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Abstract

We introduce a new permutation statistic, which we call the k-window statistic, for per-
mutations of {1, 2, ..., n}. The aim is to add to the repertoire of potentially useful tools
in the design of efficient algorithms. The k-window statistic counts the number of ele-
ments that are at a displacement at most k from their natural positions in the ascendingly
sorted permutation. We find the exact mean and exact variance of the k-window statis-
tic, revealing phases in the mean and variance in the different regimes of k. We find a
weak (or even strong) law of large numbers in the regime where k = k,, is growing but
remains o(n). Via a representation of the statistic into dependent heterogeneous weakly
correlated indicators, we establish the complete spectrum of distributions as &, spans its
entire range using an appropriate method for each regime.
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1. Introduction

A focal point in the study of permutations is the characterization of the average or distribu-
tion of certain statistics. The goal is to discover better data processing algorithms. The hope is
that such statistics may recommend or disqualify certain sorting algorithms.

Several statistics on permutations are classic, e.g. the number of cycles, the number of
inversions, or the number of ascents, among a few others. They have underlying classical
combinatorial numbers, such as Stirling numbers and Eulerian numbers [8, 9].

Our intention is to look at yet another permutation statistic to add to the repertoire of
potentially useful tools in the design of efficient algorithms. We consider a statistic that
counts the number of elements that are ‘close’ to their natural position in the sorted per-
mutation in ascending order. The word ‘close’ here is captured in a prespecified parameter
called k.

More precisely, we define the k-window statistic in the following way. Suppose I1, =
(w1, ..., my) is a given permutation of [n] := {1, ..., n}, with m; being the position of i € [n]
in the permutation. For 0 < k <n — 1, let Cy(I1,) be the number of elements in IT,, that are at a
distance no greater than k from their natural position (the natural position m; for i is 7). In other
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2 H. MAHMOUD

words, we set

Ce(Ty) = I{ix |y — il <k}

applied to a set A4, the notation |.A4| is the cardinality or size of the set. For brevity, we drop IT,
from the notation and simply write Cj, x.

Another way to think of C, « is to put a viewing window of width 2k + 1 centered at every
position i € [n], and add 1 to the count C, k, for every i seen in its associated window. This
suggests a name for the statistic. Let us call it the k-window statistic (a displacement of no
more than & positions to the left or k positions to the right).

The 0-window statistic counts the number of fixed points in a permutation. This has been
studied; see [4, Example 3.4.2], for instance. To the best of our knowledge, the k-window
statistic has not been considered much for other values of k, particularly for k growing with n.
We look at the entire spectrum of k; the forthcoming analysis shows phase transitions in the
asymptotic average, variance, and distribution of C,, .

We focus on random permutations, where the randomness means that all permutations of
[n] are equally likely. Indeed, a large class of data has ranks that are random permutations.
For instance, the ranks of the observations in a sample of size n taken from any continuous
distribution are almost surely in a random permutation of [r].

In what follows, we use the notation 1¢ for the indicator of the event £. The k-window
statistic can be represented as a sum of indicators:

n
Coke = ) Yjm—il <. (1.1)
i=1

The indicators involved are dependent. They are heterogeneous in the sense they are not identi-
cally distributed and the dependency between different pairs may not be the same. For instance,
for n =3, and k=1, the two indicators 1y, _1<1} and 1{z,—2|<1} are uncorrelated, whereas
the covariance between 1{j, —1<1} and 1{jz;_3<1} is %

Consider an n x n matrix (which we call A,,) with rows indexed by i and columns indexed
by r, and filled with 1s and Os. The 1s appear in a band around the main diagonal, where the
absolute difference between i and r is at most k, and the rest of the entries in the matrix are Os.
Figure 1 shows the matrix Ag, with k =2 (windows of width 5 in (a)) and with k = 5 (windows
of width 11 in (b)). The positions containing 1 are colored pink.

Suppose the permutation in the positional notation is

381 6 2 7 5 4

The bullets in both grids show where the elements of this permutation are. For example,
the element 1 appears in the third position in the permutation: cell (1, 3) receives a bullet and
is seen in a window of width 5 (in the pink region in (a)), contributing 1 to Cg . It is also
seen in a window of length 11 (in the pink region in (b)), contributing 1 to Cg 5. The element
5 appears at position 2 in the permutation, which is not in the pink area in (a), contributing
0 to Cg2, but is in the pink region in (b), contributing 1 to Cg s. For this permutation, we
compute

Cs2=1+0+1+14+0+1+14+0=5 Cgs=14+0+1+1+1+14+1+1=7.
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(a) c (b)

FIGURE 1. The permutation IIg = (3, 8, 1, 6, 2, 7, 5, 4) represented as bullets in an 8 x 8 grid appearing
at the positions (i, ;). The pink shaded cells satisfy |i —j| <k; (a) k=2, (b) k=5.
2. The mean of the k-window statistic

We pin down the exact mean of C, , from which we can extract asymptotics and discern
phases within.

Proposition 2.1. Let k be an integer between 0 and n — 1. In a random permutation of [n], the
average of the k-window statistic is

k
EICyid=2k+ 1~ ~(k+1).

Proof. Take expectations of (1.1) to get

n

E[Cn il = ZZI{Ir i<y P(ri=r)= ZZIW il<k)-

i=1 r=1 llr—

Here and throughout, we call the sum Zf:l 1{,—ij<ky by the name x, ;. In view of edge
effects, we evaluate x, ; x piecewise and deal with cases. Thus x,, ; x counts the 1s across row i
in this matrix.

The case 0 <k <n/2. We find

k—+1i, fori=1,...,k,
Xnik=12k+1, fori=k+1,...,n—k,
k+1+n—1i, fori=n—k+1,...,n

It follows that

n

anzk—Z(k-i-l)-i- Z Qk+D+ Y h+1+n—i)

i=k+1 i=n—k+1
=Q2k+ Dn—k(k+1). 2.1)
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The case k > n/2. We find
k+1i, fori=1,...,n—k—1,
Xnik=13n, fori=n—4k,...,k+1,
k+1+n—i, fori=k+2,...,n
It follows that

n—k—1 k+1
anlk_ Z k+i+ > n+ Z k+1+n—1i)
i=n—k i=k+2

= 2k + Dn — k(k + 1),

which is the same expression as the counterpart in the case k < n/2. In either case, we get

1 k
E[Cokl=— D tnik=k+1) = ~(k+1). O
i=1

2.1. Phases in the average of C, ;
We keep in mind that kK may depend on n. We write

k=k,=an+ gy,

where g, is o(n). Depending on context, we simply write kK when £ is fixed, or appears in huge
formulas, or when suggested by aesthetics. In other places, where convergence is discussed, it
is preferable to write k;,.

The case o = 0 covers slowly growing (sublinear) k, such as when k is a fixed number (in
which case g, = k), or a case such as k, =0+ g, = | 6n°/* + w/n+elnn—>5)].

To determine the asymptotics of E[C, ], we use the ® notation, which specifies the exact
growth rate of a function. The notation ® is popular in the literature of computer science. For
a function g,, if there exist two real positive constants c; and c3, and a natural number rg, such
that

cilhnl < 1gnl < c2lhn| forall n > no,

we say that g, is of the same exact order of growth as the function %, and write this as g, =
®(hy,). Consider first the regime in which « € [0, 1). Plugging the representation of k,, into the
exact expression of Proposition 2.1, we get

E[Coi]l = 2an+ gu) + 1 — 8" (@n+ g, + 1)

82+ gn
&

=a—-on+2(1 —a)gp+1—a —

The order of g% /n is always o(g,). Hence, for k in the sublinear regime (where o = 0), we have

g2
E[Cn,k] = zgn + 1+ ®<_n),

n

the average of the k-window statistic is also in a sublinear phase.
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TABLE 1. Asymptotics for some selected k;, functions.

o k, gn Asym. E[Cp 1, ] Asym. Var [Cy, g, ]

0 k k 2%k+1+0(}) 2k +1

0 [Inn) [Inn] 2Inn+0(1) 2Inn

0 [6n!/4 — 1] [6n!/4 — 1] 12214 + O(1) 120174

0 [82/*+1.92°°7  [8n** +1.90°]  16n¥/* + ©n*°) 16n3/4
2 2

0 I d mn T O(5,) I

% |_%n—|—enl/6J en'/® —r, gn—i—@(nl/ﬁ) %n

9 9 2 2 _ = 99 263

0 Lron+ 7] == Tn To0” + O 30000

1 n— [ﬁw _(ﬁ—l n_®(1n’21n) ®(1ngn)

1 n—[37/n]+9  —137n]+9 n—0() e(1)

1 n—2[nn —2[In ] n—o() o(rn)

1 n—4 —4 n—0(1) o(})

In the linear regime k, = an + g, the function g, is o(n), and if o =1 this function is
negative. With « € (0, 1], the average comes up into a linear phase too:

n

2
ElCiil=a@—a)n+2(1 —a)gy + 1 —a — ®<g—"> 2.2)

It is evident from the asymptotic approximation that we get a sublinear (in n) average for
the k-window statistic, for « = 0, then the average transitions into a linear phase, when « is
in (0, 1].

In the linear phase, the coefficient of linearity in the average increases with rising «. Table 1
shows the asymptotics of the average of C, x, for some selected k, functions. In the table, the
functions r,, and 7, are corrections with values in [0, 1) that appear upon removing the floors.

Remark 2.1. There is no limit to how bizarre the function &, can be. For example, one could
think of a function alternating between high and low values, such as

1, for odd n,
l/n ], forevenn.

Such a concocted sequence is not likely to appear in practice, and therefore is of no interest.
We confine our attention to functions k, that are constants or driven by a dominant naturally
growing function.

kn =

3. The variance of the k-window statistic

Toward the exact variance of C, , we begin with its second moment. Squaring the stochastic
equation (1.1), we get

2
Cor=Y_ Nm—ii<tlim—ji<k)

1<i,j<n
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n
= Nmi=i+ Y m—ii<iy Lim—ii<t)

i=1 1<ij<n
i
=Cuk+ Y Vmii<k) Ljm—ji<h)- 3.1
1<i,j<n
i

Proposition 3.1. Let k be an integer between 0 and n — 1. In a random permutation of [n], the
variance of the k-window statistic is

(3(2k + Dn3 — 3(5k% + 5k + 1)n?
+ 4k(k + D)2k + Dn+3k>(k+ 1)*)/Bn*(n — 1)), for 0<k <n/2,

Var [Cp k] =
(n—k—Dm—k)
x (2n% — 2k + Dn + 3k(k + 1))/B3n%(n — 1)), forn/2 <k <n.
Proof. Take expectations of (3.1), noting that for distinct i and j, the positions 7; and 7; are
distinct, and the joint distribution of (r;, 77;) is uniform over [n] x [n] — {(i,): i=1, ..., n}.
This yields
1
2
E[C, ] =ElCuil + W=D Z Lr—it<ky Lgis—ji<k)-
1<i,j,r,s<n
i#£j, r#£s

For economy of space, we introduce the notation J, 4 = 1{p—g/<k} to write the last
relation as

1
G =BG+ oy 2L Jniwds

1<i,j,r,s<n

i#j,rs

1
=E[C il + pYP— S Tidsik— Y. T Jsik

1<i,j,r,s<n I<i,r,s<n r#s

r#s

= ]E[Cn,k] + (Ln,k - Ml’l,k)v

nn—1)
where L, x and M), ; are the two four-fold sums in the penultimate line, defined in their order
of appearance.

We have an exact expression for E[C,, «] from Proposition 2.1. The evaluation of these four-
fold sums requires a very lengthy computation that can be distracting; we only give the result
here and relegate the detailed derivation to the appendix. We have

2k + D((2k + Dn? — 2k* + 4k + D)n)

+ Lk(k + DK + 13k +5), for0 <k <n/2,
Lnk =1 1,3 L okk+ 1n? — @ + 682 + 2%+ Ly
3 3
+ tk(k + 13K + 5k + 1), forn/2 <k <n,
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and
2k(2k+1)n—%k(k+1)(5k+1), for0 <k <n/2,
ke {—§n3 + 2k + Dn? — 33k + Dn — 3k(k*> — 1), forn/2 <k <n.
Assembling all the elements and simplifying, we get

(6(k + D)2k + Dn% — 3(4k3 + 15k + 11k + 2)n

B[] + k(k + 1)(3k* 4 23k + 10))/(Bn(n — 1)), for0 <k <n/2,
) (203 6Kk 4 1Dn? — (1263 + 21K2 + 9k + 2)n
+ k(k + D)k +2)(3k + 1))/Bn(n — 1)), forn/2 <k <n.

The variance follows from the computation of E[Cﬁ k] — ]EZ[C,,,k] and further algebraic
simplification yielding the stated expression. (|

3.1. Phases in the variance of C,, «

We can now identify phases in the variance. Let k =k, =an + g,, with g, =o(n), as
n — 00. For o = 0, we have the asymptotic equivalent

Var [Cp k] ~ 28, + 1.

In contrast, for 0 < o < %, the variance is in the linear phase
3,8,
Var [Cpil =al| o’ + ga —Sa+2 |n+ 0(gy),
whereas for % < a < 1, the variance enters the linear phase
4 8 3 2 2
Var[Cpil =" — goz + 3a° — 2u + 3 n+ O(gp).

We note that at o = %, the linearity coefficients o (o + %az —5a+2) and (a* — §a3 +
3 — 20+ %) are both equal to %, showing that the two linear phases meet smoothly at the
seam line. Also, note that the coefficient of n is 0 at « = 0 and again at @ = 1. Figure 2 shows
a plot of p(@), the coefficient of n in Var [C, «], for a € [0, 1].

The regime in which o =1 offers its own twists. Within this regime, k,, assumes the form
n+ g, for some negative function g, = o(n). The exact variance in Proposition 3.1 in this
regime degenerates into

(n2 - %ngn +g5 + %n - gn)gn(gn -1

Var [Cpi] = err—

2

&n
~ =2 asn— oo.

n

In this regime of extremely large windows, if the function g, grows at a rate faster than /z (but
remains o(n), of course), we get a growing variance. At g, ~ c/n, the variance is asymptotic
to ¢2. However, if gn = 0(y/n), the variance diminishes to 0 as n — oo. Table 1 shows the
asymptotics of the variance of C, ¢, for some selected k, functions.

https://doi.org/10.1017/jpr.2026.10125 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2026.10125

8 H. MAHMOUD

p(a)

0.3 1
0.2 t

0.1 1

0.2 0.4 0.6 0.8 1
FIGURE 2. The coefficient p(«) of n as a function of «.

4. Concentration

We use the notation N for convergence in probability, and 2% for convergence almost
surely. In the regime where o = 0, but g, is growing and the regime 0 < @ < 1, the variance is
small enough relative to the square of the mean, and this gives us a weak law of large numbers
for the k-window statistic in the following way. According to the Chebyshev inequality, in the
sublinear regime k,, with g,, growing, for all ¢ > 0, we have

Var [Cn,k] _ ®(gn)

= —0 asn— oo.
2 B2 [Cuk]l  O(g2)

P(|Cnk — E[Cuill > € E[Cpi]) <

. P
Hence, for « =0 and growing g,, we have the convergence C, /E[C, ] —> 1. Yet, we have
E[Cy.k]1/8n — 2. Combining these convergence relations, we get

Cn,k P
—> 2 asn— Q.
8n

In the linear regime k,, ~ an with o € (0, 1), we have E[C;, x] ~ @(2 — o)n, and Var [Cy, ] ~
p(a)n. For all € > 0, we have

O(n)

——— >0 asn— oo.
Om?)

P(ICnk — E[Cnill > € E[Cpk]) =

Hence we have the convergence C, i/E[Cy k] l 1. Yet, we have E[C, «]/n — (2 — a).
Combining these convergence relations, we get

Cok P
ik — a(2—a) asn— oo.

In the regime o = 1, the Chebyshev bound Var [C, «]/(e2E*[C,]) is ©(g2/n®). Hence

we have the convergence C, «/E[C k] ;P> 1. Yet, we have E[C,, x]/n — 1. Combining these
convergence relations, we get

Cn,k P
—> 1 asn— o0.

n

If the Chebyshev bound is O(n~!+?), for some § > 0, the probability on the left-hand side of
Chebyshev’s inequality becomes summable. Via the Borel-Cantelli lemma, the convergence
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is upgraded to be almost sure. That is, in the regime k, = an — O(n'~%/%), for some § > 0,
we have Cp i /n 2% 1. For instance, for k, =n — 5|n3/*], we get the bound O©(n~3/?) in the

Chebyshev inequality, with the conclusion that C,, i /n 251
Remark 4.1. The regime of fixed k is excluded from this approach to the law of large numbers.

Remark 4.2. As in (2.2) and the concluding discussion before Remark 4.1, there is something
special about the regime o = 1. The presence of 1 —« =0 in the formula (2.2) for E[C}, ]
eliminates the terms 2(1 — «)g, and 1 — « before it gets down to the diminishing order g,% /n.

5. The full spectrum of distributions

We denote the Poisson random variable with parameter A > 0 by Poi (1), and denote the
centered normal random variable with variance o2 by N(0, 02), with cumulative distribution

function P(NV(0, 1) < x) = ®(x). We denote convergence in distribution by the symbol £>
For the r-times falling factorial of a number y, we use Pochhammer’s symbol

Or=yy—=0---@—r+D.

The method of convergence of all falling factorial moments is used to establish convergence
in distribution in the case of fixed k. In certain regimes, Bolthausen’s theorem [6] is instru-
mental for establishing the rate of convergence to Gaussianity. It is one of several variations
and improvements over the classic combinatorial central limit theorem by Hoeffding [10]. For
other improvements, see [3] and [4]. For the reader’s convenience, we give a statement of this
theorem.

Theorem 5.1. (Bolthausen [6].) Let A, = (a; j) be an n x n matrix of real numbers. Let

1
2 2
KA, =na., Ox = p— Z (ajj—a; —aj+a.),
1<i,j<n
where
| 1 1
= a a= Y a a=2 Y
n&= T n2 L= Y
j=1 i=1 1<i,j<n
For a uniform random permutation (1, . .., 7,), we have

3
aj—ai,—a;j+a,

EP

1<i,j<n

sup('P(% §x> ) , (5.1)

for some positive constant K.

GAn

We apply Theorem 5.1 to the specialized k-window matrix, A,, described at the end of
Section 1. Note that in the notation of the present paper, a;. is x, ; x/n. For this specific matrix,
its symmetry renders a j = X, j /1 too.

In certain regimes, the Chen—Stein method is the right tool. We use the version stated in
[2] (proved in [1]). For a wider scope see [4]. We state the theorem here for the reader’s
convenience.
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The theorem is based on bounding the total variation distance. For non-negative integer-
valued random variables X and Y, let Px and Qy be the measures specifying the distributions
of X and Y over N U {0}. The total variation distance is defined as

1 o0
dry(Px, Qr) = sup [Px(A) = Qr(A)| =7 3 [Px(X =)) = Qr(¥ =).
ACSNU(0} =0

Many authors directly write dry(X, Y) for dry(Px, Qy). We follow this simplifying convention,
but it should be understood that the total variation distance is between probability laws, not
between random variables. It is well known that convergence in total variation distance implies
convergence in distribution.

Theorem 5.2. (Arratia, Goldstein, and Gordon [2].) Let Z be an arbitrary index set, and for
o €T, let X, be a Bernoulli random variable with P(X, = 1) > 0. Let

W= ZXQ and ) =FE[W]= Z E[X,].
acel acel

We assume that A € (0, 00). For each a € Z, suppose we have chosen By C T with a € By.

Define
b= EX,]E[Xg].

ael BEBy

by=) Y ElXoXpl,

acl feBy—{a}

by =) E[E[Xy — E[Xa]|{Xp: B &Balll;
ael

for each « in the indexing set, the conditioning is on the sigma field generated by the variables
not in the neighborhood of a. The total variation distance between W and Poi (1) is bounded
in the following way:

dry(W, Poi (1)) < 2(b + bz + b3).
Theorem 5.3. Let C,, i be the k-window statistic in a permutation of [n].

(a) For k fixed, we have

Chk £> Poi(2k+1) asn— oo.

(b) For k =k, — o0, in such a way that it remains o(n), we have

Cuk, — 2ky

2)./\/(0, 2) asn— oo.
k"l
(¢c) Fork=k, ~an, with a € (0, %),we have

Chk, — (2 — 8
nk, — 2 —an ﬂ) N(O, o+ o —Sa+ 2) asn— oo.
NG 3
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(d) Fork=k,~an, witha €[4, 1), we have
Chk,—a(2—a)n D

8 2
NG —>N<O,a4—§a3+3oz2—2(x+§> as n— oo.

(e) Fork=n— g,, with g, = o(n) growing faster than \/n, we have

Chk,—n

g2/n

LoNO. 1) asn— oco.

(f) Fork=n— g,, with g, ~ c/n, for ¢ > 0, we have

Cok, — 1 2) — Poi (c2) asn— Q.
(g) Fork=n— g, with g, =o(\/n), we have

P
Cik, —n—0 asn— oo.

Proof. The parts of the theorem are treated by different methods. In certain parts, we use
Bolthausen’s theorem (Theorem 5.1) or the Arratia—Goldstein—Gordon theorem (Theorem 5.2)
specialized to the k-window matrix A, described in the paragraph before Section 2.

(a) Let k be a fixed natural number. We start from the representation (1.1) of C,, x as a sum of
indicators. The factorial moments of a sum of indicators have a special form [11, Chapter 2]:

El(Chr i)l = Z ]E[l{pz,«l D 1{|n,~,—i,.|5k}], (5.2)

il ~~~~~ irEQn,r
where O, , is the set of tuples of r distinct integers from [n]. We first establish an upper bound.
For any fixed r, let n be large enough to pack r non-intersecting windows centered at iy, . . ., i,.

There are at most (2k + 1) placements for each of the chosen indices within its window that
give rise to success (value 1) of the corresponding indicator. (We say ‘at most’ to take into
account possible edge effects for the first and the last indices.)

The rest of the elements of [n#] can be distributed freely over the remaining positions in
(n — r)! ways. That is, all the indicators in the summand will be 1 and their product is 1 with
probability at most (n — r)! (2k + 1)"/n!. If some of the windows intersect, (2k + 1) remains
as an upper bound on the number of positions for the success of an indicator in the summand.
This counting leads to the bound

- Ck+ 1"
Gl Y Uil

[]yeees ir€0n,r n!

- Q2k+1)
:(nr)%n(n_l)...(n_r_;_])
=Qk+1).

Toward a lower bound, consider the set Q;” of r-tuples of well-separated indices, in which
the difference between any two indices in the tuple is at least 2k + 1, and the smallest and
largest of these indices are at distance at least k from the edges.
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We break up the sum in (5.2) into two sums, one over Q;, . and another over Q,, , — Qy, .

We keep only the sum over @, . On the set Q; , there are exactly 2k + 1 positions for i; to fall
within its window, forj=1, ..., r, and obtain the lower bound

3 (n—nICk+1  (n—n)! Qk+1) o

E[(Cn,k)r] = | |
n: n:

The size of @), , can be computed by figuring out the number of ways to place elements in
the gaps between the well-separated blocks as follows. Let the number of elements preceding
the first window be Jy, let the distance (number of keys) in the gap between the ith and (i + 1)th
windows be §;, and let the number of elements following the rth window be §,. We need to
solve

do+d81+---+38=n—(2k+ Dr

in non-negative integers. By a standard stars-and-bars count, we find

, n — 2kr
2, =r(" ).

We go further with the lower bound to get

(n—r)!Qk+ 1)

E[(Cn,k)r] > |
n.

(n — 2kr),.
From the lower and upper bounds, we tightly sandwich the rth factorial moment of the
k-window statistic:

(2k + 1)r<1 - ®<%)) <El(Cpp)r] =2k +1). (5.3)

Take the limit (as n — o0), for any fixed k, to find that E[(C,, «),] — (2k + 1)". We know that
(2k 4+ 1)" are the factorial moments of Poi (2k + 1), and convergence of all factorial moments
implies convergence in distribution, while uniquely characterizing the limit. Since the facto-
rial moments converge to those of a Poi()A) law, convergence in distribution to Poi (2k + 1) is
implied in the standard moment theorem [5, Theorem 30.2].

(b) We next consider k = k;,, growing, but remaining o(n), as n — oco. The characteristic func-
tion of a random variable, V, has a standard expansion in terms of factorial moments (see e.g.
[11, Chapter 2]):

oo .
(elt _ ])r
Py (1) = X;: EL(V)]
r=
By (5.3), the characteristic function of C, x is
o )
(elt _ l)r
P, (D) ~ ZO ) ———
r=
— o2kn(e"~1)

_ ezkn(iz—z2/2+0(t3))
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Hence, as n — 0o, we have

ol ) o) = ool o)
— | exp| — ex - —— | |
e\ V) T V) TP Tk T g

from which we conclude that

Chk — 2k,
N

The right-hand side in the last convergence relation is the characteristic function of A/(0, 2).
By Lévy’s continuity theorem [5, Theorem 26.3], part (b) is proved.

2

(c)—(d) In the linear regime of these two parts, we have k, ~ an, with o € (0, 1). Let aﬁn =
Var [C,, k]. By the symmetry of A, we have x,j x = Xy n—j+1,4- With every a; ; being 0 or 1,
and a;, = Xy ; k/n, aj = Xnu—j+1,k/n, and the proportion of 1s in the matrix all being fractions,
each of the four factors in Bolthausen’s bound is absolutely bounded by 1. We have the bound

3

OA, 1<i,j<n OA, UAn

The variance of C, x, in this regime is asymptotic to p(a)n (see Proposition 3.1). Asymptotic
normality follows. After cleaning up via Slutsky’s theorem, we get

Cok _j%z ZOM D0, pla)) asn—> 00

the rate of convergence is O(1/4/n ). Recall that the linearity coefficient p(«) in the variance
in the regime (0, %) is different from the linearity coefficient in the regime [%, 1) (see the
discussion in Section 3.1). For each part, we use the corresponding p(«). Parts (c) and (d) are
proved.

(e) Consider next the regime k, = n — g, for g, = o(n) but growing faster than \/n. Again, we
use Bolthausen’s theorem (Theorem 5.1). We examine the geometry of A,. It has two corners
filled with zeros. These are positions excluded from viewing. The top row has g, — 1 excluded
cells flushed to its right end, the second row has g, — 2 excluded cells flushed to its right end,
and so on until we reach row g, — 1, which has one excluded cell at its rightmost position.
There are (g, — 1)+ (gn —2)+ - - - + 1 = gu(gn — 1)/2 excluded cells in this top right corner.
The lower left corner is a mirror image of the top right one. So we have exactly (g, — 1)g,
excluded cells.
To the double sum (5.1) in Bolthausen’s theorem, a cell containing a; ; = 1 contributes

Xn,ik Xn,n—j+1,k n2 - gn(gn -1 3
1— — + 5
n n n
n—0(gn) n—0(gn) nz_gn(gn -1 3
== - i .
n n n
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whereas a cell containing a; j = 0 contributes

3
‘o - (1 +o(g—”>> - (1 +0<51)) + <1 - o<@)) =1 +o<&).
n n n n
The double sum (5.1) in Bolthausen’s theorem amasses (n> — g,(gn — 1))O(gfl /n?) from the

cells containing 1 and g,(g,—1)(1 4+ O(g,/n)) from the excluded zeros at the corners, a total
double sum of order g%. The variance is asymptotic to gﬁ /n and the overall bound is

O (sz) ®<ﬁ)_

n® (g%/n)y2 e

The bound tends to O for the regime k, =n — g, withn = o(g%). Limiting Gaussianity follows.
After cleaning up via Slutsky’s theorem, part (e) is proved.

(f) In the critical regime k, =n — g,, with g, ~ c4/n, and c € RT, we prove a Poisson limit.
Let us first focus on C;,’ k, = — Cn.,» which counts the number of permutation elements lying
outside their viewing window.

The natural indexing by the set {1, . .., n} gives bounds on the total variation distance that
are too high to be of use. It is then helpful to work with refined indexing Z, derived from the
representation of {|7; — i| > k,} as a union of individual atoms specified by locations on row i.

Onrowie{l,..., g, — 1}, the set Z collects

{Gi+k+DYU{G, i+k+2)}U---U{@ n)}.
Onrowie{n—g,+2,...,n},thesetZ collects
{G@ DYU{E DU --U{G, i+ga—n— D}

Onrowsi=gy,...,n— g, + 1, the sets {|m; — i| > k,} are empty and add nothing to Z. So the
indexing set can be written as

gn—1 n n i+g,—n—1
I=( U U {(z:j)})U( U U {(i,m).
i=1 j=it+k+1 i=n—g,+2  j=1

The size of the indexing setis 2((g, — 1) +(gn —2)+ - - -+ 1) = gn(gn — 1).
For (i, j) € [n] x [n], define X; j) = 1{z;=j;. Now we have

n n
=2 Amisky =Y > Xij-
i=1 i=1 a=(ij)eZ

After all, with this representation, C;l’ k, is the sum of a large number of Bernoulli random
variables, making the case a candidate for Poisson approximation via the Chen—Stein method.

In the Arratia—Goldstein—Gordon version of the Chen—Stein method (Theorem 5.2), take
the dependency neighborhood corresponding to o = (i, j) € Z to be

By={p=(j):i=iorj=j}
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In other words, we take X3 to be in the dependency neighborhood of X, if the cell specified by
the pair 8 = (7, j) in the matrix A, is in the same row or column as @ = (i, j). The size of the
dependency neighborhood of @ € 7 is at most g, + g, — 1 =2g, — 1.

We next go through the calculation of the three components b1, b>, b3. For by, we use that
the size of By, of any o € 7 is at most 2g, — 1, and the size of Z is g,(g, — 1), and that we are
in the regime g, ~ c/n to get

|Bo| _1Z1(2gn — 1) 1
oL B ()

As no two elements can occupy the same location in the permutation, and no element
appears in two places in the permutation, if X, =1, then Xg =0 for all B € B, — {a}.
Otherwise, X, = 0. In both cases X, Xg =0 and b, =0.

The computation of b3 requires conditioning on the variables Xg, with 8 in the subset
Hy,={Bel: B ¢B,}. By the geometry of the neighborhoods, if Xg =1, for 8 € H,, then
this deprives X, from a position in the permutation, as 8 € H, specifies a cell in A, in a dif-
ferent row and a different column from «. Therefore, for « = (i, j) € Z, conditionally, there are
n—>y peH, Xp equally likely positions for i.

Observe that at most one among the Bernoulli random variables in a row within Z can equal
1 (an element of [n] cannot be at two positions in the permutation). In other words, the sum
of all the Bernoulli random variables on the same row of Z is one combined Bernoulli random
variable. Conditionally, there are

gn—1 n
n— Z Xl'/ — Z X,’H,
i'=1 i"=n—gu+2
i'#i i i
for Bernoulli random variables
n
X,’/Z Z X(,‘/’j) fori/e{l,...,g,,—l},
j=n—gn+i'+1
and
i’ —n+g,—1
Xi” = Z X(i”,j) fori”e{n—g,+2,...,n}
j=1
So we have

1 1
b3 = E E " gn—1 5('/ _ n 5('// o ;
a=(i,j)eL i’=1 Zi”=nagn+2 i

i'#i i i

ean—1 3 n v
7=y Xi Zi”=n—g,.+2 Xir

i #i i

_ Z E # 1 #

gn—1 n %
”(” =2y Xt = Lii—p_g, 42 Xi”)

.
i'#£i i
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2gn— 1)
=D D T

ael
_ 2T — 1)
n(n —2(gn — 1))
_ 0(g*(n)
T e®m?)

1
=0(—).
(ﬁ >
With b, =0 and both b; and b3 being of order 1/,/n, in Theorem 5.2, we get to the
conclusion that

drv(C .- POi(E[C, . ) = o(%).

By the triangle inequality, we have

drv(C,y 4, Poi (%) < drv(C,, 4, POi(E[Cy, . 1)) + drv(Poi(E[C,, 4, ], Poi (c?)))
1 . / .
= O(ﬁ) +dry(Poi(E[C, ;. ]. Poi (c?)).

As shown in [12, Lemma 4.2], the total variation distance between two Poisson distributions
is at most the absolute difference between their parameters. So we have

dry(Poi(E[C ). Poi ) = |n ~ E[Co, ] ]

The expectation of C, j, is given in Proposition 2.1. After a calculation, we find that the latter
total variation distance is O(1/+/n ) too. We have arrived at

dry(n — Cp,. Poi (cz)) —0 asn— oo,

which implies that n — C, x, L, Poi (c?). Part (f) is proved.

(2) In the extremal regime n — g,, with g, = o(y/n ), the variance is O(g% /n). For every ¢ > 0,
the Chebyshev inequality gives

0) 2
>e)§M—>O as n— oo,

]P)(|C"skn - E[C”akn] &2

which means Cy , — E[Cpx, ] — 0. It is discussed in Section 2.1 that E[Cyt, ] — 1 — 0. The
addition rule of probabilistic convergence relations proves part (g). (|

6. A retrospective look at the phases

For the purpose of convergence, we kept & fixed in Theorem 5.3(a). In the case of k growing,
the bounds in (5.3) remain valid, but it is crucial to keep k&, in the low o(n) regime. The reason
is that for the argument of the lower bound, for any fixed r, however large, we need to be able
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to pack r non-intersecting windows of width 2k, + 1 over n positions to construct Q) , . This
requires r(2k, + 1) < n. For r arbitrarily large, we need r < n/(2k, + 1) for n — oco. Thus n/ky
must diverge to infinity. Without the stipulation that k, = o(n), the argument breaks down for
not keeping the lower bound of the same order as the upper bound.

A case in point is k, =n — 1, for which the product of the indicators is a Bernoulli ran-
dom variable with success probability 1 (every element is seen within its associated window,
Cy.n—1 =n) and the rth factorial moment of C, ,— is (n),, for r > 2, not bounded below by
Cn-1D+ 1.

For k, = o(n), we can approximate the distribution of the k,-window statistic by that of
Poi (2k, + 1), which in turn is normal in view of the size of its parameter, as in part (b) of
Theorem 5.3, for example.

Chen-Stein Poisson approximation could be used to prove part (a). It is also possible to use
the method in the regime k,, = n — g,,, with g, = o(s/n ). However, in this case we get conver-
gence of C, x, — n to Poi (0), which would look a bit artificial. In any case, such convergence
to Poi (0) is identical to the result in part (g).

In the Arratia—Goldstein—Gordon version [1] of the Chen—Stein method, the authors speak
of dependency neighborhood sets B, of X,, outside which the variables Xg, for 8 & By, are
independent or ‘nearly independent’ of X,,. In practice, such neighborhoods are not unique.
The author ultimately selected B, as in the proof of Theorem 5.3(f) to keep the argument in
the spirit of Example 1.3 in [2] and create a context for comparison.

Remark 6.1. The distribution of the 0-window statistic (the number of fixed points) has long
been known to be Poi (1) (see [4, Example 3.4.2]). This agrees with the statement of Theorem
5.3(a), when k = 0.

Remark 6.2. The convergence in part (f) to Poi (c?) is consistent with the computations of
the mean and variance in Sections 2.1 and 3.1: the Poison distribution Poi (¢?) has mean
¢? and variance 2, conforming to lim,_, o E[Cy k] = ¢? (from Proposition 2.1) and lim;,—
Var [C, x] = 2 (from Proposition 3.1).

7. A note on the use of Al

The author attempted to use Al and it was a very mixed experience, often frustrating, but
there were also bright moments with happy endings. Al cannot construct mathematical logic
and often makes gross mistakes. Nevertheless, on occasion it suggested references and useful
directions, even though it could not execute them well.

The specific Al consulted is ChatGPT-5.2. One example of where Al was misleading is
as follows. The author asked for references on the Poisson limit for fixed points. ChatGPT
claimed it is in Feller’s book [7], specifying Section 6.2. Upon checking Section 6.2, one
cannot find a discussion of fixed points in permutations; rather, one finds a discussion of
derangements, which count something different. The author went back and pressed ChatGPT
for better answers. The chat became defensive and evasive, claiming that there are multiple
editions of the book and possibly the discussion is in the Indian edition. This was a waste of
time with no good outcome.

As an example of lack of technical ability, the author consulted ChatGPT on the dependency
neighborhoods in the Chen—Stein method. The author did not have extensive experience with
the Chen—Stein method when applied to dependent random variables. The announcement in
[2] that the complement of the dependency neighborhoods includes independent or ‘nearly
independent’ random variables left the author baffled. He then asked ChatGPT for clarification.
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The answer was reasonable: these neighborhoods are not unique. The author then chose the one
in the proof of Theorem 5.3(f) which works. He then wondered if a simpler neighborhood like
just the set {o} might work. ChatGPT concurred that it is a ‘risky’ dependency neighborhood.
The author then asked ChatGPT to go through the calculation with this reduced neighborhood.
It came back concluding that it does not work. After hand checking, the author found that
indeed b1, by, and b3 converge to 0. Chen—Stein Poisson approximation goes through with this
choice; the chat’s answer is false. This gross error was reported to ChatGPT. It acknowledged
its mistake and apologized (2).

However, ChatGPT was helpful in resolving multiple technical writing issues that would
otherwise consume an enormous amount of time to investigate and find the right sources. As
an example, the author impressed on the Al that the scientific community prefers for citations
to books and long papers to specify a location, such as a range of pages or a section. ChatGPT
concurs that this is a better style. It was then asked how to produce such a citation. ChatGPT
gave a useful tip on this, providing the LaTeX code

\cite[Example 3.4.2]{Holst}

for the citation [4, Example 3.4.2] used in Section 1.

The author is sharing this information in the hope that it will help other researchers, par-
ticularly junior researchers, understand the scope, limitations, pitfalls, and areas of strength of
AL It is also hoped that it will help Al developers improve their designs.

Appendix

We expand the four-fold sums in L, ; to write it in the form

nk— Z ZJrlkZka

1<i,j<n r=1
s#r
Z Z Jr i k((z Js,j,k) - Jr,j,k)
1<i,j<n r=1 s=1
Z (ZJI lk) (ZJs,j‘k> - Z ZJrszrjk
1<i,j<n \r=1 s=1 1<i,j<n r=1

Z (Z Jr i k) <Z Js,j,k) - Z Z Ji,r,k Jj,r,k (An is SymmetfiC)
s=1

1<i,j<n \r=l1 1<i,j<n r=1
n
Z (ZJrlk><ZJs,j,k> ZZerkZerk
1<i,j<n \r=1 s=1 r=1 i=1

Similarly, we have

nk_ZZJrszJszk

i=1 r=1
s#r

https://doi.org/10.1017/jpr.2026.10125 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2026.10125

k-window statistic 19

i=1 r=1

i=1 r=1

Again, the sum x, ; x = Zle Jr.i.k 1s key to these calculations. In the proof of Proposition 2.1,
we have worked out the structure of x, ; x in both the lower regime 0 < k < n/2 and the upper
regime n/2 < k. In these terms, we write

n 2 n
Loi= (Z xn,,.,k) -y, (A.1)
i=1 i=1
and
n n
Myj=Y %20 — > Xnik- (A2)
i=1 i=1
The sum ) ;| X,k is evaluated in (2.1) and the formula for the regime 0 <k <n/2 is the

same as for the regime n/2 < k <n — 2. Unlike this situation, the sum Zl"z 1 xrzl ik is different
in the two regimes, and we have to consider the two cases separately.

The regime k < n/2. In this regime we have

anzk_Z(k+l)2+ Z k+ D2+ > ket 14n—iP

i=k+1 i=n—k+1
=2k + 1)((2k + Dn — gk(k + 1)). (A.3)
We plug (2.1) and (A.3) into (A.1) to find
Lo = 2k + 1)((2k + Dn® — 2k> + 4k + n) + %k(k + DGBK® + 13k +5).
We finish the computation by substituting (2.1) and (A.3) in (A.2), which gives
M, =2kQ2k + 1)n — %k(k + D(Gk+1).

The regime k > n/2. The sum Z?:l Xn.i k 1s the same expression as the counterpart in the case

k<n/2.
Again, >, x’% ; 1 does not come out the same as its counterpart in the case k < n/2. Here
we have
n—k—1 k+1
mek— Z (k+i+ > n*+ Z (k+n+1—i)?
i=n—k i=k+2
= g(—n3+3(2k+ Dn? +n — k(k + 1)(2k + 1)). (A4)
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Using (2.1) and (A.4) in (A.1), we get
1 3 2 3 2 1 1 2
Lyx= gn + 2k(2k 4+ 1)n” — | 4k° + 6k~ + 2k + 3 n+ gk(k—i- 1(@3k” + 5k +1).
We finish the computation by substituting (2.1) and (A.4) in (A.2), which gives

3 ) 2 2% 5
Myj= =5 +@k+ 1 = (2k+ 3 o= TG = 1),
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