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Abstract. A measure-preserving transformation (respectively a topological system) is
null if the metric (respectively topological) sequence entropy is zero for any sequence.
Kushnirenko has shown that an ergodic measure-preserving transformation has a discrete
spectrum if and only if it is null. We prove that for a minimal system this statement remains
true modulo an almost one-to-one extension. It allows us to show that a scattering system
is disjoint from any null minimal system. Moreover, some necessary conditions for a
transitive non-minimal system to be null are obtained.

Localizing the notion of sequence entropy, we define sequence entropy pairs and show
that there is a maximal null factor for any system. Meanwhile, we define a weaker
notion, namely weak mixing pairs. It turns out that a system is weakly mixing if and
only if any pair not in the diagonal is a sequence entropy pair if and only if the same
holds for a weak mixing pair, answering a question in Blanchard ef al (F. Blanchard,
B. Host and A. Maass, Topological complexity. Ergod. Th. & Dynam. Sys., 20 (2000),
641-662). For a group action we give a direct proof of the fact that the factor induced by
the smallest invariant equivalence relation containing the regionally proximal relation is
equicontinuous. Furthermore, we show that a non-equicontinuous minimal distal system
is not null.

1. Introduction

By a (topological) dynamical system we mean a compact metric space X with a
continuous map 7 from X onto X. A measure-preserving transformation (respectively
a topological system) is null if the metric (respectively topological) sequence entropy is
zero for any sequence. Kushnirenko [18] has shown that an ergodic measure-preserving
transformation 7" has a discrete spectrum if and only if it is null. Thus, a natural question
is to wonder what the situation would be in a topological setting?
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By the well-known Halmos and von Neumann Theorem [15], a (topologically) transitive
system has a topological discrete spectrum if and only if it is minimal and equicontinuous.
Note that it is easy to show that an equicontinuous system is null. It is natural to conjecture
that if a minimal system is null then it is also equicontinuous. Unfortunately this is not
the case. In [13], Goodman obtained a minimal non-equicontinuous system which is null.
The question to what extent Kushinirenko’s result is valid in a topological setting remains
open. We try to answer this question in the present paper.

We prove that for a minimal system Kushnirenko’s statement remains true modulo an
almost one-to-one extension, i.e. if a minimal system (X, T) is null, then (X, T) is an
almost one-to-one extension of an equicontinuous system, which is uniquely ergodic and
has a discrete spectrum with respect to a unique measure (in view of the general structure
theorem of minimal systems, it is the best result we can get). This allows us to show that
a scattering system is disjoint from any null minimal system. Moreover, we show that if a
transitive non-minimal system (X, T') is null, then there are non-empty open sets U and V
of X suchthat N(U, V) ={n € Z+ | UNT™"V 5 @} has a zero upper Banach density.

Localizing the notion of sequence entropy, we define sequence entropy pairs and show
that there is a maximal null factor for each system. Meanwhile, we define a weaker notion,
namely weak mixing pairs. It turns out that a system is weakly mixing if and only if
any pair not in the diagonal is a sequence entropy pair if and only if the same holds for
a weak mixing pair, answering Question 3.9 in [8]. For a group action we show that
the factor induced by the smallest invariant equivalence relation containing weak mixing
pairs is equicontinuous and supply a direct proof of the well-known result that the factor
induced by the smallest invariant equivalence relation containing the regionally proximal
relation is equicontinuous. Furthermore, we show that for a minimal distal system the
set of sequence entropy pairs coincides with the regionally proximal relation and, thus, a
non-equicontinuous minimal distal system is not null.

The text is organized as follows. In §2, we give the necessary definitions and some
general results. To study null minimal systems we find that we need to study null transitive
non-minimal systems and this is carried out in §3. In §4, we obtain the results on null
minimal systems. Finally in §5 we discuss some properties of null systems.

2. Preliminary and basic properties

The topological entropy of T' with respect to a finite open cover « is denoted by i (T, «).
For an increasing sequence A = {f1, 12, . .. } of Z, the sequence entropy of T with respect
to A and a finite open cover « is

1 n
hA(T,a) = limsup — logN( \/ Ttia)
n—-4oo N im
and the sequence entropy of T' with respect to A is h 4(T) = sup, h A(T, o).

Definition. Let (X, T') be a dynamical system.

(1)  We say that (x1, x2) € X x X is a sequence entropy pair if x| # x2 and if whenever
U; are closed mutually disjoint neighborhoods of points x;, i = 1, 2, there exists a
sequence A C Zy such that h o(T, {U7, Us}) > 0.
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(2) We say (X, T') has a uniform positive sequence entropy (for short s.u.p.e.), if every
point (x1, x2) € X x X, not in the diagonal A = {(x,x) : x € X}, is a sequence
entropy pair.

Remark. 1t is easy to see that (X, T') has s.u.p.e. if and only if for any cover R = {U, V}
of X by two non-dense open sets, one has h 4(7T, R) > 0 for some sequence A C Z.

Denote by SE(X, T) the set of all sequence entropy pairs and by SE’(X, T) its closure.
The notion of entropy pairs (E(X, T) denotes the set of entropy pairs) was introduced
by Blanchard [7] and a uniform positive entropy (u.p.e.) system, i.e. any pair which
is not in the diagonal is an entropy pair, was first studied in [6], which was used to
study the topological analogue of the K-system. In [8] the authors introduced the notion
of complexity pairs (Com(X, T) denotes the set of complexity pairs). Recall that the
regionally proximal relation RP (X, T) is the set of all points (x1, x2) € X x X such that
for each € > 0 and each open neighborhood U; of x;, i = 1, 2, there are x[ elU;,i=1,2,
andn € N with d(T"(x}), T"(x})) < €. By [8, 16] and easy observations, we have

E(X,T) C SE(X,T) C Com(X,T) C RP(X, T).

Moreover, the sequence entropy pairs share several important properties of entropy pairs
and complexity pairs (the proofs are similar, see [7]). Thus, we have the following
proposition.

PROPOSITION 2.1. Let (X, T) be a dynamical system.

(1) If there is an open cover R = {U, V} of X with h 4(T, R) > 0 for some sequence
A C Z, then there are points x € U and y € V¢ such that (x, y) is a sequence
entropy pair.

(2) IfhA(T) > O for some sequence A C Z., then SE'(X, T) is a non-empty closed
T x T-invariant subset of X x X containing only sequence entropy pairs and points
of A.

3) Letw:(Y,S) — (X, T) be afactor map.

(@) If(x1,x2) € SE(X,T), then there exists (y1, y2) € SE(Y, S) withw(y1) = x1
and 7w (y3) = x2, and
®)  f (v, y2) € SEY,S) and 7w (y1) # 7 (y2), then (w(y1), 7 (y2)) € SE(X, T).

(4) Suppose W is a closed T -invariant subset of (X, T). Then if (x1, x2) is a sequence

entropy pair of (W, T |w), it is also a sequence entropy pair of (X, T).

By this proposition, we know that a system (X, 7') is null if and only if SE(X, T) = .

For a dynamical system (X, T'), we say (X, T') is transitive if, for each pair of non-
empty open subsets U and V of X, there is an n € N such that U N T7(V) # 0;
however, (X, T') is weakly mixing if (X x X, T x T) is transitive. The orbit of x € X,
{x,T(x), Tz(x), ...}, is denoted by orb(x, 7). For a transitive system, x € X is a
transitive point if the orbit of x is dense; and it is known that the set of transitive points
forms a dense G5 set. If the set of the transitive points is the whole space X, we then say
that (X, T) is minimal and, in this case, each point in X is called a minimal point.

It is known [21, 5] that (X, T') is not weakly mixing if and only if there are two non-
empty open sets U and V such that there is non € N such that U N T7"U # { and
UNT™"V # (. Motivated by this property, we have the following definition.
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Definition. For a dynamical system (X, T'), (x1,x2) € X x X \ A is a weak mixing pair
if for any open neighborhood U; of x;, i = 1,2, one has N(Uy, Uy) N N(Uy, Uz) # 0,
where N(U, V) = {n € Z4 | N"T 7" (V) # @}. The set of weak mixing pairs is denoted by
WM(X,T).

Sequence entropy pairs and weak mixing pairs are related by the following proposition.

PROPOSITION 2.2. For a dynamical system (X, T),
(1) SEX,T)CWM((X,T); and
(2) WM(X,T)C RP(X,T™Y), if T is invertible.

Proof. For the proof of (1), we follow [8]. Assume that x; # x2 and (x1,x2) &
WM (X, T). Then there are open neighborhoods U/ of x;, i = 1,2, such that N(U{, U})
NN Uy, U)) = @. Take closed neighborhoods U; of x; with U; C U/, i = 1,2, and
Uy NU; = @. Clearly, N(Uj, Uy) N N(Uy, Uz) = 0. Therefore, Uy N T7"U; = @ or
U NT U, = ¢ for any n € Z,. Moreover, for any n € Z,, we can take W,, = Uf or
U5 suchthat Uy C T7"W,,.

Let R = {Uj,U5}. Forn € N and any sequence A = {r1,#,...} with0 < 1 <
t) < ---, consider for each x € X the firsti € {1,2,...,n} such that T%ix € U;, when
one exists. We find that R,, = \//_; T~"'R admits a subcover by the sets

T7hUfN---NT U NT T WoNT Wy, N NTT" Wy,

i=1,2,...,n,n+1. Hence, foralln € N, H(R,) < n+1 and, therefore, h 4 (T, R) = 0.
This implies that (xq, x2) € SE(X, T) and we have proved that SE(X,T) C WM (X, T).

Now let (x1,x2) € WM(X, T) and assume that T is invertible. Then for any open
neighborhood U; of x;, i = 1,2, one has N(Uy, Uy) N N(Uy, Uz) # @. Thus there
exists n € Zy4 such that Uy N T7"U; # @ and Uy N T7"U, # (. This implies
that there are x{ € Uj and x) € Uz with T7"x|,T™"x) € U;. Thus, we have
(x1,x2) € RP(X, T~ )\ A. O

We make the following remarks.

(1) Generally WM(X,T) = RP(X,T) \ A is not true. Let X = {oo} U Z be the
one point compactification of Z. Set xoo = o0 and x; = i fori € Z. Define
T : X — X such that x is a fixed point and T (x;) = x;11, i € Z. Itis easy to see
that RP(X,T) =X x X but (x;, x;)  WM(X, T)ifi # j.

(2) WM(X,T) is not symmetric generally. Let (X, T') be a transitive system, x| be a
transitive point and p be a fixed point. For each neighborhood U; of p, we have
N(U;,U1) = Z4 and, hence, (p,x1) € WM(X, T). If, in addition, T is almost
equicontinuous [2], then (x1, p) € WM (X, T); thatis WM (X, T) is not symmetric
even for a transitive system.

(3) There are examples where SE (X, T) is a proper subset of WM (X, T) for minimal
systems. In fact, in [13], Goodman obtained a minimal system whose sequence
entropy is zero for any sequence. Thus, SE(X,T) = (. At the same time
as the system is a subshift, there is an asymptotic pair (x,y) with x # y.
Thus, WM (X, T) = RP(X,T)\ A # @ (see Theorem 2.4).
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In §3 and §4, we will give the conditions under which a weak mixing pair is a sequence
entropy pair. To prove Theorem 2.1, we need the following proposition.

PROPOSITION 2.3. Let (X, T) be a dynamical system and (x1,x3) € X x X \ A. If for
any neighborhoods U; of x; (i = 1,2), there is a sequence A = {t1, 13, ...} of Zy such
that for any n € N and any s = (s(1),...,s(n)) € {1,2}", ("/'_, T ""Usiy # ¥, then
(x1,x) e SE(X,T).

Proof. Let U; be closed mutually disjoint neighborhood of x;,i = 1, 2. By the assumption,
we know that there exists a sequence 0 < #] < #p < 3 < --- such that for any n > 0 and
s € {1,2}", we can find x; € (', T Us(j).

Let A= {t1,1,13,...}and let X,, = {x; | s € {1, 2}""}. Note that for every s € {1, 2}",
one has ‘m:‘l:l T Us“(l.) N X,,‘ = 1. Combining this fact and |X,| = 2", one gets
N(\Vi, T™'U) = 2", where U = {Uf, Us}.

Hence,

1 n
hA(T,U) = limsup —H( \/ T"U) = log?2

n—>+oo N i=1
and, thus, (x1,x2) € SE(X, T). O
With this preparation, we can now prove Theorem 2.1.

THEOREM 2.1. Let (X, T) be a dynamical system. Then the following statements are
equivalent:

(1) (X, T) is weakly mixing;

2) WMX, T)=XxX\A;

3) X, T)iss.up.e

Proof. By Proposition 2.2, (3) implies (2) and by [21] or [5] (2) implies (1). It remains to
show (1) implies (3).

Now let (X, T) be weakly mixing. Then we have the following fact (x): for non-empty
open sets Uy, Uz, Vi and V; of X there are non-empty open sets Uz and V3 such that
N(Uy, V1) N N(Ua, V2) D N(Us, V3) (see [11, Proposition 11.3]).

Let (x1,x2) € X x X \ A and U; be an open neighborhood of x;, i = 1,2.
We are going to find 0 < f; < f < --- such that for each n € Nand s € {1, 2}",
Uso) N T—h UspyN---N Tﬁt"*lUS(n_l) # 0.

By the fact (x) there is 11 € N(Up, Ur) N N(Uy, Uz) N N(Uz, Uy) N N(Uz, Us).
Assume that we have found 0 < #; < --- < #; with the required property. By the fact (x),

ﬂ N U@y N T Uapyn---N T Usay, Ui) # 9.
se(1,2)+1,i=1,2

Let #/+1 be any number in this intersection with #;41 > t;. Then f1, ..., t;4+1 have the
required property.
By Proposition 2.3, (x1, x2) € SE(X, T). Thus (X, T) has s.u.p.e. O

The proof of the following theorem is similar to that of Proposition 6 [7] (using
Theorem 2.1) and, in §4, we will strengthen it by showing that a scattering system is
disjoint from any null minimal system.
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THEOREM 2.2. Let (X, T) be a weakly mixing system. Then (X, T) is disjoint from any
null minimal system.

For a dynamical system the topological Pinsker factor, i.e. the maximal factor with zero
topological entropy, exists [9]. Similarly we have (following [9]) the following theorem.

THEOREM 2.3. For a dynamical system (X, T), the smallest closed invariant equivalence
relation containing SE (X, T) induces the maximal null factor.

For a minimal system (of Z,-actions) the regionally proximal relation is a closed
invariant equivalence relation which coincides with the set of complexity pairs up to the
diagonal [8, 16]. As the notion of weak mixing pairs can be generalized to the group actions
on compact Hausdorff spaces, we will discuss its relation with the regionally proximal
relation in the general setting. By a flow we mean (X, T, ¢) or (X, T), where X is a
compact Hausdorff space, T is a topological group and ¢ : T x X — X is continuous
with ¢ (e, x) = x and ¢ (t1, ¢ (2, x)) = ¢(t112, x). For simplicity, denote ¢ (¢, x) by tx.
Let (X, T) and (Y, T) be two flows. A continuous surjective map 7 : X — Y is a
homomorphism or a factor map if w(tx) = tmw(x) foreachx € X andt € T. Let Uy
be the unique uniformity on X inducing the topology of X, which is the collection of all
neighborhoods of the diagonal. Each o € Uy is called an index. A flow (X, T, ¢) is
minimal if {¢(¢,x) | t € T} is dense for each x € X, and it is equicontinuous if for each
a € Uy there is B € Ux such that for each (x, y) € B andt € T, one has (tx,ty) € «.

Let WM(X, T, ¢) be the collection of points (x1,x2) \ A such that for each
neighborhood U; of x;, there is at € T such that Uy Nt (Uy) # @ and Uy N t(Uz) # 0.
Let P(X, T, ¢) = Nyery T and RP(X, T, ¢) = Nyers, T

For (x1,x2) € RP(X, T, ¢) let L(x1, x2) be the subset of X such that for each x3 in the
set, each neighborhood U; of x;,i = 1,2,3, there are x,y € Uz andt € T withtx € Uj
and try € U,. It is easy to see that L(xy, x2) is non-empty, closed and invariant. We have
the following simple observation.

PROPOSITION 2.4. Let (X, T) be a flow and (x1,x2) € RP(X, T, ¢). Then (x1,x2) €
WM(X, T, ¢) if and only if x1 € L(x1, x2).

THEOREM 2.4. Let (X, T) be a minimal flow. Then
1) WMX,T,¢)=RP(X,T,¢p)\ Aand
2) T =7,then WM(X,T)=WM(X,T,¢)and RP(X,T) = RP(X, T, ¢).

Proof. (1) It is easy to see that WM (X, T,¢) C RP(X, T, ¢) and it remains to show
WM(X,T,¢) D RP(X,T,¢) \ A. Let (x1,x2) € RP(X,T,¢) \ A. Then there
is an x € L(xy,x2). As (X,T) is minimal, we have X = L(x,x2). In particular,
x1 € L(x1, x2). Thus, (x1,x2) € WM(X, T, ¢).

@) Itisclearthat WM (X, T) C WM(X, T, ¢). Let (x1,x2) € WM (X, T, ¢). Then for
each disjoint open neighborhood U; of x;, i = 1,2, there is an n € Z \ {0} such that
U NT™Uy) #@and U NT"(Uz) # 0, i.e. there exists an (x1, x2) € Uy x Uj such
that (T" (x1), T"(x2)) € Uy x Uy. We claim that thereis anm > QO with UyNT " (Uy) £ @
and UyNT " (U,) # @. Infact,if n > 0, let m = n. We now assume thatn < 0. As the set
of minimal points of 7 x T is dense in X x X, there is a minimal point (y1, y2) € Uy x Uy
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such that (T"(y1), T"(y2)) € Uy x U,. Since (y1, y2) is a minimal point, there is an
n1 > |n| suchthat (7" (y1), T" (y2)) € Uy x Uy and (T"(T™ yy), T"(T"' y2)) € Uy x U,.
Let m = ny + n. Then m satisfies the required property. To sum up we have proved
WM(X,T) D WM(X, T, ¢) and, hence, WM (X, T) = WM(X, T, ¢).

The other equality can be proved in the same way. O

We now show a simple and useful lemma.

LEMMA 2.1. Let (X, T) be a flow. Then (X, T) is not equicontinuous if and only if
there are x € X, xg — x and tg € T such that tgx — x', tgxg — x", x' # x" and
(x',x"ye RP(X, T, ¢).

Proof. (=) Assume that (X, T) is not equicontinuous. Then there is an index « such
that for each index § there is a r € T with t8 ¢ «; that is, for each B, there are
(zg,yp) € B, tg € T with (tgzg, tgyg) & a. Let aq be an index with a% C o. Assume that
limzg = x = lim yg (if necessary pass to a subnet). Then we have (tgx, tgxg) & a1, where
xg = zg or yg. Passing to a subnet if necessary, we assume that fgx — x’ and tgxg — x”.
Then it is clear that x’ # x”, (x’,x") € RP(X, T, ¢).

(<) It is sufficient to prove that if (X, T') is equicontinuous, then RP (X, T, ¢) = A.
Suppose (X, T) is equicontinuous. Then for each g € Uy, there is a fp € Ux such
that T8y C ap. Hence, RP(X, T, ¢) = ﬂaeuxT_a C TPy C @p. As ag is arbitrary,
RP(X,T, ) = A. O

Generally speaking, a pair in the regionally proximal relation cannot be lifted by
factor maps. Thatis, if 7 : (X, T,¢x) — (¥, T, ¢y) is a factor map and (y, y2) €
RP(Y, T, ¢y), sometimes we cannot find an (x1,x2) € RP(X,T,¢x) such that
w(xj) =y, i = 1,2. But the special pair which we have in Lemma 2.1 does have a
lifting property. This allows us to give simple proofs of some known theorems.

COROLLARY 2.1.

(1)  The factor of an equicontinuous flow is equicontinuous.

(2) Let (X,T) be a flow. Then the factor (Y,T) of (X,T) induced by the
smallest invariant equivalence relation containing RP(X, T, ¢) is the maximal
equicontinuous factor.

Proof. (1) Let # : (X,T) — (Y, T) be a factor map with (X, T) equicontinuous.
Assume that (Y, T') is not equicontinuous. By Lemma 2.1, there are y € Y, yg — ¥
and g € T such thattgy — y', tgyg — y” and y’ # y”. Take xg € X with w(xg) = yg.
Suppose that xg — x, tgx — x’ and 1gxg — x” (if necessary pass to a subnet). It is clear
that 7(x) = y, 7 (x’) = y' and 7 (x”) = y”. Moreover, x" # x”. This implies that (X, T')
is not equicontinuous, a contradiction.

(2) We only need to show that (Y, T') is equicontinuous. Let 7 : (X,T) — (Y, T) be
the factor map. Assume that (Y, T') is not equicontinuous. Then following the argument
in (1), we know that there are y € Y, yg — y and tg € T such that1gy — y', tgyg — y”
and y’ # y”. Moreover, there are x € X, xg — x and 1g € T such that rgx — x/,
tgxg — x" with w(x) = y, n(x’) = y" and = (x”) = y”. This implies that x’ # x”.
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It is clear that (x’, x”) € RP(X, T, ¢). By the definition of 7, we have 7 (x") = 7 (x”),
i.e. y' = y”, a contradiction. O

With the help of Lemma 2.1, we can prove the next theorem.

THEOREM 2.5. Let (X, T) be a flow.

(1) WMX,T,¢)=0ifand only if (X, T) is equicontinuous.

(2)  The factor (Y, T) of (X, T) induced by the smallest invariant equivalence relation
containing WM (X, T, @) is equicontinuous.

Proof (1) It remains to show that if WM(X, T, ¢) = @ then (X, T) is equicontinuous.
Assume that (X, T) is not equicontinuous. By Lemma 2.1, there are x € X, xg — x
and tg € T such that tgx — x’, tgxg — x”, x' # x” and (x’,x”) € RP(X, T, ¢). Itis
easy to see that x € L(x’, x”). As x’ is in the orbit closure of x, we have x’ € L(x’, x").
This implies that (x’, x”) € WM (X, T, ¢), a contradiction. This ends the proof of (1).

(2) Let # : X — Y be the factor map. Assume that (Y, T') is not equicontinuous.
Then, by Lemma 2.1, there are y, yg — y and g such that gy — y" and 1gyg — y”
with y" # y”. Take xg € X with 7(xg) = yg. Assume that limxg = x, limzgx = x’
and lim7gxg = x”. Then 7 (x) = y, n(x') = lim#gy = y" and w(x") = lim1gyg = y".
It is clear that x” # x”. By the argument in (1), we have x’ € L(x’, x”). This implies that
(x',x")y € MW (X, T, ¢). By the definition of 7, we have y = n(x") = n(x”) = y”, a
contradiction. Thus, (¥, T) is equicontinuous. O

Remark. In [4], the author gave a proof of the fact that the smallest closed invariant
equivalence relation containing RP (X, T, ¢) induces the maximal equicontinuous factor
using a characterization of equicontinuous systems, namely (X, T') is equicontinuous if and
only if each element in the Ellis semi-group is a homeomorphism. Corollary 2.1 shows that
this can be done directly without using the Ellis semi-group theorem.

3. Transitive non-minimal cases
Generally speaking, it is difficult to check whether a pair (x, y) is in SE(X, T) but it
is relatively easy to check whether it is in WM (X, T). In §3 and §4, we will give the
conditions under which a weak mixing pair is a sequence entropy pair.

Call a continuous map f : X — Y between two topological spaces X and Y semi-open
if the image of every non-empty open set of X has a non-empty interior. We have the
following very useful lemma.

LEMMA 3.1. Let (X, T) be a dynamical system, (x;,x2) € X x X \ A and A =
orb((x1,x2), T x T). If ;1 : A — X is semi-open, then (x1,x2) € SE(X,T) if and
only if (x1,x2) € WM(X, T), where 11 is the projection to the first coordinate.

Proof. By Proposition2.2, SE(X,T) C WM (X, T). Now suppose (x1,x2) € WM(X, T)
and m; : A — X is semi-open. We are going to show that (x1,x2) € SE(X,T).
By Propositions 2.3 it remains to prove for any neighborhoods Uy, Uz of x1, x2 in X,
there exists a sequence 0 < 1] < £ < f3 < --- such that forany / > 0 and s € {I, 2}1,
ﬂf-: \ T7" U@y # 9. The sequence is constructed by induction and, in fact, we have the
following claim.
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CLAIM. For any neighborhoods Uy, Uy of x1, x2 in X, there exists a sequence 0 < t] <
th < t3 < --- such that for anyl > 0 and s € {1,2}1, we can find M; € N with
T (x1) € Ny T~ Uiy and T (x;) € Uj, j = 1,2.

Proof of claim. Fix open neighborhoods Uy, U, of x1,x2 in X. Since 7y : A — X is
semi-open, Wi = int(r1 ((U; x Uz) N A)) is a non-empty open set of X and W C Uj.
Let W = U».

As (W) x W) N A is a non-empty open set of A and the orbit of (x1,x2) is
dense in A, there exists an n € N such that (T x T)"(x1,x2) € (W1 x W) N A.
Since (x1,x2) € WM(X, T), it follows that (T"(x1), T"(x3)) € WM (X, T). Therefore,
N(Wi, W) N N(Wy, Wp) # @. So there exists a t; > 0 such that Wy N T11W; #£
and Wi N T~1W, # (. Since the orbit of (x1, x7) is dense in A, there exist M, M, € N
such that (T™i (x1), TMi (x2)) € (Wi NT~"W;) x U) N A, i = 1,2. Thus TMi(xy) €
UiNT""U; and TMi(x;) e Uj fori, j = 1,2.

Now suppose 0 < #; < o < --- < t;,1 > 1 have been defined and satisfy that,
for any s € {I, 2}1, there exists an My, € N such that TMs(x;) € ﬂézl T Us(y and
T™s(x;) e Uj, j=1,2.

We are going to define ;1. Take § > 0 such that for any z1, 720 € X with d(z1,x1) < §
and d(z2, x2) < 8, one has T™s (z1) € ("'_, T~ Usqy and T (z;) € U;, j = 1,2 for
anys € {1,2}. Let U’ = {z € X | d(z, x1) <8}, U} = {z € X | d(z, x2) < 8}.

Since 71 : A — X is semi-open, Wf = int(m((U{s X Ug) N A)) is a non-empty
open set and Wf cU f . Let Wg = Ug . Using the same argument as before we have
N(W?, Wf ) N N(WS, Wg) # (). Without loss of generality (letting § be as small as
necessary), we may assume that N (W?, Wf)ﬂN(W‘S, Wg) c{n+1,1+2,...}. Sothere
exists a f;+1 > 1; such that Wf N T+ Wl.‘3 # 0, i = 1,2. We can choose P, P, € N
such that 7% (x)) € Wf N Tl Wl.‘3 and TFi(x;) e U? fori,j=1,2.

For any r € {1,2}/*! let s e {1,2) with sG) = r@i),i = 1,2,...,1 and let
r(l4+1) =k. Put M, = Mg + Py. Then

1
T (x1) = T (TP (x1)) € () T~ Usey.

i=1

As T+ TP (xy) e W,f, we have T+ TMr(x1) = TMsTi+1 TP (x1) € Uy. So

l 1+1
M (x1) € (ﬂ T US(,')) N (Tit]HUk) = m v (i)
i=1 i=1
Moreover, TMr (x;) = TMs TP (x;) € U;. This ends the proof of the claim. O

Applying Lemma 3.1 we have the following corollary.

COROLLARY 3.1. Let (X, T) be a transitive dynamical system, x| a transitive point of T
and p a fixed point of T. Then (x1, p) € SE(X, T) if and only if (x1, p) € WM(X, T).

Proof. Set A = orb(xy, p). Then 7 : A — X is the identity and, hence, is semi-open.
Applying Lemma 3.1 we get the corollary. O
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Let S be a subset of Z_ . The upper Banach density of S is

N . SN I|
BD*(S) = lim sup
|I|—+o00 I I

where I ranges over intervals of Z,.. We say the lower Banach density of S is one if, for
each a < 1, there is an N such that for any subinterval / of Z, with |I| > N, we have
ISNI| > a|l|. Let (X, T) be a dynamical system. We shall say that (X, T') is Banach-
transitive if for any non-empty open subsets U, V of X, N(U, V) has a positive upper
Banach density. Forx € X and U C X,let N(x,U) = {n € Z4 : T"(x) € U}. Note that
a dynamical system is an E-system if it is transitive and there is an invariant measure with
full support. It is known [14] that if (X, T) is an E-system, then N (U, V) is syndetic for
any non-empty open subsets U, V of X and, thus, is Banach-transitive. Note that an infinite
subset A of Z is syndetic if it has bounded gaps and it is thick if it contains arbitrary long
intervals of integers. It is easy to see that the intersection of a syndetic set and a thick set
is not empty. Now we can prove Theorem 3.1.

THEOREM 3.1. Let (X, T) be a dynamical system. If (X, T') is non-minimal and Banach-
transitive, then SE(X, T) # (.

Proof. Without loss of generality, we assume that (X, 7) has a fixed point p (using
Proposition 2.1). Let x| be a transitive point and U; and U, be open neighborhoods of
x1 and p, respectively. There are two cases.

Case 1. (X, T) is an E-system. As (X, T) is an E-system, N(Uj, Uy) is syndetic [14].
As p is a fixed point, N (x1, U») is thick. Thus, N(Uy, Uz) = N(x1,Uz) — N(x1,Uj) is a
thick set. Combining these facts, one has N(U;, Uy) N N(Uj, Uz) # ¥. By Corollary 3.1,
we know that (x1, p) € SE(X, T).

Case 2. (X, T) is not an E-system. Without loss of generality, we assume that (X, T) is
uniquely ergodic and the unique ergodic measure is §,, (collapsing the closure of the union
of the supports of all invariant measures and using Proposition 2.1). We have the following
claim.

CLAIM. The lower Banach density of N (x1, U>) is 1.

Proof of claim. 1f this is not the case, then N (x1, U5) has a positive upper Banach density.
Thus, there exist k € N and a; < by such that

lim
k=400 by — a

N (x1, Uzc)ﬂ{ak,ak—i—l, ...,bp—1} >0 and lim (by—ay) = +oo.
k k—+o00

Now, set
br—1

Z 8T’)r|

bk —ay !

Let u = lim;_, o fx; be a limit point of {/Lk} _] in the weak*-topology. Clearly, u is an
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invariant measure of (X, T') and

by. —1
1 1
U > i (US) = lim —— S7i . (U5
u( 2)_i_)lTOOHkI( 2) ,m br —ar izz% iy, (U3)
. INGL U N{ag, a, + 1, ... by, — 1}
= lim > 0.
i—+4o00 by, — Ak;

1

Thus & # &, which contradicts the unique ergodicity of (X, 7). This finishes the proof of
the claim. a

As (X, T) is Banach-transitive, N (U;, Uy) has a positive upper Banach density. By the
claim, the lower Banach density of N(x, Uz) is 1. This implies that the lower Banach
density of N(Uy, Uz) = N(x1, U2) — N(x1, Uy) is 1. Thus, N(U, Uy) NN Uy, Up) # 0.
By Corollary 3.1, we know that (x1, p) € SE(X, T). O

We remark that though we could not supply a transitive non-minimal null system, we
conjecture that such a system exists.

A dynamical system (X, T) is topologically ergodic if for each pair of non-empty open
sets U and V, N(U, V) is syndetic and a dynamical system is extremely scattering, if its
product with any topologically ergodic system is transitive. It is proved in [17] that an
extremely scattering system is Banach-transitive. Thus we have the following corollary.

COROLLARY 3.2. If a dynamical system is non-trivial and extremely scattering, then
SE(X,T) # 0 and, thus, the maximal null factor is trivial.

Proof. If (X, T') is minimal, then it is weakly mixing and SE (X, T') # @ by Theorem 2.1.
If it is not minimal, then SE (X, T') # ¥ by Theorem 3.1. O

4. Minimal cases

In this section we consider Z-actions. To get the results for surjective systems (X, T'), we
need to consider the natural extension (X, T) of (X, 7). As the minimality of (X, T)
implies the minimality of (X, T), for any sequence A, ho(T) = h4(T) [13] and
the projection to the first coordinate is almost one to one [19], Theorems 4.3, 4.5 and
Corollary 4.3 are also valid for surjective systems.

First let us give some basic definitions in topological dynamical systems. Let (X, d) be
a compact metric space and T : X — X a homeomorphism. (X, T') is two-sided transitive
if there is an x € X such that {T"(x) | n € Z} is dense in X. It is easy to see that if
x is a two-sided recurrent point (i.e. there are n; € Z, |n;| — 400, with T" (x) — x),
then two-sided transitivity implies transitivity. Two-sided minimality is defined in the same
way; and it is equivalent to minimality. Two points x1, x» of X are called proximal if there
exists a sequence n; — 0o (n; € Z) such that d(T" (x1), T" (x2)) — 0. x1, x» are called
distal if they are not proximal.

Recall that a continuous map 7 : X — Y is called a homomorphism of systems
(X,T) and (Y, S) if it is onto and n T = Sw. We say (X, T) is an extension of (Y, S).
If 7 is also injective, then it is called an isomorphism. An extension 7 : X — Y is
called proximal (respectively distal) if w(x1) = m(x>) implies that x| and x, are proximal
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(respectively distal). It is called equicontinuous if for any € > 0, there exists a § > 0
such that w(x1) = w(x2) and d(x1, x2) < § imply d(T" (x1), T"(x2)) < € forany n € Z.
An equicontinuous extension is also called an isometric extension. The extension is highly
proximal if for every non-empty open set U of X and every point y of Y, there exists an
n € Z such that T"(x~'(y)) c U. If 7 : X — Y is highly proximal then X, Y are
necessarily minimal and 7 is proximal. It is well known that when X and Y are metric
spaces, m is highly proximal if and only if it is almost one to one, i.e. there exists a dense
Gs set Xo C X such that 7 'z (x) = {x} for any x € Xo. Finally, the extension is weak
mixing if the subsystem R; = {(x1,x2) | m(x1) = m(x2)} is two-sided transitive under
T xT.

The following theorem is the structure theorem for minimal systems [4,
Theorem 14.30].

THEOREM 4.1. Given a compact metric minimal system (X, T), there exist a countable
ordinal n and a canonically defined commutative diagram of minimal systems (a PI tower):

X=X, id X0 é1 X, X, id X, Pv+1 Xos) o Xy=Xoo
Nol O']l ”Il ﬂvl ”v+ll ”U+Il Nool
{pt}=Yo o VA 7 Y1 - Y, WZUJH . Y41 Y=Y

where for each v < n, p, is equicontinuous, ¢, and yr, are proximal and s is weakly
mixing. For a limit ordinal v, X,, Y, , m, etc. are the inverse limits of X,, Y, m,, etc. for
A < v. {pt} denotes the trivial system.

We say that an extension ¢ : X — Y of a minimal system is a strictly PI extension if
there is a countable ordinal n and a family of minimal systems X, (0 < A < ) such that
(i) Xo=Yand X, = X;

(ii)) forevery A < n, there exists an extension ¢, : X,+1 — X, which is either proximal
or isometric;

(iii)) foralimit ordinal v < 7 the system X, is the inverse limit of the systems X, (A < v);
and

(iv) ¢ is the transfinite composition of extensions ¢, (A < 7).

An extension ¢ : X — Y of minimal systems is called a PI extension if there exists a
proximal extension ¥ : Z — X of a minimal system such that ¢ oy : Z — Y is a strictly
PI extension. If Y is the trivial system and ¢ : X — Y is a (strictly) PI-extension, then X
is called a (strictly) PI system.

If in these definitions proximal is replaced by highly proximal, then we get the notions
of strictly HPI extensions (systems) and HPI extensions (systems).

The following lemma, belonging to Bronstein, can be found in [4, Theorem 14.31].

LEMMA 4.1. Let (X, T) be a minimal dynamical system. Then X is Pl if and only if it
satisfies the following property: whenever W is a closed invariant subset of X x X which
is two-sided transitive and has a dense subset of minimal points, then W is minimal.

Recall that the definitions WM (X, T) and RP(X, T) for Z,- and Z-actions are the
same under the minimality assumption (Theorem 2.4).
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THEOREM 4.2. Any minimal null system (X, T) is PL

Proof. If (X, T) is not PI, then there exists a closed invariant subset W of X x X which
is a non-minimal transitive system and which has a dense subset of minimal points by
Lemma 4.1 (in this case, two-sided transitivity implies transitivity). Since (W, T x T)
contains a dense set of minimal points, it is Banach-transitive. By Theorem 3.1, we know
that SE(W, T xT) # ¥; say ((x1, y1), (x2, y2)) € SE(W, T xT). As (x1, y1) # (x2, y2),
we have that (x1,x2) € SE(X,T) or (y1,y2) € SE(X,T) (Proposition 2.1(3)(b)).
This contradicts the assumption SE(X, T) = @. O

In order to get further properties of null minimal systems, we need to consider the
relationships between sequence entropy pairs and isometric extension. First we give a
result concerning the conditions under which a weak mixing pair is a sequence entropy
pair, which is a corollary of Lemma 3.1.

COROLLARY 4.1. Letw : (X, T) — (Y, T) be a distal extension of minimal dynamical
systems and let x1, xo € X with x| # x3 and w(x1) = w(x2). Then (x1,x2) € SE(X, T) if
and only if (x1,x2) € WM (X, T).

Proof. Since 7 is distal, (x1, x2) is a minimal point of (X x X, T x T') [4, Theorem 5.6].
Therefore, A = orb((x1, x2), T x T) is a minimal set. Since a homomorphism between
minimal systems is semi-open [4, Theorem 1.15], 7; : A — X is semi-open and the
corollary follows from Lemma 3.1. a

The following is a corollary of Corollary 4.1.
COROLLARY 4.2. If (X, T) is a minimal distal system, then SE(X,T) = RP(X,T)\ A.

Proof. As (X, T) is distal, ¥ : X — Y is a distal extension, where (Y, §) is the trivial
system. Thus, SE(X,T) = WM(X,T) = RP(X,T) \ A, following Corollary 4.1 and
Theorem 2.4. O

To prove our main theorem we need some knowledge of the algebraic theory of minimal
dynamical systems (for details see [4, ch. 10]). Let M be the universal minimal system for
Z-actions (M can be taken as a minimal left ideal of the Stone—Cech compactification
BZ of the discrete group Z). M has a semi-group structure inherited from S7Z and it has
an action (it may not be continuous) on every minimal system. Let u be an idempotent
(i.e. u®> = u) of M and G = uM. Then G is a group. For any minimal dynamical system
(X, T), choose x € X such that ux = x. The pointed system (X, x) is called a minimal
ambit. The Ellis group of an ambit (X, x) is defined to be G(X,x) = {g € G | gx = x}.
The following lemma can be found in [4, Theorem 10.1].

LEMMA 4.2.

(1) Letm : (X,x) = (Y,y) be a homomorphism of minimal ambits. Then G(X, x) =
G(Y,y) if and only if w is a proximal extension.

(2) Let (X, x) and (Y, y) be minimal ambits with Y distal. Then G(X,x) C G(Y,y) if
and only if there is a homomorphismm : X — Y withw(x) = y.

Now we are ready to prove our main theorem.
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THEOREM 4.3. Let (X, T) be a null minimal system. Then (X, T') is an almost one-to-one
extension of an equicontinuous system.

Proof. We consider the PI tower of (X, T') as constructed in Theorem 4.1. As (X, T) is a
null minimal system, Theorem 4.2 implies (X, T') is a PI system and, therefore, 7, in the
PI tower is an isomorphism [4, Theorem 14.23].

We divide the proof into the following steps.

Step 1. Z is the maximal equicontinuous factor of X,. From the construction of the
PI tower we know that Z is the maximal equicontinuous factor of X. As the composition
of proximal extensions is proximal, by Lemma 4.2, X, and X have the same Ellis group.
Suppose Z is the maximal equicontinuous factor of X,. By Lemma 4.2 again, Z is also a
factor of X and, therefore, Z = Z;.

Step 2. The isometric extensions p,(v > 2) are isomorphisms. Suppose p,i1 is
not isomorphism for some v > 1. Then there exist z; # z» € Z,41 such that
Pv+1(z1) = pv+1(z2). The maximal equicontinuous factor of Z, 4 is also Z; as Z,4+
is a factor of Xoo. It is well known that the regionally proximal relation of a minimal
system is a closed invariant equivalent relation. So (z1,22) € RP(Z,+1) as z; and
77 have the same image in Z|. Therefore, (z1,z2) € WM(Z,41) as WM(Z,4+1) =
RP(Z,4+1) \ A. Then, by Corollary 4.1 and the fact that an isometric extension is always
distal, we have (z1, z2) € SE(Z,41). Let (x], x}) be a preimage of (z1, 22) in Xoo X Xoo
such that (z1,22) € SE(Xw) (Proposition 2.1). Clearly x{,xé are distal as zj, zp are
distal. Therefore, the images x1, x of x{,xé in X are different and (x1, x2) € SE(X).
This contradicts the assumption SE(X) = .

Step 3. X is a proximal extension of Z;. As all p, (v > 2) are isomorphism, X is
a proximal extension of both Z; and X. Therefore, the systems X, X, and Z; have the
same Ellis group. By Lemma 4.2, o1 : X — Z; is a proximal extension.

Step 4. o1 : X — Zp is an HPI extension. If oy : X — Z; is not an HPI
extension then by Theorem 4.8 of Woude [23] there exists a closed invariant subset
A C Ry ={(x,y) € X xX | o1(x) = o01(y)} such that (A, T x T) is a two-sided
transitive non-minimal system and the projections 7r; : A — X are semi-open fori = 1, 2.
Itis clear that, in this case, (A, T x T) is transitive. Thus, there exists (x1, x2) € A, X1 # X2
and (x1, x7) is a transitive point. Since o is a proximal extension of a equicontinuous flow,
we have

Rs, C Prox(X,T) CRP(X,T)=WM((X,T)UA.

Therefore, (x1, x2) is a weak mixing pair and, by Lemma 3.1, it is a sequence entropy pair.
This contradicts the assumption that X is a null system.

Step 5. o1 : X — Z; is an almost one-to-one extension. As o1 : X — Zj is an
HPI extension and Z; is equicontinuous, we know X is an HPI-system. As we do for the
PI-tower, we can construct a canonical HPI tower for every minimal system. As X is an
HPI system, the canonical HPI tower of X is the same as its PI-tower and all the extensions
¢, ¥y, (1 < v < n) are highly proximal (see [24, Remark VI1.4.21(3)]). In particular, 7w
is an isomorphism. Thus steps 1 and 2 can be applied in this case and since the highly
proximal extension is kept under transfinite composition, we have that X, is a highly
proximal extension of both X and Zj. As all the spaces are assumed to be metric, these
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two extensions are almost one to one and, therefore, o1 : X — Z; is almost one to one.
This finishes the proof. a

In the following we show that in some other cases, a proximal extension is almost one
to one. To do this, we need the following lemma.

LEMMA 4.3. Let 1 : X — Y be a proximal extension of minimal systems, W, =
{(x1, ..., xp) | T(x1) =--- =7 (xp), xi € X} forn € N. Then,

(1) W, has only one minimal set A, = {(x,...,x) | x € X}, and

(2) ifthereisay €Y such that w~'(y) is finite, then 7 is almost one to one.

Proof. (1) It is easy to see that W, contains only one minimal set A>. Assume that W;
contains only one minimal set A; for 1 <i <n. Let (x1, ..., x,+1) € W,4+1 be a minimal
point. Then (x;, x;) are proximal and, thus, (x;, x;) € W>. As (x;, x;) is a minimal point,
we have x; = x;. Thus, W, contains only one minimal set A, 1.

(2) Suppose that n_l(y) = {x1, x2, ..., x,}. By (1) W, contains only one minimal set.
We have that, for each € > 0, there are m = m(¢) and x = x(¢) such thatd(T™ (x;), x) < €
foreach 1 < i < n. Thus, 7 is a highly proximal extension by the definition and, therefore,
it is almost one to one. O

We say a dynamical system is semi-distal if every recurrent point in X x X (i.e. points
(x,y) withn; € N, n; - oo with (T x T)" (x,y) — (x,y)) is minimal [1]. Now we
have the next corollary.

COROLLARY 4.3. Let (X, T) be a minimal system and (Y, S) be equicontinuous and
w : X — Y be a proximal extension. If (X, T) is semi-distal (in particular if 7 is
asymptotic) or there is a y € Y such that w='(y) is finite, then 7 is almost one to one.

Proof. Without loss of generality we assume that X is not finite. Thus, X is uncountable.
First we assume that X is semi-distal.

Recall [23] that a system is HPI if and only if each two-sided transitive sub-system
W C X x X with each projection to X semi-open is minimal. Now assume that W C X x X
is a two-sided transitive subsystem with each projection to X semi-open. It is clear that,
in this case, (W, T x T) is transitive. Let (xq, x2) be a transitive point of (W, T x T).
As (X, T) is semi-distal, (x1, x2) is a minimal point. Thus, W is minimal. This proves
that (X, T') is HPI. The argument in Theorem 4.3 can be applied here and we get that 7 is
almost one to one.

Now we assume that 77 ~! (y) is finite for some y € Y. By Lemma 4.3, 7 is almost one
to one. ]

In [13], the author showed that for a finite dimensional system the restricted variational
principle holds for sequence entropy. Though his result cannot be applied in our situation,
we still can prove the following theorem.

THEOREM 4.4. Let (X, T) be a null minimal system. Then (X, T) is uniquely ergodic.

Proof. By Theorem 4.3 we assume that Y is equicontinuous and 7 : X — Y is proximal.
Let v be the unique measure on Y.
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Let 1 be an invariant measure on X and consider the disintegration of u over v. That is,
fora.e. y € Y we have a measure 11, on X such that supp(uy) C 77 1(y) (see [22] or [12])
and u = fer ty dv. We claim that for a.e. y € Y, 1y is concentrated on one point.

Proof of the claim. Let W = {(x,y) € X x X | w(x) = m(y)}. As supp(uy) C n’l(y),
a.e.y € Y we have supp(uy X py) C 7 'y) x 77 (y) Cc W,ae.y € Y. Thus,

n Xy u(W) =/ My X uy(W)dv =1,
yey

where (4 Xy w is a measure defined on Borel sets of X x X such that if A is a Borel set of

X x X, then

m Xy u(A) = /YM X py(A) dv(y).

If w xy u(A) # 1, then u xy w(W \ A) > 0. Thus, there is an ergodic measure w on
(W, T x T) such that w(W \ A) > 0. As A is the only minimal set of (W,T x T)
(Lemma 4.3(1)), supp(w) is an E-system which is not minimal. By Theorem 3.1,
SE(supp(w), T x T) # @, a contradiction. Thus, we have u xy w(A) = 1. Since

u Xy u(A) =/ My X py(A)dv =1
yey

we have that u, x puy(A) = 1, ae. y € Y. A simple calculation shows that p, is

concentrated on one point, say c(y). This ends the proof of the claim. a

We now show (X, T) is uniquely ergodic. Assume that ! and pu? are two invariant
measures on X. Let u = %(/,Ll + u?). By the claim, u; is concentrated on c(y),
ae.y € Y. Thus, uy is concentrated on cl(y) and cz(y), a.e. y € Y. By the claim,
we have ¢! (y) = c2(y), a.e. y € Y. Thus, u' = u?. This proves that (X, T) is uniquely
ergodic. O

A dynamical system is scattering if it is weakly disjoint from all minimal systems [8].
It is known [3, 17] that weak mixing is strictly stronger than scattering. Now we show the
following theorem.

THEOREM 4.5. A scattering system is disjoint from any minimal null system.

Proof. 1t is a direct consequence of Theorem 4.3 and [3, Theorem 3.7] which states that
if (X1, T1) is an almost one-to-one extension of a distal system, then a transitive system
(X, T) is disjoint from (X1, T7) if and only if they are weakly disjoint. O

5. Some properties of null systems
In this section we give some properties of null systems. Note that the notion of the nullness
of a system is valid for any continuous map of a compact Hausdorff space and Proposition
2.1 remains true in this more general situation.

Let (X, T) and (X', T’) be two dynamical systems. It is known [20] that & 4(X x
X', T xT")=hg(X,T)+ ha(X’, T") does not hold in general. In contrast to this fact,
we have the following proposition.
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PROPOSITION 5.1. The property of nullness of a dynamical system is stable under factor
maps, arbitrary products and inverse limits.

Proof. This is a simple application of Proposition 2.1. a

In the following we analyze the null minimal systems obtained by Goodman in [13] in
order to see how far they are from equicontinuous systems. We begin by briefly reviewing
the theory of the substitution minimal system on two symbols. For details, see [10].

Let X, be the set of all bisequences x = ...x_jxox;... with x; € {0,1},i € Z.
A compatible metric is given by d(x,y) = 1/(1 + k), where k = min{|n| | x, # .},
x,y € Xp. The shift map o | £y — X, is defined by (ox), = x,41 foralln € Z.
Note that in this section orb(x, o) denotes the set {o(x) | i € Z}.

If n is a positive integer, an n-block C will be a finite sequence C = cic3...cy, With
ci € {0, 1}. A substitution of length n(n > 2) is a map 6 from {0, 1} into the n-blocks,
i.e. 0 is a pair of n-blocks 8(0) = a = apa;...an—1, 6(1) = b = boby...by_1.
Set H = {00,01,10,11} and let Ay : H — H be given by 00 — a,_1a0,01 —
an—1bo, 10 — by_1a9, 11 — by_1bg. It is easy to see that the set of the fixed points of
)»5 is not empty. Let pq be a fixed point of A3, then there is a unique sequence w”? € ¥,
such that 0?wP? = wP? and w”{wh? = pq. Let Oy = Orb(wP4, o) be the orbit closure
of wP? in ¥y. We call (Og, o) a substitution minimal system.

0 is called finite if any of the following conditions holds:

(1) a; = b; forall i;

(2) a;=0foralli orb; =1 foralli;

(3) a; =1foralli and b; = 0 for all i; and

(4) nisoddanda = b = 0101...010 or 1010...101, where b is the mirror image
of b, i.e. b is obtained from b by replacing all the zeros in b by ones and all the ones
by zeros.
6 is called continuous if it is not finite and if @ = b. 6 is called discrete if it is neither
finite nor continuous. If 0 is finite, then the only minimal sets in Oy are periodic
orbits which is uninteresting as minimal sets. So in this paper we always assume 6
is discrete.

By Z(n), (n > 2), we denote the additive group of r-adic integers: Z(n) = {z =
> zn' |z = 0,1,...,n — 1}. A metric in Z(n) is given by d'(z,7/) =
(minf{i | z; # z¢} + D7), where z = Y 0 zin', 2 = Y02 zin' € Z(n). (Z(n),d")
is a compact metric group. A map t : Z(n) — Z(n) is defined by 7(z) = z + 1. Clearly,
7T is an isometric homeomorphism.

A basic fact is that there is a homomorphism 7 : (Og,0) — (Z(n), T) mapping
wP? t0 0. Set Jy = {m | 0 < m < nk — 1, H¥(0) and 0¥(1) disagree at place m},
Joo = { X580 zin' | zi € Jyforalli}, E = U{tkJ | k € Z}, Z* = Z(n) — E. Then we
have Z* = {z € Z(n) | 7~ !(z) is a single point}. If 7 € E, then 7 ! (z) consists of exactly
two points unless z € orb(0, ) and a and b disagree at both endpoints. In this case, 7! (z)
consists of four points (see [10]).

LEMMA 5.1. Let (Og, o) be a substitution minimal flow, where 0 is a substitution of
constant length n (n > 3) on the symbols 0 and 1. Let 6(0) = apay ...ap—2a,—1 and
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! _» then (Op, o) is null and  : (Op,0) —

(Z(n), t) is an asymptotic extension. Moreover, RP(Og,c) \ A consists of one orbit
under o X o.

6(1) = apay ...ay—2a, | with a,_1 # a

Proof. By Proposition 6.2 of [13], (Og, o) is null. Since J; = {n — 1}, as before
Jo = (X200 — Dnil, E = XX — Dn' +1¢ | t € Z} = orb(0, 1),
Z* = Z(n) — E = Z(n) — orb(0, 7). For z € Z(n) — orb(0, 7), 7~ (z) is a single point.
For z € orb(0, 7), 7~ !(z) consists of exactly two points. Letting 7~ 1(0) = {w, w'},
we have 771 (z%(0)) = {o¥(w), ok (w')} for k € Z. Since (Oy, o) is a subshift, there
exists an x # x’ such that (x, x") is an asymptotic pair. By the previous discussion, we
have {x, x'} = {0/ (w), o/ (w’)} for some j € Z. This shows that {oX(w), c*(w’)} is an
asymptotic pair for all k € Z.

Therefore, 7 : (Og,0) — (Z(n), t) is an asymptotic extension and RP(Oy,0) \ A
consists of one orbit under o x o. O

COROLLARY 5.1. There is a null minimal system which is an asymptotic extension of an
equicontinuous system such that PR(X, T) \ A is uncountable.

Proof. Let pi, pa,... be all odd prime numbers and let (X;, 7;) be the system in
Lemma 5.1 with n = p; for each i € N. It is easy to see that IT;(X;, 7;) is minimal
and the corollary follows. O

Finally we have some open problems:

(1) Is there a null transitive system which is two-scattering?

Remark. A dynamical system is two-scattering if Com(X, 7) U A = X x X. Note that
E(X,T) C SE(X,T) C Com(X, T) and any weakly mixing system with zero topological
entropy will be an example such that E(X,T) =¥ and SE(X,T)UA = X x X. Itwill
be interesting to get an example such that SE(X, T) = # and Com(X, T) UA = X x X.
If such a system exists, it is non-minimal (minimal two-scattering implies weak mixing)
and non-Banach-transitive. Thus, we may assume that it has only one minimal set which
is a fixed point.

(2) Does a transitive non-minimal null system exist?
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