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Abstract We apply Thurston’s characterization of postcritically finite rational maps
as branched coverings of the sphere to give new classes of combination theorems for
postcritically finite rational maps. Our constructions increase the degree of the map but
always yield branched coverings which are equivalent to rational maps, independent of
the combinatorics of the original map. The main tool is a general theorem based on the
intersection number of arcs and curves which controls the region in the sphere in which
an obstruction may reside.

1. Introduction

Thurston has given necessary and sufficient topological conditions for a postcritically
finite branched covering of the spheres? to itself to beequivalent or conjugate up

to isotopy rel postcritical sets, to a rational map. However, verifying that a given
branched coveg is equivalent to a rational map involvespriori checking infinitely
many conditions—a topological obstruction is a faniilypf disjoint, simple closed curves

up to isotopyrel P(g) with certain invariance properties, and there are often infinitely
many such candidateS. Thus the set of possible obstructions which might arise is
difficult to control.

We prove a general theoremascs intersecting obstruction§Theorem 3.2), which
asserts that under suitable hypotheses, an obstruttitm the existence of a rational
map equivalent to a branched coveriggcannot intersect any family of ares which
maps in a certain way. Thus a possible obstruction is confined to certain dynamically
distinguished regions in the sphere. We then apply this theorem to the problem of
developing new combination theorems for postcritically finite rational maps as conformal
dynamical systems.

Other examples of such theorems includating (see, e.g.,Juo, ST, Tanl]), where
two polynomials of the same degree are glued together along their circles at infinity,
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capture (see, e.g.,Hea, W, TanZ), where two points with the same image are glued
together to get a critical point, artdning (see, e.g.,Ahm, Red), where the dynamics

of a polynomial is glued into the dynamics of a rational map near a superattracting cycle.
In all of these examples the degree of the new map is the same as that of the old one.
Previous combination theorems involving mating, capture and tuning of rational maps
(not just polynomials) have hypotheses on the degree of the map and on the combinatorics
of both the original mapf(z) and the new dynamics which is being glued inf¢z)

which must be satisfied for the result to be equivalent to a rational map.

The combination theorems we develop are distinguished from the above in two
significant ways: they increase the degree of the original map, and they always
yield branched coverings which are equivalent to rational maps, independent of the
combinatorics of the original may. Moreover, the new map, while of higher degree,
is combinatorially very closely related to the original maps. Thus these combination
theorems give ways of describing certain higher-degree maps in terms of simpler, lower-
degree ones. Moreover, our theorems can be used to construct a variety of maps with
interesting dynamical behavior—Fatou component boundaries which are homeomorphic
to a figure-8 (Example below), symmetries, Sierpinski carpet Julia sets, Fatou components
whose boundaries intersect in a prescribed manner, and rational maps with cylinders
(see Pil2]).

Our constructions are based upon the following notion, which we ldailving-up
an arc. Let f(z) be a postcritically finite rational map, let be a closed, embedded
topological arc inC and suppose that|a is a homeomorphism. Define a new branched
covering g by cutting open the sphere along gluing in a disc D, mapping the
complement ofD by f, and mappingD to the complement off (@) in the sphere.

A local model ofg nearD is the mapz — %(z +1/z) on a neighborhood of the closed
unit disc; this maps the unit circle onto the intervall] 1]. Then degg) = deq f) + 1,

and the local degree ¢f is one more than the local degree jofat the endpoints ok.
More generally, one can map the diBdn a similar fashiom times around the sphere so
that dedg) = deq f) + n. Note that by constructiorf = g away fromD. The precise
conditions onx for this construction to be well-defined, and the statements of our main
theorems, are somewhat technical and are given preciséj§2i3 and 2.4. We prove
that under these conditions, the combinatorial clasg dépends only on combinatorial
data (Proposition 2).

For example, we derive the following as a corollary to our first main theorem,
Theorem A. To set up the statement, we recall that in a periodic Fatou component of
a postcritically finite rational magf, there is a canonical family of arcs call@aernal
rays which are mapped homeomorphically undéto other internal rays (segt.3 for
the definition of internal ray).

THEOREM. If « is a periodic or preperiodic internal ray of , then the branched covering
g which is f blown-upn times alongx is equivalent to a rational map.

We also apply the blowing-up construction to obtain rational maps frotbik
transformations of finite ordeg%.2). Our techniques of proof also allow us to establish
that certain blown-up quadratic polynomials may be mated (in a suitably generalized
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way) with anarbitrary postcritically finite quadratic polynomial to yield a rational map;
see85.4. Moreover, the technique generalizes easily to similar statements in higher
degrees.

Organization of the paper.

e §2: we state needed definitions, give the precise definition of the blowing-up
construction, state our first two main theorems precisely (Theorems A and B),
and prove that the combinatorial class gfdepends only on combinatorial data
(Proposition 2).

§3: we prove Theorem 3.2yrcs intersecting obstructions

§4: we prove Theorems A and B.

§5: we prove other related results.

§6: we give examples illustrating our main theorems.

Example. Blowing-up a preperiodic arc in the basilitat f(z) = z°—1. Leta = [0, 1].

The filled-in Julia set off (z) is the set of points whose orbits are bounded; this set is
the black region in Figure 1. Let be the branched covering which fsblown-up once
alonga. The Julia set of the rational map equivalenfgtts shown in Figure 2; see also
[Pil1] for a discussion of this example and for a descriptiorg @fs a branched covering.

FiGURE 1. The filled-in Julia set off (z) = z2 — 1.

2. Blowing-up an arc

§62.1 and 2.2 give definitions needed to formulate our construction and theorems
precisely.§2.3 states conditions under which blowing-up will be a well-defined operation
on equivalence classe$2.4 gives the precise statements of Theorems A ang2E

gives the construction of blowing-up an arc, a proof that the equivalence class of the
new mapg depends only on combinatorial information, and a propositambi{s off «
persis) which we will use in our proofs.

Conventions and notationd.et f be a nonconstant rational map or an orientation-
preserving continuous branched covering of the spéte itself. A pointz is acritical
point of f if the local degree off nearz is strictly larger than one; we denote By f)

https://doi.org/10.1017/50143385798100329 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385798100329

224 K. M. Pilgrim and Tan Lei

FiGure 2. Julia set of the rational map corresponding to blowingfdp) = z2 — 1 along [Q 1]. The white
regions form the basin of infinity.

the set of critical pointsC(f) has 2 — 2 points, counted with multiplicity, wheré is
the degree off. The postcritical setP(f) of f is defined byP(f) = U,~of"(C(f)).
The mapf is said to bepostcritically finiteif P(f) is finite.

Convention.We assume throughout this paper that all rational maps and branched
coverings are postcritically finite.

Two branched coveringg and g of the sphere to itself are said to lequivalentif
there are homeomorphismig and vr; such thatyg o f = g o ¥1, and such thatyg is
isotopic toyr; through homeomorphismg,, ¢ € [0, 1], with ¥, |P(f) = vo|P(f) for
all z.

2.1. Marked branched covers.

Definition 1. A marked branched covering a pair (f, X) where f : §? — S?is a
branched covering an¥ is a finite set containing(f) such thatf(X) c X.

Two marked branched covering¥, X), (g, Y) are said to beequivalentif they
satisfy the definition of equivalence of branched coverings with the3éfs and P (g)
replaced byX and Y respectively. There is a functor from the category of marked
branched coveringéf, X) and equivalences to the category of branched coverings and
equivalences. The image of a marked branched covetjfid() under this functor
is f; the image of an equivalencéy : (S%, X) — (S2%,Y) is the map of pairs
Vo : (82, P(f)) — (5%, P(g)). This functor ‘forgets’ thaty must sendX — P(f)
to Y — P(g). We call this theforgetful functorsending( f, X) to f.

Examples.

1. Let f be arational map andl a finite forward-invariant set containing(f). Then
(f, X) is a branched cover marked by the set We will call (f, X) a marked
rational map. Note that if f, X) is a marked rational map with def)) = 1 and
|X| > 3, thenf is necessarily a Kbius transformation of finite order.

2. Letp(z) = z2—1. Thenp : [-1,0] — [-1,0] is an orientation-reversing
homeomorphism. Postcompoggz) with a homeomorphisnt isotopic to the
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identity relative toP (p) such that forf(z) = ho p(z), f([—1/4,0]) =[-1, —3/4]
and f([—1, —3/4]) = [-1/4,0]. Let X = P(f)U{—1/4, —3/4}. Then(f, X) is a
branched cover marked by the sét

In both examples, the image ¢f, X) under the forgetful functor is combinatorially
equivalent to a rational map. In the first case, however, theXset P(f) of ‘new’
marked points are already preperiodic under the dynamics of a rational map, whereas in
the second case we have added new preperiodic points by our choice of representative
of the combinatorial class g#(z).

2.2. Arcs and curves inS?, X). Let X be a finite set in the sphere. Aarc « in
(52, X) is defined to be the image of the unit interval 10 under a mapj into the
sphere such that the endpoirt&r) := j({0,1}) C X, j|(0,1) is an embedding, and
j(0,1)NX =@. Thus we allow the endpointg«) of « to coincide (though we will not
cut along such arcs in our construction). sknple closed curve iS2, X) is a simple
closed curve ir5?— X; it is said to beperipheralif it is isotopic into every neighborhood
of some point inX andessentialif it is not contractible ins? —

Two arcs (respectively curvesy, 1 in (S, X) are said to basotopic relative toX,
written no ~x 71, if there is a continuous, one-parameter famjlyt € [0, 1], of such
arcs (respectively curves) joining, to n;. The isotopy class relative t& of an arc or
simple closed curve is denoted by#f]x, or by [5] when the setX is understood.

A set of pairwise nonisotopic arcs (essential curves)si X) will be called anarc
(curve) systenin (52, X). If A and A’ are arc or curve systems ii$?, X) we write
A ~x A’ if every element ofA is isotopic to a unique element of relative toX, and
conversely.

The intersection numbebetween a paitr, 8 consisting of either arcs or curves in
(52, X) is defined by

a-f= _min ,#{(0/ —e(@)) N (B —eB)).

ax~ya!, B~
Invariance up to isotopy of arc systenh®t ( f, X) be a marked branched covering.

If A is an arc in(S2, X), we will call the closurex of a connected component of
f~Y(x — e(n)) alift of A under f. Thus each ara in (52, X) has degf) distinct lifts
. If the endpoints of. are distinct, each lift maps homeomorphically ungieonto A.

If A is an arc system ins?, X), alift A is defined to be an arc system (6%, X) each
of whose elements is a lift of some element € A.

An arc systemA in (S2, X) is said to beforward invariant underf up to isotopy
relative toX if there exists a subsety, C A (possibly all ofA) and a lift Ao of Ag such
that Ao ~x A. If A ~y A’ andA is forward invariant up to isotopy relative t9, then
SO isA’. (An |sotopy between an elemente A and an element’ € A’ can be lifted
to an isotopy betweeh € A and an aré’ which is a lift of A", )

The next proposition allows us to extract arc systems which are forward-invariant up
to isotopy from a collection of arcs which are literally forward-invariant.

PROPOSITION1. SupposeL is a collection of arcd in (52, X) such that for eacli € £,
fl is a homeomorphism andl(/) € £. Then there is a subset c £ which is an arc
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system forward invariant undef up to isotopy, and such that ea¢he L is isotopic
relative to X to a unique element of.

Proof.Let Ag C f(£) be an arc system chosen arbitrarily so that eachfatg [ € L, is
isotopic relative toX to a unique element afg. Then for eachh € £, f () ~x Ao for

a uniqueig € Ag. Hence by lifting isotopiesk ~y Ao, Wherel, is a lift of 1. Hence
every element ofC is isotopic to a lift of an element of\o. We now enlarge our set
Ag so that the last property holds. L&t denote the set of elements Sfwhich are not
isotopic to any element ahg. Let A1 C £; be any arc system for which each element
of £, is isotopic to a unique element @f;, and for which each elemeny € A; is
isotopic to some element af;. ThenA = AgU A; is an arc system with the desired
properties. O

2.3. Conditions under which blowing-up is definedNow suppose thatf, X) is a
branched covering of degree 1 marked by the finite seX, and leta be an arc inS2.
Assume that the following conditions are satisfied.

Blowing-up conditions:
1. fla is a homeomorphism;
2. aisaunionofarcsy, j=12...,Lin (5% f~4(X));
3. Intl@) N (X UC(f)) = .
Note that the arcg («;) are arcs in(s2, X).

RemarksAllowing « to consist of more than one arc {82, f~1(X)) is indeed useful:
for example, consider the example of blowing-up the ‘airplanelén More generally,
we may apply the blowing-up construction to finite collectian’s «?, ... of arcs for
which Int(e’) Na/ = ¢ wheni # j and for which each arc satisfies the blowing-up
conditions.

2.4. Statement of main results We assume the following in this subsection. gt X)
be a marked rational map with dgf) > 2. Leta be an arc irC satisfying the blowing-
up conditions. Lefg, X) be marked branched cover which is the nigpX) blown-up
n times alonge.

THEOREMA. Ifforall j =1,2,...,L,

1.  f(a;) is isotopic relative taX to an arc which is contained in a finite arc systeyn
which is forward invariant under’ up to isotopy relative td(, and

2. thereis a subsed;o C A; with a lift A; o such thatA;o ~x A; and Ao N Int(e)
=,

theng is combinatorially equivalent to a rational map.

CoROLLARY 1. If « is a periodic or preperiodic internal ray of , theng is equivalent to
a rational map.

COROLLARY 2. Suppose is a finite union of periodic or preperiodic internal rays ¢f
If for all » > 0, the intersection number relative 0 satisfiesf” (f («)) - f(«) # 0 only
when f"(f(a)) = f(a), theng is equivalent to a rational map.
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The definition of internal ray is given if4.3.

Next, assumef (z) is a polynomial. According to work of Douady and HubbaRbj,
DH1] there is a canonically defined finite topological trEecontained in the filled-in
Julia set off, depending only ory ande(«), such thatf(T) c T with vertices mapped
to vertices. In§4.2 we outline the construction gf.

THEOREM B. (Blowing-up an arc in a generalized Hubbard tref.x C T, theng is
combinatorially equivalent to a rational map.

Remark.The blowing-up conditions strongly restrict the possibilities dor The novel
feature of this theorem, relative to the first, is that we do not require thaitrere
eventually periodic up to isotopy relative 0.

2.5. Definition of blown-up map. Let (f, X) and« satisfy the blowing-up conditions
of §2.3. The construction is outlined in Figure 3 for the case 4.

hn

Ficure 3. Construction of the blown-up mapfrom f.

We first cut the sphere along the interior @f Let W be an open disc containing
Int(ar) bounded by a Jordan curve such than f~1(X) = N f~1(X) andaW D e(a).
Since Inta) N (X U C(f)) = ¥, we may chooséV so thatf|W is a homeomorphism.
Leth, : C — Int(a) — C be a continuous family of embeddings satisfying:

1. ho= id;

2. h|(C—w)=id forall 1;

3. hl(@ — Int(a)) = C- (D — e(a)), whereD is a closed disc.

The Jordan curvédD is a union of two closed arc8D, and dD_ with endpoints
e(a) which we denote bye_1,e,1}. The maph;l extends uniquely to a continuous
‘collapsing’ mapc : C - Int(D) — C sending@ — (D — e()) homeomorphically to

o~

C — Int(a) and each aré D, and o D_ homeomorphically tar.
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We add the following new dynamics. Let = {z | |z| < 1}, and letg, : A — C be

the map given by
$n(2) = A2(A1(2)?,
where i1 1
.z z—
Al(Z) = —lZ 1 and Az(Z) = m

The Mbbius transformatiom; is a rigid rotation with respect to the spherical metric
sending the ordered triple-1, 0, 1) to (0, i, co) and sendingA to Im(z) > 0; the map
z > z2" maps the half-plane Ifa) > 0 » times around the sphere sending the real axis
to the nonnegative real axis; thediius transformatiom, is a rigid rotation sending
(0,1, 00) to (—1, 0, 1). Thus the mag, wraps the closed unit dist around the sphere
times in such a way thag, is locally injective onA —{—1, 1}, ¢,,(=1) = —1, ¢,,(1) = 1,
and¢,(dA) = [—1,1]. Let dA,, dA_ denote respectively the intersection &fwith
Im(z) > 0 and Im(z) < O.

We now describe the gluing off and ¢,. Choose a homeomorphism’
(@, [-1,1) — (@, f(a@)) which sends—1 to f(e_;) and +1 to f(e;1). The
compositions(¢>,1|Mi)*l oW o fo clop, : 0Dy — dAL are homeomorphisms of
closed arcs and together define a homeomorphism fionto dA. SinceD and A are
closed discs we can extend this to a homeomorpHistretweenD and A.

We now define a new branched coverigdpy

foc(), if zeC — Int(D),

g(Z)z{ W og,oh'(z), if zeD.

The two definitions agree on the boundary, by construction, hence they give a well-
defined branched covering of the sphere to itself such thategleg deq f) + n.

We may also apply the above construction simultaneously to finite collections of arcs
al, o?, ... which satisfy the blowing-up conditions and which satisfy(dj N o/ =
@,i # j. We omit the details of this more general construction but emphasize that we
may assume that far= j, Wi N Wi C e(a’) Ne(a’) C X.

ProPoOsSITION2. (g depends only on classed he combinatorial class of depends only
on the integer:, the combinatorial class off, X), and the isotopy classes of the arcs in
(82, f~1(X)) comprisinge.

Proof. We prove in detail only the case of blowing-up along a single arc; the case of
blowing-up along multiple arcs is similar, since we may choose the closed Wisds
intersect only inX.

If (f1, X1) is equivalenttd f2, X2), then( f1, f; 1(X1)) is equivalent td f2, £, *(X2)):
an equivalencey, : (5% X1) — (5% X,) may be lifted to an equivalence; :
(S2, f1 1 (X1) = (S2, f5 1 (X2)).

Let ¢o, ¢1 : (S?, fl‘l(Xl)) — (82, fz‘l(Xz)) be a pair of homeomorphisms giving
an equivalence betweefyi, f; *(X1)) and (f2, f, (X2)). Thengoo fi = f20 ¢
and ¢o >~ ¢ relative to f;1(X1). Leta? = ¢1(a?). Thena? is an arc inS? which is
comprised of arcs i1S?, fz‘l(Xz)). We must prove that ifg;, X;) is (f;, X;) blown-upn
times alongy’, i = 1, 2, theng, andg, are combinatorially equivalent. For convenience,
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if gi,i = 1,2, are arcs which are unions of finitely many aﬁj"sin (S2,7), we will
write gt ~y 2 if g ~y g7 for all ;.

Step 1.We first show the following. Suppose for= 1, 2, thatg’ is the map produced
from the mapf by blowing-up an arer’, wherea® ~;-1y o?, and W;, D;, k., b/, and
hi are the discs and maps used in the definitiog,0fTheng; is equivalent tog,.

Since f|W; is a homeomorphism,f(W;) is a closed disc. There exists a
homeomorphismyp : (52, X) — (52, X) isotopic to the identity relative tX such
that yo(f (W1). f(ah) = (f(W2). f(@?). Sincea ~;1x o?, f(a') ~x f(a?). By
results of EpsteingP], there is an ambient isotopy & carryingdf (W) U f(a?) to
d(f(W2) U f(a?) fixing X pointwise. LetW : S2 x I — S? be such an isotopy such
thatw(-,0) =id, W(-, 1) = ¥, and ¥ (X, 1) = idy for all ¢.

SinceX O P(f), fIS?2— f~1X — §? — X is a covering map. Hence there is a lift
¥ of W which is an isotopy fixingX pointwise between the identity and a map which
we call 1. Note thaty!: (W1, ab) — (Wo, a?).

Recall thatg;|S? — W, = f|S?2 — W;,i = 1,2. We will define a homeomorphism
V1t (5%, X) — (82, X) such thatgayy = g1 and showyy is isotopic toy; relative
to X. The mapy, will be defined as four mapg™® = 152 — Wy, v @, @ @
which piece together.

We now definey@. Let K; = (g;|D;)"*(f(@")),i = 1, 2. Thenk; is a graph inS?
with exactly two vertices which are the endpoiata’) ¢ f~(X) and withn +2 edges,
each of which joins one vertex to the other. There is a well-ordering on the set of edges
of K;: E < E’ if the edgeE separates IGE’) from Int(d_D;) in D;. Write the set of
edges in increasing order @&, ..., E.}. Since we glue in the same new dynamigs
in the construction og; and g,, there is a homeomorphism® : K; — K, such that
229 @ =Yg andy@(E}) = E21=0,1,...,n,i.e.¢? preserves the well-ordering
of the edges.

We now definey®. Forl = 0,1,...,n — 1, the complementary componedif
of D' — K; bounded byE! U E;'+l is a Jordan domain mapping homeomorphically
under g; onto S — f(a'), i = 1,2. Hence for each, there is a homeomorphism
v Ut — U? such thatgoy @ |UL = vog1|UL. Sincey @ preserves the ordering
of edges, the homeomorphisni$®! andvy @ agree on the common boundaries of their
domains of definition.

A similar argument shows that there is a homeomorphjsth: Wy — Dy — Wo— D>
such thatg,y @ | Wy — D1 = g1/ W1 — D1 and which agrees witly® on 9 Wy and with
v @ ondD;.

Hence the mapg @, @ @ @ define a homeomorphism of the sphegrgsuch
that yog1 = g2v/1.

That o and vy, are isotopic relative toX follows from the fact thaty|S? — Wy is
isotopic (via\ff) to the identity relative taX and the fact thak N W1 C e(al) C dWh.
This completes the proof of step 1.

Step 2.We now prove the general statement. (1, fl‘lxl), (f2, fz‘lxz) be marked
covers andp, ¢1 as above give an equivalence carrying theardto «?. By replacing
f2 with the conjugate:e;ﬁof2¢5l we may assume that = id and thatfi(a!) = fo(a?).
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By step 1, the combinatorial class gfis independent of the choice of disd#s D. Let
W1, D1 be any such choice faf;. Hence we may assume th@vs, Do) = ¢1(Wq, Dq)
and thatf]_(Wl, Oll) = fz(Wz, 052).

Let v : (5%, X) — (52, X) be the identity map (after conjugation, we may assume
X = X1 = X3). We will find a homeomorphisny; such thatyog: = gov1 and g is
isotopic toy; relative toX. As in the proof of the previous step, we defitrg in four
pieces: ¥1|5% — Wi = ¢y, @ @ @  The details are all similar to those in the
proof of the previous step. O

Remark A similar proof shows that when blowing-up along any finite collection of arcs
al, o?, ... of arcs for which Inte’)Na/ = @, i # j, the equivalence class of the resulting
map is independent of the choices and representatives. Moreover, the resulting class is
the same whether we blow up one arc at a time or all of them simultaneously.

The next proposition gives a condition under which arc systemsinX) forward
invariant underf up to isotopy are also forward invariant undeup to isotopy.

PrROPOSITION3. (Orbits off « persist.) SupposeA is an arc system irgS2, X) which is
forward invariant underf up to isotopy relative tax. If, under f, there exists a lift
A ~x A such thatA N Int(e) = @, thenA is forward invariant underg up to isotopy
relative to X.

Proof. Let Ag C A be an arc system and, a lift of A under f such thatAg ~x A.
Sinceg|@ D= foc, if %o is a lift under £ of Ao € Ao such thatio N Int(er) = @,
thenhl(ko) =c 1@0) is a lift underg of Ag. Sinceh, is isotopic to the |dent|ty relative
to X, /\0 ~yx hl(/\o) Hencehl(Ao) is a lift of Ap underg such thathl(Ao) ~x Ag. O

3. Proof of ‘arcs intersecting obstructions’ theorem

In §3.1 we state the characterization of marked rational maps as marked branched
coverings as an immediate corollary to the proof of Thurston’s characterization of rational
maps as branched coverings.§B2 we state and prove the main ingredient in our proof,
Theorem 3.2arcs intersecting obstructions

3.1. Characterization of marked rational mapsLet (f, X) be a marked branched
covering. To a curve systemin (52, X) we associate th€hurston linear transformation
which is the linear map

fr:RF - RF
given by
1
=Y [
i, dedf iy = y)

where '] denotes the element a@f isotopic toy’, if it exists. If there are no such
elements, the sum is taken to be zero. Here, we regard elementasothe basis vectors
of R''. This transformation depends only on the isotopy classes of curves relatie to
and is natural with respect to iteration ¢f Since the entries of are nonnegative, the
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Perron—Frobenius theorers@n, Chapter XIlIl] implies that there is a nonnegative real
eigenvaluer(fr) equal to the spectral radius gf.

A nonnegative square matri;; is said to barreducible if for each(i, j), there is an
n > 0 such thatd}; > 0. We say thar is irreducible if the matrix forf is irreducible.

The Perron—Frobenius theory easily gives thdt is any curve system with(fr) > 0,
thenT" contains an irreducible curve systdrhfor which A(fr) = A(fT).

A curve systenl is said to be amulticurve if its elements are nonperipheral and
pairwise disjoint. The proof of Thurston’s characterization of rational maps as branched
coverings of the sphere given iDH2] extends immediately to the setting of branched
covers marked by additional points.

THEOREM 3.1. (Characterization of marked rational mapd.gt (f, X) be a marked

branched covering. The(y, X) is combinatorially equivalent to a marked rational map

(R, Y) if and only if for every irreducible multicurvE in (52, X), either:

1. A(fr) = 1 and the orbifold associated tof, P(f)) has signature(2, 2, 2, 2), in
which caser is covered by an integral endomorphism of the torus; or

2. A(fr) < 1, inwhich case the rational maR is unique up to conjugation by elements
of Aut(@).

Definition 2.(Thurston obstruction.) If f, X) is a marked branched covering for which
the orbifold associated t@f, P(f)) is not the (2, 2,2, 2) orbifold, an (irreducible)
multicurveI" for which A(fr-) > 1 is called an (irreducible) Thurston obstruction.

Example.Let I' = {yo, ..., y,—1} be a multicurve such that the following holds: for
each 0< j < p —1, y; has a (not necessarily unique) lidt ~x y;_1(modpy and
degf :6 — y; = 1. ThenI is called alLevy cycleand is an example of an irreducible
Thurston obstruction.

Remarks.

1. See DH2] for the proof and for the definition of the orbifold associated to a rational
map. A rational mapR is said to becovered by a torus endomorphisifnthere is
a complex torusl’, a holomorphic covering maﬁ . T — T, and a surjective
holomorphic mapp such thatR o p = p o R. The endomorphisnR is said to be
integral if it has a lift to an automorphism of of the formz +— nz, somen > 2.

The first case in the above theorem is rare and does not arise, for example, if there
are periodic critical points of or if |P(f)| > 5.

2. In [DH2] the curve system§ in the theorem are required to beinvariant, i.e.
every lift § of an elementy € T' is either inessential, peripheral, or isotopic to an
element ofl". However, by taking preimages we may always extend an irreducible
multicurveT to an f-invariant multicurve without decreasing the leading eigenvalue
of the corresponding Thurston transformation.

To apply Theorem 3.1 we will need to rule out the first rare case. ([feX) be a
marked rational magf(z). If f is covered by an integral torus endomorphism, tifen
is not a polynomial. Moreover, there can be no arcgSf X) with distinct endpoints
which are periodic undey up to isotopy relative taX. The Euclidean metric o
pushes down to an (orbifold) metric dwhich is uniformly expanded undef. Hence
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all inverse branches of are uniformly contracting with respect to this orbifold metric.
This implies that ifx is any lift under f of an arci in (S2, X), then the diameter of
s strictly less than that of. Since the diameter of any arc {2, X) with distinct
endpoints is positive, this shows that there are no arcs with distinct endpoints which are
periodic underf up to isotopy relative t&X. Hence to prove our two theorems, we may
assume that the orbifold; is not the(2, 2, 2, 2) orbifold.

If g is f blown-up alonga then the Euler characteristje(O,) < x(0f) < 0. The
(2,2, 2,2) orbifold has Euler characteristic zero, henfg cannot be the2, 2, 2, 2)
orbifold. Sog is combinatorially equivalent to a rational map if and only if there are no
irreducible Thurston obstructions far.

3.2. Arcs intersecting obstructions.Let (f, X) be a marked branched covering,an
arc system in(§?, X), andI" a curve system iriS?, X).
The unweighted Thurston linear transformatiofy.r : R — R' is defined by

far(y) = Z [y1r foryeTl,
y'cf )
where '] denotes the element i homotopic toy’ and zero otherwise. As before,
this map is independent of the choice of representatives and is natural with respect to
iteration. Note that G< (fr);; < (fyr)i; for all i, j and that(fr); ; = 0 if and only if
(far)i,; = 0. This implies thatfr is irreducible if and only iffxr is irreducible.
In analogy with the unweighted Thurston linear transformation, we define

fun  RY > RA

by setting
feaGy= Y [Va forirea,
NCft(

where ], denotes the element af homotopic toA’ (if it exists). We say thatA is
irreducible if fx » is irreducible. It is straightforward to verify that the transformation
Sf&a depends only onA]x and not on the choice of representatives and that is
natural with respect to iteration of, i.e. (f")aa = (fer)".

If « andp are arcs in(S2, X) we define themultiplicity mult(f : « — B) to be the
number of lifts of 8 which are isotopic tax relative to X. Thus (fia);; = mult(f :
Ai = Aj).

The following proposition follows immediately from the decomposition theorem for
nonnegative square matrices i@dn, Chapter XIII].

ProPOSITION4. (Decomposition of invariant arc system&gt A be a finite arc system
forward invariant underf up to isotopy relative t&. Then there are disjoint (as subsets
of A) irreducible arc subsysten®1, ©,, ..., ®; of A and integersiy, no, ..., ng such
that for eachi € A, there is a (not necessarily unique). such that is isotopic to a lift
of an element 0®, under f"«.

For A a curve system or an arc system (i§?, X), set A (respectivelyf\(f”)) to
be the union of those components Bf1(A) (respectivelyf " (A)) which are isotopic
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to elements ofA. If A is irreducible, each component of is isotopic to some (not
necessarily unique) component &f 1) (respectivelyA (f")).
The following theorem appears in a weaker form 8TT.

THEOREM 3.2. (Arcs intersecting obstructions.)Let (f, X) be a marked branched
covering,I" an irreducible Thurston obstruction ias?, X), and A an irreducible arc
system in(S2, X). Suppose furthermore th&T N A) = I" - A. Then either:

1. ' -A=0andl'- f™"(A)=0, f"(I')-A=0foralln > 1, or

2. T-A#0and:

(&) Each component o (respectlverA) is isotopic to a unique component bf
(respectlverA) the mappingf : I > T (respecnvelyf A — A) is a
homeomorphismi, N (£F~X(A) — A) = @, andA N (f~XT) — T') = ¥. More
precisely,

i. for eachy e T, there is exactly one curvge’ c f~%(y) such that
y' N A # (. Moreover, the curve’ is the unique component gf1(y)
which is isotopic to an element of,

ii. foreachi e A, there is exactly one connected componendf f~1(x)
such thatr’ N T # @. Moreover, the arc\’ is the unique component of
f~1(») which is isotopic to an element of.

(b) The transformationsfsr and fx, are transitive permutations of the basis
vectors.

(c) The above results remain true if we replageby 1, for anyn > 1 (though
transitivity may fail).

(d) For any arcx in (52, X) which is isotopic to an arc iry *(A) for somen > 1
but which is not isotopic to an arc in, I - » = 0. Similarly, for any curvey
in (52, X) which is isotopic to a curve irf ~*(I') for somen > 1 but which is
not isotopic to a curve im’, A -y = 0.

CoRoLLARY 3. If A contains more than one periodic cycle, or if the multiplicityfofrom
some element € A to 8 € A is larger than one, then there are no irreducible Thurston
obstructions which interse.

Proof. If so then fx 5 is not a transitive permutation of the basis vectors. O
We will use the following easy fact.

LEMMA 1. Let f be a branched covering frors? to S2. Let B be a subset 0f? such
that f|p : B — f(B) is a bijection (respectively &-to-1 mapping). LetA be any subset
of $2. Then#f~1(A) N B =#A N f(B) (respectivel#f ~1(A) N B =k - #A N f(B)).

For A a curve system or an arc system(is?, X), setA (respectiverT\(f")) to be
the union of those components ¢f 1(A) (respectivelyf " (A)) which are isotopic to
elements ofA. If A is irreducible, each component of is isotopic to some (possibly
non-unique) component o () (respectivelyA (£)).

By the definition of an irreducible arc system, there exists at least one subsét
A such thatA’ is isotopic toA and f : A’ — X — A — X is a homeomorphism. Then

farp) A< >0 #HYNR)=#HTMoNNA) =#y 0 A =y A (1)
y'Cf )
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where the first inequality follows sincg : AN-X—>A-Xisa homeomorphism and
the second-to-last equality follows by the lemma. Assufae(y;) = >, bi;y:. Then
by (1)1 (Zj Zi bijVi) A <TI-A.But

(ZZbim-)-A=(Z(Zbi,->y,~)~AzZyi-A=r~A, @)
J t i J i

where the last inequality is obtained as follows. By irreducibilify, has neither zero

rows nor zero columns, so the same is true fgr. But each entry offyr is a non

negative integer, sb;; > 1 if b;; # 0. We have then either (&)- A =0or (b)I"-A # 0

and all the inequalities above become equalities.

In the case whel - A = 0, we claim that" - f~1(A) = 0. Lety; e I". Theny, ~ y’
with ¥’ a curve inf~1(y;) for somey; € T'. Theny; - f~1(A) < #(y' N fFHA)) =
k#(y; N A) = 0. The case for > 1 is proved similarly. This proves part one of the
theorem.

In Case (b), the equalities in Equation (2) imply that for eacthere is a uniqug
such thatb;; # 0 and thath;; = 1. Thus for eachy;, there is a uniquey; such that
some component of ~1(y;) is isotopic toy;. Also, there is a unique such componert
of f=1(y;) isotopic toy;. Since fyr is irreducible, this implies thafsr is a transitive
permutation of the basis vectors. As a consequemcds also the unique curve in
f~1(y;) isotopic to an element df.

The equalities in Equation (1) tell us th@ir(y;) - A = #(f () N A) = v - A.
Combining with the facts thatfsr(y;)) = [vIr = v, ¥ - A < #y' N A’) and
y'NN C fly) NN, wegety,-A=y-Aandy NA = f L y)NA. As
a consequencey’ is also the unique curve ifi—1(y;) such thaty’ N A # (). Moreover,
FFANA =T NA.

The matrix fr is a permutation with entry;; = 1/k;, wherek; is the degree of
f vy — y. Sincei(fr) > 1, we havek; = 1 for all j and fr = fsr. Thus
f:T = I' is a homeomorphism.

Note that in the above argument we only used the following properties of the triple
(T, A, 7\/): the matrix f has neither zero row nor zero column, with leading eigenvalue
at least 1, the sed’ is isotopic toA and f : A’ — X — A — X is a homeomorphism.
By what we have just proved, the trip{&, T, I') also verifies these properties. Hence
we can follow the same argument for this new triple. We conclude then foreach,
there is exactly one curvg’ in f~1(1) with A’ N r # (. Moreover,}’ is the unique
curve in f~1(1) which is isotopic to an element of. The matrix f » is a transitive
permutation. As a consequence,= A.

ReplacingT\’ by A at the beginning of the proof, we conclude finally tHamn
A =TNA=fYNAandd NA =#"NA=T-A. As a consequence,
TN(fYAa)—K) =gand(f ) -THNA =0

Now take any arc. isotopic to some arc irf ~1(A) but not isotopic to any of the
arcs inA; it is isotopic to an aré.’ € f~1(A) — A. SoT - A <#T NA’) = 0.

This proves parts @), 2(b) and (2(d),n = 1) of the theorem. To get(@) and
(2(d),n > 1), we just need to note that if', A are irreducible forf, they are also
irreducible for /", for all n > 1. This gives the theorem. O

https://doi.org/10.1017/50143385798100329 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385798100329

Combining rational maps and controlling obstructions 235

The following theorem can be proved in exactly the same manner as Theorem 3.2.

THEOREM 3.3. (Arcs intersecting arcs.let A;, A, be two irreducible systems of arcs.
Then either:
1. A1~A2:Oandf‘”(A1)~f‘~"(A2)=0foraIInzl; or _
2. Ar-Ap#0and(f (A1) — Au(f") - Ap = 0= Ay~ (f"(A2) — Ax(f) for all
n > 1. In this case we also have:
(a) the transformationsf; 4, are transitive permutations of the basis vectors;
(b) for eachi € A;, there is a unique component gf-1(1) intersectingA;,
i#ie{l,2);
(c) (a)and(b) remain true if we replace by f*,n > 1.

COROLLARY 4. If A1 contains more than one periodic cycle, or if some elementwiaps
with multiplicity greater than one, then; - A, = 0 for any irreducible arc system .

4. Proof of Theorems A and B
In §4.1 we prove Theorem Aj4.2 gives the proof of Theorem B, which depends on a
construction given ir§4.3.

4.1. Proof of Theorem A. By Theorem 3.1characterization of marked rational maps
and our discussion at the end §8.1, (g, X) is combinatorially equivalent to a marked
rational map if there exist no irreducible Thurston obstructiBrier g. LetT" be such an
obstruction and lef* be the union of those components of'(I") isotopic to elements
of T, relative toX.

By the second hypothesis of the theorem and Propositiari8ts off « persist for
eachj, A; is forward invariant undeg up to isotopy relative toX.

By Proposition 4,decomposition of invariant arc systemer each j, there is an
irreducible arc system®; C A; and an integen; such thatf(«;) is isotopic relative to
X to a lift of an element of; underg”.

We now show that we may choose representatived” o§o thatT N D = 0.
This will complete the proof of the theorem: singqf: — (D —e(@) = foc and
c:C— (D —e()) — C- Int() is isotopic to the identity relative t&, I' is then an
irreducible Thurston obstruction for the marked rational nigpX). By Theorem 3.1,
characterization of marked rational mapend the fact thaf is not covered by an integral
torus endomorphism, this gives a contradiction.

First, we may assumg minimizes the number of intersections wittie;) and®; for
all j. Write 9D = Ujag ;, whereag ; are the two unique components @fD) ™ (f («;))
which are contained i D respectively. The proof now breaks down into two cases.

Case 1.I' - f(aj) = 0. ThenT' N f(a;) = 9, hencel’ ﬁg*l(f(aj)) = @, and so
rn aé%j = 0.

Case 2.I' - f(a;) # 0. We will again show thal' N e = 4.

We first show that in Case Z(«;) € ©; up to isotopy. By our choice oB;,
f(a;) is isotopic to a lift of an elemen® e ©; under f". First, if I' - ®; = 0,
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then by an application of Theorem 3.2(&)¢cs intersecting obstructionsve would have
I' - f(a;) = 0, contradicting our assumption. HenBe ®; # 0. Next, if f(x;) & ©;

up to isotopy, then by Theorem 3.2(2(dd¥xcs intersecting obstruction@vith A = ©;

andx = f(«;)) I' - f(e;) = 0, contradicting our assumption. Hengéx;) € ®; up to
isotopy.

Neither of the arcsyg ;, «; can be isotopic to elements ;. For if so, thena
must consist of a single arc (5%, X), i.e. L = 1 in the def|n|t|on of the blown-up
map g. Thenc itself is isotopic to an element ad; since ®; is irreducible. It then
follows thatdD C g~1(f(«)) consists of two arceg and e, in (S?, X) which are
isotopic relative toX, by construction of the blown-up mag Hence the multiplicity
of g : oz(j)[ — f(@) is at leastn > 2, wheren is the number of times we blow ugp.
Hence the transformatiogy e is not a transitive permutation of the basis vectors. By
Theorem 3.2arcs intersecting obstruction§ - ® = 0, hencel™ - f (o) = 0, contradicting
our assumption.

By the previous paragrapbz ¢ ©; up to isotopy. By Theorem 3. 2(2(a)(ii)) there
is exactly one liftA” of f(«;) Wh|ch intersects (as a subset $#) the setl’, and this lift
A is isotopic to an element @d;. Henceaoj NT =¢.

In both cases we have shown that for Al N g ; = ¢. ThusT N 9D = @, which
implies thatl' N D = ¢@: there can be no componentsIofcontained entirely inD since
Int(D) N X = @. 0

Proof of Corollary 1.Supposex is a periodic or preperiodic internal ray gf Points in
the interior of an internal ray lie in Fatou components and have infinite forward orbits
under . Hence no points in the interior of an internal ray can be preperiodic ufider
We may therefore assume thatconsists of a single arc i6s?, f~1X), and hence that
f(a) is a periodic or preperiodic internal ray with endpointsXin

Two internal rays either coincide, or intersect only in their endpoints. Hence if

= fi(f(a)),i > 0, thenl; N Int(f(a)) # @ if and only if o« = I, for somel;,
i.e. f(a) is a periodic internal ray.

Let £ = {I;};=0. ThenZ is a finite collection of arcs ifiS2, X) which, as a subset of
the sphere, is forward invariant undér By Proposition 1 there exists a subgetc £
which is an arc system forward invariant ungésuch that each element gfis isotopic
relative toX to a unique element of. By the definition of forward invariance there is
a subsetAg C A and a IiftKo ~yx A.

If f(@) ¢ A, then In{f(x)) N A = @, hence Inte) N f~1(A) = #. Since
Ao c i), AoN Int(e) = @. The corollary then follows by Theorem A.

If f(a) € A, let A’ be any arc which is isotopic t@ («) relative toX and such that
Int(f(@)) N A" = @. Let A’ be the arc systemiA — {f(a)}) U{A'}. Then A ~x A’
and soA’ is forward invariant underf up to isotopy relative taX. By construction

N Int(f(«)) = @, hencef~X(A) N Int(a) = @. If Ay is the unique subset ok’
for which A ~x Ao, and if A} is the lift of A}, obtained by lifting isotopies between
elements ofA} and Ag, then A} ~x Ag ~x A. SinceA}, C f~1(A"), ApNInt(a) = @.
The corollary then follows by Theorem A. O
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Proof of Corollary 2. The argument is similar to the one given above. The hypothesis
guarantees the existence of the ataised in the last paragraph. d

4.2. Proof of Theorem B. Let f(z) be a postcritically finite monic polynomial anx
a finite set such thaf (X) c X andX D> P(f) . Let K(f) and F(f) denote the filled-in
Julia set and Fatou set gf, respectively.

In [Poi, §1.1] (originally in [DH1]), it is shown thatX — {oo} determines uniquely a
finite topological treel’” with verticesV (T') satisfying the following properties:

1. T CK(f)andT N F(f) only in internal rays;
2. f(I)CTandfV(T)) c V(T),
3. V(T)D X —{oo}.

The definition of internal and external rays is given in the following section.

Our first step in the proof is to construct a ‘spidér’for T. The construction of
is given in the following sectionS is a finite topological graph with verticég(S) and
edgesE (S) satisfying the following properties:

1. V(& =XDP(f)

2. every edge of is a topological arc joining a finite vertex to infinity;
3. f(ScCs;

4. f maps edges of homeomorphically to edges ¢f,

5. SNT =X — {oo}.

Note that the edges o are arcs in(S?, X).

Given the existence of the spidet with the properties above, we now prove
Theorem B.

The edgesE(S) form a finite collection of arcé in (52, X) such thatf (/) € E(S)
for eachl € E(S). By Proposition 1, there is an arc systeémc E(S) which is forward
invariant underf up to |sotopy relative toX, i.e. there is a subseto € A and a lift
Ao ~x A. Note that sincero ~x A C X, the endpoints oA are points inX.

We now show thatA is forward invariant undeg up to isotopy relative taX. By
Proposition 3,orbits off « persist it is enough to show thalo N Int(e) = ¥. Since
o Cc Tand f(T) C T, f(a) cT. SinceTNS c X, fla) NS Cc X. Hence
an 48 c f~4(X). Now, Ao C f7($), and as remarked above, the endpoints of
Ao are points inX, hencex N Ao C X. But Int(e) N X = @, hence Intw) N Ao = 9.

HenceA is forward invariant undeg up to isotopy relative to{. By Proposition 4,
there are disjoint (as subsets & irreducible arc system®; C A and integers:;;, such
that each element of is a lift of an element of®, undern, for somek.

Let ' be an irreducible Thurston obstruction fgr and letT' be the union of
components ofg~1(I") which are isotopic relative tX to elements ofl. We may
assume thal” minimizes the number of intersections with eagkw;) and with each
A € A. As in the previous proof it suffices to show tHA1N 9D = ¥, whereD is the
disc used in the construction gf

Let £ = (g|D)~%(A); this is a finite, connected graph B with vertices equal to
g iX)nDcKk.

We first reduce to the case wh&m K = @. As in the previous proof, there are two
cases. Lek € A.
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Case 1.' A = 0. ThenT' N A = @ by our choice of representatives @f, so
L N@gD) () =0.

Case 2T - A #0.

Let & be any lift of A under g which is contained inD (and hence in). By
Proposition 4 is isotopic to a lift of an element of some irreducible arc sysénc A
under fx, someny.

Sincer € A C E(S), X is an edge of the spidet and hence joins a point of — {oo}
to the pointoo. By construction,D Noco = @. Sincex C D is a lift of A underg, one of
the endpoints ok is contained inD and maps onteo. Hence this endpoint is strictly
preperiodic undeg. Hence). cannot be contained in the irreducible arc system By
Theorem 3.2arcs intersecting obstructions' N i = .

Together, the two cases show than K = ¢.

So we may assumenk = ¢. We conclude the proof by showing thaflino D + 0,
thenI” does not have minimal intersection number witfa), contrary to our assumption.

Supposey C T intersectsaD. SinceT' N K = @, ¥ N Int(D) is contained in a
componentV of D — K. SinceV(S) = X D P(f), and since each edgg(S) is
isotopic relative toX to an element of soma,, each component af?> — A is an open
disc containing no critical values gf. Hence each component gf %(S2 — A) maps
homeomorphically undeg to its image. Sincé is contained in such a componeptV
is @ homeomorphism. Le¥/ c V be any component of — 7 which ‘outermost’, i.e.
not separated fromD by any component off N D. ThenW is a disc inS? — g~1Xx
bounded by exactly one subarc pfand one subarc of, D or 3_D. Sinceg|V is a
homeomorphism an® c V, g(W) is a disc inS? — X bounded by one subarc ¢f()
and one subarc of C I, contradicting the assumption thBtN f(«) is minimized. O

4.3. Construction ofS. We first recall some facts about the dynamics of postcritically
finite polynomials from Mil ].

Let f(z) be a postcritically finite polynomial. Thélled-in Julia set K(f) =
{z| f"(z) # oo} is a connected, compact subset®fvhose complement is connected.
The Julia set/(f) = dK(f) is locally connected. For each Fatou compor@nthere
is exactly one pointt € Q such thatf”(x) € P(f) for somen. Let Q, denote the
Fatou component containing such a paint A classical theorem of &tcher implies
the following: there are holomorphic isomorphisgs: (A, 0) — (£2,, x) such that for
all w e A, ¢f(x)(wd*) = f(¢:(w)), whered, is the local degree of nearx. Since
J(f) is locally connected, each Fatou component has locally connected boundary, and a
theorem of Caraodory implies that the mags, extend continuously t6* = 9A. Let
R, denote the radial lingr exp2rir) | 0 < r < 1}. We call the imageR, ; = ¢ (R,)
the ray of angler in Q,; if x = oo, R, is called anexternal ray otherwise we call it
aninternal ray. Each periodic poink € J(f) is the landing point of at least one and
at most finitely many external rays. The landing point of an external ray is periodic if
and only if x is periodic, though the periods may differ. Internal and external rays map
homeomorphically onto their images.
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Our spider will be a union
S = U E.,
xeX—{oo}
where E, denotes the set of edges of the grahncident tox.
o Ifx e J(f)N(X — {o0}), each element € E, will be an external ray landing at
x, and E, will be the union of all external rays landing at
e If x e F(f) N (X — {o0}), each element € E, will be the union of exactly one
internal ray inQ, and one external ray landing at a common pajrg 9%2,. The
set E, will be a finite union of such pairs.

Since external and internal rays map homeomorphically onto their images, and the
image of an internal (external) ray is again an internal (external) ray, edges will map
homeomorphically to edges.

Eachx € J(f)N(X—{o0}) is eventually periodic, so the s&t of external rays landing
atx is finite (see Mil, §18]), and f (E,) = Ef(). SinceT C K(f), ExNT C X —{oo}.

We now defineE, for x € F(f)N (X — {oo}). First, choose one elementfrom each
periodic cycle in(X —{oco}) N F(f). Let p be the period ok. ThenT N2, consists of a
finite collection of eventually periodic internal rays. Thus there exists a periodic internal
ray R,, of some periodkp > 0, such thatR, N T = {x}. Let ¢ be the landing point of
the internal rayR,; thengq is periodic of periodk. There exists a periodic external ray
R, landing atg. Sinceq is not a critical point,f* is a local homeomorphism near
sendingR, to itself, hence the raR,, also has perio&. Lete, = R, U R,; this will
be one edge in the collectiahi,. Define

k-1
E, = U f"e(x).

n=0
E, is finite sinceq is periodic. Fory € f"(x),1 <n < p, define

Ey = f"(Ey).

Thus E, is finite. Sincer, is periodic,R, N T = {x}, f(X — {oo}) C X — {00}, and
f(T) C T, we have that, N T C X — {oo} for all y.

We now inductively definet, for strictly preperiodicy € X — {oo} N F(f). Suppose
the collectionE, has been defined, wheygx) = y. Choose any elemeat € E,. The
edgee, is a union of an internal rayk, and external rayR..; let ¢ be their common
landing point. Choose any preimagg of R, joining x to a pointg” in 9€2,. Since a
small disc neag pulled back to;’ is again a disc, there is a preimagg, of R joining
ocotoq'. Lete, =R, UR, andE, ={e,}. Thenf :e, > e, andE, N T = {x}.

This completes the construction §f

5. Complements
5.1. Blowing-up multiple arcs. Theorems A and B generalize in the obvious way to
blowing-up along finite collectiona?, o?, ... of arcs for which Inte’) Na/ = 0,i # j.

5.2. Blowing-up Msbius transformations. Let G be a finite connected graph #% with
vertex setX and edge seE. Suppose in addition that no edge joins a vertex to itself
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and that no two vertices are joined by more than one edge. Assign to eacla edfe
an integem(e) > 0. Let (M, X) be a marked Nbius transformation of finite order and
supposeM (G) = G.

THEOREM. (Blowing-up Mobius transformations.)Let (g, X) be the marked branched
covering(M, X) blown-upm(e) times along the edge< E. Let G’ denote the subgraph
of G which is the union of edges (and their vertices) for whiclm(Me’) > 0 for some
i. Then(g, X) is equivalent to a marked rational map if and only if:

(1) G’ is connected; and

(2) if G’ is nonempty, no component $f — G’ contains more than one point af.

Proof. If G’ is empty there is nothing to prove. Otherwise, there is at least one edge
which is blown-up. The vertices of this blown-up edge become periodic critical points
for g, hence the orbifold of the (unmarked) branched coveginig not the(2, 2, 2, 2)
orbifold. Hence by Theorem 3.tharacterization of marked rational mapég, X) is
equivalent to a marked rational map if and only(¢f, X) has no Thurston obstructions.

Note thatG’ is invariant underM. Let X’ denote the vertices afi’. Then for each
connected componeiit” of G’, G’ has at least two vertices.

We now prove the necessity of (1) and (2). First, assume(thaX) is equivalent to
a marked rational map. Thei@®”, X) is also equivalent to a marked rational map for
everyn > 1.

If (2) fails, then there is a componebt of 2 — G’ such that|lU N (X — X')| > 2.

Let y be any simple closed curve i separatingG’ from U N (X — X’). Theny is
nonperipheral sincgX’| > 2 and|U N (X — X’)| > 2 by assumption. Choose> 1 so
that M°"(y) = y. We may further assume that is disjoint from the discs¥ within
which we alter the mapM, X) to obtain the mapg, X). It then follows thatg®" (y) = y
and that(g°")|y is a homeomorphism. Thenis a Levy cycle for(g", X), so(g*", X)
is not equivalent to a rational map.

If (1) fails, then there is a simple closed cunven S?—(G’'UX) separatings’ into two
subsets, each of which has at least two element&.oHencey is nonperipheral. The
same argument as in the previous paragraph then showsgttiaf() is not equivalent
to a rational map.

We now prove the sufficiency of (1) and (2). We may assuiieé > 4, since
otherwise there are no nonperipheral simple closed curvesanX) and hence no
Thurston obstructions. Next, we may assume that for everyE and for everyi > 0,
Mie ~x e if and only if M‘e = e, by our requirement that there is at most one edge
between any two vertices and the assumpii(G) = G.

For each orbit of an edge iA’ underM, choose one edgg. Lete; ~x e} be an arc
in (S2, X) chosen so that; N G = e(¢;). Then in particular, IrE;) Ne’ = ¢ for each
e € E'. Let A; denote the arc system which is the orbitepfunderM. Then4; is
forward-invariant unded and the interior of every element of; is disjoint from the
edges along which we blow up. Hence by PropositionrBjts offa persist eachA; is
forward-invariant up to isotopy undeg, X).

The transformationgy », are irreducible but are not transitive permutations of the
basis vectors. The transformatidsy ,, is a transitive permutation of the basis vectors
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since A; is the orbit of a single arc unde¥ and is therefore irreducible. Hence as
matricesgy a, > My, > 0, SOgx 4, is irreducible sinceMy 4, is irreducible. Moreover,

if A € Aj andi =y ¢/, wherem(e’) > 1, then mulig : . — g(1)) =m(e')+1> 2, and
so the entry ofg4 5, corresponding to the ordered palr, g(1)) is at least two.

Let ' be an irreducible Thurston obstruction feg, X). We may assume that the
elements ofl" are chosen so thdt - A; = [I' N A;| for eachj. By Theorem 3.2arcs
intersecting obstructionsl" N A; = @ for eachj. SinceU;A; = G/, T C §? - G'.
Conditions (1) and (2) imply that every componentS3f— (G’ U X) is either simply
connected or is a once-punctured disc. Hence there are no nonperipheral simple closed
curves inS? — (G’ U X), and so there are no Thurston obstructions(farX). O

Example.Let f,/,(z) = 2+ cp/gr 4 = 2, wherep < g and p andq are relatively
prime, wherec,, is the center of the hyperbolic component tangent to the main cardioid
in the p/q limb of the Mandelbrot set. We call such a polynomial ‘starlike’. (There
is a topological treel” which is a union ofg internal rays, each joining a point in the
finite superattracting cycle containing 0 to a common repelling fixed point. Thissa
‘star’. The treeT is mapped homeomorphically undgrinto itself with rotation number
p/q.) Let M,,, = e*P/9z and X, = {00} U,ez €""P/4. Let G be the orbit of the

arc [1, oo] under M, ,,. Then f,,, is equivalent to(M,,,, X,,,) blown-up once along
a=[1,00] CG.

Remarklet M, ,, be as above. LeY,,, = X,,, — {oo} and letG be the unit circle. Let

o be the circular segment joining 1 aed /7. Then blowing-up(M, Y,,,) once along

«a yields a quadratic non-polynomial rational map. Mary Rees (personal communication)
has informed us that all quadratic non-polynomial maps with obstructed tunings arise in
this fashion.

5.3. Killing obstructions by blowing-up. The blowing-up construction can be applied
to marked branched covers which are not equivalent to rational maps in such a way that
the result is equivalent to a rational map.

Let p(z) = z2— 1. Extendp to a degree two branched cover of the closed disoy
adjoining the map — z2 along the circle at infinityS%. Now let f be the branched
cover obtained by gluing the action @f on two copiesD,, D_ of D alongS%. The
map f is called themating of f with itself and is not equivalent to a rational map. To
prove this, letR, denote the external ray of anglefor p. Then after adjoining ors2,

R, becomes a topological aR™ in D joining oo - ¢ to the landing point ofR, in
J(p). For the mapf, the unions of arck{y;, Ry5 in D, and D_ are joined together
to form a simple closed curvg c $2 — P(f) which maps to itself homeomorphically
by degree one, and hence is an obstruction. Note that the interdald] ¢ D_ is
mapped homeomorphically to itself undgr Consider the mag = (f, P(f)) blown-up
once alongyr =[—1,0] ¢ D_. Then by Theorem 3.2rcs intersecting obstructionsio
obstruction can interseat. Hence any obstruction fgr is isotopic relative taP(g) into
D., where there are no such obstructions. ¢gSs equivalent to a rational map whilg

is not.
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5.4. Generalized matings. One may think of the mag in the previous example as

the polynomialz? — 1 mated with the rational map which i€ — 1 blown-up alongx.

(The resulting branched covering is well-defined since there are no critical points in the
interior of the discD in which we glue new dynamics.) Using techniques similar to the
ones employed in the proofs of our theorems one may prove the following. To set up
the statement, suppos&(z) is a starlike quadratic polynomial with tre®. Let o be

the union of two consecutive edgesih Thena satisfies the hypothesis of Corollary 2,

so blowing-upn times alonge yields a branched covering equivalent to a rational map
r.(z). The mapr,(z) has a fixed critical point of local degree two which we may take
to be at infinity.

THEOREM 5.1. (Matings with blown-up starlike polynomials exist)et f>(z) be an
arbitrary postcritically finite quadratic polynomial. Then the mating ©fz) with r,(z)
is equivalent to a rational map(z).

Similar results can be formulated for higher-degree maps as well as for generalizations
of tunings. The proofs are all similar to those given here: an obstruction is forced to lie
outside the region on the sphere in which the new dynamics is glued by Theorem 3.2,
arcs intersecting obstructions

5.5. Special maps. The following theorem is useful since there are interesting
examples of maps produced by blowing-up arcs to which Theorems A and B do not

apply.

THEOREM. (Special maps.)f g is (f, X) blown-up alongy, and if|P(g)| = 3, theng is
equivalent to a rational map.

Proof. The orbifold ofg is hyperbolic, sq is equivalent to a rational map if and only if
there are no Thurston obstructions, which do not exist since there are no nonperipheral
curves in(S2, P(G)). O

6. Examples illustrating theorems
In this section we give some examples and applications.

Blowing-up a periodic arc in the ‘rabbit’. Let f(z) = z2+c, wherec ~ —0.1225611%
0.74486177 is chosen so that 0 is periodic of period three andzdm> 0. Let
X ={0,¢, f(c)}. Then f is ‘'starlike’, so there is a tre& (shown in Figure 4) with
vertices consisting of the séf and the alpha fixed point of f and which is mapped
homeomorphically to itself undef with rotation number 23. T is a union of the three
internal rays forf which are fixed undey 3.

We leta be the union of the two internal rays joining 0 ando p. By Corollary 2,
blowing-up once along yields a branched covering equivalent to a rational map. The
Julia set off is shown in Figure 5, and that gf blown-up alongx is shown in Figure 6.
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c

f(c)
0=f(f(c))

FiGURe 4. The tree for the Douady rabbit.

Ficure 5. Douady'’s rabbit.

FiGure 6. The Douady rabbit blown-up along

Blowing-up the ‘airplane’. Let f(z) = z2 + ¢, wherec ~ —1.75488 is chosen so that
the critical point at zero is periodic of period three with the orbit lying in the real line.
Thenc < 0 < f(c). Let X = {c, 0, f(c)}. The treeTy is the interval §, f(c)] with
verticesX. The polynomialf sends the intervals:[0] and [Q f(c)] homeomorphically
to the interval §, f(c)]. We leta = [¢, 0] C Tx. Then the blowing-up conditions are
satisfied, and by Theorem B/, X) blown-up once along is equivalent to a rational
map.

The Julia set off is shown in Figure 7. The Julia set of the result of blowing+#up
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alonga is shown in Figure 8; the map is given kyz) = a(z — 1)3/(1 — 3z), where
a ~ —2.37123, normalized so that O by local degree three,® —a by local degree
two, and—a — 1 by local degree one.

FiGURE 7. The airplane.

Ficure 8. The airplane blown-up along.

A degree-four map witl§; symmetry. Let G be a topological graph ii§? which is a
triangle with verticesX and edgest. Let M be the identity map. By the Theorem,
Blowing-up Mdbius transformationsthe marked coveringg, X) blown-up once along
each edge IrE is equivalent to a degree-four rational magpwith three fixed critical
points each of multiplicity two. The full mapping class group of orientation-preserving
homeomorphisms of S — X up to isotopy is isomorphic t6; and commutes witly up

to equivalence since the blowing-up construction in this case is performed symmetrically.
That is, s o g is equivalent tog o 4. It follows that the conformal automorphism group

of g is S3. A formula for this map is given inNIcM] and is used there for giving a
generally convergent iterative algorithm for solving the cubic.

Remark. More generally, one can apply the TheorenBlowing-up Mbbius
transformationsto other symmetric graphs and the identity map to produce symmetric
postcritically finite rational maps; cf.OM] for a detailed discussion of rational maps
with icosahedral symmetry.

https://doi.org/10.1017/50143385798100329 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385798100329

Combining rational maps and controlling obstructions 245

Acknowledgements.The figures were drawn using programs written by Curt McMullen.
The authors also thank MSRI for its support.

[Ahm]
(BD]
[DH1]
[DH2]
[DM]
[EP]
[Gan]
[Hea]
[Luo]
[McM]
[Mil]
[Pil1]
[Pil2]
[Poi]
[Ree]
[Shi]
[ST]
[Tan1]

[Tan2]
W]

REFERENCES

D. Ahmadi. Dynamics of certain rational maps of degree tteD ThesisUniversity of Liverpool,
1991.

B. Branner and A. Douady. Surgery on complex polynomidtsomorphic Dynamics: Proceedings,
Mexico (Lecture Notes in Mathematics 134Springer, 1986.

A. Douady and J. Hubbard. Etude Dynamique des Polynomes Complexes, Rullications
Mathematique Orsay1984/5).

A. Douady and J. Hubbard. A proof of Thurston’s topological characterization of rational functions.
Acta. Math.171 (1993), 263-297.

P. Doyle and C. McMullen. Solving the quintic by iteratiohcta Math.163 (1989), 151-180.

D. B. A. Epstein. Curves on 2-manifolds and isotopyta Math.115 (1966), 83-107.

F. R. GantmacheiTheory of MatricesChelsea, 1959.

J. Head. The combinatorics of Newton's method for cubic polynomiiD Thesis Cornell
University, 1992.

J. Luo. Combinatorics and holomorphic dynamics: captures, matings, Newton's méthbd.
Thesis Cornell University, 1995.

C. McMullen. Families of rational maps and iterative root-finding algorithAmals of Math125
(1987), 467—-493.

J. Milnor. Dynamics in one complex variable: introductory lectuf@®print, SUNY Stonybrook
Institute for Mathematical Sciences (1990/5).

K. M. Pilgrim. Rational maps whose Fatou components are Jordan dorggad. Th. & Dynam.
Sys.16 (1996), 1323-1343.

K. M. Pilgrim. Cylinders for iterated rational map®hD Thesis University of California at
Berkeley, May, 1994.

A. Pairier. On post-critically finite polynomials part two: Hubbard treBgeprint, SUNY Stony
Brook Institute for Mathematical Sciences (1993/7).

M. Rees. A partial description of the parameter space of rational maps of degree two: Awet |.
Math. 168 (1992), 11-87.

M. Shishikura. On the quasiconformal surgery of rational functidwm. Sci.Ec. Norm. Sup20
(1987).

M. Shishikura and Tan Lei. A Family of cubic rational maps and matings of cubic polynomials.
Preprint, Max-Planck Institut éir Mathematik (1988).

Tan Lei. Matings of quadratic polynomial&rgod. Th. & Dynam. Syg1992), 589-620.

Tan Lei. Branched coverings and cubic Newton ma&psidamenta Mathematica@o appear.

B. Wittner. On the bifurcation loci of rational maps of degree tRoD Thesis Cornell University,
1986.

https://doi.org/10.1017/50143385798100329 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385798100329

