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LONG EDGES IN GALTON–WATSON TREES
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Abstract

We establish a number of results concerning the limiting behaviour of the longest
edges in the genealogical tree generated by a continuous-time Galton–Watson pro-
cess. Separately, we consider the large-time behaviour of the longest pendant edges,
the longest (strictly) interior edges, and the longest of all the edges. These results extend
the special case of long pendant edges of birth–death processes established in Bocharov
et al. (2023).
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1. Introduction

We consider a continuous-time Galton–Watson (GW) process with branching rate β > 0 and
offspring distribution (pk)k≥0 initiated by a single particle. Such a process may be constructed
as follows. It starts with a single particle at time 0. This initial particle lives for a random time T
that is exponentially distributed with rate parameter β. That is, P(T > t) = e−βt and ET = 1/β.
At the moment when the initial particle dies, it produces a random number ξ of new particles
where P(ξ = k) = pk for every integer k ≥ 0. Newly born particles, independently of each other
and of all the previous history, replicate the initial particle’s behaviour, that is, they live for
random times with Exp(β) distribution, produce random numbers of new particles according
to the offspring distribution (pk)k≥0 at the moment of their death, and so on. Graphically, such
a process is most naturally represented by a tree in which each edge corresponds to the life
span of a particle, as in Figure 1. We use Tt to denote the entire process (tree) evolved up to
time t.

In this article we study the limiting behaviour of the longest edges in Tt as t → ∞. We
classify edges in Tt as either pendant (edges corresponding to particles alive at time t) or
interior (all other edges). If we think of Tt as describing some sort of evolutionary process
then pendant edges would correspond to extant species and interior edges would correspond to
extinct species.

Throughout, we assume the generic offspring random variable ξ has mean m: =Eξ > 1
(the Galton–Watson process is supercritical and has some strictly positive chance of surviving
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FIGURE 1. A typical realisation of Tt.

forever), as well as the classical condition that E[ξ log+ ξ ] < ∞. (Note, these assumptions
permit cases where the offspring variance can be infinite.) Conditional on survival of the pop-
ulation, for any real number x, we will show that, for large times t, the number of pendant
edges longer than (1 − 1/m)t + x converges in distribution to a mixture of Poisson random
variables with (random) parameter e−mβxM∞, where the random variable M∞ is the classical
additive martingale limit for the GW process. (Intuitively speaking, M∞ roughly measures the
growth of the process during its earlier stages; alternatively, log M∞ can be thought of as a
random time delay for the process to get very large and start behaving deterministically.) As a
corollary, we show that the length of the kth-longest pendant edge at large times t converges
in distribution when centred around (1 − 1/m)t, and we give an explicit representation for this
limiting law. In particular, the length of the longest pendant edge at time t minus (1 − 1/m)t
converges in the large-time t limit to a mixture of Gumbel distributions.

Similarly, we prove analogous results for the longest interior edges and the longest of all
edges. It turns out that long edges should always be centred around size (1 − 1/m)t and always
converge to a mixture of Poisson distributions, where only the mixture parameter varies accord-
ing to whether long pendant, long interior, or longest of all edges are being considered. The
analysis and proofs for the longest interior edges, and similarly longest of all edges, turn out
to be more delicate and require considerably more involved calculations than the longest pen-
dant edges case (where there is much more independence). The ‘L log L’ moment assumption
is expected to be the best possible for our results to hold in light of the natural appearance
of M∞ in the description of the limit and the classical Kesten–Stigum theorem for GW pro-
cesses. However, as this assumption permits the offspring variance to be infinite in general, it
necessitates an additional careful truncation argument to allow application of a second-moment
method involving use of the Paley–Zygmund inequality.

Let us note that our methods, in principle, could be used to obtain similar results for
maximal processes of other quantities in Tt, such as the maximal degree.

1.1. Preliminaries

We use m to denote the mean of the offspring distribution: m: =Eξ =∑
k≥0 kpk. As we shall

see, this is the only quantity that determines the first-order limiting behaviour of all the longest
edges in the tree. We also use v to denote the second moment of the offspring distribution:
v: =E

[
ξ2
]=∑

k≥0 k2pk. In this article it is always assumed that m < ∞, whereas v may be
finite or infinite.
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We denote the number of particles alive at time t by Nt, and the event of the population
surviving forever by {survival}: =⋂

t≥0{Nt > 0}. We let {extinction} = {survival}c be the event
of the population eventually becoming extinct.

It is well known that the process

Mt = e−(m−1)βtNt, t ≥ 0, (1)

is a (positive) martingale, which then has an almost-sure limit M∞ = limt→∞ Mt.
We make the following assumptions:

m > 1, (A1)

E[ξ log+ ξ ] =
∑
k≥1

k log k pk < ∞. (A2)

Condition (A1) is necessary and sufficient for P(survival) > 0 and is known as the supercritical
case. If condition (A1) is satisfied then the celebrated Kesten–Stigum theorem says that condi-
tion (A2) is necessary and sufficient for P(M∞ > 0 | survival) = 1 or, in other words, for events
{M∞ > 0} and {survival} to agree almost surely (see, e.g., [7]). This gives a fine approximation
of the population growth: Nt ∼ M∞e(m−1)βt as t → ∞ almost surely (a.s.) on survival (‘a.s. on
survival’ is commonly used to mean ‘P( · | survival) = 1’). We remark that if condition (A2) is
not satisfied then P(M∞ = 0) = 1 and establishing the precise growth rate of Nt is a difficult
task.

1.2. Main results

We let α∗: = 1 − 1/m. As we shall soon see, all the longest edges in Tt are approximately
of length α∗t for t large.

Definition 1. For a length l ≥ 0 and a time t ≥ 0 we define Nl
t , N̂l

t , and Ñl
t respectively to be the

numbers of pendant, interior, and all (counting both pendant and interior) edges in Tt of length
≥ l. Note that in what follows we shall often take l to be dependent on t.

For all the results stated here we assume that conditions (A1) and (A2) hold. We let α∗ be
as just defined, and M∞ be the almost-sure limit of the martingale Mt in (1).

Theorem 1. Let x ∈R be fixed, t ≥ 0 variable, and l = l(t) = α∗t + x. Then, under P( · |
survival),

Nl
t ⇒ Vx, N̂l

t ⇒ V̂x, Ñl
t ⇒ Ṽx (2)

as t → ∞, where Vx, V̂x, and Ṽx are mixtures of Poisson distributions with respective rates
e−mβxM∞, (1/(m − 1))e−mβxM∞, and (m/(m − 1))e−mβxM∞ conditional on M∞ > 0. To be
precise, for k = 0, 1, 2, . . .,

P(Vx = k | survival) =E

[
1

k!
(
e−mβxM∞

)k exp
{−e−mβxM∞

} | M∞ > 0

]
,

P(V̂x = k | survival) =E

[
1

k!
(

e−mβxM∞
m − 1

)k

exp

{
−e−mβxM∞

m − 1

}
| M∞ > 0

]
, (3)

P(Ṽx = k | survival) =E

[
1

k!
(

me−mβxM∞
m − 1

)k

exp

{
−me−mβxM∞

m − 1

}
| M∞ > 0

]
. (4)
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In fact, if we let lkt , k = 1, . . . , Nt, l̂kt , k = 1, . . . , N̂t, and l̃kt , k = 1, . . . , Ñt be the
lengths of pendant, interior, and all edges in Tt respectively then it can be shown that

the point processes
∑Nt

k=1 δlkt −α∗t,
∑N̂t

k=1 δl̂kt −α∗t, and
∑Ñt

k=1 δl̃kt −α∗t converge weakly to mix-

tures of Poisson point processes with intensities M∞e−mβx dx, M∞(1/(m − 1))e−mβx dx, and
M∞(m/(m − 1))e−mβx dx, respectively. This, among other generalisations, will be established
formally in a follow-up paper.

From Theorem 1 we can recover the limiting distributions of all longest edges in Tt (shifted
by α∗t).

Definition 2. For k = 1, 2, 3, . . . let L(k)
t , L̂(k)

t , and L̃(k)
t be the lengths of the kth longest edge

among pendant, interior, and all edges in Tt respectively.

Corollary 1. For all k = 1, 2, 3, . . ., under P( · | survival),

L(k)
t − α∗t ⇒ W(k), L̂(k)

t − α∗t ⇒ Ŵ(k), L̃(k)
t − α∗t ⇒ W̃(k), (5)

where

P
(
W(k) ≤ x | survival

)=E

[
k−1∑
j=0

1

j!
(
e−mβxM∞

)j exp
{−e−mβxM∞

} | M∞ > 0

]
,

P
(
Ŵ(k) ≤ x | survival

)=E

[
k−1∑
j=0

1

j!
(

e−mβxM∞
m − 1

)j

exp

{
−e−mβxM∞

m − 1

}
| M∞ > 0

]
,

P
(
W̃(k) ≤ x | survival

)=E

[
k−1∑
j=0

1

j!
(

me−mβxM∞
m − 1

)j

exp

{
−me−mβxM∞

m − 1

}
| M∞ > 0

]
.

In particular, the limiting distributions of the longest pendant, interior, and any edge centred
around α∗t are mixtures of Gumbel distributions:

P
(
W(1) ≤ x | survival

)=E
[

exp
{−e−mβxM∞

} | M∞ > 0
]

(and similarly for Ŵ(1) and W̃(1)).

Proof of Corollary 1. We note that

P
(
L(k)

t > α∗t + x | survival
)= P

(
L(k)

t ≥ α∗t + x | survival
)= P

(
Nl

t ≥ k | survival
)
,

where l = α∗t + x. Hence, combining this observation with Theorem 1,

P
(
L(k)

t − α∗t ≤ x | survival
)= P

(
Nl

t < k | survival
)→ P(Vx < k | survival)

as t → ∞. The proofs for L̂(k)
t and L̃(k)

t are essentially the same. �

Remark 1. We note that conditioning on the process surviving forever may be easily replaced
with conditioning on survival up to time t whenever it would make sense, since P(Nt > 0) ↘
P(survival) as t → ∞. For example, P(Vx = k | survival) in Theorem 1 may be replaced with
limt→∞ P

(
Nl

t = k | Nt > 0
)
, and likewise for interior and all edges. Similarly, P

(
W(k) ≤ x |

survival
)

in Corollary 1 may be replaced with limt→∞ P
(
L(k)

t − α∗t ≤ x | Nt > 0
)
, and likewise

for interior and all edges.
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It can be easily seen from (5) that L(k)
t /t → α∗ in P( · | survival)-probability. In fact, a

stronger result is true.

Theorem 2. For k = 1, 2, 3, . . ., L(k)
t /t → α∗, L̂(k)

t /t → α∗, and L̃(k)
t /t → α∗ as t → ∞ a.s. on

survival.

1.3. Special case: The birth–death process

We can specialise these results about long edges in general Galton–Watson processes to
the birth–death process. This is not only an important model for many applications, but it also
permits further explicit calculations and simplified expressions.

Example 1. Consider a supercritical birth–death process with birth rate λ and death rate μ

(λ > μ). This is a special case of a Galton–Watson process with branching rate β = λ + μ and
the offspring distribution p0 = μ/(λ + μ), p2 = λ/(λ + μ).

In this case m = 2λ/(λ + μ), so

α∗ = 1 − λ + μ

2λ
= λ − μ

2λ
= 1

2

(
1 − μ

λ

)
.

Moreover, in this case M∞ has an Exp(1 − μ/λ) distribution conditional on survival (see, e.g.,
[5]).

We can then easily check that Vx, V̂x, and Ṽx from Theorem 1 follow Geometric distributions
on {0, 1, 2, . . .} with respective parameters

1

1 + (λ/(λ − μ))e−2λx
,

1

1 + (λ(λ + μ)/(λ − μ)2)e−2λx
,

1

1 + (2λ2/(λ − μ)2)e−2λx
.

In addition, the cumulative distribution functions of W(k), Ŵ(k), and W̃(k) from Corollary 1
become:

P
(
W(k) ≤ x | survival

)= 1 − 1

(1 + ((λ − μ)/λ)e2λx)k
,

P
(
Ŵ(k) ≤ x | survival

)= 1 − 1

(1 + ((λ − μ)2/λ(λ + μ))e2λx)k
,

P
(
W̃(k) ≤ x | survival

)= 1 − 1

(1 + ((λ − μ)2/2λ2)e2λx)k
.

In particular, W(1), Ŵ(1), and W̃(1) all follow Logistic distributions with the same scale
parameter 1/2λ but different location parameters, respectively

1

2λ
log

(
λ

λ − μ

)
,

1

2λ
log

(
λ(λ + μ)

(λ − μ)2

)
,

1

2λ
log

(
2λ2

(λ − μ)2

)
.

Previously, only the behaviour of long pendant edges for birth–death processes had been
established in [1] (and prior to that a lower bound on the length of the longest pendant edge in
the pure birth process was given in [3]). Also, recently, [2] established the behaviour of the kth
longest pendant edge in the pure birth process with edge lengths measured as the ranks of the
parent nodes. Those results show consistency with ours (see the comments in the last section
of [2]).
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1.4. Structure of this article

The rest of the article is organised as follows. A simple proof of Theorem 1 for pendant
edges is presented in Section 2. The proof of Theorem 1 for interior and all edges is given in
Section 3, with all the necessary heavy calculations presented separately in Section 4. Finally,
Theorem 2 is proved in Section 5.

2. Proof of Theorem 1 for pendant edges

Recall that Nl
t is the number of pendant edges of length ≥ l at time t.

Proof of Theorem 1 for pendant edges. We observe that, for t > l,

Nl
t =

Nt−l∑
k=1

1Ak , (6)

where Ak = {kth particle alive at time t − l does not die in the time interval [t − l, t]}. The
events Ak, k = 1, . . . , Nt−1, are independent under P( · |Ft−l), with

P(Ak |Ft−l) = e−βl. (7)

We may use this observation to easily find different moments of Nl
t .

Let us first compute ml
t: =ENl

t and vl
t: =E

[(
Nl

t

)2], which will be needed in later sections.
If we recall the facts (see, e.g., [5]) that ENτ = eβ(m−1)τ and, assuming v < ∞,

E[Nτ (Nτ − 1)] = v − m

m − 1

(
e2β(m−1)τ − eβ(m−1)τ )

for any τ ≥ 0, then it follows from (6) and (7) that

ml
t = e−βl

ENt−l = e−βl · eβ(m−1)(t−l) = e−β(ml−(m−1)t) (8)

(a similar calculation was done in [4, Section 3.4]). Also, assuming v < ∞,

vl
t =E

[ Nt−l∑
k=1

1Ak +
Nt−l∑

i,j=1; i �=j

1Ai1Aj

]

= e−βl
ENt−l + e−2βl

E
[
Nt−l(Nt−l − 1)

]
= e−βl · eβ(m−1)(t−l) + v − m

m − 1
e−2βl(e2β(m−1)(t−l) − eβ(m−1)(t−l))

= e−β(ml−(m−1)t)
[

1 + v − m

m − 1
e−β(ml−(m−1)t) − v − m

m − 1
e−βl

]
. (9)

Moreover, from (6) and (7) we see that the probability-generating function of Nl
t satisfies

E
[
θNl

t
]=E

[
θ
∑Nt−l

k=1 1Ak
]=E

[ Nt−l∏
k=1

θ1Ak

]
=E

[
(θP(Ak) + 1 − P(Ak))Nt−l

]
=E

[(
1 + (θ − 1)e−βl)Nt−l

]
,

where θ ∈ (− 1, 1). If we now take l = l(t) = α∗t + x = (1 − 1/m)t + x for some fixed x and a
variable t, then
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E
[(

1 + (θ − 1)e−βl)Nt−l
]=E

[((
1 + (θ − 1)e−βl)eβ(m−1)(t−l))e−β(m−1)(t−l)Nt−l

]
=E

[((
1 + (θ − 1)e−βl)eβ(m−1)(t−l))Mt−l

]
=E

[((
1 + (θ − 1)e−mβxe−β(m−1)(t−l))eβ(m−1)(t−l))Mt−l

]
→E

[
exp

{
(θ − 1)e−mβxM∞

}]
as t → ∞ using the facts that eβ(m−1)(t−l) → ∞ as t → ∞, (1 + c/τ )τ → ec as τ → ∞,
Mt−l → M∞ as t → ∞ a.s. on survival, and the bounded convergence theorem. It also follows
that

E
[
θNl

t | survival
]= E

[
θNl

t
]−E

[
θNl

t 1{extinction}
]

P(survival)

→ E[ exp{(θ − 1)e−mβxM∞}] − P(extinction)

P(survival)

= E[ exp{(θ − 1)e−mβxM∞}] − P(M∞ = 0)

P(M∞ > 0)

=E
[

exp
{
(θ − 1)e−mβxM∞

} | M∞ > 0
]
,

recalling that the events {extinction} and {M∞ > 0} are almost surely equal. This establishes
(2) for Nl

t since exp
{
(θ − 1)e−mβxM∞

}
is the probability-generating function of a Poisson

random variable with parameter e−mβxM∞. �

3. Proof of Theorem 1 for interior and all edges

Recall that N̂l
t and Ñl

t are the numbers of interior and all edges respectively of length ≥ l in
the tree Tt.

Proposition 1. Let m̂l
t =EN̂l

t and m̃l
t =EÑl

t . Then

m̂l
t =

⎧⎨
⎩

0 if t ≤ l,
1

m − 1
e−βl

(
eβ(m−1)(t−l) − 1

)
if t > l;

m̃l
t =

⎧⎨
⎩

0 if t ≤ l,
1

m − 1
e−βl

(
meβ(m−1)(t−l) − 1

)
if t > l.

Proof. Trivially, m̂l
t = m̃l

t = 0 when t ≤ l because edges in Tt cannot be longer than t. For the
rest of the proof let l be fixed and let t > l. If T is the branching time of the initial particle (so
that P(T > t) = e−βt) and ξ is the number of children produced by the initial particle, then

N̂l
t = 0 · 1{T>t} +

[
1 +

ξ∑
k=1

N̂l
t−T (k)

]
1{l<T≤t} +

[
0 +

ξ∑
k=1

N̂l
t−T (k)

]
1{0≤T≤l}

= 1{l<T≤t} + 1{0≤T≤t}
ξ∑

k=1

N̂l
t−T (k), (10)

where N̂l
τ (k) is the number of interior edges of length ≥ l in the subtree initiated by the kth child

of the initial particle and which has evolved for a period of time τ after it has been initiated.

https://doi.org/10.1017/jpr.2024.110 Published online by Cambridge University Press

https://doi.org/10.1017/jpr.2024.110


1060 S. BOCHAROV AND S. C. HARRIS

Taking the expectation of the above equation and using the Markov property gives

m̂l
t = (

e−βl − e−βt)+E[ξ ]
∫ t

0
m̂l

t−sβe−βs ds = (
e−βl − e−βt)+ mβe−βt

∫ t

0
m̂l

ueβu du.

Let us mention that the integral equations for the first two moments of the numbers of parti-
cles/edges in Tt having a specified characteristic have already appeared in [6], where, among
other things, the weak law for such numbers has been established.

Our integral equation then easily translates to the following differential equation:{
(m̂l

t)
′ = β(m − 1)m̂l

t + βe−βl, t > l,

m̂l
l+ = 0.

(Continuity and differentiability of m̂l
t follow from the integral equation.) Multiplying the

differential equation by the integrating factor e−β(m−1)t gives

(m̂l
t)

′e−β(m−1)t − β(m − 1)e−β(m−1)tm̂l
t = βe−βle−β(m−1)t.

Integrating this equation over the time interval [l,t] and noting that the left-hand side can be
written as d/dt

(
m̂l

te
−β(m−1)t

)
, we get

[
m̂l

se
−β(m−1)s

]t

l
= e−βl

m − 1

∫ t

l
β(m − 1)e−β(m−1)s ds,

and hence, using the initial condition m̂l
l+ = 0, we get

m̂l
te

−β(m−1)t = e−βl

m − 1

(
e−β(m−1)l − e−β(m−1)t),

which yields m̂l
t = (1/(m − 1))e−βl

(
eβ(m−1)(t−l) − 1

)
for t > l. Then, using the fact that

Ñl
t = Nl

t + N̂l
t and recalling the expression for ml

t =ENl
t from (8), we get m̃l

t = ml
t + m̂l

t =
(1/(m − 1))e−βl

(
meβ(m−1)(t−l) − 1

)
for t > l. �

We can now see that if l = l(t) is taken to depend on t in any way such that

t − l → ∞ as t → ∞ (11)

then

m̂l
t ∼ 1

m − 1
e−βl · eβ(m−1)(t−l) = 1

m − 1
e−β(ml−(m−1)t),

m̃l
t ∼ m

m − 1
e−βl · eβ(m−1)(t−l) = m

m − 1
e−β(ml−(m−1)t)

as t → ∞. Thus, if in addition to (11) we assume that l = l(t) is such that

ml − (m − 1)t → ∞ as t → ∞ (12)

(for example, if we take l = αt, α ∈ (α∗, 1)), then m̂l
t and m̃l

t will converge to 0, whereas if we
assume that ml − (m − 1)t → −∞ as t → ∞ (for example, if we take l = αt, α ∈ (0, α∗)), then
m̂l

t and m̃l
t will diverge to ∞.

In fact, under conditions (11) and (12) on l = l(t), the decay rates of m̂l
t and m̃l

t will give the
decay rates of P

(
N̂l

t > 0
)

and P
(
Ñl

t > 0
)
, as stated in the following proposition.
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Proposition 2. Let l = l(t) depend on t in any way such that t − l → ∞ and ml − (m − 1)t →
∞ as t → ∞ (e.g., we may have l = αt + x for some α ∈ (α∗, 1) and x ∈R). Then

P
(
N̂l

t > 0
)∼ m̂l

t ∼ 1

m − 1
e−β(ml−(m−1)t) = 1

m − 1
e−βm(l−α∗t), (13)

P
(
Ñl

t > 0
)∼ m̃l

t ∼ m

m − 1
e−β(ml−(m−1)t) = m

m − 1
e−βm(l−α∗t) (14)

as t → ∞.

Because of its length, the proof of Proposition 2 is given separately in Section 4. Assuming
the validity of (13) and (14), we now proceed with the proof of Theorem 1 for interior and all
edges.

Proof of Theorem 1 for interior and all edges. Let us fix x ∈R. For a variable t ≥ 0 we take
l = l(t) = α∗t + x. We need to show that N̂l

t and Ñl
t converge in distribution to certain mixed

Poisson distributions given by (3) and (4). We shall do this by proving that the probability-
generating functions of N̂l

t and Ñl
t satisfy

E
[
θ N̂l

t | survival
]→E

[
exp

{
(θ − 1)

e−mβxM∞
m − 1

}
| M∞ > 0

]
, (15)

E
[
θ Ñl

t | survival
]→E

[
exp

{
(θ − 1)

me−mβxM∞
m − 1

}
| M∞ > 0

]
(16)

as t → ∞ for all θ ∈ (− 1, 1).
Let us take a small δ > 0 (δ < α∗/m will suffice). We observe that, for all t large enough (so

that δt < l < t), if an interior edge (any edge) in Tt is of length ≥ l then it is either an interior
edge (any edge) of length ≥ l in one of the Nδt subtrees initiated at time δt or (not exclusively)
is an edge corresponding to a particle alive at time δt which doesn’t die for at least another
l − δt units of time after time δt.

It follows that, for all t sufficiently large,

Nδt∑
k=1

N̂l
(1−δ)t(k) ≤ N̂l

t ≤
Nδt∑
k=1

1Bk +
Nδt∑
k=1

N̂l
(1−δ)t(k), (17)

Nδt∑
k=1

Ñl
(1−δ)t(k) ≤ Ñl

t ≤
Nδt∑
k=1

1Bk +
Nδt∑
k=1

Ñl
(1−δ)t(k),

where, for k ∈ {1, 2, . . . , Nδt}, N̂l
(1−δ)t(k) and Ñl

(1−δ)t(k) are the numbers of interior and all
edges of length ≥ l in subtrees T(1−δ)t(k) initiated by the kth particle at time δt, and Bk = {kth
particle alive at time δt does not die in the time interval [δt, l]}. Since P(Bk |Fδt) = e−β(l−δt),
k = 1, . . . , Nδt, it follows that

P

( Nδt∑
k=1

1Bk > 0 |Fδt

)
≤E

[ Nδt∑
k=1

1Bk |Fδt

]
= e−β(l−δt)Nδt = e−β(l−mδt)Mδt → 0 (18)

P-a.s. as t → ∞.
Let us also consider ϕ̂l

(1−δ)t(θ ) =E
[
θ

N̂l
(1−δ)t

]=∑∞
k=0 θk

P
(
N̂l

(1−δ)t = k
)

for θ ∈ ( − 1, 1). We
may write it as
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ϕ̂l
(1−δ)t(θ ) = P

(
N̂l

(1−δ)t = 0
)+ θP

(
N̂l

(1−δ)t > 0
)+

∞∑
k=2

(θk − θ )P
(
N̂l

(1−δ)t = k
)

= 1 + (θ − 1)P
(
N̂l

(1−δ)t > 0
)+

∞∑
k=2

(θk − θ )P
(
N̂l

(1−δ)t = k
)
.

Then, recalling from Proposition 2 that

P
(
N̂l

(1−δ)t > 0
)∼EN̂l

(1−δ)t = m̂l
(1−δ)t ∼ 1

m − 1
e−β(ml−(m−1)(1−δ)t) = e−βmx

m − 1
e−β(m−1)δt

as t → ∞ and using the fact that |θk − θ | ≤ 2, we see that∣∣∣∣∣
∞∑

k=2

(θk − θ )P
(
N̂l

(1−δ)t = k
)∣∣∣∣∣≤ 2P

(
N̂l

(1−δ)t > 1
)

≤ 2
(
EN̂l

(1−δ)t − P
(
N̂l

(1−δ)t > 0
))= o

(
e−β(m−1)δt)

as t → ∞, and therefore

ϕ̂l
(1−δ)t(θ ) = 1 + (θ − 1)P

(
N̂l

(1−δ)t > 0
)+ o

(
e−β(m−1)δt)

= 1 + (θ − 1)
e−βmx

m − 1
e−β(m−1)δt + o

(
e−β(m−1)δt).

Then, using (17), (18), the facts that E
[
θ
∑Nδt

k=1 N̂l
(1−δ)t(k) |Fδt

]= (
ϕ̂l

(1−δ)t(θ )
)Nδt , {Nδt > 0} ↘

{survival} and P(M∞ > 0 | survival) = 1, and bounded convergence, we see that

E
[
θ N̂l

t | survival
]=E

[
θ N̂l

t | Nδt > 0
]+ o(1)

=E
[
θ
∑Nδt

k=1 N̂l
(1−δ)t(k) | Nδt > 0

]+ o(1)

=E
[(

ϕ̂l
(1−δ)t(θ )

)Nδt | Nδt > 0
]+ o(1)

=E
[(

ϕ̂l
(1−δ)t(θ )

)Nδt | survival
]+ o(1)

=E

[(
1 + (θ − 1)

e−βmx

m − 1
e−β(m−1)δt + o

(
e−β(m−1)δt))eβ(m−1)δtMδt

| M∞ > 0

]
+ o(1)

→E

[
exp

{
(θ − 1)

e−mβx

m − 1
M∞

}
| M∞ > 0

]

as t → ∞, which proves (15). Convergence in (16) is proved in exactly the same way. �

4. Proof of Proposition 2

Recall that in the previous section we calculated m̂l
t =EN̂l

t and m̃l
t =EÑl

t , which was rela-
tively easy. Let us now consider v̂l

t =E[(N̂l
t )

2] and ṽl
t =E[(Ñl

t )
2]. Finding the exact expressions

for both of these quantities is quite possible (as will be apparent from the calculations that fol-
low) but they are cumbersome. Instead, we find simple upper bounds on v̂l

t and ṽl
t. These upper
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bounds will be used to tell us that if v < ∞ then under conditions (11) and (12) on l, m̂l
t ∼ v̂l

t
and m̃l

t ∼ ṽl
t as t → ∞. This, together with a suitable truncation of the branching process Tt,

t ≥ 0, will enable us to prove Proposition 2.

Proposition 3. Let us suppose that v =E[ξ2] =∑
k≥0 k2pk < ∞. If t ≥ l then

v̂l
t ≤ 1

m − 1
e−β(ml−(m−1)t)

[
1 + 2βm(t − l)e−βml + v − m

(m − 1)2
e−β(ml−(m−1)t)

]
, (19)

ṽl
t ≤ m

m − 1
e−β(ml−(m−1)t)

[
1 + 2β(t − l)e−βml + (v − m)(m2 − 2m + 2)

m(m − 1)2
e−β(ml−(m−1)t)

]
.

(20)

Proof. We follow the same steps as in the proof of Proposition 1. Let us fix l and let t > l.
From (10),

(
N̂l

t

)2 = 1{l<T≤t} + 2 · 1{l≤T≤t}
ξ∑

k=1

N̂l
t−T (k) + 1{0≤T≤t}

(
ξ∑

k=1

N̂l
t−T (k)

)2

.

Taking the expectation and using the Markov property we get the integral equation for v̂l
t:

v̂l
t = (

e−βl − e−βt)+ 2E(ξ )
∫ t

l
m̂l

t−sβe−βs ds +
∫ t

0

(
E(ξ ) · v̂l

t−s +E(ξ2 − ξ ) · (m̂l
t−s)

2)βe−βs ds

= (
e−βl − e−βt)+ 2mβe−βt

∫ t

0
m̂l

ueβu du + βe−βt
∫ t

0

(
mv̂l

u + (v − m)(m̂l
u)2)eβu du.

Differentiating this with respect to t yields the differential equation{(
v̂l

t

)′ = β(m − 1)v̂l
t + βe−βl + 2βme−βlm̂l

t−l + β(v − m)(m̂l
t)

2, t > l,

v̂l
l+ = 0.

The last three terms on the right-hand side of this differential equation contribute respectively
to the three terms inside the square brackets in (19) (of which the first term will be dominant
when (19) is applied).

Indeed, multiplying the differential equation by the integrating factor e−β(m−1)t gives(
v̂l

t

)′e−β(m−1)t − β(m − 1)e−β(m−1)t v̂l
t = βe−βle−β(m−1)t + 2βme−βle−β(m−1)tm̂l

t−l

+ β(v − m)e−β(m−1)t(m̂l
t)

2.

Integrating this equation between l and t and then multiplying by eβ(m−1)t gives

v̂l
t = eβ(m−1)t

∫ t

l
e−β(m−1)s(βe−βl + 2βme−βlm̂l

s−l + β(v − m)(m̂l
s)

2) ds

= eβ(m−1)t
[
βe−βml

∫ t

l
e−β(m−1)(s−l) ds

+ 2βm

m − 1
e−2βml

∫ t

2l
e−β(m−1)(s−2l)(eβ(m−1)(s−2l) − 1

)
ds1{t≥2l}

+ β(v − m)

(m − 1)2
e−β(m+1)l

∫ t

l
e−β(m−1)(s−l)(eβ(m−1)(s−l) − 1

)2 ds

]
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= 1

m − 1
e−β(ml−(m−1)t)

[
β(m − 1)

∫ t

l
e−β(m−1)(s−l) ds

+ 2βme−βml
∫ t

2l
1 − e−β(m−1)(s−2l) ds1{t≥2l}

+ β(v − m)

m − 1
e−βl

∫ t

l
e−β(m−1)(s−l)(eβ(m−1)(s−l) − 1

)2 ds

]
.

We now give an upper bound on each of the three terms inside the square brackets, which we
refer to as (I), (II), and (III):

(I) =
∫ t

l
e−β(m−1)(s−l)β(m − 1) ds ≤

∫ ∞

0
e−β(m−1)τ β(m − 1) dτ = 1,

(II) = 2βme−βml
∫ t

2l
1 − e−β(m−1)(s−2l) ds1{t≥2l}

≤ 2βme−βml(t − 2l)1{t≥2l} ≤ 2βme−βml(t − l),

(III) ≤ β(v − m)

m − 1
e−βl

∫ t

l
e−β(m−1)(s−l)(eβ(m−1)(s−l) − 1

)2 ds

= v − m

(m − 1)2
e−βl

∫ t−l

0
e−β(m−1)τ (eβ(m−1)τ − 1

)2
β(m − 1) dτ

≤ v − m

(m − 1)2
e−βl

∫ t−l

0
eβ(m−1)τ β(m − 1) dτ

≤ v − m

(m − 1)2
e−βleβ(m−1)(t−l) = v − m

(m − 1)2
e−β(ml−(m−1)t),

which establishes (19). The inequality (20) is then easily derived from (19) and (9) using the
fact that ṽl

t ≤ v̂l
t + vl

t. �

Let us now apply the upper bounds (19) and (20) on v̂l
t and ṽl

t to prove Proposition 2.
Namely, that if l depends on t in any such way that t − l → ∞ and ml − (m − 1)t → ∞ as
t → ∞ (conditions (11) and (12)) then

P
(
N̂l

t > 0
)∼ m̂l

t ∼ 1

m − 1
e−β(ml−(m−1)t),

P
(
Ñl

t > 0
)∼ m̃l

t ∼ m

m − 1
e−β(ml−(m−1)t).

Proof of Proposition 2. Trivially, P
(
N̂l

t > 0
)≤EN̂l

t = m̂l
t and P

(
Ñl

t > 0
)≤EÑl

t = m̃l
t.

Therefore,

lim sup
t→∞

eβ(ml−(m−1)t)
P
(
N̂l

t > 0
)≤ 1

m − 1
, (21)

lim sup
t→∞

eβ(ml−(m−1)t)
P
(
Ñl

t > 0
)≤ m

m − 1
. (22)

To establish corresponding lower bounds let us consider the two cases v < ∞ and v = ∞.
For v < ∞, note that under conditions (11) and (12) the inequalities (19) and (20) give

v̂l
t ≤ 1

m − 1
e−β(ml−(m−1)t)[1 + o(1)] ∼ m̂l

t,

ṽl
t ≤ m

m − 1
e−β(ml−(m−1)t)[1 + o(1)] ∼ m̃l

t
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as t → ∞. Then, since we also have v̂l
t ≥ m̂l

t and ṽl
t ≥ m̃l

t, it follows that v̂l
t ∼ m̂l

t and ṽl
t ∼ m̃l

t.
Hence, by the Paley–Zygmund inequality,

P
(
N̂l

t > 0
)≥

(
EN̂l

t

)2
E
[(

N̂l
t
)2] = (m̂l

t)
2

v̂l
t

∼ m̂l
t

as t → ∞, and likewise for P
(
Ñl

t > 0
)
.

If v = ∞, the issue is that now v̂l
t = ṽl

t = ∞ and so the Paley–Zygmund inequality is of no
help to us. To overcome this problem we consider the truncated process T K

t , t ≥ 0, derived
from Tt, t ≥ 0, by having all the offspring killed at each birth event that produces more than
K particles (where K ≥ 1 is some given number). Then, every edge in T K

t is an edge in Tt,
and hence P

(
N̂l

t > 0
)≥ P

(
N̂K,l

t > 0
)

and P
(
Ñl

t > 0
)≥ P

(
ÑK,l

t > 0
)
, where N̂K,l

t and ÑK,l
t are

the numbers of interior and all (interior and pendant) edges of length ≥ l in T K
t .

Moreover, the truncated process T K
t , t ≥ 0, is a Galton–Watson process with branching

rate β and offspring distribution pK
k , k ≥ 0, where pK

0 = P(ξ = 0) + P(ξ > K) = p0 + pK+1 +
pK+2 + · · · , pK

1 = P(ξ = 1) = p1, pK
2 = P(ξ = 2) = p2, . . ., pK

K = P(ξ = K) = pK , pK
K+1 =

pK
K+2 = · · · = 0. If we let mK =∑

k≥0 kpK
k =∑K

k=0 kpk and vK =∑
k≥0 k2pK

k =∑K
k=0 k2pk

denote the first and second moments of the offspring distribution in the truncated Galton–
Watson process, then we see that vK ≤ K2 and

m − mK =E
[
ξ1{ξ>K}

]≤E

[
ξ

log+ ξ

log K
1{ξ>K}

]
≤ F(K)

log K
,

where F(K) =E
[
ξ log+ ξ1{ξ>K}

]
is a function such that F(K) → 0 as K → ∞. Hence,

m − F(K)

log K
≤ mK ≤ m. (23)

We then have that

P
(
N̂l

t > 0
)≥ P

(
N̂K,l

t > 0
)≥

(
EN̂K,l

t
)2

E
[(

N̂K,l
t
)2] (24)

for any K ≥ 1. Let us now take K = K(t) = 
ec(ml−(m−1)t)� for any c ∈ (0, β/2). Then, from (1),

EN̂K,l
t = 1

mK − 1
e−βl(eβ(mK−1)(t−l) − 1

)
.

From (23) we know that

m(t − l) − F(K)(t − l)

ct − cm(t − l)
≤ mK(t − l) ≤ m(t − l),

from which it follows that mK(t − l) = m(t − l) + o(1) and hence eβ(mK−1)(t−l) ∼ eβ(m−1)(t−l) as
t → ∞. Thus,

EN̂K,l
t ∼ 1

m − 1
e−βleβ(m−1)(t−l) = 1

m − 1
e−β(ml−(m−1)t) (25)

as t → ∞. Also, from (19),

EN̂K,l
t ≤E

[(
N̂K,l

t
)2]

≤ 1

mK − 1
e−β(mKl−(mK−1)t)

[
1 + 2βmK(t − l)e−βmKl + vK − mK

(mK − 1)2
e−β(mKl−(mK−1)t)

]
.

(26)
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For the same reason as above, e−β(mKl−(mK−1)t) ∼ e−β(ml−(m−1)t) as t → ∞. We see that the
second term inside the square brackets of (26) converges to 0 as t → ∞. So does the third
term, since

vKe−β(mKl−(mK−1)t) ≤ K2e−β(mKl−(mK−1)t)

≤ e2c(ml−(m−1)t)e−β(mKl−(mK−1)t) ≤ e(2c−β)(ml−(m−1)t) → 0

as t → ∞. It follows that

E
[(

N̂K,l
t
)2]∼ 1

m − 1
e−β(ml−(m−1)t). (27)

Combining (24), (25), and (27) yields

lim inf
t→∞ eβ(ml−(m−1)t)

P
(
N̂l

t > 0
)≥ 1

m − 1
. (28)

Similarly, it can be shown that

lim inf
t→∞ eβ(ml−(m−1)t)

P
(
Ñl

t > 0
)≥ m

m − 1
. (29)

Inequalities (21), (28), (22), and (29) establish the asymptotic relations (13) and (14). �

5. Proof of Theorem 2

In this last section we prove that L(k)
t /t, L̂(k)

t /t, and L̃(k)
t /t for any choice of k = 1, 2, 3, . . .

all converge to α∗ as t → ∞ a.s. on survival. We do this by first establishing convergence along
integers and then expanding it to convergence along real numbers.

Proof of convergence in Theorem 2 along the integers. We choose k = 1, 2, 3, . . . and
observe that, for any α ∈ (α∗, 1) and n ∈N,

P

(
L(k)

n

n
≥ α

)
= P

(
L(k)

n ≥ αn
)= P

(
Nαn

n ≥ k
)≤ 1

k
ENαn

n = 1

k
e−βm(α−α∗)n,

which is summable over n and hence, by the Borel–Cantelli lemma, P
(
L(k)

n /n ≥ α infinitely

often (i.o.)
)= 0 and also P

(
L(k)

n /n ≥ α i.o. | survival
)= 0. Therefore, for any α ∈ (α∗, 1),

lim supn→∞ (L(k)
n /n) ≤ α a.s. on survival and hence

lim sup
n→∞

L(k)
n

n
≤ α∗ (30)

a.s. on survival. The same argument applies to L̂(k)
n and L̃(k)

n .
On the other hand, we may take any α ∈ (0, α∗) and let δ = 1 − α/α∗ (so that α = α∗

(1 − δ)). Then
{
Nαn

n < k
}⊆⋂Nδn

j=1

{
Nαn

(1−δ)n(j) < k
}
, where Nαn

(1−δ)n(j) = Nα∗(1−δ)n
(1−δ)n (j) are the

numbers of pendant edges of length ≥ αn in subtrees T(1−δ)n(j) initiated by particles j =
1, 2, . . . , Nδn at time δn and evolved up to time n. Then we check that

P

(
L(k)

n

n
< α, Nδn > n

)
= P

(
Nαn

n < k, Nδn > n
)≤ P

( Nδn⋂
j=1

{
Nαn

(1−δ)n(j) < k
}
, Nδn > n

)

=E
[(
P
(
Nαn

(1−δ)n < k
))Nδn1{Nδn>n}

]
≤ P

(
Nα∗(1−δ)n

(1−δ)n < k
)n
P
(
Nδn > n

)
.
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Since P
(
Nα∗(1−δ)n

(1−δ)n < k
)→ P(V0 < k) < 1 as n → ∞, it follows that P

(
L(k)

n /n < α, Nδn > n
)

is

summable over n. Therefore P
(
L(k)

n /n < α, Nδn > n i.o.
)= 0 and so also

P

(
L(k)

n

n
< α, Nδn > n i.o. | survival

)
= 0.

Since P
(
Nδn > n eventually | survival

)= 1, it must be that P
(
L(k)

n /n < α i.o. | survival
)= 0, and

thus lim infn→∞ (L(k)
n /n) ≥ α a.s. on survival for all α ∈ (α∗, 1). Therefore,

lim inf
n→∞

L(k)
n

n
≥ α∗ (31)

a.s. on survival, and the same argument applies to L̂(k)
n and L̃(k)

n . Putting together (30) and (31),
we see that

lim
n→∞

L(k)
n

n
= lim

n→∞
L̂(k)

n

n
= lim

n→∞
L̃(k)

n

n
= α∗

a.s. on survival. �

Proof of convergence in Theorem 2 along the reals. The key observations are that for any
times s ≤ t it is true that L(k)

t ≤ L(k)
s + (t − s) (since over the time interval [s,t] the kth-longest

pendant edge cannot increase by more than t − s), L̂(k)
s ≤ L̂(k)

t , and L̃(k)
s ≤ L̃(k)

t (since the kth-
longest edge and kth-longest interior edge cannot get shorter over time). Thus, for any t ∈
[0, ∞) it is true that

L(k)
�t�

�t� · �t�
t

− 1

t
= L(k)

�t� − 1

t
≤ L(k)

t

t
≤ L(k)


t� + 1

t
= L(k)


t�

t� · 
t�

t
+ 1

t
,

L̂(k)

t�


t� · 
t�
t

= L̂(k)

t�
t

≤ L̂(k)
t

t
≤ L̂(k)

�t�
t

= L̂(k)
�t�

�t� · �t�
t

,

L̃(k)

t�


t� · 
t�
t

= L̃(k)

t�
t

≤ L̃(k)
t

t
≤ L̃(k)

�t�
t

= L̃(k)
�t�

�t� · �t�
t

.

Taking t → ∞ yields the results. �
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