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ABSTRACT

The analysis method is developed to obtain dynamic characteristics of the rotating cantilever plate with
thermal shock and tip-rub. Based on the variational principle, equations of motion are derived consid-
ering the differences between rubbing forces in the width direction of the plate. The transverse defor-
mation is decomposed into quasi-static deformation of the cantilever plate with thermal shock and dy-
namic deformation of the rubbing plate under thermal shock. Then deformations are obtained through
the calculation of modal characteristics of rotating cantilever plate and temperature distribution function.
Special attention is paid to the influence of tip-rub and thermal shock on the plate. The results show that
tip-rub has the characteristics of multiple frequency vibrations, and high frequency vibrations are signifi-
cant. On the contrary, thermal shock shows the low frequency vibrations. The thermal shock makes
the rubbing plate gradually change into low frequency vibrations. Because rub-induced vibrations are
more complicated than those caused by thermal shock, tip-rub is easier to result in the destruction of the
blade. The increasing friction coefficient intensifies vibrations of the rubbing plate. Minimizing fric-
tion coefficients can be an effective way to reduce rub-induced damage through reducing the surface
roughness between the blade tip and the inner surface of the casing.

Keywords: Rotating plate, Rubbing model, Thermal shock, Theoretical solution.

1. INTRODUCTION to research on the contact-impact characteristics of a

rotating plate under thermal shock.

Due to the fact that a small clearance in modern tur-
bo machinery can cause serious rubbing malfunction for
blades and the casing, rub-induced vibrations between
rotating plates and stationary parts have drawn particu-
lar attention recently. Meanwhile, there are many such
kinds of complicated dynamics in a contact-impact ro-
tating plate. And a tip-rub blade from high-pressure
compressor is often accompanied by the thermal shock
problem. It will play an important role in engineering
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In the past, the majority of researches undertaken in
this area have focused on disk models contacting with
the casing. The first comprehensive review of the
rubbing between the disks and stationary element was
proposed by Muszynska [1].  Friction, impacting,
stiffening and coupling effects were discussed. Choy
and Padovan [2] investigated the problem of disks-
casing rub interactions in rotating equipment. And the
effects of casing stiffness, friction coefficient, as well as
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the interrelationship between rub force histories, energy
levels, and rub duration were discussed.

In recent years, researchers study on structural con-
tact problems by using more three-dimensional finite
element numerical model [3,4]. Legrand et al. [5]
proposed industrial finite element models to feature
blade-tip/casing contact. The solution is computed
with the augmented Lagrangian procedure. Batailly et
al. [6] indicated that the large size of this finite element
model would lead to extremely long computation times
for explicit time integration simulations. In order to
improve the computational efficiency, they used a
component mode synthesis method to reduce the size of
the model. In the case of contacts between blades of
the rotor and the casing, the experimental phenomena
were described in papers by Jiang et al. [7], Young [8],
Garza [9], Ferguson [10] and Millecamps et al. [11].
Moreover, experimental results for a compressor blade
rubbing a steel casing were obtained by Padova et al.
[12,13]. The results describe the transient dynamics
of the rotor and casing vibro-impact response at engine
operational speeds similar to those experienced in
flight.

In addition, several researchers have attempted to
solve rubbing problems of rotating beams theoretically.
Sinha [14,15] established the rotating beam system
which was subjected to a periodic pulse load for local
rubbing against the outer case. The periodic load was
described by sine pulse wave, sine wave, and pulse dis-
tribution, respectively. And further consideration was
given to the dynamic response of a rotating cantilever
twisted Timoshenko beam subjected to contact loads at
the free end. Lesaffre ef al. [16,17] presented a model
of Euler-Bernoulli beams clamped on the rigid disk to
study the problem of contact between the flexible
blades and the flexible casing. They also presented
the stability analysis of a beam system rubbing on the
ring. Neglecting shear deformation, Batailly et al. [18]
established a rubbing model in which blade geometry
and respective displacement field were discretized with
the usual Euler-Bernoulli straight beam finite element.

Thermal transient analysis is very important when
the blade have to undergo the change of temperature.
And the theory to include the effect of thermal shock on
plates has been paid more attention (e.g. see [19-23]).
However, thermal effects on rub-induced vibrations of
rotating plates have not received high concern due to
the difficulties of theory analysis.

This study will thus develop a contact-impact model
and present rub-induced theoretical vibration analysis
of a rotating plate under thermal shock. Based on
Hamilton principle, the equations of this system are
derived considering the centrifugal stiffening effect.
The analytical method is utilized to investigate dynamic
responses of the rotating plate. And the present con-
tact model is discussed when the plate impacts the cas-
ing. Then a series of discussions are carried out to
assess the effects of the system parameters on the vi-
bration characteristics of tip-rub. The characteristics
of a rotating plate with tip-rub caused by thermal shock
are especially investigated.

298

https://doi.org/10.1017/jmech.2016.19 Published online by Cambridge University Press

2. BASIC AND DYNAMIC EQUATIONS OF
THE RUB-IMPACT MODEL

2.1 The Rub-Impact Model

The system to be analyzed, shown in Fig. 1, consists
of a cantilevered rotating rectangular thin plate clamped
at a rigid hub with radius R and constant rotation speed
Q. Since the hub is rigid, this model does not account
for inter-blade coupling and one plate is investigated.
The plate is characterized by length @, width b, thick-
ness & and material properties Young’s modulus £, mass
per unit volume p and the Poisson ratio v.

As indicated in Fig. 1, the plate is located in the in-
ertia co-ordinate OXYZ where X axis coincides with the
horizontal direction, Y axis is parallel to generatrix of
the hub and Z axis is along the plumb line. Flexible
deformations of the plate are described in a local Carte-
sian coordinate system OXYZ. And it is fixed to the
middle surface of the plate rotating and moving relative
to the inertia co-ordinate OXYZ. The x-axis and y-axis
are the in-plane coordinates and z is an axis perpendic-
ular to its surface. The plate undergoes a sudden con-
stant thermal flow g7 on their surface. And they are
exposed to a sudden temperature rise, which leads to
thermal vibration. Small deformations of each point
in the middle surface of the plate are only denoted as w
along the z direction. Rub-impact loads at the free end
are applied to the plate, including the impact load F,
and the friction force between the casing and this plate
uF,. They are nonzero only when the tip travelling
through the rub zone on the casing. It should be noted
that the rubbing position may be any line segment at the
free end. The rotary inertia effects of this thin plate
are ignored in this study.

2.2 Differential Equations of Motion

Since an energetic method is used to develop this
model, the kinetic energy T, can be fully expressed by
the following relation

T,
_1 beal 5 ) ow ’ 212 ow
_EphJ.OJ.O{WQ +(5j +H(R+2)'Q7 =2 —(R+ )2 | dxdy

(D

Fig. 1

The rub-impact model of a rotating plate under
thermal shock.
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It is assumed that the change of temperature 7)(x, y, z, f)
does not affect the mechanical properties and thermal
properties of materials. The relations between the
stress and strain components including the thermal ef-
fect are obtained

E
o, = 1_02 I:(gx +1)5“V)—(1+U)a7‘];,]

E
o, :m[(gy +ugx)—(1+u)aTT,J (2
r, =Gy,

where ar is the material’s coefficient of thermal expan-
sion. The micro-elastic strain energy dU; can be ex-
pressed as follows considering the thermal effect

1
dUl = E[Gv (gx - aTT) + Gy (gy - aTT) + T“y}/"y :|

E
—[(gx +ve, e, + (5_v +ve, )gy }

1-0?
1 E ,
=3 Gy Vg + - 2(1+v)(a;T) 3)
E
A [-2(+v)a;Te, -2(1+v) a; T, |

Bending strains &, &, &, are related to transverse
deformation w by the following three relations

0w 0w 0w
s &y =2, Yy =2 z
y ox0y

& =——>2
ox?

“

Substituting Egs. (2), (4) into Eq. (3), the energy of
bending is obtained. It can be written as follows
through integral

U =

bpea
b [] dxdy
2 040 aZW
+2(1+v) aTMT[ > j
Ox
2
+2(1+0) aTMT[a V;j
i %» |
(%)
where ar is thermal expansion coefficient. Flexural

rigidity of the plate D is equal to EA*/12(1 —v?).

Thermal bending moment Mr is M, (x, y,t)=
12 ¢ w2 T dz T i distrib
h—3J-7h/2 (6, v, z,t)zdz . T, is temperature distribu-

tion function on the plate. And the rotation-induced
centrifugal potential energy U, can be expressed as
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U, zéthZI:j:{{R(a—x)+%(a2 —xz)}(g—:j }dxdy
(6)

Then the total strain energy of the plate is obtained,
and are defined as

U=U+U, (7)

In general, the wave-form of the periodic rub loads
can have many different time-dependent distributions.
Based on the experiment results [15,16], sine pulse
loading at the free-end has been observed for tip-rub.
Moreover, Sinha [1,2] showed that a continuous sine
function of the time ¢ may be valid in some special sit-
uations, such as when the spin velocity Q is very high
or, the rub-zone is circumferentially so large that it is
fair to assume almost a 360° rub on the stator. There-
fore, in this paper, two kinds of functions are introduced
including sine wave and sine pulse wave which are the
main forms in tip-rub. Especially for the plate model,
rub loads are a function of the in-plane coordinate y.
Firstly, the following periodic pulse loading with the
form of Fourier series has been used (see Fig. 2(a)).

= 2k 2k
F.(y,t)=ay+ a, cos——t+b, sin——t 8
) =a Z( k T % T j (®)

k=1

where

a = % | Ot" [ F sin(at /1,)] d, a

26 .
== j . [ Froax sin(t /) cos(2kt / T) | dt

2 ¢ . :
b= [ [P sinGrt / ,)sin@kzt / T) | dt - (9)

where 7, is the contact load time, and T is the period of
rub loads. Furthermore, Fi,.x is the excitation ampli-
tude at the tip, which is a function of rub position given
by Frmax(»).

Secondly, a continuous sine function of time ¢ is used
as the rub load which can be expressed as (see Fig.

2(b))

Ez(ya t):Fmax(y)'[l_cos(a)t)] (10)
where @ is angular frequency of the rub load. More-
over, F,(y, f) can be rewritten as follows in Egs. (11)
and (12).

F,(y, 1) = Foux () - F (1) (1)

Actually, the excitation amplitude Fi.x has the fol-
lowing forms as shown in Fig. 3.

F,-F
Foux(¥) = 2b Lyt R (12)

where F| and F, are the maximum and minimum rub
load, respectively.
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Fig. 2 The time history curve of axial rub load given
by Eq. (8).

Fo (¥)

Fig. 3 The relation between rub load amplitude and
width coordinate.

Then the virtual work W done by the rub loads is
written as

Wy =q(x, y, 1) ow (13)

where, q(x, y, 1) = uF,(t) 6(x—¢&) 6(y —n) or
q(x, y, ) = pF, (¥, 1) 6(x=¢).
The Hamilton principle gives the equation

5[ ", -v) dr+jt"j0“j:5dedydt=0 (14)

By substituting Eqgs. (1), (7), (13) into Eq. (14), vari-
ational equations are given by
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; 4 4 4
[ pthz—phW—D|:a—zv+2%+a—Zv}
040 Ox ox“oy- Oy

2
+phQ> [R(a _X)+(d —xz)} 9 vzv—thZ(R-i-x)a—W
2 Ox ox

dxdy

2 2

-D(1+v)a, 0 A{T -D(1+v)a; 0 A/fT
Ox 0

= I;I: —q(x, y,t) dxdy

(15)
After simplification, Eq. (15) is expressed as

o 2 oy o

4 4 4
oS —phv'{/—D[@ w ow 0 w}

*w
ox?
2

—thz(R+x)%—D(l+u) ar O My
Ox o

2
X

+phQ)’? [R(a -X) +%(a2 —x’ )}

2

D(1+v) ay aai =45, 3. 1) (16)
Y

Because the temperature distribution of space and
time process is known, nonhomogeneous items on the
right side of the equation act as known functions. It is
the equivalent of load items. The problem turns to a
forced vibration one. Then the solution of differential
equation can be written as a sum of two parts

w=w, +Ww, (17)

where w; is the quasi-static solution of cantilever plate
under thermal shock, w,, is the dynamic solution of rub-
impact plate under thermal shock. They are shown as
the following expressions

VAV, +(1+0) a, VM, =0 (18)
4 4 4
ph(iny + i)+ D| Ly OV OV
ox Ox“0y Oy
+phQ (R + x) 20 %)
2
~phQ’ [R(a—x)+1(a2 —xz)}w
2 Ox

—ph(w, +w,) Q* =q(x, y,1)
Namely
N . o'w, }
ox* ooy’ oyt
o’w,

ox?

o'w, o'w

phw,, + D{

—phQy? [R(a —-x) Jr%(a2 —x )}
ow,,

ox

1 o*w,

+ phQY? [R(a —x)+ E(a2 - xz)}?

19)

—phw, Q* + phQ* (R + x) =q(x, y, 1)+ phw, Q> — phib,

ow,

—phQ* (R + )
ox
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Equation (18) is for the quasi-static problem and can
be solved by the cantilever plate static problem solution.
Then substituting w, into Eq. (19), the dynamic solution
is obtained.

3. ANALYTICAL SOLUTION FOR
RUB-IMPACT PLATE UNDER
THERMAL SHOCK

3.1 The Modal Characteristics of Rotating Plate

The deformation w which satisfy geometrical bound-
ary condition of the plate is expanded by using the fol-
lowing expression

w(x, y, t)=W(x, y)sin(ot + @) (20)

where

W, 9= A0 6,(x) 0,(») (21)

m=1 n=1

where m and n are the numbers of waves in x-and
y-direction respectively. A,,(?) is the generalized co-

Ph(e + QW SW —% PO (a

ordinate and the unknown functions of the time . M
and N are the numbers of necessary terms in the expan-
sions of the in-plane deformations. Cantilever beam
mode function ¢,(x) and free-free beam mode function
¢,(y) can be obtained by

@, (x) = cosh(e,, x) — cos(«,, x)

_ cos(a,a) + cosh(a,a)

sin(a,,a) +sinh(a,,a) [sinh(e,x) —sin(a,,x)]

@,(y) = cosh(,y) +cos(f3,y)
_ cos(B,b) —cosh(,b)
sin(f,b) —sinh(S,b)

[sinh(B, ) +sin(5,)]
(22)
where &, £, are determined by

cosh(a,,a)cos(a,,a)+1=0, cosh(f,b)cos(S,b)—1=0
(23)

Equation (20) which contains M x N parameters is
substituted into the Hamiltonian equation with no vir-
tual work item. It can be simplified as follows
through integral of a cycle

2

N

—y? )8_W S (G_Wj
ox ox
o'W
8y2

2 2 2
FHEHE)
D Ox Ox oy

dxdy = 0 (24)

2 2 2
+6VZ5 aVZ +6Vf5
Ox oy Oy

/4
ox?

oW

2 2
+D(1-v) 6?5 apf +
Ox Oy

be zero, we can get M x N homogeneous equations.
the frequency equation is obtained as follows

m=1 n=1

—/,lD n=1

M
m=1 n=1
m=1 n=1

_D m=1 n

m=1 n=1

m=1 n=1
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2
5(5 ij_z
ox

Substituting Eq. (21) into Eq. (24) and generate the variational coefficient 4,,,,.

oy’

D -p) {—Zi ﬁ‘, AP0 (X) 9, (1) ¢ () @] (y)}
ﬁi A 00 (X) 9, () ¢:()95 ()
33 A 0, (010) 4070, ()
+ph(@” +Q° )i ﬁ‘, A (%) 2,(7) 4,(x) 9, ()
i Zi: Ay 00 () 0, (¥) 6:(x)"0; (¥)

+§: ZN: Ay 0 ()0, (V) 6:(x) 9} ()

2 PR @ X)L D Ay 010 9,0 9,0)

o'w 5 o'W
Ox0y | OxOy

Making the coefficient of d4,,, to

Because coefficient determinant of the equations must be zero,

dxdy =0 (25)
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Equation (25) can be expressed simply for further
ph(@* +O*)E —Du(H +G —2K)—D(I + F +2K) - phQ*L =0 (26)

where the elements of the (i, j) line of the (m, n) column of E-FG H-I- K- L are E'~F'~ G~ HY -
17 ~ K? ~ I, respectively. They have the following forms.

mn mn 'mn >

EL =[] 4,0 0,0) 8 0,(3) dady

El =[] 8200 0,00 () 9,() dudy
Gl =[] 4,00 01 () () 9, () ey

1, =[] 409 0,0) 4.) ¢} () dxdy 27)
1= [ 6,0 00 1) 4:) 0] () dxdy

;fm—j [ 6.0, (1) ¢ @) ¢} () dxdy

B,=[]" [R(a X)+= (a —x)}m(xmn(yw(xw,(y)dxdy

Each order natural frequency values @,, and the corresponding vibration modes W, can be calculated based on
the frequency equation above.
3.2 Analytical Solution for Temperature Distribution Function

The temperature field 7, under consideration is reduced to one-dimensional thermal conduction problem and is
governed by

aznch%

A
oz’ Ot

(28)

where A is the coefficient of thermal conductivity, C is specific heat, and p is the density. The following initial and
boundary conditions are considered

t=0, T=0 (29)
h o7, h 0T,

==, A—t=g,; z=-=, = =0 30

: 2 oz 7= 2 Oz (39)

And the temperature field is given by the solution

h2
32 +3hz—— w 1y 2
B2t 20, 3 S w2 ) 2y

2 2 2
6h 7o n

2_2°7

hi2 nr(2z 2K . .
Based onI z COS? N +1|dz=- the thermal bending moment M7 have the following form
n=1,3,

o
8
3
3

96 & e—nzﬂf
MT(t)=j—;{1——4Z : } (32)

3.3 Quasi-Static Solution for Cantilever Plate Under Thermal Shock

Equation (18) which is the quasi-static equation of cantilever plate under thermal shock can be solved by the Ritz
method. Bending deformation potential energy of cantilever rectangular plate can be express as
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2 2 2 2 2 2 2 2
U, ZQH 0 Pl g %l +20 0 u 0 % +2a1-0) OV ey (33)
27000 1 ox oy ox oy Ox0y

M N

The deformations w; is expanded by using the expression w, = ZZB,,W #,(x) ¢,(¥). Then the equation of the
m=1 n=1
variable B;; can be obtained as follows
aUT _ bpea 5
%, - [, ] -Da+0) 4 [V’ M;14,(x) 9, () dxdy (34)

The thermal bending moment can be expressed as trigonometric series

0 o0

1 96 & e MIX . ATy
M, =—<1—— 1—cosmrm)(1—cosnr)sin sin—=— 35
r = { : Z }ZZ ~(1-cosm)(1-cosn)sin— p (35)

s nt

m 17T

So the right side of Eq. (34) can be simplified as follows

0 7nﬂt
D(1+0) ap — { —9—f > < }
1,3

n=1,3,5 l’l
2 (36)
ZZ{ 4q; (1 cosmr)(1—cosnr)- Km—ﬂj +£Ej }J. J. sin 27X gjn 7Y nﬂy (%) 9, (¥) dxdy}
=1 n=1 a b a
At the same time the left side of Eq. (34) can also be simplified
b @ " " b @ ” n
[, 00 0.0 @) 0, () dxdy+ [ [ 6, (00(3) 6,(x) 0] () dxdy
DY Y5, [ 7,0 010 8 0,0 dxdy o [ 7800 0,() 60) () dedy (37)
m=1 n=1
20-0)[ 41,00 91() #00) 9 () dedy
Then the M x N equations of variable B,,, can be written as matrix form
_ cDl111 (1)1121 chl (DJ{/IIN_ B, Ay
(Dlllz q)llz2 (Drlni (DJt/IZN By, Ay,
: oo : : 1 96 & e
i i i i =(+v)ar s 1-— Z 2 (38)
o (DIZ cDmn (DMN B,, 22 T o135 N Ay
o oY o D | B Ay
where
ol = [ "1 0,00 8 0,0 dxdy+ [ 74,0 010 41 9]() iy
w0 14,00 010 # ) 0, () dxdy o [ 413 0,(0) 41() () dxdy (39)
bpea
£20-0) 4.9 0,0 () 9] (») dxdy
SRR 16qT mx nx Y |ea . mrx b . nmy
Z Z +| — J s1n—¢l.(x)de' sin—=g;(y) dy
m=13,5n=13,5 7’ mn b 0 a 0 b
(40)
o 1] 96 & e 5 . . :
SubstltutmgB,,,,,(t)=(1+U)Tﬁ 1-— Z +—( B..into Eq. (38), each B,, can be obtained. So the quasi-
T n=1,3,5 n
static solution can be expressed as follows
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M N 0 7n2ﬂt _
wszzm{l}—? P }ancﬁm(x)coﬂ(y) (41)

3.4 Dynamic Solution for Rub-Impact Plate Under Thermal Shock
The deformations w,, is expanded by using the expression
I J
W, (X, 3, 0) = 3" > 0y (0)-Wy(x, y) (42)
i=1 j=1

Substituting Eq. (42) into Eq. (19), we can get the expression though integral along the whole plate based on the
orthogonality of vibration mode as follows

b aq'(x’y»t)%(&y)dxdy B
Qij(t)+a)y2. U.:'[O"‘Ob ; _ Ij,](f) .
Iojo PhW; (x, y) dxdy M (1)

where
2 o’w,
q'(x, v, 1) = q(x, y, 1) + phw,Q* — ph, — phQ® (R+x R(a—x)+— (a x%) P (44)
X
According to the single degree of freedom vibration theory, the solution of Eq. (43) can be obtained
Q,-j(t):aijsina),-jt+b,-jcosa)l-jt—i-ﬁj‘;éj(r)sina)v(t—r)dr (45)
ij
where
S rbpa »(1+0)ar | 96 & e
B@=], [, a0y o, p) dedys ph? =001 ”—Z N [ 7] e ,(x 5) dedy
d’> | (1+v)a, 96 & e bea
- ph— | —T - Y (x, y) W, (x, y) dxd (46)
p drzl YRR e [, rCa W, ) dxdy
M N M N .
. oo |22 2B 00 0,00 (R”Z_Z @O
[ ]G w(e )y axdy = [ [ "md | y DD Ay $u() 9, () dxdy
—{R(a—x)+5(a2—x2)}zz b0, () |
m=1 n=1
(47)
bpea
[N LACET T ZZBW $,(x) «pn(y)ZZAk,k, $s(x) 9 () dudy (48)

m=1 n=1 ki=1 kj=1

Equation (46) consists of rubbing load part and temperature load part. Substituting Eq. (45) into Eq. (42), forced
response without the initial vibration can be expressed as follows

I J
w, (%, y,0)= > > [ DY () + DY (1) ] (49)
i=l j=1
where
[ Fon ) W@, ) d
H max (Y ij a,y)dy a’ * a’ b’
DY (f) = =2 = . X =4 L cos(w,t)+ Y sin(w,! 50
) (1) W, SR Zw_w (@) + 25— zsin@t) (50)
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D(z)( £ = i{"(xﬂ »)

where w, =2k7 /T,

{phﬂ (““)“Tj ¥ (x, ) Wy (x. ) ds} [ {1—9—3 > ¢
W e e | S % 5 <
o odz?| 24 s

aO_aO/ max(y) ak_ak/ max(y), b,

—n ﬂz’

}sma) (t—-7)dr

e (51)
Hsin w,;(t—7)dr

From what has been discussed above,

T o135 n*

by | Fax () -

we can find that the final vibration response consists of the vibration response caused by rubbing and the vibration

response under thermal shock.

4. RESULTS AND DISCUSSION
4.1 Modal Characteristic Analysis

In the following work, beam mode functions are em-
ployed for M = N =7 to generate 49 plate mode func-
tions. To compare the numerical results with those in
the work by Yoo [21] and check the convergence of the
lowest five natural frequencies, dimensionless parame-
ters are set as y =a/b =1, A =Rla =1, y=

Q/ypha* /D =1

As shown in Fig. 4, the internal convergence is in-
vestigated in the case of different assumed mode func-
tions (M = N). It can be observed from the figure that
the maximal relative error is less than 0.4% and curves
tend to be steady, which indicates the sufficient con-
vergence.

Table 1 compares the lowest five natural frequencies
in the case of M = N =7 and existing results. A great
precision can be found in the case of assumed modes
number M = N =7 and 49 mode functions are accurate
to obtain the results in this study. On the other hand
the first three order bending vibration modes of the ro-
tating cantilever plate are shown as follows

4.2. Rub-Induced Vibration in Different Locations

In this section, we concentrate on the effects of dif-
ferent locations on the rub-induced vibration. It is
assumed that F,,, =6400N, Q=300rad/s, 4 =0.3,
a=100cm, b=30cm, g =0. And the other general
parameters are shown in Table 2

Now the analytical solution is used to analyze the
vibration behavior of the rotating plate. As shown in
Fig. 6(a), dynamic response curves at three different
locations for x = a are different distinctly. On the oth-
er hand it can be seen that rubbing appears at ¢ = 1,/2
from Fig. 6(b). Vibration mode shows complex vibra-
tion and the difference of rub-induced vibration of plate
corner point in width direction is obvious. So one-
dimensional beam model cannot describe the rubbing
dynamic behavior and it is more accurate to simplify as
two-dimensional plate model.

Figure 7 gives the dynamic responses of rotating
cantilever plate for (&, 7) =(a, b/4). Although the
difference of rub-induced vibrations still exists, it de-
creases gradually compared with the vibrations of plate
corner point.
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Table 1 Comparison of the lowest five dimensionless
natural frequencies.

Mode 1 2 3 4 5
Yoo
Method 3.7324 | 8.6240 | 21.706 | 27.394 | 31.350
M=N=7] 37317 | 8.6214 | 21.702 | 27.358 | 31.340
Error (%) | 0.019 0.030 0.018 0.131 0.032

Table 2 Parameters used for the analysis.

E P h R T p
(GPa) | Y |(kg/m®)| (mm) | (cm) ¢ »
117 | 03 | 4466 | 747 | 50 |27/Q|0.01T,

Error (%)

Fig. 4 Convergence of the natural frequencies in the
case of different assumed mode functions.

~—_—" 001

0.01

;
y/m
x/m

Fig. 5 First three modes of rotating cantilever plate at
M=N=17.
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0.4

0.5

0.2

x/m 0 y/m

(b) Vibration mode at ¢ =1¢,/2

Fig. 6 Dynamic responses of rotating cantilever plate
for (&, 7) = (a, 0).

w(m)

05
x/m 10

ym

(b) Vibration mode att=1¢,/2

Fig. 7 Dynamic responses of rotating cantilever plate
for (&, 1) = (a, b/4).

When the rubbing point change to (a, b/2), dynamic
response curves at three different locations are in good
agreement. It can be seen clearly from Fig. 8 that the
rub-induced vibration in width direction are consistent
relatively. At this time one-dimensional beam model
can instead of two-dimensional model. But with the
increase of rotation speed @, the conclusion is no longer
true.
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w(m)

c 002 004 006 0.08 0.1

is)

(a) Response curves at different locations for x = a

0.4
03

0.2
0.1 y/m

05
x/m 10

(b) Vibration mode at t=1¢,/2

Fig. 8 Dynamic responses of rotating cantilever plate

for (& 1) = (a, b/2).

4.3 Influence of the Rotation Speeds on Tip-Rub

In this section, we consider the influence of different
rotation speeds on rotating plate. It can be found from
Figs. 9(a) to 9(b) that vibration of the plate in width di-
rection is different. The symmetry of vibration under
low rotation speed is destroyed with the increase of rota-
tion speed w. Vibration displacements mutate gradually
among 0.76m and 1m and is several times even dozens
of times larger than the rest parts. Because the rubbing
force and amplitude are large relatively and action time
is short, other parts of the plate have not changed in time.
At the same time, as the action of rubbing force, the tor-
sional fracture failure easily occurred.

As shown in Fig. 10, the vibration amplitude and
phase of each location at the edge are approximate sine
pulse waves and all different. So one-dimensional
beam model is no longer applicable in the case of high
rotation speed. From what has been discussed above,
it is more accurate to use two-dimensional plate model
than one-dimensional beam model when describing the
dynamic response of rubbing rotating blade.

4.4 Discussion of the Rubbing Force Form

Figure 11 shows vibration modes of rotating cantile-
ver plate for F.x(y) = 6400N. It can be observed that
vibration of the plate in width direction is consistent at
low rotation speed. In combination with Fig. 12, vi-
bration amplitude at y =0 is smaller than that in other
places when Q = 800rad/s. There is a certain differ-
ence in rubbing vibration amplitude and the change is
small. So line rubbing with constant F.«(y) can be
described approximately using one-dimensional beam
model. But there is definite error. To compare Figs.
11(a) with 11(b), it can be found that line rubbing and
point rubbing have similar characteristics with the in-
crease of rotation speed .
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m

A/m

0
(b) Q = 400rad/s

x 10
4
c2 2
Q0 |:|
24 0
® . 04 -
— P
rm 2™ T 1 02 T~ —
: a5
S 05 rm 00 .
x/m x/m

(c) Q= 600rad/s (d) Q = 800rad/s

Fig. 9 The influence of rotation speed on rotating
cantilever plate for (&, ) = (a, b/2), t=1,/ 2.

x 10 x10°
2 2
1 1
Eo Eo
2 2
-1 1
-2 2
0 0.05 0.1 0 0.05 0.1
1) ()
@)x=ay=0 (b)x=a,y=>b/4
x10*
2
1
Eo
=
-1
-2
0 0.05 0.1
t(s)
(c)x=a,y=>b/2

Fig. 10 Time history curves of rotating cantilever plate
at different positions for ® = 600rad/s.

In general case, the amplitude of rubbing force in
width direction is not equal. It is assumed that Fi,.x(y)
Froax(V) =¥(fr —f1)/b + fi with f{ = 6400N, f/,=0. The
difference of vibration in width direction is as shown in
Fig. 13(a).
the phenomenon that vibration displacements change
gradually along width direction appears. At the same
time Fig. 14 shows that the amplitudes and phases at
y=0.35b and y = 0.76b are different. So we can come
to a conclusion that line rubbing needs to be described
with plate model and one-dimensional beam model is
no longer applicable.

Journal of Mechanics, Vol. 32, No. 3, June 2016

https://doi.org/10.1017/jmech.2016.19 Published online by Cambridge University Press

/m

/m

When the rotation speed comes to 800rad/s,

/m

x/m y/m ;
A v/m . v/m

(a) Q = 300rad/s, t=1,/2 (b) Q = 800rad/s, t=1,/2

Fig. 11 Dynamic responses of rotating cantilever plate
with constant rubbing for F,x(y) = 6400N.

——y=bi2

001 002 003 004 005 006

t(s)

Fig. 12 Response curves at different locations with
linear rubbing for x = a, Fi,(y) = 6400N, Q =
800rad/s.

0.4

0.5 0.2

10 v/m

02

/ x/m
x/m

(a) Q=300rad/s, t=1t,/2

y/m 00
(b) Q = 800rad/s, t=1,/2

Fig. 13 Dynamic responses of rotating plate with lin-
ear rubbing when Fp.(y) to be linear func-
tion.

w {m)

0.1 0.12 014  0.16 0.18 0.2
r(s)

Fig. 14 Response curves at different locations with
linear rubbing when F,,(y) to be linear func-
tion: x = a, Q = 800rad/s.
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4.5 Study on Thermal Shock

In practice, a rubbing blade from high-pressure
compressor is often accompanied by the thermal shock
problem. In order to investigate the influence of
thermal shock on rub-induced vibrations, the following
results are shown in Figs. 15 ~19. The parameters are
considered as a = b =30cm, F; = 1000N, F, =2000N,
ar=17.8 x 10°K™", L =50W/(m-K), ¢ =500J/(kg-K),
Q =300rad/s, ¢ =0.2. There is only rubbing fault
when g7=0W/m*. As shown in Fig. 15, the nonuni-
formity of rubbing force along the edge caused the dif-
ference of vibration in width direction.

When thermal shock increases to 200W/m?>, it can be
found that the increase of thermal flow gr leads to an
increase of the thermal shock vibration and a decrease
of the difference of vibration in width direction. This
phenomenon is intensified by the larger thermal flow g7
as shown in Fig. 17. That is to say the effect of ther-
mal shock makes consistent vibration of rotating plate
in width direction. And vibration displacement in-
creases gradually away from fixed support. This
phenomenon is different from the effects of rubbing
fault. Compared with thermal shock failure, uneven
rubbing is more likely to lead to torsion fracture.

The time responses for x =a, y = b/4 with different
thermal flow are shown in Fig. 18. With the increase
of thermal flow, multiperiodicity and complexity of
vibration are reduced. But it can lead to the rapid in-
crease of vibration amplitude. Thermal shock vibra-
tion need to be avoided in practical engineering.

Figure 19 gives the corresponding frequency spec-
trums in Fig. 18. There are many vibration frequency
components caused by rubbing fault without thermal

y/m 00 x/m
(a) t=50T.+0.5¢,

(b) t=50T, + 15¢,

shock and the high frequency vibration is significant in
Fig. 19(a). After applied thermal shock, namely,
thermal flow comes to 100W/m?, vibration frequency
components and the contribution of high frequency vi-
bration reduce, low frequency vibration aggravates as
shown in Fig. 19(c). With the increase of thermal flow,
vibration frequency components continue to reduce.
When thermal flow increases to 500W/m?, rubbing vi-
bration is presented as low frequency vibration. So we
can come to a conclusion that thermal shock vibration
manifests as simple low frequency vibration. On the
contrary rubbing vibration manifests as complicated
multiple frequency coupling vibration. The increase
of thermal flow reduces high frequency vibration and
aggravates the vibration of plate. Thus, this phenom-
enon is also need to be avoided.

4.6 The Effects of Friction Coefficient

Considering the results in Figs. 20 and 21 when
gr=200W/m?, we discuss vibration and the frequency
of the rotating plate with different friction coefficient z.
Giving responses with the friction coefficient = 0.05,
0.1, 0.3, Fig. 20 indicates that vibration amplitude in-
creases gradually and the complexity of vibration ag-
gravates with the increase of friction coefficient. In
addition, high frequency vibration is more significant as
shown in Fig. 21. The above results indicate that the
increase of the friction coefficient leads to an increase
in rubbing fault. In fact, the decreasing friction coef-
ficient uniquely decreases the friction force uF,, which
shows the friction effect is an important factor to trigger
the rubbing phenomenon. Reducing the surface
roughness can be used in the process of practical work.

ym 00 x/m

(c) t=50T, + 20,

Fig. 15 Vibration modes of the rubbing plate with g7= OW/m® at different times.

00 © x/m 0

(a) t=50T, +0.5¢,

(b) £ = 50T, + 15¢,

" x/m 0'g " x/m
(c) t= 50T, + 201,

Fig. 16 Vibration modes of the rubbing plate with gz= 200W/m? at different times.
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x/m

Fig. 17 Vibration modes of the rubbing plate with gz= 500W/m? at different times.
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Fig. 18 Time responses of the rubbing plate for different thermal flow gr.
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Fig. 19 Frequency spectrums of the rubbing plate for different thermal flow g7.
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Fig. 20 Time responses of the rubbing plate for different thermal flow gr.
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Fig. 21 Frequency spectrums of the rubbing plate for different thermal flow g7.
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5. CONCLUSIONS

In the present paper, a contact-impact model is de-
veloped for rub-induced vibrations of a rotating plate
under thermal shock. Analytical solution is carried
out to study on the present contact model. The varia-
bility of deformations in width direction demonstrates
plate models can be accurate and reliable for vibration
analysis of constant aspect ratio blades. Then the dy-
namic responses of rub-induced vibrations and the in-
fluence of the locations, rotation speeds, rubbing force
form, thermal shock and friction coefficients are inves-
tigated.

The results indicate that with the increase of rotation
speed, rubbing force time change shorter, the amplitude
of rubbing force near the free end is larger, mutations of
vibration intensity is easy to cause torsion fracture fail-
ure. On the other hand more thermal flow aggravates
thermal shock vibration, weaken the difference in width
direction caused by rubbing force and make plate be
low frequency vibration. Moreover, the increasing
friction coefficient and friction force enhance
rub-induced vibrations.
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