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1. Introduction

A classical theorem of Balcerzyk states that if {4, },e. is a sequence of abelian groups,
indexed by the set w of natural numbers, then the quotient

[ 4./ DA

new new

is algebraically compact [6, Corollary 6.1.12]. It is unsurprising to learn that the isomor-
phism class of this quotient can alter as one varies the collection {A,, },cw.. For example,
if each A,, contains an involution (i.e. an element of order 2), then so does the quotient.
If all A,, are torsion-free, then so is the quotient. But even when all A,, are torsion-free
(or even more particularly of rank 1), one can obtain various non-isomorphic groups as
quotient. If A,, >~ Q for all n, the quotient is abstractly isomorphic to R. In case, A,, ~ 7Z
for all n, the quotient is abstractly isomorphic to R&@ J, where J is reduced and uncount-
able [6, Exercise 6.3.9]. We show that in the analogous nonabelian context, there is less
variation.

The natural nonabelian replacement for the product operation is the topologist’s prod-
uct [4]. The topologist’s product ®,¢,, Hy, is an infinitary extension of the free product,
with the essential difference being that infinite words (not just finite ones) are considered.

© The Author(s), 2025. Published by Cambridge University Press on Behalf of The

Edinburgh Mathematical Society. 1069

()]

Check f
https://doi.org/10.1017/50013091525000033 Published online by Cambridge University Press Updates.


https://orcid.org/0000-0003-0050-2724
mailto:sammyc973@gmail.com
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/S0013091525000033&domain=pdf
https://doi.org/10.1017/S0013091525000033

1070 S. M. Corson

While ,,,, An is the set of elements of finite support in [, .., An, the subgroup of
finite words (i.e. words having a finite domain) in ®,¢., H,, is precisely the free product
*ncwHn. As the free product *,c,H, is not a normal subgroup, we will be considering
the quotient ®y,cw Hy /{({*necwHn)), where ({-)) denotes the normal closure. For economy,
we denote this quotient by A({H, }new), or simply A in case all H, are infinite cyclic.
The upshot is the following.

Main Theorem. If {H,},c. is a sequence of groups without involutions such that
1 < |H,| < 2% for all n, then A({H,}new) =~ A.

For example, some of the H,, could be the group of cardinality 3, or the additive group
on the reals, or Thompson’s group F. Despite the generality of the theorem, it is reason-
ably sharp. One can also allow finitely many of the H,, to have cardinality greater than
2%0 and still obtain the same conclusion since the operation .A(-) does not change isomor-
phism type if finitely many groups in the sequence { H,, } ,c., are deleted (see Lemma 2.11).
However if |H,| < 2% is violated at infinitely many n, then |A({H,}necw) >
2% 2 Theorem 9] and so one obtains a group of cardinality strictly greater than
280 = | A].

The isomorphism produced is nonconstructive; a transfinite induction of length 2%
involving various arbitrary choices along the way is utilized (a back-and-forth argument
over larger and larger subgroups). Possibly one can allow elements of order 2 in the
H,, but the attack would require serious modification (see Example 6.2). We note that
such elements also create difficulties in classical word combinatorics (e.g. the Burnside
problem, see [9, p. 139]).

The theorem has as corollaries the first claim of [2, Theorem A] (the proof was incorrect
in that paper) and an affirmative answer to [2, Question 2]. The reason that their proof
was incorrect is that their homomorphism is not injective (see [2, Corollary 16]). The
referee has pointed out that their approach does in fact give an isomorphism between
the subgroups of A and A({H, }new) consisting of those words the Dedekind completion
of whose domain is scattered. Our approach is a careful transfinite induction over the
continuum, extending isomorphisms between larger and larger subgroups via a back-and-
forth argument. The key is to analyse words of infinite length and show that if fewer than
a continuum of certain choices have been made in producing the partial isomorphisms
then it is always possible to make one more choice in a way which is consistent with
the previous ones. This will in particular ensure that no unforeseen cancellations will
arise.

Group A is isomorphic to the fundamental group of the harmonic archipelago men-
tioned in [1], which is now known to be isomorphic to the fundamental group of the
Griffiths space constructed in [7] (see [3]). Another consequence of our main result is
that, for {Hy,}new as in the theorem, A({H, }ney) is locally free and every countable
locally free group embeds into it (see [8, Theorem 2]).

We give the layout of the paper. In § 2, we establish some background results and
definitions for the topologist’s product. In § 3, 4, and 5, we adapt machinery from [3] to
construct partial isomorphisms with larger and larger domain and codomain. In § 6, the
proof of the main theorem is finished.
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2. The topologist’s product

In this section, we concern ourselves with an exposition of the topologist’s product (also
known as the o-product [4]). We will begin by establishing some notation for total orders.
Given two totally ordered sets Ag, A; we will write A9 = A, if there exists an order
isomorphism between them. The concatenation of totally ordered sets Ag and A; will be
written AgA; and is the disjoint union Ayl A; ordered by the unique order which extends
that of Ay and that of Ay and places elements of Ag below those of A;. More generally, if
{Ax}aen is a collection of totally ordered sets which is indexed by a totally ordered set,
we let [J,cp Ax denote the disjoint union | |, , Ay ordered under the unique order which
extends all the orders Ay and places elements in Ay below those in Ay, whenever A < \'.
We say an interval I C A is initial, provided every element in [ is below all elements in
A\ I, and a terminal interval is defined analogously. For a totally ordered set A we will
let A=! denote the set A under the reverse order.

Many of the word concepts which will be defined here will also apply to a collection
of groups which is uncountable (see [4]), but in our paper, we are only concerned with
a collection indexed by the set w of natural numbers. Let {G,}new be a collection of
groups, and we will regard them as having the same identity element 1 and not having
any other elements in common: G,, N G, = {1} for ng # n;. A word is a function
W W — UnEw G, such that the domain W is a totally ordered set, and for each n,
the set {i € W : W (i) € G,,} is finite (it follows immediately that W is countable since
the collection of groups {G,, }ne. is countable). We point out that W could be of any
countable order type, including Q.

We shall sometimes refer to the set |J,,c,, Gn as the set of letters. We will use some
of the notation defined above for totally ordered sets in this setting as well. We will
consider two words Wy and W to be the same, writing Wy = W7, provided that there
exists an order isomorphism ¢ : Wy — W such that Wy(i) = Wy ((3)) for all i € W.
Let W({G,, }new) denote the set of words, regarding two words as being the same if they
are = equivalent.

Given two words Wy, Wi € W({G, }new), we form the concatenation, denoted WoWh,
by endowing WyW; with domain which is the totally ordered set Wy W; and letting
(WoWh)(i) = W;(i), where i € W,. More generally, given a collection {Wy}rea of words
indexed by a totally ordered set A, we form a function [ ], ., W whose domain is the con-
catenation ], ., Wi and letting (JT,cp Wa)(i) = Wi (i), where ¢ € Wy, This function
[1,ca W might or might not be a word. Given a word W, we form the inverse, w1t

by letting W~! have domain equal to W under the reverse order, W_l, and letting
W) = (W (i)~

For aword W and N € w, we define py (W) to be the finite word given by the restriction
pn(W)=W [ {i e W:W(i) € Ufy:o G, }. Define an equivalence relation ~ by letting
Wy ~ Wy if for every N € w, the words py(Wy) and py(W7) are equal as elements in
the free product *_,G,,. The group ®,c., G, is the set of words modulo ~, the binary
operation is given by concatenation (Wy/ ~)(Wy/ ~) = (WoW7)/ ~, inverses are given
by (W/ ~)~t = W~1/ ~, and the identity element is E/ ~, where E denotes the empty
word. The identity element is also represented by W/ ~, where W is of length one and
has output equal to 1, recalling that G,,, N Gy, = {1} when ng,n; € w are distinct. The
free product #*,¢c,G, is a subgroup of ®,¢c, G, consisting of those equivalence classes
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which include a finite word. Each word operation py defines a homomorphic retraction
from ®,,e. Gn to x)_,G,,. When each of the groups G, is isomorphic to the integers, the
group ®pecw Gn is isomorphic to the fundamental group of the shrinking wedge of circles.

We will say that W is a subword of W provided we can write W = WyW; W, for some
words Wy and Wy [4]. A subword is initial if in the writing we can have Wy = E and is
terminal if we can have Wy = E. A word W is reduced if W = WoW1W5 and W7 ~ E
implies W) = E, and for any neighbouring ig,i; € W, the letters W (ig) and W (i) lie
in distinct G,,. Furthermore W is quasi-reduced if W = WyW1 W5 and W7 ~ E implies
that im(W;) C G, for some n € w, and there exists i € W, with either i = max(Wj)
or i = min(W3), and W(i) € G, \ {1}. Quasi-reduced means that one obtains a reduced
word by multiplying all neighbouring letters which belong to a common G,,. For the
following, see Theorem 1.4 and Corollaries 1.5 and 1.7 of [4].

Lemma 2.1. Each ~ class includes a reduced word, and this word is unique up to =.
If Wy and W1 are reduced and WoWy ~ E, then Wy = Wo_l. If W and W' are reduced,
then there exist reduced words Wqo, Wy, WS and W/ such that

Given a word W, we will let Red(W) denote the reduced word such that W ~ Red(W).

Observation 2.2. In the notation of Lemma 2.1, since the words Wy and W] are
reduced and WoW/ is quasi-reduced, there exists an initial interval I C Wy and a terminal
interval I’ C W/ such that either

(a) [Wo\I|=0= |@\I’| (in case WoWY] is reduced) or
(b) Wo\I|=1=|W]\I'| (in case WoW/ is not reduced).

In case (b) one obtains Red(W,W/) by performing the multiplication
Wo(max(Wo)) Wi (min(W7))
in the common group where they lie.

Let Red({Gr}new) denote the set of reduced words associated with the sequence
{Gn}necw. We see by the above that ®,,¢,, G, is isomorphic to Red({G, } new) via the func-
tion Red(+), the binary operation in Red({G, }ne.) is given by Wy © W1 = Red(WyWh)
and the computation of Red(WyW;) is straightforward. Since the combinatorics of
reduced words are so clean, we generally work with Red({Gy, }new) instead of the iso-
morphic group ®,ec, Gp. Under this isomorphism, the free product *,¢,G,, is identified
with the freely reduced finite words.

Definition 2.3. Given a letter g € |, ¢, Gn\{1}, we let d(g) = m, where g € G, \{1}
and more generally given a word W € W({Gy, }new) which is not constantly 1 we let
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d(W) = min{d(W(i)) : i € W,W(i) # 1}. Notice that if W = g is of length 1 with
g € G \ {1} then d(W) = d(g).

Definitions 2.4. We say that W € W({G, }new) is proper if W (i) # 1 for alli € W.
For a proper word W, a finite ordered list C = (ip;...;i) is a reduction component on
W ifig,...,ix € W withig < iy < --- < iy, there exists Mc € w with W (ig), ..., W (i) €
G . and the list C has at least two elements. We further abuse notation, and let d(C) =
Me. If C = (ig; . . . ;ik) is a reduction component on word W, we let m(W,C) be the word
of length 1 obtained by taking the product W (ig)--- W (ir) in Gg(c) in case this product
is not identity, and if the product is identity, we let w(W,C) be the empty word E. We
also let set(C) = {ig,...,ir} be the set of elements appearing in the list C.

Definition 2.5. Given a word W € W({Gpnlnew), a collection S of reduction
components is a reduction scheme on W if

e for distinct reduction components Co,Cy € S we have set(Cp) Nset(Cy) = 0 and
o for C = (ip;...;0,) € S, 0 < j <k, and i in the open interval (i;,i;41) C W,
there ezists a Cy € S with i € set(Co) C (i5,ij41) and m1(W,Cy) = E.

Proposition 2.6. Let W € W({Gy }new) be proper.

(1) W ~ E if and only if there is a reduction scheme S on W such that | Jq g set(C) =
W and 7(W,C) = E for allC € S.

(2) W is reduced if and only if the only reduction scheme on W is the empty reduction
scheme S = 0.

Proof. (1) (=) Suppose that W € W({G,, }ney) is such that W (i) # 1 for alli € W
and that W ~ E. We will define a reduction scheme on W. For each n € w let X,, = {i €
W :d(W(i)) =n}. As W(i) # 1 for all i € W, we have W = | |, X, and as W is a
word, we know that each X, is finite. We have py (W) =W | |_|£LV:0 X, for each N € w,
and as W ~ E, we know py(W) is equal in «_,G,, to E. From combinatorics in free
products, for every N € w we have a finite reduction scheme Sy such that #(W,C) = E
for all C € Sy and Uges,, set(C) = py(W) = |_|g:0 Xpn. Let Y_; = w. If Xy = () then
we let Yo = Y_1. Else we know, since X is finite, that there is an infinite Yy C Y_; such
that for all m,m’ € Y we have {C € S,,, : d(C) =0} = {C € S, : d(C) = 0}. Supposing
that we have defined infinite Yy C w, if X411 = 0 then let Y41 = Yy, else we select
infinite Yy 11 C Yn such that m,m’ € Yy41 we have {C € S,,, : d(C)=N+1} ={C €
Spmy 2 d(C) = N +1}. Let

S={C:(3Fm,Necwme¥YyAd(C)=NAC €S}

Letting Cy,Cy € S be distinct, we let N = max{d(Cy),d(C1)}. Pick m € Yy and we
have Cy,C1 € Sy, and so set(Cp) Nset(Cy) = 0. Next, we let C' = (ig;...;ix) € S be
given, 0 < j < k and 4 in the interval (ij,i;41) € W. Let N = max{d(W(i)),d(C)}
and select m € Yy. There is a unique Cy € S, such that ¢ € set(Co) C (4;,4;41), and

Co € S. Also, m(W,Cy) = E, as indeed n(W,Cy) = E for every C; € S. Thus S is a
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reduction scheme on W and it is clear that |Jocgset(C) = W and n(W,C) = E for all
ces.

(1) («) Suppose that W € W({Gn}new) is such that W(i) # 1 for all i € W.
Suppose that there is a reduction scheme S on W such that (Jocgset(C) = W and
7(W,C) = E for all C € S. For a given N € w we let Sy = {C € § : d(C) < N},
and notice that Sy witnesses that py (W) is equal to identity in *_G,,, and therefore

W ~ E.
(2) (=) Suppose that W € W({G,,}ne.) has W (i) # 1 for all i € W. Suppose that
there exists a nonempty reduction scheme & on W. Let C' = (ig;...;ix) € S. If ig and

i1 are neighbouring then we know that W was not reduced, since W (ig) and W (i;) are
in the group Gy(c), and if ig and i; are not neighbouring then the reduction scheme
S'={C e S :set(C) N (ip,i1) # 0} witnesses that the nonempty subword W | (ig,41) is
~ E, by part (1). Thus in either case, W is not reduced.

(2) (<) Suppose that W € W({G,, }ne.) has W (i) # 1 for all i € W. Suppose that
the only reduction scheme on W is the empty scheme. If there are neighboring ig,i; € W
such that W (i) and W (i1) are in the same Gy, then S = {C} where C = (ip;41) is
a nonempty reduction scheme, contradiction. If there is a nonempty interval I C W
such that W [ I ~ E then by part (1) we have a reduction scheme S on W | I such
that (Jocgset(C) = I, so in particular S is a nonempty reduction scheme on W itself,
contradiction. 0

Definition 2.7. For W € Red({Gy, }new) we let Sub(W) be the set of subwords of W,
and more generally for a collection {Wy}rex C Red({Gp tnew) we let Sub({W,teex) =
Usex Sub(W,). For W € Red({Gr}new) we let Let(W) be the set of letters used in W
(this is the image of the function W), and more generally for a collection {Wy}zex C
Red({Gn}new) we let Let({Wateex) = U ex Let(We).

Lemma 2.8. Suppose {W,}sex C Red({Gr}new). The following are equivalent for a
word W € Red({Gp, Fnew):

(1) W e <SUb({Wm}wEX)> < Red({Gn}nEw)
(2) W can be expressed (not necessarily uniquely) as a finite concatenation

VVEV[/v()V[/vl-“VV}C

and for each 0 < j < k at least one of the following holds:

4 Wj € Sub({Wz}meX u {Wz_l}IGX) is nonempty;

o [W;| = 1 with Let(W;) = {g} such that g € Gag) \ {1} and g is a product of
elements in Gaig) N Let({Wy }oex U{W,  }aex).

Proof. Certainly if W may be expressed as a finite concatenation as in (2) then
W e (Sub({W, }zex)) because each W; € Sub({W, }zex)), so that condition (2) implies
condition (1). But by Lemma 2.1 and Observation 2.2 it is clear that the set of all
words satisfying condition (2) forms a subgroup of Red({G, } new) which includes the set
Sub({Wy }zex). Thus condition (1) implies condition (2). O
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Definition 2.9. Given a collection {W,}.ex C Red({Gp}new) we let

Fine({Wx}wEX) = <SUb({Wm}az€X)> < Red({Gn}new)

(compare [5, p. 600]). It is clear by condition (2) of Lemma 2.8 that
Sub(Fine({W,}zex)) = Fine({W, }zex).

Definition 2.10. Define A({Gy}necw) to be the quotient group

Red({Ghn}new)/((*¥newGn))-

Let3: ®new Gn = A{Grtnew) denote the quotient homomorphism, and for a word W €
@new Gn we use [[W]] to denote the equivalence class of W in the quotient A({Gy }new),
i.e. A(W) = [[W]].

It turns out that one can make slight modifications to the sequence {G,,}ne., without
changing the isomorphism type of A({G,)}new) (see [2, Lemma 17]):

Lemma 2.11. For a sequence {Gp}new of groups the following assertions hold.

(1) If f:w — w is a bijection then A({Gr}tnew) =~ A{Gfm) tnew)-
(2) For each k € w we have an isomorphism A({Gp}new) =~ A{Gnik}new)-
(3) We have an isomorphism A({Gy}new) ~ A({G2n * Gant1}tnew)-

Observation 2.12. For W € Red({Gn}new) expressed as a finite concatenation
W = WoWi Wy and J C {0,...,k} such that W; is finite for each j € J, we may
write [[W]] = [[y< <y je s [[Will, since W; finite implies that W; € #,¢,G, and more
particularly [[WJ]]_:—[[ET]

3. COI collections

We recall some notions introduced in [3]. The straightforward proofs of the lemmas are
given in that paper.

Definitions 3.1. Recall that if A is a totally ordered set we say I C A is an interval
in A if it is a convex subset (that is— if Ao, A\1 € A and A\g < Aa < Ay then Ay € I). In
particular an interval in A can be unbounded. We will use standard conventions [10] for
interval notation, so for example (Ao, \] = {d2 € A | Xo < A2 < M}, (Mo, M ={ X2 €
A do < A2 <A1} and [Ag,00) ={A1 € A | Ao < M} If A is a totally ordered set we will
say that Ag C A is close in A, writing Close(Ag, A), provided that every infinite interval
i A has nonempty intersection with Ag.

Lemma 3.2. The following statements hold:

(i) If Close(Ao, A), then for any infinite interval I C A the set I N Ag is infinite.
(i) If A2 € Ay C Ag with Close(Aji1,A;j) for j =0,1, then Close(As, Ag).
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(iii) If A = []pce Ao, Close({0 € © | Ag o # 0}, 0), and Close(Ag,0, Ag) for each 6 € ©
then Close(Jgeg Ao,0,A).
(iv) If Iy is an interval in A and Close(Ag, A), then Close(Ag N Iy, Ip).

Definition 3.3. If Close(Ag, A) then for each interval I C A we let a(I,Ag) denote
the smallest interval in A which includes the set I N Ag. In other words a(I,Ng) =
Unodse2nm0 00<, [Aos A1] where the intervals [Mo, Mi] are being considered in A.

Lemma 3.4. Let Close(Ag,A) and I C A be an interval.

(i) The inclusion I 2O a(I,Ag) holds and a(I,Ng) = a(a(l, Ag), Ao).
(ii) The set I\ a(I,Ag) is the disjoint union of an initial and terminal subinterval
Iy, I C I (either subinterval could be empty) with |Io|, |I1]| < oo.

Definition 3.5. Two totally ordered sets A and © are close-isomorphic if there exist
Ao C A and ©¢ C © with Close(Ag, A), Close(©g, ©) and Ay order isomorphic to Oq. If
L is an order isomorphism between such a Ag and ©¢ then we will call v a close order
isomorphism from A to 6.

Clearly the inverse of a close order isomorphism (abbreviated coi) from A to © is a
close order isomorphism from © to A. Also, a coi between A and © induces a coi between
the reversed orders A~! and ©~! in the obvious way.

Definition 3.6. Given coi v : Ay — Oq between A and © and an interval I C A
we let a(1I,1) denote the smallest interval in © which includes the set (I N Ag). Thus

al,0) = Ugy0,eu(1n0),00<0, 00, 01], where each interval [0o,6:1] is being considered
in ©. B

Lemma 3.7. If 1 : Ag = Oq is a coi between A and © and I C A is an interval then
Oé(Oé(I, L)v Lil) = Q(Ia AO)

Lemma 3.8. Let I C A be an interval, I = Iy --- I, where each I is an interval, and
t: Ny — Og a coi from A to ©. Then there exist (possibly empty) finite subintervals
Iy, ..., Iy of a(I, 1) such that

a(I,v) = Ia(lo, o) Iya(Iy, o) Iy -+ o, o) T

Lemma 3.9. Let t: Ag — O be a coi from A to ©. If Iy C A is a finite interval then
a(ly,t) is finite.

Definition 3.10. Let {Gp}necw and {K,}ncw be sequences of groups. For words
W € Red({Gp}new) and U € Red({ K, }new) we let coi(W,t,U) denote that ¢ is a coi
from W to U. We will call such an ordered triple a coi triple from Red({G,}nen) to
Red({Kp }new)-

Definition 3.11. A collection {coi(Wy, t4, Uy) tzex of coi triples from Red({Gy, }new)
to Red({ Ky }new) is coherent if for any choice of xo,x1 € X, intervals Iy C Wy, and
I, CW,, and § € {—1,1} such that Wy, | Iy = (W,, | I1)° we get
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[Usy I Lo, tag)]] = [[(Usy 1 @1, t,))°)]

and similarly for any choice of x2,x3 € X, intervals Iy C U,, and I3 C U,, and € €
{=1,1} such that Uy, | I = (Uy, | I3)¢ we get

[(Way T a(T2, 5] = [[(Way | alI3,05,))])-

If collection of coi triples {coi(Wy, Ly, Us) }zex from Red({Gr}new) to Red({Kp trnew)
is coherent then the collection of coi triples {coi(U,,t;*, Wa)}eex from Red({K, }new)
to Red({G, }new) is also coherent.

A coherent collection need not be a one-to-one pairing of a subset of elements
in Red({Gr}new) with elements in Red({Kp}new). If, for example, each element of
{W,}sex has [W,| = 1 then the collection {(Wy, iz, E)},cx is coherent (each ¢, is the
empty function). The proof of the following is clear (for example, see the corresponding
result in [3]).

Lemma 3.12. Suppose that © is a totally ordered set and that {Tp}gco is a collection
of coherent collections of coi triples from Red({Gy}new) to Red({Kytnew) such that
0 < 0" implies Tg C Tor. Then Uyco To is coherent.

The proof of the following follows closely that of a comparable claim in [3]; we include
the proof here since it is technical and also for the sake of completeness.

Proposition 3.13. From a coherent collection {coi(Wy, tz, Us) }zex of coi triples from
Red({Gp }new) to Red({ Ky}t new) we obtain a well-defined function

®o : Fine({Wx}rGX) — A({Kn}new)
given by
W [[(Us, T alo; b ) °Us,, T a(ly,ee, N [[(Us,, T alTs, t2,))]],
where

o W =WoWy--- Wy is a decomposition as in Lemma 2.8;
e 0 <1y <1 < -+ <71y <k are such that {ro,...,rs} = {r € {0,1,...,k} |

W, | > 2}; and
o W, = (erj i Ij)‘;j with I; C erj an interval and 6; € {—1,1} for each
0<j<s.

There is also a comparable well-defined function

(;51 : Fine({Um}zGX) — A({Gn}ned)

given by

U [[(Wa,, TQ(L»L;;))%]HKVVQH fa(th{i))“]]~~[KVVi% [Q(I&L;i))@]
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where

o U=UyU; Uy is a decomposition as in Lemma 2.8;

e 0<ry<r <+ <rs <k are such that {ro,...,rs} = {r € {0,1,....k} | |U;| >
2}; and

o U, = (Uzrj [ 1;)% with I; C Ww an interval and §; € {—1,1} for each0 < j <s.

Proof. We must show that the described function is well-defined; in other words the
function is independent of all the choices made in the description. Therefore, suppose

that we can write

o W = JoJi---Jy, where W = (W | Jo)--- (W | Ji) is a decomposition as in

Lemma 2.8;

e 0<ryg<r; <---<rs<karesuch that {rg,...,7s} ={r €{0,1,...,k} | |J.| >
2}; and

oW J, =W, | I;)% with I; C WJ an interval and 0; € {—1,1} for each
0<j<s;

and also we may write

e W = LoLy- Ly, where W = (W | Lg)--- (W | L,) is a decomposition as in
Lemma 2.8;

e 0<qyo<qi <---<q <paresuch that {go,...,q:} ={q€{0,1,...,p} | |Lg| >
2}; and

e WLy, = (Ww;” I Ep), with Ejbeing C W;L an interval and ¢ € {—1,1} for
each 0 <[ <¢.

We must show that the elements

[(Uz,, T allo, e, )N ([(Us,, s, 2, )]

and

[(Usy, T (Epstay )T~ [[(Usy, T @(Broiag, )]

a0
are equal in A({K,, }new)-

First, we will let f; : J., — Ijj be the order isomorphism witnessing W' [ J,., =
(WrTj I Ij)5f for each 0 < j <'s. Let g; : Ly, — E;' be the order isomorphism witnessing
W Ly =Wy, I E))* for each 0 <1 <.

We will take J to be the set of intervals consisting of nonempty intersections of one of
the J,. with one of the L;, where 0 <r < k and 0 < ¢ < p. The elements of J are pairwise
disjoint intervals in W, ordered in the natural way, such that W = [],,.; M. For each
0 <r < k we let J, be the set of those elements of J which are subsets of J,, and for each
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0 < g <pwelet J4) be the set of those elements of J which are subsets of L,. Let JcJ
be the subset in J consisting of those intervals which are of cardinality greater than 1,
and J, =J,NJ foreach 0 <r <k andJ(q) =JgnNJ and 0 < ¢ <p.

Define f_ : J — {0,...,s} by f-(M) = j, where M C J,, and f~ : J —
{0,...,t} by f=(M) = I, where M C L. Notice that for each M € J, we have

J 5 —
Jr-an(M) < (Wz’"fﬂ)’ and so (fy_an(M))-00 C W, - Similarly
(ff‘(M)(M))Eff(m C Wy and also
9= ()
s s
<Wz"f7(M) r(ff—(f\/f)(]\/!)) J-emS-0D =W I M
= (W, [ (ff- () (M) =0n)5an,

95— (1)
Therefore, by the coherence of the collection of coi triples, we see for each M € J that

(U, oy Ta(Ufr (M) =000, y)iron]

= [[(Us; [ a((g7-an(M)I=00,1gy )7 00]]. ()

9= (M) 94— (M)

Next, we claim that for each 0 < j < s, we have

(U, Tyt D] = Mager W, Ta((fO0)5 0, )] (%)

To see why this is true, we recall that for each M € J,, the set f;(M) is an interval in
Ij‘?f’ and so (f;(M))% is an interval in I;. Then I; = HMle,; (f;(M))%. Then we may
write
alj,ee, )= ( [] Qual(f;(M))%,w, )@y,
MeJi§

where each element of {Qas} U{Q¢} is a finite interval, by Lemma 3.8. Also, when-

5,
MEeT
ever [M| =1 (that is, when M € J,, \ J;), we have by Lemma 3.9 that a(f;(M), s, )
is finite. Now

Ua;rk ra(IlmeTj) = (HMG.]Iij (Uzrj TQM)(U% F(X((fj(M))dj,L%‘j)))
'(Uzrj er)
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and by taking the [[-]] class of both sides and deleting [[U,,. | Qf]], and all [[U, . Qumll,
and all Uy, | o((f;(M )2 I ta,,) for M€ Iy, \ Jr,, we see that

Vs, T alte = Tlyyers (Ve Tal(f500)% 00, )]

and by taking the §; power of both sides, we obtain the desired equality. By the same
reasoning, we have for each 0 <[ <t that

[(Usy, T Bty )] = Taser— Uy, T alla(M)), 1y )]

1

Thus

Lol (T, 1,))%]]

= T-0 rer; (e, T al(f5 (M) 1z, )]

=1I;- OHMefH( T oan Fa((fr M)(M))5f_<M> o, (M)))‘sf_(M)H
_Hg OHMGJT [[(Us o Fa((g5-(any (M) an, quf (M)))ef,(M)H
= el ) ra((gff(M)(M))efi(M)’walf*um)) =an]|
=TI OHMGJ((Z)[[( =, (M)

Fallgron (D) 000y )00
= Mico Marerg; (W, T al(ai(M), 1y )]
= H;:OH(UI{” I a(Er, qul))q]],

where the first equality was established in (**), the second equality is an obvious rela-
belling, the third equality is a finite term-by-term replacement using (*), the fourth and
fifth equalities are each a re-indexing, the sixth equality is an obvious relabelling and the
seventh equality was established in the analogue of (**). The proof for the well-definedness
of the comparably defined ¢; is symmetric. O

Now we are approaching the main utility of coi triples. We recall that 3 : ®,¢., H, —
A({Hp}new) is the quotient map.

Theorem 3.14. Suppose we have a coherent collection {coi(Wy, Ly, Uz)}uex of coi
triples from Red({Gp}new) to Red({Kpn}tnew). The functions ¢g : Fine({Wytrex) —

A{Kp}tnew) and ¢1 @ Fine({Us}wex) — A{Gnlnew) defined in Lemma 3.13 are
homomorphisms. Moreover these descend to isomorphisms

Dy : A(Fine({Wyiteex)) = I(Fine({Us tzex))

and

@y : A(Fine({Uys }eex)) — I(Fine({ W beex)),

with ®; = ;.
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Proof. We first point out that for W € Fine({W,}.ex) we have ¢o(W™1) =
(¢o(W))~L. To see this, we let

oW = JoJi---Ji, where W = (W | Jo)--- (W | Ji) is a decomposition as in
Lemma 2.8;

e 0<ry<r; <---<rs <k aresuch that {rg,...,rs} ={re{0,1,... .k} | |J|
2}; and

o Wiy =Wy, | 1;)% with I; C W, an interval;

Vv

and as

e WL = gt gttt where W = (WL L g (WL T gt is a
decomposition as in Lemma 2.8;

e 0<ryg<r <--<rs <k aresuch that {ro,...,rs} = {r € {0,1,...,k} |
|J71] > 2}; and

o W1 ijl = (W% [ I;)7% with I; C Wm an interval;

we get

(GoW) " = (TLollUa, T Lyt )
T, T Tyt )]
= qj)o(W_l).

Also, if W € Fine({W, }zex) is finite (i.e. [IW] < 00), then ¢o(W) = [[E]]. This is seen
by writing W = JyJi1 - -+ Ji as in Lemma 2.8, and letting 0 < rg <7r; < --- <rg < k be
such that {ro,...,7s} ={r€{0,1,...,3} | |J:| = 2}, and W | J,., = (Wsz | 1;)%. Since
each J,., is finite, we see that (erj | I;)% is a finite word, and so (Uwrj I a(l;, la,, ))%
will be finite by Lemma 3.9. Then ¢o(W) = szo[[(Uwrj (], Lxrj))‘sj]] = [[E]].

Next we notice that when W € Fine({W,}zex) and W = E.E, we get ¢o(W) =
do(W | Eu)po(W | Ep). To see this, we let Jo, J1,...,Jg STW,0<rg<--- <rs <k,
etc. be as before. The claim obviously holds if either E, or E} is empty, so without loss of
generality, we assume that E, # 0 # Ejp. Let 0 < r < k be maximal such that J,.NE, # 0.
IfE,=Jy--J. and Ey = Jyy1 - - Ji, then these decompositions are as in Lemma 2.8
and it is easily seen that

oo(W) =TI =ollUs,, T allj, e, )]
= (HOSsz,TjST[[(Uij rO‘(Ij’Lﬂcrj))éjH)
Tocjcor»rlUs,, T ally e, ))]))

= ¢o(W [ Ea)do(W | Ey).

Otherwise we have J. N E, # () # J, N Ep, which implies in particular that |J,.| > 2 and
therefore r = 7y, for some 0 < k' < s. Let J. = J.NE, and J! = J.NE,. If, for example,
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|J/| = 1 and |J/| > 2, then we let f : J,, — I.¥

Wi, = (sz I I/ )2 . We get

be an order isomorphism witnessing

(Uer,, 10Tt )0 = [y, TalFTD 0, )]

K/ k k

because Iy \ f(J/)%| =1 (by applying Lemmas 3.8 and 3.9). Thus

oo(W) = TITll(Us,, T < e, )]
= (Hogjgk/“(U T (Ik,La:T ))éj“)
(I <j<sllUs,, ( s te,,)) "))
= <Ho<j<k,n<vxr ol ta, )P
s, 1 ali, e, )% ]])
([T <j<su< o, TalT i, ))
= ¢o(W | E, )¢o( [ Eb).

If |J| > 2 and |J/| =1, or |J/| =1 = |J/|, the proof is similar. If |J/|,|J/| > 2, then

[[(Umr , I a(ly, erk,))gk/” = [[(Uzr

k Tl i, )]
(@,

L a((f(TN ) ]

I/

by using Lemmas 3.8 and 3.9 as was done in establishing (**) in Lemma 3.13 (if, say,
Sk = —1 then one has Iy = (f(J/))"H(f(J.)) ™!, write

Ol(]k’a Lchk,) QOa(f( ) Ly, ,)Qla(f(Jvlﬂ/)’Lmrk,)QQ

where each of Qo, @1, Q2 is a finite interval, etc.) Thus ¢o(W) = ¢o(W | Ey)po(W | Ep),
as required.

Now we let W, W’ € Fine({W, }.ex) be given. Suppose we can write, as in Lemma 2.1,
W =WoW, Wy and W’ = T/I/'OI/I/},I/V1 so that [W,| = 1 = |W|, Let(W,) = {g}, Let(W,) =
{9'},{9,9'} C G, and g¢' = ¢"” # 1 in G, and further that

(1) W = WOWGW1;

(2) W' = WyW,Wi:

(3) W)= (W1)"1; and
(4) Wog"W] is reduced.
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Then we have

po(W @ W’') = ¢o(Wog"W7i)
= ¢o(Wo)do(9")do(W7)
= ¢o(Wo)go(W7)
= ¢0(Wo)do(W1)(¢o(W1)) ™ o (W7)
= ¢o(Wo)po(Wa)po(W1)do(W5)do(Ws)do(W7)
= ¢o(W)go(W'

In the case where W e W' = WyW/, W, and W, are not necessary and the proof is even
easier.

Thus, we have established that ¢ is a homomorphism, and the symmetric argument
shows that ¢; is also a homomorphism. Moreover, all finite words are in the kernel of ¢g,
and also that of ¢, and so the homomorphisms descend to homomorphisms

D : I(Fine({Wy tzex)) = I(Fine({Us }rex))
and
@ : (Fine({Us tzex)) — I(Fine({W, }oex)).
It remains to see that &3 and ®; are isomorphisms such that 'I)al = ®;. By applying
Lemma 2.8, we can write any element of 3(Fine({W, }.cx)) as a product [[W]] - - - [[Ws]],
where W; € Sub({W,}zex U {W, '},ex) for each 0 < j < s. For each 0 < j < s we

therefore select z; € X, §; € {1,—1}, and interval I; C Wy, so that W; = (W,, | I;)%.
Then

@10 Po([Tjo[Wil]) = 1T5=0 21([[(Us, [ (T, 1)) 1))

= [Ti—o(®1([[Ua 1 ( L%) )%
= [l=olWa, T (I, tay)), 03]
= [G=olWey 1 L]

= H;:O[[Wj“»

where the fourth equality uses the fact that I; = Ia(a(l},ts;)), L;jl)I/, where I and I’
are finite intervals (Lemma 3.4). Thus, ®; o @ is the identity map, and by the same
argument, we get ®y o ®; as the identity map. The theorem is proved. O

Armed with this theorem, it is clear that for producing an isomorphism between
A({Gntnew) and A({Kp}tnew), it would be sufficient to find a coherent collection
{coi(Wy, Ly, Uz) }zex of coi triples from Red({Gp}new) to Red({Kp}newn) such that
J(Fine({Wy tzex)) = A{Gn}tnew) and I(Fine({U; }rex)) = A{Kn}new). We do this
by induction, using a back-and-forth argument which ensures that the isomorphism is
complete, and not only defined on a proper subgroup of the domain or of the codomain.
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4. Some straightforward coi extensions

Our task is now to give lemmas which will allow us to create the sufficiently large coherent
coi collection in order to prove the main theorem.

Lemma 4.1. Suppose that {Gp }new and { Ky, tnew are sequences of nontrivial groups
and that {coi(Wy, by, Uy) }eex is a coherent collection of coi triples from Red({Gp }new)
to Red({Kp }new)-

(1) If W € Fine({W,}zex) then there exists a U € Red({ Ky, }new) and coi ¢ from W
to U such that {coi(Wy, tg, Uz) }wex U {coi(W, ¢, U)} is coherent. Moreover if W is
nonempty the domain and range of v can be made to be nonempty.

(2) If U € Fine({Uy, }zex) then there exists a W € Red({Gp}new) and coi v/ from W
to U such that {coi(Wy, ty, Uy) tzex U {coi(W,/,U)} is coherent, with i/ having a
nonempty domain and range if U is nonempty.

Proof. We prove claim (1), and claim (2) follows in precisely the same way as the first
claim, given the symmetric nature of the definition of coi triples.

If W is empty then we let U and ¢ be empty, the check that the larger coi collection
is coherent is easy. Else we write

W=W,- - W

so that for each 0 < r < k we have W,. a subword of an element in {W, },e x U{W, }.cx,
or [W,| = 1, as in Lemma 2.8. Let J = {rg,...,7s} be the set of those elements in
0 < 7 < k such that W, is infinite, with 79 < r; < --- < 7, Select z; € X and
§; € {~1,1} and intervals I; C W,, such that W,, = (W,, | I;)%. For each r; € J we
let U; = (U, | (I}, ta,))%. By Lemma 3.9 we know that for each 0 < j < s the word
Uj is infinite.

If J = 0 then the word W is finite, and we select h € Ky \ {1}, let U = h, select
A€ W and let ¢ : {\} — U be the unique bijection. Again, the check that the extended
coi collection is coherent is straightforward. o -

Now we may assume that J # ). For each 0 < j < s, if both max Uj/. and min U;H

exist and d(U; (maxij’-)) = d(Uj+1(min U} )) then we select

hj € K yv1 maxT7)+1 \ {1}

and let U; = UJ'-hj7 otherwise we let U; = UJ’-. By Lemma 2.1 it is clear that the word
Uy is reduced, that UygU; is reduced, that UyU,Us is reduced, etc., and that Uy - - - Uy is
reduced. We let U = Uy - - - Us.

We define a coi ¢ from W to U. For each 0 < j < s we let f; : Wirj — Ijj be the
order isomorphism witnessing W,, = (W,, | ;)% and k; : Uij’ — a(l},tg;)% be the
order isomorphism witnessing Uj'- = Uy, | a1y, Lmj))dj. Let the domain of ¢ be given by

dom(:) = U;:o fj_l(dom(axj)ﬂlj), the range of « be given by U;:o k‘j_lobxj (dom(y,)NI;)

https://doi.org/10.1017/50013091525000033 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091525000033

The nonabelian product modulo sum 1085

and ¢ be the unique function which extends kj_l oLy, 0 fj for each 0 < j < s. By Lemma 3.2
(iii) we have that the domain (respectively range) of ¢ is close in W (respectively, U).
We check that {coi(Wy, ts, Uz) fzex U {coi(W, s, U)} is coherent. Suppose that y € X
and intervals I C W and I’ C W, and § € {—1 1} are such that W | I = (W, | I')°.
Let L C J denote the set of those r; such that W, NI # (). For each r; € LN .J we have
Wi W, nI)=W,, | A;f)‘si for the obvious choice of interval A% C I; € W,,. Thus
(Wa, | A;)‘Wi = W, | I} for the obvious choice of interval Ij{ C I'. By the coherence of

J
{coi(Wy, Lz, Uz) }zex we therefore have

U Tl =11l T (W 0 L))
—HTJGL[[U% (], a,)))%
—Hmep[[ (5 )’
= [[(Uy T (I, 4))°]];

where the first and last equalities hold by Lemma 3.9.

If we select intervals 1,1’ C W and 6 € {—1,1} such that W | I = (W | I’)?, then
a similar strategy of ﬁmtely decomposing I and I’ is employed to show [[U | a(I,:)]] =
(U T (I, 0))°]].

The check that if U | Q = (U, | Q')¢, where z € X, then the appropriate ele-
ments of A({Gp}new) are equal is similar to that above, with slight modifications
(although U ¢ Fine({U;}.ex) is possible, the word U is a finite concatenation of words
in Fine({U,},ex) and words of length 1). Similarly modifications apply for intervals
Q,Q' C U, and the proof is complete. O

Lemma 4.2. Suppose that {Gp }new and { K, }tnew are sequences of nontrivial groups
and that {coi(Wy, tz, Uz) tzex be a coherent collection of coi triples from Red({Gp tnew)
to Red({Kp }new)-

(1) Ify € X and N € w, then there exists U € Red({ K}, }new), with d({U) > N and coi
¢ from Wy to U such that {coi(Wy, L, Uz) }oex U {coi(Wy,t,U)} is coherent. Also,
the domam and codomain of  may be chosen to be nonempty, provided v, satisfies
this property.

(2) If z € X and M € w, then there exists W € Red({Gr }new) and coi i/ from W to
U, such that d(W) > M and {coi(Wy, 1y, Up) brex U {coi(W,, ", U)} is coherent,
with the domain of J" being nonempty provided ., is.

Proof. Once again we will prove (1), and the proof of (2) follows the symmetric
approach. Assume the hypotheses. Select h € Kn11 \ {1}. If U, is finite, then so is W,
by Lemma 3.9. In this case we let U = h, and if W, is nonempty we select \ € Wy
and let ¢ : {\} — U be the unique function. That {coi(W,, s, Uy)}uex U {coi(W,,t,U)}
is coherent is straightforward. Now we suppose that U, (and also W,) is infinite. If
i € U, with d(Uy(i)) < N + 2, then there exists a maximal interval i € I C U, such
that d(Uy(')) < N +2 for all i’ € I, and as U, is a word we know that [ is finite. If
i € U, with d(U,(i)) > N + 2, then there exists a maximal interval i € I C U, such that
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d(Uy(i")) > N+2 for all ' € I (one can argue this by Zorn’s lemma). Thus we may write
Uy as a finite concatenation

U, =U,---U},

where for each 0 < r < k, we have either all letters in U/ having d(-) < N + 2 or all
letters having d(-) > N + 2, and moreover if all letters of U/ have d(-) < N + 2, then all
letters in U, have d(-) > N + 2 and vice versa. Now we let

g ) h ifdU) <N +2,
" U, if d(Ul) > N +2.

and U = UyUj; - - - Ug. By Lemma 2.1 it is clear that U is reduced, for if Uy, Us, ..., Uspy1
are all = h then we have Ug reduced, UgU; = Uyh is reduced, UgU,Us = UphlU, is
reduced, etc., and in case Uy, Us, ... are = h then the reasoning is similar.

Let J be the set of those 0 < r < k such that U, #Z h, so that J consists either of all even
or all odd natural numbers which are at least 0 and at most k. For each r» € J we have U, as
a subword of the original word Uy, so U, is an interval in U7y Let J C Jbethose 0 <r <k
such that U, is infinite. The word U is obtained from U, by deleting finitely many finite
words and inserting finitely many finite words, and as U, was infinite we know J # 0. As
U, is an infinite word for each r € J, by Lemma 3.2 (i) we know Close(im(c,, ) NU,., U,.) for
such an r, and by Lemma 3.2 (iii), we have Close(lJ, ., (im(,) NU;), U). Now we define a
coi ¢ from W, to U by letting im(v) = U, ; im(ty) N U, dom(z) = ¢ (U, ; im(ey) N U,)
and ¢(¢) = ¢,,(¢) for all ¢ € dom(t). We have that dom(e,) \ dom(¢) is finite by Lemma 3.9,
so by Lemma 3.2 (i) we have Close(dom(c), W,,). Also, it is clear that ¢ is a bijection.

So, ¢is a coi from W, to U, and d(U) > N.If I is an interval in W, then one can obtain

Uy | o(l,ty) from U | «(l,t) by deleting finitely many finite subwords and inserting

finitely many finite subwords, so [[U, [ a(l,t,)]] = [[U | a(l,1)]]. Thus, if we let z € X
and intervals I C W, and I’ C W, and § € {—1,1} are such that W, [ I = (W, | I')?,
we have

[[U T, )]] = [[Uy T (L )]]
=[[(U T (I, ))°]],

where the second equality comes from the fact that the original coi collection
{coi(Wy, Lz, Uz) }zex is coherent. The comparable proof shows that if I, I’ are intervals

in W, and 6 € {—1,1} with W, [ I = (W, [ I')° then we have

U 1 oL, 0)]) = [[(U T a(I’,0))°]].

Now we suppose that z € X and I is an interval in U, I’ is an interval in U, and
ec{-1,1}aresuch that U [ I = (U, [ I")*. Let L={0<r <k :U,NI # (} and notice
that
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Wy T, =TLeplWy I a@ NI, Y]
:HTELHJHWZJ (@, NI
= rcrns Wy I (U0 1M
= Hre(LmJ JIOWV, T (K 1))e
= [[(W: T a1,

]

where K, is the subinterval in I’ C W, obtained from U,NI via the order isomorphism wit-
nessing U | I = (U, | I')¢. The first equality is clear, the second follows from Lemma 3.9
and the third is because ¢! and ¢~ coincide on U, NI for each r € L N J, the fourth is
from the fact that {coi(W,, ts,Us)}zex is coherent and the fifth is by Lemma 3.9. The
similar claim when I, I’ are intervals in U and € € {—1,1} are such that U | I = (U | I)¢
follows via similar reasoning. Thus {coi(W, tz, Uz) }ee x U{coi(Wy, ¢, U)} is coherent, and
also in this case dom(:) is nonempty (as W, is infinite). O

The following lemmas will be useful later.

Lemma 4.3. Suppose that {Hp}new 18 a sequence of nontrivial groups. Let A be a
totally ordered set, f : A — w a function and V€ W({Hp, }necw). There are only finitely
many order embeddings p : A — V such that p(A) is an interval, and for all X € A the
equality f(\) = d(V(p()\))) holds.

Proof. If A is empty, then the claim is obvious. Thus, we may assume A # . If
there exists such an order embedding p, then we know that for each n € w the preimage

~1({n}) in A is finite. Thus suppose that A # () and that such an order embedding
exists. Select X' € A. We claim that if p : A — V is an order embedding with p(A) an
interval in V and f(A\) = d(V(p(\))) for all A\ € A, then p is totally determined by p()\').
To see this, we let A € A be given. Letting n = d(V (p(\))) = f()\) we have that f=({n})
is finite. If M < A in A, then we let \g < A\; < -+ < Ag be the set of all those elements
in f=1({n}), which are > ). As p(A) is an interval in V, we know that p(A\g) € V is
the minimal element greater than or equal to p(\') with d(p(A\o)) = n, and p(A\1) € V
is the minimal element above p(\g) with d(p(A1)) = n, etc. Thus if A = \;, then we see
that p(A) is uniquely determined by p()\’), and the argument in case A < X' is entirely
analogous.

Now, since ) must be assigned to one of the finitely many elements i € V such that
f(\) = d(V (7)), there are only finitely many order embeddings p of A, as an interval,
into V with f(\) = d(V(p(\))) for all X € A. O

Lemma 4.4. Let {H,}ncw be a collection of nontrivial groups. Suppose that
{Viteex € Red({Hp}new), with | X| < 280, A is a totally ordered set and fo: A — w is a
Junction. Let f1 : w — A be an injective functzon for filw) = {-1,1} and f3: f1(w) —
Unecw Hn be such that f3()\) is an element of infinite order in Hy,(n). Then there evists
a function q : f1(w) — w\ {0} such that there exists no V € Sub({Vy }zex U{Vy iex)
and order isomorphism ¢ : A — V such that

(a) doVour=fy and
() V(e(N) = f3(AN) 29N for all X € f1(w).

https://doi.org/10.1017/50013091525000033 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091525000033

1088 S. M. Corson

Proof. We let {1, },cv be the collection of all order embeddings with domain A and

codomain an element V, € {Va}oexU {Z’l}ﬁex such that fo = doV, 0ty and also ¢, (A)
is an interval in V,,. We also assume that the indexing ¥ does not include any duplicates,
so yo # y1 implies that ¢y, # ¢y,. By Lemma 4.3, we know that for a fixed € X, there

can be only finitely many ¢, with codomain V, or with codomain V, !. Thus, in particular,
we know that |Y| < 280, As the set of functions ¢ : fi(w) — w\ {0} is of cardinality 2%,
we select a ¢ such that (Vy € Y)(3\, € f1(w)) Vy(ty(Ny)) # fa(Ay)2A0)0) Tt is clear
that this ¢ satisfies the conclusion. O

Lemma 4.5. Let {H,, }necw be a collection of groups such that each Hy, has an element
of infinite order. If {Vy}rex C Red({H, tnew) is a collection with | X| < 280, then there
exists a word V' € Red({Hp tnew) \ Fine({V, }oex).

Proof. Assume the hypotheses. For each n € w, select h,, € H, of infinite order.
Write w = | |,,c,, Zm where each Z,, is infinite and define z : w — w by n € Z,,. Let
fo,m : w N [min Z,,,, 00) = w be the identity map. For each m € w, we let f1 ,, : w — Zy,
be a bijection. For each m € w, we let f;,, be the constant function with domain
Zm = f1,m(w) and output 1. For each m € w, we let f3,, be the function with domain
Ly = fl,m(w) given by f3,m(n) = hnp.

By Lemma 4.4 (letting A = w N [min Z,,, 00) for each m), we select for each m € w a
function gy, : f1.m(w) = w\ {0} such that there exist no V€ Sub({V }zex U{V, ' }rex)
and order isomorphism ¢ : w N [min Z,,,, 00) — V such that

(a) doVouv= fo,monwn [minZ,,,co) and
(b) V(¢(n)) = fa,m(n)f2mMan() for all n € fi ,(w).

Now we let

V/ = hgz(())(o)h‘llz(l)(l) el

It is easy to see that V"’ is reduced (each finite initial word hgz(o’(o) hcllz“)(l) e hzz(k)(k) is

reduced, and if V' were not reduced there would exist a nonempty reduction scheme on
V' by Proposition 2.6, but then a finite initial word would have a nonempty reduction
scheme, contradiction).

Were it the case that V' € Fine({Vy}zex), we know by Lemma 2.8 that we can
decompose V' as a finite concatenation

Vi=VgV -V,
and for each 0 < j < k at least one of the following holds:
o V] € Sub({Va}uex U{V, '}uex) is nonempty;

o |7J’| = 1 with Let(V}) = {h} such that g € H,, \ {1} and & is a product of
elements in H,, N Let({V}zex U{(V)) " taex)-
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As V' = w, we know 7,; is a nonempty terminal interval in w (and therefore of order
type w) and V{§---V/_, is a finite word. Therefore, V/ € Sub({V,}zex U {V,  }2ex),
say V€ Sub(Vy), with € € {—1,1}. As V/ is a nonempty terminal interval in w, we
can select some m € w so that [min Z,,,00) Nw C V/. As V{ € Sub(Vy), we know that
V =V/ | ([min Z,,, 00)Nw) € Sub(Vy), which contradicts the conditions for our selection
of hy, € Hp,. B O

Proposition 4.6. Suppose that {Gy}new and {K,}new are sequences of groups, with
each group having an element of infinite order. Suppose that {coi(Wy, 1., Uz)}rex is a
coherent collection of coi from Red({G, }new) to Red({Ky tney) with | X| < 2%0.

(1) IfW =1lew Win with Wy, # E and Wy, € Fine({W }eex) for each m € w, and
W ¢ Fine({W, }pex) then there exist U € Red({Kp, }new) and coi ¢ from W to U
with {coi(Wy, ts, Uy) }oex U {coi(W,,U)} being coherent.

(2) If U = [l,co, Un with Uy, # E and U, € Fine({Us}zex) for each m € w, and
U ¢ Fine({Uys }zex), then there exist W € Red({Wy }eex) and coi ¢ from W to U
with {coi(Wy, tz, Uz) }wex U {coi(W, ¢, U)} coherent.

Proof. As usual, we will prove only (1) since (2) is analogous. Select, by Lemmas 4.1
and 4.2, a nonempty word Ujj € Red({K,}newn) with d(Uf) > 1 and a coi ¢ from
Wo to U} such that {coi(Wp,tz, Us)tuex U {coi(Woy,to,U})} is coherent and ¢y has
nonempty domain. Suppose that we have already selected nonempty words Uy, ..., U, €
Red({Ky}new) with d(U;) > j + 1 and ug,..., i, t; a coi from W; to Uj, 1; hav-
ing nonempty domain and {coi(Wy, tz, Uz)}eex U {coi(Wo, to, Ug), - - ., coi( Wi, ti, UL) }
coherent. Then by Lemmas 4.1 and 4.2 select a nonempty word U, € Red({ Ky }new)
with d(U;,,) > k+ 1 and a coi 141 from Wiy to Uy, with 111 having nonempty
domain and {coi(Wy, ta, Uz) }oex U{coi(Wo, Lo, Up), . . ., coi( Wiy 1, thq1, Uj 1)} coherent.
By Lemma 3.12 we have that {coi(Wy, iy, Uy) tzex U {coi(Wy, tn, U}) }new is coherent.
For each n € w, select an element k,, € K, of infinite order.

As in Lemma 4.5, we write w = |_|m€w Zm, where each Z,, is infinite and define z :
w — w by n € Z, (. Consider a word of form

U = U(/)ng(O) (O)U{ktllz(l)(1)Uékgz(2)(2) e

where {¢m}mew 18 a sequence of functions with ¢,, : Z, — w \ {0}. It is easy
to see that Uékgz(o)(o) is reduced, since d(U}) > 0, and similarly that U(’)kgz(o)(o)U{,
Uékgz(o)(O)U{kgz(”(l), etc. are all reduced. Therefore, by applying Proposition 2.6, it is
clear that such a U is reduced (if U is not reduced, there is a nonempty reduction
scheme S, from which we can find a nonempty reduction scheme &’ C S on an ini-
tial Uék:gz(“)(()) e U;,Lk?;(m“‘))). Let F denote the group of reduced words generated by
{ko, k1, ...}. Now by Lemma 4.4 for each m € w we select the function ¢, : Z,,, — w\ {0}
so that a word of form
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Qo (MiN Z) 771 4z ((min Zp)+1) ((Min Zy, )+1) 77/
kmin Zom U(min Zm)+lk(min Zm)+1 U(min Zm)+2

Q= ((min Zm)+2) (Min Z, ) +2)
A
(min Z,,)+2

does not occur in Sub({U, }rex U{U; 1 iex U{U b new U{(UL) " ew UF).

Now we have produced a concrete word U and to simplify notation we set . (,)(n) = 74,
so that U = U}k,°Uik]* ---. By arguing as in Lemma 4.5, we get that no nonempty
terminal subword of U is an element in Fine({Uy }yex U{U} }new UF). Define ¢ to be the
union ¢ = {J,,c,, tm, so dom(r) = {,,c,, dom(ir,) and im(e) = J,,c., im(em). It is easy
to see that ¢ is an order isomorphism. We get by Lemma 3.2 (iii) that Close(dom(¢), W)
and Close(im(¢),U), and so ¢ is a coi from W to U. We will prove that the collection
{coi(Wy, Loy Uz) brex U {coi(Wa, tn, Ul bnew U {coi(W,,U)} is coherent, from which the
coherence of {coi(Wp, tz, Uy) }oex U {coi(W,¢,U)} is immediate.

We point out that every proper initial subword of W is an element in the subgroup
Fine({W, }sex), for if W = V4V with V; nonempty, we can select A € V;, and A € Wy
for some N € w, so Vy C UT[:]:_OI W,, so Vg is a subword of ng_ol Wy, so Vg is in
Fine({W, }zex), since Wy, ..., Wy_1 € Fine({W,},ecx). Next, every nonempty termi-
nal subword of W is not in Fine({W,}.cx), for if W = VpV; with Vi £ E, we have
Vo € Fine({Wy}zex), so that if Vi € Fine({W, }zex) we get W € Fine({W, }zex), con-
tradiction. Thus, any nonempty subword V of W which is an element in Fine({W, }.cx)
has V C UN-} W,,, for otherwise we get that V is a nonempty terminal subword.

Let y € X Uw and intervals I C W and I’ C W, and § € {—1,1} such that W [ [ =
(Wy | I')°. Then in particular W | I € Fine({Wy }zex U {Wp}tnew) = Fine({Wy }zex)
(this latter equality holds because each W,, € Fine({Wy}sex)). Then I is not a terminal
interval in W, and so I C Uf:;_ol W,,. Then [[U | a(I,0)]] = [[(Uy, | a(I’,14))%]], as by the
proof of Lemma 4.1, we know that the collection

{COi(Wzn La:a Um)}mGX U {COi(Wna Ln» Ull)}new
U{coi(TT0 g Wi, UY 10, Uk - - - Up kW)Y

is coherent and

(U Tad,0]] = [Uke - Unky' [ a(l,Uy )]
= ([T I &I, 1))°]]

where the first equality holds because U | «(I,¢) = Ugk° - - Uk | a(I, Uf;[ n)-

Suppose now that I and I’ are intervals in W and § € {—1,1} such that W [ [ = (W |
I')%. Then W | I € Fine({W,}sex) if and only if T is not a nonempty terminal interval.
If W I I € Fine({W,}zex) then of course (W [ I)° =W | I’ € Fine({W, }zex) as well,
so that I’ is also not a nonempty terminal interval. Then we may select N € w which
is large enough that I,1" C USZOW,L and argue as in Lemma 4.1 that [[U | «(I,:)]] =
[[(U | a(I',1))°]] since the collection
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{coi(Wy, 1z, Uz) }oex U {coi(Wy, 1n, U )}new U {coi( H W, U LmUokr0 UJIVk;VN)}
n=0 n=0

is coherent. Thus, we suppose that I and I’ are nonempty terminal intervals. If it were
the case that § = —1, then select Ag € I and we have on one hand that W [ {A e T: )\ <
Mo} € Fine({W, }rex) since {\ € I : A < Ao} is not a terminal interval in W, but on the
other hand W | {A € I : A < Ao} ¢ Fine({W,}zex) since (W [ {AeT: A< \}) tisa
nonempty terminal subword of the terminal subword W | I’ of W. That is a contradiction.
Thus we know § =1. So I and I’ are each nonempty terminal intervals in W, and hence
either I C I’ or I’ C I. If without loss of generality we have I’ C I we select A € T\ I'.
Let v : I — I’ be an order isomorphism witnessing W | I = W | I'. Then we have
A< u(A) < b(N) < -+ and W(A) = W((A) = W(e(e(N)) = ---. Either W(X) =
which is impossible since W is reduced, or W(A) # 1, say W(X) = g € G, \ {1}, which
is impossible since W is a word and cannot attain infinitely many outputs in Gj,. Thus
we know I = I, from which we have U [ a(I,0) =U | a(I’,¢) and [[U | a(1,0)]] = [[U |
a(l’,)]).

Next, we know that no nonempty terminal subword of U is an element of
Fine({Ux}meX U {Ué}new U ]:),

and therefore if interval I C U is such that U | I € Fine({Uy, }zex U {U} }new U F)
there exists some N € w such that I C ]_[nN:O Ulky". Thus, if y € X Uw, I and I’ are
intervals in U and U, respectively, and € € {—1,1} with U [ I = (U, | I')¢, we have
U IeFine({Us}pex),s01l C HnN:O U/ ky for some N. Then [[W | a(I,.7Y)]] = [[(W, |

aI',1;1))<]] follows as in the proof of Lemma 4.1 as the collection

{coi(Wy, ta, Up) brex U {coi(Wh, tn, U},) bnew U {coi( H W, U tn, Ugkg? - UnkRY) }
n=0 n=0

is coherent.

Finally, we know that all nonempty terminal subwords of U are not elements of
Fine({Uy }oex U {U] }new U F), but it is also clear that any proper initial subword of
U is an element of Fine({U, },ex U {U} }new U F), so for any nonempty interval I C U
we have U | I € Fine({Uy }zex U {U)}, }new U F) if and only if I is not terminal.

Suppose that I, 1" are intervals in U and € € {—1,1} is such that U | I = (U | I')".
IfU | I €Fine({Uy}rex U{U} }new UF) then both I and I are empty or nonterminal,
and we argue as before that [W | a(Z,.™H)]] = [[(W | a(I’,:71))¢]] using the fact that

{coi(Wy, by, Uy) yarex U {coi(Wh, tn, UL new U {coi( H W, U Loy Ugk® - UnkRY) }
n=0 n=0

is coherent for an appropriate value of N. If U | I ¢ Fine({U, },ex U{U} }new UF) then
both I and I’ are nonempty terminal and as before we argue that e =1 and in fact I = I’,
so that [[W | (I, 1] = [[(W | a(I’,:71))¢]] is immediate. The lemma is proved. O
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5. Extension to a Q-type concatenation
In this section, we shall prove only the following.

Proposition 5.1. Suppose that {Gy}new and { K, }new are collections of groups with-
out elements of order 2 such that each group has an element of infinite order. Suppose
also that {coi(Wy, tz, Us) }uex 18 a coherent collection of coi triples from Red({Gp tnew)
to Red({ Ky, Y new) with | X| < 280,

(1) Let W € Red({G}new) be such that W = [[,cq s with each Iy # 0, W |
Fine({Wy}zex) for each s € Q, and W | USQAI ¢ Fine({W,}rex) for each
interval A C Q with more than one point. Then there exists U € Red({ K, }new)
and coi ¢ from W to U such that {coi(Wy, ty, Uz)}zex U {coi(W,¢,U)} is coherent.

(2) Let U € Red({Kn}new) be such that U = [[,eq s with each I, # 0, U | T
Fine({Us }zex) for each s € Q, and U | J,cp Is ¢ Fine({Uy fzex) for each interval
A C Q with more than one point. Then there exists W € Red({Gp }new) and coi ¢
from W to U such that {coi(Wy, ty, Uz) bzex U {coi(W,¢,U)} is coherent.

We let {W,, }mew be an enumeration such that for each s € Q, we have some m € w
for which W | I, = W,,, or W | I, = W1 (and notice that both cannot hold as there
are no elements of order 2 in the groups, by [4, Corollary 1.6]), and for distinct mg # my
in w, we have Wy, # Wy, # WL, Such a list {W,, } e, must be infinite, otherwise by
the pidgeonhole principle, there is some ¢’ € Q such that {g € Q | W [ I, =W | I} is
infinite, which means W is not a reduced word. Now we define a function P : Q — w be
given by P(s) =m, where W | Iy € {W,,,, W,;'} and function 4 : Q — {—1,1} by

Als) = 1 if W I _Wp(s),
| -l WL =We.

Thus, we may write W = HSEQ(WP(S))A(S).

Select nonempty U} € Red({Kp}new) with d(Uj) > 0 and coi ¢¢ from Wy to U
with nonempty domain such that {coi(Wy, ty, Uy) bzex U{coi(Wy, 1o, Uj)} is coherent by
Lemmas 4.1 and 4.2. Assuming we have chosen U}, and i, we select nonempty U}, ,, €
Red({Kn }new) with d(U}, 1) > m + 1 and coi ¢y, 41 from Wy, qq to U], 4, the domain
of ty+1 nonempty and {coi(Wy, iz, Uz) bze x U{col(W}, ¢, U;)};"Z+1 coherent by Lemmas
4.1 and 4.2. By Lemma 3.12 the collection

{COi(Wxa (23 Ua:)}a:eX ) {COi(me lm, Uyln)}me

is coherent.

For each m € w, select h,, € K,, of infinite order. For s € Q write U, =
hPEz;TE(U}, )4 g)h S)“, where the number r5 € w \ {0} is yet to be determined. We
consider a Word of form

UEHUS.

s€eQ
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Thus, the totally ordered set U is known, the function d o U is known, many values of U
are known and such a U will be totally defined once we have determined the values of
the 7.

The set of nonempty open intervals in Q with rational end points is countable, so let
{J;}jew be an enumeration of this set. Let L : w — w X w be a bijection, with L(k) =
(Lo(k), L1(k)), and inductively define 6(k) = min({P(s) : s € Jr )} \ {0(0),...,d(k —
1)}). For each j € w we let Z; = §(L™'({j} x w)). Then for every m € Z; there exists
s € J; with P(s) = m. Also, w = | |;¢,, Z;, and |Z;| = N for each j € w.

For a fixed j € w, we let vp; : w — Z; be a bijection, and let vy ; : w — J; be
a function such that P(vy j(k)) = vo (k) (and we note that vy ; is an injection). Let
fijiw— UsEJ U, C U be the function given by fi (k) = minU,, (x), so f1,; is also

an injection. Now by Lemma 4.4 we select a function g; : f1 j(w) — w\ {0} so that there
is no word V € Sub({Uy }zex U{U;  }aex U{U) b mew U{(U},) "  }mew) with domain V
which is order isomorphic, via some ¢, to Hser Us with doVor=doU | Hser Us

and such that V(:(f1,3(k))) = b """ ™ for all k € w. Note that for arbitrary s € Q

there is a unique j € w such that P(s) € J; and unique k € w such that v ;(k) = P(s),
and we let g = g;(k). For convenience, we let R : w — w be the function such that for
each s € Q we have

(s)R(P(s (s)R(P(s
U, = hACEEE @, AG RADREE)

Now we have fully determined the function U.
Notice that U is indeed a word, for it is a concatenation U = Hse@ U, such that for
each N € w, the set {s € Q : d(U. ) < N} is finite. We prove that U is reduced. We give

some observations. We have for each s € Q that U, = hﬁgng(P(s))(U}(s)) s)hﬁgzgR(P(s))

is reduced, since d(UfD(s)) > d(hégz;R(P(s))) = P(s), using Lemma 2.1. Also, d(Us) = P(s)
for each s € Q. We also point out that U, = (Uy)~" if and only if W, = (W)~!. Also,
U, = (Uy)~ ! if and only if P(s) = P(s") and A(s) = —A(s"). Furthermore we know that
for 3,4’ € U, if i is adjacent to i’, then there is some s € Q such that i,i’ € U,. This
is clear since if i € U, and i’ € Uy and without loss of generality s < s’ then the open
interval (s,s") C Q is infinite and so we select s” € (s, s’); note that Uy is not an empty
word, so letting ¢/ € Usr we have 1 < i < ¢'.

Now we must check that our word U is indeed reduced. In the Appendix we prove
a more general fact (Theorem 6.3) which allows involutions in the groups. The proof is
kinder because the statements are more general and there are fewer exponents floating
around.

Lemma 5.2. The word U is reduced.

Proof. Suppose for contradiction that U is not reduced. We point out that there
cannot be adjacent elements ig,4; € U such that U(iy) and U(i;) are in the same group
K, since each of the words Uy is nonempty reduced and Q is order dense. Then as U
is not reduced, there exists a nonempty interval I C U such that U | I ~ E. Then by

https://doi.org/10.1017/50013091525000033 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091525000033

1094 S. M. Corson

Proposition 2.6 (1) we have a reduction scheme S on U [ I such that (Jocgset(C) =1
and 7(U [ [,O)=Eforall C€S.

Let Nj = min{P(s) : (s € Q)Us NI # 0}. We claim that there exists a component
C = (ig;...;ix) € S such that d(C') = Nj and for each 0 < j < k we have U(i;) €
{hf,éN“), h_R(N")} To see this, take s’ € Q such that Uy NI # () and P(s") = N{. Take
C" = (if;...;il,) € S such that set(C")NUy # 0, say 0 < j' < mhasij € set(C")NUs. If
d(C") = Nj we will take C' = C”, so suppose that this is not the case. As n(U | I,C) =
and the word U is simple, we know m >0. Let without loss of generality 7/ + 1 § m
(otherwise 0 < j'—1 and the proof will be similar). As Uy is reduced, we know ;41 ¢ Uy,
say ij41 € Uy and ' < 8" in Q. As Sis a reduction scheme and i; < max(Uy) < ij41
there exists C' = (ig;...;ix) € S such that max(Uy) = i; € set(C). As P(s') = N}
we know U(i;) € {hR(N h;,f(NO)} so in particular d(C) = N{. Thus in either case
we have found a component C' € S with d(C) = N§ and set(C) N Uy # 0. Letting
J={s €Q]|set(C)NUs # 0}, by minimality of N} we know that P(s) = N{ for each
s € J. Then as d(C) = N{, each element of set(C) is either a max(Us) or a min(Us) for

some s € J. Therefore U(i;) € {hR(N h;,f%(Né)} for each i; € set(C').

As 7(U,C) = E we have that there exist some 0 < j < k for which U(i;) = hy
~R(Ng)

R(N

and there also exists some 0 < j < k for which U(i;) = hy . Then there ex1sts
some 0 < j' < k for which U(i;/) = (U(ijr+1))"". Then the reduction scheme {C’ €
S 1 set(C') N (ijr,d5:11) # 0} witnesses that U [ (ij,4j:41) ~ E. Letting ij; € Uy, and
ijiy1 € Uy we have P(s) = P(sy) = Nj and iy € {minU,,max U, } and similarly

ijiy1 € {minUy,max Uy }. If iy = minU,, then we claim that i1, = max U, for
otherwise we have (i;/,i;41) N{i € U : d(U(i)) = Ny} is odd and so the word py; (U |
(4j:,94.+1)) does not represent the trivial element in G, , since hy; is of infinite order, a
contradiction. By the same token, if i;; = max US’o then ;41 = min Uy, . In either case,
we see that U [ (max Uy, minUy,) ~ E, for even if iy = minUy and ij 41 = max Uy
we have that

B~ Uy | (U \ {min T ) E(Uy; | (T \ {min T,y }))

= Uy | Ugy \ {minUy }) ' E(Uy | (Uy \ {max Uy, }))~"

~ Ugy 1 Uy \ Amin Uy })7HU T (i i4+1)) Usg T (U \ {max Ty })) ™"

~U 1| (maxT%7 min@).
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In particular we may replace the interval I with the nonempty interval
(max Uis[r), min Uisfl)

and thus get that I is an open interval such that I = | AT 20 U, and also replace the old
reduction scheme S with {C” € S : set(C) N (max Uy, ,min Uy, ) # 0}. Henceforth in the

proof we will therefore assume that I = (J; 7 75@73 and that S is a reduction scheme
on U [ I such that 7(U [ I,C) = E for all C € S and [Jpcgset(C) = 1. Let Z C Q be
the open interval {s € Q: INU, # 0}. We let Q : I — Z C Q be the surjective function
defined by Q(i) = s, where i € Us.

Let {No,Ny,...} = {P(s) : (3s € QU, NI # 0}, with Ny < N1, so in particular
No = min{P(s) : (Is € Q)Us; NI # 0}. Suppose first that C = (ig;...;ix) € S and
S0, 51 € Q are such that Uy, Nset(C) # O and Uy, Nset(C) # O and P(sg) = Ng. We
will show that P(s;) = Np. If this is not the case, there exist i;,4;11 € set(C) with
ip € Uy, and d141 € Uy such that either P(sp) = No and P(s}) > No or P(sp) > No
and P(s}) = Np. If without loss of generality P(s) = No and P(s}) > Ny, we know by
Definition 2.5 condition (2) and Proposition 2.6 part (1) that U [ (i;,4;+1) ~ E; however,
(i,ii41) N {i € U : d(U(i)) = No} is odd and so the word py, (U | (i1,i1+1)) does not
represent the trivial element in Gy, since hy, is of infinite order, a contradiction. Now,
suppose that it is the case that whenever k < K and C € § and sgp,s1 € Q are such
that U, Nset(C) # 0 and U, Nset(C) # 0 and P(sg) = Ny, then P(s1) = Nj. Let
C = (ig;...;ip) € S and sg,s1 € Q be such that U, Nset(C) # 0 and U,, Nset(C) # 0
and P(sg) = Ngy1. We will show P(s1) = Ng41. If this is not the case then there
exist 4,441 € set(C) with 4; € Ug and 41 € U, such that either P(s() = Nkt
and P(s}) > Ngy1 or P(s() > Nki1 and P(s]) = Ng41. Without loss of generality
P(sy) = Ng41 and P(s]) > Ng41. Letting Y be the finite set {s € Q : P(s) < K AU, C
(i1, i141)}, we have U | ((ig,11) \ Uyey Us) ~ E as witnessed by the reduction scheme
S ={C" € 8 :set(C") N (i1, i141) # O Aset(C)NU ey Us = 0} (here we are using the fact

that our induction hypothesis implies that {,cy Us = Ucres set(cr)n oy Tad set(C")).
However the set M = (ig,i1)N{i € U : d((U(i))) = Nx+1}\U,ey Us is of odd cardinality,

and we have U (i) € {hﬁiﬁf“), hj_\,fng“)} for each i € M, and since hy,_, is of infinite

order we get, in particular, that py,,, (U | (i0,i1) \U,ey Us) = 2_;er U (i) is not trivial,
contradiction. What we have just shown is that for each C' € S, the function PoQ | set(C)
is constant. We also know that for each C' € S, the function @ | set(C) is injective, since
each Uy is reduced.

Now, we make slight modifications to the scheme S. For C' = (ip;...;ix) € S such
that there exists i € set(C) with i € U, and d(C) = P(s), we have i € {min Uy, max U, }
and by the preceeding paragraph we have that each i; € set(C') has some s; € 7 with
i; € {minUs,;, maxU,;} and d(C) = P(s;j). More particularly, we have that U(i;) €

{hg s hy @SN for all 0 < j < k. Since 7(U, C) = 0 we know U(i;) = hy'ei” for
_ - RU(C)

some j and U (i) 4(C) ) for some other values of j. Then for some 0 < j' < k we

have U(ij) = (U(ij4+1)) "', and we can replace C' in S with two components (i;;4;/41),
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C" = (ig;...;tj—1;0j42;...;1). If [set(io, ..., 15 —1,1j42,...,1;)| > 2 then performing
the same analysis on the finite sequence (Zg;...;%;:—1;%j42;...; k) we produce two com-
ponents C’, C" with |set(C”)| = 2 and |set(C”)| being of positive even cardinality. By
performing finitely many steps, we determine that we can replace C' with |set(C)|/2
components. Thus, we can assume that for each s € Z, we have that min U, € set(C) and
C € S implies that |set(C)| = 2 and similarly for max Us.

Now, if s € Z, i = minUs, i € set(C), {i'} = set(C) \ {i}, with i’ € Uy then i’ =
max Uy . To see this, we know of course that i’ € {min Uy, max Uy }, and for contradiction
if i/ = min Uy and say i < 4', then the word V = U | ((i,4') \ Usez, p(s)<da(o) Us) is not
~ E since pycy(V) is hg(cy raised to an odd power, on the other hand pycy(V) ~ E
by Proposition 2.6 part (1) (using the reduction scheme {C’" € § : set(C’) N (i,i') #
OAd(C") < d(C)}), contradiction. A similar proof works when i’ < i. By similar reasoning
if s € Z, i =maxUs,, i € set(C), {i'} = set(C) \ {i}, with i/ € Uy then i/ = minU,.

We define a collection P of ordered pairs of elements of Z. Consider a finite sequence
D = (s0;...;8k) such that

(maxfgo7 min Uy, ), (max U,,, min U, ), . . .

(max U;, _,,minU,, ), (minU,,,maxU,,) € S.

Since |J sezﬁs = [ and by the arguments above, we know that each element of Z occurs

in a unique such finite sequence. Also for such a D we have P(sg) = --- = P(sg), and for
each 0 < j < k, we have U, = US;L and A(s;) = —A(sj41), and also Uy, = U;'. We
take ordered pairs (sg; $1),- .., (Sk—1; k), and let P be the set of all such ordered pairs

for all such sequences D. We observe that

(s;8') € P implies s < s" in Q;

(s;8") € P implies Ug = Us_,l;

(s;s') € P implies W, = W, 1

(Vs" € I)(3(s;8') e P)s" =sVvs' =5

for (s;s'), (s”;8"") € P such that the intervals (s, s"), (s”,s"") C Z have nonempty
intersection, we have that (s,s") C (s”,s") or (s”,s"") C (s,5).

Now, we see that the nonempty subword [[,.; Ws of W is ~ E, for we can define
a reduction scheme S” on [[,.; W, by taking for each (s;s’) € P an order reversing

f(sisry : Us = Uy such that Uy (i) = (Ug (f(5:5(7))) " and letting

8" =y Ui 1 fisn )}

Thus, W is not reduced, contrary to assumption, a contradiction. O
We next turn our attention to another important fact.

Lemma 5.3. If I C U is an interval such that U | I € Fine({Uy}zex U{U}, }mew),
then there exist some s € Q for which I C Us.
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Proof. If the hypothesis holds but the conclusion fails, then since QQ is order dense
there exists an interval I’ C I and infinite interval Z' C Q such that I’ =[] .7, Us. Since
U I eFine({Uy}trex U{U], }mew), we also have U | I' € Fine({Uy }pex U {U], }mew)-
By Lemma 2.8, we can write U | I’ as a finite concatenation

U rI/EVOV1'~'Vk,
where for 0 < r < k, we have |V,.| = 1 or

Vr S SUb({Ux}aceX U {U;l}xeX ) {len}me U {(Ur/n)il}m'EW)'

Then there exist 0 < [ < k and nonempty subinterval Z" C 7', having rational end points
I// = (‘9? 5/)? such that ‘/2 :_) I/ :_) HSEI” Us, so in particular

1 U: € Sub({Us}eex U{U; haex U{UL bmew U{(Uh) ™ Fmew)-

However, letting (s, s’) = J;, we have contradicted our selection criterion for the function
q]'. D

Now, we define the coi from W to U and verify the various properties. For each s € Q

A(S)R(P(3))77A(s)  A(S)R(P(8)) _\ 77 o
we let L : hp Ps) Up P(s )hP(S) — U, witness

A(S)R(P())77A(s) ; A(S)R(P(s)) _
hp(s) Up () Pp(s) =Us

and let L. : Wﬁ((ss)) — I, witness W ((SS)) = W | I;. For each s € Q, define func-
tion ¢; by having dom(ts) = Li(dom(ip(s))) C Iy, im(ss) = L(im(epes))) S Us \
{min(U,), max(U,)} and ¢5(i) = Ls 0 tp(s) o (L)1 (¢). Thus, ¢4 is an order-preserving
bijection (if A(s) = —1, then the definition of ¢s is a composition of three func-
tions, the first and the last are order-reversing and the middle is order-preserving). It
is also clear that Close(dom(ss), ;) and Close(im(ts), Uy). Define a function ¢ by let-
ting ¢+ = U,eqts- We have that dom(r) = [J,cqdom(ss) and im(r) = U,eqim(ss),
and ¢ is an order isomorphism between its domain and range. Moreover, we have
Close(dom(¢), W) and Close(im(¢),U) by Lemma 3.2 (iii). Therefore ¢ is a coi from W
to U.

Lemma 5.4. The collection

{coi(Wy, 1z, Uz) baex U {coi(Won, tim, ULL) bmew U {coi(W, ¢, U)}
is coherent. Thus, more particularly {coi(Wy, tz, Uy) }oex U {coi(W,¢,U)} is coherent.
Proof. Suppose that we have an x € X Uw, intervals I C W and I’ C W, and § €

{—1,1} such that W | I = (W, | I')°. We know that W, € Fine({W,}rex U{W, } new) =
Fine({W, }.ex), and therefore also we know that (W, [ I')? € Fine({W,}.ex). By our
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assumptions on the word W we therefore have some s € Q such that I C I,. Let

[l — (Wp g)) () witness that W | I, = W;}((;)). By the coherence of

{COi(WI7 LI) )}$€X U {COI( my bm, 7/71)}m€w

we have that

(S|
2
=
=
Il

[[Us T a1, ¢5)]]
= H(UP(G) { a(f(I)v LP(s)))A(S)H
[(Uz I all’,e2))°]],

where the first equality holds because U | a(I,t) = U | a(I,ts), the second holds since
Us a(l,s) = (Upsy [ a(f(I), LP(S)))A(S) (because of how the function ¢4 is defined) and
the third equality holds because the collection

{COi(Wl’a LI) )}IGX U {COI( my bm, 1/11)}m€w

is coherent.

Next, we suppose that I,I’ C W are intervals and § € {—1,1} is such that W | I =
(W | I')°. We will only consider the case where § = —1, as the other case is much
more straightforward. Let f : I — I’ be an order-reversing bijection witnessing that
W IT=W]I) sothat W(i) = (W(f(i)))~!. Notice that f takes subintervals of I
to subintervals of I’, while reversing the order of the points. However, for a subinterval
I" C I, we consider f(I") C I’ to have the order inherited from I’ and from W, so
we may make sense of the expression W | f(I"). Thus, for each subinterval I C I, we
have W | I = (W | f(I"))~!. We notice that for each subinterval I” C I, we have
W I I” € Fine({W,}sex) if and only if W | f(I”) € Fine({W,}sex) if and only if
(W 1 £(I")) " € Fine({IW, }rex).

Let Z be the interval in Q defined by Z = {s € Q : Iy NI # 0} and similarly define
another interval Z/ = {s € Q : Iy N I' # (}. By our assumptions on the intervals
I, we know that a subinterval I” C I is a subinterval of one of the I if and only if
W I 1" € Fine({Wy}zex), and so f(I”) is a subinterval of one of the I if and only if
W I 1" € Fine({W,},ex) if and only if W | f(I"”) € Fine({W,}.ex). Thus, we have
an order-reversing bijection F : T — I’ given by F(s) = s’ where f(I NI5) NIy # (.
Therefore, Z has a maximum if and only if Z’ has a minimum, and Z has a minimum if
and only if 7’ has a maximum.

Now, we consider various cases. If Z = () = 7’ then both I and I’ are empty, and we
have [[U | a(I,0)]] = [[E]] = [[(U | a(I’;¢))71]]. If both Z and Z’ are of cardinality 1

then we let {s} =Z and {s'} =7’ and L : I, — I/VA(S and L' : I, — W) witness

(P(s)) (P(s)
that W | I, W(P(( ) and W | Iy = WA“ . We have

(P(s
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(U T} =I[Us1 ( )]
= [[(Upy T a(L(I), tp)) ]
= [[(Up(s [ L/ (1), epery) = A)]]
= [[(U T a(l’,es)) ]
=[[(U T a(I',1))7 1],

Where the first and last equalities hold by the fact that ¢ | (dom(c) N UY) = 14 for all

"€ Q, the second and fourth equalities hold by how the functions ¢s and ts are defined
and the third equality holds by the fact that the subcollection {coi(Wi,, tm, U},) }mew 18
coherent.

If both Z and Z’ have at least two points, then they are infinite (since Q is order-dense).
We will imagine that Z contains a maximum (and so Z’ contains a minimum) and that
7 contains a minimum (and so Z’ contains a maximum), and in case a maximum or a
minimum does not exist then the modifications are obvious. Let sg = minZ, s; = maxZ
and (Z)* =Z\ {so,s1} and (Z')* = 7' \ {F(s1), F(s0)}. We have that W | I, = (W |
I F(S))’l for each s € (Z)*, as witnessed by f, but the equivalence may fail for s = sg and

s = s1. Let
o Iy=1INI,
e 1 =INIy
o Ih=a(l,,)NUs,
o Iy =a(l,l)NUs
o Iy :I/ﬂlp(sl)
o [y —I/QIF(SO)
b I6 —Ot( )mUF(m)
o Iz =a(l';t) N Up(sy)-

We notice that «(lo,t) is obtained from I by deleting a finite terminal subinterval,

and possibly also a finite initial interval, so in particular [[Us, | I2]] = [[Us, | @(lo,t)]],
and by similar reasoning we may write [[Us, [ I3]] = [[Us, | a(l1,0)]], [[Upe,) |
Is)] = [[Ur(syy I oIy, )]s [[Ur(sey | 17]] = [[Upsy) | a(Is,0)]]. Moreover it is the case
that

[Us Ta(lo, )] = [[(Urso) T a(I5,0)7]]

and

([Us, 1 a(ly, )] = [[(Ur(sy) | s, e) 7]

since {coi(Wiy, tm, U},) }mew is coherent. Thus, we have
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U T (Lol = [Us | B) [T Us)Us, 1 1s)]
= [Usy 1 LN ae)- U, ugn
= Ve 1 alTo, O[T ez UTs, T a(Tr, )]
— [[Usy T a(Tos O] Toeo- UF(S)HH )

(15,L))‘1]][[(H (z/)* Us) HH(UF( )fa(fw))‘l]]

The cases where minZ and/or maxZ are considered using obvious modifications and
where d =1 is even more straightforward.

Next, we suppose z € X Uw and I C U, I' C U, and € € {—1,1} are such that
U= (U, | I Wemust show that [Wa(I,:™1)]] = [[(W.a(l’,:71))¢]]. We know by
Lemma 5.3 that there exists s € Q such that I C U,. Define

1" (s)R(P(s))y7A(s) 1 A(s)R(P(s))
" c hP(s UP(s) h’P(s)

by I"” = L;(I). By how ¢ is defined, and as I C U, we have

Wla(l, ™) =W (Iﬂi,ﬁl)
W ((:)) F (I// LP( ))

and as {coi(Wy, tz, Uz) }uex U {coi(Why, tm, Um) }mew is coherent, we have [[Wﬁ((ss)) i

a(l"”, LP(g))H = [[W. | a(l’,iz1)); so that in fact [W | oI, )] = [(W |
a(l’;171))€]] as required.

Finally, suppose that intervals I,I’ C U and € € {—1,1} are such that U | [ = (U |
I')¢. We prove the difficult case where e = —1, and the case e=1 is left to the reader.

Take f : I — I' to be an order-reversing bijection witnessing U | I = (U | I')¢, so
U(i) = (U(f(i)))~*. Such an f takes subintervals of I to subintervals of I’. As before,
for a subinterval I"” C I, we have U [ I"” € Fine({U, }zex U {Um }mew) if and only if
U f(I") € Fine({Ustoex U {Un}tmew)- o

Let Z be the interval in Q defined by Z = {s € Q | U; NI # 0} and similarly
T'={s€Q|U,NI # 0}. Using Lemma 5.3, one can argue as before that f induces
an order-reversing bijection F' : Z — I’ (where F(s) = s’ means that f(I N Us) N
Uy # (). If both Z and Z’ are of cardinality 1, then I C U, and I’ C Up(s) for some
s€Qand [W | oI, )] = [[(W | a(I’,t71))€]] simply because {coi(Wy, tz, Uy) }rex U
{col(W, tm, Um) }mew is coherent. In case Z and Z’ are both empty, we have [ = = I’
and [W | o(I,c )] = [[E]] = [[W | a(’,.71))¢]]. If both Z and Z’ have at least 2
points, then they are infinite. Defining (Z)* to be Z minus any minimum or maximum,
and define (Z')* similarly. Then Uy = (Up(s)) ! for s € (Z)* and U | (UninizyNI) = (U |
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(Umax(zyN"))¢ (provided that min(Z) exists) and U [ (Upax(z)N) = (U [ (UminzyN'))*
(provided max(Z) exists).

If, for example, both max(I) and min(Z) exist, we get that [[W [ a(Uninz)N1, Y]]
[0V | 0Ty 0111, a0 (W 10Uy 0 1)) = [0V T 0Ty
' )) ]] since {cm(WI, tay Uz) Yoex U{coi(Wan, tms Um) }mew is coherent. Moreover, W
I, = (W | Ip()) " for each s € (Z)* by how U was constructed, and so

(W T o] =W I aUninzy N 1,07H)]]
[W (Use(I) UMLil)]]HW ro‘(Umax(I) N I L )]]
= [[(W I a(Umaxzn NI, )NV T alUezy- Us, )]

H(W ( mm(I’)mI L ))EH
= [[(W (I, 1)),

where the first and last equalities are by Lemmas 3.8 and 3.9. If max(Z) or min(Z) do
not exist, then the modifications are obvious. The proof of this lemma is finished. d

Claim (1) is now seen to be true from Lemma 5.4. The proof of claim (2) is totally
analogous, and so the proof of the proposition is complete.

6. Conclusion of the proof

We are now armed to give the finishing arguments of the proof. We begin with the
following.

Proposition 6.1. Let {G,}new and {Kp}new be sequences of groups, each having an
element of infinite order and no elements of order 2. Suppose that {coi(Wy,t,U,)}rex
is a coherent collection of coi from Red({Gp}nw) to Red({Ky }nw) such that | X| < 280,

(1) If W € Red({Gn}nw), then there exists a U € Red({ Ky }nw) and coi ¢ from W to
U such that {coi(Wy, 1, Uy) }eex U{coi(W,¢,U)} is coherent.

(2) If U € Red({ Ky }nw), then there exists a W € Red({Gp}nw) and coi ¢ from W to
U such that {coi(Wa,t,Uy) }oex U {coi(W,t,U)} is coherent.

Proof. As usual, we will only prove (1). If W = E, then we let U = E and ¢ be the
empty function, and it is obvious that {coi(W,¢,U,)}sex U {coi(W,¢,U)} is coherent.
If W # FE then we begin by extending the original collection by letting ¢; be the empty
function and noticing that {coi(Wy,t, Uy )}%X U {col(W | {i}, v, E)};cq7 is coherent.
Let To = {coi(Wq,t,Uz) buex U {coi(W | {i}, i, E)},cp- Notice that [To| < 2% gince
|X UW| < 2%, For any collection 7 = {coi(W,,t,,U,)}.cz of coi triples, we let h(T) =
{W_.}.ez. Let < be a well-order on the countable set W. We detail a procedure which
we will carry through until termination.

Suppose that we have defined coherent 73 for all 8 < v < Ny, where 7> 0, so that
Tso € Tp, when By < 81 <, and [T \ U Ts| < 1 for all 0 < ¢ <. We have that
Us<, Tp is coherent by Lemma 3.12. Also, |Ug.., Ts| < [X|-Ro + || < 2%. Notice also
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that for every i € W there exists an interval i € I C W such that W | I € Fine(Us—, Ts),
as indeed one can simply take I = {i}, since To € Uz, T

(a) If it is the case that for every i € W, there exists an interval i € [
such that W [ I € Fine(h(Us, 75)), and for any larger interval I C I' C W,
we get W [ I" ¢ Fine(h(Us_, Ts)), then we terminate the procedure and let
Ty = U5<7 Ts- L

(b) If (a) does not hold, then select ¢ € W, minimal under <, such that such a maximal
interval I does not exist. Suppose further that it is the case that there exist intervals
{Im}mew such that i = minl,, for all m € w, with W [ I,, € Fine(h(Us_., T3))
for all m € w, Iy C Imy1 and with W [ U, ¢, Im ¢ Fine(h(Us., Tp)). Then, by
Proposition 4.6, there exist a U € Red({K, }new) and coi ¢ from W | (U, ,c., Im
to U such that Tz = Uz, Tg U {coi(W | U

niN

w
W

mew Ims 1, U)} is coherent. If such
sequence {1, }mew as above does not exist, then there exist intervals {I,;, }mew such
that i = max I, for all m € w, with W [ I,, € Fine(h(Ug., Tg)) for all m € w,
I C Iy, and with W I U,,c, Im ¢ Fine(h(Us—., T5)). We apply Proposition
4.6 to (W | U,,e,, Im) ™" to obtain ¢ and U such that T, = Ug_., Tp U {(coi(W |
Umew Im) ™1, ¢, U)} is coherent.

We claim that the process terminates after countably many steps. Supposing that this
is not the case, the process is carried out for all 0 < v < ®;. Then, there is some i € W
which is considered in Case (b) uncountably often, and without loss of generality, it is
uncountably often the case that ¢ is the minimum of all elements of the sequence of
intervals {I,,}me, considered. Let T C N; be the set of those v < N; on which this
holds, so for every v € T', we have T, \ Ug., Ts = {coi(W [ I,,,U)} for some I (we
will label I = I, as it is uniquely determined by 7) and U, where ¢ = min I,,. But now
I, C I, when v < v/ and v,7" € T, and this is impossible for intervals in a countable
totally ordered set W, a contradiction.

This process terminates and produces T, 2 To, with v < Xy and |7;| < 2%, such that
for every i € W, there exists an interval i € I C W such that W | I € Fine(h(7)) and
there is not a larger interval I C I’ C W with W | I’ € Fine(h(T)). Take {I)}rea to be
the set of all intervals in W such that for any A € A, and we have W | I, € Fine(h(T));
for any larger interval I, C I’ C W, we have W | I’ ¢ Fine(h(T,)). We make the
indexing injective, so that I # I whenever A # X\'. All I, are nonempty since otherwise
we could simply select i € W and note that W | {i} € Fine(h(7)) C Fine(h(T)).
Also, we know that the I, are pairwise disjoint, for if Iy NIy # @ for A\ # X we have
W I I\UI\ € Fine(h(7;)). Thus, we endow A with the natural order which places A < \’
if all elements of I, are below all elements in I.. Note that A cannot have two elements
A < X which are immediately adjacent, for then W | Iy U I € Fine(h(75)).

Certainly, A has at least one element as W # FE. If A has exactly one element, then
by Lemma 4.1, we can select U € Red({ Ky, }new) and coi ¢ such that 75, U {coi(W, ¢, U)}
is coherent, so in particular {coi(Wy, ts, Uz) }zex U {coi(W,¢,U)} is coherent and we are
done. On the other hand, if A has at least two elements, then A is countably infinite and
dense-in-itself since there are no adjacent elements. Let A* be subset of A obtained by
removing max A and min A, if either or both exist. Then A* is order isomorphic to Q.
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We will assume that min A and max A each exist, and the modifications to the proof in
the other cases are obvious. It is clear that for any interval A’ C A where A’ has at least
two points, we have W [ (Jyca, Ix ¢ Fine(h(7,)) (by the conditions defining the Iy).
Therefore, by Proposition 5.1, we can select a V € Red({ K, }new) and coi ¢, such that
Ts U {coi(W [ Uyea- In, L+, V)} is coherent. Then

W =W [ Luina) W I | D)W [ Imaxa) € Fine(W(T, U{W | | L.})),

AEA* AEA*

so by Lemma 4.1, we can select U € Red({ K, }new) and coi ¢ such that

Ty U{coi(W [ | Ins e V)} U {coi (W, U)}
AEA*

is coherent, so, in particular, {coi(Wy, tz, Uy) tzex U {coi(W,¢,U)} is coherent. O

Proof of Main Theorem. We let {H,, },,c. be a sequence of groups without elements
of order 2 such that 1 < |H,| < 2% for each n € w. We let G,, = Ha, * Ho, 41 for each
n € w. Now each G, is a group without elements of order 2 and has an element of
infinite order (take h € Hy, \ {1} and ' € Hapiq \ {1}, and we have hh' of infinite
order). Furthermore, 1 < |G,,| < 2%. By Lemma 2.11 (3), we know that A({G}, }new) =
A({Hp}new)- Thus, it will be sufficient to prove that A({Gp}new) =~ A. By definition,
we have A = A({K,,}new) where each K, is infinite cyclic.

We claim that |Red({Gy}new)| = 2. To see this, we note that Red({Gp}new) =~
®new Gn has as quotient the group A({G,, }new ), and as this latter group is of cardinality
2% (see [2, Theorem 9]), so | Red({Gp, }new)| > 280, On the other hand, let 2 be a symbol
such that Q ¢ (J,,,, Gn and notice that the set J of functions from Q to (U,,c,, Gn)U{2}
has [J] = 2%, as N < | U, ., Gnl| < 2% For a word W € W({G, }new) we pick an order
embedding fiy : W — Q, and we let F(W) € J be given by

F(W)(s) = W) if s = fw(i),
Q if s¢ fW(W)

This function F' is easily seen to be an injection, so
|Red({G }new)| < W{Gnlnew)| < 2%

and | Red({G, }new)| = 2%, and by the same argument | Red({ K}, }new)| = 2%0.

We let < be a well order on Red({G, }new) such that every element has fewer than
280 elements below it. Similarly, let <z be a well order on Red({K,}new) such that
every element has fewer than 280 elements below it. Each ordinal « can be written as a
sum v = ¢ 4+ n, where ( is 0 or a limit ordinal and n € w, and so we consider an ordinal
even or odd according to the parity of n. We inductively define a sequence of length 2%0
(considering the cardinal 2% now as an ordinal) of coi triples. Let Wy € Red({G,, }new)
be minimal under <¢, and by Proposition 6.1, select Uy € Red({ K, }new) and ¢ so that

https://doi.org/10.1017/50013091525000033 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091525000033

1104 S. M. Corson

{coi(Wy, 1o, Up)} is coherent. Suppose that we have produced coi triples coi(Wp, tg, Ug)
for all B < v < 2% so that {coi(Ws,t5,Up)}tp<c is coherent for each ¢ < .
We know (by Lemma 3.12 in case v is a limit) that {coi(W3,ts,Us)}g<~ is coher-
ent. If v is even, then select by Lemma 4.5 W, € Red({Gp}new) \ Fine({Gn tnew),
with W, minimal such under the well-order <g, and by Proposition 6.1 select
U, € Red({K tnew) and ¢y, so that {coi(W3,t5,Up)}s<y U {coi(Wy,ty,Uy)} is coher-
ent. If v is odd, then select by Lemma 4.5 U, € Red({Kp}new) \ Fine({ K, }new),
with U, minimal such under the well-order <x, and by Lemma 6.1 select W, €
Red({Kp}new) and ¢, so that {001(VV5,L3,Ug)}g<7 U {coi(Wy,t,,U,)} is coherent.
The collection {coi(W.,ty,U;)},<on0 is coherent by Lemma 3.12, and it is also clear
that Fine({W,},<o%) = Red({Gr}newn) and also Fine({on},y<2N0) = Red({Kp}tnew)-
Therefore by Theorem 3.14 we obtain an isomorphism A({Gp }new) =~ A{ Ky }new) and
the proof is complete. O

We finish by illustrating some of the difficulty which arises with elements of order 2.

Example 6.2. Suppose that {G,,}ne, and {K, }ne, are collections of groups such
that each G, has an element of order 2 and none of the K, has such an element. Select
gn € G, of order 2 for each n € w. Consider the word W given by the projections

po(W) = go
p1(W) = 19001
p2(W) = 929192909291 92
p3(W) = 939293919392939093929391939293

It is evident that W is reduced and that W = W~!. Moreover, we can write W as
W = Wi1goW1 where W is defined by

and similarly Wy = W1 , and W7 = Wygy Wo, where

po(W2) = E
p(We)=FE
p2(W2) = g2
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and so forth. Each of these words W, W1y, Wa, ... is of order type Q, and [[E]] = [[W]] =
[[W1]] = [[W2]] = -+ since they are each conjugate in Red({G,}newn) to a finite
word. Although these words are highly symmetric and trivial in A({G,, }new ), there are
subwords which are not, as for example

goW3gaWsgsWrgs - -+ .

It is not obvious how to select U € Red({Kp,}new) and coi ¢ so that {coi(W,¢,U)}
is coherent; the curious reader can look at how Proposition 5.1 uses the fact that the
groups have no order 2 elements.
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Appendix A

In this appendix, we shall state and prove a fact which is much more general than Lemma
5.2. The purpose is twofold. First, the reader can verify Lemma 5.2 in a setting where
there are fewer distracting symbols. Second, the more general statement could be used
towards an attack of a theorem involving involutions.

We begin with a word V : Q — {aF'},c,, which is in Red({{an)eo }new), Where
{(an)oo denotes the infinite cyclic group generated by the symbol a,. Notice that such
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a V is a very special word- none of the outputs of the word V are, for example,
al. The only group elements in the range of V are of form a, or a,!. We take a
sequence of groups {K, }new, each of which has an element of infinite order. We shall
not assume that any of the K, are free of involutions. We let sequence {Up,}mew of
words in Red({K,}ne.) have the following characteristics: both minU,, and maxU,,
exist, and U, (maxU,,) = U,,(minU,,) = b,,, where b, is of infinite order in K,,. Also,
dUpm, | (Un \{minU,,, maxU,,})) > m = d(b,,). Thus, it could be the case, for example,
that Uy, \ {min U,,, max Uy, } = 0. Define U =[], Ts, where

_ ) Un itV(s) =am,
TS ==
Ut ifV(s) =,

m

Thus, U is obtained from the word V by replacing each instance of x5! with UZX!.
Theorem 6.3. The function U defined above is an element in Red({Kp, tnew)-

Proof. First, it is clear that U is indeed a word since d(U,,) = m and for each n € w
the set {s € Q | d(Ty) < n} ={s € Q| d(V(s)) < n} is finite (because V is a word).
Define P: Q — w by Ts = Up(s) or Ty = U;(ls). Since each word U, begins and ends with
the same letter, and the letter is not an involution, the definition of P is unambiguous.

We suppose for contradiction that U is not reduced. Since each subword T is reduced
and nonempty and Q is order dense, by Proposition 2.6 (1) we have a nonempty reduction
scheme S on U [ I such that | Jocgset(C) =1 and 7(U [ [,C) = E for all C € S. Our
strategy will be to modify the scheme S into a new, cleaner reduction scheme in which
for each s € Q such that elements in T, participate in the new scheme there exists an
s’ € Q such that T, = T 871 and the reduction pairs off exactly one element of T, with
exactly one element of Ty/. Thus, the scheme will naturally lift to a reduction on the
word V, which gives a contradiction.

Of course, we will need to rely on our hypotheses in order to obtain such a nice
reduction scheme. Specifically, the fact that each word U, is reduced and begins and
ends with a ‘high wall’ makes it so that if s = UZ! is a subword having an element
which participates in the reduction, and m is minimal for which such an s exists, then
the beginning and/or the ending letter of Ts must also participate in the reduction as
well (by the second point in the definition of a reduction scheme) and can only be in a
component with first or last letters of a similar such T,/ (by the minimality of m). This
allows us to march through the reduction scheme and make appropriate adjustments
towards our goal.

To begin our attack, we take

Ny=min{m ew: (3s€ QT NI #DANT, =Uyor Ty = U;Ll}“

We claim that there exists a component C' = (ig;...;i) € S such that d(C) = N/, and

for each 0 < j <k, we have U(i;) € {bﬁé} To see this, take s’ € Q such that Ty N 1T # ()
and Ty = Uys or = Ug,él Take C' = (i};...;i",) € S such that set(C’') N Te # 0, say

0 m

0 <4 <mhasiy €set(C')NTy. If d(C’) = N} we will take C' = C’, so suppose that
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this is not the case. As n(U | I,C) = E and the word U is simple, we know m > 0.
Let without loss of generality j' + 1 < m (otherwise 0 < j° — 1 and the proof will be
similar). As Ty is reduced, we know ;41 ¢ Ty, say 1,41 € Tsr and " < s” in Q. As
S is a reduction scheme and i, < max(7Ty) < ij41, there exists C' = (ig;...;ix) € S
such that max (7 ) = i; € set(C). As Ty = Upy or = Ufgé we know U (i;) € {bN/} S0 in
particular d(C) = N{. In either case, we have found a component C' € S with d(C) N{
and set(C) N Ty # (. Letting J = {s € Q | set(C)NTs # 0}, by minimality of N} we
know that Ts = Uy or = UIG,l for each s € J. Then as d(C) = N, each element of
set(C) is either a max(Ty) or a min(7T) for some s € J. Therefore, U(i;) € {bil} for
each i; € set(C).

As m(U,C) = E, we have that there exist some 0 < j < k for which U(i;) = by; and
there also exist some 0 < j < k for which U(i;) = bR,Z (we are using the fact that by,
has infinite order). Then, there exists some 0 < j’ < k for which U(ij/) = (U(ij41)) "
Then the reduction scheme {C’ € S : set(C’) N (ijs,4j41) # 0} witnesses that U |
(ij,ijr41) ~ E. Letting ij € Ty and ij41 € Ty, we have iy € {minT,, max T, } and

similarly ;41 € {min TS/ ,maXT iy = mlnT ., then we claim that ;41 = max Ty,
for otherwise we have (i;/,1; +1) Nn{i eU: d(U( 1)) = N{} is odd and so the word
PN, (U | (ij:,4j:41)) does not represent the trivial element in G Ny, since by, is of infinite
order, a contradiction. By the same token, if 7;; = max T then iy 1 = min Ty, . In either
case, we see that U | (max Ty, minTy,) ~ E, for even if i;y = min Ty, and 7,11 = max Ty
we have that

B~ Ty, T (T \ {minTyy })) " E(Ty, [ Ty \ {minTy; }))
= (Ty, | Ty \ {min Ty }) " E(Ty; | (Ty, \ {max Ty, })) ™
~ (T | Ty \Amin Ty ))7HU [ (i, i042)) (T | (T \ {max Ty }) ™"

~ U | (max Ty, minT).
Thus, we may replace the interval I with the nonempty interval
(maXTi%7 min Tis,l)

and thus get that I is an open interval such that I = | ITo20 T, and also replace the old
reduction scheme S with {C’ € S : set(C) N (max Ty, , min Ty, ) # P}. Thus in our proof
we will therefore assume that I = J AT A0 T and that S is a reduction scheme on U | I
such that (U | I,C) = E for all C € S and |Jogset(C) = I. Let T C Q be the open
interval {s € Q: INT, # 0}. Welet Q : I — T C Q be the surjective function defined
by Q(i) = s, where i € T

Let {No,Ny,...} = {P(s) : 3s € QTs NI # 0}, with N, < Njy1, so in particular
No = min{P(s) : (3s € Q)Ts NI # 0}. Suppose first that C = (ig;...;ix) € S and
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s0, 81 € Q are such that Ty, Nset(C) # ) and Ty, Nset(C) # 0 and P(sg) = No. We will
show that P(s1) = No. If this is not the case, there exist i;, 741 € set(C) with i; € Ty
and 441 € Ty, such that either P(sp) = No and P(s}) > No, or such that P(sp) > Ny
and P(s]) = Np. If without loss of generality P(sj) = Ny and P(s}) > Ny, we know
by Definition 2.5 condition (2) and Proposition 2.6 part (1) that U | (i, 441) ~ E;
however (i,941) N {i € U : d(U(i)) = Np} is odd and so the word pn, (U | (i1,i141))
does not represent the trivial element in Gy, as by, is of infinite order, a contradiction.
Now, suppose that it is the case that whenever k¥ < K and C' € § and sg,s1 € Q are
such that Ty, Nset(C) # O and Ts, Nset(C) # @ and P(sg) = Ny, then P(s;) = Nj. Let
C = (ig;...;ip) € S and 8¢, 51 € Q be such that Ty, Nset(C) # 0 and Ty, Nset(C) # ) and
P(sg) = Nky1. We'll show P(s1) = Ngq. If this is not the case, then there exist 4,441 €
set(C) with 4; € Ty, and i;11 € T, such that either P(sy) = Nk 41 and P(s}) > Nk 1, or
such that P(sy) > Ng41 and P(s}]) = Ng41. Without loss of generality P(s)) = Niy1
and P(s]) > Ng41. Letting Y be the finite set {s € Q : P(s) < K ATy C (i1,i141)}
we have U | ((ig,i1) \ U,ey Ts) ~ E as witnessed by the reduction scheme &’ = {C’ €
S set(C') N (ig,ir41) # 0 Aset(C) NUyey Ts = 0} (here we are using the fact that our
induction hypothesis implies that Useyﬁs = UC/ES,set(C/)nUSeYTS;ﬁm set(C")). However,
the set M = (ig,i1) N{i € U : d(U(i))) = Nr+1} \U,ey Ts is of odd cardinality, and we
have U (i) € {bNKJrl’bJ_VLJrl} for each i € M, and since by, , is of infinite order we get in

particular that py,,, (U | (i0,i1) \ Usey Ts) = D ijens U () is not trivial, contradiction.
What we have just shown is that for each C € S, the function Po @ | set(C) is constant.
We also know that for each C € S, the function @ [ set(C) is injective, since each T is
reduced.

Now, we proceed with the modifications to the scheme S. For C' = (ig;...;i;) € S such
that there exists i € set(C) with i € T and d(C) = P(s), we have i € {min T}, maxT}}
and by the preceeding paragraph we have that each i; € set(C) has some s; € T
with 4; € {minT,,,maxT; } and d(C) = P(s;). More particularly, we have that
Ul(ij) € {bagcy by} for all 0 < j < k. Since 7(U,C) = 0 we know U(i;) = by

for some j and U(i;) = b;(lc) for some other values of j. Then for some 0 < 7/ < k we

have U(ij) = (U(ij4+1)) "', and we can replace C' in S with two components (i;;4;/41),
C" = (ig;...;tj—1;0jr42;...;1). If |set(io, ..., 45 —1,1j42,...,1;)| > 2 then performing
the same analysis on the finite sequence (ig;...;4;:—1;4;:42;...; i) we produce two com-
ponents C’, C", with |set(C")| = 2 and |set(C")| being of positive even cardinality. By
performing finitely many steps, we determine that we can replace C' with |set(C)|/2
components. Thus, we can assume that for each s € Z, we have that min Ty € set(C) and
C € S imply that |set(C)| = 2 and similarly for max T.

Now, if s € Z,i = min Ty, i € set(C), {i'} = set(C)\{i}, with i’ € Ty then i’ = max Ty
To see this, we know of course that i’ € {minT,,maxTs}, and for contradiction if
¢ = minTy and say i < ¢’ then the word V' = U | ((,9') \ Usez p(s)<a(cy Ts) is not
~ I since pycy(V) is bg(c) raised to an odd power, on the other hand pyc)(V) ~ E
by Proposition 2.6 part (1) (using the reduction scheme {C’' € § : set(C’) N (i,i') #
OAd(C") < d(C)}), contradiction. A similar proof works when ¢/ < 4. By similar reasoning
if s €Z,i=maxTy, i € set(C), {i'} =set(C) \ {i}, with i’ € Te then i’ = min T
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We define a collection P of ordered pairs of elements of Z. Consider a finite sequence
D = (sp;...;sk) such that

(max Ty, , min Ty, ), (max Ty, ,min Ty, ), ... (max Ty, _,,minTy, ), (min Ty, maxTy,) € S.

Since Usezﬁ = I and by the arguments above, we know that each element of Z occurs

in a unique such finite sequence. Also, for such a D, we have P(sg) = --- = P(sk), and
for each 0 < j < k, we have Ts, = U, }H and Ty, T_+1’ and also TS0 = T_ We take
ordered pairs (sg; $1), - - -, (sk_l, Sk), and let P be the set of all such ordered pairs for all

such sequences D. We observe that
(s;8') € P implies s < s in Q;

(s;8') € P implies Ty = T, ;

(s;8") € P implies V(s) = V(s')71;

(Vs" € Z)(A(s;8") € P)s" = sV s =

for (s; '), (s”;8"") € P such that the intervals (s, s), (s”,s"") C Z have nonempty

intersection, we have that (s,s") C (s”,s") or (s”,s"") C (s,5).

Now, we see that the nonempty subword [] ., V(s) of V is ~ E via the reduction
scheme P. Thus, W is not reduced, contrary to assumption, a contradiction. a

One can derive Lemma 5.2 as a corollary of Theorem 6.3 by defining the word V :
Q= {2 }hew by V(s) = @ if W [ I, = W,,, and V(s) = ;L if W | I, = W, This
definition of V' is unambiguous since in the setting of Lemma 5.2 all groups are without
involutions. The word V is reduced, as a reduction on V can be easily translated into a
reduction on the reduced word W. Now, the word U of Lemma 5.2 is obtained precisely
as in the setting of Theorem 6.3, so it is reduced.
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