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Components which have bathtub shapes are reasonable candidates for burn-in in the
sense that if these components are exposed to standard or elevated operating con-
ditions for a short period of time, they tend to improve+ In this paper we study the
principle which states that burn-in should occur at or before the point at which a
bathtub-shaped failure function starts increasing+ To this end we develop three sign
change results which characterize bathtub-shaped failure rates+ These results are
used to show that if a failure rate function is bathtub-shaped, then various other
related functions have bathtub or upside-down bathtub shape+ Finally, we give a
framework for determining when the above principle holds+

1. INTRODUCTION

Burn-in is a widely used engineering methodology for eliminating weak compo-
nents from a standard population+ In industry, a standard population usually consists
of various engineering systems composed of parts or components which are assem-
bled to form a system+ Both the components and the systems operate for a certain
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time period until they fail+ Usually within any population of components, there are
strong components with long lifetimes and weak components with short lifetimes+
To ensure that only strong components reach customers, the components are tested
under electrical or thermal conditions which approximate or exceed working con-
ditions in field operation+ In theory, weak components will fail during testing, leav-
ing only strong components+ Similar tests can be performed for systems after they
are assembled in order to determine weak or strong subsystems or to uncover defects
incurred during assembly+ Although terminology for different tests, depending on
whether systems or components are involved or depending on the specific field of
application, is not consistent, we will use the term burn-in for all such tests+ See
Block and Savits@1# for a discussion of the various terms used to describe burn-in as
well as a general review to the area+ Kuo and Kuo@8# and Leemis and Beneke@11#
also give reviews, but from more of an engineering point of view+

Different types of failures can occur in products which have been released for
general usage+ One of these is called early failure+ It has been observed that many
electrical and mechanical products exhibit early failure+ By applying burn-in pro-
cedures, this early failure period can be minimized, preserving a company’s credi-
bility and increasing customer satisfaction+

The burn-in procedure is often curtailed according to engineering experience+
This often corresponds to a time when a predetermined reliability goal is achieved—
for example, when the mean residual life of a component is at a maximum+Another
reason for ending burn-in is to minimize cost, which usually consists of a physical
burn-in cost and a cost for customer satisfaction+

A related concern is to determine which component lifetimes are amenable to
burn-in+ In particular, which family of distributions will benefit from the burn-in
procedure+ Many authors believe that distributions which have a bathtub-shaped
failure rate are most appropriate for burn-in+ These distributions have failure rates
which decrease, then remain constant, then increase+

In this paper one of our aims is to consider the intuitive principle: For distribu-
tions with bathtub-shaped failure rates, burn-in should occur at or before the point at
which the failure rate function starts increasing+ This Principle appears to be true for
a wide variety of criteria and cost functions+ The implication of this is that for a
company accepting any of the criteria or cost functions, it would be a waste of
resources to burn-in any component beyond the point specified in the principle+

In Section 4,we examine a large number of criteria and cost functions which are
used to determine optimal burn-in+ Then we describe a simple framework by which
we can decide whether the above principle holds+

Another aim is to determine what implication a bathtub-shaped failure rate
has on various functions related to the failure rate+ For example, a function with
bathtub-shaped failure rate has a mean residual life which is upside-down bathtub-
shaped+ Furthermore, it has a maximum value, and this value is related to the
minimum value of the failure rate+ Specifically, it precedes it+ Consequently, ac-
cording to the criterion of maximizing mean residual life, the optimal burn-in
time satisfies the Principle+
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As a means of obtaining the above, three results are developed in Section 2
which are useful in characterizing distributions with bathtub-shaped failure rate+
Two of these results use sign change properties and the third uses a local~three-point
version! of the bathtub property+ These results are in the spirit of Karlin’s total pos-
itivity and have intrinsic interest+ These results are used in Sections 3 and 4 to show
that if the failure rate function is bathtub-shaped, various other related functions are
bathtub-~or upside-down-!shaped+ In particular, the new result is obtained that
bathtub-shaped failure rates have upside-down percentile residual life functions+

2. PROPERTIES OF BATHTUB-SHAPED FUNCTIONS

In this section, we discuss some properties of general bathtub-shaped and upside-
down bathtub-shaped functions+ The bathtub-shaped functions are useful in model-
ing failure rate functions and the upside-down bathtub-shaped functions are important
in describing standard functions of failure rates, such as mean residual life+

Three useful results are given which characterize these functions+ Two of these
results involve sign changes while a third gives a local~three-point! version of the
bathtub property+ These results are used in the next section to give a new result that
the a-percentile residual life function of a bathtub-shaped failure rate has upside-
down bathtub shape+

We first present a definition of a bathtub-shaped function+ Essentially, this is a
function which is decreasing then increasing+ This includes the case usually covered
in other definitions where a constant middle section is often specified+Since we deal
with functions which need not be continuous, some care needs to be taken in defin-
ing the change point, that is, the point where the monotonicity of the function changes+

Definition 2.1: A function g~t! defined for t$ 0 is said to have abathtub shapeif
it is monotone or if it changes monotonicity once from decreasing to increasing in
the following way+ Either it changes monotonicity from decreasing to increasing at
0 ~it must be discontinuous in this case! or there is a t0 . 0 such that g~t! is de-
creasing for0 # t , t0, increasing for t0 , t ,` and g~t0! # max$g~t01!,g~t02!%+
Further, g~t! is said to have anupside-down bathtub shapeif 2g~t! is bathtub-
shaped+ Since there may be many change points, we define the first change point by

t*~g! 5 inf $t 6g~s! is increasing for allt # s , `% ~ inff 5`!

for a bathtub-shaped function and t*~g! 5 t*~2g! for g with an upside-down bathtub
shape+We say the function has degenerate bathtub shape if it is monotone+

Because it is usually not easy to decide whether a functional form is bathtub-
shaped, we develop criteria+ Bathtub-shaped functions can be characterized by each
of the following three theorems+

Theorem 2.1: A function g~t!, t $ 0 is bathtub-shaped~upside-down bathtub-
shaped! if and only if for all 0 # t1 , t2 , t3,

g~t2! # max$g~t1!,g~t3!% ~g~t2! $ min$g~t1!,g~t3!%!+ (2.1)
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Proof: First, assume the condition does not hold+ Then there exists 0# t1 , t2 , t3
such thatg~t1! , g~t2! andg~t3! , g~t2!+ Consequently, g cannot be bathtub+ To
prove the result in the other direction assumeg~t! is not bathtub+ Define

a 5 sup$s6g~t! is decreasing for 0# t # s%

and

b 5 inf $s6g~t! is increasing fors# t , `%,

where supf 5 0 and inff 5`+We cannot have thatb , a, since in this caseg~t!
would be bathtub~e+g+, take t0 betweena andb!+ Consequently, a # b+ If a 5 b,
sinceg is not bathtub,we must haveg~b! . max$g~b2!,g~b1!%+From the definition
of g~b2! and g~b1!, it is easy to find 0# t1 , t2 5 b , t3 such thatg~t2! .
max$g~t1!,g~t3!%+ If a , b, takec5 ~a1 b!02 if b , ` andc5 a11 if b5`+ By
the definition ofa andb, g is not decreasing fort # c and not increasing forc # t+
Thus, we can find 0# x1 , x2 # c # y1 , y2 such thatg~x1! , g~x2! andg~ y1! .
g~ y2!+ Taking t1 5 x1, t3 5 y2, and t2 to be eitherx2 or y1, depending on which of
theseg is larger, we obtain the desired condition+ n

The following two criteria are given in terms of sign changes+We use the strict
version of Karlin@7# in determining changes of sign, that is, we consider only strict
changes not counting zeros+

Theorem 2.2: A right-continuous function g~t!, t $ 0 is bathtub-shaped~upside-
down bathtub-shaped! if and only if for any given x. 0, the function h~t;x! 5
g~t 1 x! 2 g~t! has at most one sign change in t, and if there is a change, it is
from negative to positive ~ positive to negative!+

Proof: We prove only the bathtub-shaped result since the other is similar+Assume
the sign change condition does not hold; that is, there exists anx0 such that there is
exactly one sign change forh~t;x0!, but in the wrong direction, or thath~t;x0! has
two or more sign changes+ Right continuity is not required for this part of the proof+

Case 1: h~t;x0! has a sign change from positive to negative+ We can then find a
u, v such thatg~u! , g~u1x0! andg~v! . g~v1x0!+Now apply Theorem 2+1 with
t1 5 u, t3 5 v1 x0, andt2 to be eitherv or u 1 x0 depending on which givesg the
larger value+

Case 2: h~t;x0! has at least two sign changes+We can then find three pointst1 , t2 ,
t3 such thath~t;x0! has three different signs, but two of these must be from1 to 2
and so we can apply the argument of Case 1+

Now assumeg~t! is not bathtub+ Then, by the previous result, there exists 0#
t1 , t2 , t3 such thatg~t1! , g~t2! andg~t2! . g~t3!+By right continuity we can pick
t2 andt3 so thatx1 5 t2 2 t1 andx2 5 t3 2 t2 are rational+Without loss of generality,
we assumex1 . x2+ Now assume the condition holds+ Then, for t1 # t, we have: ~1!
g~t 1 x1! 2 g~t! $ 0, and, for t # t2, we have: ~2! g~t 1 x2! 2 g~t! # 0+ Let mandn
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be the smallest integers such thatx10x2 5 ~n21!0~m11!+ It follows thatt3 2 nx2 1
mx1 5 t1+We will use~1! and~2! to deduce a contradiction+

Let n1 be the largestn such thatt1 # t3 2 nx2 ~n1 $ 2 sincet3 2 2x2 . t1!+ Then,
by ~2!,

g~t2! 5 g~t3 2 x2! # g~t3 2 2x2! # g~t3 2 n1 x2!+

Sincen1 was chosen to be the largest, it is not hard to see thatt3 2 n1x2 1 x1 # t3+
Now pick the largestn2 such thatt1 # t32n2x21x1+Sincex1 . x2, n2 . n1 and from
~2!, it follows that

g~t2! # g~t3 2 n1 x2 1 x1! # g~t3 2 n2 x2 1 x1!+

Continue form steps wherem is the integer chosen previously so that we havet3 2
nmx2 1 mx1 # t3+ We can now pick the largest integernm11 such thatt1 # t3 2
nm11x2 1 mx1+We have thatt1 5 t3 2 nx2 1 mx1+ If nm11 . n, thent3 2 nm11x2 1
mx1 , t3 2 nx2 1 mx1 5 t1 contrary to the construction+ If nm11 , n, nm11 is not the
largest+ Consequently, nm115 n+Our conclusion is thatg~t2! # g~t32 nx21 mx1! 5
g~t1!, contrary tog~t2! . g~t1!+ n

Notes. ~1! It is not hard to show thatg~t! is monotone—that is, it has a de-
generate bathtub shape, if and only if for allx . 0, h~t;x! has no sign change int+ ~2!
For another proof of the above theorem, see Jong@6# +

The following theorem generalizes the well-known result that a functiong~t! is
monotone if and only if for any realc, g~t! 2 c has at most one sign change+

Theorem 2.3: A function is bathtub-shaped~upside-down bathtub-shaped! if and
only if for all real c, g~t! 2 c has at most two sign changes, and if there are two sign
changes they are from positive to negative to positive ~negative to positive to
negative!+

Proof: We need only prove the result for the bathtub-shaped case+Assume the sign
change condition does not hold+ Then there must be ac and 0# t1 , t2 , t3 such that
g~t! 2 c changes sign at these points from negative to positive to negative, that is,

g~t2! 2 c . 0 . g~t1! 2 c and g~t2! 2 c . 0 . g~t3! 2 c+

Consequently, g~t2! . max$g~t1!,g~t3!% and so by Theorem 2+1, g is not bathtub+
Now assumeg is not bathtub+ Then we can find 0# t1 , t2 , t3 such that

g~t2! . max$g~t1!,g~t3!%+ Choosingc betweeng~t2! and max$g~t1!,g~t3!% gives
that g~t! 2 c changes sign from negative to positive to negative+ This completes
the proof+ n

3. PRESERVATION RESULTS

Optimization results in reliability are often based on functionals of the failure rate
function+ For example, in determining when a component should be burned in, one
intuitive criterion is to burn-in the component until the time at which the failure rate
function achieves its minimum+ If the failure rate has a bathtub shape, then by ex-
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amination of the graph it is clear where the minimum occurs+ Another approach
involves finding a point where the mean residual life function is maximized+ If the
failure rate has a bathtub-shaped function, it is known that the mean residual life
function is upside-down bathtub-shaped+ Again, an examination of the graph iden-
tifies the maximum+ It is also important to know the relationship between the two
optimal points just discussed+ In the following we determine results of this type+The
proofs of these use the results of the preceding section+

We begin with the quantityAx~t!, which is the area under the failure rate func-
tion fromt to t1x+ It is clear by examining the graph of a bathtub-shaped failure rate
function that this quantity first decreases, then increases+ The theorem gives this
result as well as compares the first change points+

Theorem 3.1: Let r~t !, t $ 0 be a bathtub-shaped failure rate function+ Then
Ax~t! 5 *t

t1x r ~s! ds is bathtub-shaped in t for all x. 0+ Moreover, t*~Ax! # t*~r !+

Proof: For anyx . 0, y . 0, andt $ 0,

Ax~t 1 y! 2 Ax~t! 5E
t1y

t1y1x

r ~s! ds2E
t

t1x

r ~s! ds

5E
t

t1x

@r ~s1 y! 2 r ~s!# ds

5E
0

`

@r ~s1 y! 2 r ~s!# I~t, t1x#~s! ds

5E
0

`

h~s; y! I~t, t1x#~s! ds, (2.6)

whereh~s; y! 5 r ~s 1 y! 2 r ~s!+ SinceI~t, t1x#~s! is TP2 in t ands for each fixed
x . 0, by @7, Chap+ 5, Thm+ 3+1# it follows that Ax~t 1 y! 2 Ax~ y! has the same
sign change property asr ~s 1 y! 2 r ~s!+ From Theorem 2+2 this gives the result+
Sincer ~t! is increasing fort . t*~r !, it easily follows thatAx~t! is increasing for the
same range oft+ Consequently, t*~Ax! # t*~r !+ n

Corollary 3.1: Let F have a bathtub-shaped failure rate function r+ Let Ft~x!
denote the distribution function of an item that has survived a burn-in period of t
units of time+ Then, the survival function OFt~x! has an upside-down bathtub shape
in t for each fixed x$ 0; moreover, for gx~t! 5 OFt~x!, t *~gx! # t*~r !+ In particular,
Ft is stochastically decreasing in t$ t*~r !, that is, for each fixed x$ 0, OFb~x! $ OFc~x!
whenever t*~r ! # b # c+

Proof: Since

OFt ~x! 5 expH2E
t

t1x

r ~u! duJ 5 exp$2At ~x!%,
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we see by Theorem 3+1 that OFt~x! is upside-down bathtub-shaped int for eachx $ 0
with t *~gx!5 t*~Ax! # t*~r !+Consequently, OFt~x! is a decreasing function int $ t*~r !
for fixed x $ 0 and we are finished+ n

Remark 3.1:~1! The converse of Theorem 3+1 can also be shown to hold under
the additional assumption of right-continuity onr @6# + ~2! If the failure rate func-
tion is bathtub-shaped, it can be shown by using a sign change argument~i+e+,
Thm+ 2+3! that the function which is the average of the failure rate function, that
is, ~10t!*0

t r ~s! ds, is also bathtub-shaped+

In Haines and Singpurwalla@4# and Joe and Proschan@5# , some properties of
thea-percentile residual life were discussed+ Thea-percentile residual lifeqa~t! is
the a-percentile of the remaining life given survival up to timet and is defined
below+ The second set of authors showed, among other things, that thea-percentile
residual life is decreasing~increasing! if the distribution has increasing~decreasing!
failure rate+ Launer@9# showed that under certain conditions the maximum of the
a-percentile residual life always precedes the minimum of the failure rate function+
In the following, we show that thea-percentile residual life has an upside-down
bathtub-shaped failure rate if the failure rate function has a bathtub shape+

Definition 3.1: For a lifetime distribution function F, for 0 , a , 1, the a-
percentile residual life function qa~t! is defined by

qa~t! 5 inf $x $ 06 OF~t 1 x! # ~12 a! OF~t!%+

Theorem 3.2: If the failure rate function r~t! of a lifetime distribution function F
has a bathtub shape, then thea-percentile residual life function qa~t! has an upside-
down bathtub shape+ Also, t *~qa! # t*~r !+

Proof: It is sufficient to show that, given 0# t1 , t2 , t3,

qa~t2! $ min$qa~t1!,qa~t3!%+

Rewriting the definition of thea-percentile residual life function, we have

qa~t! 5 inf $x . 06 OFt ~x! # 1 2 a%,

where OFt~x! 5 OF~t 1 x!0 OF~t! is the residual survival function+ By Corollary 3+1, we
see thatgx~t ! 5 OFt~x! is upside-down bathtub-shaped int for eachx $ 0 with
t *~gx! # t*~r !+

Given 0# t1 , t2 , t3, let x . 0 be such that OFt2~x! # 12 a+ By Theorem 2+1,
it follows that OFt2~x! $ min$ OFt1~x!, OFt3~x!% and, consequently, either OFt1~x! # 12 a
or OFt3~x! # 12 a+ In either case, we see that min$qa~t1!,qa~t3!% # x and soqa~t2! $
min$qa~t1!,qa~t3!%, that is, qa~t! is upside-down bathtub-shaped+
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To show thatt *~qa! # t*~r !, it suffices to show thatqa~t! is decreasing int $
t*~r !+ But this easily follows because, for t*~r ! # t1 , t2,

$x $ 06 OFt1~x! # 1 2 a% # $x $ 06 OFt2~x! # 1 2 a%

using the fact that OFt1~x! $ OFt2~x! for all x $ 0 whenevert*~r ! # t1 , t2+ n

4. OPTIMAL BURN-IN

In this section we are interested in optimal burn-in policies+As mentioned in Section
1, burn-in is a widely used engineering protocol to weed out weak items+ That is,
items are put on test in shop for a time periodb, called the burn-in period; those that
survive are then released for field use+ The burn-in timeb is determined by some
criterion+ Generally, we want to chooseb in an optimal manner+

Many papers on this topic have appeared in the reliability literature~e+g+, see the
references quoted in the following examples!+ The general setup of many of these
papers is to propose some objective function for optimization and then show that an
optimal burn-in timeb* does indeed exist+ In addition, many of these papers con-
clude that if the underlying failure rater of the item under test is bathtub-shaped,
then the optimal burn-in timeb* occurs no later than the first change pointt*~r ! of r+

The above result is intuitively appealing and seems quite desirable+ In fact, one
is tempted to conjecture that anyreasonableburn-in criterion should have this prop-
erty+ Toward this goal, we will describe a simple and unified framework which
seems to capture the essence of thismeta-theorem.Most of the previous results on
optimal burn-in can be obtained as special cases+

Framework: Let K~b! be the objective function we want to optimize+ Suppose we
can decomposeK as

K~b! 5 K1~b! 2 K2~b!

such thatK1~b! F b $ s andK2~b! f b $ s for somes$ 0+ Then it is obvious that

inf
b$0

K~b! 5 inf
b#s

K~b!,

that is, K achieves its infimum no later thans+

Remarks 4.1:

1+ It is helpful to think ofK1 as the cost of burn-in andK2 as the gain obtained
through burn-in+

2+ A particular special case of interest occurs whenK1 is bathtub-shaped
and K2 is upside-down bathtub-shaped+ In this case we can takes 5
max$t*~K1!, t *~K2!%+

3+ If instead of minimizing the objective functionK we want to maximize it,we
instead assumeK1~b! f b $ s andK2~b! F b $ s+ Then,

sup
b$0

K~b! 5 sup
b#s

K~b!+
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4+ In maintenance theory, the objective function is more naturally expressed as
K~b! 5 K1~b!0K2~b!+We can easily reduce this to the above by taking log-
arithms+

Example 4.1:Mi @12# considered the problem of maximizing the reliability of a
burned-in item to survive a mission timet+ For this problem we letK1~b! 5 OFb~t!
andK2~b!50+According to Corollary 3+1,we know thatK1 is upside-down bathtub-
shaped if the failure rate functionr of the item is bathtub-shaped+Consequently,K5
K1 2 K2 achieves its maximum no later thant *~K1! # t*~r !+

Example 4.2:Another criterion of interest is to maximize thea-percentile resid-
ual life function+ This was considered by Launer@9# + Fixing a, we let K1~b! 5
qa~b! andK2 5 0+ From Theorem 3+2, we know thatqa is upside-down bathtub-
shaped witht *~qa! # t*~r ! wheneverr is bathtub-shaped+ Consequently, it follows
that the optimal burn-in timeb* for this criterion occurs no later than the first
change point ofr+

Remark 4.2:We can easily incorporate costs into the above two examples as fol-
lows+ Let K1~b! be any increasing cost function of the burn-in timeb+ Let K2~b! be
a gain function proportional to eitherOFb~t! or qa~b!+ Then we conclude that the
optimal burn-in time which minimizes the cost functionK 5 K1 2 K2 satisfiesb* #
t*~r ! wheneverr is bathtub-shaped+

Another case which falls into our framework is the following+ LetG be any class
of life distributions which is closed under burn-in, that is, Gb is in G wheneverG is+
HereGb~x! 51 2 OG~b 1 x!0 OG~b! is the distribution of an item which has survived
the burn-in periodb+

Proposition 4.1: Let Di : @0,`! 3 G r ~2`,`! for i 51,2+ Suppose that for some
fixed s$ 0,

~a! D1~t,G! F t $ s ~D2~t,G! f t $ s! for each fixed G[ G;
~b! D1~t,H ! # D1~t,G! and D2~t,H ! $ D2~t,G! for each t$ 0 whenever G#st

H ~i+e+ , OG~u! # PH~u! for all u $ 0!+

AssumeF [ G has a bathtub failure rate functionr and setK 5 K1 2 K2, where
K1~b! 5 D1~b,Fb! andK2~b! 5 D2~b,Fb!+ Then the optimum valueb* which mini-
mizesK occurs no later thant*~r !+

Proof: According to Corollary 3+1, we know thatFb is stochastically decreasing in
b $ s5 t*~r !+ It is then easy to show thatK1~b! F b $ swhile K2~b! f b $ sand the
result follows+ n

We illustrate the above with some examples+

Example 4.3:A reasonable criterion for burn-in is to maximize the mean residual
life+Watson and Wells@15# and Lawrence@10# have discussed this problem in detail
for particular life distributions+ Park@14# and Mi @13# considered the problem when
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the failure rate function has a bathtub shape+ In our context,we letG denote the class
of life distributions having a finite mean+ SetD1 5 0 and

D2~t,G! 5E
0

`

OG~u! du+

ClearlyDi satisfy the conditions of Proposition 4+1+ Since

µ~b! 5E
0

`

OFb~t! dt 5 2K~b!,

maximizingµ~b! is equivalent to minimizingK~b!, and so it follows thatb*# t*~r !
for a bathtub failure rate functionr+

Remark 4.3:Actually we know that the mean residual life functionµ~b! is upside-
down bathtub-shaped wheneverr is bathtub-shaped; moreover, t *~µ! # t*~r ! ~see,
e+g+, Block, Savits, and Singh@2# !+ Hence, we could have used the method of Ex-
amples 4+1 and 4+2 instead+

Example 4.4:A variation of a criterion considered by Mi@12# is the following+We
assume that we have a stockpile of burned-in items available for field use+Whenever
one item fails,we immediately replace it with another burned-in item+We assume its
cost is given byc~b! which is an increasing function ofb+ Our objective function is
the total expected cost of failed items during a mission timet+ LettingNb denote the
associated renewal process generated by the failure distributionFb, our goal is thus
to choose a burn-in timeb* which minimizes the expected costc~b!E @Nb~t!# +

LetG denote the class of life distributions+ It is well known that ifN is a renewal
process generated byG [ G, then we can expressE @N~t!# as

E @N~t!# 5 (
k51

`

G~k! ~t!,

whereG~k! is thek-fold convolution ofG with itself+ It is thus easy to check that if
G #st H, thenG~k! #st H ~k! for all k $ 1+ Hence, D1~t,G! 5 c~t!(k51

` G~k! ~t! and
D2~t,G! 5 0 satisfy the conditions of Proposition 4+1+We thus conclude thatb* #
t*~r ! for a bathtub failure rate functionr+

Remark 4.4:One of the important cost functions in the burn-in literature is due to
Clarotti and Spizzichino@3# + It can be expressed as

K~b! 5 c0F~b! 1 c1@F~b 1 t! 2 F~b!# 2 c2 OF~b!,

where 0, c0 , c1 , c2+ In Jong@6# , it was shown that for a bathtub failure rater, the
optimal burn-in timeb* which minimizesK~b! satisfies eitherb*# t*~r ! or b*5`+
Moreover, b*5` if and only if either of the following conditions hold:

~a! t*~r ! 5` andv[ ~c1 2 c0!0~c1 1 c2! $ exp$2limbr`At~b!%;
~b! t*~r ! , ` andv . exp$2At@t*~At!#%+
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Thus, in some sense, this would imply that the above cost function is not areason-
ablecost function for burn-in+

References

1+ Block, H+W+ & Savits, T+H+ ~1997!+ Burn-in+ Statistical Science12: 1–13+
2+ Block, H+W+, Savits, T+H+, & Singh, H+ ~1998!+A new criterion for burn-in: Balancing mean residual

life and residual variance~to appear!+
3+ Clarotti, C+A+ & Spizzichino, F+ ~1990!+ Bayes burn-in decision procedures+ Probability in the En-

gineering and Information Sciences4: 437–445+
4+ Haines,A+L+ & Singpurwalla, N+D+ ~1974!+ Some contributions to the stochastic characterization of

wear+ In F+ Proschan and J+ Serfling~eds+!, Reliability and biometry.Philadelphia: SIAM, pp+ 47–80+
5+ Joe, H+ & Proschan, F+ ~1984!+ Percentile residual life functions+Operations Research32: 668–678+
6+ Jong, Y+-K+ ~1998!+ Burn-in and bathtub distributions+ Ph+D+ dissertation, Department of Statistics,

University of Pittsburgh+
7+ Karlin, S+ ~1968!+ Total positivity.Stanford: Stanford University Press+
8+ Kuo,W+& Kuo,Y+ ~1983!+Facing the headaches of early failures:Astate-of-the-art review of burn-in

decisions+ Proceedings of the IEEE71: 1257–1266+
9+ Launer,R+L+ ~1993!+Graphical techniques for analyzing failure data with the percentile residual-life

function+ IEEE Transactions on ReliabilityR-42: 71–75+
10+ Lawrence, M+J+ ~1966!+ An investigation of the burn-in problem+ Technometrics8: 61–71+
11+ Leemis, L+M+ & Beneke, M+ ~1990!+ Burn-in models and methods: A review+ IIE Transactions22:

172–180+
12+ Mi , J+ ~1994!+ Maximization of a survival probability and its applications+ Journal of Applied Prob-

ability 31: 1026–1033+
13+ Mi , J+ ~1995!+Bathtub failure rate and upside-down bathtub mean residual life+ IEEE Transactions on

Reliability R-44: 388–391+
14+ Park, K+S+ ~1985!+ Effect of burn-in on mean residual life+ IEEE Transactions on ReliabilityR-34:

522–523+
15+ Watson,G+S+ & Wells,W+T+ ~1961!+On the possibility of improving the mean useful life of items by

eliminating those with short lives+ Technometrics3: 281–298+

BATHTUB FUNCTIONS AND BURN-IN 507

https://doi.org/10.1017/S0269964899134065 Published online by Cambridge University Press

https://doi.org/10.1017/S0269964899134065

