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Abstract. An efficient adaptive time stepping method is proposed for transient dynamic

response analysis, which is frequently encountered in civil engineering and elsewhere.

The reduced problem following the spatial discretisation can be discretised in the time by

a C0-continuous discontinuous Galerkin method, and the adaptive time stepping strategy

is based on optimal a posteriori error estimates developed using the energy method.

Some numerical experiments demonstrate the effectiveness of our approach.
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1. Introduction

It is often important to investigate the time-dependent changes of dynamical systems

(their transient response), such as in structure analysis in civil engineering [7]. The under-

lying mathematical models typically involve a system of second order partial differential

equations, which after spatial discretisation by finite element, finite difference or spectral

methods reduce to a system of second order ordinary differential equations (ODE) — e.g.

see Refs. [3,12,14,19,20,27,30].

The semi-discretised transient dynamic response problem we consider is as follows. For

any real T > 0, find u : [0, T ]→ Rd where d is the spatial dimension such that






Mu′′ +Cu′ + Ku= f , 0< t < T ,

u(0) = u0 ,

u′(0) = v0 .

(1.1)
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Here the prime denotes differentiation with respect to time; M, C and K are the d×d global

mass, damping and stiffness matrices of the dynamic system, respectively; u, u′ and u′′ are

d × 1 nodal displacement, velocity and acceleration vectors; and f is a load function from

[0, T ] into Rd .

There are many numerical methods for solving the ODE system (1.1). The most widely

used include modal superposition [9, 17] and direct-time integration methods such as the

Runge-Kutta, central difference, Houbolt, Newmark-β and Wilson-θ procedures — e.g.

see Ref. [14] and references therein. Space-time finite element methods provide another

widely explored approach for solving second order time-dependent problems [11,15,16].

The time-discontinuous Galerkin (TDG) method [11, 18] produces solutions for the dis-

placement and velocity fields together — but it has the disadvantage that an ill-conditioned

4 × 4 block system must be solved at each time step, which is time consuming. To over-

come this drawback, some C0-continuous time stepping methods were introduced, where

the primal variables are involved but only a 2 × 2 block system has to be solved at each

time step [22, 23]. Based on this approach, an adaptive method was proposed for solving

second order abstract evolution problems where optimal a posteriori error estimates are

established [13]. In conjunction with an error equi-distribution strategy and some ideas

from the Runge-Kutta-Felberg method, an adaptive time stepping method was produced.

In passing, we note that some efficient adaptive time-stepping methods were introduced to

simulate the long time dynamics in the molecular beam epitaxy (MBE) model and for the

Cahn-Hilliard equations [10,29,32,33].

Here we extend the work in Ref. [13] to develop an adaptive time stepping method for

the problem (1.1). Our new contribution is twofold. Although the time discretisation is the

same, the derivation of optimal a posteriori error estimates is greatly simplified by using the

Hermite interpolation polynomial instead of the Legendre polynomial. Our adaptive time

stepping method developed from these error estimates is then shown to solve some prac-

tical problems very well. The time stepping finite element method for transient dynamic

response analysis is discussed in Section 2, and in Section 3 the a posteriori error analysis

is given in detail. The adaptive algorithm based on the a posteriori error estimators is pre-

sented in Section 4, followed by its application to the practical problems in Section 5 and

our concluding remarks in Section 6.

2. The Time Stepping Finite Element Method

Throughout we assume that M and K in problem (1.1) are symmetric positive definite

matrices, and that C is a positive semi-definite matrix. We suppose that

u0, v0 ∈ Rd , f ∈ L2(0, T ;Rd). (2.1)

We use a standard time stepping method to discretise problem (1.1) — e.g. see [13,22,23].

Thus we first partition the time interval I := (0, T ) with the nodes

0= t0 < t1 < · · ·< tN = T
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to get the subintervals given by

Jn = (tn−1, tn] , kn = tn − tn−1 , 1≤ n≤ N .

Define

V2 =

�
v : Ī → Rd ; v ∈ C(Ī) , v|Jn

(t) =

2∑

j=0

t jw j , w j ∈ Rd , 1≤ n≤ N

�
,

W3 =

�
v : Ī → Rd ;v ∈ C1(Ī) , v|Jn

(t) =

3∑

j=0

t jw j , w j ∈ Rd , 1≤ n≤ N

�
,

Hq =

�
v : Ī → Rd ; v|Jn

(t) =

q∑

j=0

t jw j , w j ∈ Rd , 1≤ n≤ N

�
, q = 1,2,4 .

Let V2(Jn) and W3(Jn) consist of the restrictions to Jn of the element of V2 and W3, re-

spectively. Similarly, denote byHq(Jn) the restriction of Hq to Jn. Thus our time stepping

method for the problem (1.1) is to find U ∈ V2 such that





∫

Jn

�

U′′, w′
�

M
+


U′, w′
�

C
+


U, w′
�

K

�
dt +


U̇n−1
+ − U̇n−1

− , ẇn−1
+

�
M

=

∫

Jn



f, w′
�

dt ∀w ∈ V2(Jn) , 1≤ n≤ N ,

U0 = u0 , U̇0
− = v0 ,

(2.2)

where

〈a,b〉 := bTa , 〈a,b〉A := bTAa , ∀ a,b ∈ Rd , A ∈ Rd×d ,

ẇn−1
± := lim

s→0+
w′(tn−1 ± s) , wn−1 :=w(tn−1) . (2.3)

Since U ∈ V2, for any t ∈ (tn−1, tn) by a direct manipulation we have





U(t) =
1

k2
n

�
(t2 − 2tn t + t2

n)U
n−1 + (−t2 + 2tn t + t2

n−1 − 2tntn−1)U
n

+
�
k2

nt2 + (t2
n−1 − t2

n)t − t2
n−1 tn + tn−1 t2

n

�
U̇n
−
�

,

U′(t) =
1

k2
n

�
(2t − 2tn)U

n−1 + (−2t + 2tn)U
n + (2knt − t2

n
+ t2

n−1
)U̇n
−
�

.

(2.4)

Inserting Eqs. (2.4) into the first equation of (2.2) and taking ẇ to be w∗ or (t − tn−1)w
∗

where w∗ ∈ Rd , we find that the method (2.2) is equivalent to finding {Un}N
n=0

and {U̇n
−}Nn=0

such that 


2kn

3 K+C − k2
n

6 K+M
5k2

n

12 K+
kn

3 C−M − k3
n

12K+
k2

n

6 C+ knM




�

Un

U̇n
−

�

=

¨
F1 − kn

3 KUn−1+CUn−1 +MU̇n−1
−

F2 − k2
n

12KUn−1+ (
kn

3 C−M)Un−1

«
, 1≤ n≤ N , (2.5)
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where F1 :=
∫

Jn
fdt and F2 :=
∫

Jn
(t − tn−1)fdt.

The above analysis indicates that after the function U on Jn−1 is found such that Un−1

and U̇n−1
− are available, we can obtain Un and U̇n

− by solving the linear system (2.5) so that

the function U on Jn is obtained. On implementing this computation recursively, we can

thereby determine the function U on the whole time interval Ī .

3. A posteriori Error Analysis

Define e = u−U, with U given by (2.2). The usual way for bounding the error e is to

use the corresponding error equation

Me′′(t) +Ce′(t) +Ke(t) = −MR(t) ,

where the residual R(t) is defined by

R(t) =M−1
�
MU′′(t) +CU′(t) +KU(t)− f

�
.

However, we can only derive suboptimal a posteriori error estimates for the method (2.2),

and a crucial step to overcome this drawback is to design a higher order reconstruction eU
or bU from U [13].

3.1. Reconstruction

As in Ref. [13], we introduce an invertible linear operator eI3 : V2 → W3 as follows.

With any w ∈ V2 we associate an element ew := eI3w ∈ W3 defined by locally interpolating

w in each subinterval Jn(1≤ n≤ N )— i.e. ew|Jn
∈ W3(Jn) is uniquely determined by

ew(t) =wn−1
Φ0

�
t − tn−1

kn

�
+wn

Φ1

�
t − tn−1

kn

�

+ knẇn−1
− Ψ0

�
t − tn−1

kn

�
+ knẇn

−Ψ1

�
t − tn−1

kn

�
, 1≤ n≤ N , (3.1)

where

Φ0(ξ) = 2ξ3 − 3ξ2 + 1 , Ψ0(ξ) = ξ
3 − 2ξ2 + ξ ,

Φ1(ξ) = −2ξ3 + 3ξ2 , Ψ1(ξ) = ξ
3 − ξ2 . (3.2)

Here the functions Φi(ξ) and Ψi(ξ) (0 ≤ i ≤ 1) are the basis functions of Hermite cubic

interpolation and we call ew a time reconstruction of w — cf. Fig. 1. It is easy to check by

the above construction that
∫

Jn

〈eU′ −U′, w′′〉M dt = 0 ∀w ∈ V2(Jn) ,

where U is the solution of (2.2) and eU is a time reconstruction of U.
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Figure 1: Illustration of

eI3.

Consequently, for every w ∈ V2(Jn) , 1 ≤ n ≤ N we have from integration by parts and the

variational equation in (2.2) that

∫

Jn

�〈eU′′, w′〉M + 〈CU′ +KU− f, w′〉� dt = 0 ∀ w ∈ V2 1≤ n≤ N ,

or equivalently

MeU′′ + P1(CU′ +KU− f) = 0 ∀t ∈ Jn , (3.3)

where Pq (q = 1,2) denotes the (local) L2 orthogonal projection operator onto Hq(Jn)

defined by [2] ∫

Jn

〈Pqv− v, w〉dt = 0 ∀w ∈Hq(Jn) . (3.4)

As shown in Ref. [13], in order to derive the optimal a posteriori error estimates an update

reconstruction bU from U is required, and we now proceed as follows.

For t ∈ Jn, 1≤ n≤ N we define bU ∈H4 by

bU(t) = eU(t) + M−1

∫ t

tn−1

�∫ σ

tn−1

(P2 − P1)(−CU′(s)−KU(s) + f(s))ds

�
dσ . (3.5)

Evidently,

bU(tn) = eU(tn) = U(tn) ,

so bU is continuous on Ī . Moreover, on observing that

bU′(t) = eU′(t) +M−1

∫ t

tn−1

(P2 − P1)
�−CU′(s)−KU(s) + f(s)

�
ds

for t ∈ Jn, we know that

bU′(tn) = eU′(tn) = U̇n
− ,
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hence bU′(t) is also continuous on Ī . On the other hand, it is routine to check that

bU′′(t) = eU′′(t) +M−1(P2 − P1)(−CU′(t)−KU+ f) , t ∈ Jn ,

which combined with Eq. (3.3) implies

MbU′′ + P2(CU′ +KU− f) = 0 , t ∈ Jn . (3.6)

3.2. Error estimates

Let ‖ · ‖, ‖ · ‖M, ‖ · ‖C and ‖ · ‖K denote the norms over Rd defined by the inner products

in (2.3), respectively. We further define

‖v‖L∞M (G) = ess sup
t∈G

‖v(t)‖M . (3.7)

Under the assumption (2.1), we know that there exists a unique weak solution

u ∈ C
�
[0, T ]; Rd
�∩ C1
�
[0, T ]; Rd
�

to the transient dynamic problem (1.1).

Let ee := u− eU and be := u− bU. Let eR and bR be the residuals of eU and bU, respectively —

i.e. we have

eR(t) :=M−1
�
MeU′′(t) +CeU′(t) +KeU(t)− f(t)

�
, t ∈ Jn , 1≤ n≤ N , (3.8)

bR(t) :=M−1
�
MbU′′(t) +CbU′(t) +KbU(t)− f(t)

�
, t ∈ Jn , 1≤ n≤ N . (3.9)

Then respectively subtracting Eqs. (3.8) and (3.9) from the equation in (1.1), we obtain

Mee′′(t) +Cee′(t) +Kee(t) = −MeR(t) , (3.10)

Mbe′′(t) +Cbe′(t) +Kbe(t) = −MbR(t) . (3.11)

Now we test Eq. (3.10) by ee′ to get on integration over t ∈ [0, τ]:
∫ τ

0

�
〈ee′′(s), ee′(s)〉M + 〈ee′(s), ee′(s)〉C + 〈ee(s), ee′(s)〉K

�
ds =

∫ τ

0

〈−eR(s), ee′(s)〉M ds , (3.12)

whence after integration by parts and noting that ee(0) = ee′(0) = 0 we have

1

2
‖ee′(τ)‖2

M
+

∫ τ

0

‖ee′(s)‖2
C

ds+
1

2
‖ee(τ)‖2

K
=

∫ τ

0

〈−eR(s) , ee′(s)〉M ds , τ ∈ [0, t] . (3.13)

From Eq. (3.13) and the Cauchy-Schwarz inequality we immediately have

1

2

�
max

0≤τ≤t
‖ee′(τ)‖M
�2
≤ max

0≤τ≤t

∫ τ

0

|〈eR(s), ee′(s)〉M| ds

≤
∫ t

0

|〈eR(s), ee′(s)〉M| ds ≤ max
0≤τ≤t

‖ee′(τ)‖M
∫ t

0

‖eR(s)‖M ds ,
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implying that

max
0≤τ≤t

‖ee′(τ)‖M ≤ 2

∫ t

0

‖eR(s)‖M ds . (3.14)

A similar argument from Eq. (3.11) produces a similar estimate for be(t). In summary, we

obtain the following theorem.

Theorem 3.1. Let u and U denote the solution of the problem (1.1) and the method (2.2),

respectively. Let eU be the reconstruction of U by (3.1) and bU the reconstruction of U by (3.5).

Then for any t ∈ [0, T ],

max
0≤τ≤t

‖(u− eU)′(τ)‖M ≤ 2

∫ t

0

‖eR(s)‖M ds , (3.15)

max
0≤τ≤t

‖(u− bU)′(τ)‖M ≤ 2

∫ t

0

‖bR(s)‖M ds , (3.16)

where eR and bR are given by Eqs. (3.8) and (3.9), respectively.

We next discuss the efficiency of the above a posteriori error estimates.

Lemma 3.1. For t ∈ Jn and 1≤ n≤ N ,

U(t)− eU(t) = −1

6
k3

n
eU(3)Ψ0

�
t − tn−1

kn

�
, (3.17)

bU(t)− eU(t) = 1

24
k4

n
bU(4)Λ
�

t − tn−1

kn

�
, (3.18)

where Ψ0 is defined in (3.2) and Λ(ξ) = ξ2(1− ξ)2. Moreover, for 1≤ n≤ N



(U− eU)′




L∞M (Jn)
=

1

6
k2

n‖eU(3)‖L∞M (Jn)
, (3.19)



(bU− eU)′




L∞M (Jn)
=

p
3

216
k3

n
‖bU(4)‖L∞M (Jn)

, 1≤ n≤ N . (3.20)

Furthermore, we have

2

∫ t

0

‖eR(s)‖M ds ≤
n∑

m−1

�
1

3
k3

m‖CeU(3)‖L∞
M−1
(Jm)
+

1

36
k4

m‖KeU(3)‖L∞
M−1
(Jm)

+

p
3

27
k3

m‖KU′′‖L∞
M−1(Jm)

+ 2

∫

Jm

‖f(s)− P1f(s)‖M−1 ds

�
, (3.21)

2

∫ t

0

‖bR(s)‖M ds ≤
n∑

m−1

�p
3

216
k4

n‖CbU(4)‖L∞
M−1(Jm)

+
1

3
k3

m‖CeU(3)‖L∞
M−1(Jm)

+
1

360
k5

m‖KbU(4)‖L∞
M−1
(Jm)
+

1

36
k4

m‖KeU(3)‖L∞
M−1
(Jm)

+ 2

∫

Jm

‖f(s)− P2f(s)‖M−1 ds

�
. (3.22)
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Proof. Instead of an expansion in terms of Legendre polynomials as in Refs. [13, 21],

the Hermite interpolation formula is used below and simplifies the mathematical argument

significantly. From the definitions of U and eU, for t ∈ Jn we have 1≤ n≤ N ,

eU(t) = Un−1
Φ0(ξ) +Un

Φ1(ξ) + knU̇n−1
− Ψ0(ξ) + knU̇n

−Ψ1(ξ) , (3.23)

U(t) = Un−1
Φ0(ξ) +Un

Φ1(ξ) + knU̇n−1
+
Ψ0(ξ) + knU̇n

−Ψ1(ξ) , (3.24)

where ξ= (t − tn−1)/kn. From some direct computation, it follows that

U(t)− eU(t) = kn(U̇
n−1
+ − U̇n−1

− )Ψ0(ξ) , (3.25)

eU(3)(t) = − 6

k2
n

(U̇n−1
+ − U̇n−1

− ) , t ∈ Jn , (3.26)

where Ψ0 is defined in (3.2) and U̇n−1
+ = 2(Un−Un−1)/kn− U̇n

− . On the other hand, differ-

entiating Eq. (3.25) with respect to t gives

(U− eU)′(t) = (U̇n−1
+
− U̇n−1
− )Ψ

′
0

�
t − tn−1

kn

�
, t ∈ Jn ,

which yields

‖(U− eU)′‖L∞M (Jn)
= ‖U̇n−1

+ − U̇n−1
− ‖M , 1≤ n≤ N ,

hence we obtain Eqs. (3.17) and (3.19). Next, recalling bU in Eq. (3.5) and observing that

the function values and derivatives of bU(t) − eU(t) vanish at the endpoints of each Jn, on

each Jn (1≤ n≤ N ) by direct computation we have

bU(t)− eU(t) = 24bU(4)(t − tn−1)
2(tn − t)2

and thus we readily obtain (3.18) and (3.20). In view of these results, we can derive the

estimates (3.21) and (3.22) by using the same argument as in Ref. [13].

Remark 3.1. It follows from Eq. (3.6) that

bU(4) =M−1
�
P2(f−CU′ −KU)

�′′
=M−1
�−KU′′+ (P2f)′′

�
, (3.27)

so we can readily compute the constant vector bU(4).

Let us now proceed to discuss the lower and upper a posteriori error bounds for the

method (2.2). From the triangle inequality and inequalities (3.15) and (3.19) we obtain

‖(u−U)′‖L∞M (0,t) ≤
1

6
max

1≤m≤n
k2

m‖eU(3)‖L∞M (Jm)
+ 2

∫ t

0

‖eR(s)‖M ds . (3.28)

Again, from the triangle inequality

‖(u− eU)′‖L∞M (0,t) ≤ max
0≤τ≤t

‖(u− bU)′(τ)‖M + ‖(bU− eU)′(τ)‖L∞M (0,t) ,

https://doi.org/10.4208/eajam.240715.050216a Published online by Cambridge University Press

https://doi.org/10.4208/eajam.240715.050216a


160 J. Huang and H. Sheng

so in conjunction with inequality (3.16) and Eq. (3.20) we have

max
0≤τ≤t

‖(u− eU)′(τ)‖M ≤
p

3

216
max

1≤m≤n
k3

m‖bU(4)‖L∞M (Jm)
+ 2

∫ t

0

‖bR(s)‖M ds . (3.29)

Thus from Eq. (3.19), the estimates (3.28) and (3.29) and the triangle inequality we obtain

‖(U− eU)′‖L∞M (0,t) ≤ max
0≤τ≤t

‖(u− eU)′(τ)‖M + ‖(u−U)′(τ)‖L∞M (0,t) ,

and hence the following result.

Theorem 3.2 (lower and upper bounds). Let u and U be the solution of the problem (1.1)

and the method (2.2), respectively. Then if eU is the reconstruction of U by (3.1) and bU the

reconstruction of U by (3.5), for t ∈ [0, T ] , 1≤ n≤ N we have

1

6
max

1≤m≤n
k2

m‖eU(3)‖L∞M (Jm)
≤ ‖(u−U)′‖L∞M (0,t) + max

0≤τ≤t
‖(u− eU)′(τ)‖M

≤ 1

6
max

1≤m≤n
k2

m‖eU(3)‖L∞M (Jm)
+ 2

∫ t

0

‖eR(s)‖M ds

+

p
3

216
max

1≤m≤n
k3

m
‖bU(4)‖L∞M (Jm)

+ 2

∫ t

0

‖bR(s)‖M ds , (3.30)

where the a posteriori quantities eR and bR are given by (3.8) and (3.9), respectively.

4. Adaptive Algorithm

Based on the a posteriori error estimates given in Theorem 3.2, we can now construct

an adaptive time stepping method related to the time stepping method (2.2) as follows.

Let ε be the total error tolerance allowed for the a posteriori error estimate in (3.30) —

i.e.

η :=
1

6
max

1≤n≤N
k2

n
‖eU(3)‖L∞M (Jn)

+

p
3

216
max

1≤n≤N
k3

n
‖bU(4)‖L∞M (Jn)

+ 2

∫ T

0

�
‖eR(s)‖M + ‖bR(s)‖M

�
ds ≤ ε . (4.1)

To ensure inequality (4.1) holds, we can adjust the time step size kn such that the following

conditions are satisfied:

Θ1 :=
1

6
k2

n
‖eU(3)‖L∞M (Jn)

≤ 1

3
ε ,

Θ2 :=

p
3

216
k3

n‖bU(4)‖L∞M (Jn)
≤ 1

3
ε ,

Θ3 := 2
T

kn

∫

Jn

�‖eR(s)‖M + ‖bR(s)‖M
�

ds ≤ 1

3
ε .
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Then we can use the time-stepping strategy

Θ := 3 max { Θ1, Θ2, Θ3 } ≤ ε . (4.2)

Next, let us consider how to compute the quantities Θ1, Θ2 and Θ3 after we get U(t) at

each time step. First of all, from Eq. (3.26) and the definition of Θ1 we have

Θ1 =






2

kn

(Un −Un−1)− U̇n
− − U̇n−1

−






M

, (4.3)

and secondly from some direct manipulation

Θ2 =

p
3

216
k3

n



M−1((P2f)′′ −KU′′)




M
, (4.4)

and we can compute each term appearing in (4.4) as follows. From the definition of P2

(cf. (3.4)) and some direct computation,

(P2f)′′ = 2

�
180

k5
n

F3 −
180

k4
n

F2 +
30

k3
n

F1

�
, (4.5)

where Fi :=
∫

Jn
(t − tn−1)

i−1f dt for i = 1,2,3 . From (2.4),

U′′ =
2

k2
n

�
knU̇n
− −Un +Un−1
�

, (4.6)

hence Θ2 can be obtained using Eqs. (4.4)-(4.6).

To derive Θ3 we obtain eR(t) and bR(t) in advance, so from (3.23)

eU(t) = Un−1
Φ0(ξ) +Un

Φ1(ξ) + knU̇n−1
− Ψ0(ξ) + knU̇n

−Ψ1(ξ) ,

eU′(t) = 1

kn

�
Un−1

Φ
′
0
(ξ) +Un

Φ
′
1
(ξ) + knU̇n−1

− Ψ
′
0
(ξ) + knU̇n

−Ψ
′
1
(ξ)
�

,

eU′′(t) = 1

k2
n

�
Un−1

Φ
′′
0 (ξ) +Un

Φ
′′
1 (ξ) + knU̇n−1

− Ψ
′′
0 (ξ) + knU̇n

−Ψ
′′
1 (ξ)
�

,

where ξ= (t− tn−1)/kn, and Φ0, Φ1 and Ψ0, Ψ1 are the basis functions of the Hermite cubic

interpolation — cf. (3.2). Similarly, it follows from Eqs. (3.18), (3.27), (4.5) and (4.6) that

bU(t) = eU(t) + 1

24
k4

n
bU(4)Λ(ξ) ,

bU′(t) = eU′(t) + 1

24
k3

n
bU(4)Λ′(ξ) ,

bU′′(t) = eU′′(t) + 1

24
k2

n
bU(4)Λ′′(ξ) ,

where ξ= (t− tn−1)/kn and Λ(ξ) = ξ2(1−ξ)2. Then substituting eU(t) and bU(t) into (3.8)

and (3.9) respectively, we obtain eR(t) and bR(t).
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In actual computation, the required integration to obtain Θ3 can be carried out using

the Gaussian quadrature formula [31]. Thus for t ∈ Jn and 1≤ n≤ N we have

∫

Jn

�‖eR(t)‖M + ‖bR(t)‖M
�

dt =̇

Ng∑

j=1

�‖eR(tn−1 + knζ j)‖M + ‖bR(tn−1 + knζ j)‖M
�
ω jkn , (4.7)

where ζ j and ω j (1 ≤ j ≤ Ng) are the respective Gaussian quadrature points and weights

on the reference interval [0,1].

Given the above preparation, similar to Ref. [13], we introduce algorithms below to

compute the numerical solution for the problem (1.1) via the adaptive time stepping strat-

egy. In deriving the time stepping rule, we use the well known error equi-distribution

strategy [6,26] and some ideas implicit in the Runge-Kutta-Felberg method [31].

Algorithm 4.1 Computation at each time step.

Input: tn−1, kn, Un−1, U̇n−1
−

Output: Un, U̇n
−, Θ

· Step 1: Compute the vector value of F1, F2, F3 in (4.5)

· Step 2: Get the numerical solution Un, U̇n
− by (2.5)

· Step 3: Get the first term of strategy Θ1 by (4.3)

· Step 4: Get the second term of strategy Θ2 by (4.5), (4.6) and (4.4)

· Step 5: Get eR(t), bR(t) at Gaussian points by (4.7), (3.8) and (3.9)

· Step 6: Summation to get the value of Θ3 by (4.7)

· Step 7: Output Un, U̇n
−, and Θ by (4.2)

Algorithm 4.2 Time step size control.

Given a error tolerance ε, a parameter δ ∈ (0,1), and the max (min) time step size kmax

(kmin) by user

· Step 0: Initialise n= 1, t0 = 0, k1 = kmax, U0 = u0, U̇0
− = v0

· WHILE tn−1 < T

· Step 1: Get Un, U̇n
−, Θ by Algorithm 4.1 with tn−1, kn, Un−1, U̇n−1

−
· Step 2: If δε≤ Θ ≤ ε, kn+1 = kn, go to Step 5

· Step 3: If Θ < δε, kn+1 =min{2kn, kmax}, go to Step 5

· Step 4: If Θ > ε, kn =max{kn/2, kmin}, go to Step 1

· Step 5: Let tn = tn−1 + kn, n= n+ 1, go to loop condition judgment

· END WHILE

5. Numerical Experiments

Throughout this section, we adopt the international system (SI) but omit mentioning

the units when there can be no confusion. Moreover, to focus our investigation we only
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3c1c 2c 4c
4f1f 3f2f

3m1m 2m 4m

1k 2k 3k 4k

Figure 2: Example 5.1. Lumped mass system.

Table 1: Example 5.1. Mass, damping and sti�ness matri
es.

M K C

1e3 0 0 0 30e3 -15e3 0 0 70 -30 0 0

0 1e3 0 0 -15e3 30e3 -15e3 0 -30 70 -30 0

0 0 1e3 0 0 -15e3 30e3 -15e3 0 -30 70 -30

0 0 0 1e3 0 0 -15e3 15e3 0 0 -30 40

consider transient dynamic response analysis for Rayleigh damping systems, such that in

the problem (1.1) we have C = αM+ βK, where the constants α and β are the Rayleigh

damping coefficients [5,8,25].

5.1. Efficiency of the estimators

Example 5.1 (Lumped mass system). To illustrate the effectiveness of the a posteriori error

estimates developed in this contribution, we first study a multi-structure model used by

Vikas & Arora [4]. As shown in Fig. 2, the structure consists of four rigid elements (vehicles)

with lumped masses m1, m2, m3 and m4 inter-connected by springs with damping. In our

computation, we chose equal masses m1 = m2 = m3 = m4 = 1000 kg and equal spring

stiffnesses k1 = k2 = k3 = k4 = 15 kN/m. The assumed values of the structural Rayleigh

damping coefficients were α= 10−2 and β = 2× 10−3.

From the data the mass, damping and stiffness matrices (M, C and K ) are as shown in

Table 1. We chose T = 2, noted the exact solution u(t) = 0.1 sin(t)(1,−1,1,−1)T so the

force term f can be computed from (1.1), and solved the system using the the method (2.2)

in our simulation.

For a given natural number N , we adopted a uniform partition in time with mesh size

kn = T/N , 1≤ n≤ N . To show the computational performance of our method, we defined

E= max
0≤τ≤2

‖(u−U)(τ)‖K ,

Ed = max
0≤τ≤2

‖(u−U)′(τ)‖M ,

Etd = max
0≤τ≤2

‖(u− eU)′(τ)‖M ,
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Figure 3: Example 5.1. Numeri
al results 
orresponding to estimators in Theorem 3.2.

ǫ1 =
1

6
max

1≤n≤N
k2

n‖eU(3)‖L∞M (Jn)
,

ǫ2 =

p
3

216
max

1≤n≤N
k3

n‖bU(4)‖L∞M (Jn)
,

ǫ3 = 2

∫ 2

0

‖eR(s)‖M ds+ 2

∫ 2

0

‖bR(s)‖M ds ,

ǫ4 = η = ǫ1 + ǫ2 + ǫ3 .

In Fig. 3(a) we present the values of E and Ed, as well as their orders 3 and 2, respec-

tively. The numerical results agree with the theoretical estimates in Ref. [23]. In Fig. 3(b)

we give the values of a posteriori estimators ǫ1 and ǫ4, as well as their orders. These nu-

merical results demonstrate the theoretical results in Theorem 3.2.

Next, we studied the efficiency of the lower and upper estimators in Theorem 3.2, using

the indices given in Ref. [1]. With respect to the reference error Ed+ Etd, we defined the

lower and upper effectivity indices by

Effld =
ǫ1

Ed+ Etd
, Effud =

ǫ4

Ed+ Etd
.

We present the values of these effectivity indices in Fig. 4, from which we can observe that

0.99 t Effld < 1 < Effud t 1.57 so the a posteriori error estimates given in Theorem 3.2

are seen to be rather efficient.

5.2. Efficiency of the adaptive algorithm

Example 5.2 (Lumped mass system). In order to test the effectiveness of our adaptive

Algorithm 4.2, we reconsidered the previous model again, but assumed T = 1 and the

right term f to be such that the exact solution of the problem (1.1) is

u= 10−2
�
1− exp(−10000(t − 1/2)2)

�
(1,−1,1,−1)T .
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Figure 4: Example 5.1. E�e
tivity of the indi
es of lower and upper estimators.
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(b) Error

Figure 5: Example 5.2. The time step size traje
tory and the error traje
tory of ‖(u − U)′‖M with

ε= 1e− 1, kmin = 3e− 4.

We set kmax = 1 and δ = 1/32 in the computation (cf. Algorithm 4.2). Fig. 5 shows the

error trajectory of ‖(u−U)′‖M and the time step size trajectory, and the numerical solutions

for u and u′ are depicted in Fig. 6. Table 2 reports the numerical results when the adaptive

algorithm was run for different values of ε and kmin , where N∗ − 1 is the total number of

time iteration steps in the adaptive computation. (We adopted a uniform partition with

the same iteration number N∗−1 to carry out the computation.) The numerical results are

shown in Table 3, where we see that Algorithm 4.2 is very efficient.
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Figure 6: Example 5.2. Curves of solutions and their derivatives on the �rst vehi
le (Fig. 2) with

ε= 1e− 1, kmin = 3e− 4.

Table 2: Example 5.2. Adaptive numeri
al results with di�erent ε and kmin.

ε kmin η ‖(u−U)′‖L∞M (0,T) N N∗
1e-1 3e-4 1.0328e-1 3.7022e-2 263 275

1e-1 2e-4 4.5950e-2 1.6458e-2 375 385

2e-2 1e-4 1.1450e-2 4.1145e-3 739 751

2e-2 3e-5 1.1369e-3 4.0237e-4 2076 2092

5e-3 2e-5 4.9108e-4 1.7884e-4 3244 3261

5e-3 1e-5 2.8046e-4 1.7883e-4 5571 5592

Table 3: Example 5.2. Numeri
al results with uniform partitions.

N∗ η ‖(u−U)′‖L∞M (0,T)

275 1.5867e+1 4.7153

385 7.9931 2.7382

751 2.0694 7.2680e-1

2092 2.6252e-1 9.3779e-2

3261 1.0768e-1 3.8684e-2

5592 3.6518e-2 1.3157e-2

5.3. A practical application

Example 5.3 (The Pratt truss). We also considered the vibration of a Pratt truss, which is

a typical benchmark in structural analysis. The cross sectional area, nodes, elements and
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Figure 7: Example 5.3. The Pratt truss model.

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0.025

0.02

0.015

0.01

0.005

0

t

D
is

p
al

ce
m

en
t

 

 

Reference solution
Numerical solution of Algorithm 4.2

Wilson θ method
Newmark β method

0.074 0.075 0.076 0.077 0.078

7.7

7.65

7.6

7.55
x 10

3

0.6327 0.6327 0.6327 0.6327 0.6328

0.0133

0.0133

0.0133

0.0133

0.0133

Figure 8: Example 5.3. Numeri
al solutions with di�erent methods at Point 9.

length are shown in Fig. 7; and we took Young’s modulus E to be 109 Pa, and the density

ρ = 2700 kg/m3. The Rayleigh damping coefficients adopted were α = 2 × 10−2 and

β = 3 × 10−3. The constant y-direction point force f ≡ −10 N only acts at the point 9

(the other points are force free). We assumed zero initial conditions, and used space bar

elements — i.e. conforming P1 elements in the axial direction.

We set T = 2 s, kmax = 1× 10−1, kmin = 5× 10−5, ε = 2× 10−2 and δ = 1/32 in the

computation — cf. Algorithm 4.2. Since this complex structure problem does not have a

closed form solution, we computed a reference solution with a sufficiently small uniform

time step size. Numerical results from Algorithm 4.2, the Wilson θ method corresponding

to the parameter θ0 = 1.4 and the Newmark β method corresponding to the parameters

α0 = 0.25 and β0 = 0.5 are shown in Fig. 8 for comparison, where a uniform time step size

k = 1/N ∗ was used. In Fig. 10 we show the scaling deformation and the exact deformation

effect at time T = 0.05 s. It is evident that Algorithm 4.2 is quite efficient for the Pratt truss

problem.
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Figure 9: Example 5.3. The time step size traje
tory.
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Figure 10: Example 5.3. The s
aling deformation of the Pratt truss at T = 0.05 s.

6. Conclusion

Adaptive time stepping methods are very useful to numerically solve for the long-term

evolution of a finite or infinite dimensional dynamical system, in various engineering and

other applications. This work focused on designing and analysing adaptive time stepping

methods for transient dynamic response analysis, frequently encountered in civil engineer-

ing for example. Using the energy method, we obtained optimal order a posteriori error

estimates, which combined with an error equidistribution strategy and some ideas implicit

in the Runge-Kutta-Felberg method led to an highly efficient adaptive time stepping method

for transient dynamic response analysis.

In summary, our main observations from the numerical results reported in the last sec-

tion are as follows.

• The a posteriori error estimators developed in this paper are reliable and efficient. The

numerical results given in Example 5.1 showed that the a posteriori error estimators

obtained are third-order accurate for the displacement and second-order accurate for

the velocity, and coincide with the theoretical estimates given in Theorem 3.2.

• The adaptive time stepping method (Algorithm 4.2) is very efficient for solving the

evolution problems under consideration, as we showed by comparing the numerical

errors in using the uniform partition and adaptive partition — cf. Tables 2 and 3 in
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Example 5.2, and Fig. 8 in the application Example 5.3.

• The choice of the parameters kmin, δ and ε affects the computational efficiency of

the adaptive time stepping method (Algorithm 4.2). In particular, the choice of the

lower bound of the time step size kmin is very critical. If it is too large, the total

error may not be dominated by the prescribed error tolerance, and if too small the

algorithm may lead to over-refinement. Although kmin can be chosen quite readily

from numerical experience as shown in Table 2, in our ongoing work we intend to

develop some other algorithms based on the adaptive algorithm developed in this

paper, to tackle this issue.
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