 = y; + hw, X, = X —
hv, andy, = y; — hz
Similarly we can show that
E{E[J.(23,21) (22, Z3)| 21, 2,]}2 = O(h~ ™),
E{E[‘]n(zls 23)Jn(z3’ 22)|Zl9 22]}2 = O(h7(|+m))5
E{E[I(21, 23)In(24, 25) |21, 2,]}% = O(h~"™).

Thus we have shown th&[G2(z,, z,)] = O(h~(+m),
Next we show thaE[g3(z,,2,)] = O(h~(+m),

E [‘]r%(zb 22)]

=l
el )

f2(ya] X1, 600)

X; — X - -
e L e | L Ce AP
h h h
2

f2(y1lx4,65)

X, — X Y1~ Y, ?
Kf<1T2>|:fK2< lh 2>f(y2X2’00)dy2:|

f2(ya] X1, 600)

+

X Pa(X) P1(X2) T (Y1l X1, 00) T (V2| X2, 00) X, dx, dy; Ay,

1 y1/h
- 4h2+2m Jffj;l/h—l/h

K2(U)K2(0) KZ(u)K,(v) JKZ(v)f(yl — hv|x, — hu,6,)h'de

f2(y1lxy, 6) - f2(y1|X4,65)

2
K2(u) UKz(v)f(yl —hulx, — hy, Go)h'dv}

+ 2
F2(yalx4,60)

X Py(X1)Pa(Xg — hu) f(ya|Xq,80) F(ys — ho|x; — hu, 6,) dx; h™dudy; h'dv
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=0
- 4h!*m ya/h—1/h

oz K [ K0l g0

f2(y1lxy, 6) - f2(y1|x1,65)

KZ(u) [JKz(U)f(ylxl» Go)h'dv]

+
f2(y1] X4, 65)

1
X P (xq) f2(y1| Xy, o) dx dudy, dv + 0( hm+|>

1 1
- ahmH fo(U)dep (X)dxf
y1/h ya/h 5 L
8 f KE(w)dv — ' f Ko(w)dv | tdy,+0( —
(a=b/h (y1-D/h h
—1 2 2 1+ e 2/n\ | 1
= g | Kt e [micoad (5w | - o

1 1 1
= WIKIZ(U) dufpf(x) dx+ O<W> :O<W>’ (A.9)

where we have made similar variable changes d#\i8).
Similarly, we can show that

1 1 1
E L322 22032020] = s [ KE@ au [ b0 0xo ) =0 ()

Thus we have

E[d3(z1, 2,)] = E[232(24, 2,) + 23,(24, 25) 3n(22, 21)]

1 1 1
=t fo(u)dufpf(x)dx+ o<hm+|> = O(W) (A.10)

Next we show thaE[g?(z,, z,)] = O(1/h3*3™). Because

{E[af(z0, )} = {E[I (20, )]} +{E[ (2, )]}

=2{E[3}(z1, )}V, (A.11)
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and

E[J7(z1,2,)]

4 Xl_X2> 4<Y1_Y2>
1 K1< ho K h

=4E
2%h4+am f4(y1lX1,65)
X1 — X Y1y ¢
1 Kf( 1h 2>[JK2< 1h 2>f(y2|X2»90)dY2}
+ 4E
2%h4+am f4(y1lX1,60)
X1 — X —
. Kf( 1h 2>K§<y1h)’2>
B 2%pa+am f2(y1l%q,60)
X3 — X Y1 Y.
1 Kf( 1h 2>[fK§1< 1h 2>f(Y2|X2790)dy2}
+ 4E
2%h4i+am f4(y1lx1,60)
X — X Y1
4 Kf( K 2)'@( D 2)
B 24h4|+4mf f2(y1lx4,65)

X F(y1lXg,00) P1(X1) (V2| Xz, 6) Pa(X2) dy; dx, dy, dx,

X1 — X Y1 Y.
Kf(sz)fKé(sz)f<y2|xz,eo>dy2

4
+
24p4l+4m f f4(y1|xl» 6o)

X £ (y1|Xyg, 00) pa(Xq) dy; dx; dx,

_ 4 K{(WKZ ()
- 2%pAttam f4(y1lx1,65)

X £ (ya|Xq,00)Pa(X1) f(y1 — hol X, — hu, 65)ps(X,) dy; dx, h'dvh™du

4 Kf(u)fKé‘(v)f(yl—hlel—huﬁo)h'dv

+
2%hAt+am f2(y1lx4,65)

X f(y1|Xy4,00)pa(Xy) dy; dx; h™du

= O(h~GI*3m), (A.12)
we have
Ela7(zy,22)] = O(h~@*3m), (A.13)
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Thus

E[GR(z1.2,)] + n*'E[qf(21,2,)] _ O(h~"*™) + n~*O(h~3m)
{E[03(24, 2,)1}2 a O(h~@+2m)

= O(h'*™m) + O(1/nh1+™) — 0, (A.14)

asn — oo. Thus the condition of Lemma 2 is satisfiemhd it follows from(A.10),

nh(+mr2yy $N<0,2 f K2(u) du f PZ(x) dx). (A.15)
Next we show that,,, = Op(nfl/z). We decompos®\,, as the sum 001, andQ,,
where
Xi — %
“\ ) f(y; %, 60)
_ OgTLy|Xi, 0o
Qun = n(n—l).zl,zl h'*m f (i1, 60) 30’
j#i
Yi 7Y Yi —
X [K2<Tj> _fK2< h >f(yX,’00)dY}
LY Yz
= n ZI’Z ’
n(n—1) i:11:1q1
j#i
Xi =%
Kl( ) o (y1%,,60)
y Xp 0
Q n +m ( ) ’ d
2 ).21]21 h' f(yil%i,60) a0 y
= n(n _ 1) ; ; an(ZU J (A16)
j#i

HereQq, is aU-statistic with kernel
an(z,27) = 20:n(7;, z) + %qln(zjr z). (A.17)

Similarly to (A.10), we can show thatE[|dn(z,z)]?] = O(h~!*™). Thus
Ellan(zi,2)|?] = O(n/nh"*™ = o(n), asnh'*™ — c. The condition of Lemma 1
is thus satisfiedFor the preceding),(z, z), we have
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=
=1

= E[0n(z,7)] = E[ain(7,2)] = E{E[ain(Z, )|z, % ]}

()

Ky

1 h /) 9logf(y;|x,0)
h'*m f(yi 1%, 00) a0’

x ”K%%) —fK2<¥>f(ylxj,eo)dy]f(ulxj,eo)du

=0, (A.18)

rn(z) = 2E[thn(z, )|z ]+ 3E[0in(7, 2)12] = 3E[ain(7,2) 2]

K (x—xi>
1 f b/ dlogfulx,60)
~2hM ) f(ulx, 6,) a6’

x {K(%) —fK2<”—;y>f<y|xi,ao> dy} F(ul, )P () dudx

1 dlogf(y; + hv|x + hu,6y)
anem J o

X [Kz(v) —sz(w)f(yi — hw| xi,00)h'dw} p1(X; + hu)h'dvh™du

1 alogf(y;|%,6
> f Ky(U) %‘X” Ko(0)pa(x;) dodu+ 0,(h)

1 alogf(yi|x;,6)
= ;) + i) .
2 60' pl(X|) tn(Z|) (A 19)
Thus
N 1 2 alogf(ylxi,0o) 2 Q0
U, = — S = ARl gy 2 S (2). A.20
n n \FZI 90’ pl(xl) \/ﬁlel n(z|) ( )

Note that|t,(z)| = Mh for some constaril. From(A.18) E[r,(z)] = F, = 0. Under
the null and the assumptiarisis well known that the conditional score has zero expec-
tation that is

E[alogf(yilxi,ﬂo)
06’

xi] —o. (A.21)
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ThusE[%@i,‘xi’aO) pl(xi)] = 0. We haveE[t,(z)] = 0 and
Eiit Z—Eé t2(z,)] = M2h? A.22
) nz)| = 2 E[t3(z)] = - (A.22)

Son Y231 t.(z) = 0,(1), and the asymptotic distribution @nU, is the same as that
dlogf(yi|xi,60)

of (1I/vm>i, — e p.(X;). By the Lindeberg—Levy central limit theorem
we have
dlogf(y;|x,6 2
VAQy, = vy, —>N(0 E[% pl(xi)] } (A.23)
ThusQy, = Op(n~%2).
The termQ,, is a U-statistic with
qn(zn J) 2q2n(zu ]) + 2q2n(Z]a Z ) (A24)

Similarly, we can show that the condition of Lemma 1 is satisfiedr the preceding

On(z, 7j), noting that from(A.19)

f—J P dy = E[ x| =0, (A.25)
a6’ a6’

we have

o= E[0n(zi,2)] = E[02n(Z, 2)] = E{E[G2n(Z, )%}, X; 1}

dof (U] x;,6,) du

“(*5)
_ 1 (U_U>af(lej900)

= E
h!+m f(ulx;,0,) a6’

1 elk Xj = X; faf(l)'Xjan) K u—v duch
- u
hi+m N oon a0’ 2\ n
1 X; — X; of (v]x;,6,)
WE{K1< - ’)f a'g‘, 2 h'dv} =0. (A.26)

Similarly to the rest of the proof tha®, = Op(n~Y?), we can show thaQ,, =
Op(n~%2). Thus we have shown thath, = Qin + Qn = Op(n~Y/?). Becaused —
00 = Op(n_l/z)’

nh(+m/2\0, (4 — g,) = O, (h(*m/2) = g (1). (A.27)
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Next we show thaW\s, = Oy(1). By Assumption A2 we have

Xi - XJ
Ky o

h'™*m £ (y;|xi,60)

X [2K2<yI - )b(y,,x)+2f (%)dux b2(y;, %)

+2fK2<y'h )dux b2(y:, )

+2fK2<y' )duxb(y.,X)]
X—v
Kl( h >

y—u I |
W (yIx 60) [2K2< ; )b(y,x)+4h b2(y, x) + 2h b(y,x)]

E(IWsl) = E

X F(y|x,00)f(ulv, 6) p1(X)p,(v)dydudxa
= f h'im Ky (W) [2K,(0)b(y, x) + 4h'b?(y, x) + 2h'b(y, X)]

X f(y — hv|x — hu,8,)p,(X)py(x — hv) dyh'dvdxh™du
= 2E[b(Y;, X)pa(x)] + 0(1) = O(). (A.28)

ThusW, = O,(1) and

(6 = 0)Wan (6 — 6p)" = Op(h*™/2) = g (1). (A.29)
By (A.4), (A.15), (A.27), and (A.29), we have proved the first part of Theorem 1

that is

nh(=m/2W, = nh(+m/2W, + o (1) % N(0,0°2), (A.30)

whereo ? is the asymptotic variance ofh!*™/2W\,,

o?= ZIKf(u)dufpi(x)dx. (A.31)
Next we show tha#r? is a consistent estimator of2 Hereo ? is a standardU-statistic
with kernel
Xi - X]
0n(zi,7) = ) (A.32)
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Similarly to the previous proofsve can easily show that the condition of Lemma 1 is
satisfied For the precedingl.(z;, z), because

(7))

=

= hm ff&( )pl (x)pa(v) dxdv

= Zlez(u) dufpf(x) dx+ o(1) = o?+ o(1), (A.33)
by Lemma 162 =y + 0,(1) = 02 + 0,(). u

Proof of Theorem 2. Similarly to Theorem lwe can show that
W, = Wi, + 0,(2), (A.34)

where W, is defined similarly toWy, in (A.4) exceptfy is replaced byf* The
kernel for W;i, is defined similarly to that in(A.5). Under the alternativewe have

M= 2E[‘]n(zi’ Zj )]
X—v y—u
] Kl( h >K2< h )
h'+mf f(y|x,0%)
X—v
1 Kl( h ) y—u
T ) f(yx0) [sz<T)f(Uv,9*)dU} p(y, X)p.(x) dydxd

1 [ K(U)Ko(0)
= 55 ) Tyl PO PO~ he.x— hu) dydxtidoh™du

p(y, X)p(u,v) dydxdud

1 f Ky(u) .
~ pim W sz(v)f(y—hv|x—hu,0 )h'dv | p(y, x)p,(x) dydxH"du

Py, X) fCylx,67)pa(x)
T by dyd [ I by, i
_ Py, %) — F(yi %, 07)pu(X;)
- E{ TP } +0(1). (A.35)
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Therefore by Lemma,1

W, = W, + Op(l) =f,+ Op(l) = E[ Py, xi) — Tl |Xi’0*)pl(xi)

TRD ] +0(1). (A.36)
|

Proof of Theorem 3. Similarly to previous proofsunder the local alternative8.5),
we have

W, = Wy, + 0,(). (A.37)
Expanding the following term as a function df aroundd, = 0, we have

“(*5)
N el

J#I

K2<Y.hyj> sz<yl >[f(y|><w"’o)+d'(y’x)]dy

f(yi|xi700) + dnl(yi’xi)

| « (xi—xj)
nonq (i, Xi)Ky h

- W, —

i~ O n(n—l).zlzlh”m P2(yi1%.60)
] (0]
j#i

X{K<%) sz(y'h )f(y 0o)dy]
()

~ 1)|El]Elh.+m TT% 60 fK( )l(y,xmy +o(dy)
j#i
= Wy, = d,Qup — d, Qs + 0(dy). (A.38)
Thus
W, = Qap + d,Q4n + d,, Qs + 0(dy). (A.39)

Noting that under the local alternativ€8.5), the true conditional distribution is
f(y|x,6) + dn X I(y, X), similarly to the proof of Theorem,we can show that

nh(+m/2Q, 95 A/(0,02). (A.40)
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Similarly to the proof thaQi, = Op(n~2), we can show thaQ,, = Oy(n~%2). For the
kernel of Qs,,
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where[1(y, x;)dy = 0. By Lemma 1 we have
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