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Abstract. We exhibit an example of a continuous map of the interval of type 2°°, and
hence of zero topological entropy, for which the set of periodic points is not a G5 set. This
disproves a conjecture by Sharkovsky from 1965. Unfortunately, this conjecture has been
incorrectly quoted as a true statement by other authors in many papers and books.

1.  The Main Theorem and preliminaries

In the following, C(I,I) denotes the space of continuous maps of the unit compact
interval I. By the period of a periodic point we mean its smallest period. The w-limit
set of the trajectory of x € I is denoted by wy(x), and w(f) = Jfwr(x); x € I}is
the set of w-limit points of f. The set of periodic points of f is denoted by Per( f) and the
set of fixed points by Fix(f). Let A be the closure of a set A. If the periods of points in
Per(f) are the numbers 1, 2, ..., 2" then f is of type 2", and if the periods are all powers
of 2 then f is of type 2°°. A periodic point p is repelling if the derivative |Df"(p)| > 1.
A map f € C(I, ) is unimodal if there exists ¢ € (0, 1) such that f is strictly increasing
on [0, c] and strictly decreasing on [c, 1].

Let f € C({,I). If, for some n, f is of type 2" then clearly Per(f) is a closed set.
On the other hand, if f has a periodic point whose period is not a power of 2, then Per( f)
cannot be a G set. This was proved in 1965 by Sharkovsky [9]. The argument is simple.
For any such map f there is an n and a nowhere-dense perfect (i.e. compact, without
isolated points) set F such that f"|F is ‘almost’ conjugate to the shift. Consequently,
Per(f") is a dense countable subset of F' and hence, by the Baire theorem on complete
spaces, it cannot be a G5 set.

Sharkovsky [9] also conjectured that, for any function of type 2°°, Per(f) is a G set.
This conjecture was proved in 1968 by Sharkovsky himself [8] but his argument is false.
It is based on the assumption that a continuous function of type 2°° can have only countably
many infinite minimal sets, which is not true; a counterexample was given in 1989 by
Sharkovsky [7].
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However, in a series of papers and books (cf. [3, 4,10-12], for example) we find that,
forany f € C(I, I), the properties ‘the topological entropy is zero’ and ‘Per(f) is a Gs
set’ are equivalent. We show that this statement is false. In view of the above remarks it
suffices to prove the following.

THEOREM. There is amap f € C(I, I) with zero topological entropy such that Per(f) is
nota G set.

2. Proof of theorem

Let g be the Feigenbaum’s map (unimodal, of type 2°°, see [2] for its description). Let
J C I be the minimal compact interval containing the critical point ¢ = % of g such that
g(J) = J,andlet fy € C(I, I) be the map linearly conjugate to the restriction g|J. Define
by induction a sequence { f,,}°° , of maps in C(/, I) such that for any n:

(i)  fnis of type 2°°;

(ii)  fy is strictly monotone in a neighbourhood of any x € Per( f;,);

(iii)) Per(f,) is isolated and any point in Per( f;,) is repelling;

(iv) foranyu < vin Per(f;) thereisaz € w(f,)\Per(f,) suchthatu < z < v;

V) o(fu) = Per(fn);

Vi) wo(fa) D o(fu-1);

wiD) fulo(f) = frrtlo(f);

(Vi) [ fy — fur1 | < 1/2%;

(ix) forany x € Per(fy), Sn41(x) < 38,(x);

where §,, (x) is defined for any x as the distance of x from the set Per( f;;)\{x}.

Let fj be as above. It is well known that it satisfies (i)—(v). (For (i), (ii), (iv) and (v)
see [2] or [6], for (iii) see [13]; cf. also [5, p. 155].) Let @ be the unique fixed point of fj.
Assume by induction that f, is given. Now the idea is to let Per(f,+1) be the disjoint
union of small affine copies of Per( fy). Any such copy K intersects Per( f;,) exactly at one
point p, whose relative position in K is the same as the position of « in Per( fp).

By (iii), Per(f,) is countable so there is a sequence {p;}7°, in Per(f,) that contains
exactly one point from any periodic orbit. By (i), the period of p; is 2"(). By (iii) there is a
neighbourhood U; of p; such that f1(U)N £ (U;) # 0,0 <1 < 2" and0 < m < 2"/
imply i = j and/ = m. By (ii), forany i > O andany/ = 0,...,2"") — 1, there is a
compact interval Vil contained in the interior of f,f(U,-) and containing f,f (pi), with the
following two properties: all the intervals Vl.l, for a fixed i, have the same length, and the
point f!(p;) divides V! in the ratio o/ (1 — a).

Let £4.p : A — B denote the increasing linear bijection of closed intervals A, B.
Define the map fy,+1 : I — [ as follows:

oo 2D oo 2]
fet\U U fion=r\U U fw.
i=0 =0 i=0 =0

and
0
Jur |Vl = é]}vil ofoo éViO,I’

[
Jnt1lV; = gV/QV,‘Hl’
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for any i and any [ = 1,...,2"® — 1, where Vl.zn(l) = V,.O, and extend f,41 linearly
onto the whole of /. Then clearly f,4 satisfies the conditions (i)—(vii), with n replaced by
n+ 1. The conditions (viii) and (ix) will be satisfied if the intervals U; are taken sufficiently
small, which is possible.

Put f = lim,_, » f,. By (i) and (viii), the Block’s stability theorem [1] implies that f
is of type 2°°. Let P = UZO:() Per(f,), X = P,and h = f|X. Assume that Per(f) is a
G set. Then Per(h) is a G set and, consequently, both Per(h) = UZO:() Fix(h") and its
complement in X is an F set.

By (vi) and (vii), P C Per(h). Hence Per(h) is dense in X, and to finish the proof it
suffices to show that X\Per(%) is dense in X; this would imply that X is a first category set
contrary to the fact that X is complete. So let G be an open interval with G N X # ). Then
there is a # in P N G. By (ix), P has no isolated points, hence P N G contains a point v
different from u. We may assume u < v. By (v), (iv) and (vii) there is z € w(h)\Per(h)
such that u < z < v. This proves that G N X\Per(h) # @. O
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