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Abstract Let g be a power of a prime p, let F; be the finite field with ¢ elements and, for each nonconstant
polynomial F' € Fg[X] and each integer n > 1, let sp(n) be the degree of the splitting field (over Fy)
of the iterated polynomial F(")(X). In 1999, Odoni proved that s4(n) grows linearly with respect to n
if A € Fy[X] is an additive polynomial not of the form aXph; moreover, if g=p and B(X) = XP — X,
he obtained the formula sg(n) = pﬂogl) "1 In this paper we note that sgp(n) grows at least linearly
unless F' € Fq[X] has an exceptional form and we obtain a stronger form of Odoni’s result, extending
it to affine polynomials. In particular, we prove that if A is additive, then s4(n) resembles the step
function p/'°%» "1 and we indeed have the identity sa(n) = ap°8» P71 for some a,B € Q, unless
A presents a special irregularity of dynamical flavour. As applications of our main result, we obtain
statistics for periodic points of linear maps over F,i as ¢ — +o0 and for the factorization of iterates of
affine polynomials over finite fields.
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1. Introduction

Given a field K, a polynomial F' € K[X] and a positive integer n, let F(™)(X) be the n-th
fold composition of F' with itself. Some past works have dealt with polynomials F' in which
the iterates F(™)(X) present special factorization over K: see [2, 3, 18]. The main case of
study is when all the iterates F(™) (X),n > 1 are irreducible over K: such polynomials are
called stable. There are a few constructions of stable polynomials [7, 19], where the field
of coefficients K is a number field or a function field. In [19], Odoni proves the stability of
‘generic’ additive polynomials with coefficients in a function field and compute the Galois
group of the iterates of such polynomials. Recall that a polynomial f € K[X] is additive
if the identity f(X +Y) = f(X) + f(Y) holds in the polynomial ring K[X,Y]. If K has
positive characteristic p, the additive polynomials in K[X] are precisely those of the form

Z?:o a; X?" with a; € K. However, in the case where K is finite, such polynomials are
usually not stable. In fact, no affine polynomial (i.e., A(X) + b with A(X) additive and
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b € K) of degree at least 2 can be stable if K is finite: see Theorem 10 in [1] for more
details.

The stability of polynomials over finite fields has been explored primarily in the case of
quadratic polynomials. A relaxation of stable polynomials is considered in [13], yielding
the so-called settled polynomials. A more general problem on the factorization of F(™)(X)
is proposed in [5] in the case where K is finite. In particular, the problem suggests to
explore some arithmetic functions associated with F(™ (X) such as the degrees of the irre-
ducible factors (largest, average) and the number of irreducible factors. For more details,
see Question 18.9 in [5]. Many issues related to Question 18.9 were eariler discussed in [9]
and, more recently, in [24].

Still in the finite field setting, an arithmetic function that can be considered is sp(n),
the smallest positive integer such that F() (X) splits completely over Fqs p(n)- For

instance, F' is stable if and only if sp(n) = deg(F)™ for every n > 1. As previously
mentioned, in [1] the authors prove that no affine polynomial of degree at least 2 and
with coefficients in a finite field can be stable. In [20], Odoni proved something much
stronger for additive polynomials: if A € F,[X] is an additive polynomial not of the form

aX ”h, then s4(n) grows linearly with respect to n. More precisely, he proved that the
sequence {sa(n)-n~1},>1 is bounded and its set of limit points equals [cva,paa] for
some a4 > 0. For more details, see Theorem 2 in [20]. Odoni’s result implies a refined
information on the factorization of iterated additive polynomials: the iterates of additive
polynomials typically split into many distinct irreducible factors, all of small degree. He
ends the paper with an interesting example, where the constant « 4 is explicitly computed:
if g=p, then sxpr_x(n) = p“ogp "1 for every n > 1 and, in particular, axp_x = 1.

Odoni’s proof on the growth of s4(n) with A additive relies on transferring the prob-
lem to the skew polynomial ring F,[X, o]: this is a natural model for the ring of additive
polynomials (with respect to the ordinary sum and composition of polynomials). In this
approach, the problem of computing s4(n) translates into computing valuations of ele-
ments in F,[X, o] with respect to some ideals of the same ring. However, the latter is
quite nontrivial: since the ring F,[X, 0] is not commutative, we no longer have many
useful factorization properties of elements and ideals. In particular, the computations
in the paper are involved and technical. Moreover, in his approach, he only deals with
a subsequence {s4(nv) - (nv)~'},>1 with fixed v € N, noticing that such subsequence
controls the oscilation of the whole sequence. We actually believe that he was trying to
derive a simple closed formula like the one sxp_x(n) = pleep ™l for ¢ =p. For more
details, see sections 3-5 of [20].

In this paper, we study the function s4(n) in more detail and recover Odoni’s results
in a richer form. In particular, we prove that in many cases we have s4(n) = aposp Anl
if n is sufficiently large, where o, € Q do not depend on n and can explicitly be
obtained from some initial values s4(1),...,54(s0). We also derive a weaker result for
affine polynomials A(X) + b and, in particular, we prove that the degree of the splitting
fields of the iterates of such polynomials also presents linear growth. The latter is a major
obstruction in Odoni’s approach: there is no identification of affine polynomials in the
polynomial ring F,[X, o]. Before we state our main results, we comment that the linear
growth is the slowest possible growth for the the degree of the splitting field of ‘generic’
iterated polynomials.
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Remark 1.1. Let Fy be a finite field of characteristic p and assume that F' € F,[X]
is not of the form aX*® + b, where a € Fj and either b=0 or b # 0 and s = pl with
h > 0. According to Corollary 2.5 of [24], there exists an absolute constant ¢y > 0 such
that, for every positive integer n, the polynomial F(")(X) contains an irreducible factor

over [F, with degree at least cp - n. The latter readily implies that SFnﬁ > cp for every

n>1.1If F(X)=aX®+0b with a € F; and either b=0 or b # 0 and s = p" with h >0,
it is direct to verify that sp(n) =1 for every n > 1. In particular, these polynomials are
genuine exceptions.

Our main result goes as follows.

Theorem 1.2. Let g be a power of a prime p, let A(X) € F,[X]| be an additive

polynomial not of the form ax?" and, for each b € Fy, set Ap(X) = A(X) +0b. Then the
following hold:

(1) for everymn > 1, we have sa(np) € {sa(n),p-sa(n)} and, in particular, there exists
0<i< logpn + 1 such that

sa(n) =sa(1)-p". (1)

(ii) for every b € Fy and every n > 1, we have sa,(n) € {sa(n),p-sa(n)};

(iii) the sequence {SAT(M} is bounded and its set of limit points equals [ca,pca] for
n>1

some cp > 0;

N . . ) ) 54, (n) . .
(iv) if ca is as in the previous item, the sequence {Al;l} is bounded and its set
n>1

of limit points is contained in the interval [ca,p®cal;
(v) C k) =k -ca for every k > 1.

Moreover, for so = max{j >0 : sa(j) = sa(1)}, there exists A, € F,[X] of the form
RY with R € Fy[z] additive and an integer r > 1 such that

€] r

_x)e" = xot AT

(x4 — X7 = A, (AG0)(X)).

In particular, cq < s“;—él) with equality if and only if the Fp-linear map z — A, (z) is not
nilpotent over ]FqSA(l). In the case of equality, we also have
{log Sﬂ-‘
sa(n) =sa(l)pl P01, n > sp. (2)
Next we provide one numerical example, showing the applicability of Theorem 1.2.

Example 1.3. Let a € F4 be such that a® = a+1 and set A(X) = X®+aX € Fy[X].
A direct computation yields sa(1) = 3 and s4(2) = 6, hence sg = 1. Moreover, the
polynomial 4,(X) = X32 + a?2X* = (X® + o2 X)* satisfies
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AL (A(X)) = X256 — x4,

It is direct to verify that, in this case, the map z +— A,(2) is not nilpotent over F,3.
Theorem 1.2 implies ¢4 = 3 and

sa(n) = 3plosrml n > 2,

Remark 1.4. In the context of Theorem 1.2 we see that Eq. (2) provides a simple
closed formula for s4(n) whenever the companion polynomial A,(X) does not induce a
nilpotent linear map over the splitting field of A(X). Additive polynomials yielding nilpo-
tent linear maps over extensions of finite fields were previously introduced and explored
by the author in [22]. However, we discuss other issues there, namely, the construction
and cycle decomposition of permutation polynomials arising from nilpotent additive poly-
nomials. Nevertheless, such polynomials yield very special dynamical systems over finite
fields: if N € F,[X] is additive such that z — N(z) is nilpotent over F s, then 0 € F
is the only periodic point under this map. In particular, the corresponding directed graph
representation of the map z — N(z) over F s (called functional graph) contains only
one connected component. In the proof of Theorem 1.2 we prove that the condition on
A, (X) being nilpotent is also equivalent to the following: for each positive integer n, there
exists k = k(n) such that A" (X) is divisible by A™(X). Since A, A, are additive,
we have that A,(0) = A(0) = 0 and so the latter implies that A=>°(0) C A, °°(0). Here,
for a polynomial F' € Fy[X], the set

F=0) = [J{yeFy : FO(y) = 0}
j=0

is just the reversed orbit of 0 under the map z +— F(z) over F,.

If we assume that A(X) € Fy[X] is of the form ) "/ a; X9, we directly obtain an
explicit formula for s 4(n) like the one given in equation (2): in particular, we can compute
the constant c4. The latter generalizes the case A(X) = XP — X given by Odoni and, in
fact, it covers the class of additive polynomials A with coefficients in F,[X] (i.e., we are
simply considering the case ¢ =p). For more details, see Theorem 4.1.

As applications of Theorem 1.2, we also provide statistics for the factorization of iter-
ated affine polynomials and for the number of periodic points under maps z — A(z) with
A additive. First, we need the following definition.

Definition 1.5. For each nonconstant polynomial F' € Fy[X| and each positive integer
n, let Np(n) be the number of distinct irreducible factors of F™ (X)) over F,. Moreover,
if finse o INp)m € F,[X] are the distinct irreducible factors of FU"(X) over F,,
we set

Np(n
1 7

)
pF(n) = NF(’I’L) Z deg(fi,n)a

the average degree of the f; ,s.
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In the following theorem, we prove that pg(n) also grows linearly with respect to n if
B is a generic affine polynomial.

Theorem 1.6. Let A € Fy[X] be an additive polynomial that is not of the form aXph,

fix b € Fy and set B(X) = A(X) +b. Then there exists ap,Bg > 0 such that pBT(n) €
[ap, BB] for everyn > 1.

Proposition 5.18 in [24] essentially proves Theorem 1.6 in the case where A(X) is of

the form Z;Zo a; X 7 However, this case is much simpler since we can even describe
the degree distribution of the irreducible factors of A" (X) over F,. In particular, the
techniques employed there cannot be extended to arbitrary additive polynomials. See §
5.2 in [24] for more details.

The following theorem entails that the proportion of periodic points under additive
polynomial maps is, in general, irregular through the finite extensions of F,.

Theorem 1.7. Let A € F,[X] be an additive polynomial, and for each integer n, let
ma(n) be the number of elements in Fyn that are periodic under the map z — A(z). Then
the limat

lim ma(n)
n—oo qn

does not exist unless A(X) = ax?" for some a € F, and some h > 0. In the latter case,
the limit equals 0 if a=0 and equals 1 if a # 0.

Observe that L,(L") is just the proportion of points in F,n that are periodic with respect

to the map z — A(z). The latter can be considered in a more general context, where A
is replaced by a generic polynomial F' € F,[X]. Very little is known on the behaviour
of ﬂl;ifln): some related problems are considered in [10, 12]. More recently, in [6] the
proportion of periodic points is explored in the case of quadratic maps over the projec-
tive space Pl(IFqn), where the analogue limit equals zero (up to some exceptional cases).
An earlier work [16] explored the proportion of periodic points for the case of mono-
mials and Chebyshev polynomials. In particular, for these two classes of polynomials,
the corresponding limit does not exist in general. Along with monomials and Chebyshev
polynomials, additive polynomials have wild dynamical behaviour. For instance, these
three families of polynomials cover most of the known ezceptional polynomials (i.e., poly-
nomials whose induced map permute infinitely many finite extensions of F,). For more
details on exceptional polynomials, see § 8.4 of [17].

It is worth mentioning that the dynamics of Chebyshev polynomials and monomials
are well understood by means of their functional graphs (a directed graph representation
of the iteration of maps). In fact, the results in [21] imply a simple description of the
graphs for such polynomials and also for some special additive polynomials. On the
other hand, the dynamics of arbitrary additive polynomials over finite fields is only well
understood from the Linear Algebra point of view: see [4, 8, 11, 14, 25]. Our proof for
Theorem 1.7 relies on finding finite extensions of F, containing a small/large number
of roots of the iterates of A. However, we do not obtain a complete description of the
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dynamics of the map z — A(z). Instead, those extensions are detected by employing item
(i) of Theorem 1.2, combined with Theorem 4.2, a general basic result on the structure of
periodic points of linear maps over finite fields. In particular, we prove that, as n — oo, the
quotient LT(LTL) must oscilate between zero and a positive constant unless A(X) = aX P
for some a € F; and some h > 0.

In the proof of our results we employ many arithmetic properties of additive polynomi-
als, regarding them not only as elements of the polynomial ring F,[X] but also as maps
over the algebraic closure F, of Fy. A crucial tool is lemma 2.1, where we compile many
elementary results on the composition of additive polynomials over finite fields, including
some commuting properties.

We end this section with the structure of the paper. In § 2, we provide basic machinery,
and in § 3, we prove our main result, Theorem 1.2. Finally, in § 3.1, we provide an
enhanced version of Theorem 1.2 that applies to a subclass of additive polynomials,
along with some applications of the same theorem.

2. Preparation

For the rest of this paper, we fix ¢ a power of a prime p. In this short section we provide
two technical lemmas that will be frequently employed.

Lemma 2.1. Let A,B € Fy[X] be additive polynomials with A(X) nonzero. Then
A(X) divides B(X) if and only if there exists another additive polynomial C € F,[X]
such that B(X) = C(A(X)). Moreover, if B(X) = C(A(X)) and B(X) =37, a; X
for some a; € Fy,, then the following holds:

(i) A(C(X)) = B(X), i.e., A(C(X)) = C(A(X));
(i) of A(X) = Agk)(X) for some k > 1 and some additive Ay € Fy[X], then
Ao (C(X)) = C(Ao (X))

Proof. The first statement is a routine exercise and can be proved, for instance, by
induction on the degree of B; see also Exercise 3.68 in [15]. For the proof of item (i),
it suffices to prove that A(X) and B(X) commute. In fact, in this case, the equality
B(X) = C(A(X)) implies that

and so by setting Y = A(X), we obtain the polynomial identity B(Y) = A(C(Y)).
The fact that A(X) and B(X) commute follows by induction on the number of nonzero
coefficients in A(X), so we omit details. Item (ii) follows in a similar way, noticing that
the polynomials Ag(X) and B(X) commute. O

Given a polynomial f(X) =>""_a; X" € Fy[X], set Ly(X) =>""_, aini. The poly-

nomial L;(X) is commonly known as the g-linearized associate with f(X). The following
lemma is easily verified.
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Lemma 2.2. For f,g € F [X], the following holds:

(a) Lyyg(X) = Lf(X)+ Ly(X);
(b) Lg(X) = Ly(Lg(X)). In particular, for every n > 1, we have L;") (X)=Lm(X).
(€) Le(X) =X for every c € F,.

3. Proof of Theorem 1.2

In this section we prove our main result. We fix the following important notation: for
integers r, s > 0 with s >0, set

Ser(X) = x0T _ x9" = (x9" — x)7".

Lemma 2.2 implies the following important identity that will be further used: for every
integer ¢ > 0,

SED(X) = 8, i (X). (3)

We have the following auxiliary result.

Lemma 3.1. Let A € F [X] be a nonzero additive polynomial, and let j be a positive
integer. Then the following are equivalent:

(i) A(X) splits completely in F ;;
(ii) A(X) divides S;(X) for some r > 0;
(iii) there exist > 0 and an additive polynomial B € F,[X] such that B(A(X)) =
S;r(X).

Moreover, if A is separable, we can assume that r=0.

Proof. For the implication (i)—(ii), assume that A(X) splits completely in Fj- Hence
every irreducible divisor of A(X) over Fy divides X ¢’ _ X. Take r large enough so that, in
the factorization of A(X ) over Fg, no irreducible factor has multiplicity greater than ¢".
Hence A(X) divides (X7 — X)4" = S;r(X). The implication (ii)—(iii) follows directly
by lemma 2.1. For the implication (iii)—(i), assume that B(A(X)) = S;,(X). Again,
from lemma 2.1, it follows that A(X) divides S; (X)) = (qu — X)qr and so the roots of
A(X) are also roots of X ¢ _ X. In other words, A(X) splits completely in F ;- Finally,
if A(X) is separable, then A(X) divides S;,(X) = (Sj,o(X))qT if and only if it divides
Sio(X). O

We end this part with an important remark that is used along the way without further
mention. If A € F,[X] is nonzero and additive, then A(0) = 0 and so the splitting field

of A (X) contains the splitting field of AY)(X) whenever 1 < j < n. In particular, for
every 1 < j < n, the number s4(j) divides s4(n).
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3.1. Proof of Theorem 1.2

We prove the items separately.

(i) Fixn >1, and let F_x be the splitting field of A (X)) over Fy, that is, s4(n) = K.
From lemma 2.1, there exist an additive polynomial B € F,[X] and an integer r > 0
such that

B(A™(X)) = Sk.r(X), (4)

and the polynomials A, B commute. In particular, taking the p-th iterate on both
sides of Eq. (4), we obtain

B® (A (X)) = 8P (X) = S,k pr (X).

s

From lemma 3.1, the polynomial AP)(X ) splits completely in quK. Therefore,
sa(np) divides pK. Recall that, as np > n, the number s 4(np) is divisible by s4(n) =
K. In particular, we obtain

sa(np) € {K,pK} = {sa(n),p-sa(n)}.

The latter readily implies that s4(p’) < sa(1) - p? for every j > 0. Recall that
sa(m) divides s(n) if m < n. In particular, it is clear that for every n > 1, we have
sa(n) = sa(1)p" for some i > 0. Moreover, if n > 1 and j = [log, n] < 1+ log,n,
we have n < p7 and so

sa(n) <sa(p’) <sa(l)-p.

(if) It is direct to verify that there exists a sequence {8¢},>1 of elements in F, such
that AZ()Z)(X) = AW(X) + By for every £ > 1. Now fix n > 1, and let F,s and
F,r be the splitting fields of Al()”) (X) and A™ (X)), respectively. In particular,
the roots of Al()n) (X) comprise an F-affine space £ C F g whose difference set

L—L={y—=z:y,z€ L} coincides with the set of the roots of A (X). Therefore,
the roots of A (X) lie in F s and so T' divides S. Conversely, since A (X) splits

completely in IF 7, lemma 3.1 entails that S, (X) = B(A™ (X)) for some additive
polynomial B € Fy[X] and some r > 0. In particular,

Srr(X)=—B(B,) (mod A (X)).

However, recall that 3, € F, and B € F,[X], hence B(f,) € F, and so Sy ,(X)
vanishes at —B(8,). In conclusion,

SNX) = Srr(—B(By) =0 (mod A (X)).
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Since p > 2, we Oblaln
:1 717(‘() "‘( T)(‘i) 5( )(:) : (IIl::l‘l(n)(‘())
P, T, T,T b .

Observe that, for y € Fy, we have Srp,,(y) = 0 if and only if y € F 7. Hence

Al(jn)(X ) splits completely in IquT and so S divides pT. Since T divides S, we
conclude that S € {T,pT}. In other words,

sa,(n) € {sa(n),p-sa(n)}.

1) For simplicity, we write = 54 and ya(n) = —=+—. Item (1) entails that

sa(n) < Mp't°8p™ = Mpn for every n > 1. In particular, the sequence {va(n)}, <,
is bounded. For each integer i > 0, item (i) and Remark 1.1 entail that a

si =max{j >0 : sa(j) = Mpi}

is a well defined positive integer. Since ps; > s;, we obtain s4(ps;) > Mp‘*L. Ttem
(i) implies s4(ps;) < Mp'tt and so s4(ps;) = Mp't!. In particular, it follows by the
definition that s; 1 > ps;. The latter combined with the identity s4(s;+1) = psa(s;)
implies that the sequence I' := {va(s;)}i>0 is not increasing. Since A(X) is not

of the form aX ”J, Remark 1.1 entails that T is bounded below by a positive real
number. Hence there exists ¢4 > 0 such that

lim ya(s;) = ca.
i——+00

If n is an integer with s; < n < s;41, then ss(n) = Mp*t! and so

Mpi+1 MpiJrl MpiJrl
<7a(n) = < = pya(si).
Sit+1 n Si

Ya(Siv1) =

In particular,

ca = liminf y4(n) <limsupya(n) < pea.
n—+00 n—+o00

The latter implies that the set of limit points of {y4(n)},>0 is contained in the
interval [c4, pca]. Since such a set of limit points must be closed, it suffices to prove
that the sequence {va(n)},~; is dense in the open interval (c4,pca). For each real
number « € (1, p) and each integer i > 0, set ¢t; = [%1 In particular, ¢t; = % + K;

for some k; € [0,1). It follows by the definition that s; < t; < ps;. Recall that
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Siy1 > psi, hence sa(t;) = Mp'tl = psa(s;). Since {si}i>0 is unbounded, the
sequence

psa(si) asa(s;) .
t’i — = s > 0
’YA( ) t; Si + %/ﬂ b=

converges to acya.
(iv) This item follows by item (iii) and the following restatement of item (ii):

n n > n

sa,(n) . {sA(n) psa(n) } —

(v) Fix k a positive integer. We employ the notation of the previous items. Observe
that s ,x)(n) = sa(nk) for every n > 1 and so v, ) (n) = kya(nk). From this fact
and item (iii), we conclude that the set of limit points of {7 ,x)(n)}n>1 is contained
in the interval [kca, pkca]. Hence ¢ (k) = kea and pe ) < pkea. In conclusion,
CA(k) = kCA.

We proceed to the proof of the remaining statements in Theorem 1.2. From hypothesis,
the polynomial A(*0) (X) splits completely in Fq M, and hence lemma 3.1 entails that there
exist r > 0 and A, € F,[X] such that

(1)+r B er.

A, (A0 (X)) = x 1A
Replacing r by r+1 and A, by A{ if necessary, we can always assume that r > 1 and
that the polynomial A, is of the form R? with R € F,[x] additive. As before, for each
integer i > 0, set s; = max{j > 0 : s4(j) = Mp'}, where M = s4(1). From lemma 2.1,
the polynomials A and A, commute. In particular, as in the proof of item (i), we obtain

Mpttrpt

Aipz)(A(sopi)(X)) — X4 —x7" =5 (X).

Mpt,rp

Hence s; > sop’ with equality if and only if A,(kpl)(X) is not of the form E(A(X)) for

some additive E' € F,[X]. In particular, SAT(:Z') < % with equality if and only if s; = sop’.

Recall that the sequence {SAT(SI)} N is not increasing and, by the definition, it converges
i Ji>o0

to ca. Hence ¢y < % with equality if and only if SAT(;” = % for every i > 0, that is,

s; = sop' for every i > 0. As we have seen, the latter is equivalent to A&pl)(X) not being
of the form E(A(X)) with E € F,[X] additive, for every ¢ > 0. Since A, is of the form

R with R € F,[z] additive, we see that Al (X) is divisible by X" _ X for some n >1

if and only if A" (X) is divisible by (X¢"' — X)?" for some m > 1. Taking i — +oo,
and using the fact that A, and A commute, we see that the following statements are
equivalent.
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e There do not exist ¢ > 0 such that Aipl)(X) is of the form E(A(X)) with E €
F,[X] additive.
e There do not exist n > 1 such that Ain)(X) is of the form E(A®0)(X)) with
E € F,[X] additive.
e There do not exist n > 1 such that A" (X) is of the form
M r
E(A(AM(X))) = B(XT - X)7),
with E € F,[X] additive.
e There do not exist n > 1 such that A" (X) is divisible by

(x™ — x)d"

e There do not exist n > 1 such that ASJ’) (X) is divisible by X‘IM - X;
e There do not exist n > 1 such that A (y) =0 for every y € Fonm.
e The F-linear map z — A.(z) is not nilpotent over F_xy.

Now, if we assume that z — A,(z) is not nilpotent over IFqM, we proved that s; = sop’
for every ¢ > 0. Take n > sp and let j > 0 be the unique integer such that
sop) =s; <n<sjp=sop
hence s4(n) = Mp’*1. A direct computation yields j + 1 = [logp %—‘, from where the
result follows.

3.1.1. Comments on Theorem 1.2

Observe that, for real numbers a, 8 > 0, the function f : N — Ry( given by f(n) =

ozp“‘?gp A1 has the following properties: it is an increasing step function such that f(N) =
{ap? : j > 0} and, for

0y = #£71((0,0p7)) = m ,

we have that lim aa—J = L1 In particular, we may conclude that the graph of f(n)
j—oo 45+1 p
resembles a fractal.

Although Theorem 1.2 does not guarantee that the function sa(n) has the form
ap“ogl’ A1 for generic A, we comment that its graph shares some of the forementioned fea-
tures. Item (i) in Theorem 1.2 readily implies that s4(n) is a step function with the image
set of the form {ap’ : j > 0}. Finally, looking at the proof of item (iii) of Theorem 1.2,
we see that {a;};>0 coincides with the sequence {s;};>0, and we proved that s;j;1 > ps;
for every j > 0. In particular, we conclude that lim sup % < %. However, our results

j*}OO
are not sufficient to obtain any conclusion on the existence of the limit .lim af}—jl
J o0
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We believe that in [19], Odoni was trying to explore a similar issue. In fact, in his results
on the behaviour of the function s4(n), he proves that sa(n + r,) € {sa(n),psa(n)}

whenever n is sufficiently large and {7, },>1 satisfies lim 2 = 0: see Lemma 5.2 of [19]
- n—oo

for more details. As p > 2, item (i) in Theorem 1.2 provides a much stronger result in
this direction: we only require that r, < (p — 1)n.

4. Miscellaneous results

In this section, we discuss some applications and improvements on Theorem 1.2.

4.1. Iterating special additive polynomials

Here we obtain an enhanced version of Theorem 1.2 in the special case where 4 is
g-linearized, i.e., A(X) is of the form } " a; X9 . The latter is equivalent to A(X) =
Ly(X) for some f € F,[X]. For simplicity, we assume that A is separable, i.e., f(X)
is not divisible by X. The general case follows easily: indeed, if f(X) = X"F(X) with
ged(F(X),X) =1, then

q’l"’ﬂ

LY(X) = L (X)

In particular, s4(n) = sp(n) for every n > 0, where B(X) = Lp(X). For a polynomial
g € Fy[X] that is not divisible by X, it is direct to verify that there exists ¢ > 1 such that
g(X) divides X* — 1. The smallest positive integer with this property is the order of g,
which we denote by ord(g). By a simple calculation, we verify that g(X) divides X° —1
if and only if s is divisible by ord(g). From these facts, we obtain the following explicit
result that generalizes the observation given by Odoni in the case A(X) = X? — X.

Theorem 4.1. Let f € Fy[X] be a polynomial not divisible by X, let fy be its squarefree
part and let e be the least positive integer such that f(X) divides fo(X)¢. If E = ord(fo),
then for A = L¢(X) and every n > 0, we have

sa(n) = B -ploepmel.

In particular, if ca is as in Theorem 1.2, then c4 = Fe.

Proof. By employing a Euclidean division and the properties presented in lemma 2.2,
we see that for nonzero g,h € Fy[X], the polynomial g(X) divides h(X) if and only
if Ly(X) divides Lp(X). In particular, since A = L;(X) is separable and ye -y =
Ly; ,(Y), we observe that for every s > 1 the following are equivalent:

o Lgcn)(X) = L (X) splits completely in Fs;
o f(X)" divides X*® — 1;
e s is divisible by ord(f™).

Hence, s4(n) = ord(f™). The equality ord(f™) = E - p/™®®» "¢l follows by item (ii) of
Lemma 5 in [23]. The equality ¢4 = Ee follows by direct computation. O
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4.2. Proof of Theorem 1.6

From items (iii) and (iv) of Theorem 1.2, there exists 8 > 0 such that, for every n > 1,

the irreducible factors of B (X) have all degrees at most Szn and hence pBT(n) < BB

for every n > 1. It remains to provide an absolute lower bound on 2B e observe

that the formal derivative of an affine polynomial is a constant, which is nonzero if and
only if the polynomial is separable. The latter is also equivalent to the affine polynomial
not being a perfect p-th power. Write B(X) = By(X)P", where m > 0 and By(X) is
not of the form S(X)P. From hypothesis, deg(By) = p? for some d > 1. From the initial
observation, it follows by induction on n > 1 that B(™ (X) = B,(X)?"" for some affine
separable polynomial B,, of degree p™. In particular, the set Z,, of the distinct roots of
B(™(X) has cardinality p?® and so it follows by the definition that

dn

pp(n) = §-os (5)

Our aim is to provide a non-trivial bound for Ng(n). Let F be the splitting field of
B(X) over F,, and let n be a positive integer which we will assume to be sufficiently large.
From items (i) and (ii) in Theorem 1.2, we have that sg(n) = Mp' for some ¢ = t(n) such
that 0 <t < log, n + 2. Hence, B (X) splits completely in IFqut, ie., Z, C Fqut.
Moreover, from items (iii) and (iv) in Theorem 1.2, we have that ¢ — +o00 as n — +o0,

so we can assume that ¢ is sufficiently large.
As B is affine, for each 0 < j <'t, the set U; := Z,NF Mpi is an [F-affine space. For each

q

0 <j <t,let §; be the dimension of I;. From the inclusions FqM C Fqu C---C IFqut
we obtain dg < --- < 6 = dn. Set Vo = Uy, and for each 1 < j < ¢, set V; = U; \L{j,l.
Therefore, #Y; = p‘sj — p51—1 for every 1 < j < t. Moreover, if 1 < j <t and a € Y,
then a € Fq Mpi \]Fq Mpi—1, and so the dfegree D,, of the minimal polynomial of a over F a
divides Mp’, but it does not divide Mp’~!. The latter implies that D, is divisible by p’
, S 84
and so D, > p’. Therefore, for every 1 < j < ¢, the set }; produces at most %

distinct irreducible factors of B(™(X). As Z,, = UE:O Y;, we obtain

We now provide nontrivial bounds for §;. Set
W;={u—v: uvel;}

Observe that B™(X) = A™(X) + B, for some B, € F,. Therefore, W; C Fquj is

an [Fp-vector space of dimension §;, whose elements are roots of A(”)(X ). Moreover, the
roots of A(™)(X) comprise the set S = U!_,W;. As A is additive, it follows that A(0) =0
and so S also contains the roots of A(’")(X) for 1 <r <n.Aspr>r+1, from item
(i) in Theorem 1.2, we obtain that sa(r + 1) € {sa(r),psa(r)} for every r > 1. In
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other words, the degree of the splitting field of consecutive iterates of A increases by a
factor p each time it increases. The latter implies that we must have the strict inclusions
Wo € -+ € W, and so we obtain 6y < --- < ;. Therefore, §; <6 — (t —j) =dn+j—t
and so 0; —j < dn —t for every 0 < j < ¢. Since U; CF Mpd if ¢ = p, we also have
q
the trivial bound #U; < #F Mpi » 1€ d; —3 <d; < RMp’. Let k = k(t) be the smallest
q

positive integer such that RMpt=* < dn —t, i.e.,

_r _dn—t dn —t d n t
< = —— . (1-—=).
RMpt Rsp(n) R sp(n) dn

From items (iii) and (iv) in Theorem 1.2, the number SB% lies in an interval [a, b] with
t

0 < a < b < +4o0. Moreover, as 0 < ¢ < log,n + 2 we obtain lim - = 0 and so we
n—oo

conclude that there exists ¢ >0 such that k(¢) < ¢ whenever n (hence t) is sufficiently
large. In particular, taking n large enough, we have k(t) < t and so from Ineq. (6) we

obtain
k) j 4 t—k(t)
NB(n) < Z pRMp] + Z pdn—t < 2pRMp + k(t)pdn—t
j=0 j=t—k(t)+1

< (k(t) + 2)pin—t.

The latter combined with Eq. (5) yields

' sp(n) sp(n) _ sp(n) 1
e 2 e T T MR £2) S Me+2) " n Met2)

and so the result follows by items (iii) and (iv) in Theorem 1.2.

4.3. Dynamics of linear maps over finite fields

Here, we provide statistics on the periodic points under the iteration of linear maps
over finite fields. We start with a general structural theorem.

Theorem 4.2. Let A € F,[X] be an additive polynomial, and let n > 1. Then we have
a direct sum of Fp,-vector spaces Fygn = Wo @ Wy, where Wy = U,5o{y € Fgn + A (y) =
0} and Wi comprises the elements of Fyn that are periodic under A. In particular, the
number wa(n) of periodic points of Fgn under the map z — A(z) satisfies

q

wa(n) = #W; = Ve

Proof. Observe that, as A is additive, the map z — A(z) is an F,-linear map over
Fyn. Let P(X) be its characteristic polynomial, and write P(X) = X"Q(X), where
r > 0 and ged(Q(X), X) = 1. We now employ a classical linear algebra result: we have
Fyn = V@ Vi, where V (respectively, V1) is the A-invariant subspace of Fyn associated
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with the factor X" (respectively, Q(X)). Moreover, V is the largest A-invariant subspace
where A restricts to a bijection. We clearly have Vy = Wy. As Fyn is finite, A restricts
to a bijection on an A-invariant subspace if and only if the elements of this subspace are
periodic under the map z — A(z). We directly verify that W is an A-invariant subspace,
hence Vi = Wy, and the result follows. O

4.8.1. Proof of Theorem 1.7

The case where A(X) = aX?" follows by direct computations since z — A(z) is the
zero map for a =0 and, if @ # 0, such a map is a permutation of the whole field F,. We now
assume that A(X) is not of this form. As in the proof of Theorem 1.6, for every integer
n > 1, we verify that there exist integers r > 0 and d > 1 such that AM™ (X) = A4, (X)?""
for some additive separable polynomial fln(X ) € Fy[X] of degree pn.

For each positive integer n, set A(n) = # J,5o{y € Fgn : A®(y) = 0}. Theorem 4.2

implies the identity w2én) = A(n)™!, so we only need to find values of n, where A(n)

is relatively small/sufficiently large. Let F,m be the splitting field of A(X) over Fy, and

let N be the largest positive integer such that JFqM contains a root of ANV (X) that is

not a root of AN=Y(X) (under the convention that A(®)(X) = X). From item (i) in
Theorem 1.2, the roots of AU)(X) that are not in F ar must be contained in F prps for

some s > 1. In particular, we obtain A(Mt) < p?" whenever gcd(t, p) = 1. Therefore,

lim sup M
n—o00 n t—o0

wa(Mt
> lim sup Aq(Mt) > pidN > 0.

On the other hand, from item (i) in Theorem 1.2, we have that AP (X) splits completely
in IFq Mpi and so A(Mp?) > pdpl for every integer i > 0. Therefore,

Mp' i
lim inf ma(n) < liminf LIZ) < lim infp_dp =0.

n—o00 n 1—00 q p 71— 00
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