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SUMMARY

In this paper the minimum cost trajectory planning
problem with fixed time in robot manipulators is
considered. The task is solved by transforming the
problem to a set of free right-end time optimal problems,
leading to a suboptimal solution. Each problem of the
optimal cost trajectory planning with a free time is
effectively solved by the method of minimal neighbour-
hood. An algorithm for the task of suboptimal cost
trajectory planning with fixed time is presented and
applied to the model of a PUMA-like robot. Results of
the paper seem to be of particular relevance to the
optimization of multi-robot systems.
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1. INTRODUCTION

The aim of modern manufacturing is to produce high
quality goods fast and cheap. The high quality of
robot-made goods is usually guaranteed by repeatability
of robot motions, while fast and cheap production
requirements are satisfied by applying some optimization
techniques using a performance index defined appropri-
ately. The usefulness of robots is increased when robots
collaborate with each other in a production line.
Unfortunately, there is a gap in robotic literature
concerned with problems appearing at the border line
between single-robot and multi-robot systems. Optimal
tasks for one robot have been stated and solved: For a
prescribed path the robot has to follow, and the
minimum time criterion,'™ for a prescribed path, and the
minimum cost criterion,”® for prescribed both the path
and the time while minimizing cost.” On the other hand,
techniques worked out by operation research theory are
applicable to multi-robot systems only when elementary
tasks are equipped with some number characteristics
(e.g. time of operation completing, energy spending etc.).
The gap, mentioned above, relies upon inconsistency of
output data generated by one-robot problems with input
data for optimizing techniques of multi-robot systems.
Tasks for one robot are usually formulated without
imposing any condition on time (with free right-end
time) of their completion, while data for multi-robot
optimizing methods need to be more time-flexible, i.e.
they should allow for conditions like end-time pre-
scribed, interval prescribed, etc.). As an example of the
inconsistency let us consider a two-robot system when
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tasks for both of the robots are planned independently
although optimally, according to a criterion common to
each robot and time free. If prescribed times of
performed tasks differ significantly and a rest value of the
criterion for the robot (i.e. value of the criterion spent on
taking the robot at rest) which first finishes its motion is
big, the resulting solution is usually far from optimal for
the pair of robots. The aim of this paper is to fill partially
the gap. We will achieve it by considering a suboptimal
cost trajectory planning task with the time fixed. Some
comments will be made on the case while conditions
imposed on time are not as strict as in the case under
consideration, raising the task with free right-end time.

To our knowledge the cost-optimal fixed time
trajectory planning task along prescribed paths has been
dealt with in robotic literature only in reference 9 by
applying Bellman’s dynamical programming (DP) in an
explicit time-dependent space.

However, the approach presented above has few
serious drawbacks. They are as follows: 1. admissibility
of controls is checked only in discrete-time locations;
2. the velocity g is approximated in a rather rough
manner; 3. a regular division of the time axis may lead to
an unregular distribution of points along a prescribed
path. Hence, in the latter case coefficients of the
dynamics may differ significantly over step-time interval
leading to the model inaccuracy. In this paper we
propose an approach free from the drawbacks.

Our task can be formulated in terms of the
Pontriagin’s maximum principle as well. However, the
inefficiency of the classical Pontriagin’s approach is
caused by the highly coupled and nonlinear robot
dynamics. Still, a couple of years ago the only effective
method for solving the minimum cost trajectory planning
with free right-end time was DP applied in a space that
explicitly did not depend on time.” There to apply DP
the problem has been transformed into the phase-plane
(s, w) where s is a parameter describing a path to follow
and u its time derivative, after discretizing the
phase-plane the solution is obtained in the well known
way. Recently, new methods based on the discretized
phase-plane technique have been introduced’® in order
to obtain the solution more effectively than in the DP
case. They are, in a chronological order, a method based
on the graph-searching technique,” and the most effective
up to now — the method of minimal neighbourhood.® It
should be noticed that the minimum cost trajectory
planning tasks with time fixed are much more involved
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than with right-end free time. The reason lies in
difficulties with introducing a fixed time condition into
DP method applied to the phase-plane. The same
problem is faced when two other new methods,
mentioned above, are employed in the phase-plane
framework. The standard approach in optimization
techniques and in the calculus of variations'® when an
inconvenient integral condition appears is to plug the
function under this integral premultiplied by a Lagrange
multiplier into the criterion function for the task
considered. Then, we solve a set of elementary tasks with
the Lagrange multiplier varied, without the inconvenient
condition and the modified criterion function, until the
multiplier reaches such a value which allows to satisfy the
inconvenient condition. Obviously, the approach is as
effective as a method solving the elementary task (when
the Lagrange multiplier is fixed). The main achievement
of this paper is to show that the method of minimal
neighbourhood® is a really good tool in solving the
fixed-time task. Especially, that its efficiency is tightly
related to an initial guess of a trajectory optimized in an
iterative process. In solving the fixed-time task when two
successive free-time tasks are to be solved with the
Lagrange multiplier modified slightly the resulting
trajectory of the first task can serve as a very good initial
trajectory for the second task.

Moreover, the method of minimal neighbourhood is
also useful in a cost optimal task with the time of its
completion not so strictly defined as in the fixed-time
case and in the task of optimizing a motion of a
two-robot system.

This paper is organized as follows: In Section 2 the
trajectory planning task with fixed time is formulated in
terms of the phase-plane and the problem transformation
is discussed. Section 3 is devoted to an algorithm solving
the task and to a classification of solution types. Section 4
contains two tasks carried out on the computer model of
a PUMA-like robot, exemplifying the main solution
types. Section 5 presents applications of the developed
algorithm. The paper is concluded with Section 6.

2. MINIMUM COST TRAJECTORY PLANNING
WITH FIXED TIME IN THE DISCRETIZED
PHASE-PLANE: TASK FORMULATIONS

The trajectory planning problem amounts to finding the
time history of robot joint positions, velocities and
accelerations. When the path to be followed is prescribed
and the transformation from external, Cartesian space,
where usually motion tasks are formulated, to internal,
joint space, is unique, only the time parameterization of
the path is looked for. We assume that the path is
described by a set of n functions smooth enough to
comply with conditions imposed further on:

q(S) = (QI(S) | i=1--- n)T) RS [O’ sﬁn]a (1)

where s denotes a scalar (the arc length along the path in
our case) parameterizing the desired path and n is the
number of DOF. The initial and the final configurations
are achieved, respectively, at s =0 and s =s3,. Time
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derivatives of the joint variables can be expressed as
follows:

i%_ . dq;(s) . @_ dqi(s) .

a s ar das M

5 5 2
aq;_ . _da(s) . da() -

a2 I gy Mg B

where pu =$ can be treated as the velocity measured
dq;

along derivatives and

2 .

the path. When the

My(q)d; + Cju(@)didi + Ryd; + Glq) =w; | i=1, ..., n,
3)
can be transformed, by plugging (1) and (2) into (3), to

the form:>
.

i=p |i=1,...,n
2 .
(S) i+ M,
dg; d 4
< +Clk() ql qu 2 ()
s
da:
+Ri]--i-u+Gi(s)=u,
ds

where: u; is the torque/force applied at the i-th joint; M
is the inertia matrix, Cy; is the Coriolis and centrifugal
force array, R; is the matrix representing viscous friction,
G; is the gravitational force. For equations (3), (4) the
Einstein summation convention is used, and dummy
indices run from 1 to n. By grouping terms in the
equations (4) the model of dynamics in the phase-plane
is described by the formula:

u;= M) + Qi(s)pw> + Ri(s)p + G(s) |[i=1,...,n
®)
The performance index evaluating the cost of motion will
be assumed in the form:

Ju(-)) = LTL(q, g, u)de, with T fixed,  (6)

while a feasibility condition on controls is given by the
formula:

uekE(q q)=EG, p). ™)
Taking into account the formula for the current time:
t(s) = f 751@ ®)
n(©)

and after plugging (1), (2) and (5) into (6) the
performance index expressed in phase-plane terms is as
follows:

S = [ LG s, o dutds) s 9)
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with an equality condition imposed on the right-end
time:

Stfin 1
T :J —ds. (10)
0o M

Assuming that the robot begins and ends its motion at
rest:

4(0)=4(T)=0 = n(0) = p(su) =0 (11)

the task with fixed right-end time can be formulated as
follows:

Task (*) Find a trajectory in the phase-plane which
follows the prescribed path given by Eq. (1) and
minimizes the functional (9) while conditions (4), (7),
(10), (11) are met.

When a trajectory solving the Task (*) is found, all
quantities depending on the parameter s can be easily
expressed as functions of time according to formula (8).
Although the task has only 2 independent variables
(s, ), it is usually still too difficult to be solved. So, the
phase-plane is covered by a (As, Aw) grid and a model of
motion between two points (called later nodes) of the
grid is also assumed to ease the task. The assumption we
impose here following® is the constancy of the
pseudo-acceleration (g) on each interval [sy, s;.1]- It is
known that in this case the pseudo-veloxity is described
by the formula:’

/(Skﬂ —5)- Mi"’ (s +55) - I-Li+1

w(s)= \/ (Sk+1 = 5%)

(12)

where w, denotes w(s;) and w1 = w(Sk+1), and the
controls are as follows:

/-Li+1 - Mi
2(Sk+] - Sk)

for s € [sk, Spa1]- (13)

with Q, R, M, G defined by (4), (5). This assumption has
not been made by chance. It makes checking the
feasibility condition on controls particularly easy because
of the simple, quadratic dependence of u on .

After discretizing, the Task (*) should be reformu-
lated. Let us observe that the discretization has moved
the domain of sought for solutions (functions #(s)) from
the space of strictly monotonic functions on the interval
[0, 54n] to the finite space of all sequences (s, ;) |i=
0, ..., m where m is the number of intervals into which
the parameter s is divided, and all u, are bounded. This
implies that Eq. (10) may not be satisfied, so the
condition (10) has to be weakened to ensure the solution
existence. The solution will be acceptable if the motion
times obtained and prescribed differ by less than a
prescribed value. Now we are in a position to state a
Task (**) in the discrete phase-plane terms.

u(s)=Qu*is)+Ru(s)+G+M -

Task (**) Find a sequence of nodes (fully determining
the trajectory) in the phase-plane which follows the
prescribed path given by Eq. (1) and minimizes the
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functional (9) while conditions (4), (7), (11) are met
along with

Stin 1
~ds — T‘ <e (14)
o M

with a prescribed € > 0. The value of € should be selected
according to the As, Au values. The rule is: the finer the
grid, the smaller e.

To solve the Task (**) the inconvenient condition (14)
must be restated in such a way that DP-like methods on
the phase-plane would be applicable. The idea we
propose relies upon replacing the criterion function by
another Lagrange multiplier dependent function, solving
the Task (**) without condition (14) in terms of the
multiplier and choosing such its value that realizes the
robot motion in the prescribed time. The methodology
just presented will be called later on the time-matching.

The criterion function in the phase-plane terms
described by Eq. (9) is now replaced by a new
parameter-dependent'® criterion function to take into
consideration the integral condition (10):

Lu(-)) = fﬁn <)\ -l—l— L(s, w, u(s, w, d,u/ds))) ds, (15)
0 I

where A is a parameter (a Lagrange multiplier) to be
determined. It may vary but there exists such a A = A*
(unless T is shorter than the minimal time used to follow
the path) which satisfies the condition:

Sin ]
‘[_()st -T|= |T()\*) -T|<e. (16)

A Task (***) we are going to solve later on is as follows:

Task (***) Find a sequence of nodes in the phase-plane
and a value of A*, where the prescribed path given by
Eq. (1) is followed, minimizing the functional (15) while
conditions (4), (7), (11), (14) are met.

As the solution we treat the sequence of nodes, the A*
value and A*-independent part of the functional (15):

T = [ EGs, oy ds = Tootu(-) - f"“i‘d&

p(s)

(17)

Having formulated the Task (***), we are going to
investigate its solution quality compared with that of the
Task (**). It is obvious that the solution of the Task
(***) cannot be better than that of the Task (**),
because a trajectory generated by the Task (***) is
among trajectories satisfying necessary condition (14),
whereas the best trajectory (in the sense of criterion (9))
is just the solution of the Task (**). Nevertheless, we
expect that the solution of the Task (***) is suboptimal,
i.e. a trajectory generated by solving the Task (***) will
produce a value of performance index (9) less than for a
majority of trajectories satisfying condition (14).
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Arguments supporting such an expectation are as

follows:

* the method based on the analogue of the Lagrange
multiplier technique'® guarantees at least a locally
optimal solution when a regularity condition is met

G _daG
o dsou’

(18)

where G(s, u, ' =dp/ds) is an under-integral func-
tion in an integral-type constraint. In our case

1

G(s, u, p')y=— (cf. Eq. (10)) and the regularity
M

condition (18) holds besides boundary points,

e if the prescribed time 7T is realized by only one
trajectory (eg. min-time), the sub-optimal solution is
optimal as well;

 if the prescribed time is close to the time realizing
minimum cost trajectory planning with free time, the
suboptimal and optimal solution are the same, because
in this case the value of A approaches zero.

e the approach eliminates trajectories which satisfy
condition (14) and exhibit abrupt changes in the
phase-plane. The elimination takes place with regard

to the cost spent on jumps (cf. formulae g =
9w and (5), 9)):

ds

Now a rough description of core steps of an algorithm
solving the Task (***) can be given. The algorithm relies
on generating purposefully a sequence of A until the
condition (14) is met (in the case A=A*). More
precisely, an interval for A containing A* is established
and each next probe value of A shrinks the interval
keeping A* in its interior. It is easy to observe that the
iterative process needs an effective method for solving
the cost optimal task with free time (the right-end time in
the Task (***) is used only for checking if the solution is
admissible). Fortunately, the method of minimal
neighbourhood satisfies the requirement. Below, the
main features of the method are presented while details
have been given in reference 8. The method works in the
discretized phase-plane and relies upon an admissible
trajectory neighbouring, solving the task in the
neighbourhood by the dynamical programming and
modifying the neighbourhood. Two last steps are applied
repeatedly until the stop condition is not satisfied, i.e. the
resulting trajectory for the current iteration does not
touch the border of the neighbourhood for the iteration.
Efficiency of the method depends on some number,
called the rank,® which controls the size of the area
considered in the current iteration, and the distance (the
area in the phase plane) between the initial and the
resulting trajectories. In our case the second property is
particularly important. During the iterative process of
generating A, when two subsequent values of A differ
slightly, the resulting trajectory for a given A can be used
as the initial one for the next task speeding-up the
computation. Numerical examples presented in Section 4
are in favour of this observation. In the next section
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details of the algorithm for the Task (***) will be
presented and a classification of solution types proposed.

3. AN ALGORITHM OF SUBOPTIMAL COST
TRAJECTORY PLANNING WITH FIXED TIME
A sketch of the algorithm of solving the Task (*#*) has
been given in the previous section. Now we will make it
more specific and then describe the steps of the
algorithm in detail. It is obvious that the solution type is
greatly influenced by the value of the prescribed time of
motion (T). Below several particular cases are
distinguished with respect to T varying from 0 to infinity.
These cases are as follows:
(i) 0=T =T, there is no solution; here 7, denotes the
time for the minimum time trajectory planning.
(i) T, =T =T, the robot does not stop, solution at the
phase-plane lies somewhere between the minimum time
and the minimum cost with no condition imposed on
time; here 7. denotes the time for the minimum cost
trajectory planning with free right-end time.
(iii) 7.=T =T, the robot may stop at a suitable location
along the path; here T}, denotes the maximum admissible
time for performing the task without robot stopping
anywhere. For the (As, Ap) grid the time is obtained
from formulae (10), (12) while the trajectory consists of
nodes: {(i-As,Ap),i=1,...,m—1}U{(0,0), (s,,, 0)}
where m is the number of intervals into which the
[0, sgn = s,,] has been divided.
(iv) T,; <T the robot has to stop at a suitable location on
the path;
(v) T, < T the robot has to stop at a location on the
path where the rest value of the criterion is minimal.
Now we must explain what it means that the robot
stops at some specific locations. According to formula (5)
evaluated for u = g = 0 with each discrete location into
which the path was divided with step As, there can be
associated a rest value of the criterion J..(s), i.e. the
value of the function under integral (9) computed for
w=p=0 and u(s)=G(s) (cf. Eq. (13)). Now, if
T — =, the robot has to stop temporarily at the location
(s =8) where the rest value is minimal and remain there
to minimize the criterion. The robot rests there over a
period of T — T units of time, where T denotes the time
needed to move from the initial to the final location
stopping at the rest location with 0 rest time while
optimizing (9), obviously 7= T.. The cost spent on the
mentioned motion will be denoted as J. If the location is
not uniquely determined and one from among the
locations which leads to the minimum rest cost
corresponds to s =0 or s = sy,, it is easy to deduce that
the robot will rest for T — 7. units of time at the
boundary location. Otherwise, all candidates for the rest
location should be evaluated with respect to J, and the
best, with minimum J, should be chosen. Generally, if
T refers to the cases marked as (iii) and (iv), the robot
may stop in another suitable location different than the
boundary and the minimum rest-cost location. The
situation, however, is not of great importance, so we
assume that the only locations at which the robot is
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allowed to rest are the location of minimum rest value of
the criterion or the boundary locations. Before the
presentation of the algorithm steps solving the Task
(***) we will introduce a shorthand notation for the
input and results for one step of the Task (***).

(A, J(A), T())) denotes that the task of minimizing the
criterion (15) along the prescribed path (1), with
conditions (11), (7) satisfied has been solved with
parameter A whose results are as follows: J(A) — the
A-independent part of the criterion described by Eq. (17)
and T'(A) — the time of the task performance.

The algorithm for solving the Task (***) runs through
the following sequence of steps:

Step 1. Read the initial data 7, e.

Step 2. Solve the minimum time task (o, J, < J(%),

T,E T (=)
Step 3. if 7,> T then report Case (i) and STOP

Step 4. if T — 71, <e then report the minimum time
solution and STOP

Step 5. Solve (0,7, <" 1(0), T. < T(0))

Step 6. if |7 — 71| <e then report the minimum cost
solution and STOP

Step 7. if T <T. then solve tasks (A, J(A), T(1)) with A
varied and STOP

Step 8. Determine 7, as the time of the slowest
admissible trajectory and §, J, T, J.(§) in the way
mentioned above.

Step 9. if T,,<T then solve tasks (A, J(A), T(A)) with A
varied (the result is denoted as J,. = J(A*)) otherwise set
Jy==o and report the case that a robot has to be
stopped somewhere,

Step 10. The solution will be:

(T - Tc) *Jrest(O) + JC (#1)
J* =min (T - TL) - rejt(sﬁn) + {0 R (#2)
Jaop = (T = T)*Jes(8) +J (#3)
T (#4)
and STOP

In Step 7 and Step 9 there have appeared tasks with A
varied. They are solved by determining an interval to
which A* belongs and afterward shrinking the interval
accordingly. For Step 7 the boundary values of A are
determined as follows: Aygny =0 and Ay ax = A such that
T(A) <T, while for Step 9 Apax =0 and Ay = A such
that T(A)>T. The existence of A meeting the above
conditions is guaranteed, because T(»)<T and T(—
©)>T. When the interval has been established, the
shrinking is realized by dividing the interval into halves
or in the golden proportion and by choosing the
subinterval to which A* belongs. It is not advised to
assume that the time decreases linearly along the interval
[)\MIN7 /\MAX]-

The process of shrinking is finished when |7 (Ayyn) —
T|<e€ or [T(Ayax) — T| < e The third condition to stop

https://doi.org/10.1017/50263574797000647 Published online by Cambridge University Press

the process is Ayiax — Ammn < €, >0, even when the two
former stop conditions are not met. This case may
happen when sizes of the grid are too big or the value of
€ is too small. It is worth noting that an additional piece
of information we get while executing the algorithm is
the specific form of J* as mentioned in Step 10. So, some
predictions of resulting behaviour in the case of T getting
bigger can be made. For example, if any of forms #1,
#2, #3 appears, the cost will increase linearly.

At the end of this section we will make some
comments on the case when the prescribed time 7 is not
strictly determined. Although the function dependence
of J on T is not known, yet Properties a—d, given below,
hold:

a. Tmins costy

b- J(Tmin) ZJ(Tcost)a
C. V’Tl = ’TZ € [Tmin7 ’Tcosl] J(’Tl) ZJ(’TZ))
d. VT, € [Teow ] < T J(T) =J(T).

Properties a and b are obvious, two others need some
explanations. When time traverses an interval [T i, Teost]
the cost cannot increase because the Lagrange multiplier
A(>0) decreases and less cost consuming trajectory is
chosen as a result. On the other hand, when time
traverses an interval [T, ], the cost cannot decrease
because the Lagrange multiplier A(<0) forces a
trajectory to go through less promising areas, with
respect to the cost consumption, in the phase plane to
gain some time to satisfy the end-time fixed condition.

4 NUMERICAL EXAMPLES
Computer simulation tests have been carried out on the
model of a PUMA-like robot depicted in Figure 1 with
kinematic and dynamic parameters collected in Tables I
and II, respectively. Only the first three joints
(responsible for macro-motions) of the robot have been
considered. Closed form equations of the dynamics of
the robot have been presented in reference 12.
Constraints on controls: |u;| <40[Nm], |u,|=80[Nm],
|us) =< 10[Nm].

The aim of tests was to understand the dependence of

Fig. 1. Kinematic structure of the PUMA-like robot.
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Table I. Denavit-Hartenberg parameters of the
PUMA-like robot

Link q d; [m] a; [m] a; [rad]

1 var 0 0 —71/2
2 var 0 0.43 0
3 var 0.15 0.44 11/2

Table II. Dynamic parameters of the PUMA-like robot

Link m[kg] h[m] r[m] mass center

x[m] y[m] z[m]
1(Bodyl) 90 10 015 0 031  0.04
1(Body2) 40 03 0.1

2 20 072 015 -026 0 0.4
3 50 05 005 -03 0 0

J(u(-)) given by Eq. (17) on A, to exemplify the solution
types and to evaluate the computation spending for
selected values of 7. As a measure of the computation
spending the number of node-to-node transitions, being
the most time consuming operation, has been chosen.
For testing two straight line motions (Path 1, Path 2) in
the Cartesian space have been selected to exemplify
various cases formulated in Step 10 of the algorithm. For
the Path 2 the location of § is at the boundary of the
[0, s4,] interval, while for the Path 1, § lies somewhere in
the range.
The criterion is the minimum cost:

J(u(n)) = A 2,1 |, (0)] d. (19)

Sizes of the grid As, Au are constant and equal to sg,/32
and 50 [mm/s], respectively. The parameters used in the
stop conditions checking are as follows: € =0.05 [s],
€, = 0.05.

At first the functions: J(A), T(A), J(T), have been
determined. Their plots presented in Figures 2, 3, 4
satisfy Properties a—d formulated in Section 3.

The figures presented clearly confirm that the function
T(A) is not increasing. Another observation is that

cost
68

66
64
62
60

58

constant sizes of the grid can cause that the plot of T(A)
might not be smooth, so sizes of the grid should be
chosen carefully — much finer when w is small; for more
instructions concerned with the grid sizes see reference 6.

For the cost-optimal fixed-time task along Path 1 and
with T =1.22 [s] joint coordinates and controls have
been presented in Figures 5 and 6, respectively. Controls
at the beginning/the end of motion have relatively large
values in order to increase/decrease velocity along the
path from/to zero. Cost-optimal trajectory planning
forces to reach quickly a region in the phase-plane with
small cost spending.

Table III sums up representative results for specific
subtasks of the Task (***) (minimum-time task,
minimum cost task with free right-end time, etc.).

The meaning of most entries of Table III has been
defined previously; few new terms have the following
meaning: A, is the minimum value of A for which the
solution in the phase-plane looks like the minimum-time
one; Ay is the maximum value of A for which the solution
looks like the slowest one under condition that touching
s-axis except at boundary points is not allowed; Agwiicn,
Towitchs Jswiten — Values of A, T, J at which the type of
solution switches between various types: varying A (type
#4) and resting at the boundary point or at the location
where the rest criterion achieves minimum. Table IV
shows the computation spending (the number node-to-
node transitions) for selected tasks (in brackets the
following numbers appear: time prescribed, time
computed, value of criterion, value of A*, the number of
time-free tasks solved until the time-fixed task have been
completed). The tasks with right-end time free have been
solved by the method of minimal neighbourhood.® As
can be seen from Table IV approximately a dozen of
free-time tasks have to be solved to reach a result of a
fixed-time task. For comparison, the last row of Table IV
contains the computaton speending for only one
free-time task solved by the dynamical programming
method. The computation spending for the time-fixed
task (when the method of minimal neighbourhood® is
applied) is, even in the worst case, significantly less than
the computation spending for a single task solved by DP
method. All remarks made are not influenced by the type
of paths considered.

cost
138

137
136

135

0 20 40 60 lambda

134
-25 0 25 50 75 lambda

Fig. 2. A-independent part of the criterion, cf. formula (17), as a function of A.
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time time
1.6 .8
1.4 .7
1.2 .6
1 .5
0 20 40 60 lambda -25 0 25 50 75 lambda
Fig. 3. Dependence of T'(A) on A.
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Fig. 4. Minimum cost solution as a function of prescribed 7.
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Fig. 5. Fixed-time (7 =1.22[s]) cost-optimal trajectory plan-
ning along Path 1 — joint coordinates.
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Fig. 6. Fixed-time (7 =1.22[s]) cost-optimal trajectory plan-
ning along Path 1 - controls.
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Table III. Representative results for

Task (***) — summary

Parameter Task 1 Task 2
Sgn [Mm] 1246.4 1264
T, [s] 0.945 1.54
J -] 81.88 141.45
Aup 300 494
T. [s] 1.54 1.67
J.[-] 58.9 134.2
§ [mm] 831.3 0
T [s] 1.72 1.67
J ] 66.95 134.2
Jeest($) [—] 17.34 57.2
Ty [s] 27.3 26.75
Jg [s] 830.5 1590
Ay -50 —65
)\switch - 19 - 57
Towiren [S] 2.5 8.8
switeh [~ 80.4 542.0

561

Table IV. Computation spending for selected values of T

Task 1

Task 2

10131
(1.2, 1.206, 61.72, 27.63, 16)

8877

(1.6, 1.603, 134.9, 41.9, 7)

10628
(1.8, 1.804, 61.77, —17.96, 11)

12762

(1.8, 1.805, 136.3, —25.45, 18)

22 967

13730
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5. APPLICATIONS OF THE TIME-MATCHING
METHOD

With the help of the time-matching method and
exploiting Properties a—d from Section 3 the following
task can be solved:

Task 1: For initial data as in the Task (*) with more
time-flexible condition 7T,,=T =T, for T, T,
constant, find a cost optimal solution.

The solution is described by one of the following cases;
(Tnins Tiost> Jeost have been defined in Section 3)

if T, < T,,;, there is no solution,

if Tiow = Teo = T,,p, the solution is J o
if T,,, < T.o, the solution is J(7,,)

if Tiow > Toos, the solution is J(Toy)-

el N

In cases 3 and 4 the right-end fixed-time task must be
solved (most effectively by the time-matching method
presented in Section 3).

Another application of the time-matching method is in

Task 2: an optimization of a simultaneous motion of two
robots following a prescribed, non-colliding paths, when
both of them must be ready simultaneously for their next
tasks. In this case criterion functions become:

T
]1(u1) :J' Ll(‘]l; 41, ul) dt}
0

T
Jo(u,) :J L>(q>, 4>, u,) dt.
0
and the optimal controls u¥, u¥ must satisfy

Ji(ut) + L(uf) = min (J;(uy) + Jo(u2)),

with the time 7 free, yet equal for both robots.

A computationally expensive solution of Task 2 is to
vary T, to solve (for each particular T') fixed right-end
time tasks for both robots, to collect a sum of costs, and
to take as the solution its minimal value. Even in this
case an advantage of the particular shape of J(T') helps
considerably to simplify the Task 2. As it can be easily
proven' the solution must be for time T somewhere in
the interval [max(min{T o, Toos), MaX{T tnins Tonin}),
max {T s, Toos}], Where superscripts denote the
number of the robot. Although the interval has been
shrunk, nevertheless the time matching method must be
applied to traverse the interval. Mixing Tasks 1 and 2 we
get another task demanding to apply the time-matching
method.

The approach can be generalized for more than two
robots following non-colliding paths. Especially in the
multi-robot systems an efficiency of solving the time-fixed
task is of a primary importance, because a lot of such
tasks must be solved to get a final result.
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6. CONCLUSIONS

In this paper a method and an algorithm for
suboptimal-cost trajectory planning with fixed time are
presented. The efficiency of the algorithm based on
extensive use of the method of minimal neighbourhood
(used as a tool in solving elementary free-time subtasks)
has been confirmed by simulation tests. The condition of
fixed time has been weakened to cover more
time-flexible cases. These cases (e.g. a time interval
prescribed) are governed by Properties a-d given in
Section 3. Applications of the algorithm may be relevant
to optimizing multi-robot systems as it has been shown in
Section 5 or to a task planning in robot-based
technological lines. The experiments have pointed out
that it is important not only to plan the motion of the
robot but also the location at which the robot should
remain at rest. This paper attempted not only to state,
but also to effectively solve some tasks arising at the
boundary between single robot and multi-robot systems.
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