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PROBLEMS AND SOLUTIONS

PROBLEMS

99.6.1. Central Limit Theorem for Squared MA Infinity Procesggsposed by
Antonis DemosAssume that the following stochastic procgd®ellows the usual
MA(c0) processi.e, y; = & + X221 a; &_i, Where then;’s satisfy the usual con-
ditions of stationarityi.e., >-oa? < co. Furthermoreassume that the,'s are
identically and independently distributed random variables with finite fourth mo-
menti.e., E(g;) = 0 (with no loss of generality E(e?) = 02 E(&) = 0 (with no
loss of generality andE(e*) = k*for all t's. Prove that under these assumptions
yZ follows the central limit theorem

99.6.2. Common Principle for the Decomposition of the Total Variability in
Principal Components Analysis and in Linear Regressimoposed by Jean-
Daniel Rolle DenoteN; a cloud ofn pointsz = (x/, y;)’, where thex; arep X 1
vectors of observations of regressor variatdes. ., X, onnunits and they, are
observations of a response varialflen the same unit$Vithout restriction of the
generalitywe assume that the variables are centétteel center of gravity aiV;
is therefore the origin The p first principal components form the “best” fitting
hyperplane onto which the poiresof A are projected orthogonallivlore pre-
cisely let||- | be the norm inherited from the standard scalar produgt’éf and
for a (p + 1) X p matrix v of rankp, let P, = v(v'v) v’ be the matrix of the
orthogonal projection onté = M (v), the column space of The inertia(spread
of Az with regard to the origin and ta is defined respectivelyby

1 n

(N2,0) = —— lelzi |> and )
1 n

I(Nz,4) = —— lelzi - PRzl (2)

We note that inertia depends on a norm and a projecbenoteA” = M (v*) the
(optimal hyperplane minimizing?2). It is well known from principal compo-
nents analysis that the vectars ...,v; forming the columns ob are orthonor-
mal eigenvectors associated with fhéargest eigenvalues; >...> A, of the
covariance matrix of the variables, ..., X,,Y. Moreover one has the following
property of decomposition of inertia

where N7 is the cloudN; projected(by P,-) on A*. The total inertia is thus
decomposed into the inertia explained by the hyperplsnéirst term on the
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right) plus the inertia of\z with regard toA* The global quality of the hyper-
planeA® is measured by the ratio of explained inertia

p+1

P
Qz = l(NZ,00/1(N2,0) = X ) 21 A 4)
i

j=1

Question:Replace in(1) and(2) the norm|-| by a seminorm an®, by the
matrix p, of a (nonorthogonal projection in such a way that* becomes the
optimal hyperplane in the sense of the mean squémetis case(3) becomes
SST= SSR+ SSE the well-known decomposition formula of the linear regres-
sion andQ; of (4) becomes the coefficient of determinati@h The matrixp,, a
function ofv, must be explicitly givenThe conclusion that one may draw from
this exercise is that the formulae of decomposition of total variability in linear
regression and in principal components analysis stem from a common principle
In the first casginertia is defined from a seminorm and a nonsymmetric idem-
potent matrix(p,); in the second casd is defined from a norm based on the
standard scalar product B! and a symmetric idempotent mat(R,).

99.6.3. Variances of Truncated Versus Full Distributions for Continuous Ran-
dom Variablesproposed by X. SapraLet y* be a latent continuous random
variable and ley = y* if y* > k, wherekis a known constant ands the observed
counterpart of/*. Consider the following probability density functiofig.d.f.’s)
for y*

. Paretof(y*) =ay* @1 a>0, y*>1

. Uniform: f(y*) =1/(d—c), c<y*<d, —-oo<c<d<on.

. Standard exponentidl(y*) ™", y* > 0.

. Gammawith scale parameter 1, shape parameter2): f(y*) =y*e™, y*>0.
. Rayleigh f(y*) =y* eV /2 y* >0,

g b WNPE

Derive the relationship betweafar(y*) andVar(y) for each of the @l.f.’s.

99.6.4. Variances of Censored Versus Full Distributions for Continuous Ran-
dom Variablesproposed by X. SapralLety* be a continuous random variable
and lety = max(y* k), wherek is a known constantConsider the following
probability density functiongp.d.f.’s) for y*.

1. Paretof(y*)=ay* @, a>0, y*>1

2. Uniform: f(y*) =1/(d—c), c<y*<d, —-oo<c<d< co.

3. Standard exponentidi(y*) =e™Y, y* > 0.

4. Gamma(with scale parameter 1, shape parameter 2): f (y*) =y*e ™, y* > 0.

Derive the relationship betweearar(y*) andVar(y) for each of the pl.f.’s
above
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SOLUTIONS

99.1.1. Minimum Distance Estimator with,INorm—Solutions! The follow-
ing solutions have been proposed independently by Geert Dhaene and Yulia Kotl-
yarova Each contains an interesting derivation

1. Solution proposed by Geert Dhaerieet é(l),é(z),é(g,) be the order statistics
corresponding t6,, 6, 5. Becausd),(8) = EJ 1|49 d| is strictly decreasing in
8 whens < 6, and strictly increasing id whens > 0.2, Qn attains its minimum
até = 6(2), the median o), 6, 6. Noting that\m(e 8o),] =1,2,3, are asymp-
totically i.i.d. with c.d.f. ®, we can straightforwardly apply standard results about
order statistics of.i.d. samplege.g., Mood, Graybill, and Boes1987, pp. 252—
253). This gives the asymptotic density function (8 — 5o) as 6b(1 — ®) ¢,
wherefrom

PHVR(S — 8p) = x] — GJX D(t)[1— D(t)]p(t) dt=[D(X)]?[3 — 2P (x)].

2. Solution proposed by Yulia Kotlyarovdn the proposed example
A 3 A A A A
= argmin >, |6, — 8| = mediad{ 6, 0,,0}; (1)
6 =1

= 6 disjoint events of the form, < 0 <6, i#]#ki,j,kE{1,2,3} may occuy
the probability of any strict equahty is zero because the distributichisfcon-
tinuous thus 3, P, = 1. Thed, are ii.d. N(5o, n1); thereforethe probabilities
of all six events are equahnd we can write

PIIvI(8 — &) = x] = P{vi(mediar{fy,6,,05} — 8o) = x]
= 6Pr[\/ﬁ(é2 - 50) =X andél = éz andéz = ég]

Definez, = vA(d, — &,), i =1,2,3. Then vectoz = N(0, I3), and the joint density
function isf(zy, z5,23) = ¢$(z1)-P(z,)-Pp(z3), where() is a standard normal
density functionHence

PIVN(8 — 8) = X] = 6P 2, = X, 21 = 7,23 = 2]

= 6]_);{¢(zz) J_Z;d)(zl)dzl- £j¢(23)d23:| dz,

=6[ 02000 02)0z

= GJX ®(2)-(1— ®(2)) dd(2) = 3P2(x) — 2D3(x).
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This result does not coincide with the cumulative distribution functioof the
standard normalThe choice of the norm functiof(-) was considered to have
little qualitative influence on the asymptotic properties of the estimatésasfd

it is true as long as we can apply the continuous mapping theory and the delta
method

Let§ = arg mir|6 — g(8)| = arg minf (4 — g(8)) = h(h).

ah(6o) ah'(eo)>
06’ 00 )

If vA(6 — ) = N(0,3), thenyn(é — 8;) = N (o,

i.e., the estimates af will be asymptotically normalTo insure if h() should be
continuously differentiable &,, and the variance—covariance matrix of the
estimates should be of full rank

From the first-order condition fafl),

e f0—9g6) g’ ot _

098 98 96

By the implicit function theorem

B (aF'>-1< aF> B <6F’>‘1 ag- o
sos \ 08 06')  \ a5 /) a5 0606’
o]
Thus the sufficient conditions for asymptotic normality of the estimate$ of
include the existence of the non-zero full-rank second-order derivative of the
norm function around the true value @fTherefore any nondifferentiable func-

tion (e.g., an absolute valyeor any differentiable function of a typEx?k k > 1,
may not yield an expected standard distribution

oh(6y) 88

00" 06’

6=6,

NOTE

1. An excellent solution has been proposed independently.lhyrifon, the poser of the problem

REFERENCE

Mood, A.M., FA. Graybill, & D.C. Boes(1987) Introduction to the Theory of Statistic8rd ed
SingaporeMcGraw-Hill.

99.1.2. An Interesting Property of the Mahalanobis Distare8olution® pro-
posed by Tom Steerneman and Tom WansbeekA =1 — (1/(p+1))11 denote
the usual centering matrix of ordpr+ 1. Define

D = (d;) = pAX(X'AX) IX'A,
then
dij = (Xi — )_()’Sil(Xj — )_()
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Becausé1/p)D is idempotent of ordep + 1, has rankp, andD1 = 0, it follows
thatD = pA Hence

d? =d; =p%(p+1),

and fori # j
dy = —p/(pt+1).
NOTE

1. Excellent solutions have been proposed independently®yalfelman by M. van de Velden
and H Neudeckerand by AS. Hadi, the poser of the problem

99.1.3. An Application of Beinstein’s InequalitySelution proposed by Hua
Liang. Before proving this theoreymve state Beinstein’s inequality for easy ref-
erence

BEINSTEIN'S INEQUALITY. Let V,,...,V, be independent randomari-
ables with zero means and bounded rangéks= M. Then for eachn > 0,

o([$]- ) <2 o o S o) |

Proof of Theorem. DenoteV)’ = Vj1(|V;| = n'") andV}" =V, — V' for j =
1,...,n.LetM = Cn PnY" andn = n"Slog n. By Beinstein’s inequality

P{ max

1=i=n

n
> 8 (V' —EV)| > cln}
=1

n

> a (V- EVj,)‘ > Cl“fl}

=1

=3+

C,n =log?n

=2nexp[ ——
2> afEV2+ 2n P S |ogn
j=1
= 2nexp(—C2Clogn) = Cn %2
for some largeC, > 0. The last second inequality from
n n
> a?EVi?=suga;| > a; EM?=n"P*P2 and n Pt S|ogn=n PPz
=1 =1
By the Borel-Cantelli lemma

n

max W, (TH(V —EV)| = O(n"°logn) as. (2)
1

=i= h
1=i=n i=
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Letl=p<2,1/p+1/q=1suchthat Ig < (p; + p»)/2 — 1/r. By Hélder’s

inequality
n g / n 1/p
max Ea,.W' EV") San<Elanlq> (Elv,-"—Evj”lp>
=l=n j=1 j=l

1=i=n
n 1/p
= Cn (pa-b/a < > v =BV p) . 2)
j=1
Observe that
10
n 2 (W - EYIP BV -EVIP) 50 as 3)

andE|V/"[P = E|V,|'"n"**P" and then

n

S EV—EV'|P=Cn”" as (4)
j=1

Combining(2) and(3) with (4), we obtain

n

max 2 (W' — EW)

1l=i=n

=Cn PtYatr = o(n~s) as. (5)

The theorem follows directly frorfil) and(5).

Remark. In nonparametric regressipone generally has to deal with the fol-
lowing term

Z wnk(T )Sk

max

1=i=n

(6)

for some design point§. Whereg are ii.d. random variables witlke = 0 and
E|e|® < o0, andw,( - ) are probability weight functionsvhich are supposed to be
satisfied such that

(i) max él wni(T) = O(1),
(ii) max wni(T;) = O(by),
(iii) max él @i (T (|T; = Ti| > ¢,) = O(cn),
with b, = n"?® andc, = n""3logn.

Takingr = 3, p, = 3, andp, = 0 in the theoremit follows that the order of6)
isO(n~¥3logn).
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99.1.4. Equality of Two IV Estimators-Solution proposed by Hailong
Quian To simplify notation let P, = Pz ; and M; = Mz ;. Define y =
(X5P X)) IX5P Xy, ¥ = plimy = plim(N™IX;5P; X5) *IN~IX5P; X;, and
e, = X3 — X,y. Thus e, is the residual in the IV regression of;, on X,,
using Z, as instruments With this notation the condition Z4M;[X; —
Xo( X3Py X5) " 1X5P; X, ] = 0 becomes simply;M; e, = 0.

The model to be estimatedys= X, 8, + X, 85> + . We transform it as follows

y=epB:+Xm+ 1, (2)

wherer = 8, + yB, andn = & + Xo(9 — v) B1. We note that plinN~1Z'n =0
andXje, = X;P.e; = 0.

Let/§’1, 7 be the IV estimates frort2) when the instruments a#®. Because
X5P, e, = 0, we have simply

B1 = (elP1e)) teiPyy. (3

However noticing that Pie; = Pi(X; — Xo9) = X1 — Xp9 = X; —
Xo(X5Xo) IXs Xy = Mx,1 X1, where the third equality is fromy =
(X5P; X5) " IX5 Py Xy = (X5 X5)"1X5 X, we obtain

B1 = (XiMpg, X)X Mis, Y- (4)

This is indeed the same as the corresponding subvecfrofX'X) X'y, the
IV estimator of the untransformed equation usfygas instruments
Now let B34, 7 be the IV estimates fror2) when the instruments ai& Thus

Bi| [ePer ePX| [Py )
T XoPer XaP Xz X3Py |
Thus using the partitioned-matrix inverse rulge have

B1 = (61M[x,1€) € Mg}V, (6)

whereg, = P,e,, butMx, & = Mg, Pz€ = Mx,1P2(X; — Xo9) = M,)(X; —
X27) = M1 X;. With this substitutiopwe obtain

B1= (XM, X)X Mig,1Ys (7)

which is the same as the corresponding subvectg@ of (X'X) X'y, the IV

estimator of the untransformed equation usthas instruments
We now show thai3; = B, if Z,M;e; = 0. We note thatP,e; = (P; +
Pim,z,1) € = Pr&p whenZ, M, e, = 0. Thus X; P, = X3P, e, = 0. Thus substi-
tuting it into (5), we obtainf, = (e;P,e,) te;P,y = (ejP,e;) te{P1y = B4,
where the second equality is frofge, = P,e;, and the last equality is froifB).
[ ]
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Comments

1. The expressionB8; = (e;P;e;) te;P,y of (3) can be interpreted as an
extension of the well-known partial-least-squares regression forngula=
(X1Mix, Xl)*XiM[XZ] y to the case of linear IV estimation

2. Breusch et al (1997 showed thatAV(B;) = AV(B,) if and only if
plim N71Z5M,[X; — Xo(X5P; X5)"21X5 P, X4 ] = 0. Thus this note provides an in-
tuitive explanation for their condition

3. It is easy to show thaB = j if Z,M; X = 0. Thus the conditionZ;M,[X; —
Xo(X5P; X5) " IX5P; X, ] = 0 for 31 = 1 can be interpreted as an extension of the
conditionZ,M,; X = 0 for 8 = j.

REFERENCE

BreuschT., H. Qian P. Schmidi & D. Wyhowski(1997) Redundancy of moment conditiad®urnal
of Econometricsforthcoming

99.1.5. The Justification of Multidimensional Scaling under Euclidean
Conditions—Solution* proposed by Jan Graffelmafhe proposed problem s in
fact areexpression of the solution of a principal coordinates analyetiX be the
n X p data matrix of rank. The matrix of squared Euclidean distanBesan then
be obtained from the data Bs=s1 + 1s — 2S5 whereS= XX’ ands= diag(9).
Matrix A then becomes

A=-iD=—1sl' - 115 +§ 1)

and by double centering this matyiwe getB = MAM = MSM = MXX'M,
because the first two terms on the right-hand sidelbbecome zero because of
the centering operatiosl’M = s1'(I — (1/n)11') = s(1’ — 1’) = 0 and analo-
gously M1s’ = 0. We will normally have more cases than variablasd so we
find for the rank ofB, r(B) = r (MXX 'M) = min(r(M),r(XX")) =r(XX’) =k
Thus r(B) = k, andB will normally haven — k zero eigenvalueBecauseB is
symmetri¢ we can do the spectral decomposit®r= TAT’, which we can also

write as
BT = TA, (2)
becausel'T = |. Indeed B can still perfectly be recovered froh and T by

omitting then — k zero eigenvalues and their corresponding columfis and so
from now on we take\ to bek X k and nonsingularand T to ben X k and
semiorthogonalWe can then obtain solutiah by postmultiplying(2) by A~ %2

Z = TAY2=BTA ¥2=MXX 'MTA Y2 = MXL, ®3)

where L is X'MTA Y2 The p X k matrix L is semiorthogonal because
L'L = A Y2T'M/XX'MT A V2 = A V2T'BTA V2 = A V2T TAT' TA V2 =
A VAN =
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The equivalence between principal components analysis and principal coordi-
nates analysis is well knowiGower 1966. The solution of a principal compo-
nents analysis can be obtained by postmultiplying the centered data by the
eigenvectors of the covariance matiequation(3) precisely expresses thighere
Z is the matrix of principal componentgentered but not standardizec@nd
where matrixL contains the eigenvectors of the covariance maixi}viX :

c(X'MX)L = cX'MX (X'MT A Y2) = cX’M (MXX 'M)TA V2
=CX'MTAT'TA V2 =cX'"MT AY2 = cLA,
where we used the idempotencyMfand wheret is the factor X(n —1).

NOTE

1. Anexcellentsolution has been proposed independently byaklde VeldepA. Satorraand H
Neudeckerthe posers of the problem

REFERENCE

Gower J (1966 Some distance properties of latent root and vector methods used in multivariate
analysis Biometrika53(3); 325-338

https://doi.org/10.1017/50266466699156068 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466699156068

