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Abstract Let q be a power of a prime p, let Fq be the finite field with q elements and, for each nonconstant
polynomial F ∈ Fq [X] and each integer n ≥ 1, let sF (n) be the degree of the splitting field (over Fq)
of the iterated polynomial F (n)(X). In 1999, Odoni proved that sA(n) grows linearly with respect to n

if A ∈ Fq [X] is an additive polynomial not of the form aXph ; moreover, if q = p and B(X) = Xp −X,

he obtained the formula sB(n) = pdlogp ne. In this paper we note that sF (n) grows at least linearly
unless F ∈ Fq [X] has an exceptional form and we obtain a stronger form of Odoni’s result, extending
it to affine polynomials. In particular, we prove that if A is additive, then sA(n) resembles the step

function pdlogp ne and we indeed have the identity sA(n) = αpdlogp βne for some α, β ∈ Q, unless
A presents a special irregularity of dynamical flavour. As applications of our main result, we obtain
statistics for periodic points of linear maps over Fqi as i → +∞ and for the factorization of iterates of
affine polynomials over finite fields.
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1. Introduction

Given a field K, a polynomial F ∈ K[X] and a positive integer n, let F (n)(X) be the n-th
fold composition of F with itself. Some past works have dealt with polynomials F in which
the iterates F (n)(X) present special factorization over K : see [2, 3, 18]. The main case of
study is when all the iterates F (n)(X), n ≥ 1 are irreducible over K : such polynomials are
called stable. There are a few constructions of stable polynomials [7, 19], where the field
of coefficients K is a number field or a function field. In [19], Odoni proves the stability of
‘generic’ additive polynomials with coefficients in a function field and compute the Galois
group of the iterates of such polynomials. Recall that a polynomial f ∈ K[X] is additive
if the identity f(X + Y ) = f(X) + f(Y ) holds in the polynomial ring K[X,Y ]. If K has
positive characteristic p, the additive polynomials in K[X] are precisely those of the form∑h
i=0 aiX

pi with ai ∈ K. However, in the case where K is finite, such polynomials are
usually not stable. In fact, no affine polynomial (i.e., A(X) + b with A(X ) additive and
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796 L. Reis

b ∈ K) of degree at least 2 can be stable if K is finite: see Theorem 10 in [1] for more
details.

The stability of polynomials over finite fields has been explored primarily in the case of
quadratic polynomials. A relaxation of stable polynomials is considered in [13], yielding
the so-called settled polynomials. A more general problem on the factorization of F (n)(X)
is proposed in [5] in the case where K is finite. In particular, the problem suggests to
explore some arithmetic functions associated with F (n)(X) such as the degrees of the irre-
ducible factors (largest, average) and the number of irreducible factors. For more details,
see Question 18.9 in [5]. Many issues related to Question 18.9 were eariler discussed in [9]
and, more recently, in [24].

Still in the finite field setting, an arithmetic function that can be considered is sF (n),
the smallest positive integer such that F (n)(X) splits completely over F

qsF (n) . For

instance, F is stable if and only if sF (n) = deg(F )n for every n ≥ 1. As previously
mentioned, in [1] the authors prove that no affine polynomial of degree at least 2 and
with coefficients in a finite field can be stable. In [20], Odoni proved something much
stronger for additive polynomials: if A ∈ Fq[X] is an additive polynomial not of the form

aXph , then sA(n) grows linearly with respect to n. More precisely, he proved that the
sequence {sA(n) · n−1}n≥1 is bounded and its set of limit points equals [αA, pαA] for
some αA > 0. For more details, see Theorem 2 in [20]. Odoni’s result implies a refined
information on the factorization of iterated additive polynomials: the iterates of additive
polynomials typically split into many distinct irreducible factors, all of small degree. He
ends the paper with an interesting example, where the constant αA is explicitly computed:
if q = p, then sXp−X(n) = pdlogp ne for every n ≥ 1 and, in particular, αXp−X = 1.

Odoni’s proof on the growth of sA(n) with A additive relies on transferring the prob-
lem to the skew polynomial ring Fq[X,σ]: this is a natural model for the ring of additive
polynomials (with respect to the ordinary sum and composition of polynomials). In this
approach, the problem of computing sA(n) translates into computing valuations of ele-
ments in Fq[X,σ] with respect to some ideals of the same ring. However, the latter is
quite nontrivial: since the ring Fq[X,σ] is not commutative, we no longer have many
useful factorization properties of elements and ideals. In particular, the computations
in the paper are involved and technical. Moreover, in his approach, he only deals with
a subsequence {sA(nν) · (nν)−1}n≥1 with fixed ν ∈ N, noticing that such subsequence
controls the oscilation of the whole sequence. We actually believe that he was trying to
derive a simple closed formula like the one sXp−X(n) = pdlogp ne for q = p. For more
details, see sections 3–5 of [20].

In this paper, we study the function sA(n) in more detail and recover Odoni’s results

in a richer form. In particular, we prove that in many cases we have sA(n) = αpdlogp βne

if n is sufficiently large, where α, β ∈ Q do not depend on n and can explicitly be
obtained from some initial values sA(1), . . . , sA(s0). We also derive a weaker result for
affine polynomials A(X) + b and, in particular, we prove that the degree of the splitting
fields of the iterates of such polynomials also presents linear growth. The latter is a major
obstruction in Odoni’s approach: there is no identification of affine polynomials in the
polynomial ring Fq[X,σ]. Before we state our main results, we comment that the linear
growth is the slowest possible growth for the the degree of the splitting field of ‘generic’
iterated polynomials.
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Iterating additive polynomials over finite fields 797

Remark 1.1. Let Fq be a finite field of characteristic p and assume that F ∈ Fq[X]
is not of the form aXs + b, where a ∈ F∗

q and either b = 0 or b 6= 0 and s = ph with
h ≥ 0. According to Corollary 2.5 of [24], there exists an absolute constant cF > 0 such
that, for every positive integer n, the polynomial F (n)(X) contains an irreducible factor

over Fq with degree at least cF · n. The latter readily implies that
sF (n)

n ≥ cF for every
n ≥ 1. If F (X) = aXs + b with a ∈ F∗

q and either b = 0 or b 6= 0 and s = ph with h ≥ 0,
it is direct to verify that sF (n) = 1 for every n ≥ 1. In particular, these polynomials are
genuine exceptions.

Our main result goes as follows.

Theorem 1.2. Let q be a power of a prime p, let A(X) ∈ Fq[X] be an additive

polynomial not of the form aXph and, for each b ∈ F∗
q , set Ab(X) = A(X) + b. Then the

following hold:

(i) for every n ≥ 1, we have sA(np) ∈ {sA(n), p ·sA(n)} and, in particular, there exists
0 ≤ i < logp n+ 1 such that

sA(n) = sA(1) · pi. (1)

(ii) for every b ∈ F∗
q and every n ≥ 1, we have sAb(n) ∈ {sA(n), p · sA(n)};

(iii) the sequence
{
sA(n)

n

}
n≥1

is bounded and its set of limit points equals [cA, pcA] for

some cA > 0;

(iv) if cA is as in the previous item, the sequence

{
sAb

(n)

n

}
n≥1

is bounded and its set

of limit points is contained in the interval [cA, p
2cA];

(v) c
A(k) = k · cA for every k ≥ 1.

Moreover, for s0 = max{j > 0 : sA(j) = sA(1)}, there exists A∗ ∈ Fq[X] of the form
Rq with R ∈ Fq[x] additive and an integer r ≥ 1 such that

(XqsA(1)
−X)q

r
= XqsA(1)+r

−Xqr = A∗(A(s0)(X)).

In particular, cA ≤ sA(1)

s0
with equality if and only if the Fp-linear map z 7→ A∗(z) is not

nilpotent over F
qsA(1) . In the case of equality, we also have

sA(n) = sA(1)p

⌈
logp

n
s0

⌉
, n > s0. (2)

Next we provide one numerical example, showing the applicability of Theorem 1.2.

Example 1.3. Let α ∈ F4 be such that α2 = α+1 and set A(X) = X8 +αX ∈ F4[X].
A direct computation yields sA(1) = 3 and sA(2) = 6, hence s0 = 1. Moreover, the
polynomial A∗(X) = X32 + α2X4 = (X8 + α2X)4 satisfies
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A∗(A(X)) = X256 −X4.

It is direct to verify that, in this case, the map z 7→ A∗(z) is not nilpotent over F43 .
Theorem 1.2 implies cA = 3 and

sA(n) = 3pdlogp ne, n ≥ 2.

Remark 1.4. In the context of Theorem 1.2 we see that Eq. (2) provides a simple
closed formula for sA(n) whenever the companion polynomial A∗(X) does not induce a
nilpotent linear map over the splitting field of A(X ). Additive polynomials yielding nilpo-
tent linear maps over extensions of finite fields were previously introduced and explored
by the author in [22]. However, we discuss other issues there, namely, the construction
and cycle decomposition of permutation polynomials arising from nilpotent additive poly-
nomials. Nevertheless, such polynomials yield very special dynamical systems over finite
fields: if N ∈ Fq[X] is additive such that z 7→ N(z) is nilpotent over FqM , then 0 ∈ FqM
is the only periodic point under this map. In particular, the corresponding directed graph
representation of the map z 7→ N(z) over FqM (called functional graph) contains only
one connected component. In the proof of Theorem 1.2 we prove that the condition on
A∗(X) being nilpotent is also equivalent to the following: for each positive integer n, there

exists k = k(n) such that A
(k(n))
∗ (X) is divisible by A(n)(X). Since A,A∗ are additive,

we have that A∗(0) = A(0) = 0 and so the latter implies that A−∞(0) ⊆ A−∞
∗ (0). Here,

for a polynomial F ∈ Fq[X], the set

F−∞(0) =
⋃
j≥0

{y ∈ Fq : F (j)(y) = 0}

is just the reversed orbit of 0 under the map z 7→ F (z) over Fq.

If we assume that A(X) ∈ Fq[X] is of the form
∑m
i=0 aiX

qi , we directly obtain an
explicit formula for sA(n) like the one given in equation (2): in particular, we can compute
the constant cA. The latter generalizes the case A(X) = Xp −X given by Odoni and, in
fact, it covers the class of additive polynomials A with coefficients in Fp[X] (i.e., we are
simply considering the case q = p). For more details, see Theorem 4.1.

As applications of Theorem 1.2, we also provide statistics for the factorization of iter-
ated affine polynomials and for the number of periodic points under maps z 7→ A(z) with
A additive. First, we need the following definition.

Definition 1.5. For each nonconstant polynomial F ∈ Fq[X] and each positive integer
n, let NF (n) be the number of distinct irreducible factors of F (n)(X) over Fq. Moreover,
if f1,n, . . . , fNF (n),n ∈ Fq[X] are the distinct irreducible factors of F (n)(X) over Fq,
we set

ρF (n) =
1

NF (n)

NF (n)∑
i=1

deg(fi,n),

the average degree of the fi,ns.
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In the following theorem, we prove that ρB(n) also grows linearly with respect to n if
B is a generic affine polynomial.

Theorem 1.6. Let A ∈ Fq[X] be an additive polynomial that is not of the form aXph ,

fix b ∈ Fq and set B(X) = A(X) + b. Then there exists αB , βB > 0 such that
ρB(n)

n ∈
[αB , βB ] for every n ≥ 1.

Proposition 5.18 in [24] essentially proves Theorem 1.6 in the case where A(X ) is of

the form
∑m
i=0 aiX

qi . However, this case is much simpler since we can even describe
the degree distribution of the irreducible factors of A(n)(X) over Fq. In particular, the
techniques employed there cannot be extended to arbitrary additive polynomials. See §
5.2 in [24] for more details.

The following theorem entails that the proportion of periodic points under additive
polynomial maps is, in general, irregular through the finite extensions of Fq.

Theorem 1.7. Let A ∈ Fq[X] be an additive polynomial, and for each integer n, let
πA(n) be the number of elements in Fqn that are periodic under the map z 7→ A(z). Then
the limit

lim
n→∞

πA(n)

qn

does not exist unless A(X) = aXph for some a ∈ Fq and some h ≥ 0. In the latter case,
the limit equals 0 if a= 0 and equals 1 if a 6= 0.

Observe that
πA(n)

qn is just the proportion of points in Fqn that are periodic with respect

to the map z 7→ A(z). The latter can be considered in a more general context, where A
is replaced by a generic polynomial F ∈ Fq[X]. Very little is known on the behaviour

of
πF (n)

qn : some related problems are considered in [10, 12]. More recently, in [6] the
proportion of periodic points is explored in the case of quadratic maps over the projec-
tive space P1(Fqn), where the analogue limit equals zero (up to some exceptional cases).
An earlier work [16] explored the proportion of periodic points for the case of mono-
mials and Chebyshev polynomials. In particular, for these two classes of polynomials,
the corresponding limit does not exist in general. Along with monomials and Chebyshev
polynomials, additive polynomials have wild dynamical behaviour. For instance, these
three families of polynomials cover most of the known exceptional polynomials (i.e., poly-
nomials whose induced map permute infinitely many finite extensions of Fq). For more
details on exceptional polynomials, see § 8.4 of [17].

It is worth mentioning that the dynamics of Chebyshev polynomials and monomials
are well understood by means of their functional graphs (a directed graph representation
of the iteration of maps). In fact, the results in [21] imply a simple description of the
graphs for such polynomials and also for some special additive polynomials. On the
other hand, the dynamics of arbitrary additive polynomials over finite fields is only well
understood from the Linear Algebra point of view: see [4, 8, 11, 14, 25]. Our proof for
Theorem 1.7 relies on finding finite extensions of Fq containing a small/large number
of roots of the iterates of A. However, we do not obtain a complete description of the

https://doi.org/10.1017/S0013091525000173 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091525000173


800 L. Reis

dynamics of the map z 7→ A(z). Instead, those extensions are detected by employing item
(i) of Theorem 1.2, combined with Theorem 4.2, a general basic result on the structure of
periodic points of linear maps over finite fields. In particular, we prove that, as n→ ∞, the

quotient
πA(n)

qn must oscilate between zero and a positive constant unless A(X) = aXph

for some a ∈ Fq and some h ≥ 0.
In the proof of our results we employ many arithmetic properties of additive polynomi-

als, regarding them not only as elements of the polynomial ring Fq[X] but also as maps
over the algebraic closure Fq of Fq. A crucial tool is lemma 2.1, where we compile many
elementary results on the composition of additive polynomials over finite fields, including
some commuting properties.

We end this section with the structure of the paper. In § 2, we provide basic machinery,
and in § 3, we prove our main result, Theorem 1.2. Finally, in § 3.1, we provide an
enhanced version of Theorem 1.2 that applies to a subclass of additive polynomials,
along with some applications of the same theorem.

2. Preparation

For the rest of this paper, we fix q a power of a prime p. In this short section we provide
two technical lemmas that will be frequently employed.

Lemma 2.1. Let A,B ∈ Fq[X] be additive polynomials with A(X) nonzero. Then
A(X) divides B(X) if and only if there exists another additive polynomial C ∈ Fq[X]

such that B(X) = C(A(X)). Moreover, if B(X) = C(A(X)) and B(X) =
∑s
i=0 aiX

qi

for some ai ∈ Fp, then the following holds:

(i) A(C(X)) = B(X), i.e., A(C(X)) = C(A(X));

(ii) if A(X) = A
(k)
0 (X) for some k ≥ 1 and some additive A0 ∈ Fq[X], then

A0(C(X)) = C(A0(X)).

Proof. The first statement is a routine exercise and can be proved, for instance, by
induction on the degree of B ; see also Exercise 3.68 in [15]. For the proof of item (i),
it suffices to prove that A(X ) and B(X ) commute. In fact, in this case, the equality
B(X) = C(A(X)) implies that

B(A(X)) = A(B(X)) = A(C(A(X))),

and so by setting Y = A(X), we obtain the polynomial identity B(Y ) = A(C(Y )).
The fact that A(X ) and B(X ) commute follows by induction on the number of nonzero
coefficients in A(X ), so we omit details. Item (ii) follows in a similar way, noticing that
the polynomials A0(X) and B(X ) commute. �

Given a polynomial f(X) =
∑r
i=0 aiX

i ∈ Fq[X], set Lf (X) =
∑r
i=0 aiX

qi . The poly-
nomial Lf (X) is commonly known as the q-linearized associate with f (X ). The following
lemma is easily verified.

https://doi.org/10.1017/S0013091525000173 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091525000173


Iterating additive polynomials over finite fields 801

Lemma 2.2. For f, g ∈ Fq[X], the following holds:

(a) Lf+g(X) = Lf (X) + Lg(X);

(b) Lfg(X) = Lf (Lg(X)). In particular, for every n ≥ 1, we have L
(n)
f (X) = Lfn(X).

(c) Lc(X) = cX for every c ∈ Fq.

3. Proof of Theorem 1.2

In this section we prove our main result. We fix the following important notation: for
integers r, s ≥ 0 with s > 0, set

Ss,r(X) = Xqs+r −Xqr = (Xqs −X)q
r
.

Lemma 2.2 implies the following important identity that will be further used: for every
integer i ≥ 0,

S(pi)
s,r (X) = Sspi,rpi(X). (3)

We have the following auxiliary result.

Lemma 3.1. Let A ∈ Fq[X] be a nonzero additive polynomial, and let j be a positive
integer. Then the following are equivalent:

(i) A(X) splits completely in Fqj ;
(ii) A(X) divides Sj,r(X) for some r ≥ 0;
(iii) there exist r ≥ 0 and an additive polynomial B ∈ Fq[X] such that B(A(X)) =

Sj,r(X).

Moreover, if A is separable, we can assume that r= 0.

Proof. For the implication (i)→(ii), assume that A(X ) splits completely in Fqj . Hence

every irreducible divisor of A(X ) over Fq divides Xqj−X. Take r large enough so that, in
the factorization of A(X ) over Fq, no irreducible factor has multiplicity greater than qr.

Hence A(X ) divides (Xqj −X)q
r

= Sj,r(X). The implication (ii)→(iii) follows directly
by lemma 2.1. For the implication (iii)→(i), assume that B(A(X)) = Sj,r(X). Again,

from lemma 2.1, it follows that A(X ) divides Sj,r(X) = (Xqj −X)q
r

and so the roots of

A(X ) are also roots of Xqj −X. In other words, A(X ) splits completely in Fqj . Finally,

if A(X ) is separable, then A(X ) divides Sj,r(X) = (Sj,0(X))q
r

if and only if it divides
Sj,0(X). �

We end this part with an important remark that is used along the way without further
mention. If A ∈ Fq[X] is nonzero and additive, then A(0) = 0 and so the splitting field
of A(n)(X) contains the splitting field of A(j)(X) whenever 1 ≤ j ≤ n. In particular, for
every 1 ≤ j < n, the number sA(j) divides sA(n).
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3.1. Proof of Theorem 1.2

We prove the items separately.

(i) Fix n ≥ 1, and let FqK be the splitting field of A(n)(X) over Fq, that is, sA(n) = K.

From lemma 2.1, there exist an additive polynomial B ∈ Fq[X] and an integer r ≥ 0
such that

B(A(n)(X)) = SK,r(X), (4)

and the polynomials A,B commute. In particular, taking the p-th iterate on both
sides of Eq. (4), we obtain

B(p)(A(np)(X)) = S(p)
K,r(X) = SpK,pr(X).

From lemma 3.1, the polynomial A(np)(X) splits completely in FqpK . Therefore,

sA(np) divides pK. Recall that, as np>n, the number sA(np) is divisible by sA(n) =
K. In particular, we obtain

sA(np) ∈ {K, pK} = {sA(n), p · sA(n)}.

The latter readily implies that sA(pj) ≤ sA(1) · pj for every j ≥ 0. Recall that
sA(m) divides sA(n) if m <n. In particular, it is clear that for every n ≥ 1, we have
sA(n) = sA(1)pi for some i ≥ 0. Moreover, if n ≥ 1 and j = dlogp ne < 1 + logp n,

we have n ≤ pj and so

sA(n) ≤ sA(pj) ≤ sA(1) · pj .

(ii) It is direct to verify that there exists a sequence {β`}`≥1 of elements in Fq such

that A
(`)
b (X) = A(`)(X) + β` for every ` ≥ 1. Now fix n ≥ 1, and let FqS and

FqT be the splitting fields of A
(n)
b (X) and A(n)(X), respectively. In particular,

the roots of A
(n)
b (X) comprise an Fp-affine space L ⊆ FqS whose difference set

L−L = {y−z : y, z ∈ L} coincides with the set of the roots of A(n)(X). Therefore,
the roots of A(n)(X) lie in FqS and so T divides S. Conversely, since A(n)(X) splits

completely in FqT , lemma 3.1 entails that ST,r(X) = B(A(n)(X)) for some additive

polynomial B ∈ Fq[X] and some r ≥ 0. In particular,

ST,r(X) ≡ −B(βn) (mod A
(n)
b (X)).

However, recall that βn ∈ Fq and B ∈ Fq[X], hence B(βn) ∈ Fq and so ST,r(X)
vanishes at −B(βn). In conclusion,

S(2)
T,r(X) ≡ ST,r(−B(βn)) ≡ 0 (mod A

(n)
b (X)).
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Since p ≥ 2, we obtain

STp,rp(X) = S(p)
T,r(X) ≡ S(p−2)

T,r (0) ≡ 0 (mod A
(n)
b (X)).

Observe that, for y ∈ Fq, we have STp,rp(y) = 0 if and only if y ∈ FqTp . Hence

A
(n)
b (X) splits completely in FqpT and so S divides pT. Since T divides S, we

conclude that S ∈ {T, pT}. In other words,

sAb(n) ∈ {sA(n), p · sA(n)}.

(iii) For simplicity, we write M = sA(1) and γA(n) =
sA(n)

n . Item (i) entails that

sA(n) < Mp1+logp n = Mpn for every n ≥ 1. In particular, the sequence {γA(n)}n≥1

is bounded. For each integer i ≥ 0, item (i) and Remark 1.1 entail that

si = max{j > 0 : sA(j) = Mpi}

is a well defined positive integer. Since psi > si, we obtain sA(psi) ≥Mpi+1. Item
(i) implies sA(psi) ≤Mpi+1 and so sA(psi) = Mpi+1. In particular, it follows by the
definition that si+1 ≥ psi. The latter combined with the identity sA(si+1) = psA(si)
implies that the sequence Γ := {γA(si)}i≥0 is not increasing. Since A(X ) is not

of the form aXpj , Remark 1.1 entails that Γ is bounded below by a positive real
number. Hence there exists cA > 0 such that

lim
i→+∞

γA(si) = cA.

If n is an integer with si < n ≤ si+1, then sA(n) = Mpi+1 and so

γA(si+1) =
Mpi+1

si+1
≤ γA(n) =

Mpi+1

n
<
Mpi+1

si
= pγA(si).

In particular,

cA = lim inf
n→+∞

γA(n) ≤ lim sup
n→+∞

γA(n) ≤ pcA.

The latter implies that the set of limit points of {γA(n)}n≥0 is contained in the
interval [cA, pcA]. Since such a set of limit points must be closed, it suffices to prove
that the sequence {γA(n)}n≥1 is dense in the open interval (cA, pcA). For each real

number α ∈ (1, p) and each integer i ≥ 0, set ti =
⌈psi
α

⌉
. In particular, ti =

psi
α +κi

for some κi ∈ [0, 1). It follows by the definition that si < ti ≤ psi. Recall that
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si+1 ≥ psi, hence sA(ti) = Mpi+1 = psA(si). Since {si}i≥0 is unbounded, the
sequence

γA(ti) =
psA(si)

ti
=

αsA(si)

si + α
p κi

, i ≥ 0

converges to αcA.
(iv) This item follows by item (iii) and the following restatement of item (ii):

sAb(n)

n
∈
{
sA(n)

n
,
psA(n)

n

}
, n ≥ 1.

(v) Fix k a positive integer. We employ the notation of the previous items. Observe
that s

A(k)(n) = sA(nk) for every n ≥ 1 and so γ
A(k)(n) = kγA(nk). From this fact

and item (iii), we conclude that the set of limit points of {γ
A(k)(n)}n≥1 is contained

in the interval [kcA, pkcA]. Hence c
A(k) ≥ kcA and pc

A(k) ≤ pkcA. In conclusion,
c
A(k) = kcA.

We proceed to the proof of the remaining statements in Theorem 1.2. From hypothesis,
the polynomial A(s0)(X) splits completely in FqM , and hence lemma 3.1 entails that there

exist r ≥ 0 and A∗ ∈ Fq[X] such that

A∗(A(s0)(X)) = XqsA(1)+r
−Xqr .

Replacing r by r + 1 and A∗ by Aq∗ if necessary, we can always assume that r ≥ 1 and
that the polynomial A∗ is of the form Rq with R ∈ Fq[x] additive. As before, for each
integer i ≥ 0, set si = max{j > 0 : sA(j) = Mpi}, where M = sA(1). From lemma 2.1,
the polynomials A and A∗ commute. In particular, as in the proof of item (i), we obtain

A
(pi)
∗ (A(s0p

i)(X)) = XqMpi+rpi

−Xqrp
i

= SMpi,rpi(X).

Hence si ≥ s0p
i with equality if and only if A

(pi)
∗ (X) is not of the form E(A(X)) for

some additive E ∈ Fq[X]. In particular,
sA(si)

si
≤ M

s0
with equality if and only if si = s0p

i.

Recall that the sequence
{
sA(si)

si

}
i≥0

is not increasing and, by the definition, it converges

to cA. Hence cA ≤ M
s0

with equality if and only if
sA(si)

si
= M

s0
for every i ≥ 0, that is,

si = s0p
i for every i ≥ 0. As we have seen, the latter is equivalent to A

(pi)
∗ (X) not being

of the form E(A(X)) with E ∈ Fq[X] additive, for every i ≥ 0. Since A∗ is of the form

Rq with R ∈ Fq[x] additive, we see that A
(n)
∗ (X) is divisible by XqM −X for some n ≥ 1

if and only if A
(m)
∗ (X) is divisible by (XqM − X)q

r
for some m ≥ 1. Taking i → +∞,

and using the fact that A∗ and A commute, we see that the following statements are
equivalent.
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• There do not exist i ≥ 0 such that A
(pi)
∗ (X) is of the form E(A(X)) with E ∈

Fq[X] additive.

• There do not exist n ≥ 1 such that A
(n)
∗ (X) is of the form E(A(s0)(X)) with

E ∈ Fq[X] additive.

• There do not exist n ≥ 1 such that A
(n)
∗ (X) is of the form

E(A∗(A(s0)(X))) = E((XqM −X)q
r
),

with E ∈ Fq[X] additive.

• There do not exist n ≥ 1 such that A
(n)
∗ (X) is divisible by

(XqM −X)q
r
.

• There do not exist n ≥ 1 such that A
(n)
∗ (X) is divisible by XqM −X;

• There do not exist n ≥ 1 such that A
(n)
∗ (y) = 0 for every y ∈ FqM .

• The Fp-linear map z 7→ A∗(z) is not nilpotent over FqM .

Now, if we assume that z 7→ A∗(z) is not nilpotent over FqM , we proved that si = s0p
i

for every i ≥ 0. Take n > s0 and let j ≥ 0 be the unique integer such that

s0p
j = sj < n ≤ sj+1 = s0p

j+1,

hence sA(n) = Mpj+1. A direct computation yields j + 1 =
⌈
logp

n
s0

⌉
, from where the

result follows.

3.1.1. Comments on Theorem 1.2

Observe that, for real numbers α, β > 0, the function f : N → R>0 given by f(n) =

αpdlogp βne has the following properties: it is an increasing step function such that f(N) =
{αpj : j ≥ 0} and, for

aj := #f−1((0, αpj ]) =

⌊
pj

β

⌋
,

we have that lim
j→∞

aj
aj+1

= 1
p . In particular, we may conclude that the graph of f (n)

resembles a fractal.
Although Theorem 1.2 does not guarantee that the function sA(n) has the form

αpdlogp βne for generic A, we comment that its graph shares some of the forementioned fea-
tures. Item (i) in Theorem 1.2 readily implies that sA(n) is a step function with the image
set of the form {αpj : j ≥ 0}. Finally, looking at the proof of item (iii) of Theorem 1.2,
we see that {aj}j≥0 coincides with the sequence {sj}j≥0, and we proved that sj+1 ≥ psj
for every j ≥ 0. In particular, we conclude that lim sup

j→∞

aj
aj+1

≤ 1
p . However, our results

are not sufficient to obtain any conclusion on the existence of the limit lim
j→∞

aj+1
aj

.
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We believe that in [19], Odoni was trying to explore a similar issue. In fact, in his results
on the behaviour of the function sA(n), he proves that sA(n + rn) ∈ {sA(n), psA(n)}
whenever n is sufficiently large and {rn}n≥1 satisfies lim

n→∞
rn
n = 0: see Lemma 5.2 of [19]

for more details. As p ≥ 2, item (i) in Theorem 1.2 provides a much stronger result in
this direction: we only require that rn ≤ (p− 1)n.

4. Miscellaneous results

In this section, we discuss some applications and improvements on Theorem 1.2.

4.1. Iterating special additive polynomials

Here we obtain an enhanced version of Theorem 1.2 in the special case where A is

q-linearized, i.e., A(X ) is of the form
∑m
i=0 aiX

qi . The latter is equivalent to A(X) =
Lf (X) for some f ∈ Fq[X]. For simplicity, we assume that A is separable, i.e., f (X )
is not divisible by X. The general case follows easily: indeed, if f(X) = XrF (X) with
gcd(F (X), X) = 1, then

L
(n)
f (X) = L

(n)
F (X)q

rn
.

In particular, sA(n) = sB(n) for every n ≥ 0, where B(X) = LF (X). For a polynomial
g ∈ Fq[X] that is not divisible by X, it is direct to verify that there exists i ≥ 1 such that
g(X ) divides Xi − 1. The smallest positive integer with this property is the order of g,
which we denote by ord(g). By a simple calculation, we verify that g(X ) divides Xs − 1
if and only if s is divisible by ord(g). From these facts, we obtain the following explicit
result that generalizes the observation given by Odoni in the case A(X) = Xp −X.

Theorem 4.1. Let f ∈ Fq[X] be a polynomial not divisible by X, let f0 be its squarefree
part and let e be the least positive integer such that f(X) divides f0(X)e. If E = ord(f0),
then for A = Lf (X) and every n ≥ 0, we have

sA(n) = E · pdlogp nee.

In particular, if cA is as in Theorem 1.2, then cA = Ee.

Proof. By employing a Euclidean division and the properties presented in lemma 2.2,
we see that for nonzero g, h ∈ Fq[X], the polynomial g(X ) divides h(X ) if and only

if Lg(X) divides Lh(X). In particular, since A = Lf (X) is separable and Y q
j − Y =

LXj−1(Y ), we observe that for every s ≥ 1 the following are equivalent:

• L
(n)
f (X) = Lfn(X) splits completely in Fqs ;

• f(X)n divides Xs − 1;
• s is divisible by ord(fn).

Hence, sA(n) = ord(fn). The equality ord(fn) = E · pdlogp nee follows by item (ii) of
Lemma 5 in [23]. The equality cA = Ee follows by direct computation. �
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4.2. Proof of Theorem 1.6

From items (iii) and (iv) of Theorem 1.2, there exists βB > 0 such that, for every n ≥ 1,

the irreducible factors of B(n)(X) have all degrees at most βBn and hence
ρB(n)

n ≤ βB

for every n ≥ 1. It remains to provide an absolute lower bound on
ρB(n)

n . We observe
that the formal derivative of an affine polynomial is a constant, which is nonzero if and
only if the polynomial is separable. The latter is also equivalent to the affine polynomial
not being a perfect p-th power. Write B(X) = B0(X)p

m
, where m ≥ 0 and B0(X) is

not of the form S(X)p. From hypothesis, deg(B0) = pd for some d ≥ 1. From the initial

observation, it follows by induction on n ≥ 1 that B(n)(X) = B̃n(X)p
mn

for some affine
separable polynomial B̃n of degree pdn . In particular, the set Zn of the distinct roots of
B(n)(X) has cardinality pdn and so it follows by the definition that

ρB(n) =
pdn

NB(n)
. (5)

Our aim is to provide a non-trivial bound for NB(n). Let FqM be the splitting field of

B(X ) over Fq, and let n be a positive integer which we will assume to be sufficiently large.
From items (i) and (ii) in Theorem 1.2, we have that sB(n) = Mpt for some t = t(n) such
that 0 ≤ t < logp n + 2. Hence, B(n)(X) splits completely in F

qMpt , i.e., Zn ⊆ F
qMpt .

Moreover, from items (iii) and (iv) in Theorem 1.2, we have that t → +∞ as n → +∞,
so we can assume that t is sufficiently large.

As B is affine, for each 0 ≤ j ≤ t, the set Uj := Zn∩F
qMpj is an Fp-affine space. For each

0 ≤ j ≤ t, let δj be the dimension of Uj . From the inclusions FqM ⊂ FqMp ⊂ · · · ⊂ F
qMpt

we obtain δ0 ≤ · · · ≤ δt = dn. Set Y0 = U0, and for each 1 ≤ j ≤ t, set Yj = Uj \ Uj−1.

Therefore, #Yj = pδj − pδj−1 for every 1 ≤ j ≤ t. Moreover, if 1 ≤ j ≤ t and α ∈ Yj ,
then α ∈ F

qMpj \FqMpj−1 , and so the degree Dα of the minimal polynomial of α over Fq
divides Mpj, but it does not divide Mpj−1. The latter implies that Dα is divisible by pj

and so Dα ≥ pj . Therefore, for every 1 ≤ j ≤ t, the set Yj produces at most p
δj−pδj−1

pj

distinct irreducible factors of B(n)(X). As Zn =
⋃t
i=0 Yj , we obtain

NB(n) ≤ pδ0 +
t∑

j=1

pδj − pδj−1

pj
≤

t∑
j=0

pδj−j . (6)

We now provide nontrivial bounds for δj. Set

Wj = {u− v : u, v ∈ Uj}.

Observe that B(n)(X) = A(n)(X) + βn for some βn ∈ Fq. Therefore, Wj ⊆ F
qMpj is

an Fp-vector space of dimension δj, whose elements are roots of A(n)(X). Moreover, the
roots of A(n)(X) comprise the set S = ∪ti=0Wj . As A is additive, it follows that A(0) = 0
and so S also contains the roots of A(r)(X) for 1 ≤ r ≤ n. As pr ≥ r + 1, from item
(i) in Theorem 1.2, we obtain that sA(r + 1) ∈ {sA(r), psA(r)} for every r ≥ 1. In
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other words, the degree of the splitting field of consecutive iterates of A increases by a
factor p each time it increases. The latter implies that we must have the strict inclusions
W0 ( · · · ( Wt and so we obtain δ0 < · · · < δt. Therefore, δj ≤ δt − (t− j) = dn+ j − t
and so δj − j ≤ dn − t for every 0 ≤ j ≤ t. Since Uj ⊆ F

qMpj , if q = pR, we also have

the trivial bound #Uj ≤ #F
qMpj , i.e., δj − j ≤ δj ≤ RMpj . Let k = k(t) be the smallest

positive integer such that RMpt−k ≤ dn− t, i.e.,

p−k ≤ dn− t

RMpt
=

dn− t

RsB(n)
=
d

R
· n

sB(n)

(
1 − t

dn

)
.

From items (iii) and (iv) in Theorem 1.2, the number n
sB(n) lies in an interval [a, b] with

0 < a < b < +∞. Moreover, as 0 ≤ t < logp n + 2 we obtain lim
n→∞

t
n = 0 and so we

conclude that there exists c> 0 such that k(t) ≤ c whenever n (hence t) is sufficiently
large. In particular, taking n large enough, we have k(t) < t and so from Ineq. (6) we
obtain

NB(n) ≤
t−k(t)∑
j=0

pRMpj +
t∑

j=t−k(t)+1

pdn−t ≤ 2pRMpt−k(t) + k(t)pdn−t

≤ (k(t) + 2)pdn−t.

The latter combined with Eq. (5) yields

ρB(n) ≥ pt

k(t) + 2
=

sB(n)

M(k(t) + 2)
≥ sB(n)

M(c+ 2)
= n · sB(n)

n
· 1

M(c+ 2)
,

and so the result follows by items (iii) and (iv) in Theorem 1.2.

4.3. Dynamics of linear maps over finite fields

Here, we provide statistics on the periodic points under the iteration of linear maps
over finite fields. We start with a general structural theorem.

Theorem 4.2. Let A ∈ Fq[X] be an additive polynomial, and let n ≥ 1. Then we have
a direct sum of Fp-vector spaces Fqn = W0⊕W1, where W0 =

⋃
t≥0{y ∈ Fqn : A(t)(y) =

0} and W1 comprises the elements of Fqn that are periodic under A. In particular, the
number πA(n) of periodic points of Fqn under the map z 7→ A(z) satisfies

πA(n) = #W1 =
qn

#W0
.

Proof. Observe that, as A is additive, the map z 7→ A(z) is an Fp-linear map over
Fqn . Let P(X ) be its characteristic polynomial, and write P (X) = XrQ(X), where
r ≥ 0 and gcd(Q(X), X) = 1. We now employ a classical linear algebra result: we have
Fqn = V0⊕V1, where V 0 (respectively, V 1) is the A-invariant subspace of Fqn associated
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with the factor Xr (respectively, Q(X )). Moreover, V 1 is the largest A-invariant subspace
where A restricts to a bijection. We clearly have V0 = W0. As Fqn is finite, A restricts
to a bijection on an A-invariant subspace if and only if the elements of this subspace are
periodic under the map z 7→ A(z). We directly verify that W1 is an A-invariant subspace,
hence V1 = W1, and the result follows. �

4.3.1. Proof of Theorem 1.7

The case where A(X) = aXph follows by direct computations since z 7→ A(z) is the
zero map for a = 0 and, if a 6= 0, such a map is a permutation of the whole field Fq. We now
assume that A(X ) is not of this form. As in the proof of Theorem 1.6, for every integer

n ≥ 1, we verify that there exist integers r ≥ 0 and d ≥ 1 such that A(n)(X) = Ãn(X)p
nr

for some additive separable polynomial Ãn(X) ∈ Fq[X] of degree pdn .
For each positive integer n, set ∆(n) = #

⋃
t≥0{y ∈ Fqn : A(t)(y) = 0}. Theorem 4.2

implies the identity
πA(n)

qn = ∆(n)−1, so we only need to find values of n, where ∆(n)

is relatively small/sufficiently large. Let FqM be the splitting field of A(X ) over Fq, and

let N be the largest positive integer such that FqM contains a root of A(N)(X) that is

not a root of A(N−1)(X) (under the convention that A(0)(X) = X). From item (i) in
Theorem 1.2, the roots of A(j)(X) that are not in FqM must be contained in F

qMps for

some s ≥ 1. In particular, we obtain ∆(Mt) ≤ pdN whenever gcd(t, p) = 1. Therefore,

lim sup
n→∞

πA(n)

n
≥ lim sup

t→∞

πA(Mt)

qMt
≥ p−dN > 0.

On the other hand, from item (i) in Theorem 1.2, we have that A(pi)(X) splits completely

in F
qMpi and so ∆(Mpi) ≥ pdp

i
for every integer i ≥ 0. Therefore,

lim inf
n→∞

πA(n)

n
≤ lim inf

i→∞

π(Mpi)

qMpi
≤ lim inf

i→∞
p−dpi = 0.
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