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ABSTRACT

In this paper, the deflection, natural frequency and damping quality factor of a viscoelastic microplate
under an electrostatic actuation are investigated. The microplate is assumed as a CNT-reinforced nano-
composite microplate, and an electrostatic actuation is applied on it. The nonlinear equations of motion
are derived using the Von-Karman plate theory, and the Kelvin-Voigt viscoelastic model. In order to
obtain the material properties of the nanocomposite microplate, the Eshelby—Mori—Tanaka method is im-
plemented. The static pull-in instability of the microplate is obtained. It is shown that the nanocompo-
site microplate can both increase the deflection and natural frequency of the micro devices. So, one may
have a nanocomposite microplate with the same deflection of the SiO, microplate, while its frequency
would be 1.45 times of the SiO, microplate. This characteristic is highly desirable in microswitches.
Also, it is shown that the damping quality factor of the nanocomposite microplate is much greater than
Si0, microplate. This fact limits the implementation of a nanocomposite microplate as a vibrating ele-
ment of the micro devises. So, there are great beneficial static and frequency response characteristics for
nanocomposite microplates. But, it is not recommended for microresonators due to high damping char-
acteristics.

Keywords: Nanocomposite, Pull-in, Quality factor, Microplate.

1. INTRODUCTION

An electrically driven microplate can be imple-
mented in various devices such as micropumps, mi-
croswitches, micromirrores and etc. [1-5]. Schematic
of this element has been shown in Fig. 1. This ele-
ment plays the role of movable electrode, and in con-
junction with a fixed electrode, makes a variable ca-
pacitor. In this situation, the capacitive force causes
microplate to deflect with demonstrate coupling be-
tween electrical and mechanical loading.

Such devices have been analyzed from various as-
pects in literatures. For example, the static deflection
of a diaphragm in an electrostatic field was discussed
by Francais and Dufour [6]. Dynamic characteristics
of an electrostatically actuated microplate, considering

Fig. 1 Schematic of electrically driven microplate

geometric nonlinearities, were studied by Ng et al. [7].
Also, dynamic response of parallel arrays of electro-
statically actuated microplates was analyzed by Porfiri
[8]. All of these studies were performed using the
elastic models.

Moderately large deflection with high frequency is
one of the desired characteristics of a MEMS actua-
tor/sensor.  The first is the consequence of high values
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of wave velocity (¢ = \/E—/p ) and the second is guar-
anteed due to low stiffness. As seen in Fig. 2, it is
shown that among many materials that are used for mi-
cro sensors/actuators such as metals, ceramics and
polymers, composite materials have the most desired
properties. In this category, carbon nanotube-based
composites are one of the best choices, because of ex-
ceptional mechanical properties.
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Fig. 2  Material selection charts for micro

sensors/actuators [9]

CNT composite actuators/sensors have been used in
recent years [10-12], and their characterization have
been appeared in many new researches [13-15]. Af-
shari et al. proposed carbon nanotube reinforced com-
posite as a new class of structural material for me-

chanical components of microelectomechanical systems.

They investigated on the utility of CNT composites for
designing actuators [9].

A CNT-reinforced composite with polymer matrix is
generally assumed to be as a viscoelastic material. Fu
and Zhang numerically studied nonlinear dynamic sta-
bility of an Euler-Bernouli viscoelastic microbeam un-
der two kinds of electric forces [16]. Based on the
standard linear solid model, an analysis of the nonlinear
dynamic stability for a clamped-guided viscoelastic
microbeam under both periodic axial force and sym-
metric electrostatic load were presented by Fu et al.
In this analysis the effects of environmental and inner
damping, geometric nonlinearity, creep quantity, and

the symmetric electrostatic load on the principal region
of instability were discussed [17].

Furthermore Fu and Zhang, in another paper, nu-
merically studied the nonlinear static and dynamic re-
sponse of a viscoelastic microplate, and discussed
various forms of pull-in instability that could be ap-
peared [18].

The response of a resonant viscoelastic microbeam to
an electrostatic actuation was obtained by Zamanian et
al. [19]. They used Galerkin method and perturbation
technique to find the solution and it was shown that a
small amount of viscoelastic damping could have an
important effect to decrease the maximum amplitude of
response and to shift the resonance frequency.

In this paper, using the Von-Karman plate theory,
governing equations of motion for an immovable sim-
ply supported microplate, considering stiffness, damp-
ing and inertia nonlinearities were obtained and
nonlinear response of a CNT reinforced composite mi-
croplate under electrostatic actuation was investigated.
Viscoelastic behavior of the material has been modeled
by Kelvin-Voigt theory. The Galerkin procedure was
implemented to solve the equations of motion. The
effect of CNT percentage on mechanical behavior of the
microplate was studied and some useful results were
obtained.

2. MODELING AND FORMULATION

Based-on Von Karmann plate theory and Kelvin-
Voigt viscoelastic material modeling, the governing
equations for large deflection of a rectangular viscoe-
lastic microplate under electrostatic actuation may be
obtained:
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and the boundary conditions for an immovable simply supported microplate are:
2
x=0,a , u=v=w=0 , and 8v2v:0
& )
y=0,b , u=v=w=0, and =0

in which u = u(x, y, t), v=v(x, y, ) and w = w(x, y, f) are the displacements of microplate in X, Y and Z directions, 1
is the Kelvin-Voigt viscoelastic damping coefficient which is defined by n = C/E, where C is the viscoelastic damp-
ing of the material, £ is the Young’s modulus, v is the Poisson’ ratio, / is the plate thickness, p is the material density,
d is the air gap, € is the dielectric constant, and V), and V, are the polarization and fluctuation component of the ap-
plied voltage. The Eqgs. (1) ~ (3) can be presented in non-dimensional form using the following non-dimensional
parameters:
X t « au « av
- 9t=_9u=_9v=?9
a T
%)

* W *
w=—

d
in which ©=+124*/he,, and ¢, =E/p(1-v*). So, substituting Eq. (5) into Egs. (1) ~ (3), and dropping * *
from the variables, the non-dimensional form of Egs. (1) ~ (3) would be:
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and the non-dimensional boundary conditions are:
x=0,1, u=v=w=0, and avf:o
o'w
y=0,1, u=v=w=0, and > =0
oy

As seen in these equations the stiffness, damping and inertia nonlinearities were included. The parameters ap-

peared in these equations are:

2 2 4
3. PROPERTIES ESTIMATION OF Table 1 Properties of nanotubes
NANOCOMPOSITES
(10,10) (30,30),, ’?ff;‘?lyo")f

Carbon nanotubes are the most remarkable materials SWNTs MWNTs SWNTSs
discovered by Iijima [20]. There are two common
types of nano}t/ubgs, namely single-walled carbon nano- En (GPa) 1060 800 >80
tube (SWNT) and multi-wall carbon nanotube (MWNT). E» (GPa) 6.63 15.58 9.4
Nominal properties of these materials have been listed v 0.16 0.14 0.18
in Table 1. 3

In this paper, a (10, 10) SWNT was selected as a re- p (Kg/m’) 1440 2090 1150
inforcement and Polymethyl methacrylate (PMMA) as a
matrix material because of its good variable-climate- Table 2 Properties of bulk materials
resisting property. . 3

Tablg p2 llljas };isted the material characteristics for Material p (Kg/m) En(GPa) v
typical material, used in this study. SiO, is one of the Si0, 2600 70 0.2
traditional materials used as a basic element of the mi- PMMA 1150 3 0.4
cro devices that behaves as an elastic material and
PMMA has been selected as a matrix element of vis-
coelastic nanocomposite material.

The elastic modulus of CNT/PMMA nanocomposite
was estimated by Eshelby—Mori—Tanaka method [21]. »
An essential ingredient of the Eshelby—Mori—Tanaka AV :[l-i-S(CM Yy -cv )] (12)

method is the approximation of short fibers as ellipsoi-
dal inclusions of aspect ratio s = L/2r.  So, the Young’s
modulus of the nanocomposite is obtained as:

c=c" v, {(c* -c"at ) a-vpr+v,< 4T
(11)

in which C%, C" and C" are stiffness tensors of com-
posite, matrix and nano fiber, respectively, / is the iden-
tity tensor and 4" is defined as:
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where S is the Eshelby tensor. The elements of the
Eshelby tensor are functions of the aspect ratio of the
inclusion, s, and the Poisson’s ratio of the matrix.
These elements are defined in Table 3

in which:

—(1 2s o |:S\/S2 -1 —cosh’l(s)}
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Table 3

elements of Eshelby tensor [21]

Ellipsoid (aspect ratio, s)
Sn 40/3 + RI; + 25°T
S22 =833 O+ RI+3T/4
Sy =83 O/3 — RI, + 4T/3
821 = 831 —RI, — §°T
S12=813 —RL-T
Sas O/3 +RI, + T/4
Sss = Se6 2R-RI, /2 —-1+s*/2-T
For other Sj; 0
3 1-2v"
0=—", R=— ",
8(1-v™) 8(1-v")
=0 A(t 311) , I, =4-21], (14)

Considering a random orientation distribution of fi-
bers, and the aspect ratio of fibers greater than 1000, the
elastic modulus of SWNT/PMMA nanocomposite with
respect to volume fraction of CNT has been shown in
Fig. 3. As shown in this figure, for 32.2% volume
fraction of SWNT, the elastic modulus of nanocompo-
site would be equal to SiO, one.

4. STATIC RESPONSE OF THE MICROPLATE

The microplate deflections under electrostatic force
are composed of a static component due to a DC volt-
age and a fluctuation component due to the AC voltage.
So, one can rewrite the plate deflections in the form of:

M(X, yst):us(x: J’)“‘ud(% y:t)
V(x’ya t):vs(xa y)+ud(x9 yat)

W(x’yst)ZWT(xsy)_FWd(x»y’t) (15)

In these equations, subscript “s” and “d” denotes
static and fluctuating component of deflections. Sub-
stituting Eq. (15) into Egs. (6) ~ (8), the governing
equations of dynamic response of the microplate about
deflected position are obtained.

In order to extract equations of static response of the
microplate, terms with time derivatives have been as-
sumed to be zero. So the static response equations
would be:

av

qux ow, &w, (
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+C2% 62‘4/.?
6x2 ox 6x 0x0y Oy 0x0y

2 2 2
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In order to solve the above nonlinear equations, the
Galerkin procedure was implemented. For this pur-
pose, the solution of Egs. (16) ~ (18) sought to be in the
form of:

u, ,(x,y)=GC,,,Sin(2mnx)Sin ((2n - l)ny)
u, ,(x,y)=0C,,, Sin ((2m - l)nx)Sin (2nmy)
W, (X, ¥) =G, , Sin ((Zm - l)Tux)Sin ((2n - 1)Tcy)

mn=172,..

(19)

Multiplying both sides of Eq. (18) by (1—-w,(x,»))%,
substituting Eq. (19) into the resulting equation, and
also Egs. (16) and (17), and then, appling the Galerkin
method the C,, values and displacements of the mi-
croplate are obtained.

In order to find the number of modes that must be
retained in discretization for a desired accuracy, a con-
vergence study is necessary. Figure 4 shows maxi-
mum deflection of the microplate associated to various
mode numbers considered in Galerkin approach. Pa-
rameter values, used in this analysis, are a = 310um and
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rmaxirmum dzfection

1 1
0 10 20 3n 40 50 60 70 a0

applied electrostatic load

Variations of maximum deflection of an im-
movable simply supported square microplate

with the electrostatic load «a, sz foro =1

go=8.854 x 107"”F/m. The microplate in this analysis
is considered as a simply supported square SiO, mi-
croplate. As shown in Fig 4, at least five modes must
be considered in the discretization approach.

In Figs. 5 and 6, Variations of o, sz and wp,, with
respect to oy for the solution method used in this study,
and the method proposed by Zhao et al. [22] are pre-
sented. In ref. [22] the linear mode shapes are ob-
tained numerically using the hierarchical finite-element
method. Then, the nonlinear partial-differential equa-
tions of the motion are reduced by the Galerkin method
to a finite system of the nonlinearly coupled ordinary-
differential equations.

As shown in Figs. 5 and 6, there is a good agreement
between results.  So, the presented model estimates the
pull-in voltage with a good accuracy. As shown in
these figures, the maximum difference between two
methods is 0.3% for o, = 2.

5. LINEAR EIGENVALUE PROBLEM

Removing nonlinear, damping and forcing terms
from the governing equations of dynamic response of
the microplate, the linear eigenvalue problem about the
deflected position is derived as:

o’uy, v, d’u, ow, ow,
b Py )2 0x0y P3 0y “ax s oy
o’wy, o’wy, o*wy, o’u,
+ + =0
Ps ox’ P oy’ 86x(3y P or’
(20)
g v, g Ouy, N %, g ow, ow,
16y2 zaxﬁy oxt Y oox Say
o’wy o’w, o’w, %,
+ + + =0
96 Pye) q7 8)/2 qs o0y 9 o
€2y
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In order to solve Egs. (20) ~ (22) let
ug (x, y,0) =U(x, )&
Va (x’ ) t) = V(X, y) eimm,nf
w, (x, v, 1) =W (x, y)e (24)
where
U()C, y) = Blm,n cDum,n (x’y) s V(x9 y) = BZm,n q)vm,n (X, y) s (25)

W(X, y) = B}m,n (Dwm,n (X, y)
in which @ is the linear undameped mode shape of undeflected microplate.
Substituting Eqs (24) and (25) and the solution of Egs. (16) ~ (18) into Egs. (20) ~ (22) and applying Galerkin
method, natural frequencies and mode shapes of the microplate about the deflected position are derived.

6. VISCOELASTIC DAMPING QUALITY

FACTOR e
. . . . . Ll (U07 VO’VVO) =
Substituting Eq. (24) into equations gf dynamic re- 8°U, oV, U, ow, ow,
sponse of the microplate and keeping the linear terms, the D o + D ox0 +Ds Py + D4 P + Ps P
differential equations of system have been obtained. The ng 22 VI)/} 8}2} - . Y
difference between these equatlons and .Eqs. (20) ~ (22) is +Ps 20 +p, 20 + pg O 4 pIU, =0 (27)
the presence of the damping and forcing terms in these ox oy 0x0y
equations. Here, the quality factor of structural damping
chmique, For s purpose. 15 ssumed a1 2o )=
que. purpose, : 0%, N o™, . o, N ow, . ow,
U(x, ) =Uy(x, ) +Uy(x, ) 17 " Poray Tor Mox T,
V(x,y)=Vy(x, y)+eV(x, O W, oW, oW,
(x, )=V (x,¥) 1(x, ¥) +q5 2°+q7 20+ ) O gV, =0 (28)
W(x, y)=Wy(x, y)+eW(x, y) dx oy X0y
=0 ! 26
Opp = Oy +EO @O U Vo W) =
where € is a small bookkeeping parameter. Consider- , o'w, . Wy i o'Wy r U r U
ing Eq. (5), it is necessary to recall that n* =n/t. So, oxt  ox oy’ : oyt Yox oy
one can rewritt n°=C/Et . Hence, n'o., is 2 2 2
equal to Col , /E nwhere arameter C ) n/t:,C(o s ‘ W:O th ‘ WZO T M ' st
¢4 O /5T paramet o ! O0x Oy 0x0y Ox
is known as the “loss”. Considering that loss << E, oU or or
and substituting Eq. (26) into differential equations of g —+ 1 >+ 1y —+ KWy + RU + K5V, =0
. ot 1 0 Ox oy
system, and equating the terms with like powers of €, Y
one can obtain: (29)
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S
Ll(UlthVV]):
e 62U0+ o'V, . 62U0+ o, W,
N, 3 Py ox D> 0x0y Ds ayz D4 ox Ds 3y
o'W, o’W, o'W, n
+ + + ——0, oU, =
Ps Py P7 6y2 pgaxﬁy 6 o0 Ug = fi
(30)
LZ(UI’I/I:VVI):
oV, U, oV, oW, oW,
—Inw 4+ o+ 4+ 0+ 0
n 0{‘]1 ayz 9 0x0y qs o 94 ox qs 3y
o'W, o'W, ow, | K
+4s 8x20+q7 ayzo"‘qg axaj/ _amoml%:fz
(1)
L3(U1,V1,W1)=
oW,

0
7 +7, +7;
ox* ox* 0y’

o'w, o'W, o'w,  ow,
o, 1 + B
oy Ox oy

ou, ou, oV, o,
Hy —— o+l i Ty
ox oy ox oy
2
+ 20Llh—2 aWSUO+6WSVO =20, 0y ©, = f;
a \ Ox oy

(32)
Equations (27) ~ (29) are the same as Eqs. (20) ~ (22),

' hz ('03 ' hz ('03 ’ 2 2&2 VS2
Py = nd 9y = nd I3 == +—(—l+w y )
hop ow, I oy Ow,
Ry = — K=o —— (33)
14 1 az P 15 1 az ay

In fact, Egs. (27) ~ (29) are the differential equations
of the system without damping effect.

Since the homogeneous system of equations given by
Egs. (30) ~ (32) has a nontrivial solution, the inhomo-
geneous system has a solution only if a solvability con-
dition is satisfied [23]. To determine this solvability
condition, one must multiply both sides of Egs. (30) ~
(32) by U, V,"and W, the adjoint solutions of U,
Vi, Wy, and integrate by parts to transfer derivatives
into adjoint solutions. So one can obtain:

(OB W O+ VLUV W+ WL U W] dedy

=[[W i+ i+ S} dxdy

(34)
with U], ¥, and W, satisfying the adjoint equations
of homogeneous system, the solvability condition is
reduced to:

[[{Ur fi+W £+ fi} dvdy =0 (35)

Upon substituting of f}, /> and f; into the above equation,
the resulting equation will be obtained in term of wy, ®;
and n:
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in”Hl(x, y) dxdy+ mIIIHz(x, y)dxdy=0 (36)
where

h? h?
H,(x,y)=-U, awo Uy -1 gwo Vo

2
oy 20, 1L Py, + Py | o L,
a \ Ox oy

fﬂ&ﬁ=%ﬁ$ﬁ+Wﬁ+%%—Hxnﬁ}
(37)
and so:

o = _inJ.J'Hl (x, y) dxdy 38)

[[ Hax, y) dxay

So, the damping quality factor of the viscoelastic mi-
croplate will be obtained as:

ol - 2Im(w;)  lossxH
" @, +Re(m)) E

(39)

7. RESULTS AND DISCUSSIONS

As shown in Fig. 3, Young’s modulus of a
SWNT/PMMA nanocomposite linearly is increased
when the volume fraction of SWNT is increased. It
means that the microplate is being stiffer when the re-
inforcement is increased. This fact directly affects the
pull-in instability of the microplate. As the volume
fraction increases, the stiffness of the microplate in-
creases, and simultaneously, the density of the mi-
croplate also increase. The rate of the increasing of
these parameters and the influence of them on the de-
flection and frequency of the microplate are important
matters that should be investigated.

Figure 7 shows the variations of the pull-in voltage
with respect to CNT volume percentage of nanocompo-
site. The pull-in voltage is increased linearly when the
CNT percentage is increased, and for V, = 32.2%, the
pull-in voltage of SWNT/PMMA composite and SiO,
plate become similar.

The natural frequency of vibration and stiffness of an
actuating structure such as a microswitch are measures
of the response time and the force required for a speci-
fied deformation. For a specific deformation, the re-
sponse time is decreased as the natural frequency is
increased, and the required force is decreased as the
stiffness is decreased. Simultaneous decreasing of the
response time and the required force would be a desired
characteristic in such devices.

The natural frequency of the microplates when the
electrostatic voltage is increased for a; = 1 has been
presented in Fig. 8. As shown in this figure, for vol-
ume fractions of SWNT greater than 15%, the natural
frequency of nanocomposite microplates are higher
than SiO, microplate. Also Fig. 9 compares transverse
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deflection of SWNT/PMMA nanocomposite mi-
croplates with the one of SiO, microplate. As shown
in this figure, for a given voltage, the displacement of
the microplate is increased as the SWNT volume frac-
tion is decreased. Considering Fig. 8, although the
natural frequency of 15% SWNT/PMMA microplate,
for electrostatic voltages lower than pull-in voltage, is
nearly equal to the one of SiO, microplate, its deflec-
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tion is higher than the deflection of SiO, microplate
(Fig. 9). So, the pull-in instability of the nanocompo-
site microplate would happen sooner. Furthermore,
the maximum deflection of the microplate, for applied
voltages beyond pull in voltage, for a 32.3%
SWNT/PMMA nanocomposite microplate is equal to
the one of SiO, microplate, and its natural frequency is
about 1.4 times of SiO, one that results in a 30% de-
creasing of the response time. This is a very useful
and favorable characteristic in microswithes.

Figure 10 shows the variation of H with respect to
applied electrostatic voltage. As shown in this figure,
this parameter is increased as applied voltage is in-
creased, and goes to infinity for the pull-in voltage.
There is an ®, term in denominator of H. As applied
voltage is increased, the natural frequency is decreased
and goes to zero for the pull-in voltage, and conse-
quently, the values of H goes to infinity for pull-in
voltage. Also when applied voltage goes to zero the
values of H would be equal to 1, and so, when V), =0,
for every values of other parameters, the values of the
quality factor becomes equal to Q). = loss/E .

The variations of H with respect to volume fraction
of SWNT have been shown in Fig. 11. As shown in
this figure, the value of H is decreased as volume frac-
tion is increased. It means that for higher values of
SWNT volume fraction, the quality factor Q! is
decreased. The value of Q,!,, simultaneously, de-
pends on the value of H and the /oss. As mentioned in
the literatures, the values of m, for ceramics such as
SiO, is in the range of 10~ ~ 107° [24], and for example,
for 10% volume fraction carbon nanotube reinforced
composite is in the range of 107" ~ 107 [25].  So, the
quality factor Q,), of SWNT/PMMA is widely dif-
ferent from SiO, that means the damping of such
nanocomposites is much greater than SiO,.  This
characteristic highly affects the implementation of vis-
coelastic nanocomposites. In the other words, using
viscoelastic nanocomposite materials for a resonator is
not recommended unless a material selection and an
optimization procedure on the volume fraction of its
components perform. The optimization is necessary to
avoid the pull-in instability of the microplate and to
adjust the damping of microplate material.

In general, in comparison to other materials, nano-
composites are in a great deal of interest due to the
broad opportunity of setting parameters to achieve more
favorite behavior. In spite of these advantages, one
needs to account for high damping characteristics of a
SWNT/PMMA microplate as a viscoelastic material and
to study the damping influence when an AC voltage is
applied

8. CONCLUSIONS

In this paper, the governing equations of motion of a
viscoelastic material about its static deflection have

187


https://doi.org/10.1017/jmech.2012.19

T L L L L .
bs 1 15 2 25 3 35 ] 45 5 55
Vp

Fig. 10 Variation of H to electrostatic voltage V),

1 1 1 1 L 1 L
16 13 0 n 24 26 23 30 2
SWNT volume fraction VT (%)

Fig. 11 Variation of H to SWNT volume fraction

been obtained and solved by the Galerkin method. By
using the Eshelby—Mori-Tanaka method, material
characteristics of SWNT/PMMA composite have been
extracted and the natural frequency and deflection of a
nanocomposite microplate have been studied. The
variations of the pull-in voltage with respect to volume
fractions of SWNT have been studied and it has been
demonstrated that it increases linearly as V; increases.
It has been shown that the nanocomposite microplate
can be operates with the same displacement of the SiO,
microplate together with higher frequency than the one
of SiO,. This characteristic is highly favorable for
micro switches, micro resonators, micro dispensers, efc.
But, the viscoelastic quality factor Q,,., of nanocom-
posite microplate is much higher than the SiO, one that
limits the implementation of PMMA nanocomposite for
microresonators and reduces its application for mi-
croswithes.
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