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Isometric dilation and Sarason’s commutant
lifting theorem in several variables
B. Krishna Das and Samir Panja
Abstract. The article deals with isometric dilation and commutant lifting for a class of n-tuples
(n ≥ 3) of commuting contractions. We show that operator tuples in the class dilate to tuples of
commuting isometries of BCL type. As a consequence of such an explicit dilation, we show that
their von Neumann inequality holds on a one-dimensional variety of the closed unit polydisc. On the
basis of such a dilation, we prove a commutant lifting theorem of Sarason’s type by establishing that
every commutant can be lifted to the dilation space in a commuting and norm-preserving manner.
This further leads us to find yet another class of n-tuples (n ≥ 3) of commuting contractions each
of which possesses isometric dilation.

1 Introduction

In the last century, one of the elegant results in operator theory, due to Sz.-Nagy and
Foias ([31]), is that any contraction acting on a Hilbert space dilates to an isometry.
That is, for a contraction T acting on a Hilbert space H, there exists an isometry V
acting on a Hilbert space K such that H ⊆K and

T m = PHV m ∣H (m ∈ Z+).

Generalizing this, Ando ([4]) proved that for any pair of commuting contractions
(T1 , T2) on H, there exists a pair of commuting isometries (V1 , V2) on K such that
H ⊆K and

T m1
1 T m2

2 = PHV m1
1 V m2

2 ∣H ((m1 , m2) ∈ Z2
+).

The pair (V1 , V2) is called an isometric dilation of (T1 , T2). Different proofs of the
Ando dilation have surfaced recently; see [17, 23, 24, 35]. However, further general-
ization of Ando’s result for an n-tuples of commuting contractions (n ≥ 3) fails, and
a counterexample was discovered in [32]. It is still not very clear why the result fails
in general, and it is essential to understand subtle differences between the case n = 2
and n > 2. As a matter of course, it is important to identify n-tuples of commuting
contractions each of which has an isometric dilation. By an isometric dilation of
an n-tuple of commuting contractions (T1 , . . . , Tn) on H, we mean an n-tuple of
commuting isometries (V1 , . . . , Vn) on K such that H ⊆K and
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T α1
1 ⋅ ⋅ ⋅T αn

n = PHV α1
1 ⋅ ⋅ ⋅V αn

n ∣H ,

for all (α1 , . . . , αn) ∈ Zn
+. A fair amount of research has been carried out to identify

different classes of n-tuples of commuting contractions each of which possesses
an isometric dilation. Often such a class is obtained by imposing certain positivity
condition. For more details, see [12, 13, 14, 18, 20, 21, 22] for the polydisc setting, and
for the setting of the unit ball in C

n , see [7, 30], and references therein. Also see [3, 5]
for some general domains in C

n .
One of the main contributions of this article is the discovery of a new class of

n-tuples of commuting contractions (n ≥ 3), each of which possesses an isometric
dilation. Our dilation result emerged from the study of a commutant lifting theorem
(CLT), a very close neighbor of dilation theory. Indeed, this article is as much a study
of dilation theory as of CLT. Commutant lifting theorem was first studied in the
context of Nevanlinna-Pick interpolation by D. Sarason in [34]. Soon after, Sz-Nagy
and Foias extended the result in a general setting and proved that if V on K is an
isometric dilation of a contraction T acting on H, and X is a contraction on H such
that XT = T X, then there exists a contraction Y on K satisfying

YV = VY , Y∗∣H = X∗ and ∥Y∥ = ∥X∥.

Because of the second identity above, Y is called a co-extension or lift of X. This
result is known as Sz-Nagy and Foias’ commutant lifting theorem, and it is known
to be equivalent to Ando dilation ([33]). Multivariable analogue of Sz-Nagy and Foias’
commutant lifting theorem does not hold in general. See [29] and also see [6, 9,
10, 11, 25, 26, 27] for related results. The best result known in the polydisc setting
is due to Ball, Li, Timotin, and Trent ([9]), where the authors considered a class
of n-tuples of commuting contractions along with their specific isometric dilations
and found a necessary and sufficient condition for the commutant lifting theorem to
hold. This shows that even if we restrict ourselves to a suitable class of n-tuples of
commuting contractions and their isometric dilations, it may not always possible to
lift every commutant in a commuting and norm-preserving way. Therefore, it raises
the following natural question:

Is there a class of n-tuples of commuting contractions so that each of the n-tuples has
an isometric dilation and every commutant can be lifted to the isometric dilation space
in a commuting and norm-preserving way?

Needless to say that, the class of n-tuples requires to be nice enough for the above
question to have a positive answer. We do not know the existence of any such class in
the literature. In this article, we answer this question affirmatively by exhibiting a class
and prove an exact analogue of Sz-Nagy and Foias’ commutant lifting theorem, which
is another main contribution of this article. As a consequence, this leads us to identify
a class of commuting contractions each of which possesses an isometric dilation.

We now proceed to describe some of our results. This requires to set few notations
and terminologies. For a Hilbert spaceH, we denote byB(H) the space of all bounded
operators acting on H. The set of all n-tuples of commuting contractions on H is
denoted by Tn(H); that is,

Tn(H) = {(T1 , . . . , Tn) ∶ Ti ∈ B(H), ∥Ti∥ ≤ 1, Ti Tj = TjTi , 1 ≤ i , j ≤ n}.
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For T = (T1 , . . . , Tn) ∈ Tn(H), we denote by PT the product contraction of T, that is,
PT ∶= T1 ⋅ ⋅ ⋅Tn , and for A ∈ B(H), we denote by CA the completely positive map on
B(H) induced by A defined as

CA ∶ B(H) → B(H), X ↦ AXA∗.

For any γ = (γ1 . . . . , γn) ∈ Zn
+ and T = (T1 , . . . , Tn) ∈ Tn(H), we define

Δγ
T ∶= (I − CT1)γ1 ⋅ ⋅ ⋅ (I − CTn)γn(IH).

With this notation, it is easy to see that for i ≠ j,

Δe i+e j
T = (I − CTi )(I − CT j)(IH) = I − Ti T∗i − TjT∗j + Ti TjT∗i T∗j ,

where for i = 1, . . . , n,

ei = (0, . . . , 0, 1,



i th place

0, . . . , 0).

A contraction S acting on H is pure if S∗n → 0 in the strong operator topology (SOT).
The class of n-tuples of commuting contractions that we consider is defined as follows:

B
n
0(H) ∶= {T ∈ Tn(H) ∶ Δe i+e j

T = 0 for all i ≠ j and PT is pure}.

For the base case n = 2, if (T1 , T2) is a pair of commuting contractions on H such that
T1 is a co-isometry and T2 is a pure contraction, then clearly, (T1 , T2) ∈B2

0(H). In
fact, it turns out that if H is finite-dimensional, then an arbitrary element of B2

0(H)
is a direct sum of pairs of the above form (see Proposition 5.2). However, in infinite
dimension, it is no longer the case. We have demonstrated this by finding an example
in Section 5. It can be shown without much difficulty that for any T ∈Bn

0(H) and for
a subset {i1 , . . . , ik} of {1, . . . , n},

Δe i1+ ⋅ ⋅ ⋅ +eik
T = 0.(1.1)

In other words, Bn
0(H) is a subclass of Brehmer n-tuples on H (see [20]). Therefore,

any element of Bn
0(H) has an isometric dilation. However, we show that any T ∈

Bn
0(H) has an isometric dilation of the form (MΦ1 , . . . , MΦn) acting on the Hardy

space H2
E(D) for some co-efficient Hilbert space E, where

Φ i(z) = U i(P⊥i + zPi) (z ∈ D)
and for all i = 1, . . . , n, U i ∈ B(H) is a unitary, Pi ∈ B(E) is an orthogonal projection
so that

Φ i(z)Φ j(z) = Φ j(z)Φ i(z) and Φ1(z) ⋅ ⋅ ⋅Φn(z) = zIE (z ∈ D).(1.2)

Moreover, the tuple of isometries also belongs to the same class; that is,

(MΦ1 , . . . , MΦn) ∈Bn
0(H2

E(D)).

In case the reader is wondering what properties are required for U i and Pi so that (1.2)
holds, see [16, 15] or Section 2 below. Here, the Hardy space H2

E(D) is defined as

H2
E(D) = { f (z) =

∞

∑
k=0

ak zk ∶ ak ∈ E, z ∈ D, ∥ f ∥2 =
∞

∑
k=0

∥ak∥2 < ∞},

https://doi.org/10.4153/S0008414X24000749 Published online by Cambridge University Press

https://doi.org/10.4153/S0008414X24000749


1050 B. K. Das and S. Panja

and the isometry MΦ i ∶ H2
E(D) → H2

E(D) is the multiplication operator associated to
Φ i defined as

MΦ i f (z) = Φ i(z) f (z) ( f ∈ H2
E(D)).

It is evident from (1.2) that (MΦ1 , . . . , MΦn) is an n-tuple of commuting isometries
and MΦ1 ⋅ ⋅ ⋅MΦn = Mz , where Mz is the shift on H2

E(D). Thus, Mz can be factorized
as the product of the n-tuple (MΦ1 , . . . , MΦn), and it is a remarkable result of Berger,
Coburn, and Lebow ([16]) that any commuting contractive factor of Mz arises in this
way. For this reason, (MΦ1 , ⋅ ⋅ ⋅ , MΦn) is commonly known as a BCL n-tuple. Now
coming back to the present context, the explicit isometric dilation of T ∈Bn

0(H) to
a BCL n-tuple plays a pivotal role in what follows and aids to establish a sharp von
Neumann type inequality. For a contraction T ∈ B(H), the defect operator DT and
the defect space DT of T are defined as

DT ∶= (I − TT∗)1/2 and DT ∶= ran DT .

If an n-tuple of commuting contractions T has an isometric dilation, then its von Neu-
mann inequality holds on D

n
(see [31]); that is, for all polynomials p ∈ C[z1 , . . . , zn],
∥p(T)∥B(H) ≤ sup

z∈Dn
∣p(z)∣.(1.3)

The above inequality is refined, and a significant reduction in terms of the dimension
of the set where the inequality holds is obtained.

Theorem 1.1 Let T = (T1 , . . . , Tn) ∈Bn
0(H) and dimDTi < ∞ (i = 1, . . . , n). Then

there exists a one-dimensional symmetric algebraic variety W in C
n such that for all

polynomials p ∈ C[z1 , . . . , zn],
∥p(T)∥B(H) ≤ sup

z∈W∩Dn
∣p(z)∣.

This result is proved in Theorem 3.4 below. Such a refined von Neumann inequality
has been studied earlier for various other class of n-tuples of commuting contractions
(see [2, 13, 23]), and most often, such a result is obtained on the basis of finding explicit
and nice enough isometric dilations.

Using the explicit isometric dilation, as indicated above, we answer the question
raised earlier and prove an analogue of Sz-Nagy and Foias’ commutant lifting theorem
for Bn

0(H).

Theorem 1.2 Let T = (T1 , . . . , Tn) ∈Bn
0(H) and let (MΦ1 , . . . , MΦn) ∈Bn

0(H2
E(D))

be an isometric dilation of T for some Hilbert space E. If XTi = Ti X (i = 1, . . . , n) for
some contraction X ∈ B(H), then there exists Y ∈ B(H2

E(D)) such that Y is a lift of X,

YMΦ i = MΦ i Y (i = 1, . . . , n), and ∥Y∥ = ∥X∥.

This result is proved in Theorem 4.7 below. The proof heavily relies on a detailed
analysis on the structure of commutants of T as well as the structure of com-
mutants of its isometric dilation (MΦ1 , . . . , MΦn). For instance, we show that if
T = (T1 , . . . , Tn) ∈Bn

0(H) and XTi = Ti X for some contraction X ∈ B(H), then

I − XX∗ = G1 + ⋅ ⋅ ⋅ + Gn and (I − CTi )(G j) = G j − Ti G jT∗i = 0 (i ≠ j),
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where G i ’s are positive operators on H (see Theorem 4.4 below). The above identity
has some resemblance to the necessary and sufficient condition for CLT obtained
in [9]. In fact, Theorem 1.2 is motivated from the above identity and the result of
[9]. However, the proof of the theorem is entirely different from that of [9], partly
because the isometric dilation and the dilation map are different, and one cannot
directly use the result of [9] in this context as well. Finally, as CLT and dilation are
closely related, the above theorem provides a new class of n-tuples of commuting
contractions such that each of the tuples has an isometric dilation. The following result
is proved in Theorem 4.10 below.

Theorem 1.3 Let (T1 , . . . , Tn , Tn+1) be an (n + 1)-tuple of commuting contractions on
H such that (T1 , . . . , Tn) ∈Bn

0(H). Then (T1 , . . . , Tn , Tn+1) has an isometric dilation
and, consequently, satisfies the von Neumann inequality.

This article is organized as follows. In the next section, we discuss some preparatory
results. Section 3 is devoted to find an explicit isometric dilation for Bn

0(H) and
to obtain a sharper version of the von Neumann inequality for operator n-tuples in
Bn

0(H)with finite dimensional defect spaces. In Section 4, we prove CLT forBn
0(H),

and, as a consequence, we find a new class of n-tuples of commuting contractions,
each of which possesses an isometric dilation. Examples on n-tuples in Bn

0(H) are
considered in Section 5.

2 Preparatory results

We set few definitions and conventions and also establish some preliminary results,
in this section, which we need subsequently. All Hilbert spaces are assumed to be
separable and over the complex field C.

2.1 Isometric dilation.

Let T ∈ Tn(H). If there exist an n-tuple V = (V1 , . . . , Vn) of commuting isometries
on a Hilbert space K and an isometry Π ∶H →K such that

ΠT∗i = V∗i Π, (i = 1, . . . , n),

then

(T1 , . . . , Tn) ≅ (PQV1∣Q , . . . , PQVn ∣Q),

where Q = ranΠ is a joint (V∗1 , . . . , V∗n )-invariant subspace of K and the uni-
tary equivalence is induced by Π. Here, two tuples (A1 , . . . , An) ∈ Tn(H) and
(B1 , . . . , Bn) ∈ Tn(K) are said to be unitarily equivalent, denoted by (A1 , . . . , An) ≅
(B1 , . . . , Bn), if there exists a unitary U ∶H →K such that UA i = B i U for all
i = 1, . . . , n. Since (V1 , . . . , Vn) is a co-extension of (PQV1∣Q , . . . , PQVn ∣Q) and co-
extension is a special type of dilation, we say that V is an isometric dilation of T.
In such a case, the isometry Π is called the dilation map. Moreover, V is a minimal
isometric dilation of T if

K = ⋁
α∈Zn

+

V α1
1 ⋅ ⋅ ⋅V αn

n (Q).
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Throughout the article, most of the isometric dilations we obtained are of the above
form.

2.2 Commuting tuples in Bn
0(H)

Let T ∈ Tn(H), and let PT ∶= T1 ⋅ ⋅ ⋅Tn be the product contraction of T. Recall that for
all k = 2, . . . , n, and {i1 , . . . , ik} ⊆ {1, . . . , n},

Δe i1+ ⋅ ⋅ ⋅ +eik
T = (I − CTi1

) ⋅ ⋅ ⋅ (I − CTik
)(IH),(2.1)

and

B
n
0(H) ∶= {T ∈ Tn(H) ∶ Δe i+e j

T = 0 for all i ≠ j and PT is pure}.

We consider a couple of elementary properties of Bn
0(H) in the next two lemmas.

Both the lemmas remain valid even if we do not assume PT to be pure in the definition
of Bn

0(H). The first lemma shows that any element of Bn
0(H) satisfies Brehmer

positivity.

Lemma 2.1 If T = (T1 , . . . , Tn) ∈Bn
0(H), then for all k = 3, . . . , n and {i1 , . . . , ik} ⊆

{1, . . . , n},

Δei1+ ⋅ ⋅ ⋅ +eik
T = 0.

Proof Since Δe i+e j
T = 0 for all i ≠ j, the proof of the lemma follows from the definition

of Δe i1+ ⋅ ⋅ ⋅ +eik
T ; that is,

Δe i1+ ⋅ ⋅ ⋅ +eik
T = (I − CTi1

) ⋅ ⋅ ⋅ (I − CTik
)(IH)

= (I − CTi1
) ⋅ ⋅ ⋅ (I − CTik−2

)(Δe ik−1+eik
T ). ∎

Lemma 2.2 If T = (T1 , . . . , Tn) ∈Bn
0(H), then for any ∅ ≠ F ⊆ {1, . . . ,

i − 1, i + 1, . . . , n},

Δ(1,1)
(Ti ,TF)

= 0,

where for F = {n1 , . . . , n j} ⊆ {i1 , . . . , ik}, TF ∶= Tn1 ⋅ ⋅ ⋅Tn j .

Proof We prove the lemma only for F = {2, . . . , n}, as the proof for arbitrary F is
similar. Using Agler’s hereditary functional calculus ([1]) to the following identity, for
z1 , . . . , zn ∈ D and w1 , . . . , wn ∈ D,

(1 − z1w̄1)(1 − z2 ⋅ ⋅ ⋅ znw̄1 ⋅ ⋅ ⋅ w̄n) = (1 − z1w̄1)(
n
∑
i=2
(1 − z iw̄ i) −

n
∑

i , j=2
i< j

(1 − z iw̄ i)(1 − z jw̄ j)

+
n
∑

i , j,k=2
i< j<k

(1 − z iw̄ i)(1 − z jw̄ j)(1 − zkw̄k) − ⋅ ⋅ ⋅ + (−1)n−2(1 − z2w̄2)(1 − z3w̄3) ⋅ ⋅ ⋅ (1 − znw̄n)),
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we obtain

Δ(1,1)
(Ti ,TF)

=
n
∑
i=2

Δe1+ei
T −

n
∑

i , j=2
i< j

Δe1+ei+e j
T +

n
∑

i , j,k=2
i< j<k

Δe1+ei+e j+ek
T − ⋅ ⋅ ⋅ + (−1)n−2Δe1+ ⋅ ⋅ ⋅ +en

T .

The proof now follows by Lemma 2.1. ∎

2.3 BCL tuple.

Let E be a Hilbert space. The space of all bounded B(E)-valued holomorphic
functions on D is denoted by H∞B(E)(D). For any Ψ ∈ H∞B(E)(D), the associated
multiplication operator MΨ is a bounded operator on the Hardy space H2

E(D) and
defined as

MΨ f (z) = Ψ(z) f (z) ( f ∈ H2
E(D)).

A BCL n-tuple on H2
E(D) is an n-tuple of commuting isometries (MΦ1 , . . . , MΦn) on

H2
E(D) such that MΦ1 ⋅ ⋅ ⋅MΦn = Mz , where Mz is the shift on H2

E(D). For a unitary U
onE and an orthogonal projection P ∈ B(E), it is easy to verify that MΦ is an isometry,
where

Φ(z) = U(P⊥ + zP) (z ∈ D).(2.2)

Berger, Coburn, and Lebow’s theorem shows that any BCL n-tuple arises in the same
way as (2.2). We recall the theorem for further use.

Theorem 2.3 (cf. [16]) Let Φ1 , . . . , Φn be B(E)-valued bounded analytic function on
D for some Hilbert space E. Then (MΦ1 , . . . , MΦn) on H2

E(D) is a BCL n-tuple if and
only if for all i = 1, . . . , n,

Φ i(z) = U i(P⊥i + zPi) (z ∈ D)

for some unitaries U i ’s on E and orthogonal projections Pi ’s in B(E) satisfying

(1) U iU j = U jU i (i , j = 1, . . . , n);
(2) U1 ⋅ ⋅ ⋅Un = IE;
(3) Pi + U∗i PjU i = Pj + U∗j PiU j ≤ IE(i ≠ j); and
(4) P1 + U∗1 P2U1 + ⋅ ⋅ ⋅ + U∗1 ⋅ ⋅ ⋅U∗n−1PnU1 ⋅ ⋅ ⋅Un−1 = IE.

It is evident from the above theorem that a BCL n-tuple is completely determined
by a triple (E, Ũ , P̃), where E is a Hilbert space, Ũ = (U1 , . . . , Un) is an n-tuple of
unitaries on E, P̃ = (P1 , . . . , Pn) is an n-tuple of projections in B(E), and U i ’s and
Pi ’s satisfy conditions (1)–(4) in the above theorem. For the rest of the article, we
use a triple (E, Ũ , P̃) to refer to a BCL n-tuple, and it would always inherit the
meaning that the commuting unitary tuple Ũ = (U1 , . . . , Un) and the projection tuple
P̃ = (P1 , . . . , Pn) satisfy conditions (1)– (4), and the corresponding BCL n-tuple is
given by Φ i(z) = U i(P⊥i + zPi) (z ∈ D, i = 1, . . . , n). Few remarks are in order.
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Remarks 2.4
(i) Condition (3) in the above theorem implies mutual orthogonality of the projec-

tions Pi and U∗i PjU i (i ≠ j). That is,

Pi(U∗i PjU i) = (U∗i PjU i)Pi = 0,

which is also equivalent to

(U i PiU∗i )Pj = Pj(U i PiU∗i ) = 0.

(ii) Conditions (2) and (4), in the above theorem, together imply that

MΦ1 ⋅ ⋅ ⋅MΦn = Mz .

(iii) For n = 2, if (MΦ1 , MΦ2) is a BCL pair corresponding to (E, Ũ , P̃), then U2 and
P2 can be recovered from U1 and P1. Indeed, by condition (2), U2 = U∗1 , and by
condition (4), P2 = I − U1P1U∗1 . Thus, the BCL pair (MΦ1 , MΦ2) is completely
determined by (E, U , P), where U = U1 and P = I − U1P1U∗1 , and consequently,
Φ1 and Φ2 can be written as

Φ1(z) = (P + zP⊥)U and Φ2(z) = U∗(P⊥ + zP) (z ∈ D).

Lemma 2.5 Let (MΦ1 , . . . , MΦn) be a BCL n-tuple corresponding to (E, Ũ , P̃). Then
for all i = 1, . . . , n, the orthogonal projection (IH2

E
(D) − MΦ i M∗Φ i

) has the block matrix
representation

[U i Pi U∗i 0
0 0] ∶ E⊕ zH2

E(D) → E⊕ zH2
E(D)

with respect to the decomposition H2
E(D) = E⊕ zH2

E(D).

Proof Since MΦ i is an isometry, (IH2
E
(D) − MΦ i M∗Φ i

) is a projection onto H2
E(D) ⊖

MΦ i H2
E(D). Also since Mz = MΦ1 ⋅ ⋅ ⋅MΦn , zH2

E(D) ⊆ ranMΦ i , and therefore,

(IH2
E
(D) − MΦ i M

∗
Φ i
)(zH2

E(D)) = 0.

However, for η ∈ E,

(IH2
E
(D) −MΦ i M∗ϕ i )η = η − (U i P⊥i + zU i Pi)(P⊥i U∗i η) = (IE −U i P⊥i U∗i )η = U i Pi U∗i η.

This completes the proof. ∎

Let (MΦ1 , . . . , MΦn) be a BCL n-tuple corresponding to (E, Ũ , P̃). Suppose that
U i Pj = PjU i for all i , j = 1, . . . , n. Then it follows from the condition (4) in Theo-
rem 2.3 that

P1 + P2 + ⋅ ⋅ ⋅ + Pn = IE .

In other words, Pi ’s are mutually orthogonal and E = ⊕n
i=1Ei , where

Ei = ran Pi(i = 1, . . . , n). Since U i Pj = PjU i , therefore, Ei is a U j-reducing subspace
of E. Set U(i)j ∶= U j ∣Ei for all i , j = 1, . . . , n. Then it is clear that with respect to the
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decomposition H2
E(D) = H2

E1
(D) ⊕ ⋅ ⋅ ⋅ ⊕ H2

En
(D), MΦ i has the following block

diagonal representation:

MΦ i =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

IH2(D) ⊗ U(1)i 0 . . . 0 . . . 0
0 IH2(D) ⊗ U(2)i . . . 0 . . . 0
⋮ ⋮ ⋱ ⋮ ⋱ ⋮
0 0 . . . Mz ⊗ U(i)i . . . 0
⋮ ⋮ ⋱ ⋮ ⋱ ⋮
0 0 . . . 0 . . . IH2(D) ⊗ U(n)i

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(2.3)

for all i = 1, . . . , n. The above block diagonal representation will be used many times
in the sequel, as most of the the BCL n-tuples, in this paper, will have the property
that U i Pj = PjU i for all i , j = 1, . . . , n. Finally, it follows from the commutativity of
U i ’s that (MΦ1 , . . . , MΦn) is doubly commuting; that is, M∗Φ i

Mϕ j = MΦ j M∗Φ i
for all

i ≠ j. We summarize this in the next lemma for future reference.

Lemma 2.6 Let (MΦ1 , . . . , MΦn) be a BCL n-tuple corresponding to (E, Ũ , P̃) such
that U i Pj = PjU i for all i, j = 1, . . . , n. Then (MΦ1 , . . . , MΦn) is doubly commuting.

We now characterize BCL n-tuples on H2
E(D) which are also in Bn

0(H2
E(D)). The

result is proved for the case n = 2 in [28, Proposition 3.1], and we generalize it here for
arbitrary n.

Proposition 2.7 Let M = (MΦ1 , . . . , MΦn) on H2
E(D) be a BCL n-tuple corresponding

to (E, Ũ , P̃). Then the following are equivalent.

(i) M ∈Bn
0(H2

E(D));
(ii) U i Pj = PjU i for i , j = 1, . . . , n.

Proof of (i) #⇒ (ii). For a fix i, set M̃Φ i ∶= MΦ1 . . . MΦ i−1 MΦ i+1 . . . MΦn . Then,
(MΦ i , M̃Φ i ) is a BCL pair and by Lemma 2.2, Δ(1,1)

(Mϕi M̃Φ i )
= 0.

Therefore, by applying [28, Proposition 3.1] for the BCL pair (MΦ i , M̃Φ i ), we get
U i Pi = Pi U i for all i = 1, . . . , n. Now, for i ≠ j, it follows from Lemma 2.5 that for η ∈ E,

Δe i+e j
M η

= ((IH2
E
(D) − MΦ i M

∗
Φ i
) − MΦ j(IH2

E
(D) − MΦ i M

∗
Φ i
)M∗Φ j

)η

= U i Pi U∗i η − U j(P⊥j + Mz Pj)(IH2
E
(D) − MΦ i M

∗
Φ i
)(P⊥j + M∗z Pj)U∗j η

= U i Pi U∗i η − U j(P⊥j + Mz Pj)U i Pi U∗i (P⊥j U∗j η) (by Lemma 2.5)
= U i Pi U∗i η − U jU i Pi U∗i U∗j η (as U i Pi U∗i ⊥ Pj by part (i) of Remarks 2.4).

Since Δe i+e j
M = 0, the above computation shows that Pj − U i PjU∗i = 0. That is, U i Pj =

PjU i for all i ≠ j. This completes the proof. ∎
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Proof of (ii) #⇒ (i). By Lemma 2.6, M = (MΦ1 , . . . , MΦn) is doubly commut-
ing. Then for any i ≠ j,

Δe i+e j
M = (IH2

E
(D) − MΦ i M

∗
Φ i
)(IH2

E
(D) − MΦ j M

∗
Φ j
).

We have already observed in the proof of Lemma 2.6 that in this case, Pi ’s are mutually
orthogonal projections. The proof now follows from Lemma 2.5. ∎

It has been observed in [28, Proposition 3.6] that for a BCL pair (MΦ1 , MΦ2) on
H2

E(D), if E is finite dimensional, then Δ(1,1)
(Mϕ1 ,Mϕ2 )

≥ 0 is equivalent to Δ(1,1)
(Mϕ1 ,Mϕ2 )

= 0.
We also prove a similar result for BCL n-tuples and which shows that in the case of
finite dimensional co-efficient space E, the class Bn

0 is more relevant.

Proposition 2.8 Let M = (MΦ1 , . . . , MΦn) be a BCL n-tuple corresponding to
(E, Ũ , P̃) such that for i ≠ j, Δei+e j

M ≥ 0. If dimE < ∞, then M ∈Bn
0(H2

E(D)).

Proof As we have seen in the proof of the above proposition, for η ∈ E and i ≠ j,

Δe i+e j
M η = (U i Pi U∗i − U jU i Pi U∗i U∗j )η.

Then, Δe i+e j
M ≥ 0 (i ≠ j) implies U i Pi U∗i − U jU i Pi U∗i U∗j ≥ 0; that is, U jPi U∗j ≤ Pi .

Hence, ran Pi is a U j-invariant subspace. Since dimE < ∞, ran Pi is also a U j-reducing
subspace. In other words, U jPi = Pi U j (i ≠ j). Therefore, by the above computation,
Δe i+e j

M ∣E = 0 (i ≠ j). However, it can be checked very easily that

Δe i+e j
M ∣zH2

E
(D) = 0

even when E is infinite-dimensional. This completes the proof. ∎

We end the section with a result which ensures that BCL n-tuples are crucial while
studying isometric dilations of n-tuples of commuting contractions. Observe that if
T = (T1 , . . . , Tn) ∈ Tn(H), then the product contraction PT = T1 ⋅ ⋅ ⋅Tn is pure if and
only if T∗α → 0 in SOT as α →∞. Here, for α = (α1 , . . . , αn) ∈ Zn

+, T α = T α1
1 ⋅ ⋅ ⋅T αn

n
and α →∞ means that α i →∞ for each i = 1, . . . , n. Indeed, it follows from the
following inequalities

P l
T P∗l

T ≤ T α T∗α ≤ Pm
T P∗m

T ,

where m = min{α i ∶ i = 1, . . . , n} and l = max{α i ∶ i = 1, . . . , n}.

Proposition 2.9 Let T = (T1 , . . . , Tn) ∈ Tn(H) be such that the product contraction
PT is pure and T admits an isometric dilation. Then any minimal isometric dilation of
T is unitarily equivalent to a BCL n-tuple (MΦ1 , . . . , MΦn) on H2

E(D) for some Hilbert
space E.

Proof Let V = (V1 , . . . , Vn) on K be a minimal isometric dilation of T. That is,

T α = PHV α ∣H (α ∈ Zn
+) and K = ⋁

β∈Zn
+

V β(H).

Since an n-tuple of commuting isometries with the product isometry being pure is
unitarily equivalent to a BCL n-tuple [16, Theorem 3.1], it suffices to prove that the
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product isometry of V is pure or equivalently, by the observation made prior to this
proposition, V∗α → 0 in SOT as α →∞. Since the product contraction PT ∶= T1 ⋅ ⋅ ⋅Tn
is pure and the minimal isometric dilation is always a co-extension ([31]), we have for
h ∈H,

∥V∗α h∥ = ∥T∗α h∥ → 0 in SOT as α →∞.

Let h ∈K be such that h = ∑0≤β≤γ V β hβ (γ ∈ Zn
+, hβ ∈H). Then for α ≥ γ, we have

V∗α h = ∑
0≤β≤γ

V∗(α−β)hβ ,

and

∥V∗α h∥ = ∥ ∑
0≤β≤γ

V∗(α−β)hβ∥ ≤ ∑
0≤β≤γ

∥V∗(α−β)hβ∥ → 0 in SOT as α →∞.

Since {∑0≤β≤γ V β hβ ∶ γ ∈ Zn
+ , hβ ∈H} is a dense subspace of K and {V∗α}α∈Zn

+
is a

uniformly bounded family, it follows that V∗α → 0 in SOT as α →∞. This completes
the proof. ∎

3 Isometric dilation and von Neumann inequality for Bn
0(H)

This section is devoted to find explicit BCL type isometric dilations for tuples in
Bn

0(H). Isometric dilations of such tuples are known due to a result of Brehmer
([20]). However, we find explicit BCL type dilations of such tuples and prove a sharp
von Neumann inequality in certain cases. Explicit BCL type dilations are the key to
prove the commutant lifting theorem in the subsequent section. For a contraction
T ∈ B(H), recall that the defect operator and the defect space of T are defined as

DT ∶= (I − TT∗)1/2 and DT ∶= ran DT .

For an n-tuple of commuting contractions T = (T1 , . . . , Tn) ∈ Tn(H), the product
contraction is denoted by PT ∶= T1 ⋅ ⋅ ⋅Tn . We are now ready to prove the dilation result
for the case when the defect spaces of Ti ’s are finite dimensional.

Theorem 3.1 Let T = (T1 , . . . , Tn) ∈Bn
0(H) be such that dimDTi < ∞ (i = 1, . . . , n).

Let E = ⊕n
i=1 DTi . Then there exist an isometry Π ∶H → H2

E(D) and a BCL n-tuple
(MΦ1 , . . . , MΦn) ∈Bn

0(H2
E(D)) such that

ΠT∗i = M∗Φ i
Π

for all i = 1, . . . , n.

Proof Since Δe i+e j
T = 0 for all i ≠ j,

D2
T j
− Ti D2

T j
T∗i = D2

Ti
− Tj D2

Ti
T∗j = 0 (i ≠ j).

As the defect spaces are assumed to be finite dimensional, the above identities induce
unitaries W(i)

j ∶DT j →DT j for all i ≠ j, defined by
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W(i)
j (DT j h) = DT j T

∗
i h (h ∈H).(3.1)

Then observe that for i , k = 1, . . . , n and i ≠ k ≠ j, W(i)
j W(k)

j = W(k)
j W(i)

j . Indeed,

W(i)
j W(k)

j (DT j h) = W(i)
j (DT j T

∗
k h) = DT j T

∗
i T∗k h = W(k)

j W(i)
j (DT j h).

Now for i = j, we set W( j)
j ∶= W∗(1)

j ⋅ ⋅ ⋅W∗( j−1)
j W∗( j+1)

j ⋅ ⋅ ⋅W∗(n)
j . Then it is clear

from the definition that

W( j)
j (DT j P

∗
T h) = DT j T

∗
j h (h ∈H),

and for each j = 1, . . . , n, the tuple (W(1)
j , . . . , W(n)

j ) is a tuple of commuting unitaries
and

W(1)
j ⋅ ⋅ ⋅W(n)

j = IDTj
.(3.2)

We now have all the ingredients to define the triple (E, Ũ , P̃) corresponding to the
dilating BCL n-tuple. We take E = ⊕n

i=1 DTi , Ũ = (U1 , . . . , Un) and P̃ = (P1 , . . . , Pn),
where for i = 1, . . . , n,

U∗i =
n
⊕
j=1

W(i)
j and Pi(x1 , . . . , xn) = (0, . . . 0, x i , 0, . . . 0) (x l ∈DTl , l = 1, . . . , n).

By the construction of U i and Pi and the identity 3.2, it easy to observe that for
i , j = 1, . . . , n,

U i U j = U jU i , U i Pj = PjU i , P1 + ⋅ ⋅ ⋅ + Pn = IE , and U1 ⋅ ⋅ ⋅Un = IE .

Thus, Ũ and P̃ satisfy all the conditions (1)–(4) as in Theorem 2.3, and by Proposi-
tion 2.7, the corresponding BCL n-tuple (MΦ1 , . . . , MΦn) ∈Bn

0(H2
E(D)). In the rest

of the proof, we construct the dilation map and show that (MΦ1 , . . . , MΦn) is an
isometric dilation of (T1 , . . . , Tn). The following identity,

D2
PT

= D2
T1
+ T1D2

T2
T∗1 + T1T2D2

T3
T∗1 T∗2 + ⋅ ⋅ ⋅ + T1 ⋅ ⋅ ⋅Tn−1D2

Tn
T∗1 ⋅ ⋅ ⋅T∗n−1h (h ∈H),

implies that the map ι ∶DPT → E, defined by

DPT h ↦ (DT1 h, DT2 T∗1 h, DT3 T∗1 T∗2 h, . . . , DTn T∗1 ⋅ ⋅ ⋅T∗n−1h),(3.3)

is an isometry. Since PT is a pure contraction, the map π ∶H → H2
DPT

(D), defined by
πh = ∑k∈Z+ zk(DPT P∗k

T h) (z ∈ D, h ∈H), is an isometry. In fact, π is the well-known
dilation map for PT . Finally, the dilation map for us is the isometry Π ∶= (I ⊗ ι)π ∶
H → H2

E(D). To complete the proof, we show that for all i = 1, . . . , n,

ΠT∗i = M∗Φ i
Π.
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Indeed, it is established by the rigorous computation below. For k ∈ Z+ , η ∈ E, h ∈H,

⟨M∗
Φ i

Πh, zk η⟩

= ⟨(I ⊗ ι) ∑
m∈Z+

zm(DPT P∗m
T h), (Ui P⊥i + zUi Pi)zk η⟩

= ⟨(P⊥i U∗i ιDPT P∗k
T h + Pi U∗i ιDPT P∗k+1

T h), η⟩

= ⟨P⊥i U∗i (DT1 P∗k
T h, DT2 T∗1 P∗k

T h, . . . , DTn T∗1 ⋅ ⋅ ⋅T∗n−1P∗k
T h), η⟩

+ ⟨Pi U∗i (DT1 P∗k+1
T h, DT2 T∗1 P∗k+1

T h, . . . , DTn T∗1 ⋅ ⋅ ⋅T∗n−1P∗k+1
T h), η⟩

= ⟨U∗i (DT1 P∗k
T h, . . . , DTi−1 T∗1 ⋅ ⋅ ⋅T∗i−2P∗k

T h, 0, DTi+1 T∗1 ⋅ ⋅ ⋅T∗i P∗k
T h, . . . , DTn T∗1 ⋅ ⋅ ⋅T∗n−1P∗k

T h), η⟩

+ ⟨U∗i (0, . . . , 0, DTi T
∗
1 ⋅ ⋅ ⋅T∗i−1P∗k+1

T h, 0, . . . , 0), η⟩ (as Ui Pi = Pi Ui)

= ⟨(DT1 T∗i P∗k
T h, . . . , DTn T∗1 ⋅ ⋅ ⋅T∗n−1T∗i P∗k

T h), η⟩.

However, for η ∈ E, h ∈H, k ∈ Z+,

⟨ΠT∗i h, zk η⟩ = ⟨(I ⊗ ι) ∑
m∈Z+

zm(DPT P∗m
T T∗i h), zk η⟩

= ⟨ιDPT P∗k
T T∗i h, η⟩

= ⟨(DT1 T
∗
i P∗k

T h, . . . , DTn T∗1 ⋅ ⋅ ⋅T∗n−1T∗i P∗k
T h), η⟩.

Hence, ΠT∗i = M∗Φ i
Π (i = 1, . . . , n), as asserted. ∎

An isometric dilation for arbitrary T = (T1 , . . . , Tn) ∈Bn
0(H) can also be obtained

in a similar way. Since the defect space DT j may not be necessarily finite dimensional,
the operator W(i)

j ( j ≠ i), as defined in 3.1, is an isometry and may not be necessarily
a unitary. This forces us to take minimal unitary extension of the commuting tuple
of isometries (W(1)

j , . . . , W( j−1)
j , W( j+1)

j , . . . , W(n)
j ) defined on DT j . We denote the

extended tuple of unitaries onK j again by (W(1)
j , . . . , W( j−1)

j , W( j+1)
j , . . . , W(n)

j ). For
i = j, we let the unitary W( j)

j ∶K j →K j be

W( j)
j ∶= W(1)∗

j ⋅ ⋅ ⋅W( j−1)∗
j W( j+1)∗

j ⋅ ⋅ ⋅W(n)∗
j .

Then, by the same arguments as before, the tuple (W(1)
j , . . . , W(n)

j ) is a tuple of
commuting unitaries,

W( j)
j (DT j P

∗
T h) = DT j T

∗
j h ( j = 1, . . . , n, h ∈H), and W(1)

j ⋅ ⋅ ⋅W(n)
j = IDTj

.

The triple (E, Ũ , P̃) corresponding to the dilating BCL n-tuple is defined similarly by
taking E = ⊕n

i=1 Ki , Ũ = (U1 , . . . , Un), and P̃ = (P1 , . . . , Pn), where for i = 1, . . . , n,

U∗i =
n
⊕
j=1

W(i)
j and Pi(x1 , . . . , xn) = (0, . . . 0, x i , 0, . . . 0) (x l ∈Kl , l = 1, . . . , n).
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Since ⊕n
i=1 DTi ⊆ E, the isometry ι, as in 3.3, can be viewed as an isometry from H to

E. Then by the same computation as done in the proof of the previous theorem, one
also has

ΠT∗i = M∗Φ i
Π (i = 1, . . . , n),

where Π ∶= (I ⊗ ι)π ∶H → H2
E(D) and the isometry π ∶H → H2

DPT
(D) is the dilation

map of PT defined by πh = ∑k∈Z+ zk(DPT P∗k
T h) (z ∈ D, h ∈H). Thus, we have proved

the following dilation result.

Theorem 3.2 Let T = (T1 , . . . , Tn) ∈Bn
0(H). Then there exist a Hilbert space E, an

isometry Π ∶H → H2
E(D), and a BCL n-tuple (MΦ1 , . . . , MΦn) ∈Bn

0(H2
E(D)) such

that

ΠT∗i = M∗Φ i
Π

for all i = 1, . . . , n.

Remark 3.3 For T ∈Bn
0(H), by the definition, the product contraction PT is pure.

The above dilation result remains valid even if we remove the requirement that the
product contraction PT is pure. In such a case, the isometric dilation we get would not
be a BCL n-tuple. Instead, it would be direct sums of a BCL n-tuple and an n-tuple of
commuting unitaries. Indeed, if

Q ∶= SOT − lim
n→∞

Pn
T P∗n

T and Q = ran Q ,

then for each i = 1, . . . , n, the operator T̃i ∶ Q→ Qdefined by T̃i
∗(Qh) = QT∗i h is a co-

isometry and T̃i T̃j = T̃j T̃i . Let (W1 , . . . Wn) onK be the minimal unitary co-extension
of (T̃1 , . . . , T̃n). Since the minimal isometric dilation map of PT can be taken to be

π̃ ∶H → H2
DPT

(D) ⊕K, h ↦ (π(h), Qh) = ( ∑
k∈Z+

zk DPT P∗k
T h, Qh),

one can check that

ΠT∗i = (M∗Φ i
⊕ W∗

i )Π (i = 1, . . . , n),

where (MΦ1 , . . . MΦn) ∈Bn
0(H2

E(D)) is the BCL n-tuple as constructed in Theo-
rem 3.2 and Π ∶H → H2

E(D) ⊕K is given by Π(h) = ((I ⊗ ι)π(h), Qh) with ι as
in (3.3).

In the rest of this section, we prove a sharper version of the von Neumann
inequality. Since any element T of Bn

0(H) has an isometric dilation, T satisfies the
von Neumann inequality for C[z1 , . . . , zn], the ring of polynomials in n variables with
complex coefficients. That is, for all polynomials p ∈ C[z1 , . . . , zn],

∥p(T)∥B(H) ≤ sup
z∈Dn

∣p(z)∣.

However, we show that, in this particular case, one only needs to consider a one-
dimensional variety instead of whole D

n
. Before going into further details, we need

to recall some results. Let T = (T1 , . . . , Tn) be an n-tuple of commuting bounded
operators on H. The Taylor joint spectrum ([36]) of T is denoted by σ(T). In the
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case when T consists of commuting matrices, σ(T) is the set of all joint eigenvalues.
Let (MΦ1 , . . . , MΦn) be a BCL n-tuple on H2

E(D) such that E is finite dimensional.
Then, it is proved in [19, Theorem 7.3] that the set

W ∶= {z = (z1 , . . . , zn) ∈ Cn ∶ (z1 , . . . , zn) ∈ σ(Φ1(z), . . . , Φn(z))}(3.4)

is a one-dimensional symmetric algebraic variety, where for z = (z1 , . . . , zn) ∈ Cn ,
z ∶= z1 ⋅ ⋅ ⋅ zn . Here, the symmetric property of W simply means that for non-zero
z i(i = 1, . . . , n),

(z1 , . . . , zn) ∈ W if and only if ( 1
z̄1

, . . . , 1
z̄n

) ∈ W .

We are now ready to prove the sharp von Neumann inequality.

Theorem 3.4 Let T = (T1 , . . . , Tn) ∈Bn
0(H) and dimDTi < ∞ for all i = 1, . . . , n.

Then there exists a one-dimensional symmetric algebraic variety W in C
n such that for

all polynomials p ∈ C[z1 , . . . , zn],

∥p(T)∥B(H) ≤ sup
z∈W∩Dn

∣p(z)∣.

Proof Let the BCL n-tuple (MΦ1 , . . . , MΦn) ∈Bn
0(H2

E(D)) be an isometric dilation
of T such that E is finite dimensional. The existence of such a dilation is shown in
Theorem 3.1. Moreover, it also follows from Theorem 3.1 that

T ≅ (PQMΦ1 ∣Q , . . . , PQMΦn ∣Q),

where Q = Π(H) ⊆ H2
E(D) is a co-invariant subspace. Then, for p ∈ C[z1 , . . . , zn],

∥p(T)∥B(H) = ∥PQp(MΦ1 , . . . , MΦn)∣Q∥B(H2
E
(D))

≤ ∥p(MΦ1 , . . . , MΦn)∥B(H2
E
(D))

= ∥Mp(Φ1(z), . . . ,Φn(z))∥B(H2
E
(D)) .

Now, it is easy to observe that

∥Mp(Φ1(z), . . . ,Φn(z))∥B(H2
E
(D)) = ∥p(Φ1(z), . . . , Φn(z))∥H∞

B(E)
(D).

Clearly, the right-hand side is equal to

sup
θ∈[0,2π]

∥p(Φ1(e iθ), . . . , Φn(e iθ))∥B(E).

Thus, we have

∥p(T)∥B(H) ≤ sup
θ∈[0,2π]

∥p(Φ1(e iθ), . . . , Φn(e iθ))∥B(E).

Since dim (E) < ∞, for z ∈ T, (Φ1(z), . . . , Φn(z)) is an n-tuple of commuting uni-
tary matrices. Also since Φ1(z) ⋅ ⋅ ⋅Φn(z) = zIE for all z ∈ D, it follows that for any
(z1 , . . . , zn) ∈ σ(Φ1(z), . . . , Φn(z)),

z ∶= z1 ⋅ ⋅ ⋅ zn = z.(3.5)
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Therefore,

sup
z∈T

∥p(Φ1(z), . . . , Φn(z))∥B(E)

= sup{∣p(z1 , . . . , zn)∣ ∶ (z1 , . . . , zn) ∈ σ(Φ1(z), . . . , Φn(z)), z ∈ T}
= sup{∣p(z)∣ ∶ z = (z1 , . . . , zn) ∈ Tn ∩ σ(Φ1(z), . . . , Φn(z))} (by (3.5))
= sup

z∈W∩Tn
∣p(z)∣

≤ sup
z∈W∩Dn

∣p(z)∣,

where W is the one-dimensional symmetric algebraic variety as in (3.4). The
above computation implies that supθ∈[0,2π] ∥p(Φ1(e iθ), . . . , Φn(e iθ))∥B(E) ≤
supz∈W∩Dn ∣p(z)∣. This completes the proof. ∎

4 Commutant lifting theorem for Bn
0(H)

For T = (T1 , . . . , Tn) ∈ Tn(H), we denote by {T}′ the set of all bounded operators on
H which commute with each Ti (i = 1, . . . , n); that is,

{T}′ ∶= {X ∈ B(H) ∶ XTi = Ti X , i = 1, . . . , n}.

The foundation of the commutant lifting theorem for Bn
0(H) is the explicit isometric

dilation of an element T ∈Bn
0(H) to a BCL n-tuple M ∈Bn

0(H2
E(D)) which we

obtained in the previous section. As a result, our proof of the commutant lifting
theorem hinges on the detailed analysis of the structure of {T}′ as well as of {M}′,
where T ∈Bn

0(H) and M ∈Bn
0(H2

E(D)) is a BCL n-tuple. To begin with, we consider
the case of BCL n-tuples.

Proposition 4.1 Let M = (MΦ1 , . . . , MΦn) ∈Bn
0(H2

E(D)) be a BCL n-tuple corre-
sponding to (E, Ũ , P̃). Suppose that Ei = ran Pi for all i = 1, . . . , n. If X is a contraction
in {M}′, then X has the following block matrix form with respect to decomposition
H2

E(D) = H2
E1
(D) ⊕ ⋅ ⋅ ⋅ ⊕ H2

En
(D):

X =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

MΘ1 0 ⋅ ⋅ ⋅ 0
0 MΘ2 ⋅ ⋅ ⋅ 0
⋮ ⋮ ⋱ ⋮
0 0 ⋅ ⋅ ⋅ MΘn

⎤⎥⎥⎥⎥⎥⎥⎥⎦

,(4.1)

where for all i = 1, . . . , n, Θ i is a contractive B(Ei)-valued analytic function on D.

Proof For X ∈ {M}′, since XMz = Mz X, then there exists Θ ∈ H∞B(E)(D) such that
X = MΘ . Let Θ(z) = ∑k≥0 Ak zk , where Ak ∈ B(E) (k ≥ 0). We fix i ∈ {1, . . . , n}. Since
XMΦ i = MΦ i X, then the identity Φ i(z)Θ(z) = Θ(z)Φ i(z) implies that for all z ∈ D,

U i P⊥i A0 +∑
k≥1

(U i P⊥i Ak + U i Pi Ak−1)zk = A0U i P⊥i +∑
k≥1

(AkU i P⊥i + Ak−1U i Pi)zk .

Comparing the coefficients, we obtain

U i P⊥i A0 = A0U i P⊥i and U i P⊥i Ak + U i Pi Ak−1 = AkU i P⊥i + Ak−1U i Pi (k ≥ 1).(4.2)
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Note that as M ∈Bn
0(H2

E(D)), we have U i Pj = PjU i for all i , j = 1, . . . , n. Then the
identity U i P⊥i A0 = A0U i P⊥i together with A∗0P⊥i U∗i = P⊥i U∗i A∗0, obtained by taking
adjoint, imply that E⊥i is a reducing subspace for A0. That is, A0P⊥i = P⊥i A0. Letting
k = 1 in 4.2, we get

U i P⊥i A1 + U i Pi A0 = A1U i P⊥i + A0U i Pi .

Consequently,

U i P⊥i A1P⊥i = (U i P⊥i A1 + U i Pi A0)P⊥i = (A1U i P⊥i + A0U i Pi)P⊥i = A1U i P⊥i .

By the same argument as before, the above identity together with P⊥i A∗1 P⊥i U∗i =
P⊥i U∗i A∗1 imply that E⊥i is a reducing subspace for A1. Proceeding in the same way,
we can show that E⊥i is a reducing subspace for Ak for all k ≥ 2. We set A(i)k ∶= Ak ∣Ei

for all k ≥ 0, and Θ i(z) ∶= ∑k≥0 A(i)k zk . Then Θ i ∈ H∞B(Ei)
(D). Since i was arbitrarily

chosen, we have Θ i ∈ H∞B(Ei)
(D) for all i = 1, . . . , n, and it is now easy to see that

Θ(z) = ⊕n
i=1Θ i(z), and therefore MΘ = ⊕n

i=1MΘ i .

This completes the proof. ∎
As a consequence of the above result, we find certain decomposition of the defect

operator next.
Proposition 4.2 Let M = (MΦ1 , . . . , MΦn) ∈Bn

0(H2
E(D)) be a BCL n-tuple corre-

sponding to (E, Ũ , P̃). If X is a contraction in {M}′, then there exist positive operators
G1 , . . . , Gn on H2

E(D) such that

I − XX∗ = G1 + ⋅ ⋅ ⋅ + Gn and (I − CMΦ j
)(G i) = G i − MΦ j G i M∗Φ j

= 0 (i ≠ j).

Proof Since X is a contraction in {M}′, using Proposition 4.1, X has the block matrix
from as in 4.1 for some Θ i ∈ H∞B(Ei)

(D)(i = 1, . . . , n). We consider

G i =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 . . . 0 . . . 0
⋮ ⋱ ⋮ ⋱ ⋮
0 . . . IH2

Ei
(D) − MΘ i M∗Θ i

. . . 0
⋮ ⋱ ⋮ ⋱ ⋮
0 . . . 0 . . . 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (i = 1, . . . , n)

where the block matrix representation is taken with respect to the decomposition
H2

E(D) = H2
E1
(D) ⊕ ⋅ ⋅ ⋅ ⊕ H2

En
(D). Since MΘ i is a contraction, it follows that G i ≥ 0

and I − XX∗ = G1 + ⋅ ⋅ ⋅ + Gn . Now for i ≠ j, using the block matrix form 2.3 of MΦ j

and MΦ j X = XMΦ j , it can be easily verified that MΦ j G i M∗Φ j
= G i . The proof now

follows. ∎
Let T = (T1 , . . . , Td) ∈Bn

0(H) and M = (MΦ1 , . . . , MΦn) ∈Bn
0(H2

E(D)) be an
isometric dilation of T. That is, there exists an isometry Π ∶H → H2

E(D) such that

ΠT∗i = M∗Φ i
Π (i = 1, . . . , n).

For a contractive X ∈ {T}′, if there exists a contractive multiplier Θ ∈ H∞B(E)(D)
such that MΘ ∈ {M}′ and ΠX∗ = M∗ΘΠ, then by the above proposition, I − MΘ M∗Θ =
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G1 + ⋅ ⋅ ⋅ + Gn for some positive operators G i on H2
E(D) such that (I − CMΦ j

)(G i)
= G i − MΦ j G i M∗Φ j

= 0 (i ≠ j). Then observe that

I − XX∗ = Π∗(I − MΘ M∗Θ)Π = Π∗G1Π + ⋅ ⋅ ⋅ + Π∗Gn Π

and

(I − CT j)(Π∗G i Π) = Π∗(I − CMΦ j
)(G i)Π = 0 (i ≠ j).

Thus, the condition that there should exist positive operators G̃1 , . . . G̃n on H for
which

I − XX∗ = G̃1 + ⋅ ⋅ ⋅ + G̃n , and (I − CT j)(G̃ i) = 0, (i ≠ j)

is necessary for the commutant lifting theorem to hold. In fact, we show below that
every commutant of T ∈Bn

0(H) indeed satisfies the necessary condition for which
we need the following lemma.

Lemma 4.3 Let T = (T1 , . . . , Tn) ∈ Tn(H) be such that Δei+e j
T = 0(i ≠ j). Then

I − PT P∗T = ∑n
i=1 D2

Ti
, where PT = T1 ⋅ ⋅ ⋅Tn and DTi is the defect operator of Ti .

Proof Using Agler’s hereditary functional calculus ([1]) to the following identity,
for (z1 , . . . , zn) and (w1 , . . . , wn) ∈ Dn ,

(1 − z1w̄1 ⋅ ⋅ ⋅ znw̄n)

=
n
∑
i=1
(1 − z iw̄ i) −

n
∑

i , j=1
i< j

(1 − z iw̄ i)(1 − z jw̄ j) + ⋅ ⋅ ⋅ + (−1)n−1(1 − z1w̄1) ⋅ ⋅ ⋅ (1 − znw̄n),

we get

I − PT P∗T =
n
∑
i=1

D2
Ti
−

n
∑

i , j=1
i< j

Δe i+e j
T +

n
∑

i , j,k=1
i< j<k

Δe i+e j+ek
T − ⋅ ⋅ ⋅ + (−1)n−1Δe i+ ⋅ ⋅ ⋅ +en

T .

Hence, by Lemma 2.1, I − PT P∗T = ∑n
j=1 D2

T j
. ∎

For T = (T1 , . . . , Tn) ∈ Tn(H), we denote by T̃j the (n − 1)-tuple obtained from T
by deleting Tj ; that is,

T̃j ∶= (T1 , . . . , Tj−1 , Tj+1 , . . . , Tn).

Theorem 4.4 Let T = (T1 , . . . , Tn) ∈Bn
0(H). If X is a contraction in {T}′, then there

exist positive operators G1 , . . . , Gn on H such that

I − XX∗ = G1 + ⋅ ⋅ ⋅ + Gn and (I − CTi )(G j) = G j − Ti G jT∗i = 0 (i ≠ j).(4.3)

Proof First, we define

G j = SOT − lim
α=(α1 , . . . ,αn−1)→∞

T̃ α
j (I − XX∗)T̃∗α

j ( j = 1, . . . , n).
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Clearly, the above SOT limit exists as Ti ’s are contractions. It then follows from the
definition that (I − CTi )(G j) = G j − Ti G jT∗i = 0 for all i ≠ j. Now,

n
∑
j=1

G j = SOT − lim
α→∞

n
∑
j=1

T̃ α
j (I − XX∗)T̃∗α

j = SOT − lim
α→∞

(
n
∑
j=1

T̃ α
j T̃∗α

j − X(
n
∑
j=1

T̃ α
j T̃∗α

j )X∗).

To complete the proof, it is enough to show that SOT − limα→∞∑n
j=1 T̃ α

j T̃∗α
j = IH.

Since Δe i+e j
T = 0 (that is, D2

T j
= Ti D2

T j
T∗i (i ≠ j)), then

D2
T j
= T̃ α

j D2
T j

T̃∗α
j ( j = 1, . . . , n, α = (α1 , . . . , αn−1) ∈ Zn−1

+ ).

Taking sum over j in both sides to the above identity, we get for all α ∈ Zn−1
+ ,

n
∑
j=1

T̃ α
j T̃∗α

j =
n
∑
j=1

D2
T j
+

n
∑
j=1

T̃ α
j TjT∗j T̃∗α

j

= IH − PT P∗T +
n
∑
j=1

T̃ α
j TjT∗j T̃∗α

j (by Lemma 4.3).

Consequently, for α ≥ e = (1, . . . , 1),

IH −
n
∑
j=1

T̃ α
j T̃∗α

j = PT(IH −
n
∑
j=1

T̃ α−e
j T̃∗α−e

j )P∗T .

Set Yα ∶= IH −∑n
j=1 T̃ α

j T̃∗α
j , (α ∈ Zn−1

+ ). By the above identity, for α ≥ e, if k =
min{α1 , . . . , αn−1}, then

Yα = PT Yα−eP∗T = ⋅ ⋅ ⋅ = Pk
T Yα−keP∗k

T .

Thus, for h ∈H,

∥Yα h∥ = ∥Pk
T Yα−ke P∗k

T h∥ ≤ ∥Yα−ke∥∥P∗k
T h∥ ≤ (n + 1)∥P∗k

T h∥.

Since PT is pure, it then follows that SOT − limα→∞ Yα = 0. This completes the
proof. ∎

The identity (4.3), in the above theorem, is crucial for commutant lifting theorem to
hold, which is one of the main results of this section. The reader familiar with the work
of [9] could easily recognize the identity (4.3) and must be tempted to use [9] to prove
the commutant lifting theorem. Despite the similarity, one cannot use [9] directly, as
the isometric dilation of T as well as the dilation map are completely different. As a
result, our proof is entirely different compared to that of [9]. Before going into the
commutant lifting theorem, we need a couple of preparatory results. The first one of
them is of independent interest. It is well-known that given any contractive B(E)-
valued analytic function Θ, there exist an auxiliary Hilbert space F and a contraction

W = [A B
C D] ∶ E⊕ F → E⊕ F
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such that Θ(z) = τW(z), where τW is the transfer function corresponding to W;
that is,

τW(z) = A+ zB(IF − zD)−1C (z ∈ D).

Moreover, the contraction W can be taken to be a unitary if necessary. This result
is known as transfer function realizations for operator valued bounded analytic
functions on the unit disc. Recall that a contraction T on H is said to be a completely
non-coisometric if there is no nontrivial invariant subspace of T∗ on which T∗ is
an isometry. A contraction T is said to be a completely nonunitary (cnu) if there is
no nonzero T-reducing subspace S of H such that T ∣S is a unitary operator. For a
contraction T on H, there exist unique T-reducing subspaces Hcnu and Hu such
that H =Hcnu ⊕Hu , Tcnu ∶= T ∣Hcnu is a cnu, and Tu ∶= T ∣Hu is a unitary (see [31,
Theorem 3.2]). Thus, T has the following block matrix representation of T with
respect to the decomposition Hcnu ⊕Hu :

T = [Tcnu 0
0 Tu

] .

Such a decomposition is commonly referred to as canonical decomposition of T.
If U ∈ B(E) is an isometry, in the result below, we find a necessary and sufficient
condition for the commutativity of τW(z) and U for all z ∈ D in terms of W and U.

Theorem 4.5 Let τW(z) = A+ zB(I − zD)−1C be the transfer function corresponding

to a unitary W = [A B
C D]on E⊕ F for some Hilbert spaces E and F, and let U be an

isometry on E. Let

D = [D1 0
0 D2

]

be the canonical decomposition of D into the cnu part D1 and the unitary part D2 with
respect to the decomposition F = F1 ⊕ F2. Consider the following statements.
(1) MτW (IH2(D) ⊗ U) = (IH2(D) ⊗ U)MτW .

(2) There exists a contraction Y on F such that WŨ = ŨW, where Ũ = [U 0
0 Y].

Then (2) #⇒ (1). Moreover, if D1 is completely non-coisometric, then (1) #⇒ (2).

Proof Using the power series expansion of τW(z), it is easy to see that the identity
in (1) is equivalent to

AU = UA and (BDk−1C)U = U(BDk−1C) (k ≥ 1).(4.4)

Now we assume that (2) holds. Then by a routine block matrix multiplication,
AU = UA, BY = UB, CU = YC, and DY = Y D. Thus, AU = UA and

BDk−1CU = BDk−1YC = BY Dk−1C = UBDk−1C (k ≥ 1).

Hence, by the observation we made earlier, MτW (IH2(D) ⊗ U) = (IH2(D) ⊗ U)MτW .
This proves (2) #⇒ (1).
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For the proof of the moreover part, note that the block matrix representation of
W with respect to the decomposition E⊕ F1 ⊕ F2 is

W =
⎡⎢⎢⎢⎢⎢⎣

A B∣F1 0
PF1 C D1 0

0 0 D2

⎤⎥⎥⎥⎥⎥⎦
.

Since W is a unitary,

A∗A+ C∗PF1 C = IE , PF1 B
∗B∣F1 + D∗1 D1 = IF1 ,

PF1 B
∗A+ D∗1 PF1 C = 0, and PF1 CC∗∣F1 + D1D∗1 = IF1 .

Claim:

⋁
k≥0

Dk
1 PF1 C(E) = F1 .

The proof of the claim follows from [8, Theorem 4.2]. However, we supply a proof for the
completeness. To this end, it is enough to show that S ∶= (F1 ⊖⋁k≥0 Dk

1 PF1 C(E)) = {0}.
Let h ∈ S; that is, h ∈ F1 and h ⊥ ⋁k≥0 Dk

1 PF1 C(E). Therefore, h ⊥ Dk
1 PF1 Cη (k ≥ 0,

η ∈ E). In particular, h ⊥ PF1 Cη (η ∈ E); that is,

⟨h, PF1 Cη⟩ = 0 (η ∈ E).

This implies h ∈ ker C∗. In other words, S ⊆ ker C∗. Now it is easy to see that S is a
D∗1 -invariant subspace and the identity PF1 CC∗ + D1D∗1 = IF restricted on S becomes
D1D∗1 ∣S = IS, which contradicts that D1 is completely non-coisometric. Hence, the claim
is proved. ∎

We now proceed to construct a contraction Y on F such that WŨ = ŨW ; that is,

BY = UB, CU = YC , and DY = Y D.

Since F1 = ⋁k≥0 Dk
1 PF1 C(E), we define

Y ∶ F1 ⊕ F2 → F1 ⊕ F2 , by (Dk
1 PF1 Cη, f ) ↦ (Dk

1 PF1 CUη, 0) (η ∈ E, f ∈ F2 , k ≥ 0).

It remains to show that Y is a well-defined contraction on F and BY = UB as the
identities CU = YC and DY = Y D are immediate from the definition of Y. In fact,
the reader must have noticed that it is the only way one could define Y with required
properties, and therefore, Y is unique in this case. We show below that Y ∣F1 is a
unitary. To this end, it is enough to show that

⟨Dk
1 PF1 Cη, D l

1 PF1 Cη′⟩ = ⟨Dk
1 PF1 CUη, D l

1 PF1 CUη′⟩

for all k, l ∈ Z+ and η, η′ ∈ E. When l = k = 0, note that

⟨PF1 Cη, PF1 Cη′⟩ = ⟨η, (IE − A∗A)η′⟩ (as A∗A+ C∗PF1 C = IE)
= ⟨Uη, Uη′⟩ − ⟨UAη, UAη′⟩ (as U is an isometry)
= ⟨Uη, Uη′⟩ − ⟨AUη, AUη′⟩ (as AU = UA)
= ⟨PF1 CUη, PF1 CUη′⟩.
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For the general case, we use the following identity repeatedly:

⟨Dm
1 PF1 Cη, Dn

1 PF1 Cη′⟩ = ⟨Dm−1
1 PF1 Cη, D∗1 D1Dn−1

1 PF1 Cη′⟩
= ⟨Dm−1

1 PF1 Cη, Dn−1
1 PF1 Cη′⟩ − ⟨BDm−1

1 PF1 Cη, BDn−1
1 PF1 Cη′⟩,(4.5)

as PF1 B∗B∣F1 + D∗1 D1 = IF1 , where m, n ≥ 1. Now consider the case when at least one
of l and k is nonzero. We assume, without any loss of generality, that k ≥ l . Then for
any η, η′ ∈ E, by applying (4.5) l times, we have

⟨Dk
1 PF1 Cη, D l

1 PF1 Cη′⟩ = ⟨Dk−l
1 PF1 Cη, PF1 Cη′⟩ −

l
∑
j=1
⟨BDk− j

1 PF1 Cη, BD l− j
1 PF1 Cη′⟩

= ⟨Dk−l−1
1 PF1 Cη, D∗1 PF1 Cη′⟩ −

l
∑
j=1
⟨BDk− j

1 PF1 Cη, BD l− j
1 PF1 Cη′⟩

= −⟨Dk−l−1
1 PF1 Cη, B∗Aη′⟩ −

l
∑
j=1
⟨BDk− j

1 PF1 Cη, BD l− j
1 PF1 Cη′⟩

= −⟨BDk−l−1
1 PF1 Cη, Aη′⟩ −

l
∑
j=1
⟨BDk− j

1 PF1 Cη, BD l− j
1 PF1 Cη′⟩.

In the above identity, replacing η and η′ by Uη and Uη′, respectively, and using (4.4),
we get

⟨Dk
1 PF1 CUη, D l

1 PF1 CUη′⟩

= −⟨BDk−l−1
1 PF1 CUη, AUη′⟩ −

l
∑
j=1
⟨BDk− j

1 PF1 CUη, BD l− j
1 PF1 CUη′⟩

= −⟨UBDk−l−1
1 PF1 Cη, UAη′⟩ −

l
∑
j=1
⟨UBDk− j

1 PF1 Cη, UBD l− j
1 PF1 Cη′⟩

= −⟨BDk−l−1
1 PF1 Cη, Aη′⟩ −

l
∑
j=1
⟨BDk− j

1 PF1 Cη, BD l− j
1 PF1 Cη′⟩

= ⟨Dk
1 PF1 Cη, D l

1 PF1 Cη′⟩.

Thus, Y is a unitary on F1. From the definition of Y, it follows that Y is a contraction.
Now for g = ∑l

k=0 Dk
1 PF1 Cηk (ηk ∈ E) and f ∈ F2,

BY(g , f ) = BY(
l
∑
k=0

Dk
1 PF1 Cηk , f ) = (

l
∑
k=0

BDk
1 PF1 CUηk , 0)

= UB(
l
∑
k=0

Dk
1 PF1 Cηk , f )

= UB(g , f ).

Therefore, BY = UB, and this completes the proof.
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The other result that we need appeared in different contexts before (see [17, Lemma
4.1] and [23, Lemma 2.1]). According to our need, we present a slightly modified
version.

Lemma 4.6 Let (S , T , X) be a triple of commuting contractions on H such that T
is pure, and let G and Q be two contractions on H such that ran G ⊆ G and ran Q ⊆
K for some Hilbert spaces G and K. Assume that Π ∶H → H2

K(D), defined by h ↦
∑k≥0 zk QS∗T∗k h, is a bounded operator and

W = [A B
C D] ∶ K⊕ G→K⊕ G

is a contraction satisfying

W(Qh, GT∗h) = (QX∗h, Gh) (h ∈H).

Then the transfer function Θ(z) = τW∗(z) = A∗ + C∗z(I − zD∗)−1B∗(z ∈ D), corre-
sponding to the contraction W∗, satisfies

ΠX∗ = M∗ΘΠ.

Proof Since

[A B
C D] [ Qh

GT∗h] = [QX∗h
Gh ] ,

we have

AQh + BGT∗h = QX∗h,(4.6)

and

CQh + DGT∗h = Gh.(4.7)

Now, replacing h by T∗h in 4.7, we have

GT∗h = CQT∗h + DGT∗2h.

Then, substituting GT∗h by CQT∗h + DGT∗2h in 4.6, we obtain

QX∗h = AQh + BCQT∗h + BDGT∗2h.

By repeating the procedure m times, we get

QX∗h = AQh +
m−1
∑
k=0

BDk CQT∗k+1h + BDmGT∗m+1h.

Since T is pure, for all h ∈H, ∥BDmGT∗m+1h∥ ≤ ∥T∗m+1h∥ → 0 as m →∞. Therefore,

QX∗ = AQ +
∞

∑
k=0

BDk CQT∗k+1 .(4.8)
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Now, for k ∈ Z+, η ∈ E, h ∈H,

⟨M∗ΘΠh, zk η⟩ = ⟨∑
m≥0

zm QS∗T∗m h, (A∗ + C∗z(I − zD∗)−1B∗)zk η⟩

= ⟨∑
m≥0

zm QS∗T∗m h, (A∗ + ∑
m≥0

zm+1C∗D∗m B∗)zk η⟩

= ⟨AQS∗T∗k h, η⟩ + ∑
m≥0

⟨BDmCQS∗T∗m+k+1h, η⟩

= ⟨(AQ + ∑
m≥0

BDmCQT∗m+1)S∗T∗k h, η⟩

= ⟨QX∗S∗T∗k h, η⟩ (by the identity 4.8),

and on the other hand,

⟨ΠX∗h, zk η⟩ = ⟨∑
m≥0

zm QS∗T∗m X∗h, zk η⟩ = ⟨QX∗S∗T∗k h, η⟩.

Hence, ΠX∗ = M∗ΘΠ. This completes the proof. ∎

For α = (α1 , . . . , αn) ∈ Zn , we define α+ ∶= (α+1 , . . . , α+n) ∈ Zn
+ and α− ∶=

(α−1 , . . . , α−n) ∈ Zn
+, where α+i = max{α i , 0} and α−i = max{−α i , 0} (i = 1, . . . , n). We

are now ready to prove the commutant lifting theorem.

Theorem 4.7 Let T = (T1 , . . . , Tn) ∈Bn
0(H). Suppose that the isometric dilation of T

is given by the BCL n-tuple M = (MΦ1 , . . . , MΦn) ∈Bn
0(H2

E(D)) via the dilation map
Π ∶H → H2

E(D) for some Hilbert space E, as in Theorem 3.2. If X is a contraction in
{T}′, then there exists a contractive multiplier Θ ∈ H∞B(E)(D) such that MΘ ∈ {M}′
and ΠX∗ = M∗ΘΠ.

Proof Since the proof uses the explicit isometric dilation of T ∈Bn
0(H) as con-

structed in Theorem 3.2, we first recall some of the necessary ingredients from the
proof of Theorem 3.2. By Theorem 3.2, the Hilbert space E has the decomposition
E = ⊕n

j=1K j , where DT j ⊆K j for all j = 1, . . . , n. The dilation map Π ∶H → H2
E(D) is

an isometry given by

Πh =
∞

∑
k=0

zk(DT1 P
∗k
T h, DT2 T∗1 P∗k

T h, . . . , DTn T∗1 ⋅ ⋅ ⋅T∗n−1P∗k
T h) (h ∈H).

The dilating BCL n-tuple M corresponds to the triple (E, Ũ , P̃), where Ũ =
(U1 , . . . , Un) and P̃ = (P1 , . . . , Pn) are defined as

U∗i =
n
⊕
j=1

W(i)
j and Pi(x1 , . . . , xn) = (0, . . . 0, x i , 0, . . . 0) (x l ∈Kl , l = 1, . . . , n),

(4.9)

for some unitaries W(i)
j ∶ K j →K j satisfying

W(i)
j (DT j h) = DT j T

∗
i h (i ≠ j) and W( j)

j (DT j P
∗
T h) = DT j T

∗
j h(4.10)
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for all h ∈H. Moreover, for all j = 1, . . . , n,

W( j)
j = W(1)∗

j ⋅ ⋅ ⋅W( j−1)∗
j W( j+1)∗

j ⋅ ⋅ ⋅W(n)∗
j .(4.11)

For all j = 1, . . . , n, we define

Π j ∶H → H2
K j

(D) by h ↦
∞

∑
k=0

zk DT j T
∗
1 ⋅ ⋅ ⋅T∗j−1P∗k

T h.

It is now clear that for all h ∈H, Πh = ⊕n
j=1Π j h. Suppose any contractive multiplier

Θ ∈ H∞B(E)(D) is in {M}′. Then, by Proposition 4.1, MΘ has the form MΘ = ⊕n
j=1MΘ j ,

where Θ j ∈ H∞B(K j)
(D) for all j = 1, . . . , n. By the explicit form of MΦ i , as in 2.3, MΘ

commutes with MΦ i for all i = 1, . . . , n if and only if

Θ j(z)W(i)
j = W(i)

j Θ j(z) (z ∈ D, i , j = 1, . . . , n).(4.12)

Moreover, ΠX∗ = M∗ΘΠ if and only if for all h ∈H,

n
⊕
j=1

Π j X∗h =
n
⊕
j=1

M∗Θ j
Π j h, equivalently Π j X∗ = M∗Θ j

Π j ( j = 1, . . . , n).(4.13)

Thus, by the above discussion, to complete the proof, we need to construct
Θ j ∈ H∞B(K j)

(D) for all j = 1, . . . , n such that (4.13) and (4.12) holds. To this end, for
the rest of the proof, we fix j and find an auxiliary Hilbert space G and a contraction R
onK j ⊕ G such that Θ = τR∗ , the transfer function corresponding to R∗. Also note that
for τR∗ to satisfy equation (4.12), by Theorem 4.5, it is sufficient to find contractions
Yi on G such that

R∗ [W(i)
j 0
0 Yi

] = [W(i)
j 0
0 Yi

]R∗ (i = 1, . . . , n).(4.14)

This is the point of departure to the construction of the space G and contractions R
and Yi with required properties. Since X is a contraction in {T}′, by Theorem 4.4,
there exist positive operators G1 , . . . , Gn on H such that

I − XX∗ = G1 + ⋅ ⋅ ⋅ + Gn and (I − CTi )(Gm) = Gm − Ti Gm T∗i = 0 (i ≠ m).
(4.15)

Repeated application of the second identity above yields TjG jT∗j = PT G jP∗T . Now,

D2
T j
− XD2

T j
X∗ = I − TjT∗j − X(I − TjT∗j )X∗

= (I − CT j)(I − XX∗)
= (I − CT j)(G1 + ⋅ ⋅ ⋅ + Gn)
= G j − TjG jT∗j (by 4.15).
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A rearrangement of the above identity is

D2
T j
+ PT G jP∗T = XD2

T j
X∗ + G j .(4.16)

We set G̃ ∶= ran G1/2
j ,

M ∶= {(DT j h, G1/2
j P∗T h) ∶ h ∈H} ⊆ K j ⊕ G̃, and N ∶= {(DT j X∗h, G1/2

j h) ∶ h ∈H} ⊆ K j ⊕ G̃.

Therefore, the identity 4.16 induces an isometry R̃ ∶M→ N, defined by

R̃(DT j h, G1/2
j P∗T h) = (DT j X

∗h, G1/2
j h) (h ∈H).(4.17)

Again, using the identity G j = Ti G jT∗i (i ≠ j), we define an isometry for each i ≠ j,

Ỹi ∶ G̃→ G̃, by G1/2
j h ↦ G1/2

j T∗i h (h ∈H).(4.18)

Since (Ỹ1 , . . . , Ỹj−1 , Ỹj+1 , . . . , Ỹn) is an (n − 1)-tuple of commuting isometries on G̃, it
has minimal unitary extension (Y1 , . . . , Yj−1 , Yj+1 , . . . , Yn) on G, say. We set

Yj ∶= Y∗1 ⋅ ⋅ ⋅Y∗j−1Y∗j+1 ⋅ ⋅ ⋅Y∗n .(4.19)

For the simplicity of notations, we set

Vi ∶= [W(i)
j 0
0 Yi

] (i = 1, . . . , n).

The auxiliary space G and the required contractions Yi ’s on G are already constructed.
To construct the contraction R, we take extension of R̃, as in (4.17), in certain way so
that (4.14) holds. It follows from (4.10) and (4.18) thatM andN are invariant subspaces
of each of the unitary Vi on K j ⊕ G with i ≠ j. Also note that for h ∈H and i ≠ j,

R̃Vi(DT j h, G1/2
j P∗T h) = R̃(DT j T

∗
i h, G1/2

j T∗i P∗T h) = (DT j T
∗
i X∗h, G1/2

j T∗i h),

and on the other hand,

Vi R̃(DT j h, G1/2
j P∗T h) = Vi(DT j X

∗h, G1/2
j h) = (DT j T

∗
i X∗h, G1/2

j T∗i h).

Thus, R̃Vi ∣M = Vi R̃∣M for all i ≠ j. We consider

M̃ ∶= ⋁
α∈Zn−1

+

Ṽ∗α(M) and Ñ ∶= ⋁
α∈Zn−1

+

Ṽ∗α(N),

where Ṽ ∶= (V1 , . . . , Vj−1 , Vj+1 , . . . , Vn), and extend R̃ to get an operator from M̃ onto
Ñ by the following prescription:

∑
0≤α≤γ

Ṽ∗α xα ↦ ∑
0≤α≤γ

Ṽ∗α R̃xα (xα ∈M).
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The extension is well-defined as

∥ ∑
0≤α≤γ

Ṽ∗α R̃xα∥2 = ∑
0≤α ,β≤γ

⟨Ṽ∗α R̃xα , Ṽ∗β R̃xβ⟩

= ∑
0≤α ,β≤γ

⟨Ṽ (β−α)+ R̃xα , Ṽ (β−α)− R̃xβ⟩

= ∑
0≤α ,β≤γ

⟨R̃Ṽ(β−α)+xα , R̃Ṽ (β−α)−xβ⟩ (as R̃Vi ∣M = Vi R̃∣M , i ≠ j)

= ∑
0≤α ,β≤γ

⟨Ṽ (β−α)+xα , Ṽ (β−α)−xβ⟩

= ∥ ∑
0≤α≤γ

Ṽ∗α xα∥2 .

We denoted the extended operator again by R̃ ∶ M̃→ Ñ, and it follows from the
definition that

R̃Vi ∣M̃ = Vi R̃∣M̃ (i ≠ j).

Finally, we define the contraction R on K j ⊕ G by setting R = R̃ on M̃ and R ≡ 0 on
M̃⊥. Since M̃ is a reducing subspace for Vi(i ≠ j), we have RVi = Vi R for all i ≠ j.
Also since Vj = V∗1 ⋅ ⋅ ⋅V∗j−1V∗j+1 ⋅ ⋅ ⋅V∗n , which can be read off from (4.11) and (4.19), it
follows that RVj = VjR. Then by Fuglede-Putnam, we have (4.14). It only remains to
prove that

Π j X∗ = M∗Θ j
Π j ,

where Θ j(z) = τR∗(z) = A∗ + C∗z(I − zD∗)−1B∗, transfer function of R∗ and

R = [A B
C D] ∶K j ⊕ G→K j ⊕ G.

This is obtained by applying Lemma 4.6 for S ∶= T1 ⋅ ⋅ ⋅Tj−1, T ∶= PT , G ∶= G1/2
j ,

Q ∶= DT j , Π ∶= Π j , W ∶= R, and using 4.17. Hence, the theorem is proved. ∎

Remark 4.8 For T = (T1 , . . . , Tn) ∈Bn
0(H) and contractive X in {T}′, the above

theorem shows that X has a contractive lifting in the isometric dilation space of T.
This in particular implies that one can find a norm-preserving lifting of X. Indeed, if
∥X∥ = 1, then there is nothing to prove. If 0 < ∥X∥ < 1, and if Y is a contractive lifting
of X
∥X∥ , then ∥Y∥ = 1, and clearly, ∥X∥Y is a norm-preserving lifting of X.

The following result is a particular case of [31, Proposition 9.2]; we include a proof
for the sake of completeness.

Proposition 4.9 Let (V1 , . . . , Vn) be an n-tuple of commuting isometries on H, and
let X be a contraction on H such that XVi = Vi X for all i = 1, . . . , n. Then the tuple
(X , V1 , . . . , Vn) has an isometric dilation on the minimal isometric dilation space of X.
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Proof Since X is a contraction, suppose Y on K is the minimal isometric dilation of
X. That is,

Xk = PHY k ∣H (k ∈ Z+) and K = ⋁
k∈Z+

Y k(H).

We define, for each i = 1, . . . , n, Ṽi ∶ K→K by

Ṽi(
m
∑
k=0

Y k hk) =
m
∑
k=0

Y k Vi hk (hk ∈H).

It is now enough to prove that each Ṽi is well-defined, which readily follows from the
following computation. For any h, h′ ∈H and k, l ∈ Z+ with k ≥ l ,

⟨Y k Vi h, Y l Vi h′⟩ = ⟨Y k−l Vi h, Vi h′⟩ = ⟨Xk−l Vi h, Vi h′⟩ = ⟨Vi Xk−l h, Vi h′⟩ = ⟨Xk−l h, h′⟩.

This completes the proof. ∎

As a consequence of Theorem 4.7 and Proposition 4.9, we have the following
dilation result.

Theorem 4.10 Let (T1 , . . . , Tn , Tn+1) be an (n + 1)-tuple of commuting contractions
on H such that (T1 , . . . , Tn) ∈Bn

0(H). Then (T1 , . . . , Tn , Tn+1) has an isometric
dilation and, consequently, satisfies the von Neumann inequality.

5 Examples

In this section, we exhibit structures of tuples inBn
0(H)whenH is finite dimensional.

Also, we find an example to demonstrate that such a structure theorem does not hold
for the general case of infinite-dimensional Hilbert space. We have pointed out earlier
that if (T1 , T2) is a pair of commuting contractions on H such that T1 is a co-isometry
and T2 is a pure contraction, then T1T2 is a pure contraction and Δ(1,1)

(T1 ,T2)
= 0, and

therefore, (T1 , T2) ∈B2
0(H). In fact, in the next proposition, we show that pureness

of one of the contractions forces the other operators to be co-isometries and vice versa.

Proposition 5.1 Let T = (T1 , . . . , Tn) ∈Bn
0(H). Then Ti is a pure contraction if and

only if Tj is a co-isometry for all j ≠ i.

Proof Without of loss generality, let T1 be a pure contraction. Since (T1 , . . . , Tn) ∈
Bn

0(H), then, for i = 2, . . . , n, Δ(1,1)
(T1 ,Ti)

= D2
Ti
− T1D2

Ti
T∗1 = 0, where D2

Ti
= I − Ti T∗i .

Iterating the identity k-times, we have

D2
Ti
= T k

1 D2
Ti

T∗k
1 (k ∈ Z+).

Using pureness of T1, we obtain D2
Ti
= 0, and therefore, Ti is a co-isometry. Conversely,

let T2 , . . . , Tn be co-isometries. Since PT is a pure contraction, for h ∈H,

∥T∗k
1 h∥ = ∥T k

2 ⋅ ⋅ ⋅T k
n T∗k

n ⋅ ⋅ ⋅T∗k
2 T∗k

1 h∥ ≤ ∥P∗k
T h∥ → 0 as n →∞.

This completes the proof. ∎
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It turns out that if H is finite dimensional, then any n-tuple (T1 , . . . , Tn) in Bn
0(H)

arises in this way. We first prove it for n = 2, as it is much simpler, and subsequently, we
treat the general case. We denote by Mm(C) the space of all m × m complex matrices.

Proposition 5.2 Let (A, B) ∈B2
0(Cm). Then there exist commuting pairs (U1 , T1) in

Mk(C) and (T2 , U2) in Mm−k(C), where k ≤ m, U1 and U2 are unitary, and T1 and
T2 are matrices with no unimodular eigenvalues such that

(A, B) ≅ ([U1 0
0 T2

] , [T1 0
0 U2

]) .

Proof Since A and B are commuting matrices, then the pair (A∗, B∗) can be
simultaneously upper tringularizable. Suppose that

(A∗, B∗) ≅
⎛
⎜⎜⎜
⎝

⎡⎢⎢⎢⎢⎢⎢⎢⎣

a11 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ a1m
0 a22 ⋅ ⋅ ⋅ a2m
⋮ ⋮ ⋱ ⋮
0 0 ⋅ ⋅ ⋅ amm

⎤⎥⎥⎥⎥⎥⎥⎥⎦

,

⎡⎢⎢⎢⎢⎢⎢⎢⎣

b11 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ b1m
0 b22 ⋅ ⋅ ⋅ b2m
⋮ ⋮ ⋱ ⋮
0 0 ⋅ ⋅ ⋅ bmm

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟
⎠

.

Then the joint eigenvalues of A∗ and B∗ are given by {(a i i , b i i) ∶ i = 1, . . . , m}. Let v i
be a joint eigenvector of norm one corresponding to the joint eigenvalues (a i i , b i i).
Then

0 = ⟨Δ(1,1)
(A,B)v i , v i⟩ = ⟨(I − AA∗ − BB∗ + ABA∗B∗)v i , v i⟩ = (1 − ∣a i i ∣2)(1 − ∣b i i ∣2).

This shows that either ∣a i i ∣ = 1 or ∣b i i ∣ = 1. Also note that both a i i and b i i cannot have
modulus one, as A∗n B∗n → 0 in SOT as n →∞. Now the result follows by rearranging
all the unimodular eigenvalues of A∗ and B∗. ∎

Now we prove the result for any n-tuple (n ≥ 3) of matrices in Bn
0(Cm). Let

A = (A1 , . . . , An) ∈Bn
0(Cm). Since (A1 , . . . , An) is a tuple of commuting matrices,

the tuple (A∗1 , . . . , A∗n) is simultaneously upper tringularizable. Let us assume that

(A∗1 , . . . , A∗n) ≅
⎛
⎜⎜⎜⎜
⎝

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

a(1)11 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ a(1)1m
0 a(1)22 ⋅ ⋅ ⋅ a(1)2m
⋮ ⋮ ⋱ ⋮
0 0 ⋅ ⋅ ⋅ a(1)mm

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

, . . . ,

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

a(n)11 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ a(n)1m
0 a(n)22 ⋅ ⋅ ⋅ a(n)2m
⋮ ⋮ ⋱ ⋮
0 0 ⋅ ⋅ ⋅ a(n)mm

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎞
⎟⎟⎟⎟
⎠

.

Let us fix i (1 ≤ i ≤ m). Since A∗k
1 ⋅ ⋅ ⋅A∗k

n → 0 in SOT as k →∞ and (a(1)i i , . . . , a(n)i i ) is
a joint eigenvalues of (A∗1 , . . . , A∗n), a(k)i i ∈ D for some 1 ≤ k ≤ n.

On the other hand, for l ≠ j, a similar computation as in the proof of Proposition
5.2 reveals that

0 = ⟨Δe l+e j
A v i , v i⟩ = (1 − ∣a(l)i i ∣2)(1 − ∣a( j)

i i ∣2) (l ≠ j),

where v i is a joint eigenvector of norm one corresponding to the joint eigenvalue
(a(1)i i , . . . , a(n)i i ) of the tuple (A∗1 , . . . , A∗n). The above identity implies that a(k)i i ∈ D
for exactly one k ∈ {1, . . . , n}, and the rest are unimodular. Since this is true for all
i = 1, . . . , m, it leads to the following result.
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Proposition 5.3 Let A = (A1 , . . . , An) ∈Bn
0(Cm). Set k = min{n, m}. Then a

rearrangement of the tuple A is unitarily equivalent to a commuting tuple
(B1 , . . . , Bk , W1 , . . . , Wn−k), where B j ’s and Wi ’s are block diagonal matrices corre-
sponding to the decomposition C

m = C
m1 ⊕ ⋅ ⋅ ⋅ ⊕C

mk and have the form

B j =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

U(1)j
⋱

Tj
⋱

U(k)j

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

and Wi =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

V(1)i
⋱

⋱
⋱

V(k)i

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

for some matrices Tj ’s in Mm j(C) with no unimodular eigenvalues and for unitaries
U(l)j (l ≠ j) and V (l)i in Mm l (C).

It is worth mentioning here that a pair of commuting isometries (V1 , V2) ∈B2
0(H)

also has the form as in Proposition 5.2. Indeed, since V1V2 is pure, then (V1 , V2) is
unitarily equivalent to a BCL pair (MΦ1 , MΦ2) ∈B2

0(H2
E(D)) for some co-efficient

Hilbert space E. Then it follows from Proposition 2.7 and (2.3) that (MΦ1 , MΦ2)
has the required form. However, Proposition 5.2 is not true for arbitrary elements
in B2

0(H) when H is infinite-dimensional. We demonstrate this in the following
example.

Example Let B be the bilateral shift on l 2(Z), defined by

B({. . . , a−2 , a−1 , a0 , a1 , a2 , . . .}) = {. . . , a−3 , a−2 , a-1 , a0 , a1 , . . .}.

Set E ∶= l 2(Z) ⊕ l 2(Z). Consider the unitary U ∶= B ⊕ B on E and define a projection

P ∶ E→ E, by P((x , y)) = (x , 0) (x , y ∈ l 2(Z)).

Let (MΦ , MΨ) on H2
E(D) be the BCL pair corresponding to U and P; that is,

Φ(z) = (P + zP⊥)U∗ and Ψ(z) = U(P⊥ + zP) (z ∈ D).

Since UP = PU , it follows from Proposition 2.7 that (MΦ , MΨ) ∈B2
0(H2

E(D)). More-
over, with respect to the decomposition H2

l 2(Z)(D) ⊕ H2
l 2(Z)(D),

MΦ = [I ⊗ B∗ 0
0 Mz ⊗ B∗] and MΨ = [Mz ⊗ B 0

0 I ⊗ B] .(5.1)

For a fixed λ0 ∈ D, let us define a subspace Q of H2
E(D) as follows:

Q ∶= ⋁
k , l≥0

M∗k
Φ M∗l

Ψ (Kλ0 ⊗ (e0 , e0)),

where e0 = {. . . , 0, 1, 0, . . .} ∈ l 2(Z) and Kλ0 is the kernel function at λ0; that is,

Kλ0(z) = 1
(1 − λ̄0z)

(z ∈ D).

It is easy to see that Q is a joint (M∗Φ , M∗Ψ) invariant subspace. We define

T1 = PQMΦ ∣Q and T2 = PQMΨ ∣Q .

https://doi.org/10.4153/S0008414X24000749 Published online by Cambridge University Press

https://doi.org/10.4153/S0008414X24000749


Isometric dilation and commutant lifting theorem 1077

Then (T1 , T2) is a pair of commuting contractions on Q with T1T2 = PQMz ∣Q. More-
over, since Δ(1,1)

(Mϕ .Mψ)
= 0, we have Δ(1,1)

(T1 .T2)
= 0. Therefore, (T1 , T2) ∈B2

0(Q). We show
below that the pair (T1 , T2) does not have the form as in Proposition 5.2. We divide
the arguments in two cases.

Case I: We claim that neither T1 nor T2 is a co-isometry; equivalently, by Proposi-
tion 5.1 neither T1 nor T2 is a pure contraction. Without any loss of generality, suppose
that T1 is a pure contraction. Since Kλ0 ⊗ (e0 , e0) ∈ Q, for n ∈ N,

∥T∗n
1 (Kλ0 ⊗ (e0 , e0))∥2 = ∥M∗n

Φ (Kλ0 ⊗ (e0 , e0))∥2

= ∥[I ⊗ Bn 0
0 M∗n

z ⊗ Bn](
Kλ0 ⊗ e0
Kλ0 ⊗ e0

)∥
2

= ∥Kλ0 ⊗ Bn e0∥2 + ∥M∗n
z Kλ0 ⊗ Bn e0∥2 .

This shows that ∥T∗n
1 (Kλ0 ⊗ (e0 , e0))∥ does not converge to 0 as n →∞, which is a

contradiction.
Case II: We show that there is no joint (T1 , T2)-reducing subspace Q1 of Q such

that both T1∣Q1 and T2∣Q2 are co-isometry, whereQ = Q1 ⊕Q2. Suppose on the contrary
that there exists a joint (T1 , T2)-reducing subspaceQ1 ofQ so that both T1∣Q1 and T2∣Q2

are co-isometry. Since an arbitrary element of Q is of the form Kλ0 ⊗ (x′ , y′) for some
x′ , y′ ∈ l 2(Z) andQ1 ⊆ Q, suppose that Kλ0 ⊗ (x , y) ∈ Q1. We claim that y = 0. Indeed,
for any n ∈ N,

∥Kλ0 ⊗ (x , y)∥2 = ∥T∗n
1 (Kλ0 ⊗ (x , y))∥2

= ∥M∗n
Φ (Kλ0 ⊗ (x , y))∥2

= ∥[I ⊗ Bn 0
0 M∗n

z ⊗ Bn](
Kλ0 ⊗ x
Kλ0 ⊗ y)∥

2

= ∥Kλ0 ⊗ Bn x∥2 + ∥M∗n
z Kλ0 ⊗ Bn y∥2 .

Since Mz is a pure isometry, by taking n →∞ in the above identity, we have
∥(x , y)∥2 = ∥x∥2, and therefore y = 0. Thus we have shown that Q1 ⊆ H2

l 2(Z)⊕{0}. By a
similar set of arguments, along with the fact that T2∣Q2 is a co-isometry, we also have
Q2 ⊆ H2

{0}⊕l 2(Z). Since Q = Q1 ⊕Q2 and Kλ0 ⊗ (e0 , e0) ∈ Q, then Kλ0 ⊗ (e0 , 0) ∈ Q1.
Next, we claim that Q has the following orthogonal decomposition:

Q = Span{Kλ0 ⊗ (e0 , e0)} ⊕ ⋁
k≠l

M∗k
Φ M∗l

Ψ Kλ0 ⊗ (e0 , e0).

Indeed, note that for k = l , M∗k
Φ M∗l

Ψ Kλ0 ⊗ (e0 , e0) = M∗z Kλ0 ⊗ (e0 , e0) = Kλ0 ⊗
λ̄0(e0 , e0). Thus, we only need to show the orthogonality. Without any loss of gen-
erality, suppose that k > l . Then

⟨M∗k
Φ M∗l

Ψ Kλ0 ⊗ (e0 , e0), Kλ0 ⊗ (e0 , e0)⟩ = ⟨M∗(k−l)
Φ M∗l

z Kλ0 ⊗ (e0 , e0), Kλ0 ⊗ (e0 , e0)⟩

= ⟨Kλ0 ⊗ (B
(k−l)e0 , λ̄(k−l)

0 B(k−l)e0), Kλ0 ⊗ λ l
0(e0 , e0)⟩

= 0.

https://doi.org/10.4153/S0008414X24000749 Published online by Cambridge University Press

https://doi.org/10.4153/S0008414X24000749


1078 B. K. Das and S. Panja

Here, we have used the fact that for k ∈ Z+, M∗k
Φ Kλ0 ⊗ (e0 , e0) = Kλ0 ⊗

(Bk e0 , λ̄k
0 Bk e0), which can be computed using 5.1. This proves the claim. Also,

by the same computation as we have done above, for l ≠ k, ⟨M∗k
Φ M∗l

Ψ Kλ0 ⊗
(e0 , e0), Kλ0 ⊗ (e0 , 0)⟩ = 0. Therefore, Kλ0 ⊗ (e0 , 0) ∈ Span{Kλ0 ⊗ (e0 , e0)}, which
is a contradiction.
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