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Abstract. We apply Thurston’s characterization of postcritically finite rational maps
as branched coverings of the sphere to give new classes of combination theorems for
postcritically finite rational maps. Our constructions increase the degree of the map but
always yield branched coverings which are equivalent to rational maps, independent of
the combinatorics of the original map. The main tool is a general theorem based on the
intersection number of arcs and curves which controls the region in the sphere in which
an obstruction may reside.

1. Introduction
Thurston has given necessary and sufficient topological conditions for a postcritically
finite branched coveringg of the sphereS2 to itself to beequivalent, or conjugate up
to isotopy rel postcritical sets, to a rational map. However, verifying that a given
branched coverg is equivalent to a rational map involvesa priori checking infinitely
many conditions—a topological obstruction is a family0 of disjoint, simple closed curves
up to isotopyrel P(g) with certain invariance properties, and there are often infinitely
many such candidates0. Thus the set of possible obstructions which might arise is
difficult to control.

We prove a general theorem,arcs intersecting obstructions(Theorem 3.2), which
asserts that under suitable hypotheses, an obstruction0 to the existence of a rational
map equivalent to a branched coveringg cannot intersect any family of arcs3 which
maps in a certain way. Thus a possible obstruction is confined to certain dynamically
distinguished regions in the sphere. We then apply this theorem to the problem of
developing new combination theorems for postcritically finite rational maps as conformal
dynamical systems.

Other examples of such theorems includemating (see, e.g., [Luo, ST, Tan1]), where
two polynomials of the same degree are glued together along their circles at infinity,
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capture (see, e.g., [Hea, W, Tan2]), where two points with the same image are glued
together to get a critical point, andtuning (see, e.g., [Ahm, Ree]), where the dynamics
of a polynomial is glued into the dynamics of a rational map near a superattracting cycle.
In all of these examples the degree of the new map is the same as that of the old one.
Previous combination theorems involving mating, capture and tuning of rational maps
(not just polynomials) have hypotheses on the degree of the map and on the combinatorics
of both the original mapf (z) and the new dynamics which is being glued intof (z)
which must be satisfied for the result to be equivalent to a rational map.

The combination theorems we develop are distinguished from the above in two
significant ways: they increase the degree of the original map, and they always
yield branched coverings which are equivalent to rational maps, independent of the
combinatorics of the original mapf . Moreover, the new map, while of higher degree,
is combinatorially very closely related to the original maps. Thus these combination
theorems give ways of describing certain higher-degree maps in terms of simpler, lower-
degree ones. Moreover, our theorems can be used to construct a variety of maps with
interesting dynamical behavior—Fatou component boundaries which are homeomorphic
to a figure-8 (Example below), symmetries, Sierpinski carpet Julia sets, Fatou components
whose boundaries intersect in a prescribed manner, and rational maps with cylinders
(see [Pil2]).

Our constructions are based upon the following notion, which we callblowing-up
an arc. Let f (z) be a postcritically finite rational map, letα be a closed, embedded
topological arc in̂C and suppose thatf |α is a homeomorphism. Define a new branched
covering g by cutting open the sphere alongα, gluing in a discD, mapping the
complement ofD by f , and mappingD to the complement off (α) in the sphere.
A local model ofg nearD is the mapz 7→ 1

2(z + 1/z) on a neighborhood of the closed
unit disc; this maps the unit circle onto the interval [−1,1]. Then deg(g) = deg(f )+ 1,
and the local degree ofg is one more than the local degree off at the endpoints ofα.
More generally, one can map the discD in a similar fashionn times around the sphere so
that deg(g) = deg(f )+ n. Note that by constructionf = g away fromD. The precise
conditions onα for this construction to be well-defined, and the statements of our main
theorems, are somewhat technical and are given precisely in§§2.3 and 2.4. We prove
that under these conditions, the combinatorial class ofg depends only on combinatorial
data (Proposition 2).

For example, we derive the following as a corollary to our first main theorem,
Theorem A. To set up the statement, we recall that in a periodic Fatou component of
a postcritically finite rational mapf , there is a canonical family of arcs calledinternal
rays which are mapped homeomorphically underf to other internal rays (see§4.3 for
the definition of internal ray).

THEOREM. If α is a periodic or preperiodic internal ray off , then the branched covering
g which isf blown-upn times alongα is equivalent to a rational map.

We also apply the blowing-up construction to obtain rational maps from Möbius
transformations of finite order (§5.2). Our techniques of proof also allow us to establish
that certain blown-up quadratic polynomials may be mated (in a suitably generalized
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way) with anarbitrary postcritically finite quadratic polynomial to yield a rational map;
see§5.4. Moreover, the technique generalizes easily to similar statements in higher
degrees.

Organization of the paper.
• §2: we state needed definitions, give the precise definition of the blowing-up

construction, state our first two main theorems precisely (Theorems A and B),
and prove that the combinatorial class ofg depends only on combinatorial data
(Proposition 2).

• §3: we prove Theorem 3.2,arcs intersecting obstructions.
• §4: we prove Theorems A and B.
• §5: we prove other related results.
• §6: we give examples illustrating our main theorems.

Example. Blowing-up a preperiodic arc in the basilica.Let f (z) = z2−1. Letα = [0,1].
The filled-in Julia set off (z) is the set of points whose orbits are bounded; this set is
the black region in Figure 1. Letg be the branched covering which isf blown-up once
alongα. The Julia set of the rational map equivalent tog is shown in Figure 2; see also
[Pil1] for a discussion of this example and for a description ofg as a branched covering.

FIGURE 1. The filled-in Julia set off (z) = z2 − 1.

2. Blowing-up an arc
§§2.1 and 2.2 give definitions needed to formulate our construction and theorems
precisely.§2.3 states conditions under which blowing-up will be a well-defined operation
on equivalence classes.§2.4 gives the precise statements of Theorems A and B.§2.5
gives the construction of blowing-up an arc, a proof that the equivalence class of the
new mapg depends only on combinatorial information, and a proposition (orbits offα
persist) which we will use in our proofs.

Conventions and notations.Let f be a nonconstant rational map or an orientation-
preserving continuous branched covering of the sphereS2 to itself. A pointz is acritical
point of f if the local degree off nearz is strictly larger than one; we denote byC(f )
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FIGURE 2. Julia set of the rational map corresponding to blowing-upf (z) = z2 − 1 along [0,1]. The white
regions form the basin of infinity.

the set of critical points.C(f ) has 2d − 2 points, counted with multiplicity, whered is
the degree off . The postcritical setP(f ) of f is defined byP(f ) = ∪n>0f n(C(f )).
The mapf is said to bepostcritically finite if P(f ) is finite.

Convention.We assume throughout this paper that all rational maps and branched
coverings are postcritically finite.

Two branched coveringsf andg of the sphere to itself are said to beequivalent if
there are homeomorphismsψ0 andψ1 such thatψ0 ◦ f = g ◦ ψ1, and such thatψ0 is
isotopic toψ1 through homeomorphismsψt, t ∈ [0,1], with ψt |P(f ) = ψ0|P(f ) for
all t .

2.1. Marked branched covers.

Definition 1. A marked branched coveringis a pair (f,X) wheref : S2 → S2 is a
branched covering andX is a finite set containingP(f ) such thatf (X) ⊂ X.

Two marked branched coverings(f,X), (g, Y ) are said to beequivalent if they
satisfy the definition of equivalence of branched coverings with the setsP(f ) andP(g)
replaced byX and Y respectively. There is a functor from the category of marked
branched coverings(f,X) and equivalences to the category of branched coverings and
equivalences. The image of a marked branched covering(f,X) under this functor
is f ; the image of an equivalenceψ0 : (S2, X) → (S2, Y ) is the map of pairs
ψ0 : (S2, P (f )) → (S2, P (g)). This functor ‘forgets’ thatψ0 must sendX − P(f )

to Y − P(g). We call this theforgetful functorsending(f,X) to f .

Examples.
1. Letf be a rational map andX a finite forward-invariant set containingP(f ). Then

(f,X) is a branched cover marked by the setX. We will call (f,X) a marked
rational map. Note that if(f,X) is a marked rational map with deg(f ) = 1 and
|X| ≥ 3, thenf is necessarily a M̈obius transformation of finite order.

2. Let p(z) = z2 − 1. Then p : [−1,0] → [−1,0] is an orientation-reversing
homeomorphism. Postcomposep(z) with a homeomorphismh isotopic to the
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identity relative toP(p) such that forf (z) = h ◦p(z), f ([−1/4,0]) = [−1,−3/4]
andf ([−1,−3/4]) = [−1/4,0]. LetX = P(f )∪ {−1/4,−3/4}. Then(f,X) is a
branched cover marked by the setX.

In both examples, the image of(f,X) under the forgetful functor is combinatorially
equivalent to a rational map. In the first case, however, the setX − P(f ) of ‘new’
marked points are already preperiodic under the dynamics of a rational map, whereas in
the second case we have added new preperiodic points by our choice of representative
of the combinatorial class ofp(z).

2.2. Arcs and curves in(S2, X). Let X be a finite set in the sphere. Anarc α in
(S2, X) is defined to be the image of the unit interval [0,1] under a mapj into the
sphere such that the endpointse(α) := j ({0,1}) ⊂ X, j |(0,1) is an embedding, and
j (0,1)∩X = ∅. Thus we allow the endpointse(α) of α to coincide (though we will not
cut along such arcs in our construction). Asimple closed curve in(S2, X) is a simple
closed curve inS2−X; it is said to beperipheral if it is isotopic into every neighborhood
of some point inX andessentialif it is not contractible inS2 −X.

Two arcs (respectively curves)η0, η1 in (S2, X) are said to beisotopic relative toX,
written η0 'X η1, if there is a continuous, one-parameter familyηt , t ∈ [0,1], of such
arcs (respectively curves) joiningη0 to η1. The isotopy class relative toX of an arc or
simple closed curveη is denoted by [η]X, or by [η] when the setX is understood.

A set of pairwise nonisotopic arcs (essential curves) in(S2, X) will be called anarc
(curve) systemin (S2, X). If 3 and3′ are arc or curve systems in(S2, X) we write
3 'X 3

′ if every element of3 is isotopic to a unique element of3′ relative toX, and
conversely.

The intersection numberbetween a pairα, β consisting of either arcs or curves in
(S2, X) is defined by

α · β = min
α'Xα′, β'Xβ ′

#{(α′ − e(α′)) ∩ (β ′ − e(β ′))}.

Invariance up to isotopy of arc systems.Let (f,X) be a marked branched covering.
If λ is an arc in(S2, X), we will call the closurẽλ of a connected component of

f −1(λ− e(λ)) a lift of λ underf . Thus each arcλ in (S2, X) has deg(f ) distinct lifts
λ̃. If the endpoints ofλ are distinct, each lift maps homeomorphically underf onto λ.
If 3 is an arc system in(S2, X), a lift 3̃ is defined to be an arc system in(S2, X) each
of whose elements̃λ is a lift of some elementλ ∈ 3.

An arc system3 in (S2, X) is said to beforward invariant underf up to isotopy
relative toX if there exists a subset30 ⊂ 3 (possibly all of3) and a lift 3̃0 of 30 such
that 3̃0 'X 3. If 3 'X 3

′ and3 is forward invariant up to isotopy relative toX, then
so is3′. (An isotopy between an elementλ ∈ 3 and an elementλ′ ∈ 3′ can be lifted
to an isotopy betweeñλ ∈ 3̃ and an arc̃λ′ which is a lift of λ̃′.)

The next proposition allows us to extract arc systems which are forward-invariant up
to isotopy from a collection of arcs which are literally forward-invariant.

PROPOSITION1. SupposeL is a collection of arcsl in (S2, X) such that for eachl ∈ L,
f |l is a homeomorphism andf (l) ∈ L. Then there is a subset3 ⊂ L which is an arc
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system forward invariant underf up to isotopy, and such that eachl ∈ L is isotopic
relative toX to a unique element of3.

Proof. Let30 ⊂ f (L) be an arc system chosen arbitrarily so that each arcf (l), l ∈ L, is
isotopic relative toX to a unique element of30. Then for eachλ ∈ L, f (λ) 'X λ0 for
a uniqueλ0 ∈ 30. Hence by lifting isotopies,λ 'X λ̃0, whereλ̃0 is a lift of λ0. Hence
every element ofL is isotopic to a lift of an element of30. We now enlarge our set
30 so that the last property holds. LetL1 denote the set of elements ofL which are not
isotopic to any element of30. Let 31 ⊂ L1 be any arc system for which each element
of L1 is isotopic to a unique element of31, and for which each elementλ1 ∈ 31 is
isotopic to some element ofL1. Then3 = 30 ∪ 31 is an arc system with the desired
properties. �

2.3. Conditions under which blowing-up is defined.Now suppose that(f,X) is a
branched covering of degree≥ 1 marked by the finite setX, and letα be an arc inS2.
Assume that the following conditions are satisfied.

Blowing-up conditions:
1. f |α is a homeomorphism;
2. α is a union of arcsαj , j = 1,2, . . . , L in (S2, f −1(X));
3. Int(α) ∩ (X ∪ C(f )) = ∅.

Note that the arcsf (αj ) are arcs in(S2, X).

Remarks.Allowing α to consist of more than one arc in(S2, f −1(X)) is indeed useful:
for example, consider the example of blowing-up the ‘airplane’ in§6. More generally,
we may apply the blowing-up construction to finite collectionsα1, α2, . . . of arcs for
which Int(αi) ∩ αj = ∅ when i 6= j and for which each arc satisfies the blowing-up
conditions.

2.4. Statement of main results.We assume the following in this subsection. Let(f,X)

be a marked rational map with deg(f ) ≥ 2. Letα be an arc in̂C satisfying the blowing-
up conditions. Let(g,X) be marked branched cover which is the map(f,X) blown-up
n times alongα.

THEOREM A. If for all j = 1,2, . . . , L,
1. f (αj ) is isotopic relative toX to an arc which is contained in a finite arc system3j

which is forward invariant underf up to isotopy relative toX, and
2. there is a subset3j,0 ⊂ 3j with a lift 3̃j,0 such that̃3j,0 'X 3j and 3̃j,0 ∩ Int(α)

= ∅,
theng is combinatorially equivalent to a rational map.

COROLLARY 1. If α is a periodic or preperiodic internal ray off , theng is equivalent to
a rational map.

COROLLARY 2. Supposeα is a finite union of periodic or preperiodic internal rays off .
If for all n ≥ 0, the intersection number relative toX satisfiesf n(f (α)) · f (α) 6= 0 only
whenf n(f (α)) = f (α), theng is equivalent to a rational map.
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The definition of internal ray is given in§4.3.
Next, assumef (z) is a polynomial. According to work of Douady and Hubbard [Poi,

DH1] there is a canonically defined finite topological treeT contained in the filled-in
Julia set off , depending only onf ande(α), such thatf (T ) ⊂ T with vertices mapped
to vertices. In§4.2 we outline the construction ofT .

THEOREM B. (Blowing-up an arc in a generalized Hubbard tree.)If α ⊂ T , theng is
combinatorially equivalent to a rational map.

Remark.The blowing-up conditions strongly restrict the possibilities forα. The novel
feature of this theorem, relative to the first, is that we do not require that theαj are
eventually periodic up to isotopy relative toX.

2.5. Definition of blown-up map. Let (f,X) andα satisfy the blowing-up conditions
of §2.3. The construction is outlined in Figure 3 for the casen = 4.

c

f

idh’

h’’

φ4 g

α

f(α)f(α)
−1 1

∆

D

FIGURE 3. Construction of the blown-up mapg from f .

We first cut the sphere along the interior ofα. Let W be an open disc containing
Int(α) bounded by a Jordan curve such thatW ∩f −1(X) = α∩f −1(X) and∂W ⊃ e(α).
Since Int(α) ∩ (X ∪ C(f )) = ∅, we may chooseW so thatf |W is a homeomorphism.
Let ht : Ĉ − Int(α) ↪→ Ĉ be a continuous family of embeddings satisfying:
1. h0 = id;
2. ht |(Ĉ −W) = id for all t ;
3. h1(Ĉ − Int(α)) = Ĉ − (D − e(α)), whereD is a closed disc.
The Jordan curve∂D is a union of two closed arcs∂D+ and ∂D− with endpoints
e(α) which we denote by{e−1, e+1}. The maph−1

1 extends uniquely to a continuous
‘collapsing’ mapc : Ĉ − Int(D) → Ĉ sendingĈ − (D − e(α)) homeomorphically to
Ĉ − Int(α) and each arc∂D+ and∂D− homeomorphically toα.
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We add the following new dynamics. Let1 = {z | |z| < 1}, and letφn : 1 → Ĉ be
the map given by

φn(z) = A2(A1(z))
2n,

where

A1(z) = −i z + 1

z − 1
and A2(z) = z − 1

z + 1
.

The Möbius transformationA1 is a rigid rotation with respect to the spherical metric
sending the ordered triple(−1,0,1) to (0, i,∞) and sending1 to Im(z) ≥ 0; the map
z 7→ z2n maps the half-plane Im(z) ≥ 0 n times around the sphere sending the real axis
to the nonnegative real axis; the Möbius transformationA2 is a rigid rotation sending
(0,1,∞) to (−1,0,1). Thus the mapφn wraps the closed unit disc1 around the spheren
times in such a way thatφn is locally injective on1−{−1,1}, φn(−1) = −1, φn(1) = 1,
andφn(∂1) = [−1,1]. Let ∂1+, ∂1− denote respectively the intersection of1 with
Im(z) ≥ 0 and Im(z) ≤ 0.

We now describe the gluing off and φn. Choose a homeomorphismh′ :
(Ĉ, [−1,1]) → (Ĉ, f (α)) which sends−1 to f (e−1) and +1 to f (e+1). The
compositions(φn|∂1±)

−1 ◦ (h′)−1 ◦ f ◦ c|∂D± : ∂D± → ∂1± are homeomorphisms of
closed arcs and together define a homeomorphism from∂D to ∂1. SinceD and1 are
closed discs we can extend this to a homeomorphismh′ betweenD and1.

We now define a new branched coveringg by

g(z) =
{
f ◦ c(z), if z ∈ Ĉ − Int(D),
h′ ◦ φn ◦ h′′(z), if z ∈ D.

The two definitions agree on the boundary, by construction, hence they give a well-
defined branched covering of the sphere to itself such that deg(g) = deg(f )+ n.

We may also apply the above construction simultaneously to finite collections of arcs
α1, α2, . . . which satisfy the blowing-up conditions and which satisfy Int(αi) ∩ αj =
∅, i 6= j . We omit the details of this more general construction but emphasize that we
may assume that fori 6= j , Wi ∩Wj ⊂ e(αi) ∩ e(αj ) ⊂ X.

PROPOSITION2. (g depends only on classes.)The combinatorial class ofg depends only
on the integern, the combinatorial class of(f,X), and the isotopy classes of the arcs in
(S2, f −1(X)) comprisingα.

Proof. We prove in detail only the case of blowing-up along a single arc; the case of
blowing-up along multiple arcs is similar, since we may choose the closed discsWi to
intersect only inX.

If (f1, X1) is equivalent to(f2, X2), then(f1, f
−1
1 (X1)) is equivalent to(f2, f

−1
2 (X2)):

an equivalenceψ0 : (S2, X1) → (S2, X2) may be lifted to an equivalenceψ1 :
(S2, f −1

1 (X1)) → (S2, f −1
2 (X2)).

Let φ0, φ1 : (S2, f −1
1 (X1)) → (S2, f −1

2 (X2)) be a pair of homeomorphisms giving
an equivalence between(f1, f

−1
1 (X1)) and (f2, f

−1
2 (X2)). Then φ0 ◦ f1 = f2 ◦ φ1

andφ0 ' φ1 relative tof −1
1 (X1). Let α2 = φ1(α

1). Thenα2 is an arc inS2 which is
comprised of arcs in(S2, f −1

2 (X2)). We must prove that if(gi, Xi) is (fi, Xi) blown-upn
times alongαi, i = 1,2, theng1 andg2 are combinatorially equivalent. For convenience,
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if βi, i = 1,2, are arcs which are unions of finitely many arcsβij in (S2, Y ), we will
write β1 'Y β

2 if β1
j 'Y β

2
j for all j .

Step 1.We first show the following. Suppose fori = 1,2, thatgi is the map produced
from the mapf by blowing-up an arcαi , whereα1 'f −1X α

2, andWi,Di, h
′
i , h

′′
i , and

hit are the discs and maps used in the definition ofgi . Theng1 is equivalent tog2.
Since f |Wi is a homeomorphism,f (Wi) is a closed disc. There exists a

homeomorphismψ0 : (S2, X) → (S2, X) isotopic to the identity relative toX such
that ψ0(f (W 1), f (α

1)) = (f (W 2), f (α
2)). Sinceα1 'f −1X α

2, f (α1) 'X f (α
2). By

results of Epstein [EP], there is an ambient isotopy ofS2 carrying ∂f (W 1) ∪ f (α1) to
∂(f (W 2)) ∪ f (α2) fixing X pointwise. Let9 : S2 × I → S2 be such an isotopy such
that9(·,0) = id, 9(·,1) = ψ0, and9(X, t) = idX for all t .

SinceX ⊃ P(f ), f |S2 − f −1X → S2 − X is a covering map. Hence there is a lift
9̃ of 9 which is an isotopy fixingX pointwise between the identity and a map which
we callψ1. Note thatψ1 : (W 1, α

1) → (W 2, α
2).

Recall thatgi |S2 − Wi = f |S2 − Wi, i = 1,2. We will define a homeomorphism
ψ1 : (S2, X) → (S2, X) such thatg2ψ1 = ψ0g1 and showψ0 is isotopic toψ1 relative
to X. The mapψ1 will be defined as four mapsψ(1) = ψ1|S2 − W1, ψ(2), ψ(3), ψ(4)

which piece together.
We now defineψ(2). Let Ki = (gi |Di)

−1(f (αi)), i = 1,2. ThenKi is a graph inS2

with exactly two vertices which are the endpointse(αi) ⊂ f −1(X) and withn+2 edges,
each of which joins one vertex to the other. There is a well-ordering on the set of edges
of Ki : E < E′ if the edgeE separates Int(E′) from Int(∂−Di) in Di . Write the set of
edges in increasing order as{Ei0, . . . , Ein}. Since we glue in the same new dynamicsφn
in the construction ofg1 andg2, there is a homeomorphismψ(2) : K1 → K2 such that
g2ψ

(2) = ψ0g1 andψ(2)(E1
l ) = E2

l , l = 0,1, . . . , n, i.e.ψ(2) preserves the well-ordering
of the edges.

We now defineψ(3). For l = 0,1, . . . , n − 1, the complementary componentUi
l

of Di − Ki bounded byEil ∪ Eil+1 is a Jordan domain mapping homeomorphically
under gi onto S2 − f (αi), i = 1,2. Hence for eachl, there is a homeomorphism
ψ(3),l : U1

l → U2
l such thatg2ψ

(3),l|U1
l = ψ0g1|U1

l . Sinceψ(2) preserves the ordering
of edges, the homeomorphismsψ(3),l andψ(2) agree on the common boundaries of their
domains of definition.

A similar argument shows that there is a homeomorphismψ(4) : W1−D1 → W2−D2

such thatg2ψ
(4)|W1 −D1 = ψ0g1|W1 −D1 and which agrees withψ(1) on ∂W1 and with

ψ(2) on ∂D1.
Hence the mapsψ(1), ψ(2), ψ(3), ψ(4) define a homeomorphism of the sphereψ1 such

thatψ0g1 = g2ψ1.
Thatψ0 andψ1 are isotopic relative toX follows from the fact thatψ1|S2 −W1 is

isotopic (via9̃) to the identity relative toX and the fact thatX ∩W 1 ⊂ e(α1) ⊂ ∂W1.
This completes the proof of step 1.

Step 2.We now prove the general statement. Let(f1, f
−1
1 X1), (f2, f

−1
2 X2) be marked

covers andφ0, φ1 as above give an equivalence carrying the arcα1 to α2. By replacing
f2 with the conjugateφ0f2φ

−1
0 we may assume thatφ0 = id and thatf1(α

1) = f2(α
2).

https://doi.org/10.1017/S0143385798100329 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385798100329


230 K. M. Pilgrim and Tan Lei

By step 1, the combinatorial class ofgi is independent of the choice of discsW,D. Let
W1,D1 be any such choice forg1. Hence we may assume that(W2,D2) = φ1(W1,D1)

and thatf1(W 1, α
1) = f2(W 2, α

2).
Let ψ0 : (S2, X) → (S2, X) be the identity map (after conjugation, we may assume

X = X1 = X2). We will find a homeomorphismψ1 such thatψ0g1 = g2ψ1 andψ0 is
isotopic toψ1 relative toX. As in the proof of the previous step, we defineψ1 in four
pieces:ψ1|S2 −W1 = ψ(1), ψ(2), ψ(3), ψ(4). The details are all similar to those in the
proof of the previous step. �

Remark.A similar proof shows that when blowing-up along any finite collection of arcs
α1, α2, . . . of arcs for which Int(αi)∩αj = ∅, i 6= j , the equivalence class of the resulting
map is independent of the choices and representatives. Moreover, the resulting class is
the same whether we blow up one arc at a time or all of them simultaneously.

The next proposition gives a condition under which arc systems in(S2, X) forward
invariant underf up to isotopy are also forward invariant underg up to isotopy.

PROPOSITION3. (Orbits off α persist.) Suppose3 is an arc system in(S2, X) which is
forward invariant underf up to isotopy relative toX. If, under f , there exists a lift
3̃ 'X 3 such that3̃ ∩ Int(α) = ∅, then3 is forward invariant underg up to isotopy
relative toX.

Proof. Let 30 ⊂ 3 be an arc system and̃30 a lift of 30 underf such that̃30 'X 3.
Sinceg|Ĉ − D = f ◦ c, if λ̃0 is a lift underf of λ0 ∈ 30 such that̃λ0 ∩ Int(α) = ∅,
thenh1(̃λ0) = c−1(̃λ0) is a lift underg of λ0. Sinceh1 is isotopic to the identity relative
to X, λ̃0 'X h1(̃λ0). Henceh1(3̃0) is a lift of 30 underg such thath1(3̃0) 'X 30. �

3. Proof of ‘arcs intersecting obstructions’ theorem
In §3.1 we state the characterization of marked rational maps as marked branched
coverings as an immediate corollary to the proof of Thurston’s characterization of rational
maps as branched coverings. In§3.2 we state and prove the main ingredient in our proof,
Theorem 3.2,arcs intersecting obstructions.

3.1. Characterization of marked rational maps.Let (f,X) be a marked branched
covering. To a curve system0 in (S2, X) we associate theThurston linear transformation
which is the linear map

f0 : R
0 → R

0

given by

f0(γ ) =
∑

γ ′⊂f −1(γ )

1

deg(f : γ ′ → γ )
[γ ′]0,

where [γ ′]0 denotes the element of0 isotopic toγ ′, if it exists. If there are no such
elements, the sum is taken to be zero. Here, we regard elements of0 as the basis vectors
of R

0. This transformation depends only on the isotopy classes of curves relative toX

and is natural with respect to iteration off . Since the entries off0 are nonnegative, the
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Perron–Frobenius theorem [Gan, Chapter XIII] implies that there is a nonnegative real
eigenvalueλ(f0) equal to the spectral radius off0.

A nonnegative square matrixAij is said to beirreducible if for each(i, j), there is an
n ≥ 0 such thatAnij > 0. We say that0 is irreducible if the matrix forf0 is irreducible.
The Perron–Frobenius theory easily gives that if0 is any curve system withλ(f0) > 0,
then0 contains an irreducible curve system0′ for which λ(f0′) = λ(f0).

A curve system0 is said to be amulticurve if its elements are nonperipheral and
pairwise disjoint. The proof of Thurston’s characterization of rational maps as branched
coverings of the sphere given in [DH2] extends immediately to the setting of branched
covers marked by additional points.

THEOREM 3.1. (Characterization of marked rational maps.)Let (f,X) be a marked
branched covering. Then(f,X) is combinatorially equivalent to a marked rational map
(R, Y ) if and only if for every irreducible multicurve0 in (S2, X), either:
1. λ(f0) = 1 and the orbifold associated to(f, P (f )) has signature(2,2,2,2), in

which caseR is covered by an integral endomorphism of the torus; or
2. λ(f0) < 1, in which case the rational mapR is unique up to conjugation by elements

of Aut(Ĉ).

Definition 2.(Thurston obstruction.) If(f,X) is a marked branched covering for which
the orbifold associated to(f, P (f )) is not the (2,2,2,2) orbifold, an (irreducible)
multicurve0 for which λ(f0) ≥ 1 is called an (irreducible) Thurston obstruction.

Example.Let 0 = {γ0, . . . , γp−1} be a multicurve such that the following holds: for
each 0 ≤ j ≤ p − 1, γj has a (not necessarily unique) liftδ 'X γj−1(modp) and
degf : δ → γj = 1. Then0 is called aLevy cycleand is an example of an irreducible
Thurston obstruction.

Remarks.
1. See [DH2] for the proof and for the definition of the orbifold associated to a rational

map. A rational mapR is said to becovered by a torus endomorphismif there is
a complex torusT , a holomorphic covering map̃R : T → T , and a surjective
holomorphic mapp such thatR ◦ p = p ◦ R̃. The endomorphism̃R is said to be
integral if it has a lift to an automorphism ofC of the formz 7→ nz, somen ≥ 2.
The first case in the above theorem is rare and does not arise, for example, if there
are periodic critical points off or if |P(f )| ≥ 5.

2. In [DH2] the curve systems0 in the theorem are required to bef -invariant, i.e.
every lift δ of an elementγ ∈ 0 is either inessential, peripheral, or isotopic to an
element of0. However, by taking preimages we may always extend an irreducible
multicurve0 to anf -invariant multicurve without decreasing the leading eigenvalue
of the corresponding Thurston transformation.

To apply Theorem 3.1 we will need to rule out the first rare case. Let(f,X) be a
marked rational mapf (z). If f is covered by an integral torus endomorphism, thenf

is not a polynomial. Moreover, there can be no arcs in(S2, X) with distinct endpoints
which are periodic underf up to isotopy relative toX. The Euclidean metric onC
pushes down to an (orbifold) metric on̂C which is uniformly expanded underf . Hence
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all inverse branches off are uniformly contracting with respect to this orbifold metric.
This implies that if̃λ is any lift underf of an arcλ in (S2, X), then the diameter of
λ̃ is strictly less than that ofλ. Since the diameter of any arc in(S2, X) with distinct
endpoints is positive, this shows that there are no arcs with distinct endpoints which are
periodic underf up to isotopy relative toX. Hence to prove our two theorems, we may
assume that the orbifoldOf is not the(2,2,2,2) orbifold.

If g is f blown-up alongα then the Euler characteristicχ(Og) < χ(Of ) ≤ 0. The
(2,2,2,2) orbifold has Euler characteristic zero, henceOg cannot be the(2,2,2,2)
orbifold. Sog is combinatorially equivalent to a rational map if and only if there are no
irreducible Thurston obstructions forg.

3.2. Arcs intersecting obstructions.Let (f,X) be a marked branched covering,3 an
arc system in(S2, X), and0 a curve system in(S2, X).

The unweighted Thurston linear transformationf#,0 : R
0 → R

0 is defined by

f#,0(γ ) =
∑

γ ′⊂f −1(γ )

[γ ′]0 for γ ∈ 0,

where [γ ′]0 denotes the element in0 homotopic toγ ′ and zero otherwise. As before,
this map is independent of the choice of representatives and is natural with respect to
iteration. Note that 0≤ (f0)i,j ≤ (f#,0)i,j for all i, j and that(f0)i,j = 0 if and only if
(f#,0)i,j = 0. This implies thatf0 is irreducible if and only iff#,0 is irreducible.

In analogy with the unweighted Thurston linear transformation, we define

f#,3 : R
3 → R

3

by setting
f#,3(λ) =

∑
λ′⊂f −1(λ)

[λ′]3 for λ ∈ 3,

where [λ′]3 denotes the element of3 homotopic toλ′ (if it exists). We say that3 is
irreducible if f#,3 is irreducible. It is straightforward to verify that the transformation
f#,3 depends only on [3]X and not on the choice of representatives and thatf#,3 is
natural with respect to iteration off , i.e. (f n)#,3 = (f#,3)

n.
If α andβ are arcs in(S2, X) we define themultiplicity mult(f : α → β) to be the

number of lifts ofβ which are isotopic toα relative toX. Thus (f#,3)ij = mult(f :
λi → λj ).

The following proposition follows immediately from the decomposition theorem for
nonnegative square matrices in [Gan, Chapter XIII].

PROPOSITION4. (Decomposition of invariant arc systems.)Let3 be a finite arc system
forward invariant underf up to isotopy relative toX. Then there are disjoint (as subsets
of 3) irreducible arc subsystems21,22, . . . , 2s of 3 and integersn1, n2, . . . , ns such
that for eachλ ∈ 3, there is a (not necessarily unique)2k such thatλ is isotopic to a lift
of an element of2k underf nk .

For 3 a curve system or an arc system in(S2, X), set 3̃ (respectively3̃(f n)) to
be the union of those components off −1(3) (respectivelyf −n(3)) which are isotopic
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to elements of3. If 3 is irreducible, each component of3 is isotopic to some (not
necessarily unique) component of3̃(f ) (respectivelỹ3(f n)).

The following theorem appears in a weaker form in [ST].

THEOREM 3.2. (Arcs intersecting obstructions.)Let (f,X) be a marked branched
covering,0 an irreducible Thurston obstruction in(S2, X), and3 an irreducible arc
system in(S2, X). Suppose furthermore that#(0 ∩3) = 0 ·3. Then either:
1. 0 ·3 = 0 and0 · f −n(3) = 0, f −n(0) ·3 = 0 for all n ≥ 1; or
2. 0 ·3 6= 0 and:

(a) Each component of0 (respectively3) is isotopic to a unique component of0̃
(respectively3̃), the mappingf : 0̃ → 0 (respectivelyf : 3̃ → 3) is a
homeomorphism,̃0 ∩ (f −1(3) − 3̃) = ∅, and 3̃ ∩ (f −1(0) − 0̃) = ∅. More
precisely,
i. for each γ ∈ 0, there is exactly one curveγ ′ ⊂ f −1(γ ) such that

γ ′ ∩ 3̃ 6= ∅. Moreover, the curveγ ′ is the unique component off −1(γ )

which is isotopic to an element of0;
ii. for eachλ ∈ 3, there is exactly one connected componentλ′ of f −1(λ)

such thatλ′ ∩ 0̃ 6= ∅. Moreover, the arcλ′ is the unique component of
f −1(λ) which is isotopic to an element of3.

(b) The transformationsf#,0 and f#,3 are transitive permutations of the basis
vectors.

(c) The above results remain true if we replacef by f n, for any n ≥ 1 (though
transitivity may fail).

(d) For any arcλ in (S2, X) which is isotopic to an arc inf −n(3) for somen > 1
but which is not isotopic to an arc in3, 0 · λ = 0. Similarly, for any curveγ
in (S2, X) which is isotopic to a curve inf −n(0) for somen > 1 but which is
not isotopic to a curve in0, 3 · γ = 0.

COROLLARY 3. If 3 contains more than one periodic cycle, or if the multiplicity off from
some elementα ∈ 3 to β ∈ 3 is larger than one, then there are no irreducible Thurston
obstructions which intersect3.

Proof. If so thenf#,3 is not a transitive permutation of the basis vectors. �
We will use the following easy fact.

LEMMA 1. Let f be a branched covering fromS2 to S2. Let B be a subset ofS2 such
that f |B : B → f (B) is a bijection (respectively ak-to-1 mapping). LetA be any subset
of S2. Then#f −1(A) ∩ B = #A ∩ f (B) (respectively#f −1(A) ∩ B = k · #A ∩ f (B)).

For3 a curve system or an arc system in(S2, X), set3̃ (respectivelỹ3(f n)) to be
the union of those components off −1(3) (respectivelyf −n(3)) which are isotopic to
elements of3. If 3 is irreducible, each component of3 is isotopic to some (possibly
non-unique) component of̃3(f ) (respectivelỹ3(f n)).

By the definition of an irreducible arc system, there exists at least one subset3̃′ of
3̃ such that̃3′ is isotopic to3 andf : 3̃′ −X → 3−X is a homeomorphism. Then

f#,0(γj ) ·3 ≤
∑

γ ′⊂f −1(γj )

#(γ ′ ∩ 3̃′) = #(f −1(γj ) ∩ 3̃′) = #(γj ∩3) = γj ·3, (1)
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where the first inequality follows sincef : 3̃′ −X → 3−X is a homeomorphism and
the second-to-last equality follows by the lemma. Assumef#,0(γj ) = ∑

i bij γi . Then
by (1), (

∑
j

∑
i bij γi) ·3 ≤ 0 ·3. But( ∑

j

∑
i

bij γi

)
·3 =

( ∑
i

( ∑
j

bij

)
γi

)
·3 ≥

∑
i

γi ·3 = 0 ·3, (2)

where the last inequality is obtained as follows. By irreducibility,f0 has neither zero
rows nor zero columns, so the same is true forf#,0. But each entry off#,0 is a non
negative integer, sobij ≥ 1 if bij 6= 0. We have then either (a)0 ·3 = 0 or (b)0 ·3 6= 0
and all the inequalities above become equalities.

In the case when0 ·3 = 0, we claim that0 ·f −1(3) = 0. Let γi ∈ 0. Thenγi ∼ γ ′

with γ ′ a curve inf −1(γj ) for someγj ∈ 0. Thenγi · f −1(3) ≤ #(γ ′ ∩ f −1(3)) =
k#(γj ∩ 3) = 0. The case forn > 1 is proved similarly. This proves part one of the
theorem.

In Case (b), the equalities in Equation (2) imply that for eachi, there is a uniquej
such thatbij 6= 0 and thatbij = 1. Thus for eachγi , there is a uniqueγj such that
some component off −1(γj ) is isotopic toγi . Also, there is a unique such componentγ ′

of f −1(γj ) isotopic toγi . Sincef#,0 is irreducible, this implies thatf#,0 is a transitive
permutation of the basis vectors. As a consequence,γ ′ is also the unique curve in
f −1(γj ) isotopic to an element of0.

The equalities in Equation (1) tell us thatf#,0(γj ) · 3 = #(f −1(γj ) ∩ 3̃′) = γj · 3.
Combining with the facts thatf#,0(γj ) = [γ ′]0 = γi , γ ′ · 3 ≤ #(γ ′ ∩ 3̃′) and
γ ′ ∩ 3̃′ ⊂ f −1(γj ) ∩ 3̃′, we getγi · 3 = γj · 3 and γ ′ ∩ 3̃′ = f −1(γj ) ∩ 3̃′. As
a consequence,γ ′ is also the unique curve inf −1(γj ) such thatγ ′ ∩ 3̃′ 6= ∅. Moreover,
f −1(0) ∩ 3̃′ = 0̃ ∩ 3̃′.

The matrix f0 is a permutation with entryaij = 1/kj , wherekj is the degree of
f : γ ′ → γj . Sinceλ(f0) ≥ 1, we havekj = 1 for all j and f0 = f#,0. Thus
f : 0̃ → 0 is a homeomorphism.

Note that in the above argument we only used the following properties of the triple
(0,3, 3̃′): the matrixf0 has neither zero row nor zero column, with leading eigenvalue
at least 1, the set̃3′ is isotopic to3 andf : 3̃′ − X → 3 − X is a homeomorphism.
By what we have just proved, the triple(3, 0, 0̃) also verifies these properties. Hence
we can follow the same argument for this new triple. We conclude then for eachλ ∈ 3,
there is exactly one curveλ′ in f −1(λ) with λ′ ∩ 0̃ 6= ∅. Moreover,λ′ is the unique
curve inf −1(λ) which is isotopic to an element of3. The matrixf#,3 is a transitive
permutation. As a consequence,3̃′ = 3̃.

Replacing3̃′ by 3̃ at the beginning of the proof, we conclude finally that0̃ ∩
f −1(3) = 0̃ ∩ 3̃ = f −1(0) ∩ 3̃ and #̃0 ∩ 3̃ = #0 ∩ 3 = 0 · 3. As a consequence,
0̃ ∩ (f −1(3)− 3̃) = ∅ and(f −1(0)− 0̃) ∩ 3̃ = ∅.

Now take any arcλ isotopic to some arc inf −1(3) but not isotopic to any of the
arcs in3; it is isotopic to an arcλ′ ∈ f −1(3)− 3̃. So0 · λ ≤ #(0̃ ∩ λ′) = 0.

This proves parts 2(a),2(b) and (2(d), n = 1) of the theorem. To get 2(c) and
(2(d), n > 1), we just need to note that if0,3 are irreducible forf , they are also
irreducible forf n, for all n ≥ 1. This gives the theorem. �
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The following theorem can be proved in exactly the same manner as Theorem 3.2.

THEOREM 3.3. (Arcs intersecting arcs.)Let 31,32 be two irreducible systems of arcs.
Then either:
1. 31 ·32 = 0 andf −n(31) · f −n(32) = 0 for all n ≥ 1; or
2. 31 ·32 6= 0 and (f −n(31)− 3̃1(f

n)) ·32 = 0 = 31 · (f −n(32)− 3̃2(f
n)) for all

n ≥ 1. In this case we also have:
(a) the transformationsf],3i are transitive permutations of the basis vectors;
(b) for each λ ∈ 3i , there is a unique component off −1(λ) intersecting3i ′ ,

i 6= i ′ ∈ {1,2};
(c) (a) and (b) remain true if we replacef by f n, n ≥ 1.

COROLLARY 4. If 31 contains more than one periodic cycle, or if some element of3maps
with multiplicity greater than one, then31 ·32 = 0 for any irreducible arc system32.

4. Proof of Theorems A and B
In §4.1 we prove Theorem A;§4.2 gives the proof of Theorem B, which depends on a
construction given in§4.3.

4.1. Proof of Theorem A. By Theorem 3.1,characterization of marked rational maps,
and our discussion at the end of§3.1, (g,X) is combinatorially equivalent to a marked
rational map if there exist no irreducible Thurston obstructions0 for g. Let0 be such an
obstruction and let̃0 be the union of those components ofg−1(0) isotopic to elements
of 0, relative toX.

By the second hypothesis of the theorem and Proposition 3,orbits offα persist, for
eachj , 3j is forward invariant underg up to isotopy relative toX.

By Proposition 4,decomposition of invariant arc systems, for eachj , there is an
irreducible arc system2j ⊂ 3j and an integernj such thatf (αj ) is isotopic relative to
X to a lift of an element of2j undergnj .

We now show that we may choose representatives of0 so that 0̃ ∩ D = ∅.
This will complete the proof of the theorem: sinceg|Ĉ − (D − e(α)) = f ◦ c and
c : Ĉ − (D − e(α)) → Ĉ − Int(α) is isotopic to the identity relative toX, 0 is then an
irreducible Thurston obstruction for the marked rational map(f,X). By Theorem 3.1,
characterization of marked rational maps, and the fact thatf is not covered by an integral
torus endomorphism, this gives a contradiction.

First, we may assume0 minimizes the number of intersections withf (αj ) and2j for
all j . Write ∂D = ∪jα±

0,j , whereα±
0,j are the two unique components of(g|D)−1(f (αj ))

which are contained in∂±D respectively. The proof now breaks down into two cases.

Case 1.0 · f (αj ) = 0. Then0 ∩ f (αj ) = ∅, hence0̃ ∩ g−1(f (αj )) = ∅, and so
0̃ ∩ α±

0,j = ∅.

Case 2.0 · f (αj ) 6= 0. We will again show that̃0 ∩ α±
j = ∅.

We first show that in Case 2f (αj ) ∈ 2j up to isotopy. By our choice of2j ,
f (αj ) is isotopic to a lift of an elementθ ∈ 2j under f nj . First, if 0 · 2j = 0,
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then by an application of Theorem 3.2(1),arcs intersecting obstructions, we would have
0 · f (αj ) = 0, contradicting our assumption. Hence0 · 2j 6= 0. Next, if f (αj ) 6∈ 2j

up to isotopy, then by Theorem 3.2(2(d)),arcs intersecting obstructions(with 3 = 2j

andλ = f (αj )) 0 · f (αj ) = 0, contradicting our assumption. Hencef (αj ) ∈ 2j up to
isotopy.

Neither of the arcsα+
0,j , α

−
0,j can be isotopic to elements of2j . For if so, thenα

must consist of a single arc in(S2, X), i.e. L = 1 in the definition of the blown-up
map g. Thenα itself is isotopic to an element of2j since2j is irreducible. It then
follows that ∂D ⊂ g−1(f (α)) consists of two arcsα+

0 and α−
0 in (S2, X) which are

isotopic relative toX, by construction of the blown-up mapg. Hence the multiplicity
of g : α±

0 → f (α) is at leastn ≥ 2, wheren is the number of times we blow upα.
Hence the transformationg#,2 is not a transitive permutation of the basis vectors. By
Theorem 3.2,arcs intersecting obstructions, 0 ·2 = 0, hence0 ·f (α) = 0, contradicting
our assumption.

By the previous paragraph,α±
0,j 6∈ 2j up to isotopy. By Theorem 3.2(2(a)(ii)), there

is exactly one liftλ′ of f (αj ) which intersects (as a subset ofS2) the set̃0, and this lift
λ′ is isotopic to an element of2j . Henceα±

0,j ∩ 0̃ = ∅.

In both cases we have shown that for allj , 0̃ ∩ α±
0,j = ∅. Thus0̃ ∩ ∂D = ∅, which

implies that̃0 ∩D = ∅: there can be no components of0 contained entirely inD since
Int(D) ∩X = ∅. �

Proof of Corollary 1.Supposeα is a periodic or preperiodic internal ray off . Points in
the interior of an internal ray lie in Fatou components and have infinite forward orbits
underf . Hence no points in the interior of an internal ray can be preperiodic underf .
We may therefore assume thatα consists of a single arc in(S2, f −1X), and hence that
f (α) is a periodic or preperiodic internal ray with endpoints inX.

Two internal rays either coincide, or intersect only in their endpoints. Hence if
li = f i(f (α)), i > 0, then li ∩ Int(f (α)) 6= ∅ if and only if α = li for some li ,
i.e. f (α) is a periodic internal ray.

Let L = {li}i>0. ThenL is a finite collection of arcs in(S2, X) which, as a subset of
the sphere, is forward invariant underf . By Proposition 1 there exists a subset3 ⊂ L
which is an arc system forward invariant underf such that each element ofL is isotopic
relative toX to a unique element ofL. By the definition of forward invariance there is
a subset30 ⊂ 3 and a lift 3̃0 'X 3.

If f (α) 6∈ 3, then Int(f (α)) ∩ 3 = ∅, hence Int(α) ∩ f −1(3) = ∅. Since
3̃0 ⊂ f −1(3), 3̃0 ∩ Int(α) = ∅. The corollary then follows by Theorem A.

If f (α) ∈ 3, let λ′ be any arc which is isotopic tof (α) relative toX and such that
Int(f (α)) ∩ λ′ = ∅. Let 3′ be the arc system(3 − {f (α)}) ∪ {λ′}. Then3 'X 3′

and so3′ is forward invariant underf up to isotopy relative toX. By construction
3′ ∩ Int(f (α)) = ∅, hencef −1(3′) ∩ Int(α) = ∅. If 3′

0 is the unique subset of3′

for which 3′
0 'X 30, and if 3̃′

0 is the lift of 3′
0 obtained by lifting isotopies between

elements of3′
0 and30, then3̃′

0 'X 3̃0 'X 3. Since3̃′
0 ⊂ f −1(3′), 3̃′

0 ∩ Int(α) = ∅.
The corollary then follows by Theorem A. �
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Proof of Corollary 2.The argument is similar to the one given above. The hypothesis
guarantees the existence of the arcλ′ used in the last paragraph. �

4.2. Proof of Theorem B. Let f (z) be a postcritically finite monic polynomial andX
a finite set such thatf (X) ⊂ X andX ⊃ P(f ) . LetK(f ) andF(f ) denote the filled-in
Julia set and Fatou set off , respectively.

In [Poi, §I.1] (originally in [DH1]), it is shown thatX − {∞} determines uniquely a
finite topological treeT with verticesV (T ) satisfying the following properties:
1. T ⊂ K(f ) andT ∩ F(f ) only in internal rays;
2. f (T ) ⊂ T andf (V (T )) ⊂ V (T );
3. V (T ) ⊃ X − {∞}.

The definition of internal and external rays is given in the following section.
Our first step in the proof is to construct a ‘spider’S for T . The construction ofS

is given in the following section.S is a finite topological graph with verticesV (S) and
edgesE(S) satisfying the following properties:
1. V (S) = X ⊃ P(f );
2. every edge ofS is a topological arc joining a finite vertex to infinity;
3. f (S) ⊂ S;
4. f maps edges ofS homeomorphically to edges ofS;
5. S ∩ T = X − {∞}.

Note that the edges ofS are arcs in(S2, X).
Given the existence of the spiderS with the properties above, we now prove

Theorem B.
The edgesE(S) form a finite collection of arcsl in (S2, X) such thatf (l) ∈ E(S)

for eachl ∈ E(S). By Proposition 1, there is an arc system3 ⊂ E(S) which is forward
invariant underf up to isotopy relative toX, i.e. there is a subset30 ⊂ 3 and a lift
3̃0 'X 3. Note that sincẽ30 'X 3 ⊂ X, the endpoints of̃3 are points inX.

We now show that3 is forward invariant underg up to isotopy relative toX. By
Proposition 3,orbits off α persist, it is enough to show that̃30 ∩ Int(α) = ∅. Since
α ⊂ T and f (T ) ⊂ T , f (α) ⊂ T . Since T ∩ S ⊂ X, f (α) ∩ S ⊂ X. Hence
α ∩ f −1(S) ⊂ f −1(X). Now, 3̃0 ⊂ f −1(S), and as remarked above, the endpoints of
3̃0 are points inX, henceα ∩ 3̃0 ⊂ X. But Int(α) ∩X = ∅, hence Int(α) ∩ 3̃0 = ∅.

Hence3 is forward invariant underg up to isotopy relative toX. By Proposition 4,
there are disjoint (as subsets of3) irreducible arc systems2k ⊂ 3 and integersnk such
that each element of3 is a lift of an element of2k undernk for somek.

Let 0 be an irreducible Thurston obstruction forg and let 0̃ be the union of
components ofg−1(0) which are isotopic relative toX to elements of0. We may
assume that0 minimizes the number of intersections with eachf (αj ) and with each
λ ∈ 3. As in the previous proof it suffices to show that0̃ ∩ ∂D = ∅, whereD is the
disc used in the construction ofg.

Let K = (g|D)−1(3); this is a finite, connected graph inD with vertices equal to
g−1(X) ∩D ⊂ K.

We first reduce to the case wheñ0 ∩K = ∅. As in the previous proof, there are two
cases. Letλ ∈ 3.
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Case 1.0 · λ = 0. Then 0 ∩ λ = ∅ by our choice of representatives of0, so
0̃ ∩ (g|D)−1(λ) = ∅.

Case 2.0 · λ 6= 0.

Let λ̃ be any lift of λ under g which is contained inD (and hence inK). By
Proposition 4,λ is isotopic to a lift of an element of some irreducible arc system2j ⊂ 3

underf nk , somenk.
Sinceλ ∈ 3 ⊂ E(S), λ is an edge of the spiderS and hence joins a point ofX−{∞}

to the point∞. By construction,D∩∞ = ∅. Sincẽλ ⊂ D is a lift of λ underg, one of
the endpoints of̃λ is contained inD and maps onto∞. Hence this endpoint is strictly
preperiodic underg. Hencẽλ cannot be contained in the irreducible arc system2k. By
Theorem 3.2,arcs intersecting obstructions, 0̃ ∩ λ̃ = ∅.

Together, the two cases show that0̃ ∩ K = ∅.

So we may assumẽ0∩K = ∅. We conclude the proof by showing that if̃0∩∂D 6= ∅,
then0 does not have minimal intersection number withf (α), contrary to our assumption.

Supposẽγ ⊂ 0̃ intersects∂D. Since 0̃ ∩ K = ∅, γ̃ ∩ Int(D) is contained in a
componentV of D − K. SinceV (S) = X ⊃ P(f ), and since each edgeE(S) is
isotopic relative toX to an element of some3k, each component ofS2 −3 is an open
disc containing no critical values ofg. Hence each component ofg−1(S2 − 3) maps
homeomorphically underg to its image. SinceV is contained in such a component,g|V
is a homeomorphism. LetW ⊂ V be any component ofV − γ̃ which ‘outermost’, i.e.
not separated from∂D by any component of̃γ ∩ D. ThenW is a disc inS2 − g−1X

bounded by exactly one subarc of̃γ and one subarc of∂+D or ∂−D. Sinceg|V is a
homeomorphism andW ⊂ V , g(W) is a disc inS2 −X bounded by one subarc off (α)
and one subarc ofγ ⊂ 0, contradicting the assumption that0 ∩ f (α) is minimized. �

4.3. Construction ofS. We first recall some facts about the dynamics of postcritically
finite polynomials from [Mil ].

Let f (z) be a postcritically finite polynomial. Thefilled-in Julia set K(f ) =
{z|f n(z) 6→ ∞} is a connected, compact subset ofC whose complement is connected.
The Julia setJ (f ) = ∂K(f ) is locally connected. For each Fatou component�, there
is exactly one pointx ∈ � such thatf n(x) ∈ P(f ) for somen. Let �x denote the
Fatou component containing such a pointx. A classical theorem of B̈ottcher implies
the following: there are holomorphic isomorphismsφx : (1,0) → (�x, x) such that for
all w ∈ 1, φf (x)(wdx ) = f (φx(w)), wheredx is the local degree off nearx. Since
J (f ) is locally connected, each Fatou component has locally connected boundary, and a
theorem of Carath́eodory implies that the mapsφx extend continuously toS1 = ∂1. Let
Rt denote the radial line{r exp(2πit) | 0 ≤ r ≤ 1}. We call the imageRx,t = φx(Rt )

the ray of anglet in �x ; if x = ∞, Rx,t is called anexternal ray, otherwise we call it
an internal ray. Each periodic pointx ∈ J (f ) is the landing point of at least one and
at most finitely many external rays. The landing point of an external ray is periodic if
and only if x is periodic, though the periods may differ. Internal and external rays map
homeomorphically onto their images.

https://doi.org/10.1017/S0143385798100329 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385798100329


Combining rational maps and controlling obstructions 239

Our spider will be a union
S =

⋃
x∈X−{∞}

Ex,

whereEx denotes the set of edges of the graphS incident tox.
• If x ∈ J (f ) ∩ (X − {∞}), each elemente ∈ Ex will be an external ray landing at

x, andEx will be the union of all external rays landing atx.
• If x ∈ F(f ) ∩ (X − {∞}), each elemente ∈ Ex will be the union of exactly one

internal ray in�x and one external ray landing at a common pointq ∈ ∂�x . The
setEx will be a finite union of such pairs.

Since external and internal rays map homeomorphically onto their images, and the
image of an internal (external) ray is again an internal (external) ray, edges will map
homeomorphically to edges.

Eachx ∈ J (f )∩(X−{∞}) is eventually periodic, so the setEx of external rays landing
at x is finite (see [Mil , §18]), andf (Ex) = Ef(x). SinceT ⊂ K(f ), Ex ∩T ⊂ X−{∞}.

We now defineEx for x ∈ F(f )∩ (X−{∞}). First, choose one elementx from each
periodic cycle in(X−{∞})∩F(f ). Let p be the period ofx. ThenT ∩�x consists of a
finite collection of eventually periodic internal rays. Thus there exists a periodic internal
ray Rx , of some periodkp > 0, such thatRx ∩ T = {x}. Let q be the landing point of
the internal rayRx ; thenq is periodic of periodk. There exists a periodic external ray
R∞ landing atq. Sinceq is not a critical point,f k is a local homeomorphism nearq
sendingRx to itself, hence the rayR∞ also has periodk. Let ex = Rx ∪ R∞; this will
be one edge in the collectionEx . Define

Ex =
k−1⋃
n=0

f npe(x).

Ex is finite sinceq is periodic. Fory ∈ f n(x),1 ≤ n < p, define

Ey = f n(Ex).

ThusEy is finite. SinceRx is periodic,Rx ∩ T = {x}, f (X − {∞}) ⊂ X − {∞}, and
f (T ) ⊂ T , we have thatEy ∩ T ⊂ X − {∞} for all y.

We now inductively defineEx for strictly preperiodicx ∈ X− {∞} ∩F(f ). Suppose
the collectionEy has been defined, wheref (x) = y. Choose any elementey ∈ Ey . The
edgeey is a union of an internal rayRy and external rayR∞; let q be their common
landing point. Choose any preimageRx of Ry joining x to a pointq ′ in ∂�x . Since a
small disc nearq pulled back toq ′ is again a disc, there is a preimageR′

∞ of R∞ joining
∞ to q ′. Let ex = Rx ∪ R′

∞ andEx = {ex}. Thenf : ex → ey andEx ∩ T = {x}.
This completes the construction ofS.

5. Complements
5.1. Blowing-up multiple arcs. Theorems A and B generalize in the obvious way to
blowing-up along finite collectionsα1, α2, . . . of arcs for which Int(αi)∩ αj = ∅, i 6= j .

5.2. Blowing-up Möbius transformations. LetG be a finite connected graph inS2 with
vertex setX and edge setE. Suppose in addition that no edge joins a vertex to itself
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and that no two vertices are joined by more than one edge. Assign to each edgee ∈ E
an integerm(e) ≥ 0. Let (M,X) be a marked M̈obius transformation of finite order and
supposeM(G) = G.

THEOREM. (Blowing-up Möbius transformations.)Let (g,X) be the marked branched
covering(M,X) blown-upm(e) times along the edgee ∈ E. LetG′ denote the subgraph
of G which is the union of edgese′ (and their vertices) for whichm(Mie′) > 0 for some
i. Then(g,X) is equivalent to a marked rational map if and only if:
(1) G′ is connected; and
(2) if G′ is nonempty, no component ofS2 −G′ contains more than one point ofX.

Proof. If G′ is empty there is nothing to prove. Otherwise, there is at least one edge
which is blown-up. The vertices of this blown-up edge become periodic critical points
for g, hence the orbifold of the (unmarked) branched coveringg is not the(2,2,2,2)
orbifold. Hence by Theorem 3.1,characterization of marked rational maps, (g,X) is
equivalent to a marked rational map if and only if(g,X) has no Thurston obstructions.

Note thatG′ is invariant underM. Let X′ denote the vertices ofG′. Then for each
connected componentG′′ of G′, G′′ has at least two vertices.

We now prove the necessity of (1) and (2). First, assume that(g,X) is equivalent to
a marked rational map. Then(g◦n,X) is also equivalent to a marked rational map for
everyn ≥ 1.

If (2) fails, then there is a componentU of S2 − G′ such that|U ∩ (X − X′)| ≥ 2.
Let γ be any simple closed curve inU separatingG′ from U ∩ (X − X′). Thenγ is
nonperipheral since|X′| ≥ 2 and|U ∩ (X − X′)| ≥ 2 by assumption. Choosen ≥ 1 so
thatM◦n(γ ) = γ . We may further assume thatγ is disjoint from the discsW within
which we alter the map(M,X) to obtain the map(g,X). It then follows thatg◦n(γ ) = γ

and that(g◦n)|γ is a homeomorphism. Thenγ is a Levy cycle for(g◦n,X), so (g◦n,X)
is not equivalent to a rational map.

If (1) fails, then there is a simple closed curveγ in S2−(G′∪X) separatingG′ into two
subsets, each of which has at least two elements ofX. Henceγ is nonperipheral. The
same argument as in the previous paragraph then shows that(g◦n,X) is not equivalent
to a rational map.

We now prove the sufficiency of (1) and (2). We may assume|X| ≥ 4, since
otherwise there are no nonperipheral simple closed curves in(S2, X) and hence no
Thurston obstructions. Next, we may assume that for everye ∈ E and for everyi > 0,
Mie 'X e if and only if Mie = e, by our requirement that there is at most one edge
between any two vertices and the assumptionM(G) = G.

For each orbit of an edge inE′ underM, choose one edgee′j . Let εj 'X e
′
j be an arc

in (S2, X) chosen so thatεj ∩ G = e(εj ). Then in particular, Int(εj ) ∩ e′ = ∅ for each
e′ ∈ E′. Let 3j denote the arc system which is the orbit ofεj underM. Then3j is
forward-invariant underM and the interior of every element of3j is disjoint from the
edges along which we blow up. Hence by Proposition 3,orbits offα persist, each3j is
forward-invariant up to isotopy under(g,X).

The transformationsg#,3j are irreducible but are not transitive permutations of the
basis vectors. The transformationM#,3j is a transitive permutation of the basis vectors
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since3j is the orbit of a single arc underM and is therefore irreducible. Hence as
matricesg#,3j ≥ M#,3j ≥ 0, sog#,3j is irreducible sinceM#,3j is irreducible. Moreover,
if λ ∈ 3j andλ 'X e

′, wherem(e′) ≥ 1, then mult(g : λ → g(λ)) = m(e′)+ 1 ≥ 2, and
so the entry ofg#,3j corresponding to the ordered pair(λ, g(λ)) is at least two.

Let 0 be an irreducible Thurston obstruction for(g,X). We may assume that the
elements of0 are chosen so that0 · 3j = |0 ∩ 3j | for eachj . By Theorem 3.2,arcs
intersecting obstructions, 0 ∩ 3j = ∅ for eachj . Since∪j3j = G′, 0 ⊂ S2 − G′.
Conditions (1) and (2) imply that every component ofS2 − (G′ ∪ X) is either simply
connected or is a once-punctured disc. Hence there are no nonperipheral simple closed
curves inS2 − (G′ ∪X), and so there are no Thurston obstructions for(g,X). �

Example.Let fp/q(z) = z2 + cp/q , q ≥ 2, wherep < q and p and q are relatively
prime, wherecp/q is the center of the hyperbolic component tangent to the main cardioid
in the p/q limb of the Mandelbrot set. We call such a polynomial ‘starlike’. (There
is a topological treeT which is a union ofq internal rays, each joining a point in the
finite superattracting cycle containing 0 to a common repelling fixed point. ThusT is a
‘star’. The treeT is mapped homeomorphically underf into itself with rotation number
p/q.) Let Mp/q = e2πip/qz andXp/q = {∞} ∪n∈Z e

2πinp/q . Let G be the orbit of the
arc [1,∞] underMp/q . Thenfp/q is equivalent to(Mp/q,Xp/q) blown-up once along
α = [1,∞] ⊂ G.

Remark.Let Mp/q be as above. LetYp/q = Xp/q −{∞} and letG be the unit circle. Let
α be the circular segment joining 1 ande2πi/q . Then blowing-up(M, Yp/q) once along
α yields a quadratic non-polynomial rational map. Mary Rees (personal communication)
has informed us that all quadratic non-polynomial maps with obstructed tunings arise in
this fashion.

5.3. Killing obstructions by blowing-up. The blowing-up construction can be applied
to marked branched covers which are not equivalent to rational maps in such a way that
the result is equivalent to a rational map.

Let p(z) = z2 − 1. Extendp to a degree two branched cover of the closed discD by
adjoining the mapz → z2 along the circle at infinity,S1

∞. Now let f be the branched
cover obtained by gluing the action ofp on two copiesD+,D− of D alongS1

∞. The
mapf is called themating of f with itself and is not equivalent to a rational map. To
prove this, letRt denote the external ray of anglet for p. Then after adjoining onS1

∞,
Rt becomes a topological arcR∞

t in D joining ∞ · e2πit to the landing point ofRt in
J (p). For the mapf , the unions of arcsR∞

1/3, R∞
2/3 in D+ andD− are joined together

to form a simple closed curveγ ⊂ S2 − P(f ) which maps to itself homeomorphically
by degree one, and hence is an obstruction. Note that the interval [−1,0] ⊂ D− is
mapped homeomorphically to itself underf . Consider the mapg = (f, P (f )) blown-up
once alongα = [−1,0] ⊂ D−. Then by Theorem 3.2,arcs intersecting obstructions, no
obstruction can intersectα. Hence any obstruction forg is isotopic relative toP(g) into
D+, where there are no such obstructions. Sog is equivalent to a rational map whilef
is not.
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5.4. Generalized matings. One may think of the mapg in the previous example as
the polynomialz2 − 1 mated with the rational map which isz2 − 1 blown-up alongα.
(The resulting branched covering is well-defined since there are no critical points in the
interior of the discD in which we glue new dynamics.) Using techniques similar to the
ones employed in the proofs of our theorems one may prove the following. To set up
the statement, supposef1(z) is a starlike quadratic polynomial with treeT . Let α be
the union of two consecutive edges inT . Thenα satisfies the hypothesis of Corollary 2,
so blowing-upn times alongα yields a branched covering equivalent to a rational map
rn(z). The maprn(z) has a fixed critical point of local degree two which we may take
to be at infinity.

THEOREM 5.1. (Matings with blown-up starlike polynomials exist.)Let f2(z) be an
arbitrary postcritically finite quadratic polynomial. Then the mating off2(z) with rn(z)
is equivalent to a rational mapg(z).

Similar results can be formulated for higher-degree maps as well as for generalizations
of tunings. The proofs are all similar to those given here: an obstruction is forced to lie
outside the region on the sphere in which the new dynamics is glued by Theorem 3.2,
arcs intersecting obstructions.

5.5. Special maps. The following theorem is useful since there are interesting
examples of maps produced by blowing-up arcs to which Theorems A and B do not
apply.

THEOREM. (Special maps.)If g is (f,X) blown-up alongα, and if |P(g)| = 3, theng is
equivalent to a rational map.

Proof. The orbifold ofg is hyperbolic, sog is equivalent to a rational map if and only if
there are no Thurston obstructions, which do not exist since there are no nonperipheral
curves in(S2, P (G)). �

6. Examples illustrating theorems
In this section we give some examples and applications.

Blowing-up a periodic arc in the ‘rabbit’. Let f (z) = z2+c, wherec ≈ −0.12256117+
0.74486177i is chosen so that 0 is periodic of period three and Im(z) > 0. Let
X = {0, c, f (c)}. Thenf is ‘starlike’, so there is a treeT (shown in Figure 4) with
vertices consisting of the setX and the alpha fixed pointp of f and which is mapped
homeomorphically to itself underf with rotation number 1/3. T is a union of the three
internal rays forf which are fixed underf ◦3.

We letα be the union of the two internal rays joining 0 andc to p. By Corollary 2,
blowing-up once alongα yields a branched covering equivalent to a rational map. The
Julia set off is shown in Figure 5, and that off blown-up alongα is shown in Figure 6.
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c

f(c)

0=f(f(c))

α
p

FIGURE 4. The tree for the Douady rabbit.

FIGURE 5. Douady’s rabbit.

FIGURE 6. The Douady rabbit blown-up alongα.

Blowing-up the ‘airplane’. Let f (z) = z2 + c, wherec ≈ −1.75488 is chosen so that
the critical point at zero is periodic of period three with the orbit lying in the real line.
Then c < 0 < f (c). Let X = {c,0, f (c)}. The treeTX is the interval [c, f (c)] with
verticesX. The polynomialf sends the intervals [c,0] and [0, f (c)] homeomorphically
to the interval [c, f (c)]. We let α = [c,0] ⊂ TX. Then the blowing-up conditions are
satisfied, and by Theorem B,(f,X) blown-up once alongα is equivalent to a rational
map.

The Julia set off is shown in Figure 7. The Julia set of the result of blowing-upf
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alongα is shown in Figure 8; the map is given byg(z) = a(z − 1)3/(1 − 3z), where
a ≈ −2.37123, normalized so that 17→ 0 by local degree three, 07→ −a by local degree
two, and−a 7→ 1 by local degree one.

FIGURE 7. The airplane.

FIGURE 8. The airplane blown-up alongα.

A degree-four map withS3 symmetry. Let G be a topological graph inS2 which is a
triangle with verticesX and edgesE. Let M be the identity map. By the Theorem,
Blowing-up Möbius transformations, the marked covering(g,X) blown-up once along
each edge inE is equivalent to a degree-four rational mapg with three fixed critical
points each of multiplicity two. The full mapping class group of orientation-preserving
homeomorphismsh of S2−X up to isotopy is isomorphic toS3 and commutes withg up
to equivalence since the blowing-up construction in this case is performed symmetrically.
That is,h ◦ g is equivalent tog ◦ h. It follows that the conformal automorphism group
of g is S3. A formula for this map is given in [McM ] and is used there for giving a
generally convergent iterative algorithm for solving the cubic.

Remark. More generally, one can apply the Theorem,Blowing-up Möbius
transformations, to other symmetric graphs and the identity map to produce symmetric
postcritically finite rational maps; cf. [DM ] for a detailed discussion of rational maps
with icosahedral symmetry.
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