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We introduce infinitary propositional theories over a set and their models which are subsets
of the set, and define a generalized geometric theory as an infinitary propositional theory of
a special form. The main result is that the class of models of a generalized geometric theory is
set-generated. Here, a class X' of subsets of a set is set-generated if there exists a subset G of
X such that for each « € X, and finitely enumerable subset = of « there exists a subset f € G
such that 1 = § < «. We show the main result in the constructive Zermelo—Fraenkel set
theory (CZF) with an additional axiom, called the set generation axiom which is derivable
in CZF, both from the relativized dependent choice scheme and from a regular extension
axiom. We give some applications of the main result to algebra, topology and formal
topology.

1. Introduction

The late Errett Bishop (Bishop 1967) developed his mathematics, Bishop’s constructive
mathematics, not based on the principles of classical logic such as the principle of excluded
middle, but based on the principles of intuitionistic logic which is weaker than classical
logic; see Troelstra and van Dalen (1988, Chapter 1) for some history of constructive
mathematics, and see Bishop (1967); Bishop and Bridges (1985); Bridges and Richman
(1987); Bridges and Vita (2006) and Mines et al. (1988) for the practice in Bishop’s
constructive mathematics.

After the publication of Bishop’s book, Myhill (1975) developed a constructive set theory
as a set theoretical foundation for Bishop’s constructive mathematics, and Martin-Lo6f
(1984) developed a predicative type theory, the Martin-Lof type theory, as a foundational
approach to Bishop’s constructive mathematics. Aczel (1977, 1982, 1986) introduced a
constructive set theory, the constructive Zermelo—Fraenkel set theory (CZF), which has a
quite natural interpretation into the Martin-Lof type theory, and hence it is a predicative
theory without the power set axiom and the full separation axiom.

When developing mathematics in a predicative way, say in CZF, we are always faced
with a difficulty in constructing an object as a set. Sometimes, we are able to find, case
by case, constructions of objects as sets; see Crosilla et al. (2005) for a construction of
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an order completion, Berger et al. (2012) for a construction of a completion of a uniform
space and Curi (2012) and its references for a construction of the set of continuous
morphisms from a compact regular formal topology into a completely regular and set-
presented formal topology and so on; see Sambin (1987, 2003, forthcoming) for formal
topology. However, in general, we have to introduce some notion of an approximation,
and deal with a class whose elements can be approximated by elements of a subset of the
class.

Aczel (2006) introduced the notion of a set-generated directed complete partial order
(dcpo) using some terminology from domain theory. A partially ordered class is a dcpo
if each directed subset has a least upper bound, where a subset is directed if any pair of
elements of the subset has an upper bound in the subset. A dcpo X is set-generated if
there is a subset G of X such that, for each a € X, {x € G | x < a} is a directed subset
whose least upper bound is a.

If we restrict our attention to a class X of subsets of a set with the inclusion < as a
partial order, then we may say that X" is set-generated if there exists a subset G, called a
generating subset, of X' such that

Vo € XVt € Fin(a)3f € G[t < f < a],

where Fin(o) is the set of finitely enumerable subsets of «. As the reader has seen in
the literature, say Aczel (2006) and Palmgren (2006) for the class of formal points of
a set-presented formal topology, Ishihara and Palmgren (2006) and Palmgren (2005) for
constructions of a quotient topology and a coequalizer in formal topology, and will see
in Section 7, the notion of a set-generated class in this sense has played crucial roles
in predicative constructive mathematics; see van den Berg (2013) for non-deterministic
definitions and set-generated classes.

In this paper, after reviewing the predicative constructive set theory (CZF), we introduce
infinitary propositional theories over a set S and their models which are subsets of S,
and then introduce a generalized geometric theory and their rank. Our main result is the
following.

The class of models of a generalized geometric theory of rank n is set-generated.

This will be proved by showing that (1) each theory of rank n + 1 has a strongly
conservative extension of rank max{1,n} (Proposition 4.3), (2) if the class of models of a
strongly conservative extension of a theory is set-generated, then the class of models of
the theory is set-generated (Proposition 4.4), and (3) the class of models of a theory of
rank 1 is set-generated (in Theorem 4.5). We will prove (3) in CZF with an additional
axiom, called the set generation axiom (SGA):

SGA: for each set S and each subset Z of Fin(S) x Pow(Pow(S)), the class
M(Z) = {0 € Pow(S) | ¥(o,]) € Z[oc = o= TFU € T'(U < )]}
is set-generated.

We will show, in CZF, that the axiom SGA both follows from the relativized dependent
choice (RDC) in Section 5 and also from a regular extension axiom (RRS;-uREA) in
Section 6, respectively. Finally, in Section 7, we will give some applications of the main
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result to algebra, topology and formal topology including some constructions mentioned
above; see Ishihara and Kawai (2014) for applications in the categories of basic pairs and
concrete spaces introduced by Sambin (2003, forthcoming).

2. The constructive set theory CZF

The constructive set theory CZF, founded by Aczel (1977, 1982, 1986), grew out of
Myhill’s constructive set theory (Myhill 1975) as a formal system for Bishop’s constructive
mathematics, and permits a quite natural interpretation in Martin-Lof type theory
(Martin-Lof 1984).

Definition 2.1. The language of CZF contains variables for sets, a constant N, and the
binary predicates = and €. The axioms and rules are those of intuitionistic predicate logic
with equality, and the following set theoretic axioms:

1. Extensionality: VaVb(Vx(x € a<> x € b) = a=0b).
2. Pairing: VaVbacVx(x € c< x=aV x =b).

3. Union: Va3b¥x(x € b < Iy € a(x € y)).

4. Restricted separation:

YadbVx(x € b < x € a A\ p(x))

for every restricted formula ¢(x). Here, a formula ¢(x) is restricted, or Ay, if all the
quantifiers occurring in it are bounded, i.e. of the form Vx € ¢ or Ix € c.
5. Strong collection:

Va(Vx € adyp(x,y) = 3b(Vx € ady € bo(x,y) AVy € b3x € ap(x, y)))

for every formula ¢(x, y).
6. Subset collection:
VavbAcYu(Vx € ady € bo(x,y,u) =
3d € ¢(Vx € ady € do(x, y,u) AVy € dIx € ap(x, y,u)))

for every formula ¢(x, y,u).
7. Infinity:

(N1) 0eNAVx(xeN=x+4+1€eN),
(N2) Vy0eyAVx(xey=x+1€e€y)=Ncy),

where x + 1 is x U {x}, and 0 is the empty set & = {x € N | L}.
8. e-Induction:
(IND¢)  Va(Vx € ap(x) = ¢(a)) = Vag(a)
for every formula ¢(a).
Let a and b be sets. Using strong collection, the cartesian product a x b of a and b

consisting of the ordered pairs (x, y) = {{x}, {x,y}} with x € a and y € b can be introduced
in CZF. A relation r between a and b is a subset of a x b. A relation r < a x b is total
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(or is a multivalued function) if for every x € a there exists y € b such that (x, y) € r. The
class of total relations between a and b is denoted by mv(a, b), or more formally

remv(a,b)<r < axbAV¥xealy € b((x,y) €r).

A function from a to b is a total relation f = a x b such that for every x € a there is
exactly one y € b with (x,y) € f. The class of functions from a to b is denoted by b“, or
more formally

feb'<=femv(ab) AVx €aVy,z e b((x,y) € fAN(x,z) € f =y =12z).
In CZF, we can prove
Fullness: VaVb3ic(c = mv(a,b) AVr € mv(a,b)Irg € c(rg S 1)),
and, as a corollary, we see that b forms a set, that is
Exponentiation:  VaVb3cVf(f € c <= f € b?).

An inductive definition is a class ® of ordered pairs. If ®@ is an inductive definition and
(X,a) € @, then we write X /a € @, and call X /a an (inference) step of ®. A class ) is
®-closed if X = Y implies a € Y for each step X /a of ®. We will use the following result
(Aczel 1982; Aczel and Rathjen 2001) for the axiom system CZF; see Aczel and Rathjen
(2001) for more details of CZF.

Theorem 2.2 (Class inductive definition theorem). For each inductive definition ®, there is
a smallest @-closed class Z(®).

We say that the class Z(®) is inductively defined by the inductive definition ©.
In the following, capital and small letters A4, B,... and a,b,... will denote sets, and
calligraphic letters A, B3,... will denote classes unless stated otherwise.

3. Infinitary propositional theories
Definition 3.1. Let S be a set. Then the class of S-formulae is defined inductively by the
following clauses.

1. ps is an S-formula for each s € S;
2.if ¢ and y are S-formulae, then (¢ — ) is an S-formula;
3.if U is a set of S-formulae, then A\ U and \/ U are S-formulae.

If I is a set and ¢; is an S-formula for each i € I, then we write

Neroi=Neoiliel} and Vi oi=Vipi|iel}
We denote the class of S-formulae by 5, and let 7§ = {p, | s € S}. We call a subset T
of 75 an S-theory.

Remark 3.2. Note that, the class 75 is inductively defined by the steps: &J/ps (s € S),
{o,9}/(0 > ), U/ANU and U/\/ U (U is a set). To represent this class in constructive
set theory it is necessary to use some coding. For example, we can let p;, = (0,s),

(p—v) =(L,(p,p), AU=(2,U) and VU = (3,V).
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Let 0 = &, 1 = {0} and Q = Pow(1). For each formula ¢ of CZF, define the subclass
(@) of 1 by () = {x € 1| ¢}, where the variable x is chosen not to be free in ¢. For
each class 4 let !4 = (0 € A). Note that ¢ < !{¢p), and if ¢ is a restricted formula, then

(@) € Q.

Proposition 3.3. For each o € Pow(S) there is a unique class function [—1], : FS—Q
such that for s € S, @, € F5 and U € Pow(F5),

1. [psl, = (s € a),

2. [o-yl, = (Mel,— '[v].),
3.[AUL, = (Yo € U ![e],),
4.[VU], = (e € U ![o],)-

Proof. Let @, be the inductive definition having the following steps, for s € S, @, € F5,
U € Pow(FS)and F : U-Q.

L &/ (ps: (s € o)),

2. {(¢,a),(p,b)} /(@—p, (la— b)),

3.F/(ANU,{Vp € U IF(9))),

4. F/(\VU,(3e € U F(9))).
Note that, F = {(¢,F(9)) | @ € U}. Since the class F5 x Q is ®,-closed, the class
I(®,) is a subclass of F5 x Q. Moreover, since it is straightforward to see that the class
{o | 3la € Q(p,a) € Z(D,))} is closed under the inductive definition for F5 in Remark
3.2, the class Z(®,) is the graph of the required function [ —], : F5—Q. ]

Definition 3.4. For o € Pow(S) and ¢ € F5 let
o= iff o],

Proposition 3.5. For o € Pow(S), s €S, @,y € F5 and U € Pow(F®),

l.o = psiff s € a,

2.0 = (p—y) iff « = ¢ implies o = p,
aEAUifal= ¢ foral g e U,
4.0 =\/Uiff « = ¢ for some ¢ € U.

Proof. Routine. U

If T is an S-theory then, for each o € Pow(S) let o |= T iff o = ¢ for all ¢ € T and let
M(T) = {0 € Pow(S) | o =T}.

Proposition 3.6. Let 1 : S — S’. Then there is a unique class function (—)' : 75 — F¥
such that, for s € S, @, € F5 and U € Pow(FS),

l.p; = Dus)s
2(p—-yp) =(p' —>y');
LAV =AU
4.(\VU) =\ U,
where U' = {¢' | ¢ € U}.
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Proof. As in the proof of Proposition 3.3. U]
Proposition 3.7. Let 1 : S — S', o/ € Pow(S’) and o = 1~ !(«). Then

tEQ = o Fo
for each ¢ € F5, and hence
oE=T < d =T
for each S-theory T.
Proof. Let [—1,: FS - Qand [—1, : F5 — Q be class functions defined as in the
proof of Proposition 3.3. Then, the class
{peF’lakgp < o =o'}
is closed under the inductive definition for 5 in Remark 3.2. Ul
Let T be an S-theory and let ¢ be an S-formula. Then, we write T = ¢ if o = ¢ for
each o € M(T).
Definition 3.8. Let::S — §'.

1. An S'-theory T’ is an 1-extension of T if T }= ¢ implies T’ = ¢' for each ¢ € F5.

2. An 1-extension T’ of T is a conservative 1-extension if T' = ¢' implies T = ¢ for each
¢ € F5, and it is a strongly conservative 1-extension if for each o« € (T there exists
o € M(T’) such that o = 17'(/).

Note that, if T’ is a strongly conservative i-extension of T, then it is a conservative
1-extension, by Proposition 3.7.

Proposition 3.9. Let: : S — S’ and let T and T’ be an S-theory and S’-theory, respectively.
Then the following are equivalent.

1. T’ is an 1-extension of T;
2. T = ¢' for each ¢ € T
3.17 (o)) € M(T) for each o/ € M(T).

Proof. (1) = (2): Suppose that T’ is an i-extension of T. If ¢ € T, then T = ¢, and
hence T' = ¢'.

(2) = (3): Suppose that o/ € M(T’). Then o« | ¢' for each ¢ € T, by (2), and hence
1~ () = ¢, by Proposition 3.7. Therefore, 1~'(o) € I(T).

(3) = (1): Suppose that T = ¢ and o € M(T’). Then 1~ (o/) € M(T), by (3), and
hence 1~!(«) = . Therefore, o = ¢', by Proposition 3.7. Thus, T’ = ¢'. O

4. Generalized geometric theories

Let ¢ be a finitely enumerable subset of 75, and let I' be a set of S-theories. Then define

‘7_°FE(/\U—’\/UEF/\U)~
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Note that, o« = (¢ — I') if and only if o = ¢ implies o = U for some U € I'. For a
subclass C of F5, let
A3(C) = {6 — T | o € Fin(F3),T € Pow(Pow(C))},
and let
AS(C) = (F§ NCYUAS(C).
Definition 4.1. For t € S and ¢ € AS(F®) let

([ - QD) = (G(p U {Pz} —0 F(p):

where ¢, and T, are defined as follows. If ¢ = p, € 3 then 6, = & and T, = {{p;}}
and if ¢ = (6 — I') € AJ(F5) theno, =0 and T, =T

Lemma 4.2. Let C be a subclass of F5 and let ¢ € S. If ¢ € AS(C) then (t T @) € A§(C)
such that, for o € Pow(S),

aoE=({td¢e) iff teaimplies a = .

Proof. Let ¢ € A5(C). Then, as ', € Pow(Pow(C)),
(t39)=(0,U{p} —T,) €A C).
Note that, when ¢ € F§ NC then
2= (0p — Iy) il o= (F — {{p}}) il «F=o.
So, for ¢ € A5(C),

aE=(t3¢) iff a=(0,U{p}) implies o = U for some U € T,
iff o = p, implies o = (o, — I'y)
iff t € o implies o = .

For n € N, define a class G5 by
G = Fos
gfﬂ = As(gf)-
It is straightforward to see that Fj is a subclass of each G; so that, for each n, G5, | =

FSUAG(GS) and G is a subclass of G5 ;. An S-theory T is a generalized geometric theory
of rank n over S if T = G5.

Theorem 4.3. Let T be a generalized geometric theory of rank n+ 1 over a set S. Then
there exists a set S’, a mapping 1 : S — §’, and a generalized geometric theory T’ of rank
n' = max{1,n} over S’ which is a strongly conservative i-extension of T.

Proof. Let T be an S-theory with T = G5 . Then T = P U Q with P = 73 NG, and
0c Ag(g,f) Let Q' ={(¢,U,0) |9 € Q,U €T,,,0 € U}, and,if g € Q', let g = (4, Uy, 0,).
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Let S'=S+0Q = ({0} xS)U ({1} x @), and define 1 : S — S’ by i(s) = (0,s) for s € S.
Let 0" ={(1,q) 20, |q€ Q} =Gy, and let

0={o, —=T,lopeQ=g}.
Here, for ¢ € Q,
I, ={U,|U€T,} € Pow(Pow(Fy ).

where, for U € T, U, = {Papu0y | 0 € U} € Pow(]—'os/). Finally, define a generalized
geometric theory T’ over S’ of rank n’ by

T'=P'UQ UOQ.
Then, we shall show that T’ is a strongly conservative i-extension of T.

First, we show that T’ is an 1-extension of T using Proposition 3.9; i.e. we show that if

o € Pow(S’) such that o = T’ and o« = 1~!(«) then
o =T implies o= T.
Solet o = T'; ie. (i) o = P, (ii) o = Q" and (iii) « = 0.

We have o = P, by (i) and Proposition 3.7. So it only remains to show that o = Q.
If = (0, —TI'y) € Q0 and « = 6, we must show that « = U for some U € I',,. Since
o« | . by (i),

/o) T,
so that there exists U € I, such that o |= Uy,

We must show that o = U. So let 0 € U. Then, since g = (¢, V,0) € Q" and p 4 € U,
we have o = p(14), and hence (1,q) € «'. Since (1,9) 3 0' € Q*, we have o = (1,q) 20",
by (ii), and hence o’ |= 0', by Lemma 4.2, and so o = 6 by Proposition 3.7. Thus, we have
o = U. So we have shown that T’ is an 1-extension of T.

Next, we show that T’ is a strongly conservative i-extension of T. To this end, let
o € Pow(S) such that o = T. Define a subset o' of S’ by

o =a+{qgeQ a0,

We show that o = T’'. Clearly « = 1~!(¢/), and, since o = P, we have o« = P,
by Proposition 3.7. Let ¢ € Q" If (1,q) € &, then o = 0,, and hence o’ = 0, by
Proposition 3.7. Therefore, o = (1,q) 2 0;, by Lemma 4.2. Thus, ¢ = Q". Let ¢ € Q and
suppose that o = o, Then, o = 0, and, since o = ¢, there exists U € I';, such that
o = U. Therefore, o/ = U/, and so

o =g, — T,
Thus, o/ = Q. As T' = P' UQ* U Q we are done. O

Proposition 4.4. Let 1 : S — S’, and let T and T’ be generalized geometric theories over
S and §’, respectively, such that T’ is a strongly conservative 1-extension of T'. If the class
IM(T') is set-generated, then the class M(T) is set-generated.

Proof. Suppose that M(T’) is set-generated. Then there exists a generating subset G of
IN(T'). Let H = {171(¢/) | & € G}. Then for each o« € M(T) there exists o’ € M(T’) such
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that o« = 1~!(o/). Hence for each t € Fin(a), since 1(t) € Fin(a/), there exists ' € G such
that 1(t) € ' < «, and therefore t < 1='(f’) < 17 !(¢/) = . Thus, H is a generating subset
of M(T). L]

Theorem 4.5. Assume SGA. Then the class 91(T) of models of a generalized geometric
theory T of rank n is set-generated.

Proof. It is enough to show that the class of models of a generalized geometric theory
of rank 1 is set-generated, by Theorem 4.3 and Proposition 4.4. Let T be a generalized
geometric theory over a set S of rank 1. Then, since o = p; if and only if « = & —o {{ps}}
for each o € Pow(S), we may assume without loss of generality that T < A3(F5). For each
p=0,—oT,eT,letc={seS|p;co,},andletI'={{seS|p,eU}|UecT,}
Then, we have M(Z) = 9(T), and hence 9(T) is set-generated, by SGA. ]

In the following two sections, we will show that SGA can be proved in CZF + RDC,
where RDC is the relativized dependent choice, and can also be proved in CZF + RRS,-
uREA, where RRS,-uREA is a regular extension axiom.

5. The relativized dependent choice

The RDC is stated as follows.

RDC: if Vx € A3y € A((x,y) € R) and by € A, then there exists a function f : N —» A
such that f(0) = by and Vn € N((f(n), f(n + 1)) € R),

where A is a class and R is a class relation. Note that, RDC clearly implies the dependent
choice (DC):

DC:if Vx € A3y € A((x,y) € R) and by € A, then there exists a function f : N — A such
that f(0) = by and VYn € N((f(n), f(n+ 1)) € R),

where A is a set and R is a class relation.
In this section, we will give a proof of the following theorem.

Theorem 5.1. RDC implies SGA.

Before proving the theorem, we show the following small lemma which will be used in
the proof.

Lemma 5.2. Let a, b and R be sets, and let
r € mvg(a,b) < r € mv(a,b) Ar S R,
Fullg(a,b,c) < ¢ = mvg(a,b) AVr € mvg(a,b)Iry € c(ro = 7r).
Then there exists a set ¢ such that Fullg(a, b, ¢).

Proof. By Fullness, there exists a set d such that d < mv(a,b) and Vr € mv(a,b)Iry €
d(ro = r). Let ¢ = {r € d | r = R}, by Restricted Separation. Then, ¢ = mvg(a, b). For each
r € mvg(a,b), since r € mv(a, b), there exists ryg € d such that ry = r, and therefore, since
ro S r = R, we have ry € c. ]
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Let S be a set, and let Z be a subset of Fin(S) x Pow(Pow(S)). For o € Pow(S), let
Zy,={(c,1)EZ |0o<cal.
Let b=,z I let R={((0,]),U) € Z x b | U € I')}, and define a class V by

V ={(a,¢) | « € Pow(S) A Fullr(Z,,b,c)}.

Proposition 5.3. There exists a set V' <V such that
1. V7 € Fin(S)3c((z,c) € V),
2.¥(a,¢c) € VVr € ¢, ') € V(e UUran(r) = o).
Proof. Let R be a class relation defined by
(X, Y)eR <= V(x,c) € XVreA(,) € Y(xUJran(r) = o).

We show that YX € Pow(V)3Y € Pow(V)((X, Y ) € R). To this end, suppose that X is a set
with X = V. Then for each (o, ¢) € X and r € ¢, letting &' = o U|Jran(r) and constructing
a set ¢’ such that Fullg(Z,,b, '), by Lemma 5.2, we have («/,¢’) € V. Therefore,

Y((o, ), 7) € Z 3/, ¢') € V(eu Uran(r) = o),
(ac)eX
and hence there exists a set Y < V such that
Y((a,¢), 1) € Z 3/, € Y(eUuJran(r) = o),
(a,c)eX

by Strong Collection. Clearly, we have (X,Y) € R.

Since Vt € Fin(S)3cFullg(Z,, b,c), by Lemma 5.2, there exists a set Xy < V such that
vVt € Fin(S)3c((t,c) € Xo) by Strong Collection. Applying RDC to VX € Pow(V)3Y €
Pow(V)((X,Y) € R) and X, we have a function f : N — Pow()) such that f(0) = X, and

Vn € N[(f(n),f(n+ 1)) € R].
Let V = {J,en f(n). Then it is straightforward to see (1) and (2). U]

Using Exponentiation, Restricted Separation and Strong Collection, define sets B and
G by
B = {{(tmca)hnen € VN | V¥ € NIr € ¢,(o, U U ran(r) = o,41))},
G = {UneN oy | <(O(na Cn))neN S B}-

Proposition 5.4. G is a subset of M(Z).

Proof. Let o € G. Then there exists {((a,cn))nen € B such that o = J,cn . Suppose
that (0,I') € Z and ¢ < o. Then, since ¢ € Fin(S) and o, < o, for each n € N,
there exist m € N and r € ¢, such that ¢ < «, and «, U |Jran(r) = o,+1. Therefore,
since r € mvg(Z,,,b) and (o,I') € Z,, , there exists U € b such that U € I', and hence
U < Jran(r) S o1 < a. Thus, o € M(Z). L]

Proposition 5.5. Let y € M(Z), and let © € Fin(y). Then there exists § € G such that
TS ey
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Proof. Let V,, = {(o,c) € V' | o = y}. We show that
Y(o,¢) € V,3(e!, ') € V,3rg € e(o U Jran(rp) = o).
To this end, suppose that («,c) € V,. Define a set
r={{(o,T),U)eZ, xb|UecT' AU <y},

by Restricted Separation. Then, since Z, = Z, and y € M(Z), for each (¢,I') € Z,, there
exists U € I' such that U < y. Therefore, r € mvg(Z,,b), and so there exists ry € ¢ such
that ro <= r. Note that, |Jran(rg) = (Jran(r) < y. Then there exists (¢, ¢’) € V such that
of = aU|Jran(rg) < 7y, by Proposition 5.3 (2). Thus (o, ¢') € V.

By Proposition 5.3 (1), there exists ¢ such that (t,c) € V,. Applying DC, we have a
function h : n — (a,,c¢,) with domain N and range V, such that (0, co) = (7,¢) and

Vn € N3rg € cu(o, U (Jran(rg) = ouq1). Therefore, since h € B, we have f = {J,cn0n € G
and Tt = f =. L]

Remark 5.6. We can prove Proposition 5.3 using the relation reflection scheme (RRS) of
Aczel (2008) which is weaker than RDC.

RRS: for a class A and a class relation R such that Vx € A3y € A((x,y) € R),if Ais a
subset of A4, then there is a subset B of .4 such that 4 < B and Vx € B3y € B((x,y) €
R).

However, in the proof of Proposition 5.5, we have invoked DC which, together with RRS,
implies RDC; see Aczel (2008, Theorem 2.4).

6. A regular extension axiom

A set A is regular if it is transitive, i.e. a = A for each a € A, and for each a € A and
R € mv(a, A) there exists b € A such that

Vx € ady € b((x,y) € R) AVy € bx € a((x,y) € R).

A set A is union-closed if | Ja € A for each a € A.
The union-closed regular extension axiom is stated as follows.

uREA: every set is a subset of a union-closed regular set.

A regular set A is RRS;-regular if for each A’ = A and R € mv(A’ x A", A'), if ay € A,
then there exists 4y € 4 such that ay € A9 = A" and VYx,y € Apdz € Ao(((x,y),z) € R).

We will use the following strong form of the union-closed regular extension axiom to
prove our result.

RRS,-uREA: every set is a subset of a union-closed RRS,-regular set.
Proposition 6.1. uREA and DC imply RRS;-uREA.

Proof. Let S be a set. Then, by uREA, there exists a union-closed regular set A4 such
that {N} US = A. Note that, a x a € 4 for each a € A. We show that 4 is RRS;-regular.
Suppose that A" = A and R e mv(4' x A", A"). Let Ay ={a€ Ala< A'},and leta € Ay.
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Then, V(x,y) € a X a3z € A(z € A’ A ((x,y),z) € R), and therefore, since a X a € A and A
is regular, there exists b € 4 such that

V(x,y) € ax alz € b(z € A N((x,y),z) € R)

and
VzebI(x,y)€axalzec A N(x,),z) €R).

Since 2 € A, a,b € A, and A is regular and union closed, we have c = aUb € A, and so
c € Ay. Hence,

Vae Aydc € Apla S cAV(x,y) € axalz € c((x,y),z) € R)].

Let ay € A'. Then {ay} € A, and hence {ap} € A4. Therefore, by DC, there exists a function
f : N — Ay such that f(0) = {ao}, and f(n) = f(n+ 1) and V(x,y) € f(n) x f(n)Iz €
f(n+ D)(((x,y),z) € R) for each n € N. Letting Ay = |J{f(n) | n € N}, since A is regular
and union closed, we have ag € Ay € A. If x,y € Ay, then there exists n € N such that
X,y € f(n), and hence there exists z € f(n+ 1) = Ay. Therefore A, satisfies the desired
condition. Ul

In the following, we will give a proof of the following theorem.
Theorem 6.2. RRS,-uREA implies SGA.

Let S be a set, and let Z be a subset of Fin(S) x Pow(Pow(S)). For o € Pow(S), let
Z,={(0,T) € Z | 6 < o}, and note that, since ¢ € Fin(S) for each (¢,I') € Z, we have
Zy = U, cFin(x) Zr- Let 4 be a union-closed RRS,-regular set containing {N,S} U{Z; |1 €
Fin(S)} U{I' | (s,T) € Z}, and let

G={acAd|ae M(Z)}.
Then, G is a set by Restricted Separation.

Proposition 6.3. Let y € M(Z), and let © € Fin(y). Then there exists § € G such that
TSy

Proof. Let A, = {a € A| o = 7}, and define a binary relation R on A, by
R=/{(0,0) |V(o,]) € Z,3U e T(U = &), = &}
Let « € A,. Then, Fin(x) € 4, by (Aczel 2006, Lemma 49), and
V1 € Fin(a)dy € A(y = Z,).
Since A is regular, there exists C € 4 such that
V1 € Fin(a)dy € C(y = Z;) AVy € C3t € Fin(a)(y = Z,).

Since C = {Z, | 7 € Fin(«)} and A is union-closed, we have Z, = |JC € A4, and therefore,
since Z, = Z, and y € M(Z), we have

Y(o,I) € Z,3U € A(U e T AU < y).
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Since A4 is regular, there exists D € A such that
Ve, I')e Z,AU e DU e T AU = y)AVYU € DI(0, ") € Z,(U e T AU = ).

Therefore, since A is union-closed, we have 6 = |JD € 4, and, since {o,0} € A and 4 is
union-closed, we have o' = «UJ € A. Hence, we have o € 4, and («,o') € R. Thus, R is
a total binary relation on 4, = A.

Define a relation R’ between 4, x 4, and A4, by

R ={((,o),n) | (U, n) € R}.

Then for each oo’ € A,, since {a, o'} € A and A is union-closed, we have a U o € 4, and
hence « U o’ € A,. Since R is a total relation on A4,, we have R’ € mv(4, x 4,,4,). Let
7 € Fin(y). Then, since 7 € Fin(S), we have t € 4, and hence t € 4,. Therefore by RRS,-
uREA, there exists Ay € 4 such that 1 € 49 = 4, and Vo, o € AgIy € Ao(((e, o), n) € R').
Letting = |J Ao, since 4 is union-closed, we have © = § € A. Assume that (¢,I') € Z
and ¢ < . Then, since ¢ € Fin(f), there exists « € Ay such that ¢ = «, and hence there
exists of € Ag such that

V(o' ,T") € Z2,3U e T'(U = o).

Therefore, since (g,I") € Z,, there exists U € I" such that U < & = 8. Thus, € M(Z),
and so f € G. L]

7. Applications

In this section, we will give some applications of the results in the previous sections to
algebra, topology and formal topology. Before giving these applications, we show the
following property of a set-generated class.

Proposition 7.1. Let X be a class of inhabited subsets of a set S, and let Min(X) be a
class of minimal elements of X, that is, Min(X) ={x € X |Vy e X(y = x =y = x)}. If
X is set-generated, then Min(X) is a set.

Proof. Let G be a generating subset of X. Assume that x € Min(X’). Then, since x is
inhabited, there exists s € S such that s € x, and therefore there exists z € G such that
{s} € z = x. Since x is minimal elements of X, we have x = z € G. Thus Min(X) < Min(G).
Conversely, assume that x € Min(G). Then for each y € X with y < Xx, since there is
s € S with s € y, there exists z € G such that {s} € z = y = x, and hence z = y = x, and
hence x € Min(X). Therefore, Min(G) < Min(X). Clearly, Min(X) = Min(G) is a set, by
Restricted Separation. ]

7.1. Algebra and topology

Let (R,+,,0,1) be a commutative ring. Then a subset p of R is a prime ideal if

1.0 € p;
2.a,bep=a—bep;
J.aeRbep=a-bep;
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4a-bep=acpVvbeyp;
5.1¢p.

Proposition 7.2. Assume SGA. Then, the class of prime ideals of a commutative ring is
set-generated.

Proof. Let (R,+,+,0,1) be a commutative ring. Then a subset of R is a prime ideal if
and only if it is a model of the following generalized geometric theory over R of rank 1:

{po} U{A{Pa:Pb} = Pab | a,b € R} U{py = pas | a,b € R}
U {Pab = Viepapy Px | @b € RF U {=p1}.

Hence, the class of prime ideals of (R,+,,0, 1) is set-generated, by Theorem 4.5. ]

Corollary 7.3. Assume SGA. Then, the class of minimal prime ideals of a commutative
ring forms a set.

Proof. By Proposition 7.2 and Proposition 7.1. U]

Similarly, we are able to show that the class of ideals of a commutative ring is set-
generated, and the class of minimal non-trivial ideals of a commutative ring forms a
set.

A neighbourhood space (Bishop 1967) is a pair (X, t) consisting of a set X and a subset
7 of Pow(X) such that

1.Vx € X3U € 1(x € U),
2.¥x e XVU,VerxeUNV =3IWerlxe W<=UNV)].

We say that t is an open base on X. A subset 4 of X is open if for each x € A there
exists U € 7 such that x € U < A4. A function f between neighbourhood spaces (X, 7) and
(Y,0) is continuous if f~'(V') is open for each V € o.

Let {(X;,7;) | i € I} be a family of neighbourhood spaces, and let {f; : X; > X |i eI}
be a family of functions. Then an open base t on the set X is final for the family {f; | i € I}
if for any neighbourhood space (Y,s) and any function g : X — Y, g is continuous if
and only if go f; : X; — Y is continuous for each i € I.

Proposition 7.4 (Theorem 4.3 of Ishihara and Palmgren (2006)). Assume SGA. Let
{(Xi,t;) | i € I} be a family of neighbourhood spaces, and let {f; : X; > X | i € I}
be a family of functions. Then there exists a final open base on the set X for the family
{filiel}.

Ji

Proof. Note that, a subset U of X is a final open if and only if f;"!(U) is open in (X}, 7;)
for each i € I. Hence, a subset of X is a final open if and only if it is a model of the
following generalized geometric theory over X of rank 1:

{pfi(x) - VVE{WET,-\XEW} /\yEV Pfi(y) |xe Xjie I}‘

Therefore, the class of final opens on X is set-generated by Theorem 4.5, and its generating
set forms a final open base. U]
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7.2. Formal topology

In this subsection, we will give some applications of our main results in formal topology
developed by Sambin (1987, 2003, forthcoming).

A formal topology (S,<,<1) is a preordered set (S,<) equipped with a class relation
<1< S x Pow(S) such that

lLaeU=a<U,
2.a<tUand Vee U(caV)=a<V;
JbaUanda<V =axa [ UN]V,
4.a<b=a<{b},

where | U ={a e S|3be U(a <b)}.
A formal topology (S, <, <) is set-presented if there exists a family of subsets C(a,i)
(i€ l(a),a € S) of S, called a set-presentation of (S, <, <), such that
a<1U < 3iel(a)C(a,i)< U).
Let (S, <, <) be a formal topology. Then a formal point of (S,<,<) is a subset « = S
such that

1. o is inhabited;
2.a,beoa=(lan | b) (| a;
Jaegaanda<U = U (o,

where | a =| {a} and U { V stands for da(a € U N V). Note that, if (S,<,<) is
set-presented with a set-presentation C(a,i) (i € I(a),a € S), then the last condition is
equivalent to

Vie I(a)[a € o = C(a,i) | a].

Proposition 7.5 (Theorem 4.3 of Palmgren (2006)). Assume SGA. Then, the class of
formal points of a set-presented formal topology is set-generated.

Proof. Let (S,<,<1) be a set-presented formal topology with a set-presentation C(a, i)
(i € I(a),a € S). Then a subset of S is a formal point if and only if it is a model of the
following generalized geometric theory over S of rank 1:

{\/aGS pa} U {/\{Pa,Ph} g \/ceiaﬁlb 2 | a’b € S}
U{Pa = Viecwn Db | 1 € 1(a),a € S}.

Hence, the class of formal points of (S, <, <) is set-generated, by Theorem 4.5. L]

Corollary 7.6. Assume SGA. Then, the class of minimal formal points of a set-presented
formal topology forms a set.

Proof. By Proposition 7.5 and Proposition 7.1. ]
A formal topology (S, <, <) is Ty if « < f = o = f§ for each formal points « and f.

Corollary 7.7 (Corollary 4.4 of Palmgren (2006)). Assume SGA. Then, the class of formal
points of a set-presented T; formal topology is a set.
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Proof. By Corollary 7.6. U]
A continuous morphism from a formal topology (S, <, <) into a formal topology (T, <,
<') is a relation r = S x T such that

Larband b<'V =a<r (V);

2.a<r YT);

3.arbandarc=a<r"}(| bn | c).
Note that, if (S,<,<) and (T,</,<’) are set-presented with set-presentations C(a,1i)
(i € I(a),a € S) and D(b,j) (j € J(b),b € T), respectively, then these conditions are
respectively equivalent to

1.VjeJb)arb=3iel(a)Vd € C(a,i)Ab’ € D(b, j)(d r b)];

2.diel(a)Vd € C(a,i)db € T(d r b);

3.arband arc= i€ l(a)Vd € C(a,i)ad €] bN | c(d' r d).
Proposition 7.8. Assume SGA. Then, the class of continuous morphisms between set-
presented formal topologies is set-generated.

Proof. Let (S,<,<0) and (T,<',<) be set-presented formal topologies with set-
presentations C(a,i) (i € I(a),a € S) and D(b,j) (j € J(b),b € T), respectively. Then
a subset of S x T is a continuous morphism if and only if it is a model of the following
generalized geometric theory over S X T of rank 2:

{Pb) = Vierw Naectapy Vivenn,jy Pap) | j € J(b),a € S,b e T}
U{Vicr(a) Aveciai Voer Pan | a €S}
U{AP@h): Paer} = Vierw Nweciai Vaepnie Paa | a € S,b,c € T
Hence, the class of continuous morphisms between (S,<,<1) and (T,<,<) is set-

generated, by Theorem 4.5. U]

As the final application, we show the following proposition which is the crucial step
in the construction, given by Palmgren (2005), of coequalizers in the category of set-
presented formal topologies; see Ishihara and Kawai (2014) for applications of our main
result in the categories of basic pairs and concrete spaces introduced by Sambin (2003,
forthcoming).

Proposition 7.9 (Lemma 2—4 of Palmgren (2005)). Assume SGA. If r and s are continuous
morphisms between a set-presented formal topology (S,<,<1) and a formal topology
(T,<', <), then the class C of subsets of T defined by

C={U€cPow(T)|VaeSa<xr(U)=a<s(U)))
is set-generated.
Proof. Let C(a,i) (i € I(a),a € S) be a set-presentation of (S, <, ). Then, since

Vae S(a<r'(U)=a<s (U))
<sVYaeSaer \(U)y=a<s(U))
<VbeTlheU=Vaecr '(b)3iel(a)Vd € C(a,i)b € s(d)b € U),
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a subset of T is in the class C if and only if it is a model of the following generalized
geometric theory over T of rank 3:

Py — /\aeﬂ(b) \/iel(u) /\a’EC(u,i) \/b’ES(a’) pr|beT;
U {pb = Naesv) Vier@ Naecia Viveray Py | 0 € T

Hence, the class C is set-generated, by Theorem 4.5. L]
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