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This paper proposes a new nonparametric test for conditional parametric distribu-
tion functions based on the first-order linear expansion of the Kullback–Leibler
information function and the kernel estimation of the underlying distributions+
The test statistic is shown to be asymptotically distributed standard normal under
the null hypothesis that the parametric distribution is correctly specified, whereas
asymptotically rejecting the null with probability one if the parametric distribu-
tion is misspecified+ The test is also shown to have power against any local alter-
natives approaching the null at rates slower than the parametric raten2102+ The
finite sample performance of the test is evaluated via a Monte Carlo simulation+

1. INTRODUCTION

The work on testing a parametric distribution dates as early as Pearson’s chi-
square test, Kolmogorov–Smirnov test, and Cramér–von Mises test~see Dar-
lin, 1957!+ The Kolmogorov–Smirnov test and the Cramér–von Mises test share
similar asymptotic properties in terms of their null distribution, local power,
and consistency+ The latter two tests have very complicated null distributions,
and all three tests are only designed for testing unconditional distribution
functions+

Andrews ~1988a, 1988b! extended Pearson’s chi-square test to testing for
parametric conditional distribution assumptions underlying many econometric
models+ Andrews ~1997! also extended the Kolmogorov–Smirnov test to the
conditional distribution case+ His test is consistent against all possible misspec-
ifications of distributions+ The critical values for his test can be obtained by a
parametric bootstrap procedure+ Zheng ~1994! and Stinchcombe and White
~1998! provided nonparametric tests of conditional distribution functions, which
are also consistent against all possible misspecifications+

This paper proposes a new test for conditional parametric distributions that
is based on the classical Kullback–Leibler~1951! information criterion+ The
information function has been used successfully in testing a parametric model
against another parametric model+ Testing a parametric model against a non-
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parametric model requires estimating the information function nonparametri-
cally+ However, the general distributional properties of the nonparametric
information function are unknown, except the consistency property estab-
lished by Ahmad and Lin~1976!+ The difficulty in finding the distribution may
be due to the fact that the nonparametric density estimator enters the informa-
tion function nonlinearly+ To overcome the problem, in this paper we linearize
the information function by taking its first-order expansion and then obtain its
asymptotic distribution viaU-statistic theory+ A test can then be based on the
nonparametric estimator of the linearized information function+

The plan of the paper is as follows+ Section 2 states the testing problem and
provides the motivation for the test statistic+ Section 3 shows that the test sta-
tistic is asymptotically standard normal under the null+ It also establishes the
consistency and local power properties of the test+ Section 4 provides a Monte
Carlo simulation of the finite sample performance of the test+ Section 5 sum-
marizes the paper+

2. THE HYPOTHESIS AND TEST STATISTIC

We have observations$~ yi , xi !% i51
n that are assumed to be independently and

identically distributed~i+i+d+! with common density functionp~ y, x!+ The term
yi is a vector of dependent variables that takes values inRl , andxi is a vector
of covariates that takes values inRm+

In parametric econometric models, the marginal density functionp1~x! of xi

is often unknown and unspecified, but the conditional density functionp~ y6x!
of yi givenxi is assumed to belong to a parametric family of known real-valued
functionsf ~ y6x,u! on Rl 3 Rm 3 Q, whereQ , Rk+ The aim of this paper is to
develop a test of the parametric distribution that has asymptotic power one
against all deviations from the null+ Specifically, the null hypothesis to be tested
is that the parametric model is correct:

H0: Pr@ p~ yi 6xi ! 5 f ~ yi 6xi ,u0!# 5 1 for someu0 [ Q+ (2.1)

The alternative to be tested is that the null is false:

H1: Pr@ p~ yi 6xi ! 5 f ~ yi 6xi ,u!# , 1 for all u [ Q+ (2.2)

Thus the alternative consists of all the possible deviations from the null+ A test
is consistent if the asymptotic power of the test is one+

The Kullback–Leibler information functionI ~ p, f ! between two condi-
tional distribution functionsp~ y6x! and f ~ y6x, u0! or betweenp~ y, x! and
f ~ y6x,u0!p1~x! is given by

I ~ p, f ! [ EHlogF p~ yi 6xi !

f ~ yi 6xi ,u0!GJ 5Ep~ y, x! logF p~ y6x!

f ~ y6x,u0!G dydx+ (2.3)

It is well known thatI ~ p, f ! $ 0 where the equality holds if and only ifp~y6x! 5
f ~ y6x,u0! almost everywhere~a+e+!+ This property makes it very appealing to
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use the nonparametric estimator of the information function as a test statistic+
Ahmad and Lin~1976! established the consistency of the nonparametric en-
tropy+ But the asymptotic distribution of the nonparametric entropy has not been
developed+ This makes it difficult to apply the information criterion to hypoth-
esis testing despite its natural appeal+ This difficulty was also encountered by
Robinson~1991! in testing for independence of two random variables+ The prob-
lem lies in the fact that the nonparametric density estimator enters the informa-
tion function nonlinearly+ To overcome the problem, we may take the first-
order expansion of the information function, that is,

EHlogF p~ yi 6xi !

f ~ yi 6xi ,u0!GJ ' EH p~ yi 6xi !

f ~ yi 6xi ,u0!
2 1J

5 EH p~ yi 6xi ! 2 f ~ yi 6xi ,u0!

f ~ yi 6xi ,u0! J + (2.4)

Now the density functionp~ y6x! enters the information function linearly+ So it
is easier to work out the asymptotic distribution of the nonparametric informa-
tion+ Note, however, that the asymptotic distribution ofI ~ p, f ! may differ from
that of its first-order expansion as a result of higher-order terms+

Weighting equation~2+4! by the density functionp1~x! gives us the follow-
ing function:

EF p~ yi , xi ! 2 f ~ yi 6xi ,u0!p1~xi !

f ~ yi 6xi ,u0! G+ (2.5)

Its sample analogue may be used as a test statistic+ As in Powell, Stock, and
Stoker~1989!, weighting the linearized information by the density function cir-
cumvents the problem of trimming the small values of the density functionp1~x!
in the denominator of the conditional distribution functionp~ y6x!+

We need to verify if the linearized version~2+5! of I ~ p, f ! can indeed dis-
criminate the null from the alternative+ Note that, under eitherH0 or H1, for
any u [ Q,

EF f ~ yi 6xi ,u!p1~xi ! 2 p~ yi , xi !

p~ yi 6xi !
G

5 EHEF f ~ yi 6xi ,u! 2 p~ yi 6xi !

p~ yi 6xi ! *xiGp1~xi !J
5EFE f ~ y6x,u! dy2Ep~ y6x!dyGp1~x! dx

5E~12 1!p1~x! dx5 0+ (2.6)
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Thus we have, under eitherH0 or H1, for any u [ Q,

EF p~ yi , xi ! 2 f ~ yi 6xi ,u!p1~xi !

f ~ yi 6xi ,u! G
5 EF p~ yi , xi ! 2 f ~ yi 6xi ,u!p1~xi !

f ~ yi 6xi ,u! G1 EF f ~ yi 6xi ,u!p1~xi ! 2 p~ yi , xi !

p~ yi 6xi !
G

5 EHF ! p~ yi 6xi !

f ~ yi 6xi ,u!
2 ! f ~ yi 6xi ,u!

p~ yi 6xi !
G2

p1~xi !J
$ 0, (2.7)

where the equality holds for someu 5 u0 if and only if %p~ yi 6xi !0f ~ yi 6xi ,u0! 5
% f ~ yi 6xi ,u0!0p~ yi 6xi ! a+e+ or p~ yi 6xi ! 5 f ~ yi 6xi ,u0! a+e+, that is, H0 holds+ There-
fore, the linearized version can distinguish the null from the alternative+

The unknown density functionsp~ yi , xi ! andp1~xi ! can be consistently esti-
mated by the kernel density method~Silverman, 1986! as

[p~ yi , xi ! 5
1

n (
j51

n 1

hl1m K2S yi 2 yj

h
DK1S xi 2 xj

h
D, (2.8)

[p1~xi ! 5
1

n (
j51

n 1

hm K1S xi 2 xj

h
D, (2.9)

where K1 and K2 are kernel functions andh is a bandwidth+ The unknown
parameteru0 can be estimated by any!n-consistent estimator, such as the quasi-
maximum likelihood estimator~QMLE! of White ~1982!+ Denote the empiri-
cal distributions of~ yi , xi ! and xi by Pn~ y, x! and Fn~x!, respectively+ Then
[p~ yi , xi ! can be rewritten as

[p~ yi , xi ! 5
1

hl1m EK2S yi 2 y

h
DK1S xi 2 x

h
D dPn~ y, x!+ (2.10)

We use the following smoothed density estimator1 Ip~ y, x! to estimate
f ~ yi 6xi ,u!p~xi !:

Ip~ yi , xi ! 5
1

hl1m EK2S yi 2 y

h
DK1S xi 2 x

h
D f ~ y6x, Zu! dydFn~x!

5
1

n (
j51

n 1

hm1l EK2S yi 2 y

h
DK1S xi 2 xj

h
D f ~ y6xj , Zu! dy+ (2.11)

Here, Zu is an estimator ofu0 whose properties are specified subsequently+
Substituting [p~ yi , xi ! and Ip~ yi , xi ! for p~ yi , xi ! and f ~ yi 6xi , u0!p1~xi ! in

~2+5!, respectively, we have the sample analogueWn of E @p~ yi , xi ! 2
f ~ yi 6xi ,u0!p1~xi !0f ~ yi 6xi ,u0!# ,
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Wn 5
1

n~n 2 1! (
i51

n

(
j51
jÞi

n 1

hl1m

3 3 K2S yi 2 yj

h
DK1S xi 2 xj

h
D2EK2S yi 2 y

h
DK1S xi 2 xj

h
D f ~ y6xj , Zu!dy

f ~ yi 6xi , Zu!
4 ,
(2.12)

where the negligible terms withi 5 j are dropped to applyU-statistic theory+
Our final test statisticTn is based on the standardizedWn:

Tn [
nh~l1m!02Wn

[s
, (2.13)

where [s is the estimated standard error ofWn and is defined in Theorem 1,
which follows+ The test based onTn is one-sided+ One rejects the null ifTn is
sufficiently large+

Without loss of generality, we assume thatyi has a bounded support, for ex-
ample, Pi51

l ~0,1!+ Otherwise, a suitable transformation can be used to trans-
form the data to have bounded support+

For any matrixA, let 7A7 denote its Euclidean normal, that is, 7A7 5
@tr~AA'!#102+ We make the following regularity assumptions+

Assumption A1+ $~ y1, x1!,~ y2, x2!, + + + ,~ yn, xn!% are i+i+d+ with a density func-
tion p~ y, x!+ Herep~ y, x! and its first-order derivatives with respect toy andx
are uniformly bounded+ The marginal density functionp1~x! of xi and its first-
order derivatives are also uniformly bounded+

Assumption A2+ The parameter spaceQ is a compact and convex subset of
Rk+ The parametric conditional density functionf ~ y6x,u! and its first-order de-
rivatives with respect toy, x, and u are uniformly bounded+ Under the null,
E @ log f ~ yi 6xi ,u!# has a unique maximum at an interior pointu0 of Q, and, un-
der the alternative, E @ log f ~ yi 6xi ,u!# has a unique maximum atu* of Q, where
the expectations are taken with respect to the true distribution+ There exists a
measurable functionb~ y, x! with *b~ y, x!dydx, `, *b2~ y, x!dydx, `, such
that for all u in a neighborhood ofu0 of Q,

0 , f ~ y6x,u!,

7 f ~ y6x,u!7# b~ y, x!,

** ]f ~ y6x,u!

]u ** # b~ y, x!,

** ]2log f ~ y6x,u!

]u]u ' ** # b~ y, x!,

** ] log f ~ y6x,u!

]u
3

] log f ~ y6x,u!

]u ' ** # b~ y, x!+
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Assumption A3+ There exists an estimatorZu of u0 such that!n~ Zu 2 u0! 5 Op~1!
under the null, whereas under the alternative, Zu r pu* whereu* [ Q+

Assumption A4+ K1~u! is a nonnegative, bounded, and continuous function
such that*K1~u! 5 1+ Here K2~v! is chosen such thatK2~v! 5 Pi51

l @2e22vi0
~12 e220h!# if 0 # vi # ~10h! ~i 51, + + + , l ! wherev5 ~v1, + + + , vl !, K2~v1, + + + , vl ! 5
K2~v1 1 ~10h!, + + + , vl 1 ~10h!! for 2~10h! # vi # 0 ~i 5 1, + + + , l !, andK2~v! 5 0
otherwise+

Assumption A1 requires thatyi and xi are continuously distributed+ This
rules out the cases wherexi are discrete or the density function ofxi is not
bounded+ The assumptions in A2 are standard for ensuring the consistency and
asymptotic normality of the quasi–maximum likelihood estimator of White
~1982!+ The kernel functionK1~{! in A4 is a standard kernel used in the non-
parametric literature+ We chooseK2~{! so that *0

1 + + +*0
1 K2@~ yi 2 y!0h# dy0

hl 5 1 for anyyi [ ~0,1!+ This ensures that theU-statistic kernel in~2+12! is a
degenerate kernel~see equation~A+6! in the Appendix!+ Note that the kernel
function depends on the sample sizen through h+ We can also see that
*0

1 + + +*0
1 K2

2@~ yi 2 y!0h#dy0hl 5 ~1 1 e220h!0~1 2 e220h! r 1 as n r `+
Though this kernel is unusual, it does not impose any restrictions on the dis-
tribution of the data+

3. THE ASYMPTOTIC NULL DISTRIBUTION AND POWER

First we derive the asymptotic distribution of the statisticWn under the null
hypothesis thatp~ yi 6xi ! 5 f ~ yi 6xi ,u0!+ The asymptotic null distribution ofWn

is provided in the following theorem~all proofs are provided in the Appendix!+

THEOREM 1+ Given AssumptionsA1–A4, if h r 0 and nhl1m r `, then
under the null hypothesis~2+1!,

nh~l1m!02Wn
d
&& N ~0,s2!, (3.1)

wheres2 is the asymptotic variance of nh~l1m!02Wn,

s2 5 2EK1
2~u! duEp1

2~x! dx+ (3.2)

Furthermore, s2 can be consistently estimated by

[s2 5
2

n~n 2 1! (
i51

n

(
j51
jÞi

n 1

hm K1
2S xi 2 xj

h
D+ (3.3)

The conditionnhl1m r ` places an upper bound on the rate that the band-
width h converges to 0+ The bandwidth condition is the same for obtaining
the consistency in quadratic mean of the kernel estimation of a joint density
function ~see Prakasa Rao, 1983!+ Note that any!n-consistent estimatorZu of
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u0, including the QMLE, can be used in the statisticWn; the asymptotic distri-
bution of Wn does not depend on the limiting distribution ofZu+

It follows that under the null hypothesis, Tn
d
&& N ~0,1!+ The asymptotic null

distribution is similar to that for testing parametric models, mostly regression
models+2

Next we provide the consistency and power of the test+ If the null hypothesis
is false, the behavior ofWn is given by the following theorem+

THEOREM 2+ Given AssumptionsA1–A4, if h r 0 and nhl1m r `, then
under the alternative hypothesis~2+2!,

Wn
p
&& EF p~ yi , xi ! 2 f ~ yi 6xi ,u* !p1~xi !

f ~ yi 6xi ,u* !
G . 0+ (3.4)

Because [s p
&& s under either the null or the alternative, Tn rp 1`+ ThusTn

is consistent against any alternative+
To investigate the power of the test against local misspecification, we con-

sider the following sequence of local alternatives:

H1n: p~ y6x! 5 f ~ y6x,u0! 1 dn 3 l ~ y, x!, (3.5)

wheredn r 0 asn r ` and the functionl ~{,{! is continuously differentiable
and uniformly bounded+ Because bothp~ y6x! and f ~ y6x, u0! are densities,
* l ~ y, x!dy 5 0 for anyx+ The power of our test against the local misspecifica-
tion ~3+5! is given in the following theorem+

THEOREM 3+ Given AssumptionsA1–A4, if h r 0 and nhl1m r `, then
under the local misspecification~3+5! with dn 5 n2102h2~l1m!04,

Tn
d
&& N ~d,1!, (3.5)

where

d 5 EF l 2~ yi , xi !

f 2~ yi 6xi ,u0!
p1~xi !GYs . 0+ (3.7)

Here s is given in Theorem1+

Thus the test is consistent against local alternatives converging to the null
arbitrarily close to, but slower than, the parametric raten2102+ The local power
result is similar to that for the smoothing-based nonparametric tests of regres-
sion models and Zheng~1994!+ The tests of Andrews~1997! and Stinchcombe
and White~1998! have better local power properties than the test proposed in
this paper—those two tests can detectn2102 local misspecification+

4. A MONTE CARLO SIMULATION

In this section, a Monte Carlo simulation is conducted to evaluate the finite
sample performance of the test+
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In all of the following models, the covariatexi is generated from the stan-
dard normal distribution, and the error termei is independent ofxi +

In models 1a–1e, we consider testing for possible misspecifications in clas-
sical linear regression models+ In model 1a, the dependent variabley is gen-
erated asyi 5 1 1 xi 1 ei ~i 5 1, + + + , n!, where ei has the standard normal
distribution+ In model 1b, yi 5 1 1 xi 1 ei , whereei has the standard logistic
distribution+ In model 1c, yi 5 1 1 xi 1 ei , whereei has thet-distribution with
five degrees of freedom+ In model 1d, yi 5 1 1 xi 1 xi

2 1 ei , whereei has the
standard normal distribution+ In model 1e, yi 5 1 1 xi 1 xi ei , whereei has the
standard normal distribution+ The null hypothesis is that the model is linear
and homoskedastic with normal error, that is,

H0: p~ y6x! 5 f@~ y 2 b1 2 b2 x!0s#0s,

wheref is the standard normal density function andu [ ~b1,b2,s2!' [ R 3
R 3 R11+ Under the null, model 1a is true and models 1b–1e are false+ Here
u0 5 ~1,1,1!' and is estimated by the maximum likelihood method+

In models 1a–1e, we use the standard logistic distribution function, denoted
by G1~ y!, to transform the data$ yi % i51

n with unbounded support~2`,`! to
$zi [ G1~ yi !% i51

n , which has bounded support~0,1!+ Then the null hypothesis
is tested via testing the correct specification of the conditional density func-
tion of zi +

In models 2a–2e, we consider specification testing of truncated regression
models, where the latent dependent variablesyi

* are generated the same as in
models 1a–1e, respectively+ We observe~ yi

*, xi ! if and only yi
* . 0+ The null

hypothesis is that the observedyi 5 yi
* has the conditional density function

f ~ y6x,u! 5 1~ y . 0!@f~~ y 2 b1 2 b2x!0s!0s#0F~~b1 1 b2x!0s!, whereF is
the standard normal distribution function andu 5 ~b1,b2,s2!' + Thus, under
the null, model 2a is true and models 2b–2e are false+ Hereu0 5 ~1,1,1!' and is
estimated by the maximum likelihood method+

We use a similar transformation asG1, G2~ y! [ 2G1~ y! 2 1, to transform
the data$ yi % i51

n with unbounded support~0,`! to $zi [ G2~ yi !% i51
n , which has

bounded support~0,1!+ Then the null hypothesis is tested via testing the con-
ditional density function ofzi +

To see whether the size and power are sensitive to the choice of band-
width h, we let h 5 c 3 sx 3 n2105 for c 5 0+5, 1+0, and 2+0, wheresx is the
sample standard deviation of$xi % i51

n + The kernel functionK1 is chosen to be
the Epanechnikov kernel

K1~u! 5 0+75~12 u2!1~6u6# 1!, (4.1)

and the kernel functionK2 is chosen as in Assumption A4+ The simulation is
conducted with sample sizes 50, 100, 200, and 300+ Each experiment is based
on 1,000 replications+ The integral in the test statistic is calculated using the
Gauss–Legendre procedure INTQUAD1 in GAUSS+We let the significance level
a be +01, +05, and +10+
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From the simulation results on models 1a and 2a in Tables 1 and 2, we can
see that, at the+05 and 0+1 levels, the sizes of the test are below the asymptotic
sizes and, at the+01 level, they are closer to each other+ For any given choice of
bandwidth, the power increases as the sample size increases, in line with the
consistency property of the test+ In both the linear regression models and the
truncated regression models, the test has high power detecting the regression
functional form misspecification or heteroskedasticity+ Because the logistic dis-
tribution is closer to the normal distribution than thet-distribution with five
degrees of freedom, in both types of models, the test has higher power against
the t-distribution than the logistic distribution+ Though the percentages of re-
jections are below the nominal sizes for model 2b, nevertheless, they are higher
than that for model 2a, suggesting that with proper control of the size, the test
can detect logistic distribution in the truncated regression models+ The simula-

Table 1. Percentage of rejections in classical linear regression models

c 5 0+5 c 5 1+0 c 5 2+0

n 1% 5% 10% 1% 5% 10% 1% 5% 10%

Model 1a: y 5 1 1 x 1 e, e ; N ~0,1!
50 1+4 1+9 2+9 1+3 1+9 2+7 1+3 1+8 2+3

100 1+2 2+0 3+1 1+5 2+7 3+9 1+6 3+4 4+0
200 1+3 2+2 4+6 1+7 2+5 4+0 2+8 3+9 4+7
300 1+9 3+5 5+5 1+8 2+7 4+0 2+6 4+4 5+3

Model 1b: y 5 1 1 x 1 e, e ; Logistic
50 4+4 6+1 7+9 3+9 5+3 6+7 4+0 5+1 6+7

100 7+2 10+2 12+1 8+2 10+5 11+6 9+3 12+1 14+0
200 12+4 15+1 17+2 12+1 14+2 16+7 18+7 22+8 25+6
300 13+0 16+5 19+5 16+3 19+1 21+4 22+8 26+9 30+0

Model 1c: y 5 1 1 x 1 e, e ; t~5!
50 6+5 11+1 14+1 8+3 13+5 17+5 9+4 15+5 20+6

100 14+1 20+1 24+8 18+1 26+6 32+1 22+0 34+5 42+0
200 31+6 40+2 46+1 43+7 55+0 59+5 55+5 66+6 74+0
300 45+6 51+9 57+6 54+2 64+2 70+5 72+9 82+0 85+6

Model 1d: y 5 1 1 x 1 x2 1 e, e ; N ~0,1!
50 30+6 50+2 61+8 56+3 75+6 84+0 76+9 88+1 92+0

100 79+8 89+7 92+8 93+3 96+9 97+5 97+7 98+8 98+9
200 99+6 100 100 100 100 100 100 100 100
300 100 100 100 100 100 100 100 100 100

Model 1e: y 5 1 1 x 1 xe, e ; N ~0,1!
50 50+1 69+0 78+6 28+4 44+3 56+8 20+1 27+5 33+8

100 93+8 95+5 95+9 81+0 88+8 91+2 50+3 62+2 69+6
200 95+1 95+3 95+3 96+3 96+6 96+7 89+8 93+1 94+0
300 97+0 97+0 97+2 97+1 97+3 97+3 97+5 97+6 97+7
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tions also show that the power and size are bandwidth dependent in small sam-
ples+ How to select the bandwidth via a data-driven method in this testing
problem is an important issue and is left for future research+

5. CONCLUSION

This paper provides a new consistent specification test of conditional paramet-
ric distributions against nonparametric alternatives+ The test is based on the first-
order expansion of the well-known Kullback–Leibler information criterion
function+ The test is shown to have the standard normal distribution under the
null and to be consistent against any fixed alternatives+ The test can be applied
to testing for conditional distributions underlying econometric models+ Though

Table 2. Percentage of rejections in truncated regression models

c 5 0+5 c 5 1+0 c 5 2+0

n 1% 5% 10% 1% 5% 10% 1% 5% 10%

Model 2a: y* 5 1 1 x 1 e, e ; N ~0,1!
50 0+8 1+4 3+1 0+7 1+0 2+1 0+2 0+5 0+9

100 0+9 1+9 3+7 0+9 2+1 3+2 0+8 1+0 1+5
200 1+0 2+2 3+3 0+6 1+3 2+3 0+7 1+6 2+3
300 1+5 2+7 4+9 0+8 2+2 3+6 0+9 1+6 2+8

Model 2b: y* 5 1 1 x 1 e, e ; Logistic
50 0+7 1+9 3+4 0+5 0+9 2+0 0+9 1+6 2+7

100 1+3 2+7 4+6 1+1 1+8 2+9 0+8 1+1 2+0
200 2+1 3+4 5+6 1+2 2+1 3+7 2+2 3+1 4+5
300 2+6 4+6 6+7 2+8 5+1 7+1 2+9 4+5 6+2

Model 2c: y* 5 1 1 x 1 e, e ; t~5!
50 1+2 2+5 4+6 1+3 2+8 4+2 1+0 3+3 6+6

100 0+8 3+2 6+5 2+6 5+9 10+2 3+4 9+6 15+7
200 2+2 7+2 12+6 4+5 11+3 18+2 10+5 21+8 30+6
300 6+4 13+3 22+6 9+9 20+4 28+8 19+3 32+4 44+2

Model 2d: y* 5 1 1 x 1 x2 1 e, e ; N ~0,1!
50 7+2 19+0 29+9 15+2 38+0 54+5 46+1 72+0 83+9

100 26+8 53+0 65+9 58+0 83+6 91+2 94+1 98+5 98+8
200 81+1 94+6 97+4 99+2 99+6 99+9 100 100 100
300 97+3 99+4 99+5 100 100 100 100 100 100

Model 2e: y* 5 1 1 x 1 xe, e ; N ~0,1!
50 56+4 74+3 84+3 30+7 47+7 60+4 10+2 22+0 33+2

100 96+7 98+1 98+4 86+8 94+2 96+3 42+7 62+8 72+4
200 99+4 99+5 99+6 99+0 99+0 99+1 92+1 95+5 96+1
300 99+8 99+8 99+8 99+7 99+7 99+7 98+6 99+0 99+3
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the paper only deals with i+i+d+ data, it is possible to extend the test to time
series cases+

NOTES

1+ A similar smoothing device was also used by Härdle and Mammen~1993! and Fan~1994!+
2+ The related work includes Bierens~1990!, Fan and Li~1996!, Gozalo ~1993!, Härdle and

Mammen~1993!, Hong and White~1995!, Horowitz and Härdle~1994!, Lavergne and Vuong~1995!,
Lee ~1988!, Li ~1994!, Stinchcombe and White~1998!, Whang and Andrews~1993!, Wooldridge
~1992!, Yatchew~1992!, Zheng~1996, 1998a, 1998b!, and others+
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APPENDIX: PROOFS

We first review some of the theories on nondegenerate and degenerateU-statistic+ The
general “second-order”U-statistic is of the form

Un [
1

n~n21! (
i51

n

(
j51
jÞi

n

qn~zi , zj !, (A.1)

where $zi %i51
n is an i+i+d+ random sample for a random vectorZ and qn is any

dimensional-symmetric function, that is, qn~zi , zj ! 5 qn~zj , zi !+ The following lemma
follows from Lemma 3+1 of Powell et al+ ~1989! and Lemma 3+1 of Zheng~1996!+

LEMMA 1 + If E @7qn~zi , zj !72# 5 o~n!, then Un 5 E @rn~zi !# 1 op~1!+

The preceding result is useful ifE @qn~zi , zj !6zj # Þ 0 or theU-statistic is non-degenerate+
A U-statistic is degenerate ifE @qn~zi , zj !6zi # 5 0 for i Þ j+ For a one-dimensional de-
generateU-statistic, denote

Gn~z1, z2! [ E @qn~z3, z1!qn~z3, z2!6z1, z2# + (A.2)

The next lemma follows from Hall~1984!+

LEMMA 2 + Assume E@qn~z1, z2!6z1# 5 0 and E@qn
2~z1, z2!# , ` for each n+ If

E @Gn
2~z1, z2!# 1 n21E @qn

4~z1, z2!#

$E @qn
2~z1, z2!#%2 r 0, as nr `, (A.3)
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then

Un [ H 1

n~n 2 1! (
i51

n

(
jÞ1

n

qn~zi , zj !JYH 2E @qn
2~z1, z2!#

n2 J d
&& N ~0,1!+

Proof of Theorem 1. By taking a Taylor expansion ofWn aroundu0 up to the second
order, we decomposeWn into three parts:

Wn 5 5 1

n~n 2 1! (
i51

n

(
j51
jÞi

n 1

hl1m K1S xi 2 xj

h
D K2S yi 2 yj

h
D2EK2S yi 2 y

h
D f ~ y6xj ,u0!dy

f ~ yi 6xi ,u0! 6
2 5 1

n~n 2 1! (
i51

n

(
j51
jÞi

n 1

hl1m

K1S xi 2 xj

h
D

f ~ yi 6xi ,u0!

3 FK2S yi 2 yj

h
D ] log f ~ yi 6xi ,u0!

]u '

2 EK2S yi 2 y

h
D f ~ y6xj ,u0!dy

] log f ~ yi 6xi ,u0!

]u '

1 EK2S yi 2 y

h D ]f ~ y6xj ,u0!

]u '
dyG6 ~ Zu 2 u0!

2 ~ Zu 2 u0!' 5 1

n~n 2 1! (
i51

n

(
j51
jÞi

n 1

hl1m

K1S xi 2 xj

h
D

f ~ yi 6xi , Nu!

3 FK2S yi 2 yj

h
DS ]2 log f ~ yi 6xi , Nu!

]u]u '
2

] log f ~ yi 6xi , Nu!

]u

] log f ~ yi 6xi , Nu!

]u '
D

2 EK2S yi 2 y

h
D f ~ y6xj , Nu!dy

3 S ]2 log f ~ yi 6xi , Nu!

]u]u '
2

] log f ~ yi 6xi , Nu!

]u

] log f ~ yi 6xi , Nu!

]u '
D

2 2EK2S yi 2 y

h
D ]f ~ y6xj , Nu!

]u
dy

] log f ~ yi 6xi , Nu!

]u '

1 EK2S yi 2 y

h D ]2f ~ y6xj , Nu!

]u]u '
dyG6 ~ Zu 2 u0!

[ W1n 2 W2n~ Zu 2 u0! 2 ~ Zu 2 u0!'W3n~ Zu 2 u0!, (A.4)
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where Nu lies betweenu0 and Zu+ Under the null, we will show thatnh~l1m!02W1n is nor-
mally distributed, nh~l1m!02W2n~ Zu 2 u0! 5 op~1!, andnh~l1m!02~ Zu 2 u0!'W3n~ Zu 2 u0! 5
op~1!+

First we establish the asymptotic distribution ofW1n under the null hypothesis+ The
term W1n is a U-statistic with kernel

qn~zi , zj ! 5
1

2hl1m K1S xi 2 xj

h
D K2S yi 2 yj

h
D2EK2S yi 2 y

h
D f ~ y6xj ,u0! dy

f ~ yi 6xi ,u0!

1
1

2hl1m K1S xj 2 xi

h
D K2S yj 2 yi

h
D2EK2S yj 2 y

h
D f ~ y6xi ,u0! dy

f ~ yj 6xj ,u0!

(A.5)

[ Jn~zi , zj ! 1 Jn~zj , zi !+ (A.5)

Under the null hypothesis, because

E
0

1

K2S yi 2 yj

h
D dyj 5 hlE

yi 0h210h

yi 0h

K2~u! du5 hlE
0

10h

K2~u! du5 hl (A.6)

for any 0, yi , 1, it is easy to show thatE @qn~z1, z2!6z1# 5 0+ ThusW1n is a degener-
ateU-statistic+

We next verify the condition of Lemma 2+ We have

E @Gn
2~zi , zj !# 5 E$E @qn~z3, z1!qn~z3, z2!6z1, z2#%

5 E$E @Jn~z3, z1!Jn~z3, z2!6z1, z2# 1 E @Jn~z3, z1!Jn~z2, z3!6z1, z2#

1 E @Jn~z1, z3!Jn~z3, z2!6z1, z2# 1 E @Jn~z1, z3!Jn~z2, z3!6z1, z2#%2

# 4E$E @Jn~z3, z1!Jn~z3, z2!6z1, z2#%2

1 4E$E @Jn~z3, z1!Jn~z2, z3!6z1, z2#%2

1 4E$E @Jn~z1, z3!Jn~z3, z2!6z1, z2#%2

1 4E$E @Jn~z1, z3!Jn~z2, z3!6z1, z2#%2+ (A.7)
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For the first term in the preceding equation, we have

E$E @Jn~z3, z1!Jn~z3, z2!6z1, z2#%2

5
1

24h4l14m EEEE

3 5EE K1S x3 2 x1

h
DK1S x3 2 x2

h
D

f 2~ y36x3,u0!

3 FK2S y32 y1

h
DK2S y3 2 y2

h
D

2 K2S y3 2 y1

h
DEK2S y3 2 y2

h
D f ~ y26x2,u0! dy2

2 K2S y3 2 y2

h
DEK2S y3 2 y1

h
D f ~ y16x1,u0! dy1

1 EK2S y3 2 y1

h D f ~ y16x1,u0! dy1 3 EK2S y3 2 y2

h D f ~ y26x2,u0! dy2G
3 f ~ y36x3,u0!p1~x3!dy3dx3J2

3 f ~ y26x2,u0!p1~x2! f ~ y16x1,u0!p1~x1!dy2dx2dy1dx1

5
1

24h4l14m EEEE
3 HEE K1~u!K1~u 1 v!

f 2~ y1 1 hw6x1 1 hu, u0!

3 FK2~w!K2~w 1 z! 2 K2~w!EK2~ y! f ~ y3 2 hy6x1 1 hu,u0!hldy

2 K2~w 1 z!EK2~ y! f ~ y3 2 hy6x1,u0!hldy

1 EK2~ y! f ~ y3 2 hy6x1,u0!hldy

3 EK2~ y! f ~ y3 2 hy6x1 1 hu,u0!hldyG
3 f ~ y1 1 hw6x1 1 hu,u0!p1~x1 1 hu!hldwhmduJ2

3 f ~ y1 2 hz6x1 2 hv,u0!p1~x1 2 hv! f ~ y16x1,u0!p1~x1!hldzhmdvdy1dx1

5 O~h2~l1m! !, (A.8)

TESTING FOR CONDITIONAL DISTRIBUTIONS 681

https://doi.org/10.1017/S026646660016503X Published online by Cambridge University Press

https://doi.org/10.1017/S026646660016503X


where we have changed variables according tox3 5 x1 1 hu, y3 5 y1 1 hw, x2 5 x1 2
hv, andy2 5 y1 2 hz+

Similarly we can show that

E$E @Jn~z3, z1!Jn~z2, z3!6z1, z2#%2 5 O~h2~l1m! !,

E$E @Jn~z1, z3!Jn~z3, z2!6z1, z2#%2 5 O~h2~l1m! !,

E$E @Jn~z1, z3!Jn~z1, z3!6z1, z2#%2 5 O~h2~l1m! !+

Thus we have shown thatE @Gn
2~z1, z2!# 5 O~h2~l1m! !+

Next we show thatE @qn
2~z1, z2!# 5 O~h2~l1m! !+

E @Jn
2~z1, z2!#

5
1

4h2l12m EEEE

3 5 K1
2S x1 2 x2

h
DK2

2S y1 2 y2

h
D

f 2~ y16x1,u0!

2 2

K1
2S x1 2 x2

h
DK2S y1 2 y2

h
DEK2S y1 2 y2

h
D f ~ y26x2,u0! dy2

f 2~ y16x1,u0!

1

K1
2S x1 2 x2

h DFEK2S y1 2 y2

h D f ~ y26x2,u0! dy2G2

f 2~ y16x1,u0!
6

3 p1~x1!p1~x2! f ~ y16x1,u0! f ~ y26x2,u0!dx1dx2dy1dy2

5
1

4h2l12m EEEE
y10h210h

y10h

3 5 K1
2~u!K2

2~v!

f 2~ y16x1,u0!
2 2

K1
2~u!K2~v!EK2~v! f ~ y1 2 hv6x1 2 hu,u0!hldv

f 2~ y16x1,u0!

1

K1
2~u!FEK2~v! f ~ y1 2 hv6x1 2 hu,u0!hldvG2

f 2~ y16x1,u0!
6

3 p1~x1!p1~x1 2 hu! f ~ y16x1,u0! f ~ y1 2 hv6x1 2 hu,u0! dx1hmdudy1hldv
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5
1

4hl1m EEEE
y10h210h

y10h

3 5 K1
2~u!K2

2~v!

f 2~ y16x1,u0!
2 2

K1
2~u!K2~v!EK2~v! f ~ y16x1,u0!hldv

f 2~ y16x1,u0!

1

K1
2~u!FEK2~v! f ~ y16x1,u0!hldvG2

f 2~ y16x1,u0!
6

3 p1
2~x1! f 2~ y16x1,u0! dx1dudy1dv1 oS 1

hm1l D
5

1

4hm1l EK1
2~u!duEp1

2~x!dxE
0

1

3 HE
~ y121!0h

y10h

K2
2~v! dv2 hl FE

~ y121!0h

y10h

K2~v!dvG2J dy1 1 oS 1

hm1l D
5

1

4hm1l EK1
2~u! duEp1

2~x! dxHS11 e220h

12 e220hDl

2 hl J 1 oS 1

hm1l D
5

1

4hm1l EK1
2~u! duEp1

2~x! dx1 oS 1

hm1l D5 OS 1

hm1l D, (A.9)

where we have made similar variable changes as in~A+8!+
Similarly, we can show that

E @Jn~z1, z2!Jn~z2, z1!# 5
1

4hm1l EK1
2~u! duEp1

2~x! dx1 oS 1

hm1l D5 OS 1

hm1l D+
Thus we have

E @qn
2~z1, z2!# 5 E @2Jn

2~z1, z2! 1 2Jn~z1, z2!Jn~z2, z1!#

5
1

hm1l EK1
2~u! duEp1

2~x! dx1 oS 1

hm1l D5 OS 1

hm1l D+ (A.10)

Next we show thatE @qn
4~z1, z2!# # O~10h3l13m!+ Because

$E @qn
4~z1, z2!#%104 # $E @Jn

4~z1, z2!#%104 1 $E @Jn
4~z2, z1!#%104

5 2$E @Jn
4~z1, z2!#%104, (A.11)

TESTING FOR CONDITIONAL DISTRIBUTIONS 683

https://doi.org/10.1017/S026646660016503X Published online by Cambridge University Press

https://doi.org/10.1017/S026646660016503X


and

E @Jn
4~z1, z2!#

# 4E3 1

24h4l14m

K1
4S x1 2 x2

h
DK2

4S y1 2 y2

h
D

f 4~ y16x1,u0!
4

1 4E3 1

24h4l14m

K1
4S x1 2 x2

h DFEK2S y1 2 y2

h D f ~ y26x2,u0! dy2G4

f 4~ y16x1,u0!
4

# 4E3 1

24h4l14m

K1
4S x1 2 x2

h
DK2

4S y1 2 y2

h
D

f 4~ y16x1,u0!
4

1 4E3 1

24h4l14m

K1
4S x1 2 x2

h DFEK2
4S y1 2 y2

h D f ~ y26x2,u0! dy2G
f 4~ y16x1,u0!

4
5

4

24h4l14m E
K1

4S x1 2 x2

h
DK2

4S y1 2 y2

h
D

f 4~ y16x1,u0!

3 f ~ y16x1,u0!p1~x1! f ~ y26x2,u0!p1~x2! dy1dx1dy2dx2

1
4

24h4l14m E
K1

4S x1 2 x2

h
DEK2

4S y1 2 y2

h
D f ~ y26x2,u0! dy2

f 4~ y16x1,u0!

3 f ~ y16x1,u0!p1~x1! dy1dx1dx2

5
4

24h4l14m E K1
4~u!K2

4~v!

f 4~ y16x1,u0!

3 f ~ y16x1,u0!p1~x1! f ~ y1 2 hv6x1 2 hu,u0!p1~x2! dy1dx1hldvhmdu

1
4

24h4l14m E
K1

4~u!EK2
4~v! f ~ y1 2 hv6x1 2 hu,u0!hldv

f 4~ y16x1,u0!

3 f ~ y16x1,u0!p1~x1! dy1dx1hmdu

5 O~h2~3l13m! !, (A.12)

we have

E @qn
4~z1, z2!# # O~h2~3l13m! !+ (A.13)
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Thus

E @Gn
2~z1, z2!# 1 n21E @qn

4~z1, z2!#

$E @qn
2~z1, z2!#%2 #

O~h2~l1m! ! 1 n21O~h2~3l13m! !

O~h2~2l12m! !

5 O~hl1m! 1 O~10nh~l1m! ! r 0, (A.14)

asn r `+ Thus the condition of Lemma 2 is satisfied, and it follows from~A+10!,

nh~l1m!02W1n
d
&& NS0,2EK1

2~u! duEp1
2~x! dxD+ (A.15)

Next we show thatW2n 5 Op~n2102!+ We decomposeW2n as the sum ofQ1n andQ2n

where

Q1n [
1

n~n 2 1! (
i51

n

(
j51
jÞi

n 1

hl1m

K1S xi 2 xj

h
D

f ~ yi 6xi ,u0!

] log f ~ yi 6xi ,u0!

]u '

3 FK2S yi 2 yj

h D2EK2S yi 2 y

h D f ~ y6xj ,u0! dyG
[

1

n~n 2 1! (
i51

n

(
j51
jÞi

n

q1n~zi , zj !,

Q2n [
1

n~n 2 1! (
i51

n

(
j51
jÞi

n 1

hl1m

K1S xi 2 xj

h
D

f ~ yi 6xi ,u0!
EK2S yi 2 y

h
D ]f ~ y6xj ,u0!

]u '
dy

[
1

n~n 2 1! (
i51

n

(
j51
jÞi

n

q2n~zi , zj !+ (A.16)

HereQ1n is a U-statistic with kernel

qn~zi , zj ! 5 2
1
2q1n~zi , zj ! 1 2

1
2q1n~zj , zi !+ (A.17)

Similarly to ~A +10!, we can show thatE @7qn~zi , zj !72# 5 O~h2~ l1m! !+ Thus
E @7qn~zi , zj !72# 5 O~n0nh~l1m! 5 o~n!, as nhl1m r `+ The condition of Lemma 1
is thus satisfied+ For the precedingqn~zi , zj !, we have
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Srn 5 E @qn~zi , zj !# 5 E @q1n~zi , zj !# 5 E$E @q1n~zi , zj !6zi , xj #%

5
1

hl1m E5 K1S xi 2 xj

h
D

f ~ yi 6xi ,u0!

] log f ~ yi 6xi ,u0!

]u '

3 EFK2S yi 2 u

h D2EK2S yi 2 y

h D f ~ y6xj ,u0! dyG f ~u6xj ,u0! du6
5 0, (A.18)

rn~zi ! 5 2
1
2E @q1n~zi , zj !6zi # 1 2

1
2E @q1n~zj , zi !6zi # 5 2

1
2E @q1n~zj , zi !6zi #

5
1

2hl1m E
K1S x 2 xi

h
D

f ~u6x,u0!

] log f ~u6x,u0!

]u '

3 FK2Su 2 yi

h D2EK2Su 2 y

h D f ~ y6xi ,u0! dyG f ~u6x,u0!p1~x! dudx

5
1

2hl1m EK1~u!
] log f ~ yi 1 hv6xi 1 hu,u0!

]u '

3 FK2~v! 2EK2~w! f ~ yi 2 hw6xi ,u0!hldwGp1~xi 1 hu!hldvhmdu

5
1

2
EK1~u!

] log f ~ yi 6xi ,u0!

]u '
K2~v!p1~xi ! dvdu1 op~h!

[
1

2

] log f ~ yi 6xi ,u0!

]u '
p1~xi ! 1 tn~zi !+ (A.19)

Thus

!n ZUn 5
1

!n (
i51

n ] log f ~ yi 6xi ,u0!

]u '
p1~xi ! 1

2

!n (
i51

n

tn~zi !+ (A.20)

Note that6 tn~zi !6# Mh for some constantM+ From ~A+18! E @rn~zi !# 5 Srn 5 0+ Under
the null and the assumptions, it is well known that the conditional score has zero expec-
tation, that is,

EF ] log f ~ yi 6xi ,u0!

]u ' *xiG 5 0+ (A.21)
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ThusEF ] log f ~ yi 6xi ,u0!

]u '
p1~xi !G 5 0+ We haveE @tn~zi !# 5 0 and

EF 1

!n (
i51

n

tn~zi !G2

5
1

n (
i51

n

E @tn
2~zi !# # M 2h2+ (A.22)

Son2102 (i51
n tn~zi ! 5 op~1!, and the asymptotic distribution of!n ZUn is the same as that

of ~10!n!(i51
n ] log f ~ yi 6xi ,u0!

]u '
p1~xi !+ By the Lindeberg–Levy central limit theorem,

we have

!nQ1n [ !nUn r NS0,EF ] log f ~ yi 6xi ,u0!

]u '
p1~xi !G2J + (A.23)

ThusQ1n 5 Op~n2102!+
The termQ2n is a U-statistic with

qn~zi , zj ! 5 2
1
2q2n~zi , zj ! 1 2

1
2q2n~zj , zi !+ (A.24)

Similarly, we can show that the condition of Lemma 1 is satisfied+ For the preceding
qn~zi , zj !, noting that from~A+19!

E ]f ~ yj 6xj ,u0!

]u '
dyj 5 EF ] log f ~ yj 6xj ,u0!

]u ' *xiG5 0, (A.25)

we have

Srn 5 E @qn~zi , zj !# 5 E @q2n~zi , zj !# 5 E$E @q2n~zi , zj !6xj , xi #%

5
1

hl1m E5 K1S xi 2 xj

h
D

f ~u6xi ,u0!
EK2Su 2 v

h
D ]f ~v6xj ,u0!

]u '
dvf ~u6xi ,u0! du6

5
1

hl1m EHK1S xi 2 xj

h DE ]f ~v6xj ,u0!

]u '
EK2Su 2 v

h D dudvJ
5

1

hl1m EHK1S xi 2 xj

h DE ]f ~v6xj ,u0!

]u '
hldvJ 5 0+ (A.26)

Similarly to the rest of the proof thatQ1n 5 Op~n2102!, we can show thatQ2n 5
Op~n2102!+ Thus we have shown thatW2n 5 Q1n 1 Q2n 5 Op~n2102!+ Because Zu 2
u0 5 Op~n2102!,

nh~l1m!02W2n~ Zu 2 u0! 5 Op~h~l1m!02! 5 op~1!+ (A.27)
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Next we show thatW3n 5 Op~1!+ By Assumption A2, we have

E~7W3n7! # E5 1

hl1m

K1S xi 2 xj

h
D

f ~ yi 6xi ,u0!

3 F2K2S yi 2 yj

h Db~ yi , xi ! 1 2EK2S yi 2 u

h D du3 b2~ yi , xi !

1 2EK2S yi 2 u

h
D du3 b2~ yi , xi !

1 2EK2S yi 2 u

h D du3 b~ yi , xi !G6
5E 1

hl1m

K1S x 2 v

h
D

f ~ y6x,u0!
F2K2S y 2 u

h
Db~ y, x! 1 4hlb2~ y, x! 1 2hlb~ y, x!G

3 f ~ y6x,u0! f ~u6v,u0!p1~x!p1~v!dydudxdv

5E 1

hl1m K1~u!@2K2~v!b~ y, x! 1 4hlb2~ y, x! 1 2hlb~ y, x!#

3 f ~ y 2 hv6x 2 hu,u0!p1~x!p1~x 2 hv! dyhldvdxhmdu

5 2E @b~ yi , xi !p1~xi !# 1 o~1! 5 O~1!+ (A.28)

ThusW3n 5 Op~1! and

~ Zu 2 u0!W3n~ Zu 2 u0!' 5 Op~h~l1m!02! 5 op~1!+ (A.29)

By ~A+4!, ~A+15!, ~A+27!, and ~A+29!, we have proved the first part of Theorem 1,
that is,

nh~l1m!02Wn 5 nh~l1m!02W1n 1 op~1! d
&& N ~0,s2!, (A.30)

wheres2 is the asymptotic variance ofnh~l1m!02Wn,

s2 5 2EK1
2~u! duEp1

2~x! dx+ (A.31)

Next we show that [s2 is a consistent estimator ofs2+ Heres2 is a standardU-statistic
with kernel

qn~zi , zj ! 5
2

hm K1
2S xi 2 xj

h
D + (A.32)
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Similarly to the previous proofs, we can easily show that the condition of Lemma 1 is
satisfied+ For the precedingqn~zi , zj !, because

Srn 5 EF 2

hm K1
2S xi 2 xj

h
DG

5
2

hm EEK1
2S x 2 v

h
Dp1~x!p1~v! dxdv

5 2EK1
2~u! duEp1

2~x! dx1 o~1! 5 s2 1 o~1!, (A.33)

by Lemma 1, [s2 5 Srn 1 op~1! 5 s2 1 op~1!+ n

Proof of Theorem 2. Similarly to Theorem 1, we can show that

Wn 5 W1n
* 1 op~1!, (A.34)

where W1n
* is defined similarly toW1n in ~A+4! except u0 is replaced byu*+ The

kernel for W1n
* is defined similarly to that in~A+5!+ Under the alternative, we have

Srn 5 2E @Jn~zi , zj !#

5
1

hl1m E
K1S x 2 v

h
DK2S y 2 u

h
D

f ~ y6x,u* !
p~ y, x!p~u, v! dydxdudv

2
1

hl1m E
K1S x 2 v

h
D

f ~ y6x,u* ! FEK2S y 2 u

h D f ~u6v,u* ! duGp~ y, x!p1~x! dydxdv

5
1

hl1m E K1~u!K2~v!

f ~ y6x,u* !
p~ y, x!p~ y 2 hv, x 2 hu! dydxhldvhmdu

2
1

hl1m E K1~u!

f ~ y6x,u* ! FEK2~v! f ~ y 2 hv6x 2 hu,u* !hldvGp~ y, x!p1~x! dydxhmdu

5E p~ y, x!

f ~ y6x,u* !
p~ y, x! dydx2E f ~ y6x,u* !p1~x!

f ~ y6x,u* !
p~ y, x! dydx

5 EF p~ yi , xi ! 2 f ~ yi 6xi ,u* !p1~xi !

f ~ yi 6xi ,u* !
G1 o~1!+ (A.35)
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Therefore by Lemma 1,

Wn 5 W1n 1 op~1! 5 Srn 1 op~1! 5 EF p~ yi , xi ! 2 f ~ yi 6xi ,u* !p1~xi !

f ~ yi 6xi ,u* !
G1 o~1!+ (A.36)

n

Proof of Theorem 3. Similarly to previous proofs, under the local alternatives~3+5!,
we have

Wn 5 W1n 1 op~1!+ (A.37)

Expanding the following term as a function ofdn arounddn 5 0, we have

Q3n [
1

n~n 2 1! (
i51

n

(
j51
jÞi

n 1

hl1m K1S xi 2 xj

h
D

3

K2S yi 2 yj

h
D2EK2S yi 2 y

h
D @ f ~ y6xj ,u0! 1 dn l ~ y, xj !# dy

f ~ yi 6xi ,u0! 1 dn l ~ yi , xi !

5 W1n 2 dn5 1

n~n 2 1! (
i51

n

(
j51
jÞi

n 1

hl1m

l ~ yi , xi !K1S xi 2 xj

h
D

f 2~ yi 6xi ,u0!

3 FK2S yi 2 yj

h D2EK2S yi 2 y

h D f ~ y6xj ,u0!dyG6
2 dn5 1

n~n 2 1! (
i51

n

(
j51
jÞi

n 1

hl1m

K1S xi 2 xj

h
D

f ~ yi 6xi ,u0!
EK2S yi 2 y

h
D l ~ y, xj ! dy6 1 o~dn!

[ W1n 2 dnQ4n 2 dnQ5n 1 o~dn!+ (A.38)

Thus

Wn 5 Q3n 1 dnQ4n 1 dnQ5n 1 o~dn!+ (A.39)

Noting that under the local alternatives~3+5!, the true conditional distribution is
f ~ y6x,u0! 1 dn 3 l ~ y, x!, similarly to the proof of Theorem 1, we can show that

nh~l1m!02Q3n
d
&& N ~0,s2!+ (A.40)
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Similarly to the proof thatQ1n 5 Op~n2102!, we can show thatQ4n 5 Op~n2102!+ For the
kernel ofQ5n,

Srn 5
1

hl1m E3 K1S xi 2 xj

h
D

f ~ yi 6xi ,u0!
EK2S yi 2 y

h
D l ~ y, xj ! dy4

5
1

hl1m E
K1S x 2 v

h
D

f ~ y6x,u0!
EK2S yi 2 u

h
D l ~u, v! du

3 @ f ~ y6x,u0! 1 dn l ~ y, x!# p1~x!p1~v! dydxdv

5
1

hl1m E K1~u!

f ~ y6x,u0!
EK2~w! l ~ y 2 hw, x 2 hu!hldw

3 @ f ~ y6x,u0! 1 dn l ~ y, x!# p1~x!p1~x 2 hu! dydxhmdu

5E l ~ y, x!p1
2~x!dydx1 dnE l 2~ y, x!p1

2~x!

f ~ y6x,u0!
dydx1 o~dn!

5 dn EF l 2~ yi , xi !

f 2~ yi 6xi ,u0!
p1~xi !G1 o~dn!, (A.41)

where* l ~ y, xi !dy 5 0+ By Lemma 1, we have

Q5n0dn
p
&& EF l 2~xi !

f 2~ yi 6xi !
p1~xi !G . 0+ (A.42)

If dn 5 n2102h2~l1m!04, then

nh~l1m!02dnQ4n 5 h~l1m04!n2102Q4n
p
&& 0, (A.43)

nh~l1m!02dnQ5n 5 Q5n0dn
p
&& EF l 2~ yi , xi !

f 2~ yi 6xi ,u0!
p1~xi !G . 0+ (A.44)

Hence,

nh~l1m!02Wn
d
&& NSEF l 2~ yi , xi !

f 2~ yi 6xi ,u0!
p1~xi !G ,s2D, (A.45)

Tn
d
&& N ~m,1!+ (A.46)

n
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