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Abstract. We prove L2 variation inequalities for operators defined by the convolution
powers of probability measures on locally compact Abelian groups. In some cases we also
obtain Lp results for 1 < p < ∞. These inequalities imply the pointwise convergence of
these operators and give an estimate of the number of upcrossings.

1. Introduction
Variation norms estimate the fluctuations of a given sequence of operators. In the ergodic
theory context they were introduced by Bourgain [4] for L2, and extended to Lp, 1 ≤ p <
∞, by Jones et al in ‘Oscillations in ergodic theory’ [10], where fluctuations of ergodic
averages and differentiation operators were studied. In this paper we study the variation
norms for operators given by the convolution powers of probability measures on locally
compact Abelian groups.

The variation norms are related to the square functions as in Littlewood–Paley theory,
but give stronger results. Square functions for the convolution operators were studied by
Jones et al in ‘Square functions in ergodic theory’ [9].

To handle the variation inequalities for convolution powers operators we will also use
some of the techniques we developed in the paper ‘Oscillation and variation for the Hilbert
transform’ by Campbell et al in [7]. However, the main technique is the association of the
convolution powers with a reverse martingale in a larger space.

The paper is structured as follows. Section 2 states the basic definitions. Section 3
studies the case of symmetric measures. Here, the results are obtained by viewing the
operators as a reverse martingale in a much larger space. Through this representation, we
can obtain more complete results than for the general case.
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1810 R. L. Jones and K. Reinhold

Section 4 studies the general case of convolution measures on locally compact Abelian
groups. The main result is obtained by comparing the given measure to its symmetrized
version and by developing a tool to handle the short-step variations. Section 5 extends
the result for the short-step variation of §4 to the continuous parameter case and gives
applications to the well-known continuous parameter kernels.

The results obtained in §4 can also be extended to measures on σ -compact metric groups
via direct integral decomposition of the group representation. This result will be presented
in a subsequent paper.

2. Oscillation and variation norms
Definition 2.1. Given an increasing sequence of positive integers {nk}∞k=1, define the
oscillation norm of a sequence of numbers {xn}∞n=1 by

‖xn‖o(s) =
( ∞∑
k=1

max
nk≤n≤nk+1

|xn − xnk |s
)1/s

.

Remark 2.2. We will be interested in the case s = 2. If s < 2 the operators associated with
this norm are often not well behaved (see [1]), and for s > 2 we have ‖xn‖o(s) ≤ ‖xn‖o(2),
so understanding s = 2 is usually the general case. Operators based on these norms were
studied by Gaposhkin, who showed that if Anf (x) = n−1 ∑n−1

j=0 T
jf , for T a normal

contraction, then with nk = 2k , ‖‖Anf ‖o(2)‖2 ≤ c‖f ‖2. With this result, to prove a.e.
convergence, it is sufficient to prove a.e. convergence along only the sequence {Ank }.

A second very useful norm on a sequence of numbers is the variation norm, denoted by
‖ · ‖v(�).
Definition 2.3. Given a set of real numbers {xn}n∈I , where I is a countable index set, define
its variation � norm by

‖xn‖v(�) = sup
n(j)

( ∞∑
j=1

|xn(j) − xn(j+1)|�
)1/�

where the supremum is taken over all possible sequences n(1) ≤ n(2) ≤ · · · , and each
n(j) ∈ I .

Often we will take I = Z
+, but sometimes we will be interested in other countable sets.

Unless otherwise noted, we will assume I = Z
+. When it is important to specify the index

set, we will write ‖xn : n ∈ I‖v� . In particular, we will write ‖xn : nk ≤ n < nk+1‖v� for
I = {n : nk ≤ n < nk+1}.

This norm has been used in martingale theory and, more recently, in ergodic theory by
Bourgain [4]; and Jones et al [10].

We can also define the continuous version of the v(�) norm as follows.

Definition 2.4. Given a continuously indexed system, {xt}t∈R, define its variation � norm
by

‖xt‖v(�) = sup

{( J∑
j=1

|xtj − xtj−1 |�
)1/�

: J = 1, 2, . . . ; t0 ≤ t1 ≤ t2 ≤ · · · ≤ tJ
}
.
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The continuous version of the o(�) norm is defined in an analogous way.

PROPOSITION 2.5. (Properties of the v(�)-norms)
(1) For each �, 1 ≤ � < ∞, ‖ · ‖v(�) is a semi-norm.
(2) If {xn} is a sequence such that xnk = 0 for each k, then ‖xn‖v(�) ≤ 2

(∑
k ‖xn : nk ≤

n < nk+1‖�v(�)
)1/�

.

(3) ‖xn‖v(�) ≤ 2
(∑

n |xn|�
)1/�

.

We refer the reader to [10] for a proof of these properties, as well as some discussion of
the applications of the variation and oscillation norms to ergodic theory.

Although neither ‖ · ‖v(�) nor ‖ · ‖o(�) are true norms, by abuse of notation we will
continue to refer to them as norms throughout this paper.

Definition 2.6. Let {xn} denote a sequence of real numbers. We define

N(xn, λ) = sup{N : there exists s1 < t1 ≤ s2 < t2 · · · ≤ sN < tN
such that |xti − xsi | ≥ λ for i = 1, 2 . . . , N}.

The operator N(xn, λ) gives the number of times the sequence {xn} changes by a
distance λ. This is related to the number of upcrossings of the sequence, but can be much
larger. For a continuously indexed system, {xt }t∈R, N(xt , λ) is defined in the same way.

3. Symmetric measures
We first study the case of symmetric measures. There are three reasons why we begin with
this case. First, the results are easier to obtain, second, they are useful in obtaining later
results in the more general case and third, the results in this case are more complete.

Square functions, oscillation results and variation results for symmetric measures can
be studied directly by lifting the operators to a reverse martingale in a larger space.
This technique was used by Kakutani [12], and further developed by Oseledets [15] who
studied pointwise convergence of operators induced by convolution powers of a symmetric
measure. We begin by stating the main proposition, Proposition 3.1, and some of its
applications.

PROPOSITION 3.1. Let {Pn} be a sequence of doubly stochastic operators, that is:
(1) for 1 ≤ p ≤ ∞, we have ‖Pnf ‖p ≤ ‖f ‖p;
(2) the adjoint operator P ∗

n is also bounded in L1 and L∞;
(3) Pnf ≥ 0 whenever f ≥ 0; and
(4) Pn(1) = 1.
Then:
(1) for any p, 1 < p < ∞ and any �, 2 < � < ∞, we have

‖‖P1P2 . . . PnP
∗
n . . . P

∗
2 P

∗
1 f ‖v(�)‖p ≤ c(�, p)‖f ‖p;

(2) for any p, 1 < p < ∞, and any increasing sequence {nk}, we have

‖‖P1P2 . . . PnP
∗
n . . . P

∗
2 P

∗
1 f ‖o(2)‖p ≤ c(p)‖f ‖p,

where we use the sequence {nk} to compute the o(2) norm.
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We will postpone the proof of this proposition until later in the section. As a
consequence of Proposition 3.1 we can state several results. First, we need the following
definition.

Definition 3.2. (See Stein [21]) Let (X,�,m) denote a positive measure space. Let
{T t }0≤t<∞ denote a family of operators, each T t mapping functions on X to functions
on X. Assume that:
• the operators T t satisfy the semigroup axioms T tT s = T t+s , and T 0 = I , the

identity operator; and
• the T t are continuous in the sense that limt→0 T

tf = f in L2.
Further, assume:
(1) ‖T tf ‖p ≤ ‖f ‖p for 1 ≤ p ≤ ∞;
(2) each T t is a self-adjoint operator on L2(X);
(3) each T tf ≥ 0 if f ≥ 0;
(4) for each t , T t (1) = 1.
Then {T t }0≤t<∞ is called a symmetric diffusion semigroup.

We can now state the following theorem.

THEOREM 3.3. Let T t denote a symmetric diffusion semigroup. Then:
(1) for any p, 1 < p < ∞ and any �, 2 < � < ∞, we have ‖‖T tf ‖v(�)‖p ≤

c(�, p)‖f ‖p;
(2) for any p, 1 < p <∞, and any increasing sequence {nk}, we have ‖‖T tf ‖o(2)‖p ≤

c(p)‖f ‖p.

Proof. We want to apply Proposition 3.1. First fix L and let P = T 1/2L+1
. Clearly, Pn = P

satisfies the hypothesis of Proposition 3.1. Since P ∗ = P , applying Proposition 3.1,
we get ‖‖P 2nf ‖v(�)‖p ≤ c(�, p)‖f ‖p. Hence ‖‖T n/2Lf ‖v(�)‖p ≤ c(�, p)‖f ‖p. Let
DL = {n/2L : n ≥ 0}. We have∥∥∥∥

(
sup

t1≤t2≤···
tj∈DL

∞∑
j=1

|T tj f − T tj+1f |�
)1/�∥∥∥∥

p

≤ c(�, p)‖f ‖p.

Taking the limit as L→ ∞, by the monotone convergence theorem, we get∥∥∥∥
(

sup
t1≤t2≤···
ti∈D

∞∑
j=1

|T tj f − T tj+1f |�
)1/�∥∥∥∥

p

≤ c(�, p)‖f ‖p,

where D is the set of positive dyadic rationals. Now the continuity of the semi-group
implies the first conclusion of the Theorem. The o(2) norm is handled in the same way. ✷

COROLLARY 3.4. Let

Pt(x) = 1

π

t

x2 + t2
denote the Poisson kernel on R or more generally, let Pt denote the Poisson kernel on R

d .
(1) For 1 < p <∞ and 2 < � < ∞ we have ‖‖Ptf ‖v(�)‖p ≤ c(�, p)‖f ‖p.
(2) For any increasing sequence {nk}, and 1 < p < ∞, we have ‖‖Pt‖o(2)‖p ≤

c(p)‖f ‖p.
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Proof. This follows from Theorem 3.3. We just need to check that Pt satisfies the
hypothesis, which is an easy exercise. ✷

COROLLARY 3.5. Let

Qt(x) = 1

π

x

x2 + t2
denote the conjugate Poisson kernel on R.
(1) For 1 < p <∞ and 2 < � < ∞ we have ‖‖Qtf ‖v(�)‖p ≤ c(�, p)‖f ‖p.
(2) For any increasing sequence {nk}, and 1 < p < ∞, we have ‖‖Qt‖o(2)‖p ≤

c(p)‖f ‖p.

Proof. Let f ∈ Lp, and let Hf denote its Hilbert transform. Then Hf ∈ Lp and
Qε ∗ f (x) = Pε ∗Hf (x). The result then follows from Corollary 3.4. ✷

Remark 3.6. Using a different technique, we can also show that the variation and
oscillation norms for the Poisson kernel satisfies a weak type (1, 1) inequality as well.
This result can be found in [7].

Let G denote a locally compact Abelian group and ( its dual group. Let (X, β,m)
be a probability space, {Tg}{g∈G} an action of G by invertible measure-preserving
transformations on (X, β,m). Given a probability measure µ on G, we define µf (x) =∫
G f (Tg−1x) dµ(g), and for n > 1, µnf (x) = µ(µn−1f )(x).

Definition 3.7. We say that a measure µ is strictly aperiodic if its support is not contained
in a proper left coset of G.

For Abelian groups, we have that µ is a strictly aperiodic probability measure if and
only if |µ̂(γ )| < 1 for all γ ∈ (, γ �= 0. See Rosenblatt [17] and Glasner [8]. For discrete
Abelian groups there is a stronger characterization.

THEOREM 3.8. Let G be a discrete Abelian group and let µ be a strictly aperiodic
probability measure on G. Then

I (µ) = sup
γ∈(\{0}

|1 − µ̂(γ )|2
1 − |µ̂(γ )|2

is bounded.

This result was proved in Jones et al [9] for probability measures on Z, but their proof
extends to discrete Abelian groups. This result can be extended to other cases as well
provided we assume extra conditions on µ. However, it may fail in general. Thus the
finiteness of I (µ) is not always equivalent to the measure being strictly aperiodic.

LEMMA 3.9. Let µ be a strictly aperiodic measure on G satisfying I (µ) <∞. Then∥∥∥∥
( ∞∑
n=1

|µn+1f − µnf |2
)1/2∥∥∥∥

2
≤ C‖f ‖2.

This lemma was proved in Jones et al [9] for G = Z. The proof given there just
involves the spectral properties of the measure µ, and consequently also applies to any
locally compact Abelian group.

https://doi.org/10.1017/S0143385701001869 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385701001869


1814 R. L. Jones and K. Reinhold

THEOREM 3.10. Let µ be a strictly aperiodic symmetric measure on G such that I (µ)
< ∞.
(1) For any 2 < � < ∞ we have ‖‖µnf ‖v(�)‖2 ≤ C‖f ‖2.
(2) For any increasing sequence {nk} we have ‖‖µnf ‖o(2)‖2 ≤ C‖f ‖2.

Proof. With Lemma 3.9, we can easily complete the proof of part (1). Let Bnf = µnf if
n is even and Bn = µn+1f if n is odd. Then

‖µnf ‖v(�) ≤ ‖µnf − Bnf ‖v(�) + ‖Bn‖v(�)
≤ 2

( ∞∑
k=1

‖|µnf − Bnf | : n = 2k − 1, 2k‖�v(�)
)1/�

+ ‖µ2nf ‖v(�)

≤ 2

( ∞∑
k=1

|µ2kf − µ2k−1f |2
)1/2

+ ‖µ2nf ‖v(�).

Now, part (1) of Theorem 3.10 follows by applying Lemma 3.9 to the first term, and then
taking Pn = µ, and applying Proposition 3.1 to the second term.

We now want to prove part (2) of Theorem 3.10.
Given a sequence {nk} of positive number, consider the sequences

ek =
{
nk, if k is even

nk + 1, if k is odd
and ok =

{
nk, if k is odd

nk + 1, if k is even.

Then, for any sequence of numbers {xn}, we have

max
nk≤n≤nk+1

|xn − xnk |2

≤ max
ek≤n≤ek+1, n even

|xn − xnk |2 + max
ok≤n≤ok+1, n odd

|xn − xnk |2

≤ c
(

max
ek≤n≤ek+1, n even

|xn − xek |2 + max
ok≤n≤ok+1, n odd

|xn − xok |2 + |xnk − xnk+1|2
)
.

Thus, by Proposition 3.1, taking Pn = µ, and applying Lemma 3.9, we have

‖‖µnf ‖o(2)‖2
2

≤ c
(

‖‖µ2nf ‖o(2)‖2
2 + ‖‖µ2n(µf )‖o(2)‖2

2 +
∥∥∥∥
( ∞∑
k=1

|µnkf − µnk+1f |2
)1/2∥∥∥∥

2

2

)

≤ C‖f ‖2
2. ✷

Remark 3.11. If we could prove an Lp version of Lemma 3.9, then we would be able to
prove an Lp version (1 < p < ∞) of Theorem 3.10. Such a result is probably true, but
we have not yet been able to prove it. The case p = 1, that is, showing that ‖µnf ‖v(�)
is a weak type (1, 1) operator is of considerable interest, but it would require different
techniques, since the weak type (1, 1) analog of Proposition 3.1 is not true. To see this,
note that if ‖Q2nf ‖v(s) were weak type (1, 1), then we would have convergence forQ2nf

for all f ∈ L1(X), and Ornstein [14] has shown this to be false. Hence, special properties
of µn, beyond those in the hypothesis of Proposition 3.1 would have to be used. In a large
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class of cases, in particular, if µ is a probability measure on Z, with mean zero and finite
second moment [2], it is known that µnf converges for all f ∈ L1(X), so it is possible
that the variation operators are weak (1, 1) for such µ.

We now state the main tool that is used in the proof of Proposition 3.1. As mentioned
before, the idea for powers of one operator goes back to Kakutani, but here we present a
simplified version by Rota [19]. For powers of one operator see also Stein [21]. Using this
result and a subsequent lemma, we can then prove Proposition 3.1.

THEOREM 3.12. (Rota) Let {Pn} be a sequence of doubly stochastic operators in
Lp(X,F ,m) (p ≥ 1), that is:
(1) Pn is an L1–L∞ contraction;
(2) the adjoint operator P ∗

n is also defined on L1 and L∞;
(3) Pnf ≥ 0 if f ≥ 0;
(4) Pn1 = 1.
Then there exists a huge probability space (0, β, v), a collection of sub-σ fields of β,
Fn+1 ⊂ Fn ⊂ · · · ⊂ F0, and another sub-σ field F̂0 of β such that:
(a) the probability space (X,F ,m) and (0, F̂0, v) are isomorphic under the normal

projection map π : 0 → X (let π also denote the induced isomorphism from
Lp(0, F̂0, v) to Lp(X,F ,m));

(b) if F ∈ Lp(0, F̂0, v) then

P1P2 . . . PnP
∗
n . . . P

∗
2 P

∗
1 (π(F )) = E(E(F |Fn)|F̂0).

The proof of this result can be found in Rota’s paper [19]. The proof when Pn = P and
P ∗ = P is also in Stein’s book on Littlewood–Paley theory [21], where he uses the result
to prove a certain g-function is a bounded operator on Lp.

For the remainder of this section, G denotes a locally compact group. We will use the
following notation.
(1) If H ∈ Lp(0), Ê(H) = E(H |F̂0), En(H) = E(H |Fn).
(2) Given f ∈ Lp(X), F denotes the lifting of f to Lp(0), F = π−1f and

Xn = En(F ). Note that {Xn} is a reverse martingale.
The following version of Minkowski’s inequality for conditional expectations is easy to

verify.

LEMMA 3.13. Let (X,F ,m) and (Y,F ′, v) be two σ -finite measure spaces, and consider
their product space X × Y endowed with the product σ -algebra and the product measure.
Let F(x, y) ≥ 0 be an integrable function on X × Y , and G a sub-σ algebra of F ′. Then:
(1) ∫

X

E(F(x, y)|G) dm(x) = E

(∫
X

F(x, y) dm(x)

∣∣∣∣G
)

(2) ( ∫
X

|E(F(x, y)|G)|p dm(x)
)1/p

≤ E
(( ∫

X

F(x, y)p dm(x)

)1/p∣∣∣∣G
)
.
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Proof of Proposition 3.1. We begin with a proof of part 1 of Proposition 3.1.
We have

‖P1P2 . . . PnP
∗
n . . . P

∗
2 P

∗
1 f ‖v(s) = ‖Ê(Xn)‖v(s) ≤ Ê(‖Xn‖v(s)).

Hence
‖‖P1P2 . . . PnP

∗
n . . . P

∗
2 P

∗
1 f ‖v(s)‖Lp(X) ≤ ‖‖Xn‖v(s)‖Lp(0)

and the lemma follows by Lepingle’s theorem. (For a proof of Lepingle’s theorem see
[13, 16].)

For the second part of Proposition 3.1, we argue as follows. For f ∈ L2(X),

‖‖P1P2 . . . PnP
∗
n . . . P

∗
2 P

∗
1 f ‖o(2)‖2

2 =
∫
0

∞∑
k=1

max
nk≤n<nk+1

|Ê(Xn)(x̄)− Ê(Xnk )(x̄)|2 dx̄

≤
∫
0

Ê

( ∞∑
k=1

max
nk≤n<nk+1

|Xn −Xnk |2
)
(x̄) dx̄

=
∫
0

∞∑
k=1

max
nk≤n<nk+1

|Xn − Xnk |2(x̄) dx̄

=
∞∑
k=1

∫
0

max
nk≤n<nk+1

|Xn − Xnk |2(x̄) dx̄

≤
∞∑
k=1

‖Xnk+1 −Xnk‖2
2

≤ C‖F‖2
2 = C‖f ‖2

2

where we have used the fact that {Xn} is a reverse martingale, and the fact that for
martingales, the oscillation norm gives a bounded operator on all Lp . (For a proof of
the Lp boundedness of the oscillation norm for martingales, see [10].) ✷

Before we state our next result on convolution powers, we need to recall a result from
martingale theory. Recall that N(xn, λ) is the number of λ-jumps by the sequence xn, as
defined earlier.

THEOREM 3.14. Let (fn) denote a uniformly integrable martingale sequence. Then
‖√N(fn, λ)‖p ≤ (c/λ)‖f ‖p for 1 < p < ∞.

Proof. The proof follows from a stopping time argument that relates
√
N(fn, λ) to a square

function of a new martingale, and then observing that this new square function is norm
bounded by the norm of the original martingale. See Lemma 6.7 of [10], Theorem 6.8 of
[10] and the related remarks for details. ✷

We can now state the following theorem.

THEOREM 3.15. Let T t denote a symmetric diffusion semigroup. Then we have the
following.
(1) For 1 < p <∞, � > 2, and λ > 0, we have∫

X

(N(T tf (x), λ))p/� dx ≤ c(p, �)

λp
‖f ‖pp.
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(2) For 1 < p <∞, � > 2 and λ > 0, we have

m{x : N(T tf (x), λ > a} ≤ c(p, �)

λpap/�
‖f ‖pp.

(3) For λ > 0, we have ∫
N(T tf (x), λ) dx ≤ c

λ2
‖f ‖2

2.

Proof. To prove the first part, we just use the observation that λN(T tf (x), λ)1/� ≤
‖T tf (x)‖v(�), and the result from Theorem 3.3 which says ‖‖T tf ‖v(�)‖p ≤ c(p, �)‖f ‖p.
The second part is just a consequence of the first part and an application of Chebyshev’s
inequality.

To prove the third part, we need the martingale result. As in the proof of Theorem 3.3,
fix L and let P = T 1/2L+1

. Define Q = P 2. Let f ∈ Lp. By Rota’s theorem,
Theorem 3.12, we can find a function F , so that f = πF , and a sequence of expectation
operators so that we have Qnf (x) = P 2nf (x) = E(E(F |Fn)|F0). Let Xn = E(F |Fn).
Note that |Qnf (x)−Qmf (x)| = |E(Xn −Xm|F0)| ≤ E(|Xn −Xm||F0). Hence

N(Qnf (x), λ) = N(E(Xn|F0), λ) ≤ E(N(Xn, λ)|F0).

Consequently, ∫
X

N(Qnf (x), λ) dx ≤
∫
0

E(N(Xn, λ)|F0) dω

≤ E
(∫

0

(√
N(Xn, λ)

)2
dω

∣∣∣F0

)

≤ E
( c
λ2

‖F‖2
2

∣∣∣F0

)
= c

λ2
‖f ‖2. ✷

We also have the following theorem.

THEOREM 3.16. Let µ be a symmetric measure on G satisfying I (µ) < ∞. Then for
λ > 0, we have ∫

N(µnf (x), λ) dx ≤ c

λ2
‖f ‖2

2.

Proof. First, as in the proof of Theorem 3.15, we see that for λ > 0, we have∫
N(µ2nf (x), λ) dx ≤ c

λ2
‖f ‖2

2 and
∫
N(µ2n+1f (x), λ) dx ≤ c

λ2
‖f ‖2

2.

Now just observe that

N(µnf, 3λ) ≤ N(µ2nf, λ)+N(µ2n+1f, λ)+ 1

λ2

∑
k

|µkf (x)− µk+1f (x)|2.

Integrating both sides, and using the previous observations, it is enough to show that∫
X

1

λ2

∑
k

|µkf (x)− µk+1f (x)|2 dx ≤ c

λ2
‖f ‖2

2.

This is just the conclusion of Lemma 3.9, that is, the square function is a bounded operator
on L2. ✷
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4. General measures on locally compact Abelian groups
The proofs of the main results in this section are based on Proposition 4.1 and the results
for symmetric measures in §3. Proposition 4.1 is a slight generalization of a similar result
in the work of Jones et al [10], which in turn, is, a slight generalization of a result by
Bourgain [4].

Given a sequence {Kn}∞n=1 of finite measures on G, we consider the operators they
define on Lp(X), 1 ≤ p ≤ ∞,

Knf (x) =
∫
G

f (Tgx) dKn(g).

PROPOSITION 4.1. Let ϕ be a non-negative function on (. If there is a constant c > 0
such that |K̂n(λ)| ≤ cmin(nϕ(λ), 1/nϕ(λ)) and |K̂n(λ)−K̂n+1(λ)| ≤ c/n, for all λ ∈ (,
for all n �= 2k − 1 for some k, then∥∥∥∥

( ∞∑
k=1

‖{Ktf : 2k−1 ≤ t < 2k}‖2
v(2)

)1/2∥∥∥∥
2

≤ c‖f ‖2.

We postpone the proof of this proposition until the end of the section, and first give
some additional theorems, and some applications. Our first theorem allows us to relate the
dyadic powers of a quite general measure to the dyadic powers of an appropriate symmetric
measure. This allows us to use some of the results from §3.

THEOREM 4.2. Let µ be a probability measure on G which satisfies the Stoltz condition
|µ̂(γ )− 1| ≤ C(1 − |µ̂(γ )|), and let ν = µ : µ̃, where µ̃(g) = µ(−g). Then∥∥∥∥

( ∞∑
n=1

|µ2nf − ν2nf |2
)1/2∥∥∥∥

2
≤ C‖f ‖2.

Proof. First note that ˆ̃µ(γ ) = µ̂(−γ ) = µ̂(γ ). Hence |1 − ˆ̃µ(γ )| = |1 − µ̂(γ )|.
Using Fourier transforms we get the estimate∥∥∥∥
( ∞∑
k=1

|µ2kf − ν2kf |2
)1/2∥∥∥∥

2

2
=

∫ ∞∑
k=1

|µ̂2k (γ )− ν̂2k (γ )|2|f̂ (γ )|2 dγ

≤
∫

|1 − µ̂(γ )|2
∞∑
k=1

22k|µ̂2k (γ )|2|f̂ (γ )|2 dγ

≤
∫

|1 − µ̂(γ )|2
∞∑
k=1

2k+1
2k∑

n=2k−1+1

|µ̂n(γ )|2|f̂ (γ )|2 dγ

≤ 4
∫

|1 − µ̂(γ )|2
∞∑
n=1

n|µ̂n(γ )|2|f̂ (γ )|2 dγ

≤ c
∫ |1 − µ̂(γ )|2
(1 − |µ̂(γ )|2)2 |f̂ (γ )|2 dγ

≤ C
∫

|f̂ (γ )|2 dγ = C‖f ‖2
2,
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where the estimate in the second step is due to the fact that ν̂(t) = µ̂(−t) = µ̂(t). In the
fourth step we used |µ̂(t)| ≤ 1. The last step is due to the Stoltz condition. ✷

THEOREM 4.3. Let µ denote a probability measure on G which satisfies the Stoltz
condition |µ̂(γ )− 1| ≤ C(1 − |µ̂(γ )|). Then∥∥∥∥

( ∞∑
k=1

‖µnf : 2k−1 ≤ n < 2k‖2
v(2)

)1/2∥∥∥∥
2

≤ C‖f ‖2.

Proof. Our plan is to apply Proposition 4.1 with ϕ(γ ) = |1−µ̂(γ )| and for 2k−1 ≤ n < 2k ,
withKn = µn−µ2k−1

. We will be done if for these choices, the necessary estimates hold.
For the following computations, assume 2k−1 ≤ n < 2k .

First, we have the trivial estimate,

|K̂n(γ )| ≤ |µ̂2k−1
(γ )| |1 − µ̂n−2k−1

(γ )|
≤ |1 − µ̂n−2k−1

(γ )|

≤ |1 − µ̂(γ )|
n−2k−1−1∑
j=0

|µ̂j (γ )|

≤ n|1 − µ̂(γ )| = nϕ(γ ).

Before we can make the remaining estimates, we need to establish a preliminary
estimate. Since µ satisfies the Stoltz condition, |1 − µ̂(γ )| ≤ C(1 − |µ̂(γ )|), we can
write

|µ̂(γ )| ≤ 1 − 1

C
|1 − µ̂(γ )| ≤ e−(1/C)|1−µ̂(γ )|.

We now have

|K̂n(γ )| ≤ |µ̂n(γ )| + |µ̂2k−1
(γ )|

≤ e−(n/C)|1−µ̂(γ )| + e−(2k−1/C)|1−µ̂(γ )|

≤ C

n|1 − µ̂(γ )| + C

2k−1|1 − µ̂(γ )|
≤ c

n|1 − µ̂(γ )| ≤ c

nϕ(γ )
.

For the final estimate, we have

|K̂n(γ )− K̂n+1(γ )| ≤ |1 − µ̂(γ )||µ̂n(γ )|
≤ |1 − µ̂(γ )|e−(n/C)|1−µ̂(γ )|

≤ |1 − µ̂(γ )| C

n|1 − µ̂(γ )|
≤ C

n
. ✷

We are now ready for the main result.
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THEOREM 4.4. Let µ denote a probability measure on G which satisfies the Stoltz
condition |µ̂(t)− 1| ≤ C(1 − |µ̂(t)|).
(1) For 2 < s < ∞ we have the variation inequality

‖‖µnf ‖v(s)‖2 ≤ C‖f ‖2.

(2) For any increasing sequence {nk}, we have

‖‖µnf ‖o(2)‖‖2 ≤ c(µ)‖f ‖2.

Proof. We first prove part 1 of the theorem. Write Bnf = µ2k−1
f for 2k−1 ≤ n < 2k .

Then note that

‖µnf ‖v(s) ≤ ‖µnf − Bnf ‖v(s) + ‖Bnf ‖v(s).
For the first term just note that

‖µnf − Bnf ‖v(s) ≤
( ∞∑
k=1

‖µnf : 2k−1 ≤ n < 2k‖sv(s)
)1/s

,

and by Theorem 4.3 we know this is a bounded operator on L2.
For the second term, letting ν = µ : µ̃, with µ̃(g) = µ(−g), we note that

‖Bnf ‖v(s) = ‖µ2kf ‖v(s)
≤ ‖µ2kf − ν2kf ‖v(s) + ‖ν2kf ‖v(s)
≤

( ∞∑
k=1

|µ2kf − ν2kf |2
)1/2

+ ‖ν2k f ‖v(s).

We have ( ∞∑
k=1

|µ2kf − ν2kf |2
)1/2

is a bounded operator on L2 by Theorem 4.2. We clearly have

‖ν2kf ‖v(s) ≤ ‖ν2nf ‖v(s).
Since ν is a symmetric measure, we can apply Proposition 3.1, with Pn = ν, to obtain the
boundedness of this term too.

We now prove part 2 of the theorem.
Let Bnf = µ2kf if 2k ≤ n < 2k+1. Then

‖µnf ‖o(2) ≤ ‖Bnf ‖o(2) + ‖µnf − Bnf ‖o(2).
Now

‖µnf − Bnf ‖o(2) ≤ ‖µnf − Bnf ‖v(2)
≤ 2

(∑
k

‖µnf − Bnf : 2k ≤ n < 2k+1‖2
v(2)

)1/2

which, by Theorem 4.3, is a bounded operator on L2.
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Again letting ν = µ ∗ µ̃, we have

‖Bnf ‖o(2) ≤ ‖µ2kf ‖o(2)
≤ ‖ν2kf ‖o(2) +

( ∑
k

|µ2kf − ν2kf |2
)1/2

.

We have already seen that both of these terms are bounded operators in L2. ✷

COROLLARY 4.5. Let µ be as in Theorem 4.4. For each 2 < � < ∞ and each λ > 0, we
have ∫

X

N(µnf (x), λ)2/� dx ≤ c(�)

λ2
‖f ‖2

2.

Proof. Note that, as in the proof of Theorem 3.15, we have

λN(µnf (x), λ)1/� ≤ ‖µnf (x)‖v(�).
Now just take the L2 norm of both sides, and apply Theorem 4.4. ✷

Proposition 4.1 and Theorem 4.4 basically utilize Fourier transform techniques and the
Stoltz condition of the measure. Thus, they can be extended for measures on non-Abelian
groups which admit ‘nice’ representations; that is, Theorem 4.4 and Corollary 4.5 can be
extended to measures on σ -compact metric groups which satisfy a condition analogous to
the Stoltz condition for the Abelian case. This extension will be discussed in a subsequent
paper.

Proof of Proposition 4.1. By standard transfer methods (see [6, 18]), it suffices to show the
theorem for functions on ;2(G), where the action is the group addition, Tgx = g + x.

Let η be a function supported in [ 1
2 , 2] ∪ [−2,− 1

2 ], with 0 ≤ η ≤ 1, |θη′(θ)| < C and

such that
∑∞
j=−∞ η(2j |θ |) = 1 for all θ . Define Kj,n by K̂j,n(λ) = K̂n(λ)η(2j nϕ(λ)).

Then we haveKn = ∑∞
j=−∞Kj,n.

Using the fact that ‖ · ‖v(2) is a semi-norm, we now estimate as follows:∥∥∥∥
( ∞∑
k=1

‖{Knf : 2k−1 ≤ n < 2k}‖2
v(2)

)1/2∥∥∥∥
2

=
∥∥∥∥
( ∞∑
k=1

∥∥∥∥
{ ∞∑
j=−∞

Kj,nf : 2k−1 ≤ n < 2k
}∥∥∥∥

2

v(2)

)1/2∥∥∥∥
2

≤
∥∥∥∥
( ∞∑
k=1

( ∞∑
j=−∞

‖{Kj,nf : 2k−1 ≤ n < 2k}‖v(2)
)2)1/2∥∥∥∥

2

≤
∥∥∥∥

∞∑
j=−∞

( ∞∑
k=1

‖{Kj,nf : 2k−1 ≤ n < 2k}‖2
v(2)

)1/2∥∥∥∥
2

≤
∞∑

j=−∞

∥∥∥∥
( ∞∑
k=1

‖{Kj,nf : 2k−1 ≤ n < 2k}‖2
v(2)

)1/2∥∥∥∥
2
.
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We will now think of j as fixed, and obtain for each j the estimate

∥∥∥∥
( ∞∑
k=1

‖{Kj,nf : 2k−1 ≤ n < 2k}‖2
v(2)

)1/2∥∥∥∥
2

2
≤ C22−|j |‖f ‖2

2. (1)

If we can establish this, then we can sum over j , and the proof will be complete.

Consider the equidistributed points 2k−1 = a0 < a1 < · · · < aN = 2k where
N = min(2|j |, 2k).

For each fixed j define An = Kj,am−1 where am−1 ≤ n < am. Then we have the
estimate

‖{Kj,nf : 2k−1 ≤ n < 2k}‖v(2) ≤ ‖{Anf : 2k−1 ≤ t < 2k}‖v(2)
+ ‖{Kj,n − Anf : 2k−1 ≤ n < 2k}‖v(2). (2)

To estimate the first term, we note that An is constant on intervals of the form am−1 ≤ n <
am. Hence

‖{Anf : 2k−1 ≤ n < 2k}‖v(2) = ‖{Kj,am−1f : 1 ≤ m ≤ N}‖v(2)
which allows us to estimate the L2 norm:∥∥∥∥

( ∞∑
k=1

‖{Anf : 2k−1 ≤ n < 2k}‖2
v(2)

)1/2∥∥∥∥
2

2

=
∫
X

∞∑
k=1

‖{Anf (x) : 2k−1 ≤ n < 2k}‖2
v(2) dx

=
∫
X

∞∑
k=1

‖{Kj,amf (x) : m ≤ N}‖2
v(2) dx

≤
∫
X

∞∑
k=1

22
N(k)∑
m=1

|Kj,amf (x)|2 dx

= c

∞∑
k=1

N(k)∑
m=1

∫
(

|K̂j,am(γ )|2|f̂ (γ )|2 dγ

where between the second and third steps we used property (3) of the v(2)-norm, and in
the last step we used the Minkowski inequality for integrals.

Note that for each fixed j we have the following facts.

(1) For each m we have K̂j,am supported in

Ij,k =
{
λ : 1

2j+k+1
< ϕ(λ) <

1

2j+k−1

}
.

(2) For each m we have |K̂j,am(λ)| ≤ c2−|j | for λ ∈ Ij,k .
(3) By definition,N = N(k) = min(2|j |, 2k).
(4) For fixed j , no λ is in more than two of the Ij,k .
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Thus we have
∞∑
k=1

∫
(

N(k)∑
m=1

|K̂j,am(λ)|2|f̂ (λ)|2 dλ ≤
∞∑
k=1

∫
Ij,k

∣∣∣ c
2|j |

∣∣∣2
N(k)|f̂ (λ)|2 dλ

≤ c

2|j |
∞∑
k=1

∫
Ij,k

|f̂ (λ)|2 dλ

≤ c

2|j |

∫
(

|f̂ (λ)|2 dλ

= c

2|j | ‖f ‖2
2.

For the second term in (2) we use the second property of the v(2)-norm,

‖{Kj,n − Anf : 2k−1 ≤ n < 2k}‖v(2)

≤ 2

(N(k)∑
m=1

‖{Kj,n − Anf : am−1 ≤ n < am}‖2
v(2)

)1/2

= 2

(N(k)∑
m=1

‖{Kj,nf : am−1 ≤ n < am}‖2
v(2)

)1/2

.

For fixed m we have

‖{Kj,nf : am−1 ≤ n < am}‖v(2) ≤ ‖{Kj,nf : am−1 ≤ n < am}‖v(1)

= sup
am−1≤b1<b2···<b;<am

;∑
r=1

|Kj,br f −Kj,br+1f |, (3)

where as usual, the supremum is taken over all possible increasing sequences contained in
[am−1, am).

We have
;∑
r=1

|Kj,br f −Kj,br+1f (x)| ≤
am+1∑
r=am

|Kj,rf (x)−Kj,r+1f (x)|.

Using this and Holder’s inequality, we see that (3) can be estimated by

(am − am−1)
1/2

( am∑
r=am−1

|Kj,rf (x)−Kj,r+1f (x)|2
)1/2

.

Hence we have

‖{Kj,n − Anf : 2k−1 ≤ n < 2k}‖2
v(2)

≤ 4
N(k)∑
m=1

(am − am−1)

am∑
r=am−1

|Kj,rf (x)−Kj,r+1f (x)|2

≤ 4
N(k)∑
m=1

max

(
2k

2|j | , 1
) am∑
r=am−1

|Kj,rf (x)−Kj,r+1f (x)|2

≤ 4 max

(
2k

2|j | , 1
) 2k∑
r=2k−1

|Kj,rf (x)−Kj,r+1f (x)|2. (4)
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We now sum over k, and take the L2 norm of (4) to obtain∥∥∥∥
∞∑
k=1

‖{Kj,n − An : 2k−1 ≤ n < 2k}‖2
v(2)

∥∥∥∥
2

2

≤
∞∑
k=1

4 max

(
2k

2|j | , 1
) ∫ 2k∑

r=2k−1

|Kj,rf (x)−Kj,r+1f (x)|2 dx

≤4
∞∑
k=1

max

(
2k

2|j | , 1
) 2k∑
r=2k−1

∫
(

|K̂j,r (γ )− K̂j,r+1(γ )|2|f̂ (γ )|2 dγ. (5)

We now estimate the inner integral of (5). First note that we have

|K̂j,r (λ)− K̂j,r+1(λ)| = |K̂r (λ)η(2j rϕ(λ))− K̂r+1(λ)η(2j (r + 1)ϕ(λ))|
≤ |K̂r (λ)η(2j rϕ(λ))− K̂r+1(λ)η(2j rϕ(λ))|

+ |K̂r+1(λ)η(2
j rϕ(λ))− K̂r+1(λ)η(2

j (r + 1)ϕ(λ))|
= |K̂r (λ)− K̂r+1(λ)||η(2j rϕ(λ))|

+ |K̂r+1(λ)||η(2j rϕ(λ))− η(2j r|λ|δ + 2jϕ(λ))|.
For the first term we use the estimate

|K̂r(λ)− K̂r+1(λ)| ≤ 1

r

and the fact that η(2j rϕ(λ)) is non-zero only if λ ∈ Ij,k , to conclude that

|K̂r (λ)− K̂r+1(λ)||η(2j rϕ(λ))| ≤ c

2k
χIjk (λ)

for 2k−1 ≤ r < 2k .
For the second term we note that by the mean value theorem,

|η(2j rϕ(λ))− η(2j rϕ(λ)+ 2jϕ(λ))| ≤ 2jϕ(λ)|η′(θ)|
for some θ ∈ [2j rϕ(λ), 2j rϕ(λ)+ 2jϕ(λ))].

Using the property of η that θ |η′(θ)| < C, we see

|η(2j rϕ(λ))− η(2j rϕ(λ)+ 2jϕ(λ))| ≤ 1

r + 1
(2j (r + 1)ϕ(λ))|η′(θ)| ≤ c

r
.

Consequently the second term is controlled by 1/r|K̂r+1(λ)| for λ ∈ Ijk and is zero
elsewhere.

In either case we see that for 2k−1 ≤ r < 2k, we have

|K̂j,r (λ)− K̂j,r+1(λ)| ≤ C

2k
χIjk (λ).

We also have the easy estimate

|K̂j,r (λ)− K̂j,r+1(λ)| ≤ |K̂j,r (λ)| + |K̂j,r+1(λ)| ≤ C

2|j |χIjk (λ).
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Hence we can estimate the inner integral by∫
(

2k∑
r=2k−1

|K̂j,r (λ)− K̂j,r+1(λ)|2|f̂ (λ)|2 dλ ≤ cmin
( c

2k
,
c

2|j |
)2

2k
∫
Ijk

|f̂ (λ)|2 dλ. (6)

Hence, we have that (6) can be estimated by∥∥∥∥
∞∑
k=1

‖{Kj,nf − Anf : 2k−1 ≤ n < 2k}‖2
v(2)

∥∥∥∥
2

2

≤ 4
∞∑
k=0

max

(
2k

2|j | , 1
)
cmin

(
1

2k
,

1

2|j |

)2

2k
∫
Ijk

|f̂ (λ)|2 dλ

≤ c
|j |∑
k=1

(
1

2|j |

)2

2k
∫
Ij,k

|f̂ (λ)|2 dλ+ c
∞∑
k=|j |

(
2k

2|j |

)
1

2k

∫
Ij,k

|f̂ (λ)|2 dλ

≤ c 1

2|j |
∞∑
k=1

∫
Ij,k

|f̂ (λ)|2 dλ

≤ c 1

2|j | ‖f ‖2
2

as required. ✷

5. Convolutions and singular integrals in the continuous case
In this section we extend the theory to the continuous parameter case. To do this we
need a continuous analog of Proposition 4.1. We will restrict our attention to convolution
operators on R

d . In the case d = 1 the version we need for the applications which follow
is contained in Bourgain’s paper [4]. Here we state a slightly more general version. The
proof is the same as the proof of Proposition 4.1, with the obvious replacement of estimates
of differences by estimates involving derivatives.

Given a sequence {Kt }t∈R of convolution kernels on R
d , we consider the operators they

define on Lp(X), 1 ≤ p ≤ ∞,

Ktf (x) = Kt : f (x).

PROPOSITION 5.1. Let ϕ be a non-negative function on R
d . If there is a constant c > 0

such that (i) |K̂t (λ)| ≤ cmin(tϕ(λ), 1/tϕ(λ)) and (ii) |λ∂/∂tK̂t (λ)| ≤ c/t , for all λ ∈ R,
for all t ∈ R

+, then∥∥∥∥
( ∞∑
k=−∞

‖{Ktf : 2k−1 ≤ t < 2k}‖2
v(2)

)1/2∥∥∥∥
2

≤ c‖f ‖2.

With this proposition we can obtain several results about convolution operators. In each
of the following cases we can take ϕ(λ) = |λ|. In what follows, Ct(x) = C(x/t)/td

where x ∈ R
d .

THEOREM 5.2. Let C be a function on R
d such that for λ �= 0, we have (a) |Ĉ(λ)| ≤

c/|λ|, (b) |∇Ĉ(λ)| ≤ c and (c) |λ · ∇Ĉ(λ)| ≤ c. Then∥∥∥∥
( ∞∑
k=−∞

‖Ctf : 2k ≤ t < 2k+1‖2
v(2)

)1/2∥∥∥∥
2

≤ c‖f ‖2.
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Proof. Let Kt(x) = Ct(x)−C2k (x) if 2k ≤ t < 2k+1. Then

K̂t (λ) = Ĉt (λ)− Ĉ2k (λ) = Ĉ(λt)− Ĉ(λ2k).

By (a) we can estimate

|K̂t (λ)| ≤ |Ĉ(λt)| + |Ĉ(λ2k)| ≤ c 1

|λt| ,
with (b),

|K̂t (λ)| ≤ |λt − λ2k||∇C(λ:t:)| ≤ c|λt|,
and by (c), ∣∣∣∣ ∂∂t K̂t (λ)

∣∣∣∣ ≤ |λ · ∇Ĉ(λt)| ≤ |λt · ∇Ĉ(λt)|
t

≤ c

t
.

Now apply Proposition 5.1. ✷

As a simple example of the kind of C that satisfies Theorem 5.2, we mention the
following corollary.

COROLLARY 5.3. (Differentiation operator) Let C = χ[0,1]d . Then Dtf (x) = Ctf (x) is
the differentiation operator, and we have∥∥∥∥

( ∞∑
k=−∞

‖Dtf : 2k ≤ t < 2k+1‖2
v(2)

)1/2∥∥∥∥
2

≤ c‖f ‖2.

Proof. We just need to see that the hypotheses of Theorem 5.2, are satisfied. We make the
following estimates.

We have

Ĉ(λ) =
d∏
k=1

∫ 1

0
e−2πiλkxk dxk =

∏
1≤k≤d,λk �=0

e−2πiλk − 1

−2πiλk
.

Now,
d∑
k=1

λ2
k ≤

∑
|λk |<1

+
∑

|λk|≥1

≤ d + d
∏

|λk |≥1

λ2
k ≤ 2d

∏
|λk |≥1

λ2
k.

Hence

|Ĉ(λ)| ≤
∏

1≤k≤d,|λk|≥1

|e−2πiλk − 1|
| − 2πiλk| ≤ c√d 1

|λ| ,

showing (a).
For (b), we compute

∂

∂λj
Ĉ(λ) =

∏
k �=j

∫ 1

0
e−2πiλkxk dxk

∫ 1

0
−2πixje−2πiλjxj dxj .

Clearly the product, with k �= j is bounded by 1, and the last integral is also clearly
bounded by 1. Now just sum over j .

For (c), the argument is the same except this time we need to estimate∫ 1

0
−2πiλjxj e−2πiλjxj dxj

and an easy integration by parts shows this to be bounded too. ✷
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For the applications that follow, we also need the following lemma involving the
differentiation operator.

LEMMA 5.4. Let C be a function on R
d such that for λ �= 0 we have (a) |Ĉ(λ)| ≤

cmin(1/|λ|, 1), (b) |∇Ĉ(λ)| ≤ c, (c) |λ · ∇Ĉ(λ)| ≤ c and (d) there exists C0 such that
lims→0 Ĉs(t) = Ĉ0(t) for all t ∈ Rd . Then we have∥∥∥∥

( ∞∑
k=−∞

|C2k ∗ f −D2k ∗C0 ∗ f |2
)1/2∥∥∥∥

2
≤ c‖f ‖2.

Proof. By the assumptions about C and the properties of Dt established in the proof of
Corollary 5.3, we have

|Ĉ2k (t)− D̂2k (t)Ĉ0(y)| ≤ |Ĉ2k (t)| + |D̂2k (t)||Ĉ0(t)| ≤ c1
1

2k|t|
and

|Ĉ2k (t)− D̂2k (t)Ĉ0(t)| ≤ |Ĉ2k (t)− Ĉ0(t)| + |D̂2k (t)− 1||Ĉ0(t)| ≤ c2|t|2k.
Hence, letting c = max c1, c2,∫ ∑

k

|C2k ∗ f −D2k ∗C0 ∗ f |2 dx

=
∫ ∑

k

|Ĉ2k (t)− D̂2k (t)Ĉ0(t)|2|f (t)|2 dt

=
∫ ∑

k≥0

|Ĉ2k (t)− D̂2k (t)Ĉ0(t)|2|f (t)|2 dt

+
∫ ∑

k≥1

|Ĉ1/2k(t)− D̂1/2k (t)Ĉ0(t)|2|f (t)|2 dt

≤ c2
∫ [ ∑

0≤k≤log2 |t |−1

22k|t|2 +
∑

k>log2 |t |−1

1

|t|222k

]
|f (t)|2 dt

+ c2
∫ [ ∑

1≤k≤log2 |t |

22k

|t|2 +
∑

k>log2 |t |

|t|2
22k

]
|f (t)|2 dt

≤ C‖f ‖2
2,

proving the lemma. ✷

For the differentiation operator considered in Corollary 5.3, more is true than has been
established. To prove the variation inequalities that follow, we need the stronger statement
from Jones et al [11]. A discrete version in R can also be found in [10].

THEOREM 5.5. Let Dt denote the differentiation operator defined by

Dtf (x) = 1

td

∫
χ[0,1)d

(x
t

)
f (x − t) dt.

Then for � > 2,

‖‖Dtf ‖v(�)‖2 ≤ c(�)‖f ‖2 and ‖‖Dtf ‖o(2)‖2 ≤ c‖f ‖2.
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COROLLARY 5.6. Let C be as in Lemma 5.4, then

‖‖Ct ∗ f ‖v(�)‖2 ≤ c(�)‖f ‖2 and ‖‖Ct ∗ f ‖o(2)‖2 ≤ c‖f ‖2.

Proof. The proof is an application of Theorem 5.2, Lemma 5.4 and Theorem 5.5, together
with the observation that C0 ∗ f ∈ L2 if f ∈ L2, and ‖C0 ∗ f ‖2 ≤ c‖f ‖2. ✷

The Poisson kernel has been studied earlier in Corollary 3.4 with Lp results for p > 1.
For illustration purposes we now apply the results of this section to the Poisson kernel,
obtaining L2 results.

COROLLARY 5.7. (Poisson kernel) Let

Pε(x) = cd
ε

(|x|2 + ε2)(d+1)/2
.

Let 2 < � < ∞. Then:
(1) ‖‖Pεf ‖v(�)‖2 ≤ c(�)‖f ‖2;
(2) ‖‖Pεf ‖o(2)‖2 ≤ c‖f ‖2;
(3)

∫
X

N(Pεf (x), λ)
2/� dx ≤ c(�)

λ2
‖f ‖2

2.

Proof. For the Poisson kernel, we have Ĉ(λ) = e−2π |λ|. From this we easily get the
estimate |Ĉ(λ)| ≤ min(1, 1/2π |λ|). For (b) we have

∂

∂λj
Ĉ(λ) = e−2π |λ| λj

|λ| .

Now just sum over j , and the result follows. For (c) the argument is almost the same.
In this case we just need to note that |λ|e−2π |λ| is bounded.

For the third statement, note that as we have observed before, we have
λN(Pεf (x), λ)

1/� ≤ ‖µnf (x)‖v(�). Now just take the L2 norm of both sides, and apply
the first statement of the corollary. ✷

COROLLARY 5.8. (Conjugate Poisson kernel) The conjugate Poisson kernel on R is
defined by

Qε(x) = 1

π

x

x2 + ε2 .

Let 2 < � < ∞. Then:
(1) ‖‖Qεf ‖v(�)‖2 ≤ c(�)‖f ‖2;
(2) ‖‖Qεf ‖o(2)‖2 ≤ c‖f ‖2;
(3)

∫
X

N(Qεf (x), λ)
2/� dx ≤ c(�)

λ2
‖f ‖2

2.

Proof. Let f ∈ L2, and let Hf denote its Hilbert transform. Then Hf ∈ L2 and
Qε ∗ f (x) = Pε ∗Hf (x). The result then follows from Corollary 5.7. ✷
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This last corollary and Corollary 3.5 indicate that the corresponding variation,
oscillation and jump inequalities should also hold for the Hilbert transform. This is indeed
the case. The complete study of the variation and oscillation inequalities for the Hilbert
transform can be found in Campbell et al [7].
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