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Abstract. In the first part, we study the convergence of discrete solutions to split-
ting schemes for two-phase flow with different mass densities suggested in [Guillen-
Gonzalez, Tierra, ]. Comput.Math. (6)2014]. They have been formulated for the diffuse
interface model in [Abels, Garcke, Griin, M3AS, 2012, DOI:10.1142/50218202511500138]
which is consistent with thermodynamics. Our technique covers various discretization
methods for phase-field energies, ranging from convex-concave splitting to difference
quotient approaches for the double-well potential. In the second part of the paper, nu-
merical experiments are presented in two space dimensions to identify discretizations
of Cahn-Hilliard energies which are ¢-stable and which do not reduce the acceleration
of falling droplets. Finally, 3d simulations in axial symmetric geometries are shown to
underline even more the full practicality of the approach.
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1 Introduction

In this paper, we are concerned with aspects of numerical analysis and practical compu-
tation related to the diffuse interface model for two-phase flow of incompressible, viscous
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fluids with different mass densities proposed in [1]. It reads as follows.

-
ot (oo 25)-9 )v=9- @i()DV) + Vp=p Vgt kg, (L10)

99 +v-Vo—V-(M(9)V) =0, (1.1b)
p=0(—ero+1F (9)), (1.10)
Vov=0 inQx(0,T). (1.1d)

Since we wish to take contact angle hysteresis into account, too, the following boundary
conditions are chosen.

U?)_z =—71s—adrp  ondQx(0,T), (1.2a)
o0 _

E]/1:0 on 02 x (0,T), (1.2b)
v=0 ondQx(0,T). (1.2¢)

Here, v15(¢) interpolates between the liquid-solid interfacial energies in the pure
phases, and « > 0 is the coefficient related to energy dissipation caused by contact line
motion. The parameter ¢ is the surface tension coefficient, which is assumed to be o =1
in this paper. Note that this approach is inspired by the ideas of [22] where the relation-
ship to contact angle hysteresis is explained. In particular, if y;s = const. and « =0, the
system prefers a contact angle 6 of 90 degrees, as (1.2a) is a phase-field approximation
of Young’s law cosf = (yrs(—1)—1s(1))/c, see [22]. Note that system (1.1) couples a
hydrodynamic momentum equation with a Cahn-Hilliard type phase-field equation. F
is a double-well potential with minima in +1 — representing the pure phases ¢ = £1.
The term u stands for the so called chemical potential, and the order parameter ¢ stands
for the difference of the volume fractions uy —uy where u;(x,t) := p;(x,t)/p; with g; the
specific (constant) density of fluid i in a unmixed setting. The parameter ¢ controls the
width of the interface region. For the ease of notation we set e=1. Denoting the individ-
ual velocities by v;, i =1,2, we write v:=u;v; +uyv, for the volume averaged velocity.
Assuming p, > p1, the density of the total mass p(¢) is given by

5( ):f)2+ﬁ1

oo +E22 L, (13)

2 2
and Dv denotes the symmetrized gradient. The term Kkg,y stands for the density of ex-
ternal volume forces. Finally, the flux j is defined by j:=—M(¢)Vy where M(¢) is the
mobility.

It is straightforward to show that the physical energy®

Evig)=; [ plo)vP+3 [IVoP+ [Flo)+ [ mise) 149

*Note that later in the paper, we will consider regularizations p(-) of §(-). Consistently, we will denote the
corresponding energy by £(v, ).
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is a Lyapunov-functional for the process provided Kgray =0.

Various stable numerical schemes ( [13-15]) have been suggested to solve the system
(1.1), the convergence of the scheme [13] has been studied in [12]. However, there has
been a certain discrepancy between the formulation of the scheme in [13] and its practi-
cal realization. Originally formulated in a finite-element setting, the scheme was imple-
mented using a splitting method combining finite-volume-approximations of convective
subequations with finite-element approximations of dissipative parts. In the present pa-
per, we intend to overcome this discrepancy by focussing on the stable, uncoupled finite-
element splitting scheme that has been proposed in [14]. This scheme essentially differs
only by the special form of the convection velocity in the discrete version of (1.1b) from
the scheme proposed in [13]. Hence, in the first part of this paper, we will modify and im-
prove the techniques of [12] to prove that appropriate subsequences of discrete solutions
to the schemes in [14] converge to a generalized solution in the continuous setting.

We emphasize that — in contrast to [12] — we may allow here for functionals with
growth exponent p =4 in d =3 space dimensions, too. This includes e.g. the classical
Ginzburg-Landau-functional F(¢) = (1—¢?)?/4. In addition, we are able to improve the
convergence results of [12] by showing strong convergence for Vu in L?(Q)r). Moreover,
we do not need the condition anymore that the discretization is rectangular in the sense
that for each simplicial element E € T, a vertex xo(E) exists such that all the edges of E
touching xo(E) are vertical to each other. For simulation purposes, it is relevant how the
derivative F'(-) is discretized. Reduced acceleration of falling droplets due to numerical
dissipation and ¢-stability (i.e. non-deviation of ¢ from [—1,1]) are criteria in this respect.
In this paper, we prove convergence for a rather large class of discretizations of F/ — going
beyond the convex-concave splitting considered in [12].

In the second part of the paper, we present numerical experiments in two space di-
mensions and in three space dimensions for axial-symmetric flow problems. Our com-
putations indicate that a naive approach based on zero numerical dissipation in the
double-well potential comes along with non-tolerable ¢-deviations —inducing in particu-
lar locally negative densities of the kinetic energy g(¢)|v|*/2, when the Atwood number
At:= (p2—p1)/ (p1+02) is sufficiently high. On the other hand, straightforward penalty
terms may be introduced which confine ¢ to the regime [—2t~!,2t™!] without changing
the falling velocity of the droplet. Finally, we remark that a pure convex-concave splitting
reduces the acceleration of falling droplets.

Notation. We consider the two-phase problem on a bounded, convex polygonal (or
polyhedral, respectively) domain Q C R in spatial dimensions d € {2,3}. By (,-), we de-
note the Euclidean scalar product on R?, and (-,-) is used for the scalar product in L2(Q).
Sometimes, we write Qr for the space-time cylinder Q x (0,T). By W& (Q)), we denote
the space of k-times weakly differentiable functions with weak derivatives in L?(Q}). The
symbol Wg’p (Q)) stands for the closure of C(Q) in W*?(Q). Corresponding spaces of
vector-valued functions are denoted in boldface. Moreover, we use the function spaces

W% (Q) :={v e Wi?(Q)|divv =0}, L3(Q) := {v € L2(Q)| [0 =0}, H*(Q) := W**(Q),
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and H!(Q):=H'(Q) ﬁL%(Q).

For a Banach space X and a time interval I, the symbol L?(I; X) stands for the parabolic
space of LP-integrable functions on I with values in X. For further notation related to the
discretization, we refer the reader to Subsection 2.1.

2 The scheme

2.1 Discretization in space and time

We assume 7, to be a quasiuniform triangulation of () with simplicial elements in the
sense of [4].
Concerning discretization with respect to time, we assume that

(T) the time interval I:=10,T) is subdivided in intervals [ = [t t;yq) with f 1 =t + T
for time increments 7, >0 and k=0,---,N—1. For simplicity, we take 7 = T for
k=0,---,N—1.

For the approximation of both the phase-field ¢ and the chemical potential y, we intro-
duce the space U, of continuous, piecewise linear finite element functions on 7;,. The
expression 7, stands for the nodal interpolation operator from C°(Q) to Uj, defined

by Zyu := Z?i?u"u(xj)()j, where the functions 9]- form a dual basis to the nodes X, ie.

Gi(x]-) :5], l,]: 1,' .. ,dimllh.
Let us furthermore introduce the well-known lumped masses scalar product corre-
sponding to the integration formula

(©,%),:= /Q 7,(©Y).

The diagonal, positive definite lumped masses matrix is given by (My,);; = (@i, @)1
We recall the following well known estimates:

| (g, 00) — (up,on) .| < CH ], N|onl; for all uy,v,el,, 1=0,1, (2.1)

where (1,0) denotes the L?-scalar product on Q. In the same spirit, there exist positive
constants ¢,C such that we have for |-|,:=+/(:,-);:

< () <CLi- (22)
For the discretization of the velocity field v and the pressure p, we use function spaces
W), C X, CWy?(Q) and S, CL3(Q):={ve L>(Q)] Jqv=0} such that the following condi-
tions hold.

(S1) Wh::{thXh’quhdiVVhZO thESh}.
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(§2) The Babuska-Brezzi condition is satisfied, i.e. a positive constant B exists such that

,divv
sup APV - g 1o s
viEXy thHW[l)’z(Q)

for all g, € Sy,.

(S3) The orthogonal L?-projection R;,: L%(Q)) — W, is H!-stable, i.e. a positive constant
C exists such that
VR |20y < CIVVIiaq) (2.3)

forallve W(l)’2 (Q)). Moreover,

for all ve W2

0,div (Q) .

(S4) A projection operator Qf}; : W3 (Q) — W), exists such that

| Qv —v] o, +1]| (@Ev )|, o <CH I¥wa) (25)
for all ve H/ (Q) NWy3,, (Q), j=1,2.

(S5) The orthogonal L2-projection Q;,: Wy*(Q) — X;, is H!-stable.

(S6) The orthogonal L?-projection Sj,: L2(Q)) — S, satisfies
lim 17— 8pql 2 () =0 (2.6)

for all g€ L?(Q)).

Examples of finite-element spaces Xj,,S;, which comply with (S1) —(S6) are P,P;-elements
(the so called Taylor-Hood elements) and P, Py-elements. In both examples, X}, is given as

X, = {we (C5(€2)): (w) [k € P2(K), KET,, jzl,---,d}, d=2,3.
For Taylor-Hood elements, S :=U;,NL(Q2). In the case of P,Py-elements,
Sp:=1{aq, € L3(Q):q,|x =const. YK T,}.

For more details, we refer the reader to [12].

We conclude this subsection by introducing some more notation. Given a time in-
crement T >0 (cf. (T)), we will denote the backward (and forward) difference quotients
with respect to time by 07 (or 97, respectively). Given a subdivision of the time interval
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1:=[0,T) with intervals I; := [t,t41) as in (T), we introduce S®~1([0,T);X) associated
with a Banach space X as the space of functions v:[0,T) — X which are constant on each
I, k=0,---,N—1. Given a function v € S%~1([0,T);X), we abbreviate v*(-) := v (). In
particular, we have

N-1 ' T
)= -, t)dt. 2.7
T 0= [ ot @7)

In general, we denote functions in S~ 1(I;U,), S*~1(I;W;,), S~ 1(I;X;,) by an index th.
We often abbreviate f*(-):= fu (-, ).

2.2 The discrete scheme

In this paper, we shall confine ourselves on studying variants of the classical double-well
potential
1 1 1 1
Ferass (@) := 1 (1_4)2)2 = 1"”1904_ §¢2'

There are various possibilities to discretize Fj;55( @) in such a way that the discrete scheme
satisfies an energy estimate similar to (3.1). However, preliminary numerical experiments
on falling droplets indicate that there is an intricate interplay between the way, Fjyss(-)
is discretized, the time-increment, the positivity of p(¢), and the falling velocity of the
droplet. Heuristically, the falling velocity can be expected to be the larger, the smaller the
numerical dissipation is in the scheme.

A straightforward approach to zero numerical dissipation related to the F,j,s(-)-contri-
bution to the free energy — suggested in [14] - is to discretize F/, () in equation (1.1c)
by

Foiuss (§0k+1) — Felass (q)k)
Fis (kaH/ﬁok) = PR gk

Al P ) A

This approach has disadvantages. There is no mechanism which enforces ¢**1 to stay in
(or at least close to) the interval [—1,1]. Recall that

is positive as long as

where the Atwood number At= (0, —p1)/(01+p2) is a measure for the density discrep-
ancy of the fluid components. Note that for air/water - systems 2t~ ! ~1.002. Hence, it
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seems reasonable to consider

1
Fyen(9) ::Fcla55(§0)+ymax{’¢| _1/0}2

instead, where 0 < ¢’ <1 is an appropriately chosen penalty parameter.
Here, we suggest two discretizations, first

1d
Fjis,pen(@,b) := Fjys(a,b) + 5 dg |p=amax{|p|—1,0}> (2.8)
and secondly
1 a+b
Flanspe @)= Fpo0)~ 5 (a=0)=F{(0) + ' (7)) 29)

/
which is intermediate between F_ pen

F, (a)+F_(b) with F_(b)=—b*/2.

Generically, we will denote the approximation of the derivative of F or of F. by
El,. Note that by standard tools of calculus and convex analysis, the approaches pre-
sented above satisfy the following assumptions which will be needed for the analysis of
the scheme. Similarly, these assumptions are satisfied by the classical convex-concave
splitting of Fejsss OT Fpen.

and the classical convex-concave splitting Fy,(a,b)=

Definition 2.1. Let F € C!(IR;R]) be given such that F’ is piecewise C! with at most
quadratic growth of the derivatives for |x| = co. We call F/, € C°(R%;R) an admissible
discretization of F’ if the following is satisfied.

(H1) There is a positive constant C, such that

Eiu(o )| <C 1+l +I¢l).

(H2) F, (¢,9)(9—4) > F(¢)—F(y) forall ¢, p €R.
(H3) F.,(¢,¢)=F(g) forall p€R.

(H4) There is a positive constant C such that

|Fin(@,9) = Fiy(9,0)] <C (9> +9°+6%) (lo— 9|+ |w—6])
forall ,p,0 €R.

Let us prove the validity of (H4) for the term F,_. For the other discretizations listed
above, it simply follows by the mean value theorem. We have

Fiis (a,0) = Fjs (b,¢) = Fj55(AB1 (2,0) + (1= 1)02(b,¢) ) (61 (a,b) =62 (b,c)),
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where 0;(-,-) are convex combinations of their arguments and A is contained in [0,1].
By convexity of F/, .. and an appropriate rearrangement of 6(a,b) —6,(b,c), the result
follows.

Moreover, we will need the following assumptions on initial data and the regularized
mass density p(¢).

(H5) Let initial data ®y € H?((;[—1,1]) and V, € Wé’fhv(Q) be given such that we have
for discrete initial data ¢ :=Z7,®, and v{):= R, Vo uniformly in & >0 that

2
[ 18hl <Clllitee
and that
2 1 2
[ oo i+ [ [V + [ ZuF(eh) <CE(Vo o).

Here, the discrete Laplacian Ayw € U, NH(Q) is defined by

(Dy0,©), = — /Q (Vw,vO) veeuU,. (2.10)

(H6) Given mass densities 0<p1 <p, €R of the fluids involved and an arbitrary, but fixed
regularization parameter ¢ € ( ﬁzp_l B ﬁff 1’71 ), we define the regularized mass density
of the two-phase fluid by a smooth, increasing, strictly positive function p of the

phase-field ¢ which satisfies

5 s

o)1 g1y =2 2p1 o+ zpz, (2.11)

PP,y 2m  =const. (2.12)
. 2=

p(@) g, 2, =const. (2.13)

b2—p1’

Now, we are in the position to introduce the scheme to be analyzed in this paper. It has
been suggested in [14], and it is strongly related to the scheme which has been studied
in [13]. The main difference is the choice of convection velocity in the discrete counterpart
of (1.1b) which allows to uncouple the momentum equation and the Cahn-Hilliard equa-
tion in (1.1). Note that similar splitting ideas have previously been used in [3] and [18]
for a model of magnetohydrodynamics and for diffuse interface models for multi-phase
flow, respectively. We emphasize that (H1)-(H6), (T), and (51)-(S6) are assumed to hold.
Hence, we discuss rather different discretizations of F’ compared to [12]. For the ease of
presentation, we assume external forces kgray to be zero as these forces are given quan-
tities which enter the system linearly. Hence, they do not have a qualitative effect on
estimates and results. Moreover, we assume M(¢) =1 and o =1, and for initial data, we
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skip the index h. We emphasize that it has not been investigated yet whether our tech-
nique works for general non-degenerate mobilities M(-). We strongly believe that it does
not carry over to degenerate M(-).

Let functions (¢°v°) € U, xW;, be given. For k=0,---,N—1 and given iterates

(@5, 1k vk, pk) € Uy x Uy, x W), x S, we have first to find functions (¢*+1,u*+1) € Uy, x Uy,

such that

(a;(Pk—H "’)f/g < v +T/ |¢4” Wk+1,w>+/ﬂ<wk+1,w>:

Vpel,  (2.14a)
(1°14), = [ (970 (5 (5 (7)) ),

—Hx/a 97 "+1lp+/ (5%5 "“,(p’<>,¢> vpel,  (2.14b)

and then functions (vF1,pk1) ¢ Wh x S, such that

k+1 k+l k+1 k+1
[ 5 ()
—1/ pk<vk,(Vw)Tvk+1>+1/ pk<v ,(Vvk“)Tw>
2 Ja 2 Ja
L[ o (@) (1 (wvk T Ry (e T k+1
+2/QP (¢ (v /p 1, (Tw) Tvk )
+/ 217(q0k+1)ka“:Dw—/ pridivw
QO
=— / ¢ <Vyk+1 w)  vweX, (2.14c)
/ pdivvF =0  vypes, (2.14d)

Note that we define pf ;. :=minyenp(¢*(x)) and that we assume 671s/5¢ to be defined
by
P) ’YLs(lP):’YLs(fP), P,
= ¢>={ N
¢ Vis(9), P=1.

Remark 2.1. In the first line of (2.14a), pX . may be replaced by p¥. As the scheme above
is fully uncoupled, existence of discrete solutions easily follows by similar arguments as
they are usually applied for Navier-Stokes or Cahn-Hilliard equations separately.

3 Integral estimates
In this section, we show that the discrete counterpart of the physical energy —i.e. the

sum of the kinetic and the interfacial energies — acts as a discrete Lyapunov-functional
provided no external forces are applied. We start with a local result.
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Theorem 3.1. Assume that the quadruple (¢*1,uk1,v*+1 p*+1) solves the system (2.14) for
given (@*, ¥, v¥). Then,

%/kaﬂ‘vk+1‘2+2ir/0‘v¢k+1‘2+%/ﬂzh (F<(/)k+1)>+%/aQIh<’YLs (¢k+1>)
2

+£/ka a;vk—&-l‘z_}_%/ﬂ z k+1‘2+§/0%‘jk+1‘2

+/0217(q0k“) (ka*l(2 —|—/Q‘jk+l‘2+“ i

L[ A oo A L ase) e
Proof. Choosing ¢:=097 ¢**1 in (2.14b) and ¢:= p/**! in (2.14a) gives together with (H2)
e L[V [ fvo s fvet oo L [ m(r(e) - (e)
oo P o (o) ) [ e [

g/ﬂq)k<v ,Vyk+1>. (3.2)

~ kt1]?
T

+u
0

Testing (2.14c) by w=v*! yields

e L P L L e () o
:—/ng"<v"+1,w"“>.

Now estimate the terms on the right-hand sides as follows:

/Qq)k(vkﬂ_vk),vykﬂz_%T Qﬁ‘q’k‘z‘vykﬂ‘z_%/npﬁﬂn vk+l_vk‘2

Summing up gives the result. O

We immediately obtain the following global result.
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Corollary 3.1. For every 1 <] <N we have

Lo, 1 12 ! I
E/Qp ‘v‘ +§/Q‘Vq0‘ —|—/QIh(F<€0)>+/aQIh('YLS(§0))

T [ mlyeomsi?, TN B L = N G L Sy
+Zm¥0/0p arv ‘+§m¥0/0 97V ‘+§m¥0/0 L

v +1 I~ +1]? - +1)2
m m sm - m

—}—Tmz_:()/0217<(p >‘Dv ‘ —|—Tmz_:0/0‘] ‘ +zxrmz_:0/m|afgo ]

1o 02,1 02 / 0 / 0
<5 [0 +5 L199°F+ [ Zu(F(e)+ [ Tulrs(e"): 63

Remark 3.1. Note that the term on the right-hand side is just the discrete counterpart of
S(Vo,q)o) with e=1.

Let us derive some refined estimates that will entitle us to prove convergence of a
subsequence of discrete solutions to a solution in the continuous setting. However, there
is so far no proof available for the case s #const.. Therefore, we shall assume v s=a=0
in the sequel.

Lemma 3.1. Let (@, then,Von, Pon) be a discrete solution of (2.14) on [0,T]. Then there is a
positive constant Co depending on E(V, D) and |, o Do such that

[ @enlliso,m=)) < Co(1+T). (3.4)

Remark 3.2. The proof follows the lines of Lemma 4.1 in [12], but it uses Lemma A.1
instead of Theorem 6.4 in [12]. In particular, it will not be necessary to use triangulations
with rectangular simplices as in [12], as our special choice of the double-well potential
F(-) permits to bound terms like (—A;¢* ™1, F., (91, ), directly.

Proof. Let us prove first that A, ¢, is bounded in L?(Qr). Note the identity

- (Ah 90"“,1/]) = (#"“ —Féh(qo"“fcpk)ﬂ/]) . Vpel, (3.5)

which is a consequence of (2.14b) and the definition (2.10) of the discrete Laplacian. By
choosing = —A;,¢**1 in (3.5), we have

o, < -yt

By ((H1)) and (3.3), one has the estimate

Then, by applying (3.3), (3.6), (3.7), and integrating with respect to time,

HAhq)th%z((O,T);B(Q)) <C(1+71), (3.8)

2
(@) <C(1+ 1o s+ l9h ) SCa+E(Vo®) ). (37)
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where C >0 depends on £(V(,®y). Finally, using the interpolation inequality (A.2), we
arrive at

N-1 2
I peallEsgiamcn < CE(Vo,@o)T L [[Angf|[, | +TEVo o) < C(E(Vo,0))(14T).
k=0

The argumentation in dimension d =2 is analogous. O

Lemma 3.2. Let (Qop,Hen, Ven, Poi) be a discrete solution of (2.14) on [0,T|. Then there is a
positive constant Cy depending on E(Vo,Py) such that
8w @enll(o,;02(00) + 197 @enll 20,2y S C1(1+T). 3.9)

Remark 3.3. The proof extends the ideas of Theorem 4.2 in [12], considering in particular
the additional term

(@k)z k k

r/ W) gyk+t.va; ghtt (3.10)
Q Pmin

and the class of admissible approximations of F’(.) given in Definition 2.1.

Proof. Using (2.10) to define the discrete Laplacians A, ¢**! and Aj,¢* in U,NH.(Q), sub-
tracting the corresponding weak formulations from each other and dividing by 7, we
have

(A=A, o+l _ — k+1
(9= duep ,gb)h—/Q<V87(p V) VpeU,
Choosing ¢ = **1 and using equation (2.14a) entails
_ (a;AhGI)kH/VkH) h_|_ (8; o1 - (Pk+1)h
ky2
_ k/ ok a—v7 k+1\ (¢") k+1 43— k+1
_/Qq) <v 0 V¢ > T/Q—]fnin (V0. Ve ).

The term (97 Ay @*™,uF1), is rewritten by testing (3.5) by =09 A" as

B 1. 1 _ _
— (B g L) =20 (1A )+ 5 gt (3 Mg (641,64 )

By adding the two previous equalities, we get

:_/Q { <Vk,vq)k>a; q)k+l_|_q)ka; q)k+ldivvk} i (a;Ahq)k+l’Féh(¢k+1,¢k)>
k\2
_TL (p(i ) <vyk+l,aﬂ;v¢k+l>

=R+ RS+ RS, (3.11)

_ 2 1. | .
0 91| +597 (13" 17+ 5 07 40"

h
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Let us take the sum Ty in (3.11) and let us bound the corresponding terms. On the
one hand,

TZRk

o e B W e (e ). e

where we have used the estimate

3n)+H9”kHLw(Q)SC(”HAhﬁoth) (3.13)

which holds according to Theorem 6.4 in [12]. Note that we also took advantage of the
fact that |||, and ||| ;. are equivalent norms on U, with constants uniform in /, see (2.2).
On the other hand, by using the estimate H [ H (0 < C(1+ HAh ot|,) H (see Theorem 6.4

n [12]), one has

RS C o] 997 g V020

<c(ue e )

12(Q)

Finally, discrete integration by parts with respect to time gives — after a discrete time-
integration TZ,I:I:_Ol of (3.11) - for Ré

TERk:_T’Zgj(ar(4h<<ok+1,<ok>),Ahgok+l) ~ (Mg (99",

+(Bug™ En (o™, 9N 1)
:=R%, + RS, + RS, (3.14)

By using estimate (3.7), we bound the terms R, and R, as
IR+ RE| <C ([|8ng”]|, + |19V ) (3.15)

with a constant C = C(&(Vy,®p)). For R, we use (H4) to obtain
N-2 2 2
R <cx & (1 o+ o

)
(el oo ) e

> <1+H(pk+2H;+Hq)k+l iw+H(pkH;> HAhq)kHHi' (3.16)

- k+2‘
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By collecting the bounds (3.12)-(3.16) and taking 6> 0 small enough, we get

‘ = k+1‘ - k+1H
1
(139”0 £ (Vo) +CT2H H o (18]}
+C(E(Vo, D)) Z Hwk“ o <1—|—HAh§0kHi>
+CTI:Z: <1+H(pk“ . Q)+H(pk*1 ) Q)) HA;Z(pkHi. (3.17)

By a discrete version of Gronwall’s lemma (see e.g. [23, Lemma 4.2.3.]), taking into ac-
count the previous estimates and that H Ay Hi < Cy, we infer (3.9). O

4 Passage to the limit (7,h) —0

Now, we are in the position to mimic the argumentation in [12] about the limit behaviour
of discrete solutions. We collect the results in the following lemma. Note that we use
the notation for discrete functions on space-time cylinders introduced at the end of Sec-
tion 2.1.

Lemma 4.1. There is a triple (¢, 1, v) with
veL®((0,T);L3(Q)) N2 (LWg3, (D)),
pel™(LH'(Q))NH! (LLA(Q)),(-0)=Do(-),
ApeL¥((0,T);L2(),
neL®((0,T);LX(Q)) ﬂL2<I;W1"7(Q)> mL4(1,-H1(Q)>

for every q < 24 such that for a subsequence (T,h) —0
(ven) strongly to v in L*(Qr) and weakly in LZ(I;Wé’Z(Q)),

(@) strongly to @ in L*(Qr) and weakly in L (I;Hl(Q)) NH'(L;L*(QY)),
(Ap@on) weakly to Ag in L™ (I;L*(QY)),
(fen) weakly to y in L? (I;Hl(0)>.

For a proof, we refer to Lemmas 4.3 to 4.8 in [12].

By a passage to the limit in the discrete Cahn-Hilliard equation (2.14a), comparison
with its continuous counterpart and lower semi-continuity of the norm under weak con-
vergence, we can show strong convergence of (j).
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Lemma 4.2. There is a subsequence (t,h) — 0 such that Vuy, — Vu strongly in
L2((0,T);L2(Q)) and V ¢, (t) — V @(t) strongly in L?(Q) for almost every t € (0,T).

Proof. Let us first prove that for a subsequence

tim [ (Vo = [ Vo)~ [ o3 @

(t,h)—0
for almost all t € (0,T). Indeed, by Lemma 4.1, there is a subsequence (7,h) — 0 such that

e ¢ (t)— ¢(t) strongly in L?(Q)) almost everywhere in (0,T),
e Vou(t)—Ve(t) weakly in L2(Q) almost everywhere in (0,T),
e A ¢ (t) is uniformly bounded in L?(Q)) almost everywhere in (0,T).

Hence, using the Ritz projection, (2.1), and (2.10), one easily gets that Ay ¢ (f) weakly
converges to Ag(t) in L?(Q)) almost everywhere in (0,T). Then (4.1) immediately follows
by testing the weak formulation for A, @, by ¢, and passing to the limit.

Now, let us consider jij,. Testing the discrete Cahn-Hilliard equation (2.14a) by
and integrating over (0,t), we get

t
LIV 4Dl

__/t (a;¢rhryrh('/'+T) +/Qt qorh<Vrh(~/')/v]/lrh(.,.+"f)>

| P2 (.
Ve (y,5+7), Vi (y,s+7))dyds. 42
o[ [ ot (540, Tty “2)

Observe that by (2.14b) and (H2)

t
_/O (a;(Prh/VTh('/'+T))h
t
= [ (Vou(-+1).0: Vou(-4+1)) = [ (T (Eugm(-+0),904()).25 pual-+1)),
1 2 1 2 1 2
<_Z Z _Z . — .
<5 [IVou O +5 [ Vo= [ [Vgu(-+7)-Vou()
— | ZF(a(t)+ | TiF(pua(0)).
For the third term on the right-hand side, we have the bound
t
L1900 (4+7)=Vou ()= =7 [ (8a(@u(+T) =gar(-)gai(-+T) = o),

<27 | An@enll 12 (0,12 197 @on (- +T) [ 20
=0(1)
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by (2.10) and Lemma 3.2.
For the fourth term on the right-hand side, we have

lim [ TiF(ga(t)= [ Flo(t)

(T,h)—0

for almost every t € (0,T) due to the strong convergence of ¢, in L*(Qr) and the fact
that LP(I;L*(Q)))-convergence entails convergence in LP(Q)) for almost every ¢ for an
appropriate subsequence.

The convergence of the second term on the right-hand side of (4.2) follows using the
strong convergence of v, and ¢.; combined with the weak convergence of Vi, see
Lemma 4.1. The vanishing of the last term on the right-hand side is a direct consequence
of the uniform boundedness of ¢ and Vi, in L*(Qr) and L?(Qr), respectively. Hence,
taking the limit inferior on both sides of (4.2) and using the lower semi-continuity of the
norm with respect to weak convergence, we get for an appropriate subsequence (7,%)—0
which will not be relabeled

1 t
5 | IVeOPR+ [ 1VrC) ey

<11m1nf< /|V(pTh |+/ IV o (- +T)HL2 >

(T,h)—0

<5 [ [Vl = [ Flow)+ [ F@o+ [ otv,7w)

for almost every t€(0,T). Now passing to the limit (7,/1) —0 in the equation (2.14a), using
again Lemma 4.1, and testing by y gives the identity

3 [ Vo0 =5 [ 9@+ [ Flo(t)— [ F@o)+ [ plv.9m+ [, [Vu=o0

Hence,

1 2 1 2
}gil)lﬂg (5 IV @2 (t) 1200y + 11V b Hiz(nt)> =3 IVo(£)l12 () + HV‘L{H%Z(Qt)Z (4.3)

for almost every t€ (0,T). Let us now prove that [, ¢ al(l) 0. By (4.1), the weak conver-

gence of V¢ () and the lower semi-continuity of the norm, we find

d¢
/BQ(p( 12 <0 (4.4)

almost everywhere in (0,T). Combining (4.3) with (4.1) and using the weak convergence
of Vi, entails

I¢(t)
[ o® 2 —timint [V -+ 00y~ [ 1900 B

(t,h)—0
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Hence, [ |V (t)[*— [ Ve(t)|* almost everywhere in (0,T), which implies the strong
convergence of Vo,. By (4.3), we infer lim . ) ,0(| Vtenl 1200, =Vl 12, - first almost
everywhere in (0,T), then by density on the whole interval. O

This result may also be used for the passage to the limit (7,/#) — 0 in the fifth term on
the left-hand side of (2.14c).
Taking into account that — different from the approach in [12] — the terms involving
+1in (2.14c) have the prefactor p’(¢**1) instead of (g, —g;)/2, we may combine Theo-
rem 5.2 and Corollary 5.4 in [12] to end up with the following result.

Theorem 4.1. Let QCR?, de {2,3} be a convex polyhedral domain and let initial data ®y and
V) be given. Let I =(0,T). Assume that hypotheses (H1)-(H6), (T) and (S1)-(S6) are satisfied
and that (Qp, P, Vo) I a sequence of discrete solutions to the system (2.14). Then the functions
(v, @,u) constructed in Lemma 4.1 solve the system (1.1) in the sense that

_// (pv—p(¢o)V0,atW>—// atp<v,w>+//QTp<V,(VV)Tw>
+//QT j, (V)T +// 2(¢)Dv:Dw

= (Vo, 4.5
I, #vom @5)

forallweC(I; nglv(ﬂ)) satisfying w(-,T) =0.

Remark 4.1. Note that the regularisation p can be replaced by p(¢) = 3(f2+p1)+
3(P2—p1)g, as long as ¢ remains in the linear regime of p(-) which is given by
[t~ +¢,2At 1 —€] where t:= (6 —p1)/ (p1+p2) is the Atwood number. Due to (3.9),
this is always true locally in time for physically admissible initial data.

5 Numerical experiments

In first, unpublished simulations using the presented spitting schemes together with the
classical convex-concave splitting of Fy.;, we discovered a significant deviation of the
falling velocity compared to simulations based on the scheme proposed in [13]. In par-
ticular, the droplet simulated on the basis of the splitting scheme fell more slowly, when
using large time increments. This deviation vanished for small time increments. There-
fore, we developed approximations for F’ with reduced numerical dissipation. In the
following subsections, we will examine these schemes with respect to their dependence
on the time increment 7, the effect of the different amount of numerical dissipation on the
falling velocity and boundedness of the phase field. Although the underlying model is
based on the assumption that ¢ is confined to the interval [—1,1], there is no mechanism
which ensures this assumption when a polynomial double-well potential is used and the
mobility is non-degenerate. As a result the regularisation of p is necessary.
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For the readers convenience, we recall the presented schemes:

Scheme 1
1 2
Fclass(go) ( 2) ’
F 1
Fais(9:9) = C’”“(g”; llj”‘“( v = (P + o'y oy’+9?) - (¢+¢>.
Scheme 2
1 2 2 1 2
Fpen((P):Z(l_(P ) +ymax{|g0]—1,0} ’
Féis,pen(golw):Féis((PllP) (5/ d9’9 gomax{’9| 1 0}
Scheme 3

2 1
Fp@ﬂ(@) :%(1_(P2) +ymax{|g0] _1/0}2/

Flamopen( 90)=F (9) 2 F(9) (9—9).

The amount of numerical dissipation may be influenced by the choice between p(¢*) or
pk . in (2.14a). In the following we will denote Scheme X with pX . in (2.14a) by Scheme
Xa and the according version with o by Scheme Xb. While the a-versions of the schemes
can be implemented easily without causing any errors due to quadrature rules, they are
still a coarser approximation than the versions using p*. Therefore one may hope that the
b-schemes yield better results.

For practical computations, we use the inhouse code EconDrop developed by
G. Griin, F. Klingbeil and S. Metzger with contributions of H. Grillmeier (see [13], and
also [2,5,9]). This framework allows for adaptivity in space and time. We refer to [13]
for details. For further reference, we recall that the time increment 7 is controlled by the
ratio

grid size

propagation speed of the interface’

The propagation speed of the interface vf , is approximated by
vk
U{(nt::max‘vk‘—i—max M(@k)m . (51)

This yields a time increment

Tk+1 :C'L’hk ’ (5.2)

mt
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with a positive constant C; <1.

In previous publications on the comparison of different phase-field models or differ-
ent discretization methods, often test cases have been considered for which the schemes
behaved equally well. Here, we focus on a setting which has been suggested already
in [13] and which may be used to disclose differences. We choose Atwood numbers of
0.99 or 0.999 which correspond to mass density ratios of 199 or 1999. Then we monitor
the falling of a droplet of high mass density assuming that both liquids have the same vis-
cosity — see Fig. 1. Our computational domain is [0,1] x [0,2], the barycenter of the droplet
is initially located at (0.5,1.5), the droplet’s diameter is 1. The non-dimensionalized ac-
celeration is given by 10%, the corresponding force is directed in negative y-direction.

What is special about this setting? The model (1.1) differs only by the j-term in the
momentum equation from the model suggested in [7]. Observe that j is (in the case
of constant mobilities) proportional to the gradient of the chemical potential # which
itself is the first variation of the interfacial energy A.(¢) := f0§|V(p|2+ JoiF(g). As
explained in [19,20], see also [13], A:(¢) is a diffuse interface approximation of the (d—1)-
dimensional Hausdorff measure of the level set [¢ =0] which plays the role of the liquid-
liquid interface. Recalling that the first variation of area is given by mean curvature and
that the chemical potential y is the first variation of A,(+), j can heuristically be related
to curvature gradients. Therefore, one should look for a setting with self-propelling tip
formations when searching for experimental settings where the proven stability of (1.1)
may yield advantages compared to the model in [7]. In fact, unpublished numerical
experiments based on the model proposed in [7] turn out to become unstable in this
setting. Therefore, we expect this setting to be a good choice to compare different versions
of our scheme.

At the liquid-solid interface, we have the choice between no-slip or Navier-slip
boundary conditions. Since the domain () is rather small, we prefer Navier-slip to mini-
mize boundary effects (i.e., we only prescribe v-n=0 on d() instead of v=0). The velocity
field is discretized by Taylor-Hood elements. Concerning the remaining parameters, we
pick &' = 41073, e=0.025, c =2, M =0.005 and % = 0.0156 in the interface region and
h=0.0221 in the bulk.

5.1 Experimental order of convergence

In the first subsection, we investigate the dependence of Scheme 3 on the time increment.
In particular, we will compare the experimental order of convergence with respect to
the time increment for Scheme 3a and Scheme 3b. We observe that Scheme 3b yields
better results, but it is still sensitive with respect to the time increment. In a first series of
experiments, we choose 2At=0.99 and compare Scheme 3a and Scheme 3b for varying C.
Fig. 1 shows the evolution of the droplet. Note the characteristic liquid jet, which turns
up at the beginning of the experiment.

It would be intriguing to find out whether we are observing the formation of a tip or
even of a cusp. A definite answer seems to be beyond the resolution depth of phase-field
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@®
' , 150

Figure 1: Position and shape of the droplet (2t=0.99) at time t=0, t=0.007, t=0.0085, +=0.011, +=0.017,
t=0.02 (computed using Scheme 3b, Cr=0.1).

Table 1: ¢-deviation at £ =0.007 in [|-[[;2(qy) and in [|||j~(qy) for various values of C; against the reference
solution with C;=0.01 (At=0.99). Last line: ¢@-deviation of the mixed FE-FV-scheme of [13] for Cx.

Scheme 3a Scheme 3b
Cr 12 L® L2 L®
0.90 2.907-10~1  1.461-10° 1.772-10~1  1.029-10°
0.50 1.802-10~1  1.022-10° 1.062-1071  6.675-1071
0.10 5.632-107%2 3.795-10°! 2.483-1072 1.761-107!
0.05 3.122-1072  2.160-10°! 1.317-107%2  9.527-102
0.9 (scheme of [13]) 3.127-1072  2.660-10°! 2.772-107%2  2.276-10°!

Table 2: ¢-deviation at t=0.0085 in ||-[[;2(qy) and in ||-[ 1 (q) for various values of C; against the reference
solution with C;=0.01 (At=0.99). Last line: ¢-deviation of the mixed FE-FV-scheme of [13] for Cx.

Scheme 3a Scheme 3b
Cr 12 L>® L2 L®
0.90 2.664-1071  1.158-10° 1.820-10~!  1.018-10°
0.50 1.679-10~1  8.013-10~! 1.080-10~!  6.463-1071
0.10 5.732-107%2 3.895-10°! 2.360-1072 1.579-107!
0.05 3.306-1072 2.414-107! 1.215-1072 8.279-102
0.9 (scheme of [13]) 3.320-1072 2.234.107! 3.355-102 1.795-10~2

methods. The fact that the analysis of the corresponding free surface problem is just in
its very childhood prevents us from contributing to this discussion.

Using the computations based on C;=0.01 as a reference solution, we study the errors
of the phase-field measured in the L?- and L®-norm. The absolute errors at t =0.007 and
t=0.0085 can be found in Table 1 and Table 2. Altogether, we achieve experimental orders
of convergence of 0.91 (L?) and 0.84 (L*) for Scheme 3b and 0.77 (L?) and 0.63 (L*) for the
numerically cheaper Scheme 3a, which indicates the better performance of Scheme 3b.
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Figure 2: Scheme 3b, 20t=0.99: ¢-deviation at time t=0.007 for values of Cr=0.9 (left) and C;=0.05 (right).

It is worth mentioning that the L*-error mirrors different falling velocities of the
droplets. Fig. 2 shows the ¢-deviation from the reference solution. The dark area around
the tip of the droplet indicates that the reference droplet falls faster. The magnitude of the
difference indicates that the deviation of the droplet positions between the simulations
using C; =0.9 and C; =0.01 is about half of the width of the interface (see left part of
Fig. 2). The right part of Fig. 2 indicates that decreasing C: reduces the deviation.

The results give evidence that the phase field computed using Scheme 3a and Scheme
3b converges for C; \ 0. Nevertheless, time increments with C; close to one may give
false results on droplet motion.

It is interesting to compare the results presented here with the scheme in [13] which is
a mixed FE-FV-scheme. In particular, it uses a second order finite volume scheme for the
convective parts. Note that good results are already obtained for C;=0.9 (see Tables 1, 2).
Observe, however, that large time increments do not come for free. The scheme in [13]
uses in each time-step inner iterations which are time-consuming. Moreover, instabilities
at the tip of the jet may arise when using large time increments (see Fig. 3).

5.2 Impact of discretizations on ¢-stability and droplet motion

This subsection is devoted to the comparison of the schemes Scheme 1-Scheme 3 regard-
ing @-stability and droplet motion — or more precisely, the falling velocity of the droplets.
We present simulations showing that some kind of penalty term is necessary to confine
¢ to an acceptable range, i.e. a closed subinterval of (—2At™!,21t™!), which is essentially
the regime where p(¢) stays linear. We want to emphasize that in our setting, we have
to confine ¢ to a closed subinterval of (—1.01,1.01) for 2t=0.99 and (—1.001,1.001) for
At=0.999, respectively. If it is not possible to confine ¢ to this interval, we need the afore-
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Figure 3: 2At=0.99: @-deviation at time t=0.007 between Scheme 3b with C;=0.01 and the scheme proposed
in [13] with C=0.9.

mentioned regularisation p. Otherwise we lose the positivity of p and the well-posedness
of our problem. Secondly we give strong indication that reduced numerical dissipation
leads to higher falling velocities. In this subsection, we confine ourselves to the b-versions
of the schemes 1-3. We fix C:=0.1 and use 20t=0.99 and 2/t =0.999.

The minimum and maximum values of ¢ for 2t=0.99 are plotted in Fig. 4. It turns out
that for our set of parameters the penalty function with ' =4-1073 is sufficient to control
the modulus of ¢ and to use a linear mass density function. Comparing the evolution of
the droplet (see Fig. 1 and Fig. 4), we note that in the computations based on Scheme 1 the
maximum of ¢ grows until the jet touches the bottom of the domain. The minimum of ¢
shrinks until the droplet also reaches the bottom. In particular, ¢ attains negative values
outside the interval [—1.01,1.01] already for values of t < 0.0065. For late times of the
simulation, coincidentally with the impact at the bottom of the computational domain,
the droplet starts to dissolve. As a result, the maximum values of ¢ fall below 1 for all
schemes. Similar results can be observed for 2(t=0.999 (see Fig. 5). The slight deviation
of min¢ at the beginning of the simulation arises as our initial data do not represent the
exact energetic minimum of the phase field. This effect was also observed and explained
in [24].

Again, comparing the simulations based on Scheme 2b and Scheme 3b indicates a
slight deviation in the position of the droplets. More precisely, the droplet based on the
less dissipative scheme falls faster (cf. Fig. 6).

5.3 Droplets on inclined planes with general contact angles

In this subsection, we present simulations for scheme (2.14) with ;s #0. We are in-
terested in qualitative results for preceding and receding macroscopic contact angles in
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Figure 4: Comparison of the extrema of ¢ for At=0.99 for the different schemes.
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Figure 5: Comparison of the extrema of ¢ for 2At=0.999 for the different schemes.
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Figure 6: @-deviation between Scheme 2b and Scheme 3b at time t=0.0112.
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Figure 7: Droplets on an inclined plane at t=0, t=04, t=1, t=8 with Ay;5=0.4 (above) and Ay;5=0.2
(below).

droplet flow downwards an inclined plane. We study a droplet sliding down an infinite
inclined plane with an inclination angle of 40°. For this, we consider a computational
domain [0,6] x [0,2] and we apply a non-dimensionalized gravitational acceleration of
(10sin(Z7t),—10cos(37))T. At the boundary portions given by x =0 and by x =6, we
take periodic boundary conditions while at the portions y=0 and y=2 the conditions of
(1.2a) hold true. For this series of experiments, we have chosen ¢’ =103, e=0.01, M=0.01
and 0=0.8. The droplet under consideration has the mass density 1 and the viscosity 0.05
while the ambient liquid is of mass density 0.1 and viscosity of 0.5. Initially the droplet
has a hemicircular shape with contact angle of 90° and a diameter of 1. It is placed at
(0.7,0.0). To define the contact angle, we use a deviation in the liquid-solid interfacial
energy densities ;s of Ay s=0.4 or Ayrs=0.2 (cf. (1.4)). Using the relation
_ Avis

cos(f) = a (5.3)

we obtain a contact angle 0 of 120° (or about 104° for Ay s =0.2). For our simulations
we used an adaptive grid (h=0.0442 in the bulk region and 4 =0.0039 in the interface)
and a fixed time increment of T=0.001. In these simulations velocity and pressure are
discretized using stabilized P1P1 elements (see e.g. [8]). As shown in Fig. 7, the droplet
rapidly attains the microscopically prescribed contact angle. Macroscopically, the reced-
ing angle is smaller than the equilibrium angle. Microscopic contact angle hysteresis
cannot be expected as « has been chosen to be zero.

5.4 3D falling droplets: Case of rotational symmetry

In this subsection we present a 3D axial symmetric simulation of an initially ball-shaped
falling droplet. The droplet phase is characterized by values 20 and 0.5 of mass den-
sity and viscosity, respectively, while 0.1 and 0.05 are the corresponding values of the
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Figure 8: Mesh used for the computations of Fig. 9 (t=0.4).

ambient liquid. For (M,c,¢,6"), we take (0.01,0.3,0.007,0.004). The non-dimensionalized
gravitational acceleration is given by 10. It is pointing in negative y-direction. Exploit-
ing the rotational symmetry, we used cylindrical coordinates and the computational do-
main [0,2] x [0,3]. The simulation is initiated with a circular droplet of diameter 1 placed
with its barycenter at (0,2). In this simulation, velocity and pressure are discretized us-
ing stabilized P1P1 elements (see e.g. [8]). For our simulation we used an adaptive grid
(h=0.0442 in the bulk region and #=0.0039 in the interface) and a fixed time increment of
7=0.0001. Regarding the adaptivity in space, we use the ideas presented in [13], resulting
in a mesh as displayed in Fig. 8. Note the high resolution in the interfacial area.

The result of the simulation can be seen in Fig. 9. At the impact the droplet changes
its topological shape forming an anulus.

A Appendix

A1 Discrete Gagliardo-Nirenberg-Inequality

Lemma A.1. Let T;, be a quasi-uniform triangulation of the polyhedral domain Q) C R® in the
sense of [4]. We assume Ay,: Uy, — U, NHL(Q) to be defined by

(Ah¢,¢):/QV¢-V¢ for all pe Uy, (A1)

Then there is a positive constant C, such that

1 1
HXHLW(Q)SCHAhXH[Z}(Q)’|XH1241(Q)+H7CHH1(Q) for all x € U,. (A.2)
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Figure 9: Falling droplet at =0, t=0.5, t=0.95, t=1.1, t=1.5 and t=2.5.

Proof. The argument is inspired by the methods of [16]. Let us show that for ¢ € U,N
H{(Q)

(A.3)

[459] o <Cl01Ex 0 43¢ il(m+HAh‘14>\

Hence, it will be sufficient to take ¢= Ay x to establish (A.2). To this scope, we decompose
for ¢ € U,NHL(Q)

HY(Q)

A =Py, AT+ (A =Py, A7) =141, (A4)

where Py, is the orthogonal L?-projection onto Uj, and where A denotes the negative
Laplacian. Note that we define A, ¢ and A~1¢ uniquely by requiring them to be con-
tained in H.(Q). To estimate the first term, we shall use the interpolation inequality

1110 < ClIAXI Ty I ir ) + 1€l £ - (A5)
By [11,21], we have in space-dimension d =3

1 1
||X||L°°(Q) < CHDZXHZZ(Q) ||X||fé((2)+ ||X||L6(Q)-
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By elliptic regularity theory, we infer
1% 2y < 11X 20y + 1 g
and by Sobolev imbedding, we may bound

1oy < X1y

which proves (A.5).
For the first term of (A.4), we combine (A.5) with the L*-stability of Py, (see [17]) and
obtain

T P O

L=(Q)

Ha]

1

o
1

<ClIglisoy | 470 ;1(0)+C||¢||£2(Q)H(Ahlpu,,—A1)4>

i+ (40P =a7)9)

Let us collect some more inequalities. Testing (A.1) by ¢ and using the inverse inequality

1
2 -1
<Cl¢lfaiqy [ 4719 o

1

2

H(Q)
(A.6)

+4il

HY(Q)

C
19l (o) = 5 191l 12(0)- (A7)

for a proof see [4], we get
||¢||%2(Q):/QVA;71<P'V¢
|| 4i9]

Q) @1l )

<z 4l

() 19121 -
Hence, [[¢]12(q) < £ ||A,;1¢||H1(Q) and therefore
C
14820 < 7 1910 () - (A.8)
As a consequence,

C
1Al (0) s 12(0) = 5
By standard error estimates (cf. [6]) and (A.8), we find

|4 Pag—a70] ;g <CH[ A7)

H2(Q)
<Ch|¢| 20y = Ch|| Ara; ¢

12(0)
(A.9)

SC[’lHAhHHl(Q)%Lz(Q)HAfthb‘ )SCHA;%‘

H(Q HI(Q)
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where we used elliptic regularity and the zero mean value of ¢ in the second step. To-
gether with (A.6), this gives the desired estimate for the first term in (A.4). In addition,
the last term in (A.6) is controlled in the desired way.

To control 1] in (A.4), we use the discrete Sobolev inequality

_1
191l Loy SCh72[|@l 11 ()
(see [10, p. 77]) to get

(A7 =Pu,a™) <Ch*

PU,, (A;l'Puh — A_l) gb‘

¢HL°°(Q) H(Q) 1
2
H(Q)

<Ch 1|A ¢ hz

Puh (A;lpuh - A71> ¢

1
2
H*(Q)

1
2
H(Q)

1
<Clgll5a(e || A7

Note that the H!-error estimate for linear finite elements, elliptic regularity theory, and
(A.9) entered the last steps in this derivation. O

Corollary A.1. Let Ay : Uy, — U,NHL(Q) be the discrete Laplacian as defined in (2.10). Then
there is a positive constant C, such that

1 1
Il ey < CHARENEs g 10 )+ 1
forall x € Uy,

Proof. By using the h-independent equivalence of L2-scalar product and lumped masses
scalar product (see (2.2)), we compute

14X E2(c) Z/QVx-VAhXZ = (Bnx, A < ClAX N Al 2()-

This implies
14nx |20y < CllAX N 12(00)-
This completes the proof. O
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