COMPOSITIO MATHEMATICA

Common graphs with arbitrary chromatic number

Daniel Kral, Jan Volec and Fan Wei

Compositio Math. 161 (2025), 594-634.

doi: 10.1112/50010437X24007681

A\ LONDON
FOUNDATION //l S | MATHEMATICAL
COMPOSITIO A Jlsociery
MATHEMATICA B st 065

4 .H
Check for
https://doi.org/10.1112/50010437X24007681 Published online by Cambridge University Press jpdates


https://orcid.org/0009-0003-9123-0396
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1112/S0010437X24007681&domain=pdf
https://doi.org/10.1112/S0010437X24007681

Compositio Math. 161 (2025) 594-634
doi:10.1112/S0010437X24007681

Common graphs with arbitrary chromatic number

Daniel Kral, Jan Volec and Fan Wei

ABSTRACT

Ramsey’s theorem guarantees for every graph H that any 2-edge-coloring of a suf-
ficiently large complete graph contains a monochromatic copy of H. In 1962, Erdés
conjectured that the random 2-edge-coloring minimizes the number of monochromatic
copies of K}, and the conjecture was extended by Burr and Rosta to all graphs. In
the late 1980s, the conjectures were disproved by Thomason and Sidorenko, respec-
tively. A classification of graphs whose number of monochromatic copies is minimized
by the random 2-edge-coloring, which are referred to as common graphs, remains a
challenging open problem. If Sidorenko’s conjecture, one of the most significant open
problems in extremal graph theory, is true, then every 2-chromatic graph is common
and, in fact, no 2-chromatic common graph unsettled for Sidorenko’s conjecture is
known. While examples of 3-chromatic common graphs were known for a long time,
the existence of a 4-chromatic common graph was open until 2012, and no common
graph with a larger chromatic number is known.

We construct connected k-chromatic common graphs for every k. This answers a
question posed by Hatami et al. [Non-three-colourable common graphs exist, Combin.
Probab. Comput. 21 (2012), 734-742], and a problem listed by Conlon et al. [Recent
developments in graph Ramsey theory, in Surveys in combinatorics 2015, London
Mathematical Society Lecture Note Series, vol. 424 (Cambridge University Press,
Cambridge, 2015), 49-118, Problem 2.28]. This also answers in a stronger form the
question raised by Jagger et al. [Multiplicities of subgraphs, Combinatorica 16 (1996),
123-131] whether there exists a common graph with chromatic number at least four.
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1. Introduction

Ramsey’s theorem [Ram30] led to a large body of results on the existence of well-behaved
substructures in large structures, known as Ramsey theory, with links to many other areas
of mathematics; see, e.g., [GRS13, CFS15]. Prominent examples of such links are Hindman’s
theorem [Hin74] and Szemerédi’s theorem [Sze75] in number theory. In one of its simplest forms,
the Ramsey’s theorem asserts that for every graph H, there exists an integer N such that
any 2-edge-coloring of the complete graph with N vertices contains a monochromatic copy of
H. Determining the smallest such N, known as the Ramsey number r(H) of a graph H, is a
famous open problem, even in the supposedly simplest case when H is a complete graph. The
best lower bound on the Ramsey number of a complete graph is by a random construction,
which pioneered the development of the probabilistic method in combinatorics [AS16]; however,
whether this random construction is (asymptotically) optimal is still widely open despite recent
major progress [Con09, Sah23] and, in particular, the recent major breakthrough [CGMS23] on
the upper bound. This problem is an example of a classical theme in extremal combinatorics:
when is a random graph construction (close to) optimal? In this paper, we are concerned with
the quantitative version of this problem, known as Ramsey multiplicity, which asks how many
monochromatic copies of a graph H necessarily exist in any 2-edge-coloring of the complete
graph with N vertices, and when the bound coming from the random construction is optimal.

Goodman’s theorem [Goo59] implies that the number of monochromatic copies of the triangle
K3 is asymptotically minimized by the random 2-edge-coloring, i.e. when each edge of a complete
graph is colored randomly with one of two colors with probability 1/2. We say that a graph H
is common if the number of monochromatic copies of H is asymptotically minimized by the
random 2-edge-coloring of a complete graph. In particular, K3 is common and, more generally,
every cycle is common [Sid89)].

In 1962, Erdés [Erd62] conjectured that every complete graph is common, and later Burr
and Rosta [BR80] conjectured that every graph is common. Both conjectures turned out to be
false: in the late 1980s, Sidorenko [Sid86, Sid89] showed that a triangle with a pendant edge is
not common and Thomason [Tho89] showed that K4 is not common. More generally, any graph
containing K4 is not common [JST96] (and so almost every graph is not common), and there
exist graphs H and 2-edge-colorings with the number of monochromatic copies of H sublinear
in the number of monochromatic copies of H in the random 2-edge-coloring [Cla92, Fox08|.

A characterization of the class of common graphs is an intriguing open problem and there
is even no conjectured description of the class. This problem is closely related to the famous
conjecture of Sidorenko [Sid93] and of Erdés and Simonovits [ES83], which asserts that every
bipartite graph H has the Sidorenko property, i.e. the number of copies of H in any graph is
asymptotically at least the number of its copies in the random graph with the same density. Since
every graph H with the Sidorenko property is common, as the number of copies of H in each color
class is at least the expected number of its copies in the random edge-coloring, the conjecture,
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if true, would imply that all bipartite are common. Hence, families of bipartite graphs known
to have the Sidorenko property [BR65, Sid89, Sid91, CFS10, CL17, CKLL18, CL21] provide
examples of bipartite graphs that are common.

Common graphs that are not bipartite, i.e. their chromatic number is larger than two,
are scarce. In particular, Jagger, Stovicek and Thomason [JST96] asked whether there exists
a common graph with chromatic number at least four. While odd cycles [Sid89] and even
wheels [JST96, Sid96] are examples of 3-chromatic common graphs, also see [GLLV22|, the
existence of a common graph with chromatic number at least four was open until 2012 when the
5-wheel was shown to be common [HHK™12] as one of the first application of the flag algebra
method of Razborov [Raz07]. The question whether there exist common graphs with arbitrarily
large chromatic number has been reiterated in [HHK 12|, and also by Conlon, Fox and Sudakov
in the survey paper ‘Recent developments in graph Ramsey theory’, which is now a classical
reference for results and directions related to Ramsey theory.

Problem (Conlon et al. [CFS15, Problem 2.28]). Do there exist common graphs of all chromatic
numbers?

In this paper, we solve this problem by establishing the following.

THEOREM 1.1. For every ¢ €N, there exists a connected common graph with chromatic
number £.

We treat common graphs using methods from the theory of graph limits while employing
spectral tools from the operator theory; graph limit methods permit lower-order terms to be
avoided when analyzing large graphs, which makes our arguments simpler to present and in
some cases also more natural. To prove Theorem 1.1, we show that every graph of sufficiently
large girth can be embedded in a graph H such that any 2-edge-coloring of a complete graph has
asymptotically at least as many monochromatic copies of H as the random 2-edge-coloring. The
proof of Theorem 1.1 is split into two cases based on whether the considered 2-edge-coloring is
close to the random coloring or not; we refer to the two cases as the local regime and the non-local
regime (we provide an overview of the proof in §1.2). The core of the proof is formed by the argu-
ments related to the local regime, which is described by the existence of a dominant eigenvalue of
the operator associated with the 2-edge-coloring. While both the Sidorenko property and com-
mon graphs have been studied in the local regime [Lov1ll, FW17, CHL23, HKKV23], the proof
of Theorem 1.1 requires new spectral arguments to control (in)dependence of monochromatic
embeddings of different parts of H in the host edge-colored complete graph. Our techniques
could be used in other settings, e.g. the setting of a conjecture of Kohayakawa et al. [KNRS10]
as discussed in §7.

Our techniques also apply in the setting of k-common graphs introduced in [JST96]: for a
positive integer k, a graph H is k-common if the random k-edge-coloring of a complete graph
asymptotically minimizes the number of monochromatic copies of H among all k-edge-colorings.
This notion provides another link to the Sidorenko property: a graph H has the Sidorenko
property if and only if the graph H is k-common for all k > 2 (see [KNN'22]). If H is k-common,
then H is k’-common for all ¥’ =2,...,k, and thus k-common graphs for k > 3 are even more
rare than common graphs (as such graphs are necessarily also common). In fact, the question of
Jagger et al. [JST96] about the existence of a non-bipartite k-common graph for k£ > 3 has been
resolved only recently in [KNNT22]. Using the techniques developed to prove Theorem 1.1, we
also prove the following.

THEOREM 1.2. For every integer k > 2 and positive integer ¢, there exists a connected k-common
graph with chromatic number /.
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1.1 Proof motivation

To motivate our proof, we sketch a possible strategy for proving the existence of a discon-
nected common graph with high chromatic number. We present the strategy in the language of
graph limits, which is reviewed in §2. Fix a graph H with girth four and chromatic num-
ber k>3 and consider the disjoint union of the graph H and a complete bipartite graph,
denoted as H U K, ,,, for a large n. Showing that H U K, is common amounts to showing
that

t<H U Kn,ny W) + t(H U Kn,nv 1— W) > Q*G(H)*n2+1 (1)

for every graphon W, where e(H) denotes the number of edges in H. Note that the right-hand
side of (1) is equal to the left-hand side when W is the constant graphon equal 1/2, i.e. W is the
limit graphon for the sequence of the Erd6s-Rényi random graphs G, 1 /2. Since the inequality
(1) is symmetric in W and 1 — W, it is enough to establish (1) for graphons W with density at
least 1/2, i.e. when f071]2 W >1/2.

The graph H U K,, ,, is locally common in the following sense as shown by Fox and the last
author in a forthcoming paper [FW17].

THEOREM 1.3 (Fox and Wei [FW17]). If a graph G has even girth, then for any p € [0, 1], any
graphon W with density p such that |[W — p||g < p?2=*8¢()=2 and ||W || < 2p satisfies that
HG, W) > pi.

Hence, if a graphon W is close (in the cut distance ||-||g) to the 1/2-graphon, then
Theorem 1.3 almost implies (1); the issue lies in the fact that if W has density p > 1/2, then
the graphon 1 — W, whose density is 1 — p, may fail to satisfy |1 — W||oo <2(1 — p) needed to
apply Theorem 1.3. The proof of Theorem 1.3 in [FW17] can be extended, at the expense of
having a stronger bound on |[|[W — p||g, to the setting with the condition ||W o < 2p weakened
to ||W]leo < Cp for any fixed C € N; however, the bound on ||W — p||g would depend on H (in
addition to C'). Such an extension of Theorem 1.3 would be sufficient for the case of the discon-
nected graph H U K, ,,; however, the proofs of Theorems 6.1 and 6.2 in §6 require a bound on
|IW — p||o that is independent of the actual graph H for a specific family of graphs H. Indeed,
the value of ¢ in Theorem 3.1, which gives a variant of Theorem 1.3 tailored for our setting, does
not depend on ¢. Without removing the dependance on H (or at least proving a significantly
better dependance than in Theorem 1.3), which is the crucial contribution of the arguments pre-
sented in § 3, it would not be possible to set up the parameters to prove Theorems 6.1 and 6.2
and, thus, Theorems 1.1 and 1.2.

We now continue a sketch of the argument that H U K, ,, is common. As discussed, if W is
close to the 1/2-graphon, then the inequality (1) holds by a suitable extension of Theorem 1.3.
If a graphon W is not close (in the cut distance) to the 1/2-graphon, we can use that the
graph K, , has the Sidorenko property in the strong quantitative sense as given by Lemmas 2.1
and 2.4:

n?/4
\W—pué> "

t(Kn,na W) > <p4 + 3

Hence, the quantity ¢(K,, ,, W) is significantly larger than p", which can balance out a possible
drop of the density of H in W and so implies that

HH U Ky, W) > 27241

However, if a graphon W contains a sparse part, it may even happen that ¢(H, W) =0, so
t(HUK, ,, W)=0, and the argument fails (in fact, it can be shown that the presence of a
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sparse part is essentially the only obstacle for the argument to proceed). However, if W contains
a sparse part of measure ag >0 with density ¢ close to 0, then this part has density 1 —q
in 1 — W and its contribution to t(H U K, ,,,1—W) (as formalized in Lemma 5.1) is roughly

ag(H)+2"(1 _ q)e(H)—&-n2

then

; the value of oy depends on H only and so if n is sufficiently large,

v(H)+2n(1

af )e(H)+n2 > Qfe(H)fanrl'

—q
Here, we use that the number of edges of H U K, ;, grows superlinearly in the number of vertices
of HU K, , with n tending to infinity.

1.2 Proof overview

On a high level, the proofs of Theorems 6.1 and 6.2, which imply Theorems 1.1 and 1.2, respec-
tively, follow the lines described in §1.1; the main steps of the two proofs are visualized in
Figure 1.

In the proof of Theorem 6.1, we show that a graph Hy obtained by joining a suitable
high-girth high-chromatic chromatic graph H by a suitably long path to a complete bipartite
graph K,,, is common. The length ¢ of the path joining H and the complete bipartite
graph needs to be carefully controlled. On the one hand, the path needs to be long enough
to make copies of H and K,,, in a graphon W sufficiently independent in the sense that
t(Ho, W) is approximately t(H, W)t(Ky,n, W)p® for any graphon W with density p; note that
t(HUKpypn, W) =t(H, W)t(Kp,n, W). At the same time, the number of edges of the graph Hy
needs to stay superlinear in the number of the vertices of Hy, i.e. the length ¢ needs to be
o(v(H) + mn), so that we are able to handle the case when the graphon W contains a sparse
part of measure ag > 0 with density ¢ close to 0. In such case, the density of Hy in W can be
zero but the density of Hy in 1 — W is approximately ag(HO)(l — q)e(HO), which needs to be at
least 2-¢(Ho)+1 in order to yield that Hy is common.

As the first step towards proving Theorems 6.1 and 6.2, we deal with the local regime and
establish a counterpart of Theorem 1.3, which is given as Theorem 3.1 in § 3. While Theorem 3.1
applies to graphs of a particular form only, the bound on the cut distance given in Theorem 1.3
is independent of the length ¢ of the path attached to the graph H (in addition to relaxing
the technical assumption that |[|[W . <2p as discussed in §1.1). The independence on ¢ is
essential for proving Theorem 4.1 in §4, where the obtained bound on the cut distance has
to be independent of the parameters £, m and n so that it is sufficiently strong to eventually
yield proofs of Theorems 6.1 and 6.2. The proof of Theorem 4.1, which is the technically most
challenging part of our argument, is obtained using spectral arguments, which allow us to control
how densities of rooted subgraphs change when walking along a path in a graphon. In particular,
we argue that the density of Hg in a graphon W is at least the density of Hy in the constant
graphon with the same density as W (cases (i) and (ii) in the proof) unless the graphon W has
a sparse part (case (iii)), which, in turn, implies that it also has a denser part where sufficiently
many copies of the graph Hy can be found.

The non-local regime is addressed in §5. First, Lemma 5.1 yields that the density of a fixed
graph H in any graphon W is positive unless W contains a sparse part; however, the constants
in the statement of the lemma depend on H. Lemma 5.1 is then used to prove Theorem 5.2 that
asserts that if a graphon W is far in the cut distance from the constant (quasirandom) graphon,
then the density of the graph Hy in W is large enough unless W contains a sparse part whose
size is independent of the parameters ¢, m and n (from a suitably chosen range).
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THEOREM 18 (local regime). W with densityp > pg and |W — p||g < e =
t(Hg, W) > p(Ho)

THEOREM 22 (non-local regime). W with density p > py, no sparse part and
IW = pllo > & = t(Ho, W) = p10)

THEOREM 23. Hy is common, i.e., t(Hy, W) + t(Hg, 1 — W) > 2. 2-¢(Ho)

— W has a part with measure oy and density q close to zero

= t(Hp, 1— W) >y (1 — q)e(Ho) > 2. g=e(Ho)
— 1 — W has a part with measure oy and density q close to zero

= t(Hy, W) > ag(H")(l — q)¢(Ho) > 2. g=e(Ho)
— W has density > 1 — py

Theorem 18 or Theorem 22 = t(Hy, W) > (1 — py)°(Ho) > 2. 2=e(Ho)
— 1 — W has density > 1 — py

Theorem 18 or Theorem 22 = t(Hg, 1 — W) > (1 — py)cHo) > 2. 2-¢(Ho)
— W has density p € [py, 1 — pp] and no sparse part

Theorem 18 or Theorem 22 = t(Hy, W) > p¢(Ho)

Theorem 18 or Theorem 22 = t(Hy, 1 — W) > (1 — p)°(Ho)

t(Ho, W) + t(Hp, 1 — W) > p"Ho) 4 (1 — p)e(Ho) > 2. p=e(Ho)

THEOREM 24. Hy is k-common, i.e., t(Hg, W;) +--- t(Hg, Wy) > k - k=¢(Ho)

— di W; has a part with measure «g and density close to zero
induction = t(Hg, W) +--- + t(Ho, W) £ ag(HU) (k — 1)=¢(Ho) > | . k—e(Ho)
— 3i W; has density smaller than py = 3j density of W; is at least (k — 1)~
= t(Ho, W;) Z (k — 1)=¢(Ho) > k. =e(Ho)
— Each W; has density p; > py bounded away from zero and no sparse part
Theorem 18 or Theorem 22 = t(Hy, W;) > pl-_e(HO)
6(Ho, W) + - + t(Ho, W) > pi " 4o 4 1) > ke emelto)

FIGURE 1. Informal statements of Theorems 3.1 and 5.2, and the main steps in the proofs
of Theorems 6.1 and 6.2, which assert that a suitable graph Hy is common and k-common,
respectively.

Finally, § 6 presents our main results: Theorems 6.1 and 6.2; the main steps of their proofs are
visualized in Figure 1. If a graphon W or 1 — W has a sparse part, then the density of Hy in the
complement of the sparse part is sufficiently large to establish that Hy is common; here, we need
that ¢ is sublinear in v(H) + mn. Otherwise, if a graphon W is close to a constant graphon, then
the density of Hg in both W and 1 — W is at least the density of Hy in the constant graphons
with the same density by Theorem 4.1, and if W is not close to a constant graphon (and does not
have a sparse part), then the density of Hy in both W and 1 — W is at least the density of H
in the constant graphons with the same density by Theorem 5.2. A simple convexity argument
now yields that t(Hg, W) + t(Hp, 1 — W) >2.27¢(Ho),

The proof of the more general Theorem 6.2, which concern k-common graphs, proceeds
by induction on k, which is the number of colors. Individual color classes are represented by
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graphons Wh, ..., Wy such that Wy +--- 4+ Wy is a graphon with density close to one (rather
than exactly equal to one); this makes the induction argument significantly easier. If one of
graphons W1, ..., W has a very sparse part, we apply induction to the remaining k — 1 colors
restricted to the sparse part. If one of the color classes is sparse, we argue that we find sufficiently
many copies of Hy in the densest color class (here, we use that ¢ is sublinear in v(H) + mn).
If neither of these two cases apply, we use for each graphon W;, i=1,...,k, Theorem 4.1 or
Theorem 5.2, depending whether W; is close to a constant graphon or not, i.e. whether the
corresponding color class falls into the local or non-local regime, to derive that the density of
Hjy in each W; is at least as in the constant graphon with the same density, and we eventually
derive using convexity of the function p¢(#0) that the sum of densities of Hy in Wi, ..., W}, is
sufficiently large.

2. Preliminaries

In this section, we fix notation used throughout the paper and present auxiliary results needed
in our arguments. We start with basic notation. The set of the first k& positive integers is denoted
by [k], and the set of all k-element subsets of A is denoted by (‘2) If A is a measurable subset of
R* we write uu(A) for the measure of A; throughout the paper, we always consider the standard
Borel measure on R¥.

All graphs considered in this paper are simple and loopless. If G is a graph, then the vertex
set of G is denoted by V(G) and the edge set by E(G); the numbers of vertices and edges of
G are denoted by v(G) and e(G), respectively. If A is a subset of vertices of G, then G[A] is
the subgraph induced by A, i.e. the graph with the vertex set A and the edge set E(G)N (g‘)
Finally, if F' is a subset of edges of G, then (F') is the spanning subgraph of G with the edge set
F; the host graph G will always be clear from the context. A homomorphism from a graph H
to G is mapping f from V(H) to V(G) such that if uv is an edge of H, then f(u)f(v) is an edge
of G, and the homomorphism density of H in G, denoted by t(H,G), is the probability that a
random mapping from V(H) to V(G) is a homomorphism.

The n-vertex path is denoted by P,, the n-vertex cycle by C,,, the complete graph with n
vertices by K, and the complete bipartite graph with parts consisting of a and b vertices by
Ko p. Finally, K¢ is the graph obtained from K,; by adding an f-edge path to one of the
vertices in the a-vertex part. In particular, Ko is just the graph K p.

2.1 Graph limits

We treat the notion of common graphs using tools from the theory of graph limits. In this
subsection, we provide an introduction to the most important concepts; we refer the reader to
the monograph by Lovéasz [Lov12] for a more complete treatment. In the theory of graph limits,
large graphs are represented by an analytic object called graphon. A graphon is a measurable
function W : [0, 1)2 — [0, 1] that is symmetric, i.e. W (z,y) =W (y, z) for all x,y € [0, 1]. When
no confusion can arise, we use p to denote the graphon equal to p € [0, 1] everywhere. More
generally, a kernel is a symmetric measurable function U : [0, 1> — R. In particular, a graphon
is a kernel with range in [0,1]. A graphon can be thought of as a continuous version of the
adjacency matrix of a graph. Because of this analogy, we refer to the elements of the domain
[0, 1] as to vertices of W. The degree of a vertex x € [0, 1] of a graphon W is defined as

degy (z) = W (x,y) dy.
[0,1]
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The homomorphism density of a graph H in a graphon W is defined as

)= | I W) deven. )
[0,1]7¢) weE(H)

For brevity, we often speak about the density of H in W instead of the homomorphism density
of H in W. The density of a graphon W is the density of Ky in W, i.e. t(K2, W). Analogously,
we define the homomorphism density of a graph H in a kernel U using (2), and we define the
density of a kernel U to be t(K3,U).

We now cast the definition of graphs with the Sidorenko property and commons graphs in the
language of graph limits; see, e.g., [KNNT22] for further details. A graph H has the Sidorenko
property if the following holds for every graphon W:

p ) <t(H, W)
where p is the density of W. A graph H is common if it holds that
ol=eH) <t(H, W) 4 t(H,1 - W)
for every graphon W. Finally, for an integer k > 2, we say that a graph H is k-common if
e ) <t (H, W) 4 - - -+ t(H, W)

holds for all graphons W1, ..., Wy such that Wy + -+ W, =1.
We next define the notion of a norm for kernels, which gives a metric on the space of kernels
and so on graphons. The cut norm of a kernel U is defined as

/ Ul(z,y) dx dy',
SxT

where the supremum is taken over all measurable subsets S and T of [0, 1]. If U is a kernel with
|U|loo <1, then it holds [Lov12, Lemma 8.12] that

IUlIG < t(Cs, U) < 4|U|I- (3)

Similarly, it holds that t(P, U) <2||U||g. Since C4 has the Sidorenko property, it holds that
t(Cy, W) > p* for every graphon W with density p. If a graphon W with density p is actually
far from the p-constant graphon, then the density of Cy is much larger than p* as given in the
lemma.

[Ulo=sup
S,TC[0,1]

LEMMA 2.1 (Cooper et al. [CKM18, Lemma 11]). The following holds for every graphon W
with density p:

W —pll

4
pt+ O <t(Cy, W).

On the other hand, the counting lemma, which we now state, implies that t(Cy, W) < p* +
4||W — p||o for every graphon W with density p.

LEMMA 2.2 (Counting lemma, Lovasz [Lov12, Lemma 10.23]). The following holds for every
graph H and all graphons W7 and Wj:

[t(H, Wh) — t(H, W2)| < e(H) - |[W1 — Wa|[o.

We next define a notion used in [KNNT22] that can be viewed as an analogue of a subgraph in
a graphon. Consider a measurable function h : [0, 1] — [0, 1] such that ||k[[; > 0. Let f: [0, |[|h]1] —
[0, 1] be the measurable function defined as
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f(z):=inf {t € [0, 1] such that / h(z) do > z}.
(0,¢]

Note that it holds that [, h(x) dz = pu(f~'(A)) for every measurable subset A C [0, 1]. We define
the graphon W[h] by setting

WIh|(z, y) =W (f(z-[hll1), f(y-lIhll)) for (z,y) €0, 1]*

Note that if h is the indicator function of a measurable subset A, then W[h] is obtained by
restricting W to A and rescaling; if this is the case, we write W[A] for the graphon Wh]. It can
be shown that

1
t(Hﬂw[h])—’th,(H)/[O”V(H) T »@ JI W) deyem
1 I’

ueV (H) weFE(H)

holds for every graph H. In particular, it holds that
v(H
HH, W) > (|3 - (2, W), (4)

We conclude this subsection by defining a notion of an almost independent set in a graphon.
For a graphon W and ¢ >0, Hs(W) is the set of all measurable functions h: [0, 1] — [0, 1] with
Ikl > 0 such that the density of Wh| is at most 0. The d-independence ratio of W is defined
as
as(W)=sup |hl;
heHs(W)

if the set Hs(WW) is empty, then we set as(W) =0. We remark that this notion is closely related
to the notion of (p, d)-dense graphs widely used in Ramsey theory: a graph is (p, d)-dense if any
subset of at least p-v(G) vertices of G induces a subgraph with density at least d. Indeed, if

a graphon W is a limit graphon of a sequence of (p, d)-dense graphs, then as(W) < p for every
0 <d.

2.2 Rooted graphs

A rooted graph is a graph with one or more vertices distinguished as roots. We use super-
scripts to emphasize that a graph is rooted and indicate the number of roots. In particular,
H* will denote a rooted graph with a single root, H*® will denote a rooted graph with two
roots, and H** will denote a rooted graph with three or more roots. In all rooted graphs
considered in this paper, the set of roots will always form an independent set. To simplify our
notation, if H® is a rooted graph, v(H) and e(H) denote the number of vertices and edges of
H*, respectively, as these quantities are the same regardless of the presence or the absence of
roots. Examples of rooted graphs considered further include the following. The rooted graph
P is the graph obtained from the n-vertex path by choosing one of its end vertices as a
root. The rooted graph K, is the graph obtained from the complete bipartite graph K,
by choosing one of the vertices of the a-vertex part as a root. Finally, the rooted graph K;| b
is the graph obtained from Kg; by choosing the end vertex of the appended f-edge path as a
root.

If G* and H*® are two rooted graphs, then G* @ H*® is the (unrooted) graph obtained by
identifying their roots. Note that K, =P | © K;7b. Similarly, if G**® and H*®® are two rooted
graphs with two roots, then G** @ H*® is the graph obtained by identifying the corresponding
roots, and if G** and H*® are two rooted graphs with the same number of roots, then G** @
H** is the graph obtained by identifying the corresponding roots; the correspondence will
always be clear from the context.
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We next extend the notion of homomorphism density to rooted graphs. Let H®*® be a rooted

graph with k roots, and let vy, ..., v, be the vertices of H*"® listed in a way that the vertices
v1,...,v are the roots. If U is a kernel and z1,...,x; €[0,1], we define t;, ., (H*"*, U)
as
t:pl,...,:pk (H""" U) = / H U(xla x]) dxk:-i-l e dl‘n (5)
[0,1]n—*

’ viv, EE(H® )

Observe that if W is a graphon, then degy, (x) =t,(Psy, W) for z € [0, 1]. Finally, if G*"* and
H** are two rooted graphs such that each has k roots and the roots induce an independent
set, it holds that

G & H ", U) = / foroan (G* U)o (U dy - - - day, 6)
[0,1]%

for every kernel U; note that the assumption that the roots of G*® and H*® form independent

sets is needed for (6) to hold.

2.3 Spectral properties of graphons and kernels

We now review spectral properties of graphons and kernels; we refer to [Lov12, § 7.5] for further
details. Fix a kernel U with ||U||s < 1. We can think of U as a Hilbert—Schmidt integral operator
from L2[0, 1] to Ls]0, 1] defined as

U)()= /0 Ul y)f(4) dy.

Let A1, Ag, ... be the non-zero eigenvalues of U listed in the non-increasing order of the absolute
value (with multiplicities), and let fi, fo,... be the corresponding orthonormal eigenfunctions,
i.e. ||fill2=1 for every i and the functions are orthogonal to each other in L]0, 1]. Note that

converges to U in the Lo-norm. We remark that if U is a graphon with density p, then A is
at least p. Since we have assumed that ||U||s <1, it holds that (U f;)(z) <||fill2=1 for every
x €[0,1], i.e. ||Ufilloo <1, which implies that || fi]|oo < [N~

The spectrum of U can be used to express the density of cycles and paths. Expressing the
density of cycles is easier: it holds for every n > 3 that

t(C, U) Z)\" (7)

To express the density of paths, we need to introduce additional notation. Let j : [0, 1] — [0, 1] be
the constant function equal to 1, and set a; € [0, /2] to be the real such that (j, f;) = cos a; (we
may assume without loss of generality by replacing f; with — f; that the product is non-negative).
Further set § =1 — cos . Informally speaking, for a graphon W, § measures how close W is to
having all the degrees the same, in particular, § =0 if and only if degy (x) =p for almost every
x € [0, 1] where p is the density of W. The following holds for every n > 2 (for n = 2, the equality
is a particular case of (7.21) in [Lov12]):

t(P,, U) = (3, U™ 1) Z AP cos? . (8)

In the rest of this subsection, we deal with graphons only and estimate some of the introduced
parameters. These estimates will be used repeatedly in the proofs of Theorems 3.1 and 4.1. Fix
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a graphon W with density p € [0, 1], and let v =t(Cy, W) — p*. Note that v >0 since the cycle
Cy has the Sidorenko property; on the other hand, v <4||W —p||g by the counting lemma
(Lemma 2.2). Since the density of Cy in W is at least A}, it follows that

¥ W —plo
M<p+ s <p+ PO 9

We derive from A; > p and (7) that

A <414 (10)
holds for every i > 2. Hence, we derive from (10) that
DoAY A<y (11)
i>2 i>2

holds for every m > 4. In addition, (10) yields that it holds for every m >0 that
Z A cos?
i>2
which implies by (8) that

AP(1 = 8)2 = 4™ < Py, W) S NP1 = 8)2 4 (12)

We next estimate J in terms of v and subsequently in terms of ||V — p||g. Since the path P;
has the Sidorenko property and (8) holds, we obtain that

pt <t(Ps,W Z)\4cos a; < X1 —-9) —1—2)\4 (1 -6) —|—Z)\4

[ 1>2
<p'1-0 —p*+ ) N =p'1-06)+y<p'1-0)+.

i

Z|)\ ™ cos? a; < max|)\ | Zcos a; < max|>\ ™ <A™
i>2 i>2

It follows that
4|\W —
p p
Since the eigenfunctions f; are orthonormal, we obtain that

S cos? o= D00, £* < i3 = 1. (14

(13)

The inequality (14) implies that
> cos? ; <1 (1 —6)* =20 — 6 < 26. (15)
i>2
In particular, cos a; < 26%/2 for every i > 2. Using (8) for n =2, (10) and (15), we obtain that
p= Z Ai cos® oy < A (1 —6)2 +41/4 Z cos? a; < Ap (1 —6)2 4 20714,
i i>2
This implies for ¢ € [0, 1] that
— 2071/
s

S (a > (p— 267 (1 +6)2 > p(1 4 26) — 2674 (1 + 6)2 > p(1 + 26) — 8574, (16)

2.4 Estimates on densities

We now review several estimates on densities of graphs in graphons and kernels. A large number
of the estimates that we present is standard and we state them explicitly just for referencing in
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the rest of the paper. We start with one of such estimates, which follows by the standard use
of Jensen’s inequality; see, e.g., [KNNT22, Proposition 1.10]. The two lemmas are also implied
by the weak Holder property that all complete bipartite graphs have since they are weakly
norming [Hat10]; also see [Lov12, §14.1] for in-depth discussion.

LEMMA 2.3. The following holds for every graphon W and all integers m, m’, n such that m > m/’:
(Ko, W) > (K, W)™
Two applications of Lemma 2.3 yield the following.
LEMMA 2.4. The following holds for every graphon W and all integers m,n > 2:
(Ko, W) > t(Cy, W)™/4,

The estimates in the rest of the subsection concern kernels. We start with a well-known
estimate, which follows by a straightforward application of the Cauchy—Schwarz inequality.

LEMMA 2.5. The following holds for any kernel U:
0<t(Ki2,U) <t(Cy, U2 (17)
The next lemma follows by using Jensen’s inequality and the following two identities:
t(Kip, U) =/ te(Ps,U)* dex and t(Kyp, U) :/ tay (K3%, U)F du dy.
[0,1] [0,1]2
LEMMA 2.6. The following holds for any kernel U with |U||s <1 and every integer k > 2:
(K1 g, U)| S (K12, UY? <t(Ki1,U) and  [t(Kog, U)| < t(Ca, U)? <t(Cy, U).

The remaining estimates that we present were proven by Lovdsz in [Lov1l]; we state them
with corresponding references to the statements in the paper [Lov1l], which contain them or
imply them. We remark that the second inequality in Lemma 2.9 follows using Lemma 2.5.

LemMA 2.7 (Lovész [Lovll, Lemma 3.3]). Let fi,..., fn:[0,1* =R be bounded measurable
functions such that for each variable there are at most two functions f; that depend on that
variable. It holds that

/ [T fiwrs o an) doy - - day < T I1fill2-
[0,1]’“ ZE[TL] ZE[TL}

LEMMA 2.8 (Lovész [Lov11, Corollary 3.12]). The following holds for any kernel U with ||U ||e <
1 and every integer k > 2:

t(Cop, U) < t(Cy, U)K/,

LEMMA 2.9 (Lovész [Lovll, Lemma 3.14]). The following holds for any kernel U with ||U||s <1
and every integer k > 1:

t(Prps, U)Y < t(P3, U)*(Cy, U)E < t(Cy, U)FH2,

LEMMA 2.10 (Lovész [Lovll, Lemma 3.19]). The following holds for any kernel U with ||U ||oc <1
and every bipartite graph G with minimum degree two and girth at least four that is not a single
cycle or a complete bipartite graph:

|t(Ga U)’ < t(04a U)5/4‘
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LEMMA 2.11 (Lovész [Lovll, Lemma 3.21]). The following holds for any kernel U with ||U ||oc <1
and any tree T' that is not a star:
’t<T7 U)’ < t(P3a U)t(047 U)1/4'
LEMMA 2.12 (Lovész [Lovll, Lemma 3.22]). The following holds for any kernel U with ||U||s <1
and every bipartite graph G with girth at least four that has exactly one vertex of degree one:
(t(Cs, U) + (P, U)) - t(Cy, U)Y/®
5 .

1(G, U)| <

2.5 Entropy-based estimates

We next estimate the density of a graph K,;;. The next lemma asserts that a graph K, has
the Sidorenko property in a strong sense as t(Ki 2, G) > t(Ko, G)Q. Our proof is based on the
entropy argument, which has been pioneered in this context by Szegedy [Szel4].

LEMMA 2.13. Let a, b and ¢ be any positive even integers. It holds that for any graph G,
tH(Kojpp, G) > (K72, G)@0T0/2,

Proof. Fix integers a, b and ¢, and a graph G, and let n be the number of vertices of G. We
say that a triple (z1, x2,y) of vertices of G is feasible if x1y and oy are edges of G. We define
several probability distributions on vertices of G and their tuples. The first distribution is the
uniform distribution on (K7 2, G)n® feasible triples (z1,2,y); note that the entropy of this
distribution is

H(ﬂ?l,l‘g,y):310gn+10gt(K172,G). (18)
The second distribution is the distribution on (a + 1)-tuples (z1, ..., x4, y) that we first choose
y according to the marginal distribution of the uniform distribution on feasible triples and we
then choose x1, ..., x, to be neighbors of y chosen uniformly and independently of each other.
Observe that the marginal distribution on y and any two of the vertices x1, ..., z, is the uniform
distribution on feasible triples and so the following holds:
a a a—2
H(xy,...,0q,y)= §H($1,$2|y) + H(y) = §H(l‘1,$27y) T~ H(y)
—2
> gH(azl,xQ,y) _a 5 log n.
The third distribution is the distribution on (a + b)-tuples (x1, ..., Zq, Y1, ..., yp) that we first
choose z1,...,x, according to the marginal distribution derived from the second distribution
and we then choose each of y1,...,y, according to the second distribution conditioned on the
choice of x1,...,x,. Observe that
H(zy,...,2q, Y1, yp) =b- H(ylx1,...,24) + H(z1,...,24)
=b-H(x1,...,2q,y) — (b—1)H(x1,...,24)
>b-H(z1,...,2Zq,y) —a(b—1)logn
b —2)b
> %H(xl)x27y) - (a2) IOgTL - a(b_ 1) lOng
b 3ab—2a —2b
= %H(wl,@,y) — % log n.

Finally, the last distribution, which is a distribution on (a + b+ £)-tuples of vertices, is obtained
as follows. We first choose (x1,...,Zq, Y1, .-, yp) according to the third distribution; note that
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the marginal distribution of x; is the same as its marginal distribution of the uniform distribu-
tion on feasible triples. Next choose (1, ¥}, #}) uniformly among all feasible triples with the first
coordinate equal to x1, then (], y), #4) uniformly among all feasible triples with the first coor-
dinate equal to x, then (z}, y5, %) uniformly among all feasible triples with the first coordinate
equal to x5 and so on until the triple () o1 Y, /o> ) /2) has been chosen. Observe that

14 14 14
H(x1, 91,20, - - - ,yé/y 55/4/2) = §H(?J, Talz1) + H(x1) = §H(331, Y, T2) — <2 - 1> H(z1).

It follows that H(z1, ..., Za, Y1y -+, Ybs Yl, Ty - - 792/2>$/£/2) is equal to

H(xl,y’l,w&,...,yé/Q,x2/2)+H(a;1,...,a;a,yl,...,yb) — H(zy)

b+ /¢ 3ab —2a —2b 14
Za;— H(;plij,y)—%logn—gH(m)
b+ /¢ 3ab—2a—2b+ /¢
Za; H(ZEl,iEQ,y)_ ¢ a2 i logn
b+ ¢
:(a+b+€)logn—|—a2+ log t(K1,2, G),

where the last inequality is implied by (18). Since H(x1, ..., Ta, Y1y - -, Yb, Y1, T, - - - ,y2/2, 1'/[/2)
is at most log (t(K,)ep, G)n0H), we conclude that log t(Kyp, G) > @t Jog t(K1 2, G), i.e.
(Ko pr G) = t(K1 2, G) (1072 as desired. O

Our second estimate on the density of a graph Ky is a quantitative bound on the density
of Kgjep in a graphon W depending on its distance from the constant graphon with the same
density.

LEMMA 2.14. For all positive even integers a, b and ¢ such that ¢ < ab/4, it holds that
t(Kajep, W) = p™ T (141077 | W — p|| )20/ 4444
for every graphon W with density p.

Proof. Fix integers a, b and ¢, and a graphon W with density p; set e = ||W — p||g. Let A be the
set of 2 € [0, 1] such that degy, (z) <p(1 —0.001e®). We distinguish two cases depending on the
measure of A.

The first case is the case when u(A) < 0.001pe®, i.e. the degree of most of the vertices of W
is close to p. Consider the graphon Wi defined as

0 ifxeAorye A, and
Wi(z,y) = .
W(x,y) otherwise.
Observe that
degyy, (z) > p(1 —0.001€%) — u(A) > p(1 — 0.002¢°) (19)
for every x ¢ A. It follows that the density p; of W is at least
p1> (1= p(A))(1 —0.002pe®) > (1 —0.001pe®)p(1 — 0.002e%) > p(1 — 0.003>).

Note that the cut distance between W and Wi is at most 2u(A) + u(A)? < 3u(A) <0.003pe’.
Hence, the triangle inequality implies that

Wi —pillo > W = pllo = ||W — Willo — |p — p1] > & — 0.006pe® > 0.994.
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Lemma 2.1 now yields that

0.994%¢4

t(Cy, W) > pi + > ph(1+0.122¢%) > p*(1 — 0.003e%)* (1 +0.122e1) > p*(1 4 0.1£).

Hence, Lemma 2.4 implies (the last inequality follows from ¢ < ab/4) that
H(Kqp, W) > t(Cyy W)™/ > p®(1 4+ 0.164) /% > (1 + 0.03e) /42
Therefore, we obtain using (19) that
t(K a0, W1) > p™ (1 +0.036%) 47241 - 0.0026%)" > p™ (1 +0.03e4) "/ *+.

As t(Kqpop, W) > t(Kqjpp, W), the estimate in the statement of the lemma follows.

We next analyze the complementary case, i.e. the case when the measure of A is at
least 0.001ps®. We obtain the following estimate on t(Kj2, W) using the Cauchy—Schwarz
inequality:

H(K 1, W) = /

[0,1]

> (1A) ( /A degy () dx>2 + 1—1M(A) < /[0,1]\14 degy () dx>2
+

degyy (x)? dz = /

degyy (z)? dx +/ degyy (z)? dx
A

[0,1\A

P
N(lA)( / des@ dx)2+ 1_1M(A)<p— / desw (@) dx)

_ 2 1(A) _ Ja degy () dz\®
- 1u(A)< >

p(A)
0.001pe® _
>p? + —————(0.001pc”)*> > p* + 10 %e"p’.
=P +1—O.001p€5( Py P =P

Observe that e=||[W —p|log<|[W|o+|plo=2p and so t(Ki2, W)>p?(1+107%16/2).
Therefore, Lemma 2.13 now yields that

t(KaM,bv W) > t(Kl,Q, W)(ab+f)/2 > pab+5(1 + 10—9516/2)ab/2+f/2 zpab—l-f(l + 10—9816)ab/4+€/4'

The estimate given in the statement of the lemma is now established. O

3. Locally Sidorenko component

In this section, we establish that a certain family of graphs that contain any fixed high-girth
graph as an induced subgraph has the Sidorenko property in a local sense. As discussed in §§ 1.1
and 1.2, the main contribution of this section is Theorem 3.1 asserting that the value of ¢ is
independent of ¢ and so, when H* is fixed, of the graph H*® @® P;. The proof is inspired by the
proof of an extension of a result by Lovasz [Lovll] due to Fox and the last author [FW17];
however, it does not follow from either of these results even when the bound is not required
to be uniform. We remark that the lower bound of 50 on the girth of G given in Theorem 3.1
can certainly be decreased, possibly all the way to 4, at the expense of making the proof of
Theorem 3.1 significantly more technical; we decided to prove the theorem with the lower bound
of 50 as proving it with an even larger lower bound on the girth would not simplify the proof
substantially.

THEOREM 3.1. For every graph G with girth at least 50 and every real number py € (0, 1), there
exist a real eg > 0 and a connected rooted graph H® containing G as an induced subgraph such
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Cy

| — \ /
3-edge path 12-edge path

FIGURE 2. The graph H*® from the statement of Theorem 3.1.

Py e
/ \/ \
Vp—1 vy U1 Vo V_1 V_2 Cy
O—— s
\ / \ /
(£ — 1)-edge path 3-edge path 12-edge path

FIGURE 3. The graph Hy = H*® @ P} from the statement of Theorem 3.1 and notation concerning
the vertices v_s,v_1,...,vp_1 used in its proof.

that the following holds for every graphon W with density p > py and |W — p||g < eo:
t(H. @ ]3607 W) Zpe(H)+£—1
for every integer £ > 9.

Proof. Fix a graph G and a real pg € (0,1). The graph H*® is obtained from the graph G by
attaching a 3-edge path and a 12-edge path to two different vertices of G, attaching a cycle
of length four to the end vertex of the 12-edge path not contained in G, and choosing the
end vertex of the 3-edge path not contained in G as the root. The construction of H® is
illustrated in Figure 2. In what follows, we use H for the non-rooted graph with the same
vertices and edges as H®, i.e. H® can be obtained from H be distinguishing the vertex vy as the
root.
We show that the statement of the theorem holds for £¢ chosen as

€0 = min —pé 7;084
0= 10127 98e(H)+90 [~

In particular, g satisfies that

1/4 2
3 1 4
< <1 —~ i‘)) . (20)

We remark that the estimate (20) will be used later to show that the middle inequality in (31)
holds for all m > 2 and the first inequality in (33) holds for all m =2, ..., ¢ whenever \; € [po, 1],
§ €[0,4e0/pd] and v € [0, 4eo).

Consider a graph H® @ P} for £>9 and a graphon W with density p > po such that ||[W —
pllo < eo. To simplify our notation, we write H, for H®* @ P}. The vertices of the path P} are
denoted by vg, ..., vs_1 in a way that vg is the root; the two internal vertices of the 3-edge path
attached to G when constructing H® will be denoted by v_o and v_1 in a way that v_; is the
neighbor of vg. The notation is illustrated in Figure 3.

Let U =W — p and observe that t(K2, U) =0 (as the density of W is p) and ||U||s < 1. Since
a path P, has the Sidorenko property for every m > 1, we obtain that

t(Prp+U) = (P, W) > p™ ! (21)
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for every m > 1. The density of Hy can be expressed (see [Lov11] and [Lov12, Proof of Proposition
16.27]) as

t(Hy, W) =t(Hy, p+U) =p 1 N peEHERL (1) 1), (22)
F()QE(H@)
Fo#0

Hence, in order to establish the statement of the theorem, it is enough to show the following
(note that the sum from (22) is divided by p¢(H)):

> o IRhR),U) 2 0. (23)
FyCE(H,)
Fo0
We split the non-empty 2¢()+4=1 _ 1 subsets F}) of E(Hy) into eight groups given below, which
we analyze separately. We say that a component of (Fj) is a core component if it contains an
edge of H®.

The graph (Fp) has no core component.
The graph

) )

) Fp) has a single core component and this component is Cjy.
(¢) The graph )

)

)

Fp) has a single core component and this component is a star.

o~~~ ——

The graph (Fp) has a core component containing the vertex vsg.
The graph (Fy) has no core component containing vg and there is a core component

containing a cycle of G.

(f) The graph (Fp) has no core component containing vg and the only cycle in (Fp) is Cy but
the core component containing Cj is not just Cy.

(g) The graph (Fp) has no core component containing vg, all core components are acyclic or
Cy, and at least one of the acyclic core components is not a star.

(h) The graph (Fp) has no core component containing vg, all core components are stars or Cy,
and there are at least two core components.

We briefly verify that each subset Fy belongs to exactly one of the groups (a)—(h). Since any
core component containing the vertex vg can be neither Cy nor a star, group (d) is disjoint from
the remaining seven groups. If Fj is not covered by group (a) or (d), then (Fp) has at least
one core component and no core component of (Fp) contains vg. We restrict our attention to
such subsets Fp in the rest of this paragraph. If (F) has a core component containing a cycle
of G (note that the length of this cycle is at least 50), then Fj belongs to group (e) and it
cannot belong to any other group. If (Fy) has no core component containing a cycle of G but
it has a core component that contains the cycle C4 and this core component is not solely this
cycle, then Fy belongs to group (f) and it cannot belong to any other group. Hence, we can
further restrict our attention to only those subsets Fjy such that no core component of (Fp)
contains vg and each core component of (Fp) is either acyclic or solely the cycle Cy. If one of core
components is not a star, then Fy belongs to group (g) and it cannot belong to any other group.
Otherwise, all core components of (Fj) are stars or solely the cycle Cy. If Fy has a single core
component, then it belongs to group (b) or group (c); otherwise, i.e. when Fjy has at least two core
components, it belongs group (h). We conclude that each subset Fy belongs to exactly one of the
groups (a)—(h).

We next analyze the contribution of the terms for Fy based on the groups (a)-(h) in
Claims 3.2-3.8. Claims 3.2 and 3.8 will readily yield that the left-hand side of (23) is at
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least

HPrp + U)e(P U) + O 0) ~ e Pp+ 0) (15 .
t(Ps,U) n 5t(Cy, U)) >0

2 8

which establishes that (23) holds. In particular, when Claims 3.2 and 3.8 are established, the
proof of the theorem will be completed. We remark that Claims 3.3-3.7 describe auxiliary results
used to prove Claim 3.8.

HPs U) , 34(Ca, U))

Zt(Pg,p+U)<

CLAIM 3.2. The sum of the terms in the left-hand side of (23) that involve Fy from one of the
groups (a)—(c) is at least

t(Pe, p+U)(E(Ps,U) +1(Cy, U)).
Proof of Claim 3.2. The sum of the terms that involve a set Fy from group (a) is equal to

S R, vy = S (), U) — g = (B p+ U) - pE 0, (24)
FCE(P,) FCE(P,)
F;é(Z)

where the last inequality follows from the fact that P, has the Sidorenko property and
p+U=W.

Along the same lines, we derive that the sum of the terms that involve a set Fjy from group
(b) (note that such Fy contain all the edges of Cy and some edges of P}, and Fy can consist of
the four edges of Cy4 only) is equal to

S Ry Dy U) = 1P p + ) TR )

FCE(P)

2t(P,p+U(CL,U). (25

It remains to analyze the sum of terms that involve a set Fy from group (c). For any edge e
of H®, the sum of the terms that involve a set Fy from group (c) such that the core component
of (Fp) is formed by the edge e only is equal to zero as t(K>, U) = 0. Hence, the sum of the terms
that involve a set Fy from group (c) is equal to:

— the sum of the terms that involve such Fy with {v_sv_1,v_1v9} C Fy;

— the sum of the terms that involve such Fy with {v_jvg, vov1} C Fp; and

— the sum of the terms that involve such Fy that the core component of Fjy has at least two
edges but does not contain vyg.

The sum of the terms that involve such Fy with {v_sv_1,v_1v9} C Fp is equal to (note that
t(K1,2,U) >0 by Lemma 2.5)

S TR, UKy 2, U) = (P, p+ U )t(Klzf’U) 2 0. (26)

FCE(P,_y)

Similarly, the sum of the terms that involve such Fy with {v_jvg, vov1} C Fp is equal to

> T IF((R), U)K, U) = (P, p + U)t(K1 2, U) > 0. (27)
FCE(P,-»)
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Finally, sum of the terms that involve such Fy from group (c) such that the core component of
Fp has at least two edges but does not contain vg is equal to the following;:

degy (v)

> > > <degH ) Iy (F), UK 4, U)

FCE(P) veV(H)\{vo,v_1} d=2

degy; (v)
de _
< Z pz 1- IFlt (F), U)) Z Z ( gr (v ) dt(Kl,d7 U)
FCE(P, veV(H)\{vo,v_1} d=2
=t(P, Al degH —d
- €7p+U) Z Z t(Kl,daU)' (28)

’UEV( \{’Uo,’l) 1} d=2

Since it holds that (K 1, U) =t(K2,U) =0, we obtain that (28) is equal to

degy (v

tPnp+U) > ) <degH )‘dtuﬁ,d,U)

veV(H)\{vo,v_1} d=1

=t(Py,p+U) > degi:@ (degH ) /[071} <tx(K5’U)>d dr

veV(H)\ w1} d=1 p

deg,; v

(K3, U "

=t(Py,p+U) / ( 2 )> —1dx. (29)
veV(H \{U U [0.1] p

Recall that Pascal’s inequality asserts (1 + )" > 1+ nzx for all integers n >0 and reals z > —1.

As U > —p, it holds that t,(K3,U) > —p > —1 and so (29) is at least

(d — K to (K3, U
t(Py,p+U) / < (dogyy v = Ltal 2’U))<1+x( 2 )>—1dx
veV (H) \{v v_ [0,1] p p

. o _ [ 2
=t(P;,p+U) Z / degy v-ta(K3,U) | (degy v 1)2tx(K27U) "
p P
VeV (H)\{vo,v_1} [0,1]

(Ko, U
=t(P,p+U) Z degHvM—F(degHv—l) )
UEV(H)\{U(JvU*l}

t(K10,U
—t(P;,p+U) > (degyv- 1)(1’73) > (P, p+ U)t(K12,U), (30)
vEV (H)\{vo,v-1}

t(KLQ, U)
2

p

where the last inequality follows since p <1 and the degree of at least one vertex of H different
from vy and v_q is at least two.

Since the quantities estimated in (24), (26) and (27) are non-negative, the sum of the terms
that involve a set Fy from one of the groups (a)—(c) is at least the sum of the final estimates
given in (25) and (30), i.e. at least t(P,p+ U)(t(K12,U) +t(Cy,U)). This yields the bound
stated in the claim. ]

Before we proceed with proving Claims 3.3-3.7, we recall an estimate on the density of Py
in W=p+4U from §2.3 and provide more refined estimates that are needed in the proofs of
some of the claims. Let \; be the largest eigenvalue of W viewed as a Hilbert—Schmidt operator
on Ls[0,1], let v=1t(Cy, W) —p* and let 6 be defined as in §2.3. Recall that v <4ey by (3),
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p< A1 <p+eo/p® by (9), and § <4eo/p* by (13). By (12), it holds that
AT (1= 06)* =™ <UPry1, p+U) AT (1= 6)* + 4™/
for every integer m > 0. Next, the choice of &y implies that /4 < (4]93/1012)1/4 < pp/700 and
§ <4eo/p* <1071, and so we obtain that
HPrp+U) _ N (1= 3)2 44D/
{Prrtp+0) A= 8)— /i
ATTHL = 107112 4 (po/700)™
=T A(1— 10712 — (po/700)™
ATTHL — 107112 4 (A /700)™ 1
= T NP (1= 107 11)2 — (A /700)™
(1-10"")*4+1/700 1 __lor _ 101
=(1—10-112_-1/7002 A; — 100\, — 100p
for every integer m > 2; since t(Py,p+ U) =1 and t(P,p+ U) =p, the estimate (31) also holds

(31)

for m = 1. Hence, the following holds for every i =0,...,8:
P+ U) < (2 dPpt U) < 2t(Prop+ U) < 2t(Ppp+ U) (32)
—is D =\ 100p 1294 > ps (294 > pg 294 .

Similarly to (31), the choice of gy implies that the following holds for every integer m =2, ... ¢:
HPmp+U)  _ APTHL=0)° 440D 101
t(Pp,p+U)m=D/ED = (3 =1g _g)2 _e-1)/4) %5~ 1007

If m =1, the left-hand side of (33) is 1, and so the estimate (33) also holds for m =1.

(33)

CLAIM 3.3. The absolute value of the sum of the terms on the left-hand side of (23) that involve
Fy from group (d) is at most

1
<!(PLp+ U)H(C, ).

Proof of Claim 3.3. Consider a set Fj from group (d). Let F. be the edges of Fj contained in
the core components of (Fp), and let k be the largest index such that vy is contained in a core
component of Fyy. Note k > 8 by the definition of group (d). Let S® be the rooted graph obtained
from (F’) by removing the path vg--- v, and choosing the vertex vy to be the root. Observe
that

_ ‘ / to(PRy 1, U)ta(S*, U) da
0.1

1/2 1/2
< ( / Lo(Proy U) dx> ( / 1 (S®, U2 dx)
[0,1] [0,1]

1/2
< ( / te(Pisy, U)? dx) dz = t(Pary1, U2 <4(Cy, U)HY,
[0,1]
where the last inequality follows from Lemma 2.9. As there are at most 2¢(1) choices of a set F,

such that a core component of Fy contains v but not vg11, the absolute value of the sum of the
terms that involve Fy from group (d) is at most

-1
200 (HCw, U4 Y B+ U 0 (1)
k=8
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Using (33), we estimate the sum in (34) as follows:

/—1
HCa, U)* 4+ " (P, p+ UYH(Cy, U)F/
k=8

~

-1
t(Prp+U) T H(Cy, U/
8

101

¢4
SHCwU) 100

H
il

0
01 o /4
<100 > t(Prp+U) 1 t(Co, UYMA

k=8

—_
)

We next estimate the last sum using that (P, p + U) > p*~L:

_%t (Pp,p+U) ki< (Cy, U 1/4>
%t(Pg, 04, 222% (t (Cy, U 1/4>m
< %ﬂ&w U)(a;’gm2 T: ((452))1/4> |

which we further estimate using g < pﬁ /10'2 to be at most

£—8 00
101 C'4, ) ™ 101 04, )2 m
P < oH(Pyp+ U)TRS
100/ Pop+U) =5 ZO <1oop) < qopffe Pt mZ:O 100

75(6’47 U)

SZt(Péap+U) pg

We now plug in this estimate to (34) and derive using (3) and the choice of £y that the absolute
value of the sum of the terms that involve Fj from group (d) is at most

ge(my+1 HEp+U)U(Cy, U)? _ ge(in+1 40t (Fe, p+ U)H(Cy, U)
pd - p®

The proof of the claim is now completed. O

1
< gt(Pbp +U)t(Cy, U).

CLAIM 3.4. The absolute value of the sum of the terms on the left-hand side of (23) that involve
Fy from group (e) is at most

Lt(P,p+ U)(t(P3, U) +t(Cy, U)).

Proof of Claim 3.4. Consider a set Fj such that a core component of (Fj) contains a cycle of G.
Let F. be the edges of Fy contained in the core components of (Fp), let C' be the shortest cycle of
G contained in (F.), let L > 50 be the length of C', and let ¢ be the number of vertices of degree
at least three in (F.) that are contained in C. If ¢ <7, a part of the cycle C' is an 8-edge path
whose all internal vertices have degree two in (F.). Let S*® be the rooted graph obtained from
(F.) by removing the edges of such an 8-edge path and choosing the end vertices of the removed
path to be two roots of S*®. We obtain using the Cauchy—Schwarz inequality and Lemma 2.8
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e* T3 * Ty* Ty°

FIGURE 4. Illustration of the definition of v;, V; and 7;?"® in the proof of Claim 3.4; roots are
the vertices depicted in the figure.

TT2

(2

oy At 1 R

FIGURE 5. Examples of rooted trees 7T7"® and the associated trees Ti2 in the proof of Claim 3.4.

that

H(F), U)| = \ [t (B U570 e
[0,1]2

1/2 1/2
</ tow (P3®,U)? do dx’) (/ tea (S, U)? do dx’>
[0,1] [0,1]

< t(Crg, U)Y2 < t(Cy, U)2. (35)

IN

We next assume that ¢ > 8. Let vy, ..., vq be any four vertices of C' with degree at least three
in (F¢) such that no two of them are consecutive on the cycle C; the choice of C' as the shortest
cycle contained in G implies that the vertices vi,...,vs form an independent set. Let V; for
i € [4] be the set consisting of the vertex v; and the vertices at distance at most two from v; in
(Fe) that are not contained in the cycle C; see Figure 4. Observe that the sets Vi,...,Vy are
disjoint and there is no edge joining a vertex of V; and V; for i # j; otherwise, (F,) would contain
a cycle shorter than C', which would be formed by a path from v; through V; and then V; back to
v; and the shorter of the two parts of C' delimited by v; and v;. For i =1,...,4, let T;""® be the
rooted graph obtained from the subgraph of (F.) induced by V; by choosing the vertex v; and
all vertices at distance exactly two from v; to be the roots. Furthermore, let S*® be the graph
obtained from (F.) by deleting the non-root vertices of T7®,...,T7 " and choosing the other
vertices shared with T77®, ..., T¢"® as roots. Let m be the number of roots of S**. Observe
that it holds that (we omit the exact subscripts at the functions ¢ for clarity)

4

It(( y_’/ LS ) [T U) day - - dav .
0,1]™

i=1

Fori=1,...,4, we write TZ-2 for the graph obtained by taking two copies of T;*"® and identifying
the pairs of corresponding roots; see Figure 5. By Lemma 2.7, we obtain using that ||Ul|e <1
that

1/2 4 1/2
H(F), U)] < (/ £.(S*7% U)? day -+ dmm) 11 </ E(TE U2 day - 'df”m>
[0,1]™ [0,1]™

i=1
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4 1/2 4
H (/ To ) U) dl‘l A d$m> — H t(ﬂ27 U)1/2. (36)
[0,1]™ i—1

Consider i € [4]. If the vertex v; has degree one in T;**®, then Tf is the complete bipartite graph
K, 4 where d is the number of roots of T)°®. If d = 1, then t(T?,U) =t(Ps,U). If d > 2, we obtain
using Lemma 2.6 that ¢(T2, U) < t(Cy, U). If the vertex v; has a neighbor of degree one in T,
it holds that t,, . (T, U)? <t (P3,U)? (assuming that z; corresponds to the root vertex
v;) and so t(T?,U) <t(Ps,U). Otherwise, T? satisfies the assumptions of Lemma 2.10 and we
obtain that

(T2, U) <t(Cy, U)*/* <t(Cy, U).
In all three cases, it holds that
(T2, U) <max{t(P3,U),t(Cy, U)} =t(P5,U) +t(Cy, U).
Hence, we obtain from (36) that
[H({Fe), U)| < (#(Ps, U) +(Ca, U))*. (37)

As there are at most 2¢(H)+7 possible sets F, such that an associated set Fjy can be contained in
group (e), we conclude using (32), (35) and (37) that the absolute value of the sum of the terms
that involve Fj from group (e) is at most

p28 H(Py p+ U)2° DT (t(Ps, U) +4(Ca, U)). (38)
The choice of ¢y implies using (3) that
1(Cy, U) < 4p81 j28e(H)+90 (39)
and so
t(P3,U) < t(Cy, U)Y? < 2p2 j2tetH)H45, (40)
which yields that (38) does not exceed %t(Pg,p +U)(t(P5,U) +t(Cyq, U)). O

CrAM 3.5. The absolute value of the sum of the terms on the left-hand side of (23) that involve
Fy from group (f) is at most

L(Prp+U)(H(P3, U) +t(Cy, U)).

Proof of Claim 3.5. Consider a set Fj from group (f) and let F,. be the edges of Fyy contained
in the core components of (Fp). Let m be the number of edges of the 12-edge path from Cy
to the graph G in H that are contained in the component of (Fy) that contains Cy. Note that
m >1 by the definition of group (f). If m <7, we obtain using ||U|lcc <1 and Lemma 2.12
that

t((Fe), U) < 3(H(Cy, U) + t(P3, U))t(Cy, UV, (41)

If m > 8, let S*® be the rooted graph obtained from (F.) by removing the edges of an 8-edge
subpath of the m-edge path starting at Cy and choosing the end vertices of the path to be two
roots of S*°. As in (35), we obtain that

[t((Fe), U)| < t(Ca, U)*. (42)
The estimates (41) and (42) imply that the following holds in either of the cases:
[t({Fe), U)| < (#(Ca, U) + t(P5, U))E(Ca, U)'/E.
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As there are at most 2¢€U1)+7 possible sets F. such that an associated Fy can be contained in
group (f), we conclude using (32) and the choice of g, which implies that (39) holds, that the
absolute value of the sum of the terms that involve F from group (f) is at most

2 1
]7875(1%1? + U220 (4(P3, U) + 4(Ca, U))H(C, U)VE < St p +U)(H(Ps, U) +¢(C4, U)).

This completes the proof of the claim. O

CLAIM 3.6. The absolute value of the sum of the terms on the left-hand side of (23) that involve
Fy from group (g) is at most

Proof of Claim 3.6. Consider a set Fy from group (g) and let F. be the edges of Fjy contained in
the core components of (Fy). We obtain using Lemma 2.11 that

(t((E.), U)| < t(Ps, U)t(Cy, U)Y4.

As there are at most 2¢( possible sets F, such that an associated set Fy can be contained in
group (g), we conclude using (32) and the choice of gy, which implies that (39) holds, that the
absolute value of the sum of the terms that involve Fjy from group (g) is at most

H)+7

2 1
27815(13,3, p+U)22UEDFTH( Py U)(Cy, U)VA < 5t (P p+ U)H(Ps, U).
The proof of the claim is now completed. O

CLAIM 3.7. The absolute value of the sum of the terms on the left-hand side of (23) that involve
Fy from group (h) is at most
Proof of Claim 3.7. Consider a set Fy from group (h) and let F,. be the edges of Fjy contained
in the core components of (Fpy), and let S; and Sz be any two core components of (F). If S; is
a single edge, then t(S;,U) =0, and if S; is Cy, then t(S;, U) =t(Cy, U). Finally, if S; is a star
with at least two leaves, we obtain using Lemma 2.6 that

[t(S;, U)| <t(K1,U)=1t(Ps,U).
Hence, we obtain that

|t(<Fc>7 U)| < ’t(Sh U)t(527 U)’ < t(P?n U)(t(Pfiv U) + t(C47 U))

As there are at most 2¢(F)+7 possible sets F, such that an associated set Fjy can be contained in
group (h), we conclude using (32) and the choice of €y, which implies that (40) holds, that the
absolute value of the sum of the terms that involve Fy from group (h) is at most

2 1
%t(Pg,p + U)26(H)+7t(P3’ U)(t(Pg, U) + t(C4, U)) = gt(Pg,p + U)t(P37 U),
which completes the proof of the claim. O

Summing the bounds obtained in Claims 3.3-3.7 yields the following.

CLAIM 3.8. The absolute value of the sum of the terms on the left-hand side of (23) that involve
a set Fy from one of the groups (d)—(h) is at most

(P3,U) n 3t(Cy, U)>‘

t
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Since we have proven both Claims 3.2 and 3.8, the proof of the theorem is now complete. [

4. Local regime

In this section, we prove that the graph H® @ K¢, is locally Sidorenko (assuming W has density
bounded away from zero), where the bound on locality does not depend on the parameters ¢,
m and n, under the assumption that all three parameters are sufficiently large. Similarly to the
proof of Theorem 3.1, the proof of Theorem 4.1 is split into several separate claims, which are
stated and proven inside the proof of the theorem since they rely on the notation introduced at
the beginning of the proof of the theorem.

THEOREM 4.1. For every graph G with girth at least 50 and every real number pg € (0, 1), there
exist a real 9 >0, a positive integer ng and a connected rooted graph H® that contains G as
an induced subgraph such that the following holds for graphon W with density p > pg such that
t(Cy, W) — p* <0:

t(H. ® K;nw’nv W) > pe(H)ernJr@ (43)

for all even integers m, n, { > ng such that m is divisible by 5 and { >n + e(H).

Proof. We first apply Theorem 3.1 with G and py to get a connected rooted graph H*® that
contains G as an induced subgraph and a real e > 0. We prove that the statement of the
theorem holds with

- fetr no®
Yo = min {8’ 2200} and ng=64.
Note that Theorem 3.1 implies that
HH® & Pl W) 2 p=iH (44)

for every graphon W with density p > pg such that t(Cy, W) —p* <o, and for every integer
¢ > 8; note that ||IW — p||g <ep indeed holds for any such graphon by Lemma 2.1.

Fix even integers m,n,{>mng such that m is divisible by 5 and £>n+e(H) >ng > 64.
Assume that (43) fails for H®, m, n, £ and g, and let ¢ be the supremum over all p € [pg, 1] such
that there exists a graphon W with density p and ¢(Cy, W) — p* < 70 such that

Fix such a graphon W with density p > ¢/(1 + p{'"/4) for the rest of the proof. Observe that the
choices of ¢ and p implies that every graphon W’ with density p’ > p(1 + p{*/4) and t(Cy, W) —
(p')* < 7o satisfies (43).

We next analyze spectral properties of the operator associated with the graphon W using
results presented in §2.3. Let A; be the non-zero eigenvalues of W listed in the non-increasing
order of the absolute value (with multiplicities), and let f; be the corresponding orthonormal
eigenfunctions. Furthermore, let a; € [0,7/2] be the real such that (j, f;) = cos a;, and set § =
1 — cos . Finally, let v =t(Cy, W) — p*. Note that v < 0.

We start with giving a lower bound on A; in terms of p and §. We obtain using (16) and
v < p§/2?° that

A1 > p(1+28) — 86yY4 > p(1 4+ 26) — dpo/4 > p(1 + 75 /4). (46)
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On the other hand, it holds that A\; <p+/(4p®) by (9). Hence, we obtain using (46) and
v < py/2% that
2
g Py 1
» < ﬁ < 520 < 520" (47)
Let g : [0,1] — [0, 1] be defined as gg(z) =t,(H®, W) and let gk : [0, 1] — [0, 1] be defined
as gi (z) =tz (K}, ,, W). Note that it holds that g () =t (K}, ,,, W) <t(Kp—1n, W) for every

x € [0, 1], which implies that

6 <

lgxll2 < llgxlloo < t(EKm—1,n, W). (48)
Set o; = (g, fi) and Kk; = (9K, fi)- Since ||gr |2 < ||gH |00 <1 and ||gx |2 < ||gx||co < 1, we obtain

that |o;| <1 and |k;| <1 for every i. Next observe that

t(H. D Kr.n|€,n7 W) = <gH, Weg[(> = 01/4:1)\{ + Z O’Z'Iii)\f. (49)
i>2

In the next two claims, we give lower bounds on the product 01)4 and K.
CLAIM 4.2. For every ¢/ > 8, it holds that
A > pe+ 9 /46172,
Proof of Claim 4.2. Consider a positive integer ¢/ > 8. The estimate (44) implies that

P I < (H @ Py W) =00 (1-8)+ > o) cos a. (50)
i>2

We combine (50) with (11) and (15) to obtain that
pUDH <5\ (1—6) + Z oA cosa; < oA + Z])\i|€' -|cos

i>2 i>2
1/2 1/2
<o\ + <Z)\?£> (ZCOS2 ai>
i>2 i>2
<o\ 2yt 451/2,
Hence, we can conclude that
0_1)\{ zpe(H)+f’ _ 2,}/8’/451/2 (51)
holds for every ¢’ > 8. The estimate given in the statement of the claim now follows. O

CrAam 4.3. It holds that
K1 2 H( K10, W)((p* +7)"* = 261/7).
Proof of Claim 4.3. We first obtain using the Cauchy—Schwarz inequality that

t(K s W) = (g5, 7) = D _ ki cos o < ki cos o + (1 — cos® 1) ?[lgxc 2,
i>1

which implies using the definition of § and (48) that
t(Kn, W) < K1 cosag + 251/2t(Km_17n, Ww).
Hence, it follows using Lemma 2.3 that

k1 > (K W) = 2624 (K10, W) > (K10, W) (K10, W)Y (M=) —261/2),
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Since Lemma 2.4 implies that
(K10, W) 7D > 1(Cy, W)™ = (pt )4,

the statement of the claim now follows. O

We next distinguish the following three cases, which are covered in Claims 4.4, 4.6 and 4.7,
respectively. In each of the cases, we show that the fixed graphon W satisfies (43), which would
contradict the choice of W and so complete the proof of the theorem.

1600p :

(i) It holds that § <2
(ii) It holds that & > Vlgaop

221

(iii) It holds that § > Vlglog;g and HgK||2 > s

222n

Intuitively speaking, case (i) corresponds to the situation when the degrees of almost all vertices
of W are the same, which is equivalent to that § is small. Case (ii) corresponds to the situation
when the sum in (49) is small compared with the leading term, i.e. the term ojs1\{ controls
the expression in (49). In case (iii), which covers the cases not covered in cases (i) and (ii),
we show that the reason for the sum in (49) being large comparatively to the leading term is
that the graphon W contains a part denser than ¢ where we identify sufficiently many copies
of H*® K*® mien here, we use the choice of ¢ as the supremum among the densities of graphons

violating (43) for fixed m, n and .
CLAIM 4.4. If § is at most 2 W’ then (43) holds for m, n, ¢ and the graphon W.

Proof of Claim 4.4. We start with refining the bound given in Claim 4.3 using the assumption

406

that § < %, which is equivalent to Tp <7, and Pascal’s inequality:

K1 2> t(Km—l,m W)((p4 + ’Y)n/4 - 251/2)

n ny 1/2
> LA
_t(Kmfl,mW) <p <1+ 4}74) 26 )
1/2
> (K1, W)< <1 4 100 ) - 251/2)
p"

=t (K1, W) (" + 86Y2) > t (K1, W)p™(1 + 85Y/2). (52)

Hence, we conclude using Claim 4.2, the bound y < p8/22% (52) and ¢ > e(H) that the first term
n (49) can be bounded from below as follows:

o1k NS > (pPUEDTE oy AN H(K o, WP (1 4 80Y/2)
> (peH T 2512 116t (K 1.0, W)p™ (1 + 861/2)
_ t(Km—l,n7 W)pn(pe(H)H + 8pe(H)+€51/2 _ p2£51/2/16 _p2€5/2)
> t(Km—l,n7 W)pn(pe(H)Jré + 8pe(H)+€51/2 - p2£51/2)
> (K1, W)p™ (p°HH 4 8p261/2 — p251/2) > (K 1, W)pSHIHER 0 (53)

On the other hand, the absolute value of the sum in (49) can be bounded from above using
Cauchy—Schwarz inequality, (11) and (48) as follows:

1/2 1/2
OiKiA Ky Aj
Yot < (wet) ()
i>2 i>2

1>2
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g

2 2
E Ki0;

i>1

>

i>1

1/2
A%)

)

= llgrcll2 - v < (K10, W)N. (54)

Hence, we conclude using (49), (53), (54), Lemma 2.4, Pascal’s inequality, v < p'6/23? and ¢ >
n+e(H) > 8 that
HH® Ky W) 2 (K1, W) (prUD T — 54
> (p4 + ,y)(m—l)n/él(pe(H)—&-ﬁ—&-n - 71-{-(/8)

~y (m—1)n/4 , e ()

) <pe(H) +ln
P

7) (1 . Z) zpe(H)—i-f—&-mn’

2
Before stating and proving Claims 4.6 and 4.7, we show that if § is large, then k1 is also large
as stated in the next claim.

e

+0+n
)

which completes the proof of the claim. O

CrAIM 4.5. If ¢ is larger than %&?, then k1 > p™".
Proof of Claim 4.5. We start with a bound on the density of K o:
(K12, W)=, W2j> = Z )\? cos? a; > )\% cos? aq = )\%(1 — 6)2.
i>1

Since mn /10 is an even integer, which follows from the facts that m and n are even integers and
m is divisible by 5, Lemma 2.13 implies that

t(Km\mn/IO,’m W) > A
On the other hand, we obtain using (11) that
EE mfn 10,05 W) = (3, W00 = iy (1= 6)AT™ 0 437 s cos a1

122

+Z‘>\i’mn/10

1>2

11mn/10

N (1 _5)11mn/10‘

10
S Hl)\TH/
mn/10

< ,{1)\1 + ,ymn/40'

We obtain by combining the just obtained lower and upper bounds on (K, (mn/10,n; W) that
Ky > )\gnn(l _ 6)11mn/10 _ ,ymn/40/>\;nn/10‘ (55)

We next plug the estimate (46) to (55) and we derive using v < p'69 Pascal’s inequality, and
ng > 20 that

1 2 (L T6/4)™ (L= §) 0 — /A0 /10
> P (14 76/4)!0(1 = §) 1)1 — e/ 160 2mn
> (14 706 /4) (1 — 118))™/10 — 4 2p2n-tmn
> " (14706 /4 — 116 — 77052 /4)™/10 _ A2p2ntmn.
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which yields using § <2720 given by (47) that

20
oy > pmn(l + 45)mn/10 _ 72p2n+mn > pmn <1 + ;nn _ ,72p2n> )

We now use the assumption from the statement of the claim that § > ~2n2?p?* /1600, and the
fact that ng > 20 to derive that

2 3..2n
m yrmntp 2, 2n mn
> 1+ —— — > 56
R1=Zp < 4000 P )_p ) ( )

which completes the proof of the claim. O
We are now ready to analyze cases (ii) and (iii), which are covered in the next two claims.

CLAIM 4.6. If ¢ is larger than '71676(538 and ||gk||2 is at most ~ifs, then (43) holds for m, n, ¢ and
the graphon W.

Proof of Claim 4.6. We first plug the assumption [|gx |2 < s to (49) and obtain using (11) and
Cauchy—Schwarz inequality that

(H. oK mle,n W) ZUllﬁl/\g —i—ZUz‘Fci)\f

i>2
> o1 = ) |kl - (Al

i>2
> o1\ = g |2y > ka0 A] —47%). (57)

We next estimate o1 \{ using Claim 4.2 with ¢ = /¢ — 1, (46) and ¢ > 10, as follows:

01)\{ — 01)\?71)\1 > (pe(H)—‘rf—l _ 27(4—1)/451/2)1)(1 + 75/4)

2 (5—1)/451/2
e(H)+¢ i

> peUDF (1 _ 94t/85Y/2) (1 4 75/4). (58)
We obtain using Claim 4.5, (57), (58), v <p% and ¢ >n +e(H) that
HH® © Ky W) 2> 5 (010 =475
> pmn (peHH (1 — 248/851/2) (1 4+ 76 /4) — A/®)
> pe(H)-i-é—i-mn((l _ ,YZ/16(51/2/210)(1 +765/4) — 73/16)_ (59)

We next estimate v%/16 using that the assumption that 2 W <d,n>64and ¢ >n (and ¢ > 64)
as follows:

16009 )
A6 < 25 0/32 < 1600/32 160n/32
M0 <2y n2p2 / —pznp /2 <.
Hence, we obtain from (59) that
H(H® © Ky W) 2 p DT (1= 692 /219) (1 4 75/4) = 6)
> pe(H)—f—Z—i—mn(l + 75/4 _ 53/2/210 _ 755/2/212 _ 5) Zpe(H)—&-K—‘rmn’
which yields the statement of the claim. O

Cram 4.7. If§ is larger than % and ||gk||2 is larger than Zi, then (43) holds for m, n, {
and the graphon W.
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Proof of Claim 4.7. Our aim is to show that W contains a significantly denser part and use this
part to obtain a contradiction with the choice of ¢ at the beginning of the proof. Observe that we
can assume the eigenfunction f; is non-negative since the graphon W is non-negative (if needed,
change f1 on a set of measure zero). We define subsets S and S’ of [0, 1] (also see Figure 6) as
follows:

S ={z€[0,1] such that fi(z) <%/},
S/ = {‘T S [07 ]-] such that fl(:E) S 1— 51/4}.

Note that ~#/100 < 730/100 < 27128 by the choice of ng and 7y and 6'/* < 1/32 by (47), and so it
holds that S C S’

We start with bounding the measures of the sets S and S’ from above. Since || 1|1 = (f1,i) =
1-0 and 0< fi(z) <1 for all z €[0,1], we obtain that u(S)y"/1% +1 — u(S)>1—4, which
implies using (47) that

0 Po p
u(S) < 1 — ~4/100 = 920(1 — /100 < 516 (60)

Similarly, it holds that z(S")(1 — 8/4) + 1 — u(S’") > 1 — 6, which implies that

(u(S") < 834, (61)
Our next step is proving the following lower bound on the measure of the set S:
u(S) > (L=~ > e (62)

Suppose that (62) does not hold, i.e. u(S) < (1 —~%20)p™". We first bound & as follows (we
use the Sidorenko property of Ky, ,,, i.e. t(Kpp, W) >p™", in the penultimate inequality):

K1 = f1(7)gK (x) do
[0,1]

> / 2100 () i+ / (f1(z) = 4¥1%) g (2) de
[0,1] S

27/ [ onte) de ()
0,1
> ,VZ/IOO(t(Kmm’ W) _ (1 _ WZ/QO)pmn)
> 310 (Ko, W (1= 147720 2 91O, W), (63)
On the other hand, we obtain using the assumption ||gx|l2 > ~ifs that

r1 <A gicla =W8( /[

0,1

1/2
gx (z)? dx)
1/2
<"Pllgxclly’*lgxc 132
S 'YZ/Bt(Km,na W)l/Zt(Km—l,ny W)1/27
which implies using Lemma 2.3, the Sidorenko property of K, », v <p'® and ¢ >n + e(H) that

k1 <A K s W)Y 2H(EK gy, W) M D/2m
< ’yz/lﬁpnt(Kmm, W)(2m71)/2m < ,YZ/IGt(Kmm, W) (64)
However, the estimates (63) and (64) contradict each other. Hence, we conclude that (62) holds.
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_S_ s T
S : : fi(e) < 4t/100
-___: _______ .:.___
| |
S/
oW
] ]
] ]
-_—_: _______ -:-_—_
1/4
T ! ! fi()>1-6"

FIGURE 6. Illustration of the definition of the sets S, S” and T from the proof of Claim 4.7.

We next analyze the graphon W[T'] where T'= [0, 1] \ S and start with estimating the density
of W|[T; we refer to Figure 6 for the illustration of the relation of the sets S, S” and T'. As the
first step to estimate the density of W[T], we bound the density of W between the sets S and
[0,1]\ S” (we refer to Figure 6 and recall that Ay € [po, 1]):

1
w1 [ peyae= [ ([ wemnma) ez [ weaho) i
S S A [0,1] Sx[0,1]
> / W (x,y) fi(y) do dy > (1—6'/4) / W (z,y) do dy,
Sx([0,1]\S") Sx([0,1\5")
which yields that
£/100
/ Wiz, y) de dy < T S) <o 0o, ) (65)
Sx([0,1]\8") 1—6Y

Hence, we can estimate the density of W on T2 using (65) as follows (we again refer to Figure 6):
W) dody= [ Wy dody— [ Wy dody—2 [ W (z,y) do dy
T2 [0,1]2 52 Sx([0,1\S)

>p — u(S)? —2u(S) - u(S"\ S) — W (z,y) du dy
S ([0,1\S")

>p—p(S)? —2u(S) - u(S'\ S) — 4y 10N p(S)
>p— () = 2u(S) - u(S') — 49 MO N (),

which combines with estimates (60), (61), § < p?/22° by (47), and /190 < 780/100 < pt00/2128 by
the choice of ng and g to

S
W(z,y) dv dy>p— p';EG ) — QM(S)53/4 _ 472/100,11(5)

_pi(S)  pu(S)  pu(S) Zp(l B M(5)>

T2

=P~ 7516 ol4 9126 910

Hence, the density pr of the graphon W{T] is at least

pr> sz(?V_(x/;(y;;)lf i 2p<1 - “2({? > (1+2u(8)) 2p<1 + 51;’;@) (66)
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which combines with (62) to

przp(1+ 2 ) s 1) (7

Note that if ¢ were equal to 1, then (67) would imply that pr > 1 (recall that ¢ < p(1+ py™*/4)),
which is impossible, and so it holds that ¢ < 1. Finally, we estimate y7 =t(Cy, W[T]) — ph as

follows:
HCo, W) 4 Blp(S)\*
=t(Cy, W[T]) —ph < —2 2 1+ ——=
5114u(9)\*
< su(s) ot (14 5 )
_ 511ptu(S)
64
4
_suptu(s) _
64
Since the density pr of WIT] is larger than ¢ by (67) (again recall that ¢ <p(1+ pg™/4))
and yp <9 by (68), the choice of g implies that

° . e(H)+l+mn
HH® @ Ko, WIT)) > it

Hence, we obtain using (4), (60) and (66) that
t(H*® K,

<7+ 57u(S) + 5p* ()

5ptu(S
<y S )+5p4ﬂ(5)

= 2200 (68)

W)>(1- M(S))U(H)+£+m+n—2peT(H)H+mn

[€,n>
e(H)+¢+mn
>pe(H)+£+mn(1 o M(S))U(H)+Z+m+n—2 (1 + 511M(S)>
- 256

511,4(5) > > v(H)+L+m4n—2

256

5114(S) 511u(5)2>”(H)+”m+”2
256 256

v(H)+l+m+n—2
> pelH)+tkmn (1 _u(S)+ 511u(S) 511M(S)>

>yt (- ) (14

:pe(H)-l-Z—l-mn <1 . M(S) +

- 256 224
> pe(H)—i-ﬁ—i—mn’

which implies that W satisfies (45) under the assumptions made in the statement of the claim.
O

Claims 4.4, 4.6 and 4.7 imply that W satisfies (45), which contradicts the choice of W as
violating (45), and so completes the proof of the theorem. ]

Theorem 4.1 together with the counting lemma (Lemma 2.2) applied for Cy yields the
following.

COROLLARY 4.8. For every graph G with girth at least 50 and every real number pg € (0, 1),
there exist a real g > 0, a positive integer ng and a connected rooted graph H® that contains G
as an induced subgraph such that the following holds for every graphon W with density p > pg
such that |W — p|lg < eo:

HH Ky, W) 2 pr st
for all even integers m, n,{ > ng such that m is divisible by 5 and ¢ >n + e(H).
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5. Non-local regime

In this section, we present the result covering the non-local regime, i.e. the regime when one of
the k color classes is far from being quasirandom with density 1/k. We start with the lemma that
informally says that if the density of a graph H in a given graphon is small, then the graphon
contains a large sparse part. Since it is folklore that complete graphs satisfy the Kohayakawa—
Nagle-R6dl-Schacht conjecture (Conjecture 7.1 in §7), a simple proof of this fact can be found
in [Lee21, Theorem 4.2], the next lemma holds for H being a complete graph and so it holds for
all graphs H. We include a self-contained proof in Appendix A for completeness.

LEMMA 5.1. For every graph H and real § € (0, 1) there exist reals wp >0 and ag > 0 such that
every graphon W satisfies at least one of the following:

—t(H, W) >wq; or
—as(W) > .
The next theorem is the main result of this section. The theorem asserts that if a graphon
W is far from the quasirandom graphon and does not contain a sparse part, then the density of
H*® K;nl o in W is at least the density of H® & K;ﬂ en in the quasirandom graphon with the
same density.

THEOREM 5.2. For all positive reals pg € (0,1), § € (0,1) and ¢ € (0, 1), and rooted graph H®,
there exist a positive real oy and a positive integer ng such that every graphon W with density
p > po and with ||[W — p||g > &g satisfies at least one of the following:

—as(W) > ap; or
— it holds for all integers m,n >ng and ¢ < mn/4 that

t(H. ® K;n W) Zpe(H)-l-mn—O—é.

[€,n

Proof. Fix the reals pg, 6 and ¢ and the rooted graph H*®. Let wy and ¢y, be the reals obtained
by applying Lemma 5.1 with § and H, and let dy = wo(poeo/10)'*). Choose ng > 2 such that

do(1 + 10~ 11gl6)me/4 > 1.

We show that the statement of the theorem holds for this choice of ng and for ag = aypo(£0/10) 16
Fix a graphon W and let A be the set of z € [0, 1] such that ¢,(H®, W) <dy. First suppose
that u(A) > po(e0/10)'6 and note that t(H, W[A]) < do/u(A)*™H) < wy. Hence, the graphon W[A]
does not satisfy the first conclusion of Lemma 5.1 and so it satisfies the second conclusion, i.e.
as(WA]) > o). It follows that as(W) > ogu(A) > ap. Therefore, we can assume in the rest of
the proof of the theorem that p(A) < po(ep/10)16.
Let W’ be the graphon obtained from the graphon W by setting

W/(‘T7 y) = {

Note that the density p’ of W’ is at least p — 3u(A) > p(1 — 3(g¢/10)'%) and
W —p'llo > [IW = pllo — Ip — 2| > |W = pllo — 3(e0/10)°.

As [|[W — pllg > €0, we obtain using Lemma 2.14 (note that we need that £ < mn/4 to apply the
lemma) that

t(KmM,na W/) men+£(1 _ 3(50/10)16)mn+£(1 + 10—9(1 _ 35(1)5/1016)166(1)6)mn/4+2/4
> " (1] = 12(g0/10)10) /A4 (1 4 1071010 mn A+

0 ifreAoryeA, and
W(x,y) otherwise.
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> panrZ((l _ 107146(1)6)(1 + 107105(1)6))mn/4+€/4
> pmn-l-ﬂ(l + 10—115(1)6)mn/4+5/4. (69)

We next estimate the density of H® ® K:nl s, 0 the graphon W as follows:

HH® & K%y, W) = /[O WS W) de

Sy [ G W) dezdo [ Ky, W) do
[0,1]\ A ’ [0,1]\ A '

= dOt(KmM,n: W,)
Hence, we obtain using (69) and the choice of ng that

[n>

The statement of the theorem now follows. O

6. Main result

We are now ready to prove our main results: Theorem 1.1 and the more general Theorem 1.2.
Since there are graphs with arbitrarily large chromatic number and girth at least 50 by a classical
result of Erdés [Erd59] (see also [AS16]), the former is an immediate corollary of the next
theorem, which is a special case of Theorem 6.2 proven later in this section. However, we include
a short proof of the next theorem to highlight the main steps of the argument in the case of two
colors.

THEOREM 6.1. For every graph G with girth at least 50, there exist a positive integer Ny and
a connected rooted graph H® that contains G as an induced subgraph such that the following
holds for any graphon W :

t(H®* & K;n|n+6(H) n W)+t(H*® K;@|n+e(H) no L — W) > ol—e(H @KL, i e(an),n) = 91— 2e(H)—(m+1)n
for all even integers m,n > Ny such that m is divisible by 5.

Proof. Fix a graph G and an integer k as in the statement. We apply Corollary 4.8 with py =1/4
to obtain a positive real ¢, a positive integer ng and a connected rooted graph H*® containing G
as an induced subgraph such that every graphon W with density p > 1/4 and with |W — p||g < eg
satisfies that

t(H* @ Kr.n|n+e(H),n7 w) > pQG(H)+(m+1)n

for all even integers m,n > ng such that m is divisible by 5. We next apply Theorem 5.2 with
po=1/4, § =min{ey/2,1/16}, 9 and H*® to obtain a positive real ay and an integer ny with the
properties given in Theorem 5.2. We now set Ny in a way that Ny is at least max{8, ng, e(H)}
and the following holds for all m, n > Ny:

ag(H)-‘re(H)-i-m-&-Qn—l > 1.51—2e(H)—=(m+1)n (70)

We now show that the statement of theorem holds for any graphon W and all even integers
m, n > Ny such that m is divisible by 5. To do so, fix a graphon W. By symmetry, we can assume
that the density p of W is at least 1/2 (otherwise, we consider the graphon 1 — W instead of

Suppose that as(1 —W) > ag, and let h:[0,1] — [0, 1] be such that |h|; > ap and the den-
sity of (1 —W)[h]=1— W]|h| is at most J. Let ¢ be the density of W[h]; note that ¢ >1—9.

627

https://doi.org/10.1112/S0010437X24007681 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X24007681

D. KRAL, J. VOLEC AND F. WEI
The triangle inequality implies that [|[W[h] —qljg <||1 — WIh]||g+ (1 — q) <26 <g¢. Hence,
Corollary 4.8, (4) and (70) yield that

W) > agDHEDF T (e g Koy e WIRD)
> ag(H)+e(H)+m+2n—1q25(H)+(m+1)n

t(H. © K;ﬂn—i-e(H),n’

> 1.51—26(H)—(m+1)n(1 _ 5)26(H)+(m+1)n > 9l—2e(H)—(m+1)n

We conclude that if as(1 — W) > ag or (symmetrically) as(W) > ag, then the statement of the
theorem holds. In the rest of the proof, we assume that both as5(W) and as(1 — W) are at most

ap.
We now derive from Corollary 4.8 if ||W — p||g <ep or from Theorem 5.2 if |W — p||g > €g
that
t(H. ® K;m|n+e(H),n7 W) ZPQe(H)+(m+1)n‘ (71)
In particular, if p > 3/4, it follows that

W) > 1‘526(H)+(m+1)n . 2—23(H)—(m+1)n > 21—2e(H)—(m+1)n

)

t(H. & K’r.n|n+e(H),n’
and so the statement of the theorem holds. On the other hand, if p < 3/4, then the density of

1 — W is at least pp = 1/4, and we can derive from Corollary 4.8 or from Theorem 5.2, depending
whether the cut distance between 1 — W and 1 — p is at most &g or larger, that

HH® S Koy o L — W) > (1= p)> D+, (72)
We combine (71) and (72) to obtain that
t(H* & K;n|n+e(H),n7 W) +t(H*® K;”L|n+e(H),n7 1-W)=> p2e(H)+(m+1)n +(1— p)QE(H)+(m+l)n>

which is at least 217 2¢(H)=(m+1)n Ly convexity of the function 22¢(H)+(m+1)n Thig completes the

proof of the theorem. O

We are now ready to prove the more general result, which implies Theorem 1.2. To display
the dependance on the length of the path between H® and K7, ,,, we decided to use ¢ throughout
the proof to denote the length of this path.

THEOREM 6.2. For every graph G with girth at least 50 and every integer k > 2, there exist a
positive integer Ni and a connected rooted graph H® that contains G as an induced subgraph
such that the following holds for any k graphons W1, ..., W} such that Wi +---+ W, =1:
k
Z t(H. ® K;ﬂz,n? sz) > klfe(H)fman
i=1
for all even integers m,n > Ny, and { =n + e(H) such that m is divisible by 5.

Proof. Fix the graph G and the integer k. Apply Corollary 4.8 with pg=1/2k to obtain a
positive real g, a positive integer ng and a connected rooted graph H® containing G as an
induced subgraph such that every graphon W with density p > 1/2k and with |W — p||g <eg
satisfies that

t(H. ® K;n W) > pe(H)ernJr@ (73)

for all even integers m, n, £ > ng such that m is divisible by 5 and ¢ >n + e(H). Without loss of
generality, we may assume that o < 1/(4k).

We next repeatedly apply Theorem 5.2. Set § =¢9/2<1/8. For k'=2,...,k, apply
Theorem 5.2 with pg =1/2k, 6 = dir—1/2, €9 and H*® to obtain a positive real oy and an integer

[€n>

628

https://doi.org/10.1112/S0010437X24007681 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X24007681

COMMON GRAPHS WITH ARBITRARY CHROMATIC NUMBER

ng, and set & = min{dg _1a3, /2, 1/4k'}. Finally, set Ny in a way that Ny is at least ng and the
following holds for all m,n > Nj:

n+e(H)<mn/4, (74)
(1 4 1/4k)>eUIDFmEn 5§ (75)
and
oV H)e(H)+m-+2n-1 1— 8y \ 2eH)+(mt)n N 1 2e(H)+(m+1)n—1 -
K’ K —1 =\ k
for ¥ =2, ..., k. Note that such N}, exists since it holds 17:51’1 > 4(;1!?/__1%,{:, > % for K =2,... k.
We now prove the following claim, which implies that the statement of the theorem.
CLAIM 6.3. Let k' € [k]. Any k' graphons Wy, ..., Wy such that |[W1+ - 4+ Wy|leo <1 and
t(KQ, Wi+---+ Wk/) > 1 — 6y satisfy that
k' e(H)+mn+¢
° ) t(KQaW1++Wk")
> HHT S Ky Wi) 2 K - ( o (77)
i=1

for all even integers m,n > Ny and £ =n + e(H) such that m is divisible by 5.

Proof of Claim 6.3. The proof proceed by induction on ¥’ =1, ..., k. The base of the induction is
the case k' = 1. Consider a graphon Wj such that t(Ko, W7) >1— 61 =1 —&/2, i.e. the density p
of W7 is at least 1 — g¢/2. Note that |[W; — pl|g < ||W1 — 1||[g + |1 — p| < &o. Hence, Corollary 4.8
implies that (73) holds for W = Wy, which is equivalent to (77) for ¥’ =1.

We now present the induction step. Consider k' € {2, ..., k} and assume that the claim holds
for ¥’ — 1. Consider graphons W7, ..., Wy and let py, ..., pp be their respective densities; note
that py + -+ pp > 1 — . First suppose that there exists i such that as,,  2(Wi) > ap. By
symmetry, we may assume that ¢ = k’. Hence, there exists h: [0, 1] — [0, 1] with ||A||; > ax such
that the density of Wy [h] is at most dx/—1/2. It follows that the density of (W7 + - - - + Wj_1)[h]

is at least
Ok Ogpr—1 Ok Opr—1 Ok—1  Opr—1
_ _ >1— — >1— — =1—0p_q.
B2 2 = a2 T 2 2 Ml
By the induction hypothesis, it holds that
k-1
. . (1 _ 5k/71)e(H)+mn+Z
Z t(H D mea”’ Wl[h]) Z (kl _ 1)6(H)+mn+€—1 ’
i=1
It follows using (76) and ||h|[1 > a that
k-1

. . . o(H)+mtnte—1 (1 — 0 —1)°
; t(H* & me,n» Wi) > [[hlly (k' — 1)e(H)+mn+e-1 =

)

(H)+mn+¢ 1 e(H)+mn+4—1
()
which implies that (77) holds. In the rest of the proof, we assume that as,,  o(W;) < ay for
every i € [K/].

Next suppose that there exists i € [k'] such that the density p; of W; is less than 1/2k;
by symmetry, we may assume that i =k’. It follows that the density of one of the graphons
Wi, ..., Wy _1, say the graphon W7y, is at least

L—1/2k—0y _ 1—1/2K —1/4K _ 4K —3 _ 1+1/4k
k-1 - k-1 Ak -DkE T kK
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We obtain using Corollary 4.8 (if ||[W; — p1]|g <ep) or Theorem 5.2 (if |IW; — p1||g > e0) that

. . 1+ 1/4k e(H)+mn+L 1 e(H)+mn+¢ 1 e(H)+mn+0
s (4 ()

which implies that (77) (the middle inequality above follows from (75)).

It remains to consider the case that p; > 1/2k and as,, | /2(W;) < ap: for every i € [K']. In this
case, we apply to each W;, i € [K/], either Corollary 4.8 (if |W; — pi|lo < e&o) or Theorem 5.2 (if
|Wi — pillo > €o0) to get that

t(H. ® K;lw’n’ Wz) > pf(H)-ﬁ-mn-i—K'
Hence, we conclude that
K K o N\ e(H)+mnte
S HH" @ Ky W) 2 3 i (PR ,
i=1 i=1

where the last inequality follows from Jensen’s inequality. It follows that (77) holds, which
completes the proof of the claim. O

Since the statement of Claim 6.3 for k' =k is actually stronger than the statement of the
theorem, the proof of theorem is now completed.

7. Conclusion

We finish with briefly presenting another connection of our result to Sidorenko’s conjecture.
A simple example showing that a non-bipartite graph H does not have the Sidorenko property
is given when the host graph G is bipartite; in such case t(H, G) = 0. Kohayakawa et al. [KNRS10]
conjectured that having a large spare part in the host graph G is the only obstacle for ¢(H, G) >
t(K2, G)*) to hold. Recall that a graph is (p, d)-dense if any subset of at least p - v(G) vertices
of G induces a subgraph with density at least d; we refer to §2.1 for the relation to the notions
studied in this paper. The conjecture of Kohayakawa et al. [KNRS10] states that any graph has
the Sidorenko property with respect to (o(1), d)-dense host graphs.

CONJECTURE 7.1 (Kohayakawa et al. [KNRS10]). Let H be a graph, and let n and p be positive
reals. There exists a positive real p such that t(H,G) > (1 — n)pe(H ) for every sufficiently large
(p, p)-dense graph G.

Sidorenko’s conjecture would imply that Conjecture 7.1 holds for all bipartite graphs. Among
non-bipartite graphs, Conjecture 7.1 is known to hold only for some specific families [KNRS10,
Reil4, Lee21, BSW24], e.g. complete multipartite graphs, unicyclic graphs, cycles with a single
chord, graphs obtained by gluing complete multipartite graphs in a tree-like way, and graphs
obtained by gluing along independent sets in highly symmetric ways. Theorems 4.1 and 5.2 imply
that for every graph G with girth at least 50, there exists a connected rooted graph H® containing
G as an induced subgraph and ng such that the graph H®* & K;1| on satisfies Conjecture 7.1 for
all even integers m, n, ¢ > ng such that m is divisible by 5 and n+e(H) </ <mn/4.

We finish with an open problem motivated by the techniques used in the proof Theorem 4.1,
where it was essential that the graph H® & K;ﬂ on has a long path formed by vertices of degree
two. In particular, the techniques used in this paper would not establish the existence of a
3-connected high-chromatic common graph. So, it is natural to ask the following.
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Problem 7.2. Is it true that for every ¢>2 and every k>3, there exists an ¢-chromatic k-
connected common graph?

Ko and Lee [KL23] answered the above question in the affirmative by combining our
construction and the book product of graphs. They also posed the following more general
problem.

Problem 7.3 (Ko and Lee [KL23, Question 3.1]). Is it true that for every £ > 2, every k >3 and
every g > 4, there exists an /-chromatic k-connected common graph with girth at least g7

Appendix A
We provide a self-contained proof of Lemma 5.1 for completeness.

Proof of Lemma 5.1. Fix § > 0. We show by induction on r that there exist positive reals w, and
o, such that ¢(K,, W) > w, or ag(W) > a,. The statement of the lemma will follow by setting
wo = Wy(zr) and ag = () (note that t(K,, W) <t(H, W) for every r-vertex graph H).

The base of the induction is the case r =1, which holds with w; =1 and any «; € (0, 1]. We
next present the induction step when r > 2. Assuming the existence of w,_1 and «,_1, we show
that it is possible to set w, = (1 — §)0" tw,_1 and o, = 1.

Consider a graphon W and let A be the set of x € [0, 1] such that degy, (z) < 2. If u(A) >4,
then the density of the graphon W[A] is at most u(A)d?/u(A)? <6, which yields that as(W) >
0 > a,. Hence, we can assume that p(A) <4 in what follows.

Let f,:[0,1] — [0, 1] for = € [0, 1] be the function defined as f;(y) =W (x,y). Observe that

r—1
)= [ ([ ma) o Wik
[0,1] [0,1]
It follows that if ¢(K,—1, W[fz])>wr—1 for every z€[0,1]\ A, then ¢(K,,W)>(1—
(A6 1w, 1 > w,. Otherwise, there exists z €[0,1]\ A such that as(W[fs]) > a;,_1, which
means that there exist ¢: [0, 1] — [0, 1] such that

Joy FeW)a(y) dy Y Joa Je @ a(2)gW)g (W (. y) dy d= _ 5
Jou )y =7 (Jioa) Fe®)9(y) dy)*

It follows that the function h:[0,1] — [0, 1] defined as h(y) = fz(y)g(y) satisfies that ||h|; >
ay—10 = a, and the density of Wh] is at most ¢. Hence, as(W') > - as required. This completes
the proof of the induction step and so the proof of the lemma. O
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