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Abstract. This paper studies the magneto-heat coupling model which describes iron
loss of conductors and energy exchange between magnetic field and Ohmic heat. The
temperature influences Maxwell’s equations through the variation of electric conduc-
tivity, while electric eddy current density provides the heat equation with Ohmic heat
source. It is in this way that Maxwell’s equations and the heat equation are coupled
together. The system also incorporates the heat exchange between conductors and
cooling oil which is poured into and out of the transformer. We propose a weak for-
mulation for the coupling model and establish the well-posedness of the problem. The
model is more realistic than the traditional eddy current model in numerical simula-
tions for large power transformers. The theoretical analysis of this paper paves a way
for us to design efficient numerical computation of the transformer in the future.
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1 Introduction

Large power transformers are broadly and increasingly used in countries undergoing
rapid industrialization. Numerical simulation plays an important role in both comput-
ing iron loss and optimal design of large power transformers. It attracts great attention in
both societies of computational electromagnetism and computational mathematics. The
International Compumag Society has announced 34 benchmark problems or families of
benchmark problems, called TEAM Workshop problems, to test electromagnetic analy-
sis methods. Among them, the 21st family, Problem 21, was proposed to test numerical
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methods for computing iron loss in large power transformers [6]. It consists of 13 dif-
ferent models which represent various component accessories of a power transformer.
Problem 21 is one of the most active TEAM Workshop problems and has promoted the
development of numerical simulations of power transformer.

Power transformer consists of magnetic and nonmagnetic conductors, exciting coils,
and cooling oils etc. The Ohmic heat and magnetic hysteresis lead to energy loss and can
damage the devices of a power transformer. The oil is poured into and out of the power
transformer to cool down the devices. Therefore, the system turns out to be the coupling
between Maxwell’s equations and the heat equation, or even more accurately, with fluid
dynamics of the oil [17]. Traditional studies only consider quasi-static Maxwell’s equa-
tions for TEAM Workshop Problem 21 and neglect the variation of electric conductivity
caused by the temperature (see e.g. [7,8,12,13,16] and the references therein). In numer-
ical simulation of power transforms, eddy current loss accounts for the major part of the
total energy loss. The nonlinear dependency of the conductivity on the temperature is no
longer negligible. The magneto-heat coupling model is more realistic and can yield bet-
ter results (see [7, Chapter 3] and [14]). To the authors’ best knowledge, there still lacks
rigorous analysis in the literature on the well-posedness of the magneto-heat coupling
model for power transformers. This paper is to fulfill the task.
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Figure 1: A 2D illustration of the problem geometry, Q:QQUQfUQC, QC:UﬁOQi.
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The transformer system consists of the oil tank (), the cooling oil (3¢ contained by
the tank, the conductors ()y,---,{)); which are immersed in the oil, and the air region (),
outside of the tank. The problem geometry is illustrated in Fig. 1. We assume that the oil
tank is electrically conducting and both the air and the cooling oil are insulating. Then
the conducting region and the non-conducting region are given respectively by

Q. =0U---UQyy, QHC:QfUQa.

https://doi.org/10.4208/cicp.OA-2016-0194 Published online by Cambridge University Press


https://doi.org/10.4208/cicp.OA-2016-0194

X. Lietal. / Commun. Comput. Phys., 22 (2017), pp. 683-711 685

We assume that (). and ) £ are heat-conductive and define
Oy, =interior (0, UQy).

The domain for the magneto-heat problem is then defined by the nonintersecting combi-
nation

QO=0,.UQ..

For convenience we introduce some notations for boundaries or parts of boundaries. Let
I' = 0Q) be the truncation boundary of the unbounded air region and I';, = d(); be the
boundary of heat-conductive materials. For a transformer, I'y =TI', UT'in UT' oyt where I', =
00),N0) stands for the outer boundary of the oil tank where the heat is radiated into the
air, I'i, stands for the inlet of oil pouring into the tank, and I'yyt stands for the outlet of
oil pouring out. We shall focus on simply connected conductors, namely, (),---,0)s are
simply-connected Lipschitz domains. It is clear that (3,, ()¢, ). are also simply-connected
and have Lipschitz-continuous boundaries.

Let T be the final time before which the physical fields are interested in. The elec-
tromagnetic fields of the power transformer are governed by the quasi-static Maxwell’s

equations
oB .
g%—curlE:O inQx(0,T), (1.1a)
curlH—cE=f inQx(0,T), (1.1b)
H(0)=0 inQ, (1.1¢)
Exn=0 onIx(0,T). (1.1d)

where E is the electric field, B is the magnetic flux density, H is the magnetic field, and
o =0(0) is the conductivity depending on the temperature 6. Throughout the paper, we
assume that ¢ is Lipschitz continuous with respect to § and satisfies

0<0Omin <O <0max  InC), =0 in )y,

where 0imin and omax are constants. We remark that the above assumption on the conduc-
tivity is rather mild in electrical engineering. The source current density f is carried in
some coils and satisfies

divf=0,  f(0)=0.

For engineering applications, it is reasonable to assume that f is Lipschitz continuous in
time through this paper. For simplicity, we only consider nonmagnetic materials, namely,
B =uH, where y = ug stands for the magnetic permeability in empty space. The quasi-
static Maxwell’s equations are complemented with the initial and boundary conditions
in (1.1¢c)-(1.1d).
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The temperature 0 is governed by the heat convection-diffusion equation with initial
and boundary conditions

a0
Co <§ +u-V9> ~V-(kV0)=c(0)E* inQy;,x(0,T), (1.2a)
9(0) :90 in th (1.2b)
=00 onTinx(0,T), (1.2¢)
—Kg—z =Cp(u-n)(0—0y) onTuux(0,T), (1.2d)
—Kg—zzh(94—93)+A(9—90) onT, x(0,T), (1.2e)

where 6y € L®(()y,) is the background temperature, C, equals to the constant-volume spe-
cific heat times the material density, A is the heat convection coefficient, & is the radiation
coefficient, « is the thermal conductivity, n stands for the unit outer normal to (), and
uc L®(0,T;H' (Q);,)) stands for the fluid velocity satisfying

(1.3)
u-n<0 onTj,, u-n>0 onTlyy.

{divu:O inQy,  supp(u)=0Qy,
On Ty, the cold oil at temperature 6y pours into the power transformer and gives the
Dirichlet boundary condition for 8. While on I'yyt, the hot oil pours out of the power
transformer and takes away the heat. It is reasonable in practice to assume that

90 2 Gmin > 0/ K 2 Kmin > 0/ Cp 2 Cmin > O/ (1-4)

where Omin, Kmin, and Cmin are positive constants. We remark that (1.2e) stands for the
nonlinear radiation condition on the outer boundary of ()y. For simplicity, we do not
consider the fluid dynamics and assume that p, u are given functions. Moreover, the
conductivity () depends on the temperature through (1.1b), while the electric current
density provides the Ohmic heat source cE?=0E-E to (1.2a). It is in this way that problem
(1.1) and problem (1.2) are coupled.

The eddy current model (1.1) is the quasi-static approximation of Maxwell’s equa-
tions at very low frequency by neglecting the displacement currents in Ampere’s law
(see [1]). For linear eddy current problems, there are many interesting works in the lit-
erature on numerical methods (cf. e.g. [4,5,11,15,22]) and on the regularity of the so-
lution (cf. e.g. [9]). In [3], Bachinger et al. studied the numerical analysis of nonlinear
multi-harmonic eddy current problems in isotropic materials. In [12,16], Zheng and his
coauthors studied nonlinear eddy current model in grain-oriented silicon steel lamina-
tions. The homogenization of eddy current problem in silicon steel laminations was also
studied by Nédélec and Wolf for linear problem [18] and by Jiang and Zheng for non-
linear problem [13]. In [20], Yin studied the weak solution of Maxwell’s equations with
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a thermal effect. In [10], P-E. Duret proved the existence of weak solutions to the time-
dependent magnetohydrodynamic equations coupled to the heat equation with nonlocal
radiation boundary conditions. The purpose of this paper is to prove the existence of the
solution for the coupled system of (1.1) and (1.2) for power transformers.

The layout of the paper is organized as follows. In Section 2, we introduce some nota-
tions and Sobolev spaces used in this paper. In Section 3, we propose a weak formulation
for the magneto-heat coupling problem and prove some useful lemmas for the nonlinear
problem. Due to the low regularity of the Ohmic heat, it is difficult to analyze the non-
linear heat equation directly. In Section 4, we introduce a regularized model to deal with
the Ohmic heat and study the well-posedness of the regularized problem. In Section 5,
we prove the existence of the original problem by passage to limit for the regularized so-
lutions. Throughout the paper we denote vector-valued quantities by boldface notation,
such as L?(Q):= (L?(Q))3. For convenience, we also write tensor products for time and
spatial domains as follows

Q=0x(0,T), Q=Q:x(0,T), Qu=Qx(0,T), Qr=0Qsx(0,T),
S=I'x(0,T), S,=T,x(0,T), S,=0,x(0,T), Sout=Toux(0,T).
2 Preliminaries

For any p>1, let LP(Q)) be the Sobolev space of p-power integrable functions with the

norm
1/p
[ollsioy= ( [ olax)

For p=o00, L*(Q)) denotes the space of essentially bounded functions with the norm
0]l () = esssup|v(x)]
For p=2, L?(Q) denotes the Hilbert space equipped with the inner product and norm

(wo)= [ uxjo()dx, ullon:= |l = (w12

Define H"(Q):={v€ L2(Q): Dve L?(Q), || <m} which is equipped with the following
norm and semi-norm

1/2 1/2
lulma:=( X ID%ulEa) "~ fulwai=( X ID%ul3q)

|G| <m Cl=m

where ¢ represents non-negative triple index. As usual, H}(Q) is the subspace of H(Q))
whose functions have zero traces on d().
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Define
H(curl,Q) := {veLl?*(Q):curlvc*(Q)},
Hy(curl,)) := {ve€H(curl,Q)):nxv=00ndQ},
where n is the unit outer normal to () and the spaces are equipped with the inner product
(0, W) H(curn,0) := (v,w) + (curlv, curlw)
and the norm
HUHH(curl,Q) = (vlv)H(curl,Q) .
Define the spaces of functions with square integrable divergence by
H(div,Q) := {vel?*(Q):divocl?*(Q)},
Hy(div,Q)) := {veH(div,Q):n-v=00n0Q},
which are equipped with the inner product
(0, W) H(div,0) = (v,w) + (divo,divw)
and the norm
v HH(div,Q) = (v/v)H(div,Q) .

To study the weak solution of (1.1) and (1.2), we shall use the subspaces of H(curl,Q):

X = VHYQ)+Hy(curl,Q,), (2.1)
X. = {veHy(curl,Q.):divo=0inQ.}. (2.2)
It is easy to see that
1915 cur,0) = 121 72y + leurlo ]| 72 ) forallveX.

We shall use the convention that all functions in Ho(curl,D) and H}(D) are extended

by zero to the exterior of D for any D C (). The following decomposition can be found
in [16].

Lemma 2.1. Let the conducting region Q). be simply connected. Then
X={veH(curl,Q):curlo=0in Q,UQ}.
Furthermore, for any v € X, there exist a unique v. € X and a unique ¢ € H' (Q) /R such that
v=0:+V¢,  |vcllg(cuna) t19lm1 ) S Clloll m(cur o)
where C >0 is a constant only depending on (.

To end up this section, we introduce the function space for the radiative and conduc-
tive heat equation

Y={oe H (Q)NL*(T): v=0onTin},  llolly:=ollsn o, + Il sr,)-
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3 A weak formulation

The purpose is to derive a weak formulation for the magneto-heat coupling system (1.1)
and (1.2). Since the source current density satisfies div f=0, there exists a source magnetic

field H ¢ such that
f=curlH; in R3. (3.1)
The field Hs can be written explicitly by the Biot-Savart Law for general coils
— _ 11 fly)
H;:=curlAy where Af(x):= 47t/]1<3 ]x—y|dy' (3.2)

or be computed numerically in practical simulations. In the following we are going to
solve the residual R:=H — H which is called the reaction field in [16].

Lemma 3.1. The reaction field R € H(curl,Q)) admits a unique decomposition

R=R.+Vy, R.€X. pcH (Q)/R. (3.3)
Proof. By (1.1b) and (3.1), clearly we have curlR =0 in QO,UQ;. Then (3.3) is a direct
consequence of Lemma 2.1. O

Now we are going to deduce a weak formulation of (1.1) and (1.2). For any v € X,
(1.1a) and (1.1d) imply that

/a—B-v:—/ CurlE-v:—/ E~Curlv+/ (Exng)-v
0, ot Q. Q, a0,

:/QCU_l(f—curlH)-curlv+/aQC(Exnc)-v, (3.4)

oB

—v=— curlE~v:—/ Exmn.)-v, 3.5
O OF /0 anc( <) 3.5)

where n. is the unit outer normal to (). Since E and v are continuous tangentially across
0Q), adding up (3.4) and (3.5) yields

d 1
V/K)E(R+Hf)-v+/nca (0)curlR-curlv=0 VoeX,

where we deduce from (1.1b) that
o' (f—curlH) =0 '(curlHf—curlH)=—0¢ 'curlR  in Q..

Multiply both sides of (1.2a) with any ¢ €Y. Using integration by part and the bound-
ary conditions in (1.2d)-(1.2e), we obtain

00
/Qth <§+u-v9> q0+/0hKVG-VqH—/Fr‘I’(G)q)—F/rmCP(u-n)G(p

:/ aEz(p—i—/ ‘P(Go)go+/ Co(u-n)p . (3.6)
% Iy Fout
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Since the temperature is always positive, in the continuous level at least, we rewrite the
nonlinear radiating term as follows

¥ (0)=ho*+7A0=(h|6]*+A)0. (3.7)

This form is preferable in proving the coercivity of the nonlinear differential operator for
the heat equation.
Write 6 =1+6p and let r(17) be the resistivity defined by

-1 in (),
r(ﬂ):{g (77+90) Q

elsewhere.
Then the Ohmic heat can be represented as follows
o(0)E>=r(n)|curl R|*.

From (3.4)-(3.6), we obtain a weak formulation of the magneto-heat equations: Find R €
L2(0,T;X) and 5 € L?(0,T;Y) such that R(0) =0, #(0) =0, and

dR oH;
‘ufag-v—kfﬂcr( JcurlR- curlv——y/ v, (3.8a)
0
/ C (;Z%—u V11> (;H—cz(ry,go):/Q r(n)|curl R o+ F(¢), (3.8b)
h

forall ve€ X and ¢ € YNL*®((),), where
a(;y,go)::/Q KVU-thL/F (¥ (n7+60)—¥(6o)] q0+/ (u-n)ne, (3.9)

h r
J-"(q))::—/ cp(u-veo)q)—/ V8-V . (3.10)

Qp Qy

The rest of this paper will be devoted to the well-posedness of problem (3.8).

To end this section, we present some useful lemmas which play the key role in study-
ing the well-posedness of (3.8). Given a constant T >0, let £: Y — Y’ be the nonlinear
operator defined by

(Lp,w) ::/Q] Co (%(/)—I—u-V(p) w+a(p,w) Vo,weYy. (3.11)

Lemma 3.2. There exists a constant C>0 depending only on |[u| y=(o 1.1,y |60/l (), A1
material parameters such that

4 .
H&puwsCH4>HH1(Q,1)+C§H¢H£5(m Vpey.
]:
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Proof. We estimate the nonlinear term first. Since 6y >0, we have

[¥(¢-+60) — ¥ (60) | <h| (¢+00)° |00 | — 68| + Al

< 19| (19 -+00[*+ 100 +3p63 + 3163+ 7).

There exists a constant depending only on A, i, T',, and |6 || L () such that

4 .
L ¥ 0¥ @) | <Cllwlsy Lo, Ywey,
r =

Since H!(Q),) is embedded into L°();,), the linear terms are estimated by using the
Cauchy-Schwarz inequality

C
(L, w)l - 101120 10l 2y +Cllll 3y 1910 ) 1@l sy +ClPl 0y [ @ ey
o 101 0+ | [ G0+80) =¥ )]0

Notice that [[u-n| 12,
rem, we also have

) SCllufl g () Using the trace theorem and the embedding theo-

t

11l s (ro) SCUPN 2o SCUPN 0y 1@l S Cllwlma,)-
Combining all estimates above, we complete the proof. O

Lemma 3.3. There is a constant C> 0 depending only on A, h, T'y, and [|6o|| () such that

h

(£9,6)=C(I9l5n (0, +l9lsr))  VoeY.

Proof. Remember that C, is constant in Q)¢ and supp(u) =Q)¢. For any ¢ €Y, the integra-
tion by part yields

P— . —_ — . . 2— ] 2
|, 0 V9)9= /Qf(u Vo)p= /Qf(u Vo)p+ /rf(” mg*— [ divug’. @12
Since divu =0, we know that
1
/Qh(u-ng)(,b:E/rout(u-n)gbzzo Voey. (3.13)

Next, from (3.7), it is easy to see that ¥ (t) =h|t|>t+ At satisfies

W' (t) =4h|t]>+A>0.
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This indicates that ¥ is an increasing function. Careful calculations show that
[F(v)—¥(w)](v—w)> |v W)’ +Alo—w|. (3.14)
If follows that

[¥(¢+60)— (90)]¢> P +Alpl VopeY.

By the definition of 4 and the assumptions in (1.4), we find that

(Lp,p) > %Cp 191172 (0y) +emin [ V172, +§ 11135,y > C (1913 + 19 135(r,) )
This completes the proof. O
Lemma 3.4. The operator L: Y —Y' is strictly monotone in the sense that

o 2 h 5
(Lo—Lw,v—w)>min(T" Cp,kmin)|[[0—w||j1(q,) + 3 lo—wl|75r,) VoweY.
Proof. From (3.14), the nonlinear term satisfies
(¥ (0-+00) —¥(w+60)] (0—10) > & [o—wf+ A fo—wf’
Furthermore, using (3.13) and the fact that #-n >0 on I'pyt, we have

(Lo—Lw,o—w)= 1/ Co(v—w)*+ Q]u-V(v—w)(v—w)+ Q]K]V(v—w)lz

+/ (0-+680) — ¥ (w0+60)] (U—w)—i—/routcp(u-n)(v—w)2
> 2Cylfo— |t minlo— 0B + e o,
This completes the proof. O
Lemma 3.5. The operator L: Y — Y is hemi-continuous, namely,
F(t)=(L(u+tv),w)
is continuous on [0,1] for any u,v,weY.

Proof. For convenience we write u(t) =u+tv. For any ty € [0,1], from (3.7) we have

¥ (10(8)) — ¥ (1e(t0))| < Bl (£)o] [202(8)+ u(E)ua(to) 2 (o)) [t kol < k(] + [o])* [t~ o).
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Then it is easy to see that
|F() =F(to) | = [(Lu(t) = Lu(to),w)]
<|t—to| / CP‘E—Fu-Vv‘]w]—I—/ K|V0-Vw|+/ Co(u-n)|ow|
L Qy T Qy Tout _

+ . |‘I’(u(t)+90) —T(u(to)+90)| |w|

<|t—to| / CP‘E—Fu-Vv‘]w]—I—/ K|V0-Vw|+/ Co(u-n)|vw|
L/ Yy, T Q Tout |
Hlt—tol [ 4n(lul-+[o])* o]

This shows that F(t) is continuous for any u,0,w €Y. O

4 A regularized problem

Notice that the righthand side of (3.8b) requires ¢ € L*(();,) and makes the problem dif-
ficult to analyze. To overcome the issue, we first study the regularized problem: Given
0<e<1, find R€ L*(0,T;X) and n € L2(0,T;Y) such that R(0) =0, 7(0) =0, and

R OH
y/og-v—k/ﬂcr(n)curlR-curlv——y/ﬂwm VveX, (4.1a)

N _ 2
/Qth <§+u-V17> go+a(17,q0)—/0h [r(;y)|curlR] LqH—J-"(q)) VoeY, (41b)

where [g]. is the cutoff of g defined by

g

=—2__ >0
1+elg]

[8le:

It is clear that [g], € L®(Q)). If g€ LP(Q2), then

l{%”[g]e_gHLp/Z(Q):O, 1<p<oco.

Without causing confusions, we have used the same notations for the approximate solu-
tions here. The purpose of this section is to prove the existence of the solution to (4.1).
4.1 Semi-discrete approximation

We shall use Rothe’s method (cf. [19]) to study the solution of problem (4.1). Let N be a
positive integer and let an equidistant partition of [0,T] be given by

t,=nt, n=0,---,N, 7=T/N.
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The semi-discrete approximation to (4.1) reads: Given Ry =0 and 79 =0, find R, € X and
0,€Y,1<n<N, such that

R,—R, 1 B SH
y/ﬂ - v+/ﬂr(17n,1)curan curlv= ‘u/ﬂ 5 (4.2a)

/cp<7’7”_’7”1+u~V11n>(p+a(v7n,qo)=/ [r(nn_l)!curanF] ¢+F(¢), (42b)
Q, T 0 ¢

forall ve X and ¢ €Y, where % denotes the finite difference operator

5Hf _ Hf(tn)_Hf(tnfl)
ot T

il’l [tn_l,tn).

Clearly (4.2) can be solved sequentially, that is, the solution of (4.2a) is independent of
(4.2b) for a given #,_1. We shall study (4.2a) first and then study (4.2b) for given curlR,,.
4.2 Well-posedness of for the discrete eddy current problem

Let R; and R; denote the piecewise constant and piecewise linear interpolations using
the discrete solutions, namely,

Re(-t)=Rn,  Re(t)=Li(t)Ry+(1—1,(t)) Ry, (4.3)
for any t€ (t,_1,t,] and 1 <n <N, where [,,(t) := (t—t,_1) /7. Clearly we have
R.€L?(0,T;X), R.€C(0,T;X).

Lemma 4.1. For any 1<n <N and for given ,,_1 €Y, the weak formulation (4.2a) has a unique
solution R, € X.

Proof. First we write (4.2) as: Find R, € X such that

6H
(Rn,v)+£(r(17n_1)curan,curlv) = (Rn_l—r(s—tf,v> VoveX. (4.4)

Note that 1/ 0max <r(7,-1) <1/ 0min in Q. The left-hand side constructs a coercive bilinear
form on X. Moreover, the righthand side constructs a bounded linear functional on X.
An application of the Lax-Milgram lemma shows that problem (4.4) attains a unique
solution. O

Lemma 4.2. There is a constant C depending only on Q)., T, and material parameters such that

IRl (0, ;12(00)) [ €url Re[| 20 7,12 (0)) < C [ Hl] (0TSL2(00))” (4.5)
IRl 0,722 () + €L R [l 12, 7,12 0y) < C || Hp | (0,T;I2(Q))" (4.6)
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Proof. Setting v =R, in (4.4) shows that

0H
(R,—R,_1,R,)+ % (rp_1curlR,,curlR,)=—1 (5—tf,Rn> , 4.7)

where r,,_1:=7r(60,_1). Using the initial value Ry =0 and the inequality
Z(Rn_Rn—ern) > HRnHi2(Q) o HRn—1H%2(Q)

we have

m
1
(Rn_Rnfern)Z EHRmH%}(Q)' (4'8)

n=1

Remember that 1/0max <7(0,_1) <1/0min. Summing up (4.7) with 1 <n <m yields

m
ZTchrlR ||L2 <)t
n=1

Ho; max ,—1

1 2
2 ||RmHL2(Q)

—fH IRull,2
t LZ(Q) L (Q)

D) m
= HHfHHl(o,T;LZ(Q))+ Z:lTHRHHiZ(Q)
n=

An application of Gronwall’s inequality proves (4.5). Furthermore, (4.6) is a direct conse-
quence of (4.5). O
4.3 Well-posedness of for the discrete heat equation

Similarly, we define the piecewise constant and piecewise linear interpolations for the
temperature function

e (1) =1, He(ot) =L () + (=1 (£) ) 1101, (4.9)
for any t € (t,_1,t,] and 1 <n < N. For convenience, we also write
Ac(t) =7 (t—T) =1p—1 Vte (ty_1,tu)-

Lemma 4.3. For any 1<n <N and for given R, € X, the weak formulation (4.2b) has a unique
solution n, €Y.

Proof. From (3.11), (4.2b) can be written equivalently into an operator equation
EY]H :fn/ (4-10)
where f, €Y' is defined by

{fur ) / Coln-— 1(p+/ r(f1n-1) |curl R, I] ¢+F(9).
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From Lemma 3.3, Lemma 3.4, and Lemma 3.5, we conclude that £ is a coercive, strictly
monotone, and hemi-continuous operator on Y. From [21, Theorem 26.A], problem (4.10)
has a solution 77, €Y.

Now we prove the uniqueness of the solution. Let 7,,,77,, €Y be two solutions of (4.2b).
Using Lemma 3.3, we have

8 _ o . h 8
0= (Ljn— L, n— 1) = min(T 1Cp/Kmin) 1170 —1in H%—Il(ﬂh) + ] 1170 — 17 HiS(rr)-
We conclude #,, =17j,, in (). Then the solution is unique. O

Lemma 4.4. Then there exists a constants C > 0 depending only on €, T, |||y~ 1.1 ()
160|111 (), and the material parameters such that

117\l o (0,200 NV | 20, 512000,y F e N s 0,75, )) < Co (4.11)
177l Lo 0,7,02(00)) 1 VT 20, 7020000)) F 17T 150, m505(r,)) S C- (4.12)

Proof. Recall from (3.13) and (3.14) that

h
[ Colw V=0, [ P (00) =¥ (80) = gl
h

r

Taking ¢ =1, in (4.2b), we find that

C h
S Ot [ Vg [l < [ [ lewntRaP] et ).

(4.13)
The first term on the left-hand side of (4.13) satisfies
C C C
2—P__>/_PZ_/—P_2. 414
e R e N I (4.14)
For any € >0, the first term on the righthand side satisfies
2 Q]
e eunt o] ) < . (@15
The second term on the righthand side can be estimated as follows
| F (7)) SCHGOHLw(rOm) HMHLZ(FOm) H’7nHL2(I‘0ut)
+C H”HLé(Qh) V60 HLZ(Q,Z) |77 HL3(Q,1) +C HVGOHI}(Q,,) V17 HLz(Qh)
<Cl[#nl 1 (cry) (4.16)

where the constant C in the last inequality depends only on [[u([ ;o 1,¢1(0y,)) 001l 11 ()
and the material parameters.
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Now inserting (4.14), (4.15), and (4.16) into (4.13) and summing up the result for 1 <
n<m,we get

S ’QC|
€

m h m
). T\\Vﬁn\\iz(o,,)+§ Y- tlmallzsr,)
n=1 n=1

ZTHWHLZ(QC)+C THWHHl(Qh)'
n=1

n=1

Then there exist two positive constants Cy,C; depending only on €, T, ||u|| L= (0,T;H ()7
160|111 (), and the material parameters such that

m

[117m ||%2(Qh) +) T|‘V’7n|‘i2(n,,)+ ZT||’7nHEIi5(r,) <Co+Ci ), TH’?HHiz(Qh)- (4.17)
n=1 n=1

n=1
By Gronwall’s inequality, we have
HUWHLZ(Qh)SC V1<m<N.

Inserting the above estimate into (4.17) leads to

m

m
XTIVl 20 + o Tllls,) <C.
n=1

n=1

This shows (4.11). Similarly, (4.12) comes directly from (4.11). O

4.4 Existence of the solutions to the regularized problem

Since the solutions are discrete in time, Lemma 4.2 and Lemma 4.4 indicate that

||RT||L2(Q)+ ||Cu1‘1RTHLz(Q)+ HRTHLZ(Q)+ chrlRT||L2(Q) SC, (418)
H’?THLZ(Q,,) + ||V777||L2(Qh) + ||’7THL5(5,) <C, (4.19)
H’7THL2(Q,,) + ||V777||L2(Qh) + ||’7THL5(5,) <C, (4.20)

where C depends only on €, T, HfHHl(O,T;LZ(Q))’ 24| (0,512 (03y)) 1601 112, andl the

material parameters. By (4.18), there exist a subsequence of {R.} and a subsequence of
{R+}, which have common subscripts and are denoted by the same notations, such that

R;—R, R;—R in L*(0,T;X),

where R € L?(0,T;X) and “—” denotes weak convergence of the sequences. Similarly,
by (4.19) and (4.20), there exist a subsequence of {7} and a subsequence of {7} with
common subscripts such that

171'_\17/ 7/]747] in LZ(O,T;Y)
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Furthermore, since L?(Q), L%(Qy,) are embedded compactly into L'(Q), L'(Q},) respec-
tively, we have

R;—R, curlR;—curlR in L'(Q), #.—n in LY (Qy), (4.21)

where “—” denotes strong convergence of the sequences. In this subsection, we shall
prove that the limits R, 77 solve the regularized problem (4.1). Without causing confu-
sions, we shall always use {R:}, {R:}, {7:}, {1} to denote their convergent subse-
quences in the rest of this section.

Theorem 4.1. The limit function R solves the weak form of eddy current model (4.1a) with the
initial condition R(0)=0.

Proof. Remember that VC*®(Q))+Cy’ (Q) CX. For any v(x,t)=w(x)¢(t) withweVC®(Q))+
Cy(Q) and € Cy(0,T), from (4.2a) we find that

”/ o

It is clear that the first term on the left-hand side satisfies

lim aRT-v:—lim Rr'a—vz—/R-a—v: a—R-v.
=0JQ Ot 70.JQ ot ot Jg ot

0H
JeurlR;-curlo=— y/ e (4.22)

(4.23)

For the second term, since r is Lipschitz continuous, from (4.21) we know that

r(fc)—r(y) ae.in Q.

Since r is bounded and curl R, converges to curl R strongly in L'(Q), it follows that

lim [ 7()curl R;-curlo =1lim r(ﬁr)curlR-curlv:/r(iy)curlR'curlv. (4.24)
—=0JQ —=0JQ Q

Moreover, by the Lipschitz continuity of f, the source magnetic field H is also Lipschitz-
continuous in time. This yields

lim (4.25)
7—0 Q

From (4.22)-(4.25), we get

oH
y/ a—R-w—i—/ r(n)curl R-curlw = — y/ —w
Q ot Q

By the arbitrariness of ¢, the above equality yields

oH
‘u/ﬂaa—lf-w%—/nr( curlR- curlw-—y/ —w VweVC®(Q)+Cy(Q).
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By the density of VC*(Q)+Cq’(Q)) in X, we conclude that

oH
y/ﬂ%—f-w—k/(}r( curlR- curlw-—pt/ T w VweX.

It is left to show that R satisfies the initial condition. Take any w € Cy’(Q2) and let
v(t) = (T —t)w. Using integration by part, we have

"o ! T 1 9R
T/QR(O)-w_—/O /QE(R'”)_/O /QR'W_/O /Qg'v
_TIE%/O /Q T-w—l—/o /Qﬁ[r(iy)cur -cur v—i—yT.v}

By arguments similar to (4.24)-(4.25), we can prove that

/ / {r( )curlR- curlv—Ht—at v} —hm/ / {r(ﬁr)curlRT-curlv%—y—& -v]
0o Jo

7—0

——lim// aRT
o —0 QV

Combining the above two equations yields

T/K)R(O)-wzligé[/OT/QR //aRT }_LI%T R.(0)-w=0 YweC(Q).

This shows that R(0) =0 in Q). The proof is completed. O

Theorem 4.2. The limit function y solves the weak heat equation (4.1b) with the initial condition
1(0)=0.

Proof. For any ¢(x,t)=v(x)¢(t) with pe YNC*®(Q)y,) and € C5(0,T), from (4.2b) we find
that

o _ , _ _
/Q Co (%%—u-VnT) q0+/ KVﬂT-V(;)+/ ‘I’(171+90)§0+/5 Co(u-n)ijrq
h out
/ () leurl R, "] g+ / ¥ (60) g+ / (4.26)
By arguments similar to (4.23), we have

onr 7
lim [ o5 o= / [ G5 (4.27)

By the weak convergence of 7j; in L2(0,T;Y), we have

lim [Cp(u-Vﬁr)(p—I—KVﬁT-Vgo]:/ [Co(u-V)p+xV1y-Vol. (4.28)

=0JQ, Qn
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Since L>(S,) is embedded compactly into L*(S,), we know that 7j; converges strongly to
17 in L*(S,), and thus

lim [ ¥ (7 +60) 9= /5 ¥ (1 +60)g. (4.29)

=05,

By Lemma 4.4, /j; is uniformly bounded in L?(0,T;L?(Ty)) and thus in L?(Soyu), so it
has a subsequence which converges weakly to 77 in L?(Sout). Then we have

lim Cp(u-n)ﬁfgoz/ Co(u-n)ne. (4.30)

70 Sout Sout

Now we consider the righthand side of (4.26). Since 7j; converges strongly to # in
L'(Q,) and curl R; converges strongly to R in L'(Q,), we know that

lim [r(ﬁf) ]curll_{r|2]€: {r(;y) ]curlR|2L a.e.in Q..

7—0

Since [r(jr) |cur1RT|2] . is bounded uniformly with respect to 7, we have

lim [ [r(7c) leurl Re '] o= /Q () |curl R o. (4.31)

—0JQ, B

Inserting (4.27)-(4.31) into (4.26) shows that

/Q,,C” (2_7“"“7) ¢+/0Tﬂ('7f¢>=/g [r(n)!curlRF]eqH/on(qv).

c

Similarly, by the arbitrariness of ¢, it yields

d
/Q Cp<a—1z+u-V17>v+a(17,v):/Q [r(iy)|curlR]2] v+F(v) YoeYNC®(Qy).
h c €

By the density of YNC®(();,) in Y, this shows that

on _ 2
/Qth <§+u V17> v+a(17,v)—/0 [r(;y)|curlR[ LZH—J-"(U) VoeY.

C

Moreover, by arguments similar to those in the proof of Theorem 4.1, we can prove
that 7 also satisfies the initial condition #7(0) =0. O

4.5 Stability of the solutions to the regularized problem

Now we prove some stability estimates for the solutions of the regularized problem. They
will play the key role in the study of the well-posedness of (3.8).
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Lemma 4.5. There is a constant C depending only on Q)¢, T, and material parameters such that

HRHL"“(O,T;LZ(Q)) +|[curl R|| 12(Q) <C HHfHHl(O,T;LZ(Q))'

Proof. Taking v=R in (4.1a), we find that

. LI
2at/ R| +/ ) |curlR| __/” ot

Integrating the above equality with respect to 0 <t <s and using the Cauchy-Schwarz
inequality leads to

/y|R )| +// 1) |curl R|* <CHHfHH10TL2 +//;4]R )? Vselo,T).
An application of Gronwall’s inequality yields
2
/Qy]R(s)]ZSCHHJ:HHI(O,T;LZ(Q)) Vse[0,T].

Taking s=T, we also have

/Q r() |C“ﬂR’2 <C HHinIl(O,T;LZ(Q))'

The proof is completed. O

Lemma 4.6. There exists a constant C only depending on |[u|| = r.m (q,)) @nd the material
parameters such that

4 2
10w 0,1,0100) F 111125y < C I 0,222y C IV 0l a0
Proof. First we define
1. .
8y(s) = sign(s)min(js], 7).

It is clear that g, is a bounded, absolutely continuous, and increasing function in R. For
any w €Y, it is easy to see that g, (w) € Y and

1 . . .
Vg, (w) :X{erhz\wK’Y};V?’U’ Al/lg})gv(w) —sign(w) a.e.in Q. (4.32)

Here X {xeq:w|<y) 1S the characteristic function which satisfies

1 if|lw[<y,

X{xeQy:|lw|<y} = {0 if |ZU| > .

https://doi.org/10.4208/cicp.OA-2016-0194 Published online by Cambridge University Press


https://doi.org/10.4208/cicp.OA-2016-0194

702 X. Lietal. / Commun. Comput. Phys., 22 (2017), pp. 683-711

It is easy to see that g, (w) €Y forany weY.
Taking the test function by ¢ =g, () in (4.1b), we have

[ Co(SEun) sy n-+atng, ()= [ [ronlewrtRE] g, ()+F (3, (). 439

C

We shall analyze (4.33) term by term. By the convergence in (4.32), we find that

d
li == . 4.34
'ylg(l) 0, Patg’)/ / CP ot Slgn ) of /thp’m (4.3 )
Let G, ( fo g+(s")ds’ be one primitive function of g, (s). It is easy to see G, (1) =0 on

Iin and thus G, (1) 6 Y. Since divu=0 and C, is constant in ()¢, we find that

/thp”'vﬁgw(’?):Cp/nfu‘VGw(U):Cp/rm(”‘")cv(ﬁ)

Thus we deduce that

1l
Cou-V <Gl : in(Ls/7)ds< [ Couenly].
/ u- 17g7(17)' p lim, routu ") min(1,s/y)ds < o paal

hm

Now we consider the second term on the left hand side of (4.33). From (4.32) and
(3.14), we have

1 2
V-V :_/ x w \% >0,
/th 1-Vgy () > Jo, Kl <36 V7|
. h
lim | [¥(5+60) =¥ (80)1g+ (1) = g IllLscr,y + A 1l oy

7—0JT,

timy [ Cyluwmg, ()= [ Colam)ll.

Y—=0JT oy

Combining all the terms above, we get

. h a4
}Ylg})“(’?/gv(ﬂ)) 2 3 H’?HL‘*(F,)‘H‘||77|‘L1(r,)+/routcp(”'") 7] (4.35)

From the definition of [-], it is easy to see that
‘/ 1) |curl R| ] i )‘g/ﬂ r(17)|cur1R]2gCchrlRHiz(Qc). (4.36)

Remember that V8 € H(div,();) and |g, (17)| <1. There exists a constant C >0 depending
only on (), such that

a0
6000V )| <| [ VOV ()| | [ 550000] < CleTe0llnan
Qh Qh Iwh n
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With a constant C >0 depending only on (), and the material parameters, we have

out

Flg (1< [ Cotwmto [ ColurVenl+| [ 98-V, )
h h
<Cllull 2y 10l 1 (2, +CNIKV Ol r(aiv, ) - (4.37)
Finally, inserting (4.34), (4.35), (4.36), and (4.37) into (4.33) leads to

0 h 4 5
g/ﬂh Colnl+gInllLsr,) = Clleurl R[[12 ) +Cl[xVOo | a0 -

The proof is completed by integrating the above inequality with respect to 0 <t <s for
any s € [0,T| and using Lemma 4.5. O

Lemma 4.7. There exists an constant C > 0 depending only on u and the material parameters
such that

x| Vi|® )
/Q,W_CHHfHHloTLz ) TCIEVE 12, 0<y<1.

Proof. First we define g(s) =sign(s)[1—(1+]s|)~7]. Clearly |g| <1 and we have g(w) €Y
for all we Y. Then it is easy to see

¥Vw

V) = i

Let G be the primitive function of g defined by

E 1 1
G(s :/ s')ds' = +|s|+ 1+[s)) "7 1 >o0.
(s) Og() = s 7_1( s]) >
This shows that

/ /Q 318 :/OT% QthG(w:/QthG(n(T))zo.

Since divat=0 and supp(u) =)y, the second term can be estimated as follows

/OT/Q,,CP(u‘v’?)g(U):CP/OT/qu.VG(ﬂ):CP/OT/FOM(M.H)G(”)20'

Taking the test function by ¢ =g(7) in (4.1b) and using the two inequalities, we get
/QKVUV8 —I—/ (n+60) — +/ o(u-n)ng(n)
h

g/Q [ (n )|cur1R[ +/ (4.38)

c
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The first term on the left hand side satisfies

x| V|
V-V :/ — 4.39
Jo, <7180 = f, W &3

By (3.14), the second term is also non-negative, in fact, the integrands satisfy
o (h
¥ 060 =¥ @0)lgln) = [1- (1 1) 7] (Glal+alnl) 20, @)

It is easy to see that

/ Cp(u-n)ng(v)Z/r Cp(u-n)[n] [1—(1+1y])~7] >0. (4.41)

out out

It is left to estimate the righthand side of (4.38). From (4.5), the first term satisfies

/Q[r(q)]curlR|2]€g(17)§/Qr(17)|curlR]2§CHHinll(OIT;L2(Q)). (4.42)

The second term on the righthand side is estimated as follows

! yvyf ]
F </ Colu-Voo|+|xVe / . 4.43
/0 (8n)) < Q ol Vool KV ollzzqa, Q. (1+[n[)r+ 449
Finally, inserting (4.39)-(4.43) into (4.38) completes the proof. O

Lemma 4.8. Suppose 1 <q<5/4. There exists a constant C >0 depending only on u, q, and the
material parameters such

1171l 3030y H I VAl o) < C-

Proof. Take p=4q/3 and g1 =3q/(3—¢q). By the Cauchy-Schwarz inequality, we have

1-4q/3
/
/IC B <Cln®7a,) [/ It !‘“] : (4.44)

By the embedding of W1(Q)) into L7 (Q)) and using Poincére’s inequality, we have

1—q/3
[ 0| <Cllaa, €IV,
h
From Lemma 4.6, it is clear that
/3
[ 11 <CUIE o sy 19 i) <CU Vg, - (4.45)
h
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5—4q

Take v = —~. Then clearly p = (1+7)

= 4 From Lemma 4.7 and the Cauchy-Schwarz
inequality, we have

q/2 1-q/2
ik [ ] 17
Vil < / v / 1+
Qh’ 17’ [Qh (1+’77’)1+7] Qh( |17|)

1-q/2 (1 /2
<Clt+lnlg,] <GVl

where C;,C; are positive constants depending only on g, u#, and the material parameters.
If C2|\V77||p (1= q/z < (Cy, we have

1Vl 0, <2C1-
Otherwise, we have
V715 2q Y /3<2C2.

This shows that || V]| 14(q,) < C. Finally, (4. 45) implies |77 1y (,) <C- O

5 Well-posedness of problem (3.8)

The purpose of this section is to prove the well-posedness of problem (3.8). The main
idea is to study the limit of the solution of (4.1) as the regularization parameter € — 0. To
emphasize the dependency of the solutions on €, we append them with the subscript €,
that is, denote the solutions by (Re,#). Then problem (4.1) can be rewritten as follows:
Find R, € L?(0,T;X) and 7. € L?(0,T;Y) such that R.(0) =0, 7(0) =0, and

”/ ot

9
/ c <a17:+u vve> (p+a(f7€,qo)=/0 (1) [curlRe*| p+F(g) VYoeY. (51b)
h €

r(1e) curl Re - curlv——y/ v VveX, (6.1a)

From Lemma 4.5, there exist an R € LZ(O, T;X) and a subsequence of R, denoted by
the same notation such that

R.—R inL*(0,T;X), Rc.—R, curlR.—curlR in L'(Q). (5.2)

Furthermore, from Lemma 4.8, there exists an 7 € W1(Q},) and a subsequence of 7, de-
noted by the same notation such that

e—n in WY(Qp,)  Vge[l,5/4). (5.3)
Since r is bounded and Lipschitz continuous, we know that

r(ne) —r(n) ae. in Q.
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Theorem 5.1. Let R be the limit of the approximate solutions R as € — 0. Then R satisfies the
weak formulation (3.8a) together with the initial condition R(0)=0.

Proof. The proof is parallel to that of Lemma 4.1. We omit the details here. O

Lemma 5.1. There exists a subsequence of R denoted still by the same notation such that

=0.
L'(Q.)

lim Hr(ne) \curl Rc|*—r() |curl R|?
e—0
Proof. Let ¢ € H(Q) /R solve the elliptic problem

/Qnge-Vgo:/Q(Re—R)-Vgo Ve H'(Q)/R.

It is clear that we:= Re—R—V ¢ € Hy(div,QQ)NH(curl,Q)) and divw, =0 in Q). There
exists a constant C >0 independent of € such that

||w€(T) ||H(cur1,Q)+ ||lp€(T) HHI(Q) <C ||R€(T) _R(T) ||H(cur1,Q) <C

By the compact embedding of Hy(div,Q))NH(curl,Q) into L?(Q) [2], there exist a w € X
and a subsequence of w,(T) denoted by the same notation such that

lim|0e(T) ~ 0]l 2 =0. (5.4
Since R — R in L?*(0,T;X), we know that
pe—0 in L*(0,T;HY(Q)), we—0 in L*(0,T;X).
This shows that w =0 in Q).

Since curlw, = curl (R — R) is supported only in ()., taking v =w, in both (3.8a) and
(5.1a), we find that

J(R.—R
[ r2 R ok [ ) ewntwoeP= [ ()= rOrc) ewrl R-curl o

Since div(we —w) =0, the first term on the left hand side satisfies

/Q‘uiat 'we—ig/ﬂﬂfwe’ +V/va‘we—§§/ﬂﬂfwe’ :

This shows that

10 5 -
Eg/ﬂﬂwe’ +/01’(11€)lcurlw€| —/0[7’(77) (¢ )] curl R- curl we.
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Integrating the above equality in time on [0,T], we get

1
E/Qy|we(T)|2+/Qr(17€) ]curlwe|2:/Q[r(17)—r(ne)]curlR-curlwe.
Since 7(1¢) converges to (1) a.e. in Q and curlR € L?(Q), we know that

lim/] —7(5¢)||curl R|* =0.

e—0

Therefore, the righthand side tends to zero as € — 0. Together with (5.4), this yields

lim [ r(y¢)|curlwe|*=0.
e—0JQ.

Finally, we conclude that

lim/ ‘r(ne) lcurl R[> —r(7) |curlR[2‘

e—0JQ

<lim r(17€)|curlwe]2+lim/ 7(¢) —7(n)]|curl R|* =0.
e—0JQ,

e—0JQ

This completes the proof. O

Theorem 5.2. Let 1 be the limit of the approximate solutions ye as € — 0. Then 1y satisfies the
weak formulation (3.8b) together with the initial condition 1(0)=0.

Proof. First we define, for any y >0,

1 S
gv(s)‘sz Gn,(s)::/Ogn,(s’)ds’, s€(0,+00).

Clearly G, is a primitive function of g, and they satisfy |g,| <1, |G,| < T. Since 7. — 7 in
W16/5(Q;) as € =0, it is easy to see g (17c) — g (1) in W/3(Qy,). Then G, (17¢) — G (1)
in W%/5(Qy,). Moreover, since g, (7¢) and G, (77¢) are uniformly bounded with respect to
€, we infer that

Sy(ne) = 84(n),  Gy(17e) — Gy (77) a. e.in Qy.
For any v€ C3°(0,T;YNC*®(€)) ), we write

Pe=08,(11e), Q=08 (1).

Clearly we have ¢, — ¢ a. e. in Qj,. The proof consists of two steps.
Step 1. Passage to limit as ¢ —0. From (5.1b), we have

o1¢
/Q C ( a'7t tu V;75> q)e+/ KV 1je- V(pe+/ (e +60) (pe+/ (1117 e
h

:/Qc {r(ne)]curlRA eq)g—F/SrT(Qo)qDe-F/O F(@e)- (5.5)
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It is easy to see that

) Me .. 8G7(17€) v v
gt thpw%—lﬁ% o g o=l GG gr == [, G

9
G a’z 0. (5.6)

Since G (17¢) — G, (17) in W/3(Q;) and u € L°(Qy,), we have

e—0

lim/ Cou- Vneq)e—hm/ Cou- VG, (176)0 / Co- VG )v:/ Cou-Vig. (57)
Qn
From (5.3), the second term on the left hand side of (5.5) satisfies

lim Kvﬂe'vﬁoe:yj{é/(g kgy () Vije-Vo—lim % Vie|*v
h

e=0JQ, e=0JQ, (1+'Y77€) | ¢

— [ « V-VU—/iv v:/xv-v. (5.8)
/Qh gy (M) V1 Qh(1+w4)2’ 1l o, VIV

From Lemma 4.6, there exists a subsequence denoted by the same notation such that
e — 1 in L3(S,). This implies that

(h|17€+90]3+)\)g7(17€) — (h|17+90|3+/\)g7(17) a.e.in S,.

The third term on the left hand side of (5.5) satisfies

lim ‘I’(17€+90 goe—/ Y(n+6o) 0. (5.9)

e—0

Moreover, Lemma 4.8 indicates that 7 is uniformly bounded in L8/5(S,y;), thus attains
a subsequence converging to 17 in L*/3(Syy). Since u € L®(0,T;H'(Q);)), we have u €
L®(0,T;H?(Tout)) = L*(Sout). Then

lim Cp(u-n)neq)e:/ Co(u-n)ne. (5.10)

=0 Sout out

For the righthand side of (5.5), from Lemma 5.1, we easily get

lim [

e—0

/Q {r(ne)]curlRe|2]€qog+/Sr‘I’(90)q)e] :/Q r(17)|cur1R]2(p+/Sr‘I’(90)qo. (5.11)

From (3.10) and the convergence of G, (), we have
T T
lim [ F(pe)= /0 F(o). (5.12)

e—0J0
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Inserting (5.6)-(5.12) into (5.5) leads to

d
/Q Co (a—z+u-Vn> (p+/ KVU-V(;H—/ ‘I’(17+90)(p+/5 Co(u-n)ne
h out
_/ 7)|curlR| q0+/ ¥ (6)) q0+/ (5.13)

The initial condition #(0) =0 can be proved similarly as in the proof of Theorem 4.1. We
do not elaborate on the details here.

Step 2. Passage to limit as v —0. Notice that g,(r7) =1 a. e. in Q) as y — 0. This
implies

. 47K773 2
1 ViV lim / AT g2 =0,
713}) QhK ’7 87(’7) 7—0 Q (1+’)’77 )2’ 77’

We find that

o _ o
Al/lg})[/ C (at +u- V17> P+ KVU'VQO:| _/th <8t +u- V17>v+/ kVn-Vo.

Since [[77e || 14(s,) <C, there exists a subsequence such that ||| 4 g% 17el[ 13s,) < C- We
€

conclude that

hm{ ¥ (1+60) q0+/ (u- n)nq)] :/s ‘I’(17+90)v+/s Co(u-n)no.

¥—0

Similarly, the righthand side converges to

T
/ r(17)|cur1R]2v+/ ‘Y(Go)v+/ Flo
Qc Sy 0

Collecting all the above equalities and using (5.13), we finally get

0
/ Cp<a—1z+u-V17>v+/ KVU-VIH—/ ‘F(n+90)(p+/s Co(u-n)no
_/ 7)|curlR| v+/ ¥ (6)) v+/ YoeCP (0, T;YNC® ().
By the arbitrariness of v, we conclude (3.8b). O

Now we present the main result of this paper.

Theorem 5.3. Let R,y be the limits of Re,ne given (5.2) and (5.3) respectively. Then (R,n)
solves the weak problem (3.8). Furthermore,

171 L9300 H IV i) H IR 20 m(cart,0) SC - VGE[L5/4),

where the constant C depends only on ||V 60o|| g (qiv.00,)r 14l 10,180 ()

(0,T;1%(Q0))’
T, q, and the material parameters.
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