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In this article we give some results on the preservation of orderings between the
components under the formation of coherent systems with different struciiees
consider the stochastitailure rate reversed failure rateand likelihood ratio or-
derings to compare two coherent structures formed from a set of components and
from two sets of component® both casesvhen components are independent and
either identically distributed or not necessarily identically distribufedla conse-
guence we get new stochastic comparisons of systems with diffekenit-of-n
structuresand some results of partial orderings given by other authors may be also
obtained from ours

1. INTRODUCTION
There are several ways in which one can assert that a random varabl& is
“greater” or “smaller” than anotherv Y; for instance stochasticfailure rate re-
versed failure rateand likelihood ratio orderingsvhich play an important role in
reliability theory

In the literature most of authors have studied stochastic comparison between
two coherent systems with the same structure amplarticular k-out-of-n systems
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A k-out-of-n system is a system withcomponents which functions if and only
if at leastk of the components functiofi.e, it works as long as at most — k
components have failedn particularthe parallel and series systems are 1-ouirof-
andn-out-of-n systemsrespectively

If X; is the lifetime to theth componenti = 1,2,..., n, the survival function of
thek-out-of-n system is the same as that of {lme— k + 1) st order statisti®,_y+1.n
from this set ofn random variablesi.e., 7, = X,—k+1.n), SO the study of order
statistics is also of interest for comparing the aging of these systems

In this context most of the results are devoted to the preservation of some
aging ordering between independent and identically distribditéd.) compo-
nents under the formation of systems with the sakaeut-of-n structure For in-
stance convex transformstar and superadditive orderings are studied in Barlow
and Proschan3], dispersive ordering in Bartoszewi¢#], Parzen ordering in
Alzaid and Al-Osh[1], and likelihood ratigfailure rate and stochastic orderings
in Singh and Vijayasreg20].

FurthermoreChan et al[9] obtained a preservation of the likelihood ratio or-
dering between independent and not necessarily identically distributed components
under the formation ok-out-of-n systems

Also, as can be seen in Nanda et[dl6], the likelihood ratio ordering is pre-
served under the formation of certain coherent systems withé¢omponentsand
Lynch et al [15] and Nanda et a[16] give sufficient conditions to comparia the
failure rate and reversed failure rate orderingpstems formed from two sets of
independent components and the same coherent structure

Recentlythe study of partial orderings between coherent systems with different
structures has been of increasing interast] in particular betweerk-out-of-n and
[-out-of-m systemswhich allows us to design more reliable systems

For instanceRaqgab and Amif17] compare in the failure rate and likelihood
ratio orderingsk-out-of-n andl-out-ofim systems formed from a set af.d. com-
ponentsand Khaledi and Kochad 3,14] show the preservation of the stochastic and
dispersive orderings betwekfout-of-n andl-out-of-msystems formed from a set of
i.i.d. components

Likewise some authors have studied stochastic comparisons between the life-
times of some kinds df-out-of-n systems formed from a set nindependent com-
ponents and not necessarily identically distributedhis setting Boland et al[8]
proved that given two systems kfout-of-n type formed by the same number of
componentsit is greater in the stochastifailure rate and reversed failure rate
orderings which support more failuréghe last two results were proved by Boland
etal [7] and Block et al[5], respectivelywhen components are absolutely contin-
uous Concerning the failure rate ordeBoland et al[7] proved that if one of the
lifetimes which form ak-out-of-n system is greate(in this ordey than the remain-
ing, then the lifetime of thé&-out-of{n — 1) system that results from eliminating this
component is smaller in the failure rate order than the lifetime of the irki@lt-
of-n systemThey also gave a similar result but assuming that one of the lifetimes is
smaller than the remaining in the failure rate or@ock et al [ 5] proved that if one
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of the lifetimes that form &-out-of-n system is smaller than the remaining in the
reversed failure rate ordehen the lifetime of thék — 1)-out-of(n — 1) system that
results from eliminating this component is gredtarthis ordej than the lifetime of
the initial k-out-of-n system Hu and He[11] showed that &-out-of-n system is
smaller than &k — 1)-out-of{n — 1) system in the failure rate order and greater than
ak-out-of{n — 1) system in the reversed failure rate order

The main objective of this article is to study when one ordering between the
components is preserved under the formation of coherent systems with different
structuresin this way we discuss the following two cases

(i) Two coherent systems formed from a set of independent components with
lifetimes X = (X4,..., Xp)

(i) Two coherent systems formed from two sets of independent components
with lifetimes X = (Xy,..., X,) andY = (Y4,...,Yy)

when the components of each set are either identically distributed or not necessarily
identically distributed

In Section 2we give the definitions and technical results which will be used in
the following sectionsIn Sections 3—fwe show the comparison results in the
stochasticfailure rate reversed failure rateand likelihood ratio orderingsespec-
tively. These results allow us to establish new comparisonk-fart-of-n systems
and some former preservations of other authors mentioned for coherekioartd
of-n systemsmay be obtained from ours

2. PREVIOUS RESULTS

Let us recall the definitions of some orderings which can be found in the above
references and that will be used in the remainder of the article

Let X andY be the lifetime of two components.e., nonnegative absolutely
continuous.v.’s), with lifetime distributionsF andG, respectivelyf andg are their
probability density functiongespectivelylt is said thatX is smaller tharY in the
stochastic orderingX =, Y, if

F(x) = G(x) forallx=0, (2.1)

whereF (x) =1 — F(x) andG(x) = 1 — G(x) are the reliability functions oX and
Y, respectively
It is said thatX is smaller tharY in the failure rate orderingk =g, Y, if

r(x) =q(x) forallx=0, (2.2)

wherer (x) =f(x)/F (x) andg(x) = g(x)/G(x) are the failure rate functions ¥fand
Y, respectivelyand it is said thaX is smaller thanY in the reversed failure rate
ordering X = Y, if

f(x) =dq(x) forallx=0, (2.3)

wherer(x) = f(x)/F(x) andq(x) = g(x)/G(x) are the reversed failure rate func-
tions of X andY, respectively
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Likewise, itis said thaiX is smaller tharY in the likelihood ratio orderingX =<,
Y, if

f(x
_gEX; is a nonincreasing function of for all x = 0. (2.4)

The relationships among these orderings are shown in the following diagram

(seg e.g., Shaked and Shanthikumft9]):
X<, Y=>X=,Y

O O
X=4Y=X=4Y,

so all of these orderings allow one to determine that components with lifétemne
more reliable than components with lifetinXe

Throughout this articleve will considerX = (X4,..., X,) andY = (Y4,...,Ym)
the lifetimes of two sets of independent compongatslF;, G;, f;, g;, ri, ¢, f;, and
g; will denote the distributiondensity failure rate and reversed failure rate func-
tions ofX; andY;, respectivelyLikewise we will useh;(X), ho(Y), 7 n, andry, , for
denoting the lifetime of the coherent akebut-of-n systems formed fronX =
(Xg,...,Xn) andY = (Yy,...,Yn), respectively In addition we will write aq to
represent the-dimensional vectota,, as, ..., ag).

First, we give a lemma which will be useful in the remainder of this article

Lemma 2.1: Letl,i =1,2,...,n, be independent indicator random variables (i.e.,
binary r.v.’s which only can take the valuér 1). Then,

(29

(i)

is decreasing in k

and are increasing in k,

and are decreasing in k.
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Proor: Part(i) is Eq (6) of Samuelg 18] and is also a consequence of a result of
Karlin [12].
On the other hanchote that first affirmation of pari) is equivalent to

P<iilli2k) P(iilhzkﬂ)

so it is sufficient to prove that

p(éh = k+j) P<§n,1li =k+]j +1>

which follows from part(i) of the lemmaThe second affirmation of pafii) can be
obtained from the first one pivoting on thth component
Analogously we obtain partiii) by taking into account that

which holds due to pat) of the lemma n

forallj=0,1,...,n—k—1,

e

forallj=12,...,k

3. STOCHASTIC ORDERING

The following theorem shows the preservation of the stochastic order under the
formation of coherent systems with different structures

THEOREM 3.1: LetX = (Xy,...,X,) andY = (Yy,...,Y,y,) be the lifetimes of two sets
of independent components andh,) and h(p|,) be the reliability functions of
two coherent systems with n and m componeaspectivelysuch that

hl( pl,-”, pn) = hZ(pl,---’ pm) fOf a” (pl’---’ pmax(n,m))- (31)

Xi=4Y; foralli=1,...,min(n,m), (3.2)

then h(X) =4 hy(Y).
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Proor: First suppose that = m. Using Egs (3.1) and(3.2) and the fact that the
reliability function of a coherent system is increasing in each argumenget

Fr,oo (1) = hy(Fy(t),..., Fy(1) = hy(Gy(1),...,Gy(1))
= hy(Gy(1),...,Gn(t)) = GhZ(Y)(t),

sohy(X) =g hy(Y).
Now suppose that > m. Then we have that

Fhyo0 (1) = ha(Fi(1),..., Fo(1) = ha(Gy(1),..., G(t), Frnra(t), ..., Fi(1)

= hy(Gy(t),...., Ginl1) = Gy (D). u

In the next corollarywe prove that &-out-of-n systemwhich has more reliable
componentssupports more failures and needs less working components because the
system performance is more reliable than other systdrich has less reliable com-
ponentssupports less failureand needs more working components for the system
performance

COROLLARY 3.2: Let (Xy,...,X,) and (Ys,...,Y) be the lifetimes of two sets of
independent components such that=x, Y, for all i = 1,...,min(n,m). Then,
Tkn =at7m fOrall =k n—k=m-—1.

Proor: From Theorem 3, it is sufficient to prove that
hk,n( pl, LR pn) = hI,m( pl’ ey pm) fOf a” ( ply [EXE] pmax(n, m)) (33)

wherehy , is the reliability function of &-out-of-n system
Let

0 ifX <t,

fori=1,...,n
1 otherwise L

X (t) :{

be an independent indicatov.rof the state of théth component at any timte then
P(X;(t) =1) = F(t). From the definition of &-out-of-n systemEq. (3.3) is equiv-
alent to

P(iX(t)zk)sP(ﬁX(t)zl). (3.4)

If n = m, we have that

P(}n‘lxi(t)zk> sP(i Xi(t)2k> sP(iX(t)zl) foralll =k

i=1 i=1
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If n> m, we takea = n — m > 0 and the conditiom — k = m — | may be
rewritten ad = k — a. On the other handt is easy to see that

<2x(t)>k><P(nElxa)>k 1) (3.5)

i=1 i=1

because it is the same as
n—1 n—1 n—1
F‘n(t)P<2 X (t) = k—1> + Fn(t)P(E X (t) = k) = P<2 X (t) =k— 1>;
i=1 i=1 i=1
that is
n—1 n—1
P<2 Xi(t) = k) = P<2 Xi(t) = k—1>.
i=1 i=1
Therefore from Eg (3.5) andl = k — a, we obtain

<2X(t)>k><P<nZaX(t)>k a><P<2X(t) ) u

Remark 3.1:Khaledi and Kochaf13] showed the above corollary when compo-
nents are independent and identically distributagbarticular forn=m, k=1, and
i.i.d. componentsTheorem 33 of Singh and Vijayasrel0] is obtained

4. FAILURE RATE ORDERING

First, we consider a set of independent components with lifetifxgs.. ., X,) and
we establish comparisons in the failure rate ordering between two coherent systems
with different structures formed from this set of components

THEOREM 4.1: Let X,,..., X, be the lifetimes of n independent components, and
let hy(pjn)) and hu(p;m) be the reliability functions of two coherent systems with

n=m.lf
1 oh
) P (Pnp) = Moo 79 ap. (p\m‘) foralli =1,...,m, (4.1)
then h(X|n) = hi(Xg,..., Xn) =g ha(Xy,..., Xin) = ho(X ).

Proor: The failure rate functiomh(x) of a coherent system witlhcomponents and
reliability functionh(ps,..., p,) is given by

oh
Thoo (1) = Z ()[——( ) (4.2)

h(p) ap; L—(Flm ..... Fat)

whereF; andr; are the survival and failure rate functigmespectivelyof its com-
ponentgsee Boland et a[7]).
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Note that each term in E@4.2) is nonnegativeso from Eq (4.1), there results

. [P 3h1
Mhyox (1) = 2, 1i(t) (Pin )]
PaXin) .:21 | ha(ppn)) 9Py Pin Pin=(F1(), ... Fo(t)
o [P dah,
=2, ri(t) (Pin )]
; | ha(piny) Py Pin Pin =D, ()
i [P 8h2
=2, ni(t) ( m)}
g | h2(Pjmy) P Pimi Py = (Fo(D), .., Fn())
= Thy(x o (D) .

In particular we establishin the next corollarythe comparison in this order
between two systems with different structlreut-of-n, given by Theorem 3 of
[7], and we give an extension of their Theorem §7] in Corollary 43, which
coincides with Theorem(&) of [11].

COROLLARY 4.2: Let X, X,,..., X, be the lifetimes of n independent components.
Then,7n =¢ 7 foralll =k

Proor: Letusseethai ;= 7« n. From Theorem4, itis sufficient to prove that
Eq. (4.1) holds withh; = hy, 1 , andh, = hy .. Using the notation of the proof of
Corollary 32 and taking into account that

oh n i
Bl (Saui)
p; p=(EL(t),..., Fa(t) j#i

Eqg. (4.1) is rewritten as

P<ixj(t):k> P(ixj(t)=k—l>

j#i j#i
P<ixj(t)zk+1> P(ixj(t)zk>
j=1 j=1

which was proved in pai(i) of Lemma 21. |

CoroLLARY 4.3: Let X, X,,..., X, be the lifetimes of n independent components.
Then 7 n <g Tk-1,n-1-

Proor: From Theorem 4, it is sufficient to see that Eq4.1) holds withh; = hy
andh, = hy_; ,_;; thatis

P<ixj(t) = k—1> P(nZlXj(t)=k—2>

j# jFi

P(}n:Xj(t)zk> P<nZlXj(t)2k—1>
=1 j=1
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Finally, the above expression can be obtained pivoting omthecomponent
and using partii) of Lemma 21. u

In general the next result shows the comparison in the failure rate order be-
tween systems with differeftout-of-n structuresNote that Ragab and Amii7]
obtained the next corollary foriid. components

CoROLLARY 4.4: Let X, X,,..., X, be the lifetimes of n independent components
and m=n. Then,r , =4 7., foralll =k suchthatn-k=m-—1.

Proor: Takinga=m-—n=0, conditionn—k=m-— | may be rewrittenals=k—a.
Then from Corollaries 2 and 43, we get

7-kn—fr'rk an-a _ Tk— am—frTIm
foralll =kandn—k=m-—1. u
In the case of two sets of independent components with lifetiffes . ., X,,)
and(Yy,...,Yy), respectivelywe give sufficient conditions under which the order-

ing between the components with respect to the failure rate is preserved under the
formation of two coherent systems with different structures

THEOREM 4.5: LetX = (Xy,..., X,) andY = (Ya,...,Y,) be the lifetimes of two sets
of independent components and lgtg, ) and h(p ) be the reliability func-
tions of two coherent systems wittenm. Suppose that

1 1 oh,
m oD, (p‘n‘) —h2(p\m\) D (Pjm)) foralli=1,. (4.3)
and
. Pi ahl i pi
g hp ) P (Pin) O z—hz(p\m\) P (p‘m|) is decreasing in each,p (4.4)

If Xi = Yjforalli,j=1,...,m then h(X) =g hy(Y).
Proor: Using Eq (4.2), we have that

Py (1) Z_Zmri(t)[ 1(pi‘n|) o, (p”)]pn—@(t) ..... Fu(0)
Zi m|n r(t)Z[ 1(p\n\) Z;l( nl)]pn(Flm ,,,,, Fn(0)
=, hax q'(t 2[ 1(p|n|) ?92.1 (pnl):|pn—(lfl(t) ..... Fa(t)
= éq( )[hz(;m) (;;2 (plm)]pm@lm <<<<< Cm(®)
= On,on) (1),
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where the third inequality follows fronX; = Y; for all i,j = 1,...,mand the last
inequality is deduced from this last conditidfgs (4.3) and(4.4), and the relation-
ship between orderingsy, = =g u

In particular we obtain in the following corollary Theorem 3 of [15] and
Theorem 16B.1 of [6] on the preservation of the failure rate order under the forma-
tion of k-out-of-n systems

COROLLARY 4.6: Let(X,...,X,) and(Y4,...,Y,) be the lifetimes of two sets of n
independent components such thatt Y foralli,j=1,...,n. Thenn , =g 7 n.

Proor: Takingn=mandh,; = h, = hy ,in Theorem 45, it is sufficient to prove that

oh,

- Pi :
2 kn(pl, ,pn) api (pl""’pn)

is decreasing in eaqh, which results from Theorem 4 of Esary and ProsdHdn.
[ ]

Remark 4.1:From Corollaries 4 and 46, we get that ifX; =g Y, for all i,j =
1,...,m then

!
Tk,n Sfr Ti,m

forallm=nl=kandn-k=m-—1.

5. REVERSED FAILURE RATE ORDERING

Concerning the reversed failure rate ordeyiwg obtain the following results

THEOREM 5.1: Let Xy, X,,..., Xi,be the lifetimes of m independent components, and
hy(pyny), ho(pymy) the reliability functions of two coherent systems witkem. If

1—hy(pn) ap: (p|m\) foralli=1,...,n (5.1)

(p\nl) 1- hz(p\m\) apl

then h(X|n) =i ho(X|m)).

Proor: It is easily seen that the reversed failure rate funcfigp, of a coherent
system with reliability functiorh(p,..., p,) is given by

Phoo (1) = Er(t){——( ) (5.2)

1—h(p) ip, ]p—(ﬁlm ..... CR

whereF, andr; are the survival and reversed failure rate functions of its components
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Using the above resyithatm = n, and Eq (5.1), we get

P oh
i At)—Zr(t)[— (pn>]
aXiny) L= hPin) a0 o= Euten )
PR (Pm)}
2 [1 hz(p\m|) P i Py = (F1(D), ., (1)

= Ty, (1) u
As a consequence of the last theoreve obtain the following two corollaries
where the first one is Theoreml4of[5] and the second is Theorenikl of [11].

COROLLARY 5.2: Let X, X,,..., X, be the lifetimes of n independent components.
Then,r =i 7.n foralll =k

Proor: From Theorem &, we only need to see that E&.1) holds withh; =hy 1 ,
andh, = hy ,; that is that

P(ixj(t):k> P(ixj(t)qu)

j#i j#i

P(éxj(t)<k+l> P(ixj(t)<k>
j=1

j=1
which was proved in pair(ii ) of Lemma 21. |
CoroLLARY 5.3: Let X, X,,..., X, be the lifetimes of n independent components.
Then,TK n—1 =rf Tk n-

Proor: Using Theorem 3, it is sufficient to prove that Eq5.1) holds withh; =
hy n—1 andh, = hy ; that is that

P(HE:lxj(t) = k—1> P(ixj(t) = k—1>

j#i

=— . (5.3)
P<2Xj(t)§k—1> P<2Xj(t)sk—1>
j=1 i=1

Note that Eq(5.3) is equivalent to

P(Elxj(t) = k—1>{ﬁn(t)P<n§xj(t) =k-— 2)

j#i i=1
+ Fn(t)P<nElxj(t) =k-— 1)]
=1
= P<n§xj(t) =k-— 1>[|fn(t)P<n§xj(t) =k-— 2)
i=1 ji

+ Fn(t)P<nElXj(t) = k—l)],

j#
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which holds if and only if

P(ni X;(t) = k—1> P<nj xj(t)zk—2>

j#i J#i

P(nzlxj(t)Sk—l> P(nElXj(t)sk—2>
=1 j=1

Finally, the above inequality follows from patfiii ) of Lemma 21. u

In general the next result shows the comparison in the reversed failure rate
order between systems with differéibut-of-n structuresthe proof of which is
immediate from Corollaries.8 and 53.

CoRrOLLARY 5.4: Let X;, X,,..., X, be the lifetimes of m independent components.
Then,r n =i 7. foralln=mandI= k.

In the case of two sets of component& obtain the next results

THEOREM 5.5: Let(Xy,...,X,) and(Y;,...,Y,,) be the lifetimes of two sets of inde-
pendent components and lg( ) and h(p;m) be the reliability functions of two
coherent systems with mn. Suppose that

M= M foralli=Lean (54)
1-— hl(p\n\) Bpl p\n\ 1— hz(p‘m‘) apl p\ml ey .
and
. _1-p oh
Z 1(p\n\) apl (p\n\)o 2 ‘11— hz(p\m\) ap, (plm\) (55)

is increasing in each;p
If X; =Y, foralli,j=1,...,n, then h(X) = hy(Y).

Remark 5.1:Theorem 3L of [16] is a particular case of our Theorenb5vhen
n=m, h; = h,, andY; =g Yforalli =1,.

Likewise, we have the next corollary on the preservation of the reversed failure
rate ordering under the formation kfout-of-n systems

COROLLARY 5.6: Let(Xy,...,X,) and(Yy,...,Y,) be the lifetimes of two sets of n
independent components such thatst Y foralli,j=1,...,n. Then,r , = 7¢ .

Proor: Takingn=mandh; = h, = hy ,in Theorem 5, we only need to show that

n 1 - pi 8hKn
( PR pn)
Z::Ll_hk,n(plv--,pn) api !
is increasing in each;, which results from Theorem 3 of [16]. u
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Remark 5.2:From Corollaries 3 and 56, if X; = Yjforalli,j=1,...,n, then
Tion =rf TI/,m

foralln=mandl =k

6. LIKELIHOOD RATIO ORDERING

Let us consideXy, X,,..., Xs to be the lifetimes of a set (findependent compo-
nents(s = nors= m) andhy(py, P2, ..., Pn) andhy(p4, Po,..., Pm) to be the relia-
bility functions of two coherent systems withand m componen'r,srespectively
Now, we study sufficient conditions under whibh( X, ..., X,) =i ho(X4,..., Xy).

THEOREM 6.1: Let X,,..., X, be the lifetimes of n independent components and let
hy(p;n) @and he(p;m) be the reliability functions of two coherent systems withm.
Suppose that

oh
2<p‘m|>
isincreasingint0i =1,...,m, (6.1)
ah1
(plnl)
ahl ahl . P
(plm\) o (Pn) = (p\m\) (p\n\) Oi<j,i,j€{1,...,m}, (6.2)
]
d /oh oh oh oh
dt<apf<pm|>> 1<p|m> (apf <p|m)> 1(%)
d /oh; oh, d (ah1 >ah2
= ( n) ( m) ( n) ( m)a
<8p. Pin| >ap, Pim| an, Pin| ap, Pimi
Oi <j,i,je{,...,m} (6.3)
and
oh
—2 (p\m\)
o isincreasinging Oj=1,....manddi=m+1,...,n, (6.4)
l
(P\n\)

with pjn = (Fa(t),..., Fa(t)) andpjm = (Fa(t),..., Fu(t)).
If

Xi=py Xy =y Xo= - = X, Oi=m+1...,n, (6.5)

then h(Xy,..., Xn) =i ha(Xy, ..., Xpn).
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Proor: From the definition of the likelihood ratio order given by E@®@.4)
hi(Xq,..., Xn) =i ha(Xy,..., Xy,) if and only if
il oh, _ _
> i a—? (Fy(0), .., Fn(t))
_n is increasing irt.
2 fi( 8—1 (Fa(t)...

(6.6)
5 Fa(t))

Now, we denotef; = f; (E), a; = a;(t) = (ah,/ap;) (F4(t)
bi (t) = (ah1/ap;) (Fa(t)

D (Fi(t),...,Fq(t)), andb, =
Fn(1)), so Eq (6.6) is rewritten as
Z a fi

5 is increasing irt. (6.7)
Shf,

Assuming that second partial derivativeshgfand h, exist and components
have derivable densitiegq. (6.7) holds if and only if

[E @fi+a fi')](E b fi> + [2 (afi+a fi,):|< > b fi)

i=1 i=1 i=1 i=m+1
= [E (b fi + by fi')](E a fi> [
i=1 i=1

+] X (bifi+b fi')](E a fi)?
i=m+1 i=1
that is
E Z(afb —ab) + E(ai by —ba)(fi'f—f )
i=1 i<j
+ > fifi(ajb,—bja +ab —ba) + 2 Eff (byaj —bla)
i<j i=m+1j=
+ 2 Dba(fiff —ff)
i=m+1lj=1
= 0.

(6.8)
Letus see now tha = 0fori =1,2,...,5, whereT, is theith term of Eq (6.8).
Note thatT;, Ts, and T, are nonnegative due to Eg$%.1), (6.3), and (6.4)
respectivelyOn the other handrom Eqgs (6.2) and(6.5) results T, = 0, and using

the fact that reliability functions are increasing in each argunveaget thafl; = 0
from Eq (6.5).

|
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Analogouslywe obtain the following theorem when= m.

THEOREM 6.2: Let X, X,,..., X, be the lifetimes of m independent components
and let h(p,n) and h(p|m) be the reliability functions of two coherent systems with
m = n. Suppose that the following conditions hold:

(i) Equation (6.1) for all i=1,2,...,n.
(i) Equation (6.2) for alli<j,i,j €{1,2,...,n}.
(iii) Equation (6.3) for alli<j,i,j €{1,2,...,n}.
(iv) Equation (6.4)foralli=1,...,nandj=n+1,...,m.

If Xl Sir X2 S Sy Xn =i va Dj =n+1L....m then h.(xl,---vxn) =y
ha(Xy,. .0, Xim).

The next corollary shows that Theorem 4 of Bapat and Kof&las a particular
case of Theorem.f, as well as the likelihood ratio ordering given by Ragab and
Amin [17] for i.i.d. components

CoROLLARY 6.3: Let X, X,,..., X, be the lifetimes of n independent components. If
X =, X; foralli <j,thenr, ,=, 7 foralll =k

Proor: From Theorem A, we only need to show that Eg&.1), (6.2), and(6.3)
hold withn=m, h; = h, 1 ,, andh, = hy ..
First note that Eq(6.1) is equivalent to

P<ixj(t) = k—1>

j#i

is increasing irt,

P(ixj(t)=k>

J#i

which follows from Eq (7) of Samuelg§18].
On the other handEq, (6.2) holds if and only if

P(ix.(t) = k—1> P<iX.(t)=k—1)

1#i 1]

(6.9)

P<ix.(t) = k) i P(ix.(t) = k)

1#i 1]

foralli <j,i,j € {1,2,...,n}. Pivoting the above expression on tit andjth
components and simplifyingve have that E((6.9) is equivalent to

(Rt — ﬁ(t))P<l2_ Xi(t) = k) P(.E- X,(t) =k — 2>
#i,] #i, |

s(ﬁ-(t)—ﬁ(t))(P( > X.(t)=k—1>>,

1%,
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which holds for alli < j because of paii) of Lemma 21 and the given condition
Xi = X;, Oi <], using the fact that likelihood ratio ordering is stronger than sto-
chastic ordering

Note that Eq(6.3) is rewritten as

2 2

h, h,
(pw)Efl(t) (p\m|)+ (p\nl)Efl(t) (plm\)

|1 #i | #j

§ T (p‘m‘)E fi(t ) (p|n| (plm\)E fi(t ) (p\n\)

1#i 1#]

so it is sufficient to see that

P(ixs(t) - k)[P( 2 X (1) =k— 2) — P( 2 X (1) = k—1>]
S#j S#i, | Ss#i,]

o(3 0 - )fp( £ 00 01) o £ 1004
S#j S#i, | S#i, j
(6.10)

and

p@xsm - k>[p< » Xs(t)=k—2> _p( » xsm:k_l)]
S#j s#i, | s#i, |

= P@Xs(t) = k—l)[P< > X(t) = k—1> - P( > X.(t) = k)]
S#i s#J, 1 s#j, |
(6.11)

foralli,j,l €{1,...,n}with | #1i,].

Finally, Eq. (6.10) is obtained pivoting on theh component and using pdi}
of Lemma 21. Likewisg Eq. (6.11) is proved pivoting on théth or jth component
and using parti) of Lemma 21. [ ]

Let us see now some results for the case of two sets.df componentsand
then we study comparisons when components are independent but not necessarily
identically distributed

THEOREM 6.4: Let hy(p) and hy(p) be the reliability functions of two coherent sys-
tems with n and m componentsspectivelysuch that

hi(p) _ hs(p)
hi(p)  hi(p)

and h with i = 1 or 2 verifies that there exists & [0,1] such that

for all p € [0,1] (6.12)
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PP
D
a-ph(p .

(i) Tp) is decreasing and negative for allg (a,1].

is decreasing and positive for all@ [0, a),

If X =<, Y, then h(X) =, hy(Y).

Proor: Using a similar development to the proof of Theoreh @ [16], it is easy
to get thath;(X) =, h,(Y) if and only if

g(Hhz(G(1)  F(Hhy(F(1) _

The first term of the above expression is nonpositive due to the facKtlaty. The
nonpositivity of the second term is obtained using the inequalities

g GO (GM) _ f(t) FHhI(F(t)
G() hyG(t) — F@) hi(F()

whenp < a, and

g GHhz(G(1) _ f(t) FOhI(F(1)
G(t) hyG() — F@t) hi(F()

whenp > a, which follow from Eq (6.12) and conditiongi) and(ii), respectively
using the fact that the likelihood ratio ordering is stronger than the failure rate
reversed failure rat@nd stochastic orderings |

Theorem 23 of[16] is a particular case of our Theoren#6or n = mandh, =
h,. Note that Theorem.3 of [16] is valid only when the reliability functiom is
convex and therefore cannot be applied to geremlt-of-n systemgonly to series
systemg However as a consequence of the last thegrem will prove in the next
corollary the preservation of the likelihood ordering under the formatidkait-
of-n systems with different number of components and failures suppdrtedhat
we take into account that the density and survival functionslebat-of-n system
with i.i.d. components are given by

Fron( = Bena(F(1) and f, (1) = by n2(F(0)) (D), (6.13)
whereB; ¢ is the beta distribution witlir,s) parameters ant, s(x) = [I'(r + s)/

I'(r)I'(s)]x"~1(1— x)s* represents its density functigsee Barlow and Proschan
[3]), and the next lemma whose proof is obvious
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LeEmMA 6.5: The following items hold:
(i) If w, sis the function defined by
W, s(u) =u"(1—u)>" forallue€[0,1]

then w ¢ is a decreasingincreasing function of u or(0,1) forallr =(=) 0
andr=(=)s.
(i) by, s (X)/b; s(x) is increasing in x for all =r'" and s= s'.

CoROLLARY 6.6: If X = Y, thenr, , =, 7 ,foralll =k n—k=m-—1.

Proor: Using Theorem 8}, it is sufficient to show that Eq6.12) and itemgi) and
(i) of Theorem & hold withh; = hy , andh, = h; . First, it is easy to check items
(i) and(ii) of Theorem 64. On the other handising Eq(6.13), we have that Eq6.12)
is rewritten as

by n—k+1(P) - B mei+1(p) .
By n—k+1(P) by m-1+1(P) ’

that is

(Inbenkr1(P) = (INby - 2(P)"
Thus Eq. (6.12) is equivalent to

Ben-icra(P) is increasing im.
B, m-1+1(P) ’
which holds for alll = k, n — k = m — | using part(ii) of Lemma 65. u

Remark 6.1:In particular Theorem 3L of[20] is obtained from Corollary .6 tak-
ingn=mandl = k.

In the rest of the articlewe study comparisons with respect to the likelihood
ratio ordering between two coherent systems formed from two sets of independent
but not necessarily identically distributed components

THEOREM 6.7: Let(Xy,...,X,) and(Ys,...,Yy,) be the lifetimes of two sets of inde-
pendent components and(p;,) and h(q,n) be the reliability functions of two
coherent systems. Suppose that

a—hz( )
aq]' q\m\

is increasing in t (6.14)
ahy
Y (Piny)

foralli=1,...,n,j=1,...,mwithpp = (Fy(t),...,Fy(t)) andgm = (G1(1), ..., Gu(1)).
IfX; =, Yforalli=1...,nj=1,...,m then h(X) =, hy(Y).
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Proor: By definition of the likelihood ratio orderindn,(X) <, ho(Y) if and only if

j;l g;(t) % (Gy(t),...,Gu(1))

is increasing irt,
n ahl —_ —_

> fi(t) p (F1(t), ..., Fa(t))
i—1 Pi

so it is sufficient to see that

Mz (G4(0),...., Gu(1))
g() ag T
fi(t) oh,

Y (Fa(t), ..., Fa(1))

is increasing irt (6.15)

foralli=1,...,n,j=1,...,m
Taking into account that each term of the product is nonnegative and increasing

in t, due to the hypothesiX; = Y;,0i, ], and Eq (6.14), respectivelywe have
Eg. (6.15), and so the required result u

In the following corollary we apply Theorem .8 to show the preservation of
the likelihood ratio ordering under formation of two systems with diffetentut-
of-n structuresformed from two sets of independent and not necessarily identically
distributed components

COROLLARY 6.8: Let (Xy,...,X,) and (Y;,...,Y,) be the lifetimes of two sets of
independent components such thatsg Y foralli =1,...,n,j =1,...,m. Then,
Tkn =i Tim fOoralll =k n—k=m-—1.

Proor: From Theorem &, we only need to prove that E¢6.14) holds withh; =
henandh, =h yforalll=k n—k=m-—1.
First, note that Eq(6.14) is rewritten as

P<§:Ys(t)=l—1>

S#j

is increasing irt;

P(}n)xs(t) = k—1>

s#i

2 ) Gﬁl(t) GB|—1(t)GB|(t) GBm—:L(t)
(B1---»Bm-1)ESm -1

> Fo,(t) -~ F, ((DF, (1) - F, (1)

(@, eyan-1)ESh k1

is increasing irt
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with Srjn,l—lz'{(lgl,w-aﬁmfl) E{l,«-',m}_{j}13?< e <Prandp < - <
Bm-1 andS\ 1 ={(ay,...,an-1) E{L...,n} —{i}iay < - < g anday <
-« < ap_1}. Sq it is sufficient to show that

Gg, (1) --- Gy, ()G (V) --- G, (1)
Fo,() -« F, [(DF, (1) -~ F, (1)

is increasing irt (6.16)

forall (By,...,Bm 1) € Shi_1and(ay,...,an 1) € S 1, Whenl = kandn — k=
m-—1.
In fact Eq. (6.16) can be rewritten as
GBl(t) Gﬂl—l(t) Gﬁl (t) GBn—kH—l(t) GBn—k+|(t) GBm—1(t)
Fo (1) -« B (1) F(t) -+ Fy (1) Foy () -+ By (D)

and using the factthat, =, Yg is stronger than failure rate and reversed failure rate
orderingswe have that the first and second terms of this product are increasing in
and the third term is always increasing u

Finally, note that Theorem.3 of [9] is a particular case of Corollary&when
k=landn=m.
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