Ergod. Th. & Dynam. Sys. (2001), 21, 1809-1829  (© 2001 Cambridge University Press
DOI: 10.1017/S0143385701001869 Printed in the United Kingdom

Oscillation and variation inequalities for
convolution powers

ROGER L. JONES{§ and KARIN REINHOLD

tDepartment of Mathematics, DePaul University, 2320 N. Kenmore,
Chicago IL 60614, USA
tDepartment of Mathematics, University at Albany, SUNY, 1400 Washington Ave.,
Albany, NY 12222, USA
(e-mail: reinhold@math.albany.edu)

(Received 4 April 2000 and accepted in revised form 1 August 2000)

Abstract. 'We prove L? variation inequalities for operators defined by the convolution
powers of probability measures on locally compact Abelian groups. In some cases we also
obtain L” results for 1 < p < oco. These inequalities imply the pointwise convergence of
these operators and give an estimate of the number of upcrossings.

1. Introduction

Variation norms estimate the fluctuations of a given sequence of operators. In the ergodic
theory context they were introduced by Bourgain [4] for L2, and extended to L?, 1 < p <
00, by Jones et al in ‘Oscillations in ergodic theory’ [10], where fluctuations of ergodic
averages and differentiation operators were studied. In this paper we study the variation
norms for operators given by the convolution powers of probability measures on locally
compact Abelian groups.

The variation norms are related to the square functions as in Littlewood—Paley theory,
but give stronger results. Square functions for the convolution operators were studied by
Jones et al in ‘Square functions in ergodic theory’ [9].

To handle the variation inequalities for convolution powers operators we will also use
some of the techniques we developed in the paper ‘Oscillation and variation for the Hilbert
transform’ by Campbell ef al in [7]. However, the main technique is the association of the
convolution powers with a reverse martingale in a larger space.

The paper is structured as follows. Section 2 states the basic definitions. Section 3
studies the case of symmetric measures. Here, the results are obtained by viewing the
operators as a reverse martingale in a much larger space. Through this representation, we
can obtain more complete results than for the general case.
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Section 4 studies the general case of convolution measures on locally compact Abelian
groups. The main result is obtained by comparing the given measure to its symmetrized
version and by developing a tool to handle the short-step variations. Section 5 extends
the result for the short-step variation of §4 to the continuous parameter case and gives
applications to the well-known continuous parameter kernels.

The results obtained in §4 can also be extended to measures on o -compact metric groups
via direct integral decomposition of the group representation. This result will be presented
in a subsequent paper.

2. Oscillation and variation norms
Definition 2.1. Given an increasing sequence of positive integers {ni}7, define the
oscillation norm of a sequence of numbers {x,} 7 | by

00 1/s
”xn”o(s) = < max |x, — xnk|s) .

np<n=<n,
k=1 k=N=Ng4-1

Remark 2.2. We will be interested in the case s = 2. If s < 2 the operators associated with
this norm are often not well behaved (see [1]), and for s > 2 we have ||x;lo¢s) < lIXnllo2),
so understanding s = 2 is usually the general case. Operators based on these norms were
studied by Gaposhkin, who showed that if A, f(x) = n1 Z?;(l) T/ f, for T a normal
contraction, then with ny = 2K, || 1A fllo)llz < cll fll2. With this result, to prove a.e.
convergence, it is sufficient to prove a.e. convergence along only the sequence {Ap, }.

A second very useful norm on a sequence of numbers is the variation norm, denoted by
” . ” v(o)-

Definition 2.3. Given a set of real numbers {x, },c7, where I is a countable index set, define
its variation ¢ norm by

00 1/o

[%n llv(e) = sup <Z |xn(j) — xn(j+1)|Q)
n(j) \ =1

where the supremum is taken over all possible sequences n(1) < n(2) < ---, and each

n(j) el.

Often we will take I = Z1, but sometimes we will be interested in other countable sets.
Unless otherwise noted, we will assume I = ZT. When it is important to specify the index
set, we will write [|x, : n € I|y,. In particular, we will write ||lx, : ng <n < ng41ly, for
I ={n:ng <n<ngs}

This norm has been used in martingale theory and, more recently, in ergodic theory by
Bourgain [4]; and Jones et al [10].

We can also define the continuous version of the v(@) norm as follows.

Definition 2.4. Given a continuously indexed system, {x;};cR, define its variation ¢ norm
by

J 1/0
1% Ml v o) =Sup{(2|xt, —xr,-1|9> J=12,...5 001 <p =< < IJ}.
—
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The continuous version of the o(o) norm is defined in an analogous way.

PROPOSITION 2.5. (Properties of the v(g)-norms)

(1) Foreacho, 1 <0 <0, | - llu() is a semi-norm.
(2)  If{xyn} is a sequence such that x,, = 0 for each k, then || xy|ly) < 2( Do llxn tng <
1
n< nk+1||§(g)) /Q-

1
B3 Ml < 2(3, 16a19) .

We refer the reader to [10] for a proof of these properties, as well as some discussion of
the applications of the variation and oscillation norms to ergodic theory.

Although neither || - ||yo) nor || - [lo() are true norms, by abuse of notation we will
continue to refer to them as norms throughout this paper.

Definition 2.6. Let {x,} denote a sequence of real numbers. We define

N(xp, A) =sup{N : thereexistss) <t <sy <tr--- <sy <Iy
such that |x; — x5 | > Afori =1,2..., N}.

The operator N (x,,A) gives the number of times the sequence {x,} changes by a
distance A. This is related to the number of upcrossings of the sequence, but can be much
larger. For a continuously indexed system, {x;},er, N (x¢, A) is defined in the same way.

3.  Symmetric measures
We first study the case of symmetric measures. There are three reasons why we begin with
this case. First, the results are easier to obtain, second, they are useful in obtaining later
results in the more general case and third, the results in this case are more complete.
Square functions, oscillation results and variation results for symmetric measures can
be studied directly by lifting the operators to a reverse martingale in a larger space.
This technique was used by Kakutani [12], and further developed by Oseledets [15] who
studied pointwise convergence of operators induced by convolution powers of a symmetric
measure. We begin by stating the main proposition, Proposition 3.1, and some of its
applications.

PROPOSITION 3.1. Let {P,} be a sequence of doubly stochastic operators, that is:
(1) forl =< p =<oo wehave |Pyfllp = I fllp;

(2)  the adjoint operator P is also bounded in L' and L*>;

(3) Pyf = 0whenever f > 0; and

4 P,()=1

Then:

(1) foranyp, 1 < p <ooandanyp, 2 < o < 0o, we have

PPy ... PaPy ... Py P fllullp < co, PIIfIp:

(2) forany p, 1 < p < oo, and any increasing sequence {ny}, we have

MPLPy... PaPy ... P3P fllolly < c(DIflp,

where we use the sequence {ny} to compute the o(2) norm.
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We will postpone the proof of this proposition until later in the section. As a
consequence of Proposition 3.1 we can state several results. First, we need the following
definition.

Definition 3.2. (See Stein [21]) Let (X, X, m) denote a positive measure space. Let

{T"}o<t<oo denote a family of operators, each 7' mapping functions on X to functions

on X. Assume that:

e the operators 7" satisfy the semigroup axioms 7'7T% = T'*S and TO = I, the
identity operator; and

° the T are continuous in the sense that lim; o 7’ f = f in L.

Further, assume:

M T fllp < Ifllpforl < p < oc;

(2) each T" is a self-adjoint operator on L?(X);

(3) eachT'f>0if f>0;

(4) foreacht, T'(1) = 1.

Then {T"}o<;<oo is called a symmetric diffusion semigroup.

We can now state the following theorem.

THEOREM 3.3. Let T' denote a symmetric diffusion semigroup. Then:

(1) forany p, 1 < p < oo andany o, 2 < ¢ < 00, we have |[[IT" fllv)ll, <
co, PIfIlps

(2) foranyp, 1 < p < oo, and any increasing sequence {ny}, we have ||| T* fllo2)llp <
cPflp-

Proof. We want to apply Proposition 3.1. First fix L andlet P = T'!/ 2t Clearly, P, = P
satisfies the hypothesis of Proposition 3.1. Since P* = P, applying Proposition 3.1,

L
we get [[[IP* fllullp < clo, I fllp. Hence [T fllyll, < cCo, p)IfIp. Let
Dy = {n/2F : n > 0}. We have

1/e
(o S re)

l‘1<12<
tj eDy,

<cl plfllp.
P

Taking the limit as L — oo, by the monotone convergence theorem, we get

l/o
su Tl T+ 9)
H (n p E |T" f — Sl

<t2<

=c@ PIfllp.
p

where D is the set of positive dyadic rationals. Now the continuity of the semi-group
implies the first conclusion of the Theorem. The 0(2) norm is handled in the same way. O
COROLLARY 3.4. Let

t
x2 412
denote the Poisson kernel on R or more generally, let P; denote the Poisson kernel on R?.
(1) Forl <p<ooand2 <o < oowehave ||| P fllv)llp = co. PILSIlp-
(2) For any increasing sequence {n;}, and 1 < p < oo, we have || Pllo)llp, =<

cMIfllp-

Pi(x) =—
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Proof. This follows from Theorem 3.3. We just need to check that P; satisfies the
hypothesis, which is an easy exercise. a

COROLLARY 3.5. Let
X

1
X)=———>
i) T x2+ 12
denote the conjugate Poisson kernel on R.
(1) Forl <p<ooand2 <o < oowehave ||| Q1 fllv)llp = c(o. PISIlp-

(2) For any increasing sequence {ni}, and 1 < p < oo, we have ||||Q¢llo)llp =

c(PIflp.
Proof. Let f € LP, and let Hf denote its Hilbert transform. Then Hf € L? and
Q¢ * f(x) = Pe % Hf (x). The result then follows from Corollary 3.4. O

Remark 3.6. Using a different technique, we can also show that the variation and
oscillation norms for the Poisson kernel satisfies a weak type (1, 1) inequality as well.
This result can be found in [7].

Let G denote a locally compact Abelian group and I' its dual group. Let (X, 8, m)
be a probability space, {Tg}{seG} an action of G by invertible measure-preserving
transformations on (X, 8, m). Given a probability measure u on G, we define puf (x) =
Jo [(Tg—1x)dpu(g), and forn > 1, " f (x) = ("' )(x).

Definition 3.7. We say that a measure u is strictly aperiodic if its support is not contained
in a proper left coset of G.

For Abelian groups, we have that p is a strictly aperiodic probability measure if and
only if |fi(y)| < 1forall y € T, y # 0. See Rosenblatt [17] and Glasner [8]. For discrete
Abelian groups there is a stronger characterization.

THEOREM 3.8. Let G be a discrete Abelian group and let u be a strictly aperiodic
probability measure on G. Then

11— a2
()= sup —————>
yervioy 1 — 1(y)l
is bounded.

This result was proved in Jones et al [9] for probability measures on Z, but their proof
extends to discrete Abelian groups. This result can be extended to other cases as well
provided we assume extra conditions on p. However, it may fail in general. Thus the
finiteness of /() is not always equivalent to the measure being strictly aperiodic.

LEMMA 3.9. Let u be a strictly aperiodic measure on G satisfying I (u) < oo. Then
00 1/2

' (Z - u"fﬁ)
n=1

This lemma was proved in Jones et al [9] for G = Z. The proof given there just
involves the spectral properties of the measure w, and consequently also applies to any
locally compact Abelian group.

=Clfl2.
2
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THEOREM 3.10. Let u be a strictly aperiodic symmetric measure on G such that I(u)
< 00.

(1)  Forany?2 < ¢ < oo we have [[|1" fllve)ll2 = Cll f 2.

(2)  For any increasing sequence {ni} we have ||[|i1)" fllo2)ll2 < CIl fll2.

Proof. With Lemma 3.9, we can easily complete the proof of part (1). Let B, f = u" f if
nisevenand B, = u"t! f if n is odd. Then

||Mnf||v(g) < ||Mnf - an”v(g) + ”Bn”v(g)

00 1/o
< 2(2 N"f = Bufl:n=2k—1, 2k||§<g>> 162" f o)
k=1

00 1/2
< 2(2 I f - u”“fﬁ) + 112" oo
k=1

Now, part (1) of Theorem 3.10 follows by applying Lemma 3.9 to the first term, and then
taking P, = u, and applying Proposition 3.1 to the second term.

We now want to prove part (2) of Theorem 3.10.

Given a sequence {ny} of positive number, consider the sequences

ng, if k is odd

e, if k is even
N nr + 1, ifkiseven.

and o =
ny + 1, ifkisodd

Then, for any sequence of numbers {x,}, we have

max |x, — xnk|2

ng<n=<nj4|
< 2 2
< max |xXp — X, |” + max [Xn — Xyl
ex<n<ey41,n even 0k <n<og41,n odd
< 2 2 2
<c max [xXn — X |~ + max |Xn — Xop |7+ |Xng — Xnpt117 )
ex<n=ej4,n even 0k <n=<0g41,n odd

Thus, by Proposition 3.1, taking P, = i, and applying Lemma 3.9, we have

K" flloe 113
2
)

< CIfI3. 0

00 1/2
< c<|| 112" Flo@ 113 + 1" ()l 13 + H ( Dol f — et f|2)
k=1

Remark 3.11. If we could prove an L? version of Lemma 3.9, then we would be able to
prove an L? version (1 < p < o0) of Theorem 3.10. Such a result is probably true, but
we have not yet been able to prove it. The case p = 1, that is, showing that [|u" £y (o)
is a weak type (1, 1) operator is of considerable interest, but it would require different
techniques, since the weak type (1, 1) analog of Proposition 3.1 is not true. To see this,
note that if | Q%" f llu(s) were weak type (1, 1), then we would have convergence for o f
forall f € L'(X), and Ornstein [14] has shown this to be false. Hence, special properties
of u", beyond those in the hypothesis of Proposition 3.1 would have to be used. In a large
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class of cases, in particular, if  is a probability measure on Z, with mean zero and finite
second moment [2], it is known that " f converges for all f € L!(X), so it is possible
that the variation operators are weak (1, 1) for such u.

We now state the main tool that is used in the proof of Proposition 3.1. As mentioned
before, the idea for powers of one operator goes back to Kakutani, but here we present a
simplified version by Rota [19]. For powers of one operator see also Stein [21]. Using this
result and a subsequent lemma, we can then prove Proposition 3.1.

THEOREM 3.12. (Rota) Let {P,} be a sequence of doubly stochastic operators in

LP(X,F,m) (p = 1), that is:

(1) Py, is an LY=L contraction;

(2)  the adjoint operator P} is also defined on L' and L>°;

3 Pfz=0iff=0;

4 P,l=1

Then there exists a huge probability space (2, B, v), a collection of sub-o fields of B,

Fn+1 C Fn C -+ C Fo, and another sub-o field Fo of B such that:

(a) the probability space (X, F,m) and (2, ]:"0, v) are isomorphic under the normal
projection map w . Q — X (let w also denote the induced isomorphism from
LP(Q, Fo, v) to LP(X, F,m));

() ifF e LP(Q, Fy, v) then

PPy...P,PF ... P} Pi((F)) = E(E(F|F,)|Fo).

The proof of this result can be found in Rota’s paper [19]. The proof when P, = P and
P* = P is also in Stein’s book on Littlewood—Paley theory [21], where he uses the result
to prove a certain g-function is a bounded operator on L?”.

For the remainder of this section, G denotes a locally compact group. We will use the
following notation.

(1) IfH e LP(Q), E(H) = E(H|Fo), E,(H) = E(H|F,).
(2) Given f € LP(X), F denotes the lifting of f to LP(Q), F = 7~ 'f and
X, = E,(F). Note that {X,,} is a reverse martingale.

The following version of Minkowski’s inequality for conditional expectations is easy to

verify.

LEMMA 3.13. Let (X, F,m) and (Y, F', v) be two o-finite measure spaces, and consider
their product space X x Y endowed with the product o -algebra and the product measure.
Let F(x,y) > 0 be an integrable functionon X x Y, and G a sub-o algebra of F'. Then:

(1)
9
1/p 1/p
(/ |E(F(x,y)|g>|”dm(x)> sE((/ F(m)”dm(x))
X X

/E(F(x,yng)dm(x):E(/ F(x,y)dm(x)
X X

2

7).
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Proof of Proposition 3.1. We begin with a proof of part 1 of Proposition 3.1.
We have

IPLPy ... PaP . P3P fllosy = IEX) lluis) < EU X llucs))-
Hence
MPLPy... PaPy .. PSP flloey ey < I Xnllues)llLr o)
and the lemma follows by Lepingle’s theorem. (For a proof of Lepingle’s theorem see
[13,16].)
For the second part of Proposition 3.1, we argue as follows. For f € L?(X),

o0
||||P1P2...PnP,:‘...P;Pf‘fno(z)n%=fZ max |E(X,)(X) — E(Xy)(®)]* di
Q

ng<n<n
k=1 k= k+1

o0
. B N\
5/ E( E ppmax [ Xn — X | )(x)dx

k=1

/ max  |X, — X, [2(X) d*x
Q k=1

ng<n<npyi

= Z/ max | X, — X, |*(%) dX
Ng=n<nj4i

2
< Z 1 Xy = X 13

<ClIFlz=Clfl3

where we have used the fact that {X,,} is a reverse martingale, and the fact that for
martingales, the oscillation norm gives a bounded operator on all L?. (For a proof of
the L? boundedness of the oscillation norm for martingales, see [10].) O

Before we state our next result on convolution powers, we need to recall a result from
martingale theory. Recall that N (x,, 1) is the number of A-jumps by the sequence x,,, as
defined earlier.

THEOREM 3.14. Let (f,) denote a uniformly integrable martingale sequence. Then

VN (fus Dllp < (/DIfllp forl < p < oc.

Proof. The proof follows from a stopping time argument that relates /N (f;;, 1) to a square
function of a new martingale, and then observing that this new square function is norm
bounded by the norm of the original martingale. See Lemma 6.7 of [10], Theorem 6.8 of
[10] and the related remarks for details. O

We can now state the following theorem.

THEOREM 3.15. Let T! denote a symmetric diffusion semigroup. Then we have the
following.
(1) Forl <p<oo,0>2 and) > 0, we have

/X (N(T' £y, aPle dy < S22 (” ).
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(2) Forl <p<oo,0>2andX >0, we have

c(p,o)
APaPle

mix : N(T' f(x), A > a} < 115

(3) For A > 0, we have

/ NI F . 2 dx < 113

Proof. To prove the first part, we just use the observation that AN (T f(x), M)/ <
IT" £ (x)lv(0), and the result from Theorem 3.3 which says [T f lvo) I p < c(p, I f I p-
The second part is just a consequence of the first part and an application of Chebyshev’s
inequality.

To prove the third part, we need the martingale result. As in the proof of Theorem 3.3,
fix L and let P = T2, Define 0 = P2 Let f € LP. By Rota’s theorem,
Theorem 3.12, we can find a function F, so that f = 7 F, and a sequence of expectation
operators so that we have Q" f (x) = P? f(x) = E(E(F|F,)|Fo). Let X, = E(F|F,).
Note that |Q" f(x) — Q™" f(x)| = |E(Xn — Xm|F0)| = E(1Xn — Xm||Fo). Hence

N(Q" f(x), 1) = N(E(Xu|F0), 1) < E(N(Xpn, V)| F0).

Consequently,

/N(Q"f(x),)\)dxsf EN (X, W F0) do
X Q
< E</ <\/N(Xn,)»))2dw‘]-'o>
Q

c
= E(5IFI13|%)

c
=2 112 0
We also have the following theorem.

THEOREM 3.16. Let w be a symmetric measure on G satisfying I () < oco. Then for
A > 0, we have

/N(u”f(x),/\) dx < %ufu%.

Proof. First, as in the proof of Theorem 3.15, we see that for A > 0, we have

/ N2 f(x), 2) dx < %Ilfllé and / N2 f(x), D) dx < ;—zufu%.

Now just observe that
NG £30) = NG+ NG 1) 4 5 Y Ik £ = b F o
k
Integrating both sides, and using the previous observations, it is enough to show that
fx %; I f ) = P dx = S5

This is just the conclusion of Lemma 3.9, that is, the square function is a bounded operator
2
on L~. O
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4. General measures on locally compact Abelian groups
The proofs of the main results in this section are based on Proposition 4.1 and the results
for symmetric measures in §3. Proposition 4.1 is a slight generalization of a similar result
in the work of Jones ef al [10], which in turn, is, a slight generalization of a result by
Bourgain [4].

Given a sequence {K,} 2, of finite measures on G, we consider the operators they
define on LP(X), 1 < p < o0,

an(X)=/Gf(TgX)dKn(g)-

PROPOSITION 4.1. Let ¢ be a non- negativefunction on . If there is a constant ¢ > 0
such that | K,,(A)| < cmin(ne(A), 1/np(X)) and |K ) — n+1(A)| <c/n,forall) €T,
foralln # 2% — 1 for some k, then

00 1/2
H(Z MK f 2 <1 < 2"}||%(2))
k=1 2

We postpone the proof of this proposition until the end of the section, and first give
some additional theorems, and some applications. Our first theorem allows us to relate the
dyadic powers of a quite general measure to the dyadic powers of an appropriate symmetric
measure. This allows us to use some of the results from §3.

=clfl2.

THEOREM 4.2. Let u be a probability measure on G which satisfies the Stoltz condition
[a(y) — 1] < C(1 = |a(y)]), and let v = p x i, where [i(g) = u(—g). Then

H(Zm f—v f|2)1/2

=Clfl2.
2

Proof. First note that i(y) = (—y) = i(y). Hence |1 — a(y)| = |1 — a(y)|.
Using Fourier transforms we get the estimate

00 ) 1/22 ) .
H(Zmzkf - vzkflz) fD ») =2 OPIF )P dy
k=1

5/|1—;l(y)|2222k|ﬁ2k(y)|2|f(y)|2dy

k=1

00 2k .
s/u—ﬁ(ynzzzk“ > I WMPIf P dy

k=1 n=2k-141

<4 [ 1= aoP 3o nli ()P dy

—amy)?
/(1 Pl FRay

< cf FoPdy =l
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where the estimate in the second step is due to the fact that D(¢) = a(—r) = u(¢). In the
fourth step we used |i(r)| < 1. The last step is due to the Stoltz condition. O

THEOREM 4.3. Let u denote a probability measure on G which satisfies the Stoltz
condition |i(y) — 1| < C(1 — |@(¥)]). Then

00 1/2
' (Z lu"f 2 < < 2k||5(2))

k=1
Proof. Our plan is to apply Proposition 4.1 with ¢ (y) = |1—ji(y)]| and for k=1 < < 2K,
with K, = u* —u? . We will be done if for these choices, the necessary estimates hold.
For the following computations, assume k=1 <y < 2k,
First, we have the trivial estimate,

=Clfl2.
2

~ k=1 k=1
1Kn () < 127 ()L = 4" ()]
k=1
<[1—a""% ()l

n—2k=1_1

<l=aml Y 1w

Jj=0
=nll =)l =ney).
Before we can make the remaining estimates, we need to establish a preliminary

estimate. Since u satisfies the Stoltz condition, |1 — a(y)| < C( — |a(y)]), we can
write

1 R
A= 1= 2l =) = e~ W/ON=a()|,
‘We now have

A N k=1
IKn ()] < ")+ 125 ()]
< e~ ON=W] 4 =@/ Oy
C C

< — + ~
n|ll—a)l - 2511 = ay))
Cc C

< — < .
T nll = p)l T nely)

For the final estimate, we have

1Kn(y) — Knp1 ()] < 11— A" ()]
<|l1-— ﬁ(yﬂe—(fl/c)ll—ﬂ(y)\

C
R oy | —
= am)
C

g i
n

IA

We are now ready for the main result.
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THEOREM 4.4. Let i denote a probability measure on G which satisfies the Stoltz
condition |i(r) — 1] < C( — |@(@)]).
(1) For2 < s < oo we have the variation inequality

" flloll2 < ClLf N2

(2) For any increasing sequence {ni}, we have

" fllo@ iz < Gl fll2-

Proof. We first prove part 1 of the theorem. Write B, f = ;sz_l f for 2871 < n < 2K,
Then note that

1" fllosy < Mu" f = B flloes) + I1Bn fllucs)-

For the first term just note that

00 1/s
11" f = Bafllugs) < (Z " f 2 <n < 2k||z(s)> :

k=1

and by Theorem 4.3 we know this is a bounded operator on L2.
For the second term, letting v = u * &, with i(g) = u(—g), we note that

k
IBa fllosy = I8% fllocs)
ok 2k ok
<I® fF =" Fllue) + IV Flloes)

o | ok 2k 12 2 2k
< (Zm f=vrl ) + 107 fllugs).
k=1
We have
00 . L 1/2
(Z I f —v? f|2>
k=1
is a bounded operator on L? by Theorem 4.2. We clearly have

k
V2 Fllues) < 102" Flloes)-

Since v is a symmetric measure, we can apply Proposition 3.1, with P, = v, to obtain the
boundedness of this term too.

‘We now prove part 2 of the theorem.

Let B, f = u2 f if 2¢ < n < 25+, Then

I flloy < I1Bn fllo@) + 1" f = Bu fllo2)-

Now
I f— By fllo)y < K" f — Bufllv2)

12
< 2(2 " f = Buf : 2 <n <28 ||%(2))
k

which, by Theorem 4.3, is a bounded operator on L2,
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Again letting v = p * 1, we have
2k
1B flloy < ™ fllo2)

1/2
k k k
< v fllo) + <§ uE f =07 f|2> :
k

We have already seen that both of these terms are bounded operators in L?. O

COROLLARY 4.5. Let i be as in Theorem 4.4. For each2 < o < oo and each A > 0, we
have

/ N £, e dx < S9Q £ 2.
X e

Proof. Note that, as in the proof of Theorem 3.15, we have

AN ), MY <" £ ) oo
Now just take the L2 norm of both sides, and apply Theorem 4.4. O

Proposition 4.1 and Theorem 4.4 basically utilize Fourier transform techniques and the
Stoltz condition of the measure. Thus, they can be extended for measures on non-Abelian
groups which admit ‘nice’ representations; that is, Theorem 4.4 and Corollary 4.5 can be
extended to measures on o -compact metric groups which satisfy a condition analogous to
the Stoltz condition for the Abelian case. This extension will be discussed in a subsequent

paper.

Proof of Proposition 4.1. By standard transfer methods (see [6, 18]), it suffices to show the
theorem for functions on EZ(G ), where the action is the group addition, Tox = g + x.

Let n be a function supported in [%, 21U -2, —%], with0 <75 <1, |81n'(0)| < C and
such that 352 n(2/|6]) = 1 for all 6. Define K, by Kj,(A) = K,(W)n(2/np(2)).
Then we have K, = > 72 K-

Using the fact that || - [|,(2) is a semi-norm, we now estimate as follows:

00 1/2
H(Z I{Knf : 25" <n < 2"}||§(2>>
k=1 2
= (Z { Z Kj,nf:2k1§n<2k}
k=

1 j=—00

2 \1/2
v(2)>

2

00 00 2\ 1/2
< (Z( > MKjaf 2 < <2k}||v(2)>>
k=1 \ j=—o00 2
00 00 1/2
<> (Zu{K,nf 2t 1<n<2k}||v(2>>
j=—00 “k=1 2
0 o0 1/2
=L '(ZII{K,,,f 2k= 1<n<2}||v(2))
k=1 2

:—OO
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We will now think of j as fixed, and obtain for each j the estimate

2

00 1/2
H(Z HKjnf 2" <n < 2"}”3(2))
2

k=1

< 27 f)5. (1

If we can establish this, then we can sum over j, and the proof will be complete.

Consider the equidistributed points 21 — 4y < a1 < -+ < ay = 2% where
N = min(2l/1, 2%).

For each fixed j define A, = Kj,, , where a1 < n < a,. Then we have the
estimate

HKjnf : 25 <n <28 < HALf 2571 <t < 29,0
+ HKjn — Anf 2 <n < 2. @

To estimate the first term, we note that A,, is constant on intervals of the forma,,_; <n <
a;,. Hence

HALf 257 < n < 2%Yb2) = K gy, f 2 1 <m < N}l

which allows us to estimate the L? norm:

2

00 1/2
H (Zn{Anf 2 < < 2"}||3(2>>
k=1 2

o
= [ S MA@ 2t < < 2R dx
X k=1

o0
=/ Z (K j.a, £ (x) :m < NYI[3 ) dox
Xk:l

N (k)

< /X];zz > 1Ky f O dx

m=1
oo N(k)

=ckZZfr|1%,;,am(y>|2|f(y)|2dy

=1 m=1

where between the second and third steps we used property (3) of the v(2)-norm, and in
the last step we used the Minkowski inequality for integrals.

Note that for each fixed j we have the following facts.
(1)  For each m we have K j,am Supported in

1 1
(2) For each m we have |12j,am M) <27Vl fora € L.

(3) By definition, N = N (k) = min(2!/!, 2%).
(4) For fixed j, no A is in more than two of the /; .
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Thus we have

Nb)
=1 J.k
< ﬁZ/ FP

< T [1fera

= sl 13-

For the second term in (2) we use the second property of the v(2)-norm,

K = Anf : 27" <n < 2891

N (k) 12
< 2( > HKjn— Anf tam-1 <n < am}uﬁ(z))

m=1

N (k) 1/2
= 2( Y MKjnf i am-1 <n < am}ni(z)) :

m=1

For fixed m we have

”{Kj,nf tam-1 =n < am}”v(Z) = ”{Kj,nf tam—1 =n < am}”v(l)

sup Z \Kjb f = Kjni fl, )

am—1<by<by--<by<am r=1

where as usual, the supremum is taken over all possible increasing sequences contained in

[am—1, am).
We have
am+1
DK,b,f Kby FOOI < D 1K f ) = Kjr1 f ().
r=am

Using this and Holder’s inequality, we see that (3) can be estimated by

Aam

1/2
(am—am_l)W( > |K.;,rf(x>—1<;,r+1f(x>|2> :

r=am—1
Hence we have
k—1 ky2
HKjn— Anf:2 <n<?2 }||v(2)
N(k) am

<4Z(am am—1) Z |K]rf(x) jr+1f(x)|2
N (k) 2 am
<4 Z max (21 : 1) =Z K jor f(0) = Kt fOI
2k 2t
< 4 max <W’ 1) ; |Kjr f(X) = Kjrp1 fOO) 4)
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We now sum over k, and take the L2 norm of (4) to obtain

2

Kjn—Ap: 20 <n <2403,

IA

00 2k 2k
;4max (W 1)/ Y K f @) = K1 £ dx

r=2k=1

=4 Z <2|;|’ ) e ]/ 1Kjr () = Kjrt NP1 )P dy. (5)

We now estimate the inner integral of (5). First note that we have

1Kjr () = Kjrp1 )] = 1K 0027 re(0) — Kt W07 (r + D))
<K Wn@Iren) — K1 (0@ ro())|
1K 1 W07 rp(0)) — Krt W07 (r + Do (V)|
=K, (V) — K1 W17 re(W)]|
+ K1 WnQ7re(0) — n@7r |1 + 27 0(0)).

For the first term we use the estimate

—

1K) = KW < =

<

and the fact that (27 r@(A)) is non-zero only if A € I} x, to conclude that
1K, () — K1 WInQ27re()] < 21< X1 (D)

for 281 < r < 2K,
For the second term we note that by the mean value theorem,

Q27 re(n) — n(2/re() +270(W)| < 27p() |1 ()

for some 0 € [2/rp(L), 27rp()) 4+ 27 p(1)].
Using the property of n that 8|n'(0)| < C, we see

[

, . . 1 .
In@27re) —n@2're() +27¢M)| < m(l’ (r + DG @) < -

<

Consequently the second term is controlled by 1/ r|I€r+1()»)| for A € Ij; and is zero
elsewhere.
In either case we see that for 2¥~! < r < 2%, we have

C
|Kj r(A) — 1r+l()\)| = 2kXI]k()\)

We also have the easy estimate

C
|Kj r()\) 1r+l()\)| = |Kj r()\)| + |K1 r+l()\)| = 2‘]‘)(1]/(()\)
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Hence we can estimate the inner integral by

c \2 A
/ Z Rj.r(3) = Rjrn PGP di. < emin (57 577) 2k/ QP dr. (6)
I k-1 Ljk
Hence, we have that (6) can be estimated by
2
Kjinf —Anf 20 <n <293, X

e 2k 11\, -
S4Zmax<m,l)cmm<2k 2j> 2 /Ijk|f()»)| dx

k=0
j<1> k 20332 i 24\ 1 22
<c — 2/ [f)]“dr+c (—)—k/ | f)|*dAr
k=1 201 Ljk k=|j| 2012 Ljk
UL FOI da
e 1ol
k=1Y1jk
1 2
_Cmﬂf“z
as required. O

5. Convolutions and singular integrals in the continuous case
In this section we extend the theory to the continuous parameter case. To do this we
need a continuous analog of Proposition 4.1. We will restrict our attention to convolution
operators on R?. In the case d = 1 the version we need for the applications which follow
is contained in Bourgain’s paper [4]. Here we state a slightly more general version. The
proof is the same as the proof of Proposition 4.1, with the obvious replacement of estimates
of differences by estimates involving derivatives.

Given a sequence {K;};cr of convolution kernels on R, we consider the operators they
define on LP(X), 1 < p < o0,

K f(x) = K; x f(x).

PROPOSITION 5.1. Let ¢ be a non-negative function on RY. If there is a constant ¢ > 0
such that (i) |K; (V)| < emin(tp(A), 1/t@(0)) and (ii) |29/0: K, (W)| < ¢/t, forall » € R,
forallt € RY, then

00 1/2
H( DMK 2 <t < 2’<}||%(2>>
2

k=—00

=cllfl-

With this proposition we can obtain several results about convolution operators. In each
of the following cases we can take ¢(A) = |A|. In what follows, ®;(x) = &(x/1)/14
where x € RY.

THEOREM 5.2. Let ® be a function on R? such that for . # 0, we have (a) |<i>(k)| <
¢/IAl, (0) [VP()| < cand () |A - V)| < c. Then

172
H( Z & 2k<t<2k+1||v(2))
2

=clfla-
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Proof. Let K;(x) = ®;(x) — ®u(x) if 25 <1 < 251, Then

K/(h) = ®,(0) — Do () = D(Ar) — d(125).

By (a) we can estimate

~ o ~ 1
K, (W)| < |@()| + D125 < e—

|az|’
with (b),
IR ()] < |2t = 225| VO] < clat],
and by (¢),
9 A . At- VOO ¢
—K@Q)| 2L VO £ ——— < -
at t t
Now apply Proposition 5.1. O

As a simple example of the kind of & that satisfies Theorem 5.2, we mention the
following corollary.

COROLLARY 5.3. (Differentiation operator) Let ® = xg jja- Then D, f(x) = &, f (x) is
the differentiation operator, and we have

00 1/2
‘( doDfi2t <t < 2’<+1||§(2)>

k=—00
Proof. We just need to see that the hypotheses of Theorem 5.2, are satisfied. We make the
following estimates.

=cllfll2.
2

We have
R d rl _ e~ 2mik _ |
b0y =[] / e HTIN dxy = —
k=10 I<k<djgr0 T 2TEMk
Now,
d
= + Y <d+d [[ r=2d ] »
k=1 [Arl<l  |Axl=1 [Ak|=1 [Ak|=1
Hence
. |€—2niAk —1 1
D] < —  — <cdd—,
[P = | —2mide| — |1

1<k<d,|r¢]>1
showing (a).
For (b), we compute

1 1
i<i>(x) = ]_[f e 2miMX dxk/ —2mixje” MY dx;.
oA iy J0 0
Clearly the product, with k # j is bounded by 1, and the last integral is also clearly
bounded by 1. Now just sum over j.

For (c), the argument is the same except this time we need to estimate

1
/ —2ijxje TN dx
0

and an easy integration by parts shows this to be bounded too. O
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For the applications that follow, we also need the following lemma involving the
differentiation operator.

LEMMA 5.4. Let ® be a function on R? such that for A #£ 0 we have (a) |<i>()»)| <
cmin(1/|x], 1), (b) |V<f>(k)| <c (©)|A- V&D(X)I < c¢ and (d) there exists g such that
limg_, o CiDS (1) = <i>0(t) forallt R?. Then we have

00 1/2
H( Z |®oi 5 f — Dok *<I>0>1<f|2>

k=—00

=clfl2.

2

Proof. By the assumptions about ® and the properties of D; established in the proof of
Corollary 5.3, we have

|k (1) — Dok (1) Do ()| < | Dok (1)] + | Doyr (1) | Do ()] < €1 ]

and
|k (1) — Dok (1) Do ()| < |Dai (1) — Do(1)| + | Dai () — 1]| Do (1)] < c2]7]2%.

Hence, letting ¢ = maxcy, 2,

/Z|<I>2k*f—D2k % @ % f|?dx
k
= f D 1Dpu(t) = Dy ()P0 (1) *| £ (1) dt
k

= [ 16 - DudoP s dr

k>0
+ f Y 1@ (0) = Dy (Do f (D) di
k>1
1
seZ/[ DS W}If(t)lzdt
0<k<log, |t|~! k>log, |t|~1
) 22k |t|2 )
1<k<log, || k>log, ||
< Clfl3.
proving the lemma. a

For the differentiation operator considered in Corollary 5.3, more is true than has been
established. To prove the variation inequalities that follow, we need the stronger statement
from Jones et al [11]. A discrete version in R can also be found in [10].

THEOREM 5.5. Let D; denote the differentiation operator defined by

1 X
Dif ) = [ a0 (7) fx —1)dt.
Then for ¢ > 2,
1Dt fllovoyllz < c@l fll2 and  |IIID: fllollz < cll fll2.
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COROLLARY 5.6. Let ® be as in Lemma 5.4, then

1P * fllullz = c@fllz and |I[®r * flloll2 < cll fl2.

Proof. The proof is an application of Theorem 5.2, Lemma 5.4 and Theorem 5.5, together
with the observation that &g % f € L2 if f € L%, and || P * fll2 < |l fl2. O

The Poisson kernel has been studied earlier in Corollary 3.4 with L? results for p > 1.
For illustration purposes we now apply the results of this section to the Poisson kernel,
obtaining L? results.

COROLLARY 5.7. (Poisson kernel) Let

€
C(x|2 F e2)d+n2

P.(x) =c

Let?2 < o < 0o. Then:

D P S o llz < c@1 £ 112

@ P flo@ll2 < cll £ll2;

3) meﬂmmWMSS%m&
X A

Proof. For the Poisson kernel, we have ®(%) = e 2714,

estimate |<i>(k)| < min(l1, 1/2m|A|). For (b) we have

From this we easily get the

9 $y = 22
A, A
Now just sum over j, and the result follows. For (c) the argument is almost the same.
In this case we just need to note that |A|e~>"*! is bounded.
For the third statement, note that as we have observed before, we have
AN (P f(x), n)l/e < li” f () |lve). Now just take the L? norm of both sides, and apply
the first statement of the corollary. m|

COROLLARY 5.8. (Conjugate Poisson kernel) The conjugate Poisson kernel on R is

defined by
1 X
Qc(x) = ;m
Let2 < o < 0o. Then:
D Qe Fllu@ll2 < c@IIfll2;
@ Qe flollz < el fl2;
3) fm&ﬂmmWMSS%m&
X A

Proof. Let f € L2, and let Hf denote its Hilbert transform. Then Hf € L2 and
Q¢ * f(x) = Pe *x Hf (x). The result then follows from Corollary 5.7. O
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This last corollary and Corollary 3.5 indicate that the corresponding variation,
oscillation and jump inequalities should also hold for the Hilbert transform. This is indeed
the case. The complete study of the variation and oscillation inequalities for the Hilbert
transform can be found in Campbell et al [7].
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