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Transonic buffet is a complex and strongly nonlinear unstable flow sensitive to variations
in the incoming flow state. This poses great challenges for establishing accurate-enough
reduced-order models, limiting the application of model-based control strategies in
transonic buffet control problems. To address these challenges, this paper presents a
time-variant modelling approach that incorporates rolling sampling, recursive parameter
updating and inner iteration strategies under dynamic incoming flow conditions. The
results demonstrate that this method successfully overcomes the difficulty in designing
appropriate training signals and obtaining unstable steady base flow. Additionally, it
improves the global predictive capability and identification efficiency of linear models
for nonlinear flow-system responses by more than one order of magnitude. Furthermore,
two adaptive control strategies — minimum variance control and generalised predictive
control — are validated as effective based on the time-variant reduced-order model
through numerical simulations of the transonic buffet flow over the NACA 0012
aerofoil. The adaptive controllers effectively regulate the unstable eigenvalues of the flow
system, achieving the desired control outcomes. They ensure that the shock wave buffet
phenomenon does not recur after control is applied, and that the actuator deflection,
specifically the trailing-edge flap, returns to zero. Moreover, the control results further
confirm the global instability essence of transonic buffet flow from a control perspective,
thereby deepening the cognition of this nonlinear unstable flow.
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1. Introduction
1.1. Transonic buffet flow and its control

Transonic buffet is a typical and complex unstable flow phenomenon featuring strong
unsteadiness and nonlinearity (Caruana et al. 2005). The unsteady responses can interact
with the structure and cause significant structural vibration, resulting in severe structural
fatigue or even flight accidents and restricting the flight envelope of an aeroplane (Dou,
Gao & Zhang 2024). Therefore, transonic buffet flow itself and its control have attracted
considerable research interest.

This phenomenon was first discovered by Humphreys (1951) in wind tunnels. For a
stationary aerofoil in transonic flow, when Mach number Ma and angle of attack o
are within a specific range, the upper-surface shock wave will begin self-excited
oscillation. This will cause complex shock—boundary-layer interaction and lead to
response fluctuations (Tijdeman 1977). A large amount of research has revealed that the
physical essence of transonic buffet is the instability of the flow. The early explanation for
the inducing mechanism of transonic buffet was a feedback model proposed by Lee (1990).
This model assumes that the shock wave oscillation arises from the interaction between
the downstreaming pressure wave induced by the shock wave and the upstreaming Kutta
wave at the trailing-edge, creating an intricate feedback loop. With the development of
global instability theory, Crouch et al. (2009) re-examined the physical mechanism of
this complex flow phenomenon from the perspectives of flow stability and bifurcation.
Through eigenvalue analysis, they found that the transonic buffet characteristics of an
aerofoil are determined mainly by the most unstable modes, and accurately predicted the
onset boundary and frequency of transonic buffet. This explanation has been increasingly
confirmed and recognised by researchers (Jacquin et al. 2009; Kuz’min 2009; Sartor,
Mettot & Sipp 2015; Dou et al. 2024).

Recognising the physical essence of transonic buffet provides great convenience for the
following buffet control research. Through linear stability analysis (Sartor et al. 2015)
and resolvent analysis (Kojima et al. 2020; Ma et al. 2024; Gao et al. 2025a; Ma,
Gao & Zhang 2025), researchers have found that the shock wave foot and separation
bubble at the trailing-edge of an aerofoil are the regions with the strongest sensitivity
to control disturbances. Subsequently, the main transonic buffet control strategies can be
divided into two categories: intervening in the shock-wave—boundary-layer region or in the
trailing-edge flow regions. Passive control methods without energy injection are the main
control schemes applied to weaken the shock-wave—boundary-layer interaction (SBLI),
such as wavy leading edges (WLEs) (Degregori & Kim 2021), vortex generators (VGs)
(Molton et al. 2013; Dandois et al. 2014, Titchener & Babinsky 2015) and shock control
bumps (SCBs) (Mayer et al. 2019; Geoghegan, Giannelis & Vio 2020). Meanwhile, the
control of flow in the wake region is achieved mostly through active control methods
which require extra energy injection, such as trailing-edge devices (TEDs) (Caruana
et al. 2005; Gao, Zhang & Ye 2016; Tian, Li & Peiqing 2018; Petrocchi, Mauriello &
Barakos 2023).

However, existing studies also indicate that the unsteady characteristics of transonic
buffet are particularly sensitive to changes in incoming flow conditions (Gao et al. 2016;
Zhao et al. 2020). Especially when the flight attitude changes or encountering disturbances
such as gusts, significant nonlinear excitations can be caused, which can lead to nonlinear
changes in the characteristics of transonic buffet responses (Friedewald 2023). These
changes are unexpected so that the control law designed for a specific incoming flow
condition may perform poorly or even have adverse effects under time-variant incoming
flow conditions. Only a small amount of research on feedback-loop-embedded closed-loop
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control demonstrates some but limited condition generalisation capability (Gao et al. 2017,
Kwon & Vepa 2023; Ren et al. 2024). How to design a control law adaptable to these
changes in flow condition has become a novel challenge faced by transonic buffet flow
control research.

1.2. Current model-based flow-control design methods

To achieve good adaptability of closed-loop control for transonic buffet flow under time-
variant flow conditions, it is necessary to obtain accurate-enough feedback information for
reflecting transient changes in flow characteristics. This actually poses higher requirements
for flow modelling, as the majority of current research relies on simplified input—output
models of complex flow systems to design the corresponding closed-loop control laws
(Galea et al. 2003; Sipp & Schmid 2016). Thus, the accuracy of a model determines the
effectiveness of the control laws designed based on it. The most commonly used methods
for establishing flow models mainly contain flow governing equations, data-driven
machine learning and reduced-order modelling techniques.

Firstly, governing-equation-based models, such as direct numerical simulation (DNS)
models and linearised Navier—Stokes (NS) equation models (Kim & Bewley 2007; Sipp
et al. 2010; Tol et al. 2017), are derived from the NS equation using discrete and lineari-
sation techniques, aiming to analyse all the physical aspects of complex flow systems. The
closed-loop control law designed based on this model is the most physically plausible and
has strong interpretability. Recently, resolvent analysis (Herrmann et al. 2023; Leclercq &
Sipp 2023; Lin, Tsai & Tsai 2023; Nibourel et al. 2023; Poulain et al. 2024) has promoted
the application of governing-equation-based models in control design. However, for flow
systems under high Reynolds numbers such as transonic buffet flow, accurate-enough
simulation models usually require large amount of grids and huge time consumption.
These models also encounter significant computational and storage challenges when
employed in closed-loop control design, and the difficulty of modelling also increases
exponentially with the growing complexity of the flow system (Brunton & Noack 2015).

On the contrary, models based on data-driven machine learning no longer rely on
governing equations (Park & Choi 2020; Li, Li & Noack 2022; Ren et al. 2022;
Maceda et al. 2023; Wang et al. 2023a). These models take advantage of the nonlinear
modelling capabilities of neural networks to directly establish the feedback correlations
between the response outputs and the control inputs. For instance, Ren ef al. (2020)
implemented adaptive control of transonic buffet over NACA 0012 aerofoil using radial
basis function (RBF) neural networks and found that the designed control law is effective
within a certain range of inflow conditions. Peng er al. (2020) successfully improved
the predictive ability of the nonlinear model for features corresponding to different
incoming flow conditions, which can be beneficial for robust control design, by introducing
parameters such as Reynolds number Re, aerofoils’ geometric features and angles of
attack o at the input of convolutional neural networks (CNN). However, since data-
driven machine learning models rely entirely on the flow field information covered by
the training datasets, it is quite hard for them to guide the control design beyond the
knowledge of training datasets, such as guiding the control design of other flow systems
that exhibit similar response phenomena but possess significant differences in inherent
mechanisms. The strong nonlinearity of neural networks can also lead to high complexity
and poor interpretability of the designed control laws. Therefore, despite the great potential
demonstrated by machine learning methods, particularly Deep Reinforcement Learning
(DRL) (Zhu, Fang & Zhu 2022; Paris, Beneddine & Dandois 2023; Wang et al. 2023b;
Xu & Zhang 2023; Ren et al. 2024), in the design of closed-loop control laws, researchers
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continue to explore adaptive control methods based on simplified and explicit models of
complex flows. They target using interpretable models to guide the design of interpretable
closed-loop control laws, particularly under time-variant flow conditions.

In comparison with the previous models, reduced-order models (ROMs) more
effectively meet the demands of adaptive control design research under time-variant inflow
conditions. They not only follow physical principles but also exhibit the ability of deriving
key flow characteristics from data (Yang et al. 2023; Gao et al. 2025b). There are currently
two main approaches to closed-loop control design based on ROMs (Fabbiane et al. 2014),
namely ‘reduce then design’ and ‘design then reduce’ (Carini, Pralits & Luchini 2015;
Semeraro & Pralits 2018). The former has become the most commonly used approach due
to its computational cost advantage. It involves establishing a ROM that can reproduce the
input—output characteristics of the original system at first, and then carrying out control
law design based on the model. This means that the successful design of an effective
control law hinges on the ability of the ROM to accurately capture the essential flow
characteristics and response evolutions under a specific flow condition or even time-
variant conditions. The commonly used methods for establishing ROMs contain modal
decomposition methods with feature extraction and system identification methods based
on input and output samples. The former can obtain a low-order model composed of
several submodes, such as the proper orthogonal decomposition (POD) method (Couplet,
Basdevant & Sagaut 2005) and the dynamic mode decomposition (DMD) method (Schmid
2010). The latter can construct a low-order input—output transfer function model of the
corresponding complex flow system, such as the Volterra series model (Silva 2005),
eigensystem realisation algorithm (ERA) model (Kim et al. 2005), autoregressive with
exogenous inputs (ARX) model (Zhang & Ye 2007) and so on. These models have been
applied successfully to control unstable vortex shedding of a bluff body (Yao & Jaiman
2017), unstable flow in the cavity (Leclercq et al. 2019), pulsating loads generated by
transonic buffet (Gao et al. 2017) and turbulent transition (Dadfar, Hanifi & Henningson
2018). Additionally, the methods in different categories can be combined with each
other to better establish ROMs. A typical example is the balanced proper orthogonal
decomposition (BPOD) method (Rowley 2005).

Moreover, many researchers have begun to attempt robust adaptive control design with
ROMs under different incoming conditions, especially in areas such as flow around a
bluff body (Zhang, Cheng & Zhou 2004; Choi, Jeon & Kim 2008; Hasheminejad et al.
2014; Stringer, Zang & Hillis 2014; Wang et al. 2017; Jussiau et al. 2022) and boundary-
layer control (Kegerise et al. 2007a,b; Takahashi et al. 2011; Fabbiane et al. 2015; Tol,
Kotsonis & De Visser 2019; Nibourel er al. 2024). Among them, some scholars have
managed to combine the specific ROMs for typical conditions with adaptive control
methods, such as Kegerise et al. (2007a,b). They applied a generalised predictive control
(GPC) method based on the specific established ARX models for each of the flow
conditions considered in their control experiments and achieved satisfactory multiple
Rossiter-mode suppression at fixed Mach numbers. Another approach is to enhance the
generalisation of ROMs to provide accurate-enough response predictions for adaptive
controllers. For example, Tian, Song & Cattafesta (2006) and Song, Tian & Cattafesta
(2007) adopted a recursive system identification (ID) algorithm to estimate the flow
dynamics, which does a good job of tracking the unsteady pressure sensor output, thus
ensuring the control effectiveness of the disturbance rejection algorithm or GPC method.
However, few research has truly demonstrated adaptive control results under the conditions
when the incoming flow parameters, such as Ma and «, are continuously varying over time,
so-called time-variant incoming flow conditions.
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Generally speaking, two requirements should be satisfied by the model-based control
design method for controlling the unstable flow systems with strong nonlinearity and
instability under time-variant incoming flow conditions. Firstly, the flow model needs
to change in time. When the flow state changes, the mathematical flow model will also
change. The necessity to continuously revise or rebuild the mathematical model brings
unpredictable difficulties to control design work. The second is that the control law must
adapt to temporal variations. For adaptive control, changes in incoming flow conditions
and the flow characteristics necessitate timely adjustments to the control law’s parameters,
which greatly compounds the difficulty of its design. And there is a coupling relationship
between the changes in the model and control law. For example, the feedforward control
model established by Nibourel et al. (2023) based on a specific incoming condition fails
when convective time delays were altered by free-stream velocity variations of 5 % due
to the inability of upstream sensors to monitor the impact of controller action on flow. The
model could not accurately predict the subsequent changes of the flow-control system,
resulting in the ineffectiveness of the model-based control law.

1.3. Objective and outline of the paper

It is necessary to develop an adaptive control design method that can accurately represent
the changes in flow characteristics, enable the acquisition of control parameters, and adapt
to time-variant incoming flow conditions. The core challenge behind these requirements
is the establishment of an easy-obtaining and accurate-enough ROM.

This article develops a time-variant modelling method with the rolling sampling and
recursive parameter updating strategies to improve the global predictive ability and
identification efficiency of linear models for unstable flow systems. Section 2 focuses on
the analysis of the stability characteristics of the transonic buffet flow over the NACA
0012 aerofoil under time-variant conditions after a brief introduction on the control set-up
and the computational fluid dynamics (CFD) simulation method applied in this article.
Then § 3 delves into the establishment method of the newly developed time-variant ROM
with inner iterations (ITV-ROMs) and exhibits their response predictive ability compared
with classical time-invariant ROMs (TI-ROMs) and time-variant ROMs without inner
iterations(TV-ROMs). Sections 4 and 5, respectively, introduce two adaptive control
strategies, along with their corresponding control effectiveness verification. In § 6, the
robustness of the proposed control design method is validated through several complex
examples under different time-variant incoming flow conditions. Finally, §7 offers a
summary and outlook.

2. Control problem

This section briefly introduces the control set-up in § 2.1 and the CFD simulation method
in § 2.2. Then § 2.3 studies the intrinsic characteristics of transonic buffet flow under time-
variant incoming flow conditions. Finally, the adaptive control design framework of this
study is outlined in § 2.4.

2.1. Control set-up

This study focuses on the transonic buffet flow over the NACA 0012 aerofoil. The active
control actuator is a trailing-edge flap with a length of 15 % chord and its rotation axis
located at 85 % chord length, as shown in figure 1. Compared with TED, the trailing-edge
flap is the original control surface of the wing, eliminating the need to add any additional
devices to the system and thereby simplifying the modelling procedure. The closed-loop
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Rotation axis

Figure 1. Sketch diagram of NACA 0012 aerofoil and control system.

control takes lift coefficient as the feedback signal. u, represents the free-stream velocity,
xF represents the position of the rotation axis of the trailing edge flap and c is the chord
length of the airfoil. As figure 1 illustrates, « is the angle of attack representing the angle
between the direction of incoming flow and the chord of the aerofoil, and g is the flap
deflection angle showing the angle between the deflected flap and the chord of the aerofoil.
The value of « is decided by incoming flow conditions and 8 is determined by closed-loop
control law.

2.2. CFD simulation

The numerical simulation of transonic buffet flow is conducted using an in-house
hybrid-unstructured flow solver. The finite-volume method is employed to solve the
unsteady Reynolds-averaged Navier—Stokes (URANS) equations. The Spalart—Allmaras
(SA) turbulence model is applied to close the URANS equations for two-dimensional
compressible flow.

The spatial discretisation and time integration of the turbulence model equation and the
mean flow equations are weakly coupled. The inviscid flux is discretised by the second-
order advection upstream splitting method (AUSM+-) and least-squares reconstruction
scheme. And the viscous flux is evaluated by the second-order central scheme. The time
discretisation uses the dual time stepping method while the pseudo time iteration applies
the fourth-stage Runge—Kutta scheme. A detailed introduction to this study’s numerical
method can be found in Appendix A and Gao et al. (2016).

Figure 2 shows the hybrid computational domain of the NACA 0012 aerofoil employed
in this study, which is the same as G3 in Gao et al. (2016). The far field extends 20
chords from the aerofoil. There are 25 361 surface nodes and 50 layers of the structured
viscous grid around the aerofoil. The height of the first boundary layer near the wall is
5 x 10~%¢ (where ¢ denotes the chord length of the aerofoil), and the non-dimensional wall
distance is y* < 1. The simulation real-time step is dfeq = 2.94 x 10745 (physical) and
the non-dimensional time step is dt = dt,.q; X a/c = 0.1, where a represents the velocity
of sound. The chosen Reynolds number throughout this article is Re = 3 x 10°. As figure 3
shows, the calculated buffet-onset boundary is in good agreement with the experimental
results (Doerffer et al. 2010). For instance, the simulated buffet-onset angle of attack is
approximately 4.8° when Ma = 0.7, which is basically consistent with the experimental
value of 4.74°. Under this Mach number, the maximum buffet load is obtained at an
attack angle of 5.5°. Figure 4 shows the lift coefficient response developing from the
unstable steady state to nonlinear limit cycle state and corresponding spectral analysis
at Ma =0.7, a = 5.5°. The intrinsic Strouhal frequency of the system under this condition
is St = fc/uoso = 0.062, where f is the flow frequency and u«, is the free-stream velocity.
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Figure 2. (a) Overview of the NACA 0012 aerofoil computational grid and (b) detailed mesh around the
aerofoil. X, Y here represent the dimensionless x and y coordinates.
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Figure 3. Comparison of buffet-onset boundary.
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Figure 4. (a) Lift response and (b) the wavelet analysis of it at Ma = 0.7, « = 5.5°. C; is the lift coefficient, and

A is the amplitude of the wavelet coefficient reflecting the degree of similarity or resonance intensity between
the original signal and the wavelet basis function at a specific time and frequency.
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Figure 5. The time-varying characteristics of the transonic buffet flow when Ma =0.70, o =4.0° ~ 5.5°:
(a) the time-variant incoming flow condition; () the calculated lift coefficient response and (c) the wavelet
analysis of the time-varying response.

2.3. Flow characteristics

This section examines the time-varying characteristics of the transonic buffet flow under
an incoming flow condition when the angle of attack « varies from 4.0° to 5.5° while
the Mach number remains constant at 0.70, as illustrated in figure 5(a). Through the
aforementioned numerical simulation method, the aerodynamic responses of the NACA
0012 aerofoil are obtained, such as the lift coefficient response depicted in figure 5(b).
Figure 5(c) further shows the variation patterns of the dominant frequency of the lift
coefficient response under this changing flow condition. The grey area in the figure
represents the buffet region. It can be concluded that, as the angle of attack « increases
from the non-buffet stage to the buffet stage, the fluctuation amplitude of the aerodynamic
response will rise rapidly, and the response frequency will also experience a continuous
increase. Moreover, a premature buffet phenomenon may occur attributable to the
disturbance caused by the changing condition.

Furthermore, six typical time intervals are selected for conducting DMD modal analysis.
The central moments of these intervals are illustrated as red circles in figure 5(b)
and labelled in chronological sequence. The first three DMD modes, ranked by modal
energy, are presented in figure 6, accompanied by the corresponding pressure fields
at the representative moments. As observed in figure 6(a), the position of the leading
shock wave shifts progressively from Py =0.314 to Py =0.158 over time, where Py =
xs/c and xg represents the chordwise coordinate of the shock wave. The first-order
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Figure 6. Pressure fields of the time-varying transonic buffet flow and the top three DMD pressure modes at
typical moments. C,, here represents the pressure coefficient.

DMD mode corresponds to the zero-frequency time-averaged static mode, whose edge
becomes increasingly indistinct, indicating that the flow field undergoes more pronounced
variations as time progresses. The remaining modes capture the dynamic features
associated with oscillating shock waves. Specifically, the second-order DMD modal
frequency gradually converges towards the natural frequency St = 0.063 of the transonic
buffet flow at Ma=0.70 and o =5.5°, starting from an initial value of St =0.014.
Meanwhile, the third-order mode emerges as a harmonic mode of the second-order
mode. This observation indicates that the second-order DMD mode corresponds to the
main mode of oscillatory shock waves, gradually dominating the transonic buffet flow
characteristics over time.

These results strongly demonstrate the sensitivity of the intrinsic characteristics of
transonic buffet flow over aerofoils to changes in incoming flow conditions. Meanwhile,
the strong nonlinearity of the change in the intrinsic features puts higher demands on the
accuracy of aerodynamic modelling and control effectiveness under time-variant incoming
flow conditions. Therefore, it is necessary to develop time-variant modelling methods and
control design methods for transonic buffet flow under changing conditions.

2.4. Adaptive control design framework

The primary existing approach to establishing TV-ROMs is the ‘evolve then correct’
methodology, where a basic flow evolution model is first established, followed by
the development of an error model that captures the discrepancy between time series
simulation and the basic model prediction through methods such as neural networks.
For example, Pawar er al. (2020) employed a recurrent neural network to correct the
original intrusive Galerkin model in real time, greatly improving the prediction accuracy
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Figure 7. Combination of time-variant modelling and adaptive control design.

of the model. However, the error models introduced to augment model precision often
incorporate strong nonlinear terms that are difficult to explicitly represent, posing
unpredictable challenges for control design research.

To avoid introducing additional nonlinear terms for error correction, this article develops
an ITV-ROM method rooted in the traditional time-invariant modelling architecture, and
combines it with adaptive controllers to achieve superior suppression of transonic buffet
under time-variant conditions. The parameter update process for time-variant modelling
and adaptive control design is shown in figure 7. The data required for updating the param-
eters of TV-ROMs are the deflection history B(k) = [B(k—i), Bk —i + 1), ..., BT of
the trailing-edge flap from time step (k — i) to current time step k and the lift response
Ci(k)=[Ci(k —i), Ci(k—i+1),...,Ci(k)]T of the flow system under control.
Subsequently, the lift response Cj, (k +1i), (i =1, ..., N) at time step (k + i) is predicted
by the updated model as the input of the adaptive controller. Then the flap deflection
angle at the next time step B(k + 1) is determined by the controller, and the subsequent
lift response is calculated using an unsteady CFD solver. By following this process, the
adaptive control law design for time-variant flow conditions can be readily achieved.

The two self-tuning control design methods adopted in this article are minimum
variance control (MVC) and GPC. The detailed adaptive control design framework is
shown in figure 8. The whole design procedure consists of two circuits, which are inner
loop A and outer loop B. The inner loop A is composed of a flow system to be controlled
and an adjustable controller. The control law generated by the controller acts directly on
the flow system. This set-up is quite similar to the traditional feedback loop commonly
employed in closed-loop control system. The outer loop B comprises the identification
of the ITV-ROM’s parameters and the update of the self-tuning controller’s parameters,
which is the core component of our adaptive control design framework. In this way,
the proposed ITV-ROM parameter identification and controller adjustment processes are
combined organically to form a real-time control system, thus achieving adaptive control
under time-variant incoming flow conditions.

3. Time-variant reduced-order modelling method

The ARX framework is a classical system identification architecture used widely in
unsteady aerodynamic modelling and control design of multidisciplinary coupling systems
under time-invariant conditions. Section 3.1 provides a general introduction to this
architecture, and then §3.2 emphasises the improvement proposed in this work from
TI-ROMs to ITV-ROMs.

3.1. Traditional time-invariant ARX modelling approach

The ARX model is usually used to build the aerodynamic ROM (Shi et al. 2025), which
establishes the transfer function relationship between the input and output data of a
complex system based on the following single-input single-output difference equations:

1022 A32-10


https://doi.org/10.1017/jfm.2025.10755

https://doi.org/10.1017/jfm.2025.10755 Published online by Cambridge University Press

Journal of Fluid Mechanics

MVC / GPC ‘ Loop ]ﬁ
? b

Single step Multi-steps
prediction output prediction output
L ITV-ROM parameter |
Performance metrics identification 6
minimisation
B
Controller

Flow system l——-

Figure 8. The adaptive control design framework.

na nb
yk)=Y" Aiyk —i)+ Y Biulk —i) +£(k). (3.1)
i=1 i=d

For this study, u(k) in (3.1) represents the control input, namely, the actuation
displacement B (k) of the trailing-edge flap; y(k) is the numerical simulated aerodynamic
response f,, such as lift coefficient response C;, also serving as the feedback signal;
and & (k) refers to the white noise sequence. Both the input and output data are obtained
completely before modelling in this part of work. Here A; and B; are the coefficients to be
identified offline, where na and nb are the delay orders of the input and output datasets and
d is the pure delay between the input and output data, which is taken as d = 0 in this study.

Usually, the coefficients are identified through the least-squares (LS) method. Define
the parameter matrix @ and the state vector x (k) as follows:

0=(Ay, ---, A, Bg, ---, B, T,
[ 1 ! b] T (3.2)
x(k)=[y(k— n, -, ytk—na), utk—-d), --- u(k—nb)] .
Then (3.1) can be rewritten as
y(k) =x" (k)0 + & (k). (3.3)

Assume that there are L couples of input/output data {y(k), u(k), k=1,2,..., L, L >
(na + nb — d + 1)}, then the target of the parameter identification process is to minimise
the LS criterion J:

L L
12
I=Y Eh =Y [y -x"h0h] (3.4)
k=1 k=1
where § = [Al, ooy Awa, Ba, - Bnb]T represents the identified parameter vector.
Further define the following vectors:
Y=[y), y@. - yD)] eRE,
E=[s), €2, --- &WL)] eRLX, (3.5)
@T=[x(1), x(2), ---, x(L)]eR0atnb—d+DxL,

1022 A32-11


https://doi.org/10.1017/jfm.2025.10755

https://doi.org/10.1017/jfm.2025.10755 Published online by Cambridge University Press

C. Gao, X. Yang, K. Ren and W. Zhang
Then (3.4) can be turned into
J=E'E
=Y —®0)T(Y — 96) (3.6)
Y'Y 20 V)9 +6 o704,

Make the first derivative of J with respect to ] equal to O:

aJ N
5= 207y 420 T®0 =0. (3.7

Finally, the parameter vector  identified through the LS method is shown as follows:
0=(o"o 'Y, (3.8)

where @ should be a full column-rank matrix, which requires non-zero input and output
data.

Notably, the establishment of (3.1) is based on the assumption that the input and
output data of the system satisfy the linear superposition principle. This requires that the
acquisition process of the input/output data for linear modelling the transonic buffet system
should be constrained within the linear developing stage, imposing stringent requirements
on the design of the training signal which serves as both the input data and the external
excitation for generating the corresponding output data (Dou et al. 2024).

The established ARX model can accurately model the overall dynamic characteristics
of the system and be easily changed into discrete state space equations with the help of the
state vector x (k) as follows:

x(k+1)=Axk) + Bu(k — d),

) ) 39
y(k) = Cx (k) + Bau(k — d), (3.9)
where
[ Al AZ cee A~na71 Avna 0 Bd+1 éd+2 ce Enbfl Bnb ]
1 0 -~ 0 0 0 0 0 - 0 0
1 - 0 0 0 0 0 - 0 0
~ 0 0 1 0 0 0 0 0 0
A= o o 0 1 0 0 0 0 0 |
0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 o0 O 0 0 0 0 10 |
B=[8, 0 010 0 0],
C=[ 4 A, Apna—1 Apa 0 Byy1 Bago Bup—1 B ]
(3.10)
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Figure 9. Flow characteristic modes predicted by ARX model at different angles of attack when Ma =0.7.

Subsequently, the discrete-time form equations can be further turned into the
continuous-time form shown through bilinear transformation as follows:

{ X (1) = Ax(t) + Bu(t — 19), (3.11)

y(t) =Cx(t) + Bau(t — to).

A, B, C are the coefficient matrices of the continuous-time form equations. ¢ represents
the continuous time and #( is the continuous time delay between the input and output
signal. Figure 9 shows the distribution of dominant eigenvalues of the matrix A at different
angles of attack when Ma =0.7. The sign of the real part of the dominant eigenvalues
represents the stability characteristics of the flow system. When it is positive, the flow
system is unstable along with the appearance of the transonic shock buffet phenomenon,
and vice versa. From the figure 9, it can be concluded that the model-predicted buffet-
onset and offset angles of attack are approximately 4.8° and 6°, respectively, which are
consistent with the CFD calculation results and the experimental results (Doerffer et al.
2010) shown in figure 3, validating that the modelling accuracy is satisfactory.

Consequently, the aforementioned offline modelling method has been widely combined
with model-based control design methods under time-invariant incoming flow conditions,
achieving satisfactory control effects (Gao et al. 2017).

3.2. Inner-iterated time-variant reduced-order modelling method

However, for the adaptive control under time-variant conditions, the former established
TI-ROM fails to provide accurate-enough aerodynamic prediction when the incoming
flow conditions change, as it is difficult for designing an appropriate training signal or
establishing a universal linear model for the system with time-variant intrinsic features,
let alone correctly guide the flap’s actuation and achieve the control objectives.

To improve the high-precision prediction ability of the model under time-variant
conditions and achieve the goal of overcoming the existing limitations of time-invariant
models, this study develops a time-variant reduced-order modelling method based on the
idea of local linearisation. With the ARX modelling architecture remaining unchanged,
this method updates the model parameters online by rolling sampling the input/output data
and applying the recursive least-square (RLS) method instead of the LS method introduced
in § 3.1, simultaneously reducing the storage occupation. Figure 10 briefly introduces the
sampling difference between the two modelling methods.
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(a) Modeling framework for a time-invariant ROM
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Figure 10. Comparison of the two modelling frameworks.

The main idea of the RLS method is to transform the standard LS estimation equation
(3.8) into the recursive form shown in the following expression (Pang & Cui 2013):

0(k)=0(k — 1) +0: (k), (3.12)

where 0 (k) represents the identified parameter matrix of the ROM at discrete time step k
and 0¢ (k) is the correction term between the parameter matrices of the adjacent two steps
(k—1) and k.

Assume the identified parameter matrix at time step k can be written as

0(k)=[@ ()@ (k)]" T (k)Y (k) (3.13)
where
® (k) = ['P)(ﬁ(;)l)} € Rhx(natnb—d+1),
Y(k—1] _pkxt G149
Y(k):[ &) ] e R,
Define
P =[®" ()P k)]
=[@Tk—D®*k—1) +x(k)x (k)] (3.15)
=[P k=1 +x®xT 01,
then

Plo)y=P 'k —1) +xk)xT (k). (3.16)
Substitute (3.16) into (3.13):
o) =[2T (e K] ' T (K)Y (k)
=P(k)DT (k)Y (k)
=P®)[P®(k— DY (k— 1) +x(k)y k)]
=P0[P (k- DOk —1) +x((k)yk)]
= P[P~ (k) — x()xT ()10 (k — 1) + x (k) y ()}
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=0k —1)— P(k)x(k)xT(k)0(k — 1) + P(k)x (k) y(k)
=0k — 1)+ P()x(K)[y(k) — x" (k)0 (k — 1)]. G4
Further define
K (k)= P(k)x (k). (3.18)
Based on the matrix inverse lemma
(A+BC) '=A"1"-A"'Bu+ca'B~'ca™!, (3.19)

where the matrices A, (A + BC) and (I + CA~'B) are required to be non-singular, we
canlet A= P ' (k—1), B=x(k) and C = xT (k) and obtain

Pk)=Pk —1)— Pk — Dx(O)[1 +xT(k)Pk — Dx ()] 'xTk)P(k —1). (3.20)

Take (3.20) back into (3.18):
Pk — Dx(k)xT (k)P (k — 1)x (k)

1+ xT(k)P(k — 1)x (k)

_ P(k—Dx(K)[1 +xT(k)P(k — Dx (k)] — Pk — Dx(k)xT (k)P (k — 1)x (k)
N 14+ xT(k) P (k — 1)x (k)

K(k)y=P(k —1xk) —

B Pk — Dx (k)
T 1+ xTk)P*k — Dx k)’
Pk)=[I — K(k)xT(k)]P(k — 1).

(3.21)
Until now, the RLS-based parameter identification process can be concluded as the
following set of equations:

0(k)=0(k — 1)+ K()[y(k) —x" (k)8 (k — )],
Pk — Dx(k)

1+ xT(k) Pk — 1)x(k)’

Pk)=[I — K(k)xT(k)]P(k —1).

K(k) = (3.22)

To ensure that the ITV-ROM exhibits satisfactory accuracy at each time step, this study
further introduces an inner iteration into the parameter update process. During the inner
iteration, the model parameters are still updated by (3.22) with the input and output data
unchanged until the following convergence criterion is met within each time step k:

Ab; =0;(m) — 0(m — 1) <e, (3.23)

where m < 100 is the number of inner iterations for time step k, and € is a sufficiently
small vector with all positive real elements set to 107° in this paper.

This study activates the recursive formula through manually assigning the initial
matrices as follows:

P0)=pl,
{ Or=r (3.24)

0(0) =,

where p is a sufficiently large positive real number with a magnitude between 10*
and 1019,
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Incoming flow conditions Time-invariant condition Time-variant condition
a=5.5° a=4.0°~5.5°
Training signals A B C D E
Orders (na=nb) 40 80 160 40 80 160 40 40 —
TI-ROM Error (%) 16.24 26.99 458.56 111.81 105.43 92.02 118.12  99.01 —
Total CPU time (s) 0.95 1.77 156 173 161 1234 211 2.05 —
Orders (na =nb) 4 8 16 4 8 16 4 4 4
TV-ROM Error (%) 2150 18.69 17.78 3.77 250 167  0.85 1.16 0.81
Total CPU time (s) 0.00 0.00 0.016 0.00 0.030 0.020 0.031 0.031 0.031
Orders (na = nb) 4 8 16 4 8 16 4 4 4

ITV-ROM Error (%) 466 332 222 040 031 029 0.081 0.089  0.079
Total CPU time (s) 0.22 0.17 030 027 030 055 0.31 0.41 0.41

Table 1. Comparison of modelling accuracy and computational efficiency across different ROM methods
with different orders under different incoming flow conditions and training signals when Ma = 0.70.

3.3. Comparison of the two modelling methods

This section further compares the identification ability of different modelling methods.
The definition of the identification error is as follows:

N
> lyk) = yk) |

k=1
N b

> 1y
k=1

Error(%) = (3.25)

where y(k) represents the response reversed by the ROM at time step k, which is chosen as
the lift coefficient response C; throughout the following study, and N is the length of the
input/output data. According to experience (Li, Zhang & Gao 2018; Dou et al. 2024; Gao
et al. 2025b), the ARX model has a relatively high identification accuracy when na = nb.
Thus, this article considers only the case of na = nb when identifying the model.

We designed five different training signals to test the identification ability and efficiency
of TI-ROMs, TV-ROMs and ITV-ROMs under the previously introduced conditions, with
the results depicted in table 1 and figure 11. Among them, signals A and B are used for the
time-invariant buffet condition shown in figure 4, while signals C, D and E are meant for
the time-variant condition shown in figure 5(a).

Both signals A and B act on the unstable steady base flow to ensure the stimulated
unstable system remains at a linear developing stage as long as possible, thus enabling the
TI-ROMs to work well. Signal A features constant amplitude and varying frequency within
the range of 0.05 < St < 0.30, and its length is shorter than that of the linear developing
stage of the flow system. Signal B is a signal formed by concatenating signal A with a zero
signal, making the system freely develop to the nonlinear stage after the external excitation
ends. The analysis of the output lift response stimulated by signal B is shown in figure 12.

Signal C is the superposition of two pulse signals with different amplitudes. The pulse
signal with an amplitude of 0.2° acts on the stable flow state of Ma = 0.7, « = 4.0°, while
the pulse signal with an amplitude of 0.4° acts on the buffet state. Signal D shares the
same frequency with the transonic buffet flow over the NACA 0012 aerofoil at Ma = 0.7,
o = 5.5° and its amplitude increases linearly from 0.2° to 0.5°. Signal E is a zero signal.

Table 1 systematically presents the identification error and time consumption of
different modelling methods under different incoming flow conditions, training signals
and delay orders. It can be seen that the TI-ROMs have good identification accuracy only

1022 A32-16


https://doi.org/10.1017/jfm.2025.10755

https://doi.org/10.1017/jfm.2025.10755 Published online by Cambridge University Press

Journal of Fluid Mechanics

(a) Signal A b) Signal B
(l) 0.02 (l) 0.02
_ _
& &
< 0 < 0
= =2
Q Q.
-0.02 -0.02
10 20 30 0 20 40 60
. o1 .
(i) 0010 CFD (i) CFD
TI-ROM: na = nb =40 TI-ROM: na = nb = 40
0.005F ------ TV-ROM: na=nb =4 0.005 - - TV-ROM: na=nb=4
— — ~ ITV-ROM: na=nb=4 — — — ITV-ROM: na=nb =4
[ TR

20 40 60

t t
(o) Signal C d) Signal D
D o @ s
~ ~
& 4
3 02 g o
2 2
_Q _Q
0 -0.5
0 50 100 150 200 250 0 50 100 150 200 250
(iiy 015 D i)y 013 D
0.10 TI-ROM: na = nb = 40 0.10 TI-ROM: n1a = nb = 40 (1]
------ TV-ROM: na =nb=4 ------ TV-ROM: na=nb=4
o 005f — —-ITVROM:na=nb=4 S 005 — — - ITV-ROM: na=nb=4
© 0 © 0
N : { ] e {
O 0.05F -oms \ oo O —0.05F \ o6
onas oons .
—o.q0f ™ oaob ., m
~0.010 0.1144 L 0.1166 ('_
~0.15 E N L) ) —0.15 o0 i EERE T \
0 50 100 150 200 250 0 50 100 150 200 250
t t
(e) Signal E
(i) o010
—~  0.005
g
3 0
2
R _0.005
-0.010
0 50 100 150 200 250
(i) O.I5F D
0.10F TI-ROM: na = nb = 40 H
B TV-ROM: na=nb =4
<] 0.05F — — - ITV-ROM: na=nb=4
S) 0 /“‘\'V\/\'I\
L | — V
O —oo0sfp "™ 0.1269 A
o f=E 0.1262] ,/
-0.10¢ 0.1261
o005
—0.15E T O Eal .
0 50 100 150 200 250

Figure 11. Comparison of the identified responses under different incoming flow conditions

and training signals.

when the proportion of non-zero signals is large enough and the flow system remains at a
linear developing stage under time-invariant conditions. The TV-ROMs can stabilise the
identification accuracy within 5 % when the signal length is long enough as it takes time
for the parameters of TV-ROM to converge to the real system parameters. In comparison,
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Figure 12. Analysis of the response developing process from the unstable steady base flow with the excitation
of training signal B at Ma =0.7, « = 5.5°.

the ITV-ROMs show the highest identification accuracy under various inflow conditions
and training signals. At the same time, both TV-ROMs require a very small delay order,
which is approximately 0.1 times that of the TI-ROMs, greatly reducing the storage usage
and thus significantly improving the identification efficiency.

Figure 11 further exhibits the identification results, where the initial unstable steady
lift coefficient C;p of time-invariant condition is 0.5529 and the stable lift coefficient
of time-variant condition is C;o = 0.5798. It can be concluded that the TV-ROMs have
overcome the problem of linear models being unable to predict the response history
of transition and nonlinear limit cycles. Meanwhile, the parameter update method with
recursive characteristics also enables the TV-ROMs to perform response prediction work
with zero input.

Table 2 concludes the improvement of the ITV-ROMs compared with the TI-ROMs.
As it illustrates, the ITV-ROMs improve the global predictive ability of the linear model
for nonlinear flow-system response through a rolling sampling strategy and RLS-based
parameter update strategy. They also significantly reduce the amount of storage occupied
in the model identification process, improve identification efficiency, and provide new
possibilities for feedback control design work combined with model-based adaptive
control methods. As four-order ITV-ROM is accurate enough in response prediction, so
this study fixes the orders of ITV-ROM as na =nb =4.
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Model TI-ROM ITV-ROM

Input signals Non-zero and strictly designed Random

Base flow field Unstable steady base flow with high accuracy Random

Data sampling method Offline sampling Online rolling sampling
Output responses Within linear developing stage Random
Parameter identification method LS RLS
Identifiable condition Time-invariant inflow conditions Random

Table 2. Improvement of the ITV-ROMs compared with the TI-ROMs.

4. ITV-ROM-based MVC

Minimum variance control is an comprehensive and easy implementing adaptive control
method. Section 4.1 introduces the procedure of implementing this method and § 4.2 shows
the influence of different target outputs and validates the effectiveness of the control law
guided by MVC.

4.1. Methodology of MVC

Minimum variance control is designed with the goal of minimising output variance. Due
to the delay normally existing in dynamics systems, assuming a delay of d, the current
control may make an effect on the system output after d sampling time steps. Therefore, in
order to minimise the output variance, it is necessary to make predictions on the output in
advance, and then design the required control law based on the predicted values obtained.
By continuously predicting and conducting control instructions, it is possible to ensure
that the steady-state output variance is minimised. It can be seen that the key to achieving
MVC lies in the accuracy of output prediction.

The specific steps of MVC are as follows. To begin with, the difference equations
shown in (3.1) need to be transformed into a discrete-time form using the z-transform,
demonstrated as follows with the assumption of &£ (k) = 0:

Ay =z"BE Hu(k). 4.1)
The parameters of the coefficient matrices can be obtained through the RLS method
introduced in § 3.2, the representations of which are as follows:
A D =1-A1z7 = Az 2 — - = Apaz™™,
B(z™Y)=By+ Byy127 " 4+ Bas2z 2+ -+ Bz "4 By £0.
Calculate the future output y(k + d|k) at time step (k 4+ d) predicted by the ITV-ROM
established at time step k as the preparation of the control law design process. The control

target applied in this section is to minimise the variance between the predicted output and
the expected output, with the performance metric J shown as follows:

J=E{[y(k+d)—y,(k+d)]2}. (4.3)

Here, y,(k +d) is the target output defined by the researcher based on the system
characteristics, which can be the mean system response or the unstable steady response
solution.

According to the optimal control requirements, if targeting at minimising the
performance metric J, the MVC law can be obtained as follows:

F hut) =y, (k+d) — Gz Hyk), (4.4)
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Algorithm 1 algorithm of MVC

Initialise: 5(0), P (0) for RLS,
Input: control stop time #y,,; model parameters na, nb and d,
1: for each k € [1, t0p] do
Sample current output y(k) and target output y, (k + d),
3 Use RLS to get the parameter matrix’s estimation 5(k), namely A(z7Y and B(z 7)),
4 Solve the coefficients of the polynomials Eiz™", FzHand G(z™h according to (4.5),
5:  Execute u(k) according to (4.4).
6: end for

{1:A(Z_I)E(Z_1)+Z_dG(Z_1)’ 4.5)

FzY=BHEE™,
and

EC D=14eiz7 teaz 2+ +epz ™, (ne=d—1)
Gz HD=go+gz '+ gz 2+ +guez ™, (ng=na—1) (4.6)
F )=fo+ fiz "+ oz 2+ + furz ™, (nf =nb+d —1).

Similarto A(z™") and B(z™"), E(z™"), F(z™!), and G(z~!) are also polynomials obtained
through z-transform, where e;, f;, g; are the coefficients awaiting to be solved through
(4.5). ne, ng, nf are the orders of these polynomials, respectively.

The whole MVC algorithm can be concluded as Algorithm 1.

Notably, take (4.1) into (4.4) and then the expression of the input and the output can be
turned into

1 1 G
F TAF Ay, (k +d) — GE(k
wh) = —F g )+ —AE gy = DGO
Z BG b B G B
I+ —7 I+ 4.7)
un A F1 A F
NOEE (k) + £ =y (k) + EE(R),

where A, B, E, F and G are the abbreviations of A(z™'), B(z™Y), E(z™)), F(z™}H
and G(z~1). It can be concluded that the essence of MVC is to use the pole of the
controller (the zero of F(z~!)) to cancel the zero of the controlled object (the zero
of B(z™1)). According to (4.7), when B(z~!) is unstable, the control input u(k) will
increase exponentially and reach the saturation, eventually resulting in the instability of
the flow-control coupled system (Sipp & Schmid 2016).

Unfortunately, the controlled object of this study shows a great potential in having
unstable zeros of B(z~!) as the transonic buffet flow system itself is a highly nonlinear
system with strong instability. Figure 13 shows the trajectories of the zeros of B(z™')
obtained through the ITV-ROM under the condition shown in figure 5. It is obvious that
when the shock wave buffet phenomenon begins to occur, the stable zeros of B(z™!)
quickly change to unstable ones (changing from inside the black stable boundary to
outside). Therefore, it is necessary to take certain actions on the choice of the expected
output y,(k + d) to overcome the influence of the existing unstable zeros of B(z~!) when
applying ITV-ROM-based MVC method for closed-loop control design.
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Figure 13. The trajectories of the zeros of B(z~") under the time-variant condition when
Ma=0.70, « =4.0° ~5.5°.

4.2. MVC for transonic buffet

In the numerical simulation environment, it can be approximately assumed that the
transonic buffet flow response has no significant delay on the control input, namely d = 0.
Take the lift coefficient response C; as the model output and also the feedback data.
Therefore, the performance metric of MVC can be expressed as

7 =E{1ciw - e o). (48)

And the minimum variance self-tuning control law shown in (4.7) can be further
simplified as follows:
A(k)Cyy (k)
k)= ———. 4.9
B (k) B (4.9)
In this equation, 8 (k) represents the deflection of the trailing-edge flap, A(k) and B(k)
are the identified parameter matrices and Cy, (k) signifies the target lift coefficient output,
all specified at time k.

4.2.1. Influence of different target outputs
The ideal effect of transonic buffet control is to make the self-excited oscillation shock
wave stationary, and the unstable flow eventually approaches a steady state without
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Figure 14. The pressure distribution of the unstable steady solution when Ma = 0.70, « = 5.5°.

changing the incoming flow conditions and the shape of the aerofoil. This steady state
strictly satisfies the boundary conditions and control equations in mathematics, that is,
the unstable steady solution of the flow system. In previous research, such as the work
of Ren et al. (2024), the unstable steady solution was used as a reference for optimal
DRL control, thereby achieving complete suppression of buffet loads. Therefore, the lift
coefficient corresponding to the unstable steady solution is first employed as the target
output of the control system in this paper.

This article first conducts research on the control of transonic buffet over a NACA 0012
aerofoil in the state of Ma = 0.7 and o =5.5°, where the buffet phenomenon is relatively
apparent. Gao et al. (2017) once carried out transonic buffet control research under this
state, achieving complete suppression of the fluctuating loads through the linear quadratic
(LQ) method. The unstable steady lift coefficient after control is C;o = 0.5529, and the
non-dimensional pressure distribution in this state is presented in figure 14.

Considering the influence of the unstable zeros of B(z~!), this paper chooses to linearly
soften the target output in order to avoid situations where the initial deflection angle of
the trailing-edge flap could cause significant disturbances to the sensitive flow system or
exceed the maximum deformation limits allowed by the dynamic grid method, both of
which may lead to simulation failure (see Appendix B for details). Specifically, it is to
introduce a softening coefficient y to balance the weight of unstable steady solution and
the last step output. The target output is constructed by the linear superposition of these
two terms as follows:

Cir(k)=(0=y)Cro+yCik—1). (4.10)

The control effects under different softening coefficients are compared in figure 15.
It can be seen that after increasing the softening coefficient, the impact caused by
instantaneous deformation is reduced, and the deflection angle of the flap is within the
acceptable range of the dynamic grid method. The larger the softening coefficient, the
smaller the difference between the target output and the current output, and the smaller
the impact of the flap actuation on the flow system when starting control. With the two
typical softening coefficients depicted in figure 15, complete suppression of buffet loads
can be achieved. Ultimately, the flap angle stabilises at 0°, the lift coefficient C; settles at
the unstable steady solution of 0.5529, and the torque coefficient C,, also tends to stabilise.
From the analysis, it is evident that using the unstable steady solution as the target output
can effectively suppress transonic buffet loads within quite a short adjustment period.
However, there are still certain challenges in utilising unstable steady solutions as target
outputs. Firstly, the potential significant discrepancy between the current output and the
unstable steady solution may lead to an inescapable huge impact at the very beginning
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Figure 15. Comparison of control effects under different softening coefficients when Ma = 0.70, o = 5.5°.

of control. Although this problem can be mitigated by limiting the controller amplitude
and introducing a softening coefficient, there is still a risk of excessive adjustment time.
Secondly, unstable steady solutions are not a universal target output, and, in many cases,
the performance of the controlled system remains unknown, which poses significant
challenges in obtaining unstable steady solutions in advance. Especially in adaptive control
scenarios, where the system undergoes real-time changes under varying inflow conditions,
obtaining the unstable steady solution beforehand for such continuously evolving flows is
unrealistic. Therefore, it is necessary to define a more universal target output based on the
response characteristics of transonic buffet.

Considering that the lift coefficient response of transonic buffet exhibits an approximate
harmonic response, this paper tends to employ the mean lift coefficient response over ¢
time steps before current time step k as the target output, as follows:
Citk—D+Citk=2)4+---+Ci(k—q)

q

This time-averaged target output changes in real time, thus overcoming the
disadvantages of unstable steady solutions and facilitating the adaptive control system to
efficiently achieve control objectives.

Figure 16 shows the control results under different values of forward time step ¢,
where g =226 corresponds to the number of simulation steps within a single period
of transonic buffet at Ma = 0.7 and o = 5.5°. It is evident that complete suppression of
control objectives is achieved for varying values of ¢. The inevitable impact of control
increases with the increase of ¢ as the difference between current output and the target
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Figure 16. Buffet control effect under time-averaged target output with different ¢ when Ma =0.70, « = 5.5°.

output increases. Nevertheless, this impact remains within the acceptable range for the
dynamic grid method. In addition, the lift coefficient and flap deflection angle both tend
to non-oscillatory stable states. However, these steady states differ from those observed in
the unstable steady solution depicted in figure 15. To be more specific, when ¢ = 10 and
g = 20, there are stable positive flap deflection angles of 5.1° and 4.1°, respectively; when
q = 226, the flap deflection angle converges to approximately —1.5° which means that the
flap ultimately deflects upward under this situation. It means that the stable deflection of
the control surface adjusts the equivalent angle of attack of the aerofoil to either below
the buffet-onset boundary or above the buffet-offset boundary, thereby suppressing the
unsteady aerodynamic loads caused by flow separation.

This control mechanism is similar to the TED methods. However, changing the
equivalent angle of attack through relevant control devices is usually undesirable during
the transonic cruising state of an aircraft, as it can result in lowered mean C; (as
shown in figure 16b) and compromised aerodynamic efficiency. To avoid this, the final
flap deflection angle should be constrained through appropriate design of the control
performance metric.

4.2.2. Validation of MVC'’s effectiveness

This section further verifies the control effect of MVC at Ma = 0.75 and o = 3.5°, which
employs the time-averaged lift coefficient calculated by (4.11) as the target output, with
q = 20. The control results of MVC at this state are shown in figure 17.
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Figure 17. Control effect of MVC at Ma = 0.75 and o = 3.5°.

As the figure illustrates, when control starts, the fluctuation characteristics of the lift
coefficient rapidly weaken and its value ultimately converges to a nearly stable state around
0.34, which is close to the unstable steady solution C;o =0.357 obtained in the work
of Gao et al. (2016). The performance metric J also rapidly decays and approaches O.
From the perspective of the responses of lift coefficient and performance metric, it can
be concluded that MVC eventually achieves satisfactory suppression of buffet loads.
However, despite the convergence of the lift coefficient response to a stable value, the
flap continues to actuate with an amplitude of approximately 3°, rather than converging to
0° as shown in figure 16. Additionally, the shock wave and torque coefficient also exhibit
continuous oscillation (with the torque integration point at 25 % chord length), indicating
that while the flap oscillation controls the lift load, the shock waves in the flow field remain
unstable.

Next, the mechanism behind this interesting phenomenon is further analysed. Figure 18
shows the power spectrum analysis results of the torque coefficient response before and
after control. It can be seen that the dimensionless frequencies of the response before and
after control are separately f, =0.060 and f. = 0.098 (equal to the actuating frequency of
flap). The latter frequency is 1.63 times the former one ( f./f» = 1.63), which is consistent
with the optimal open-loop control frequency ratio obtained in the work of Gao et al.
(2017) through extensive simulations.

Figure 19 further demonstrates the relationship between the flap deflection angle and
the position of the shock wave after stabilising the control response. According to the
definition, the downward deflection of the control surface is positive. The figure reveals
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Figure 18. Power spectrum analysis results of torque coefficient response with and without MVC at
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Figure 19. The relationship between shock wave oscillation and flap deflection under feedback control when
Ma=0.75, « =3.5°.

that the deflection of the control surface and the position of the shock wave both exhibit
approximately harmonic response characteristics, with nearly identical response periods.
Based on these response characteristics, this paper further calculates the phase difference
between the shock wave oscillation response and the flap deflection, revealing a lag phase
angle ¢ of approximately 58.6°. Comparing this with the delay of the lift coefficient
response on flap deflection, estimated to be approximately 60° using the phase delay
calculation method proposed by Gao et al. (2017) for subcritical states, we find that
the two delay phase angles are nearly identical. In essence, given the minimal phase
delay in the aerodynamic response (the aerodynamic response and shock wave oscillation
response are almost synchronous) to the flap deflection, the designed closed-loop control
law functions effectively as an inverse control mechanism for both shock wave oscillation
and aerodynamic responses.

Figure 20 shows a comparison of pressure coefficients, flow field cloud maps and flap
deflections at several typical states labelled in figure 19. When the shock wave reaches
its maximum position P; =0.344, the area enclosed by the leading edge of the aerofoil
and the shock wave position is relatively large. At this time, if taking the phase delay into
consideration, the flap deflects precisely at the maximum upward position. The upward
deflection of the control surface is equivalent to reducing the effective angle of attack of
the aerofoil, and the lift coefficient caused by the flap’s motion is negative, as shown in
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Figure 20. Comparison of pressure coefficients, flow field cloud maps and flap deflections under typical
conditions after MVC at Ma = 0.75 and o = 3.5°.

figure 20(a). Therefore, although the shock wave in this state is at the rear, the upward
flap deflection guided by feedback control partially offsets the lift coefficient, resulting
in a total lift coefficient of 0.34. When the shock wave reaches the forward position at
Py =0.241, although the area enclosed by the leading edge of the aerofoil to the shock
wave position is small, the control surface deflects precisely to its maximum downward
position, which is equivalent to increasing the effective angle of attack of the aerofoil, thus
increasing the lift coefficient and compensating for the loss of lift coefficient caused by
the shock wave’s forward movement. So the total lift coefficient remains equal to 0.34.
Similarly, in other states, although the position of the shock wave changes and the lift
coefficient generated by the shock wave is slightly different, feedback control can always
guide the corresponding flap deflection based on the inverse control mechanism, adjust the
lift coefficient, and maintain the total lift coefficient at 0.34.

From the analysis, it can be seen that the closed-loop flap control strategy guided by
MVC based on the ITV-ROM achieves a similar effect to the open-loop control in the work
of Gao et al. (2017), which further demonstrates that the actuator frequency is a crucial
parameter in open-loop control. Although this control law can effectively suppress the
fluctuation of the lift coefficient, the flap deflection angle still changes harmonically, and
the flow field does not reach a steady state ultimately. This phenomenon can be attributed
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to the lack of constraints on the control input in the construction of the performance metric
shown in (4.3). Therefore, when the lift coefficient approaches the target value, the flow
field may not necessarily reach a steady state. If constraints are imposed on both the lift
coefficient and the control input (flap deflection angle), the flow field will also reach a
steady state when both the lift coefficient and flap angle approach the target value.

5. The ITV-ROM-based GPC

To overcome the aforementioned shortcomings of MVC, Clarke, Mohtadi & Tuffs (1987)
proposed the GPC method, also known as multi-step predictive self-tuning control. This
control algorithm builds upon the principles of online identification, output prediction, and
minimum output variance control inherent in the MVC. Furthermore, it employs a rolling
optimisation strategy, enabling it to simultaneously exhibit the performance characteristics
of both adaptive control and predictive control. Successful applications of this method can
be seen in the works of Kegerise et al. (2007a,b), Song et al. (2007) and Takahashi et al.
(2011). This section introduces the methodology of GPC at first. And then the influence
of controller parameters and validation of GPC’s effectiveness are discussed in §5.2.
Besides, §5.3 further analyses the characteristics of this flow system under control to
deepen the understanding of its global instability.

5.1. Methodology of GPC

Consider the discrete-time system described in (4.1) and transform it into (5.1) to describe
the relationship between control input increment and response output:

A Yy =z"*B"HAuk), (5.1)
where
A Hh=ACH0 -z H=14a1z7 '+ +arpar1z” "D,
B ) =bro+biiz 4+ b, (5-2)
and a1 0 =1, a1 nat1=Ana a1, = —Ai + Aj—1, 1 <i <na; by j = Bayj, 0<i <nb.

The minimum variance output prediction model of the system at the future time (k + N)
can be written as:

Y*=Y 4+ GAU, (5.3)
where
Y*=[y*(k+d|k),y*k+d+1]k), - y*k+N[O]",
Y=[Fk+d),5k+d+1), -, 5k+MN]",
U=[utk),utk+1), - uk+N—d)]",
Autk+i)=uk+i)—utk+i—1),i=0,1,---, N —d,
AU =[Auk), Autk+ 1), -+, Au(k+ N — d)]T, 5.4
b1.0 0 ... 0
bz bio --- 0
G= . A :
bN—d—i—l,O bN—d,O b],o (N—d+1)x (N—d+1)
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The predicted output y(k + j) of step (k + j) can be expressed as

na nb
S+ = aniik+j—i+Y bridut+j—d—ilk), j=1,2--- N, (55)
i=1 i=0

where
yk+i)=yk+1i),i <0,

0,i>0 (5.6)
k+ilk)y=1"
HEHID =0 ki <o,
The elements in the control matrix G are recursively obtained from the following
equation:
Ji
bjo=bij-1— Y aiibjio. j=2.3,N—d+]1, (5.7)
i=1
in which j; =min{j — 1, na}. When j — 1 > nb, by ;_ equals to 0.
After obtaining the predicted output at time N, the target reference output sequence Y,
can be constructed:

Y, =y k+d), y(k+d+1), -,y (k+N)IT. (5.8)

In control law design, the variance of the actual output over the target output and
the controller characteristic weighting index are used as the control objectives, and the
performance metric of GPC is defined as follows, where I' =1 (1<i < (N —d + 1))
represent the weight matrices:

J=h+hL+]
=E{(Y = Y)' (Y —Y,)+ (U + AU)'I (U + AU) + AUTT, AU).

The performance metric can be further decomposed into three components, which are
J1 = E{(Y = Y,)T(Y — Y,)} representing the constraint that ensures the outputs approach
those of the target, Jo = E{(U + AU YIT (U 4+ AU)) aiming to minimise the amplitude
of inputs and J3 = E{AUT I’ AU} limiting the changes in inputs between two consecutive
time steps to prevent huge impacts to the flow system. By minimising the performance
metric as the optimisation direction, the expression for the control increment vector can be
obtained as follows:

(5.9

AU=(G"G+ T +D)7 '[GT(Y, -Y)- U] (5.10)
Therefore, the control input at time step k can be written as follows:
utk)=ulk — 1) + Au(k), (5.11)

The whole GPC algorithm can be concluded as Algorithm 2.

Compared with MVC, there are two typical improvements in GPC. The first is that
the performance metric of GPC additionally introduces two weighted terms, J, and J3,
considering the input amplitude and change amount of the controller separately. This
introduction can effectively overcome the disadvantage of MVC which lacks constraints
on input. The second is that the control objective in GPC is not a fixed global optimisation
objective, but a finite-time domain optimisation control employing a rolling optimisation
strategy. Control is conducted repeatedly online, rather than offline in a single instance.
At each sampling time, the control performance metric incorporates the future finite-time
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Algorithm 2 algorithm of GPC

Initialise: #(0), P(0) for RLS, N for prediction, and I'; for performance metric
Input: ¢y, as the control stop time,
1: for each k € [1, ty0p] do
2:  Sample current output y(k) and target output y, (k + d),
3 Use RLS to estimate 8 (k), A(z™!) and B(z™1),
4 Construct vectors Y*, Y, Y, and U,
5:  Calculate control matrix G,
6 Execute u (k) according to (5.11).
7: end for

domain which advances synchronously with the sampling time. This limited time domain
optimisation objective may only yield global suboptimal solutions, but the controller can
effectively track and adapt to the system’s local dynamic characteristics in real time
through repeated online model prediction and control. Therefore, the control system
maintains effective optimality and achieves the goal of adaptive control, particularly in
scenarios with time-variant incoming flow conditions.

5.2. GPC for transonic buffet

This section adopts the same assumptions as § 4.2. According to the framework of GPC, it
is necessary to determine the target reference output sequence. Considering the difficulty
in obtaining the unstable steady solution of the transonic buffet system, the average lift
coefficient response over a period of time is used as the target reference output, as follows:

Y =y k), yr(k+ 1), o,y + NI,

yr(k+l):)’r(k)»l:0, "'7Na

Ck—1D)+Cik—2)+---4+Ci(k—q)
q

The deflection law of the trailing-edge flap designed by GPC can be formulated as
follows:

(5.12)

Yr (k) =

Bk) =Bk — 1) + AB(k)
=p(k—1)+[1,0,---,0]AU,

where AU is calculated by (5.10).

(5.13)

5.2.1. Influence of controller parameters

From the design framework of GPC, the controller consists of three sets of variable
parameters, namely the width N of recursive prediction, the number of forward time
steps ¢ for constructing the target output, and the weighted coefficients I'7 and I3 in the
performance metric. The influence of these parameters on the control effect is studied in
this section at Ma =0.70 and o = 5.5°.

We first investigate the influence of the two weighted coefficients and other parameters
are set as N =4 and g =20. As (5.9) shows, I represents the weight of the actuation
amplitude of flap in the performance metric, which is introduced to avoid unexpected
static deflection of flap similar to those shown in figure 16. However, if 17 is too large, the
control adjustment time tends to increase or even fails to achieve effective suppression of
the buffet loads. Similarly, I represents the weight of the changes between two adjacent
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Iy Flap amplitude 8,4y (deg.) Control time 7.onror (S)
0 Static flap deflection of 1.3°

0.02 3.0 60

0.2 2.1 15

1.0 1.2 110

Table 3. The influence of I"| on the quantitative indicators, when > = 1.0.
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Figure 21. Schematic diagram of impact amplitude S,,,, and control time #.opsro1-

time steps to prevent huge impacts of the control on the flow system, thereby avoiding
disruption of the regular calculation of the dynamic grid method.

To illustrate the influence of the two weighted coefficients 17 and I, we define two
quantitative indicators: impact amplitude B, and control time f.onme;. As figure 21
shows, the impact amplitude B, refers to the maximum deflection angle of flap at
the initial stage of control, and the control time f.,,; represents the duration from the
start of control to the end when the buffet loads are completely suppressed and the flap
deflection returns to 0°. Table 3 shows the changes of these two indicators with respect to
the weighting coefficients 17, while I is fixed at 1.0. The control results under typical
I'7 are shown in figure 22. When I'1 =0, although it can eliminate the pulsating buffet
loads, the flap deflection angle ultimately converges to 1.3°. So under this situation, the
control mechanism is still altering the effective angle of attack of the aerofoil. When
I't #0, not only does it achieve complete suppression of the buffet loads, but also it
makes the deflection angle of the flap eventually approach 0°. From the two indicators, it
is evident that when It = 0.2, the designed control law is showing a better comprehensive
performance in transonic buffet control.

Then use the same method to study the influence of I>. Table 4 shows the changes
of the two indicators with respect to the weighting coefficients I, with I fixed at 0.2.
When I is too small (I =0, 0.2), indicating that J3 has a relatively small weight in the
performance metric, J3 cannot effectively reduce the increment of the controller output,
which results in a large deflection angle of flap and causes the failure of the dynamic grid
simulation. When I7 is larger than 0.5, the influence of its value on the control effect is

1022 A32-31


https://doi.org/10.1017/jfm.2025.10755

https://doi.org/10.1017/jfm.2025.10755 Published online by Cambridge University Press

C. Gao, X. Yang, K. Ren and W. Zhang

I Flap amplitude B4, (deg.) Control time f.onro1 (S)
0 Unacceptable impact

0.2 Unacceptable impact

0.5 2.8 16

1.0 2.7 16

2.0 2.6 16

5.0 2.5 16

Table 4. The influence of I on the quantitative indicators, when I} = 0.2.

~
<
=

No control .

B(deg.)

No control

Figure 22. Control results under typical weighted coefficient I} at Ma =0.70 and o = 5.5°.

minimal, and it can always achieve complete suppression of buffet loads with little change
in the control time and the initial impact. Overall, setting /> = 1.0 is the most suitable
choice.

From this analysis, it can be seen that the introduction of the J, term in performance
metric can effectively reduce the possibility of static deflection of flap at the end of control
time and make the flow field converge to unstable steady solution. The term J3 can prevent
the problem of program crashes caused by large impact of the flap deflection during the
initial control stage.

Then the influence of the recursive prediction width N is studied. Other parameters are
determined based on previous experience (¢ =20, I'1 =0.2, I> = 1.0). Figure 23 shows
the control effects under typical values of N. Generally speaking, N has little impact on
control effects. So regardless of the value of N, the fluctuation of lift response is always
completely suppressed with a zero flap deflection angle in the end. Therefore, for the delay
free transonic buffet example studied in this paper, N is not the core parameter for GPC.
From the given three sets of results, it can be observed that when N takes a large value
(N = 8), the impact caused by the deflection of flap 8,4, at the initial stage of control is
significant. When the value of N is small (N = 1), the aerodynamic response converges
more slowly. Therefore, in subsequent studies, N = 4 is selected as the most suitable value.
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Figure 23. The influence of recursive prediction width N on control effect at Ma = 0.70 and o = 5.5°.

Finally, the impact of the target output’s forward time steps ¢ is studied, where N =4,
I' =0.2 and I» = 1.0. Figure 24 shows the control results under typical g values. It can
be seen that when g = 10, 20, 226, the designed adaptive closed-loop control laws are all
effective enough. From the perspective of control process, when g = 226, the control time
teontrol 18 Telatively long. When ¢ = 10, the impact at the beginning of control is significant,
which is not conducive to the stability of the system. When g = 20, it is possible to achieve
a balance between control time .,z and impact amplitude B,y

It is noteworthy that when g =1, although the deflection angle of flap eventually
converges to 0°, the lift and torque coefficients are still oscillating. The amplitude and
frequency of these oscillation phenomenon are basically consistent with those observed
in the uncontrolled state, as shown in figure 25. This phenomenon is not unique to
g =1 but also occurs when g < 3. This indicates that when ¢ is small, the difference
between the current and target output is small, resulting in the closed-loop feedback
system failing to generate effective control excitation. Consequently, it has little effective
impact on the fluctuating response and load characteristics. The analysis suggests that the
number of forward steps ¢ in constructing the target output significantly affects the control
effectiveness, and ¢ = 20 has been identified as the most suitable value based on current
studies. Therefore, g = 20 is selected for subsequent research.

5.2.2. Validation of GPC’s effectiveness

Further verification of the control effect of the GPC method is conducted under the
transonic buffet state when Ma =0.75 and o = 3.5°, where N =4, ¢ =20, I'1 =0.2 and
n=1.0.

Figure 26 shows the control process of GPC under this state. It can be seen that as
the control is turned on, both the lift and torque coefficients are quickly suppressed and
gradually converge to individual stable states, and the amplitude of the flap deflection
angle also gradually converges to the equilibrium position. Figure 27 shows the pressure
coefficient, flow field cloud diagram and flap deflection angle after control. It can be seen
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Figure 25. Power spectrum analysis results of torque coefficient response with and without GPC at
Ma=0.70 and o = 5.5°. f is the natural frequency of the uncontrolled unstable flow system.

that the final flap deflection angle is 0°, without continuous oscillation or static upward
deflection. Therefore, there is a fundamental difference between the control mechanism
GPC here and that of changing the equivalent angle of attack revealed in § 4.2.1.

This is because in the GPC architecture, in addition to the index J; that characterises
the output penalty, the indices J, and J3 that separately suppresses the amplitude and
increment of the flap deflection angle are also introduced. From the variation process
of these performance metric terms during the control process shown in figure 28, it
can be seen that in the initial stage of control, the overall performance metric is mainly
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Figure 26. The control process of GPC when Ma = 0.75, o« = 3.5°.
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Figure 27. Pressure coefficient, flow field cloud diagram and flap deflection angle after GPC when
Ma=0.75, a« =3.5°.

contributed by terms J; and J3. This is because the target output is time-averaged (g = 20),
which can effectively eliminate the excessive impact of the flap actuation and maintain the
stability of the control. Therefore, the proportion of the index J; in the overall performance
metric is relatively small. The index J3 has the highest proportion, which further indicates
that the introduction of this index plays an important role in achieving the control target.

The analysis indicates that GPC can effectively achieve satisfactory suppression of the
transonic buffet with the flow field eventually converging to an unstable steady solution
under different incoming flow conditions. This lays a strong foundation for adaptive control
under time-variant incoming flow conditions.
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Figure 28. The variation process of the three performance metric terms when Ma = 0.75, o = 3.5°.

5.3. Characteristics of the transonic buffet flow after control

From the existing results shown before, it can be concluded that if the control feedback
loop is always activated, the flap deflection will return to 0° and the buffet phenomenon
will not return even when the aerofoil is still in the buffet condition. This is because
the controller employed in our study targets regulating the instability of the flow system
through its pole, as shown in the derivation process of the control law guided by MVC in
§ 4.1. However, it is still not clear what will happen when the flap control is deactivated.
Taking the best ITV-ROM-based GPC for example, this section exhibits the influence of
the control switch time on the aerodynamic responses under the transonic buffet condition
of Ma=0.70, « =5.5°.

The control start time is ¢ =50, and the control off time is t = 145 after the flap
deflection returns to 0°. As figure 29 shows, it is obvious that when the flap control is
deactivated after achieving satisfactory control effect, the aerodynamic responses will re-
oscillate sequentially through the linear developing stage, transition stage, and eventually
converge to the nonlinear limit cycle stage. From the perspective of control, the transonic
buffet flow system is further validated to be a typical global instability problem, consistent
with the linear stability analysis results of Crouch et al. (2009). Meanwhile, it can be
concluded that the feedback loop is the key element that ensures the control effectiveness,
and the accuracy of the response prediction is the important foundation, indicating that the
development of ITV-ROM with high accuracy is quite essential in this study.

6. Results of adaptive control under time-variant flow conditions

The effectiveness of this method in controlling the transonic buffet under given states has
been verified in previous sections. However, its effectiveness under time-variant incoming
flow conditions remains unknown. Therefore, in this section, further research on adaptive
control under such conditions is conducted. When the incoming flow state changes, the
controller must accurately predict and track the variations in flow response characteristics,
and also adjust the control law of the trailing-edge flap in real time to achieve the desired
control effect. Since GPC based on the ITV-ROM performed better in previous studies, it
is further utilised for control research under time-variant conditions.

Table 5 briefly shows the form of the designed time-variant conditions. Active case
I (AC-I) and Active case II (AC-II) demonstrate the variation of the angle of attack of
the incoming flow over time when Ma = (.70, the ranges of which are o =5.0° ~5.5°
and o =4.0° ~ 6.5°, respectively. Active case III (AC-III) illustrates a scenario where the
incoming Mach number and angle of attack vary simultaneously.
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Case Time-varying variables Change modes of the variables
Active case I (AC-I) o Three stages: step; linear; sine
Active case II (AC-II) a Two stage: sine; sine
Active case III (AC-III) Ma and o One stage: sine

Table 5. Examples under time-variant incoming flow conditions.
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Figure 29. The lift coefficient response before and after the feedback loop turns off when Ma = 0.70,
o =5.5°. Cimean 1s the time-averaged C;.

6.1. AC-1

As shown in figure 30(a), the variation process of the angle of attack in this example
includes a step process, a linear descent process and a sine rise process. According to
figure 3, it can be seen that at a Mach number of 0.7, the buffet-onset boundary is 4.8°.
Therefore, during the continuous change of the angle of attack, the buffet pulsation load
always exists, as shown by the black lines of figure 30. The lift and torque coefficients have
different amplitude and mean values of buffet at different angles of attack.

The flap control starts at = 150. The red lines in figure 30 illustrate the change trends of
the lift coefficient, torque coefficient and flap deflection angle during the control process.
It is evident that the control law designed using the GPC method can effectively suppress
the transonic buffet under varying angles of attack. During the step change stage (region
I shown in figure 30) of the angle of attack, there is a significant flap deflection angle
initially due to the sudden change in the lift coefficient. Surprisingly, only approximately
three cycles are required to mitigate the lift coefficient pulsation induced by the buffet
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Figure 30. The change trends of the lift and torque coefficients and flap deflection angle during the control
process under the condition of AC-I: Ma =0.70, « =5.0° ~5.5°.

at the new angle of attack and the oscillation phenomenon after the lift coefficient’s
sudden drop from 0.575 to 0.553, with the flap deflection angle ultimately returning
to 0°. In the linear decrease and sine rise stages (regions II and III shown in figure 30),
the continuous variation of the angle of attack does not cause a sudden change in the
lift coefficient. Therefore, when control is turned on, the deflection amplitude of the flap
is very small, enabling a smooth transition of the flow field between different angles of
attack, without significant fluctuations in the lift and torque coefficients. This control
process demonstrates that the GPC method developed in this article can achieve adaptive
transonic buffet control by identifying the model parameters of the complex flow system
online and adjusting the controller output in response to any changes in the angle of attack
of the incoming flow.

6.2. AC-II

The AC-II example is designed to further examine the ITV-ROM-based adaptive control
effect when crossing the transonic buffet stage, as shown in figure 31(a). The Mach number
Ma still remains constant at 0.70, while the angle of attack « increases from 4.0° below
the buffet-onset boundary to 6.5° above the buffet-offset boundary. The buffet region is

1022 A32-38


https://doi.org/10.1017/jfm.2025.10755

https://doi.org/10.1017/jfm.2025.10755 Published online by Cambridge University Press

Journal of Fluid Mechanics

(a)

~

Variant condition : Buffet region

Control time

(=)}
T

No control

a(deg.)

I i i\% v

0 200 400 600 800 1000

R I

200 400 600 800 1000

0 200 400 600 800 1000

0 200 400 600 800 1000
t

Figure 31. The change trends of the lift and torque coefficients and flap deflection angle during the control
process under the condition of AC-1I: Ma =0.70, @ =4.0° ~ 6.5°.

clarified by the arrow between the two black dashed lines, and the blue area shows the
angle changing stage.

The flap control starts at # = 80. As the red lines reflecting the aerodynamic responses’
history illustrate, after GPC is turned on, there is no obvious oscillation of these responses
over time. It can be concluded that GPC successfully suppresses the oscillating tendency
of the response as the flow system becomes unstable when the incoming flow condition
changes. Figure 32 shows the frequency analyses of the lift coefficient response and the
flap control law under the time-variant condition of AC-II. The dominant frequencies of
them are almost the same as the intrinsic frequency of the transonic buffet flow when
Ma=0.70, o =5.5°. The smoothness of the response history is also satisfactory,
indicating a great potential of ITV-ROM-based GPC in engineering applications.

Figure 33 further shows the mean pressure fields and the root-mean-squared error
(RMSE) of the pressure field over typical stages shown in figure 31. As it illustrates, the
edges of the shock wave are always clearer and the oscillation range of the shock wave is
much smaller under the feedback control than without control during the whole condition
changing stage. Therefore, it can be concluded that ITV-ROM-based GPC demonstrates
excellent ability to weaken separation and stabilise the position of the shock wave, thereby
ensuring the effectiveness of control during the transonic stage where the flow’s unsteady
characteristics are complex and highly sensitive to changes in the incoming flow state.
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Figure 32. Frequency analyses of the lift coefficient response under control and the flap control law. fc, and
fp are the frequencies of the lift coefficient response and flap control law, respectively.
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Figure 33. Mean pressure fields and RMSE of the flow fields under different stages of the condition of AC-II.
C pmean represents the mean pressure field, and C eqn is the root-mean-squared error of the pressure field.

6.3. AC-1II

In this example, the incoming Mach number and angle of attack change simultaneously, as
shown in figure 34(a). The Mach number Ma increases from 0.70 to 0.78, and the angle of
attack o decreases from 5.5° to 2.3°. Both these variants occur within the transonic buffet
region shown in figure 3. Therefore, during the continuous variation of the incoming flow
state, the pulsation loads caused by transonic buffet phenomenon always exist. As shown
in figure 34, the lift and torque coefficients also have different fluctuating amplitudes and
mean values under different incoming flow states.

The flap control starts at # = 100. The red lines in figure 34 also illustrate the change
trends of the lift coefficient, torque coefficient and flap deflection angle during the control
process. The GPC still shows a satisfactory performance in suppressing the transonic
buffet with the simultaneous change of the two parameters of the incoming flow condition.
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Figure 34. The change trends of the lift and torque coefficients and flap deflection angle during the control
process under the condition of AC-III: Ma =0.70 ~0.78, « =5.5° ~2.3°.

Even the flap deflection angle remains small and exhibits little fluctuation during the
control process and converges automatically to 0° in the end. During this process, the lift
coefficient has decreased from 0.553 to 0.187 and the torque coefficient also experiences a
change from —0.016 to 0.012. The control time #.,,:,; 1S quite short, occupying five cycles
on average for overall suppression.

Until now, all the control processes indicate that even if the incoming flow state changes,
the control law guided by the proposed method can still guide satisfactory adaptive control
law design and achieve control targets without changing the effective angle of attack of
the aerofoil at the end of control. The controller acts timely during the condition changing
stage and the control time after the condition changing tendency ends usually lasts for
less than 3 cycles before the stabilisation of the aerodynamic responses and 10 cycles
before the flap completely returns to its original stage. During the actuation of the flap, the
aerodynamic response of the flow system remains satisfactory in terms of smoothness and
stability, especially in the example AC-II. Meanwhile, the acting frequency of the control
device is almost the same as the natural frequencies of the transonic buffet at different
conditions, which is approximately 18-20 Hz in reality within the maximum actuation
frequency of the flight servos of large aircrafts, and the deflection amplitude of the trailing-
edge flap does not exceed 3°, which is a relatively small deflection compared with those
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required for manoeuvre flight. Thus, it can be concluded that the range and rate of change
of B is feasible under practical conditions considering the physical constraints of an actual
flap.

7. Conclusions

Faced with the challenges posed by time-variant incoming flow conditions in controlling
the flow systems sensitive to these external changes, this paper focuses on developing an
effective adaptive control approach which combines simple self-tuning control methods
with ROMs capable of tracking characteristic changes in the flow system. At first, this
paper proposes an ITV-ROM method based on traditional system identification methods,
enabling the flow model to reflect alternations in flow features. Subsequently, two different
types of self-tuning control methods (MVC and GPC) are employed to further achieve
adaptive control using the established ITV-ROM. The CFD simulation results have
demonstrated the impressive effectiveness and robustness under various time-variant
incoming flow conditions.

The optimal MVC requires obtaining the unstable steady solution of transonic buffet
in advance to provide the target output of the control system. However, because of the
lack of constraint on the control input, the deflection angle of the trailing-edge flap may
not necessarily converge to zero-input state. This means that although MVC theoretically
possesses the capacity to fully stabilising the self-excited oscillation of a shock wave, it
often fails to maintain the original geometry of the aerofoil and results in a new steady
flow with a modified shape. In contrast, GPC can overcome the disadvantage of lacking
constraints on control input, achieve multi-step prediction to increase the control efficiency
and reduce reliance on the unstable steady solution which is quite hard to obtain. The latter
approach can effectively suppress transonic buffet and demonstrate good robustness under
different time-variant incoming flow conditions.

When further analysing the control mechanism, this paper discovers that better control
performance is achieved with a proper combination of time-averaged lift response and
constraints on the control input into the performance metrics. Choosing the target lift
coefficient over a certain time period is crucial for obtaining an appropriate time-averaged
solution. Moreover, MVC can be viewed as a single-target control method, whereas GPC
functions as a multi-target control method. This paper also reveals that when MVC is
applied to suppressing the transonic buffet, the ultimate fluctuating frequency of the lift
response aligns with the flap’s deflection frequency, similar to the optimal open-loop
control frequency identified by the work of Gao et al. (2017). And for GPC, the weight
matrices are quite important in the efficiency of the designed control law. Given that the
parameters are selected appropriately, this control design method can be readily applied
to achieve adaptive control under time-variant incoming flow conditions, even possessing
the ability to rapidly adapt to sudden changes in inflow conditions and ensuring that the
flap deflection angle always converges to around 0°.

Furthermore, both the essences of the two adaptive controllers are to regulate the
unstable eigenvalues of the transonic buffet flow system, thus ensuring that the shock wave
buffet phenomenon will not reoccur after control ends and the deflection of flap returns
to 0°. This, in turn, further validates that transonic buffet flow is a global instability system,
which is consistent with the works of Crouch et al. (2009), Gao & Zhang (2020), Iwatani
et al. (2023).

In conclusion, this article verifies mainly the modelling accuracy of the single-input
single-output transonic buffet flow system based on the ITV-ROM method and designs
adaptive controllers with single feedback signal input and single control output. However,
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Mesh Gl G2 G3 G4
Aerofoil surface nodes 120 180 400 600
Mesh nodes 8568 9624 25361 43004
Amplitude of C; 0.090 0.100 0.110 0.110
Amplitude of Cy, 0.020 0.024 0.024 0.024
Strouhal frequency St 0.0583 0.0576 0.0573 0.0573

Table 6. Dependence of the results on different meshes differing by their spatial resolution.

the ARX model architecture is also applicable to multi-input multi-output systems, so the
proposed method has the potential to be extended to a multi-feedback adaptive control
based on multi-input multi-output ITV-ROMs. Meanwhile, due to the significantly lower
orders of ITV-ROMs compared with the same precision TI-ROMs, it is foreseeable that as
the input and output data dimensions increase, the modelling efficiency will be improved
dramatically by ITV-ROMs. Moreover, this article neglected the impact of system delay,
feedback delay, and noise on modelling accuracy and control design, nor did it delve into
the trade-off between the model order, model accuracy and storage usage. Therefore,
further research should be conducted on these aspects to apply the method to more
complex flow systems and solve their corresponding modelling and control challenges.
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Appendix A. Validation of numerical methods

This appendix supplements the validation of the transonic shock buffet numerical
simulation methods.

A.l. Validation of mesh and time-step convergence

To assess the convergence in numerical computation meshes, the transonic buffet flow at
Ma=0.7, Re=3 x 106, o = 5.0° was computed using four different meshes: G1, G2, G3
and G4, each varying in spatial resolution. All results presented in this study are based on
the G3 mesh, shown in figure 2. Detailed results are provided in table 6, showing nodal data
for all meshes and the amplitude of aerodynamic forces, with nearly all values converging
to within the third decimal place. Comparing G3 and G4, their results are nearly identical,
yet the computational time required for G3 is less. Therefore, in this research, the G3 mesh
is chosen to strike a balance between efficiency and accuracy.

For examining the temporal convergence in transonic shock buffet simulations,
computations were conducted using non-dimensional computational time steps df ranging
from 0.02 to 1. Table 7 presents the aerodynamic forces and Strouhal frequencies using the
G3 mesh. As the time step increases to 1.0 or higher, the CFD solver fails to capture the
buffet phenomenon. Convergence of results is observed with decreasing time steps, with
a non-dimensional time step no larger than 0.1 (corresponding to a physical time step of
2.94 x 10~* s) deemed sufficient for the current simulations.
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Non-dimensional d# (1) 0.7 0.5 0.1 0.02
Physical dt,eq (s) 2.06 x 1073 1.47 x 1073 2.94 x 1074 5.89 x 107
Time-averaged C; 0.540 0.574 0.576 0.577
Amplitude of C; 0.090 0.108 0.110 0.110
Time-averaged C), 0.146 0.154 0.156 0.156
Amplitude of Cy, 0.012 0.024 0.024 0.024
Strouhal frequency St 0.0509 0.0567 0.0573 0.0573

Table 7. Comparison of results at different time steps.

Turbulence models Numerical schemes o AC St

SA ROE 3.5° 0.90-1.08 0.0684

CFD AUSM 3.5° 0.88-1.10 0.0668
AUSM 3.7° 0.86-1.12 0.0700

SST ROE 3.5° 0.90-1.14 0.0844

AUSM 3.5° 0.93-1.14 0.0914

AUSM 3.7° 0.91-1.16 0.0910

Exp. — 3.5° — 0.0668

Table 8. The amplitude and frequency of lift coefficient in buffeting flow under different combinations of
turbulence models and numerical schemes, compare with experimental results (Exp.).

A.2. Validation of numerical simulation and experimental results

This subsection provides a more detailed validation of numerical simulations and
experimental results. Jacquin et al. (2009) employed an OAT15A supercritical aerofoil
as an experimental model at Ma=0.73, Re =3 X 10%, @ = 3.5°, yielding extensive
experimental data, particularly on buffet loads. Consequently, the simulation results of
this aerofoil are applied to assess the CFD solver’s accuracy in predicting buffet loads’®
efficiency.

Firstly, we conduct a sensitivity study of the turbulence model and numerical schemes.
The far-field boundary is located 30 chord lengths away, with the first cell height of the
boundary layer set at 5 x 107%c, and a non-dimensional wall distance of y* ~ 1. The
mesh comprises 37 145 cells, and the physical time step for unsteady calculations is
2 x 10™*s. Table 8 compares the amplitude and frequency of the buffet lift coefficient
response under different combinations of turbulence models and numerical schemes, with
calculation conditions set to those of the work of Jacquin et al. (2009). The comparison
reveals that the turbulence model significantly influences the calculation results, whereas
the impact of numerical schemes is relatively minor. The Shear-Stress Transport (SST)
k—w model predicts higher buffet loads and frequencies, consistent with findings in the
literature. Compared with experimental results, the buffet frequency calculated using the
SA turbulence model better matches the experimental data. Therefore, for this aerofoil
buffet case, we employ the S-A turbulence model and AUSM spatial discretisation scheme
in subsequent calculations.

Figure 35 shows the root-mean-square (RMS) values of pressure fluctuations on the
upper surface of the profile, normalised by the free-stream dynamic pressure Qg. Wall
pressure fluctuations arise due to unsteady separated flow, with peaks associated with
shock motion. In the present calculation, the predicted peak at o = 3.5° is slightly lower
than the experimental one, whereas the calculated peak at o =3.7° indicates better
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Figure 35. Influence of the incidence on the chord wise distribution of the surface pressure RMS.
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Figure 36. Schematic map of phases in one period of the shock motion.

agreement. The result simulated by Deck (2005) using Zonal-DES at o = 3.5° shows a
higher peak. That is, loads predicted by the SA turbulence model are slightly smaller
than those of the experiment. In the experiment of Jacquin et al. (2009), the model had
a blunt trailing edge, whereas it was sharp in Deck’s calculation (Deck 2005). In current
simulations, both models are adopted and they share nearly consistent results. Results
provided in this paper are based on the sharp model.

Velocity phase average profiles measured at 60 % chord are presented in the study of
Jacquin et al. (2009). These profiles show that buffet leads to the periodic separation of
the boundary layer and the periodic shock motion. A schematic map of the phases is shown
in figure 36. Phase 1 is when the shock is in the upstream location. Figure 37 displays the
velocity contours and the velocity profiles at different phases in the upper-surface location
of x/c = 0.6, where y; is the coordinate of the upper surface. In those computations, the
boundary layer is attached at phase 5 (figure 37b), and the separation occurs at phase 9
(figure 37¢). In the given four phases, velocity profiles of experiments agree well with
those of calculations.

Appendix B. Influence of huge control impact

Figure 38 demonstrates the control effect when an unstable steady solution is directly
set as the target output, with the control activated around ¢ = 50.5. It is observable that,
owing to the absence of necessary constraints on the controller output amplitude in the
performance metric, a considerable impact occurs at the onset of control. Specifically, the
flap deflects upwards to around 20°, and the lift coefficient surpasses twice the amplitude
of the buffet load. Under such significant flap deflection, the deformation capacity of the
dynamic mesh method is exceeded, resulting in the failure of the computational simulation.
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Figure 37. Non-dimensional velocity profiles of four phases in one period at x /¢ = 0.6, Ma = 0.73,
Re=3x 10°, a =3.7°.
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Figure 38. Control effect with unstable steady solution as the target output.

From the control performance metric in (4.8), it can be seen that the huge impact of
the control system is attributed primarily to a significant difference between the system’s
output at the start of control and the target output. Technically, there exist various methods
to mitigate this difference and, consequently, reduce the impact on the flow system. These
include limiting the amplitude of the flap deflection angle (often used in experiments),
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selecting the optimal time to initiate control when the difference from the target output
is minimal, and implementing linear softening treatment on the target output (a technique
often employed in simulations).
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