
Abstract
A novel approach for the multi-objective design optimisation of aerofoil profiles is presented. The 
proposed method aims to exploit the relative strengths of global and local optimisation algorithms, 
whilst using surrogate models to limit the number of computationally expensive CFD simulations 
required. The local search stage utilises a re-parameterisation scheme that increases the flexibility 
of the geometry description by iteratively increasing the number of design variables, enabling 
superior designs to be generated with minimal user intervention. Capability of the algorithm is 
demonstrated via the conceptual design of aerofoil sections for use on a lightweight laminar flow 
business jet. The design case is formulated to account for take-off performance while reducing 
sensitivity to leading edge contamination. The algorithm successfully manipulates boundary layer 
transition location to provide a potential set of aerofoils that represent the trade-offs between drag 
at cruise and climb conditions in the presence of a challenging constraint set. Variations in the 
underlying flow physics between Pareto-optimal aerofoils are examined to aid understanding of 
the mechanisms that drive the trade-offs in objective functions.
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Nomenclature
A	 weighting coefficient attached to component of Bernstein polynomial
c	 aerofoil chord length
C	 class function in class-shape transformation
cd	 drag coefficient
cl	 lift coefficient
cm	 moment coefficient
cp	 pressure coefficient
F1	 objective function 1
F2	 objective function 2
h	 kriging basis function
k	 number of design variables
M	 Mach number
n	 order of Bernstein polynomial
N	 critical amplification factor
N1	 class function coefficient 1
N2	 class function coefficient 2
p	 vector of exponents in Kriging basis function
p1	 penalty function 1
p2	 penalty function 2
p3	 penalty function 3
p4	 penalty function 4
Re	 Reynolds number
S	 shape function in Class-Shape Transformation
th	 aerofoil thickness
v	 Vector of design variables
x	 aerofoil x-co-ordinate
y	 aerofoil y-co-ordinate
Δb	 parameter controlling smart Pareto filter (≥Δs)
Δs	 parameter controlling smart Pareto filter (≤Δb)
θ	 vector controlling width of Kriging basis functions
μ	 Pareto-optimal solution

Subscripts

1	 cruise flight condition
2	 climb flight condition
3	 take-off flight condition
4	 high-speed flight condition
tr	 at boundary layer transition onset location
tr = 0	 boundary layer transition at leading edge
max	 maximum value

List of Acronyms

CFD	 Computational fluid dynamics
UAV	 Unmanned Aerial Vehicle
NLF	 Natural Laminar Flow
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PSO	 Particle Swarm Optimiser
MOGA	 Multi-Objective Genetic Algorithm
NSGA	 Non-Dominated Sorting Genetic Algorithm
CST	 Class-Shape Transformation
LHC	 Latin Hypercube
AMMA	 Adaptive Metamodel Assisted
SPF	 Smart Pareto Filter
NACA	 National Advisory Committee for Aeronautics
NASA	 National Aeronautics and Space Administration
PI	 Probability of Improvement
MSE	 Mean Squared Error
RAE	 Royal Aircraft Establishment

1.0	 Introduction
The application of both gradient-based and global optimisation algorithms to aerodynamic shape 
optimisation has gained considerable attention in recent years. In particular, studies with the intent 
to produce designs with desirable performance at a single flight condition are well documented. 
However, such single-point optimisation exercises tend to lead to poor off-design performance as 
the quality of any particular geometry is defined only by its efficiency at one flight condition. In 
aviation, it is of obvious importance that a design performs at least adequately throughout the entire 
flight envelope; with this in mind, multi-point optimisation in which the performance indicator to be 
optimised is posed as a weighted-sum of the performance metric at different flight conditions(1) has 
been proven to be a viable approach. This multi-point approach leads to designs with more balanced 
performance, but ambiguity exists with regards the values that should be used for the weighting 
coefficients in the objective function definition. Furthermore, at the preliminary design stage it is 
often desirable for designers to have access to information relating to the possible trade-offs that 
can be made between performance metrics at different flight conditions, and indeed different points 
in the aircraft flight envelope. The need for such trade-off information at early stages of the design 
process has become greater in recent times, with many classes of aircraft being required to perform 
well over a number of different mission profiles. For example Unmanned Aerial Vehicles (UAVs) 
and certain business jets may be required to fly missions in which the cruise condition is responsible 
for the majority of fuel burn, but also perform well in missions for which loiter or climb conditions 
dominate due to the flexible nature of their use. The development of multi-objective optimisation 
algorithms based on the Pareto dominance concept has made the generation of the aforementioned 
trade-off information possible and indeed these multi-objective algorithms have been successfully 
applied in a number of aerodynamic optimisation exercises(2,3). 

The emerging interest in laminar flow technologies(4,5) raises a number of challenges in how to 
effectively implement accurate transition solvers within such complex multi-objective environments 
without the computational effort becoming excessive(6). The use of full stability-based transition 
solvers alongside a Navier-Stokes or coupled inviscid/viscid solver can induce a substantial increase 
in computational burden and induce a lack of robustness which can make implementation within 
an optimisation algorithm non-trivial. 

Despite these difficulties, there has been some research into the utilisation of physics-based 
transition solvers in aerodynamic optimisation studies. Green et al(7) used inverse design method-
ologies to match a user-specified target N-factor distribution by altering aerofoil geometry. 
Gradient-based optimisation of Natural Laminar Flow (NLF) aerofoils in which the adjoints of the 
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full stability Equations were utilised to enable efficient calculation of objective function gradients 
has been carried out and found to be effective in improving the performance of a baseline design(8,9). 
The multi-modal nature of the objective functions in aerofoil design exercises has been verified by 
Khurana and Winarto(10) and McRoberts et al(11) who compared results obtained by local and global 
optimisers for aerofoil design tasks, and found the global optimisation routines to yield superior results. 

However, comparatively little work has been undertaken in the use of multi-point and multi-
objective optimisation of laminar flow aerofoils. Khurana and Winarto(10) used a Particle Swarm 
Optimiser (PSO) and the weighted-sum objective function approach to design multi-point high 
altitude long endurance (HALE) aerofoils. Gonzalez et al(2) used a multi-objective genetic algorithm 
(MOGA) to design a set of UAV aerofoils that were Pareto-optimal with regards drag minimisation 
at cruise and loiter flight conditions. In both of these studies the open-source aerofoil analysis tool 
XFOIL(12) was used as the aerodynamic solver. 

In this work, the potential use of a multi-objective optimisation framework for the preliminary 
design of natural laminar flow aerofoil sections which are less sensitive to leading-edge contamination 
(minor damage, insect accretion and other) is addressed. The paper presents a novel implementation 
of a multiobjective genetic algorithm which can be used in order to ascertain the optimal filtered set 
of leading edge contaminate-tolerant laminar flow profiles based a constrained design case. This is 
demonstrated through the design of aerofoils for a laminar flow business jet, demonstrating the ability 
of the method to discover non-intuitive design solutions that manipulate boundary layer transition 
location to improve performance throughout the flight envelope. The optimisation framework is 
based on the NSGA-II multi-objective genetic algorithm of Deb et al(13) coupled with several Kriging 
surrogate models to alleviate the computational burden associated with searching the global design 
space. Once those regions of the design space are identified which are most promising based on the 
applied constraint set, an intensive local search of these regions is carried out whilst sequentially 
increasing the order (and therefore flexibility) of the geometry parameterisation. An adaptation of 
the Class-Shape Transformation (CST)(14) geometry definition technique is used to achieve this. 

Figure 1. Adaptive metamodel assisted multi-objective optimisation approach.
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2.0	The Optimisation Framework	
Multi-objective evolutionary algorithms that converge a population of candidate designs towards 
a Pareto optimal set are well-suited for providing information on possible performance trade-offs 
between flight conditions. However, these MOGAs typically require a large number of function 
evaluations to converge on an optimal set. This proves problematic when utilising MOGAs for 
aerodynamic design tasks as in many cases the solvers used for appraisal of the performance 
metrics and constraints are computationally expensive to run. Implementing cheap-to-evaluate 
surrogate models of the objective and constraint functions provides a viable means to alleviate 
this computational burden. Figure 1 presents an overview of the process and the interaction 
between the key solvers; each step in this process is described below.

The Kriging interpolation technique is a well validated surrogate modelling technique that 
has been applied extensively in engineering design tasks(15). In this work, Kriging metamodels 
are built to emulate the objective functions and computationally expensive constraints. The true 
functions are sampled at a pre-defined number of points within the design space according to 
an optimal Latin Hypercube (LHC). The LHC is optimised according to the maxi-min criterion. 
The Kriging models are then constructed by selecting the hyper-parameters that maximise the 
maximum likelihood measure (discussed in Section 3.4).

A global multi-objective optimisation based on evaluation of the Kriging models is then 
carried out using the fast and elitist non-dominated sorting genetic algorithm (NSGA-II) of Deb 
et al(13). The constraints are accounted for by means of a penalty function formulation. After the 
NSGA-II search has completed a set number of generations, refinement of the surrogate models 
in promising regions is performed using an adaptive sampling technique(16) which maximises 
the probability of improvement over the current Pareto front. This refinement of the surrogate 
models ensures that the available computational resources are not wasted by using the aerody-
namic solvers to evaluate individuals that are unlikely to lead to optimal performance. In order 
to ensure that the Pareto front predicted by the NSGA-II is accurate, a new sample is also taken 
from the Pareto front at each iteration. This cycle between evolutionary optimisation of the 
Kriging models and adaptive sampling of the objective functions is iterated until a set number 
of samples have been reached, or the probability of improvement over the current Pareto front 
is found to be less than a user defined threshold. It is also worth noting that the probability 
of constraint satisfaction is also taken into account using the single objective probability of 
improvement metric described by Jones(17).

The class-shape transformation (CST)(14) geometry definition technique is used to parameterise 
the aerofoil geometry. A third order Bernstein polynomial is used for the shape function in 
the initial design space (a total of eight variables define aerofoil geometry), but the geometry 
is successively refined with increasing order of Bernstein polynomial as the optimisation 
progresses (Sections 3.2 and 3.7). Performance characteristics of the aerofoils over a range of 
flight conditions are assessed using the coupled Euler/boundary layer solver MSES(18). Transition 
prediction is obtained through the envelope method coupled with the eN criterion(19,20). For the 
test case presented here, maximum lift coefficient at low speed forms one of the constraints, 
and XFOIL(12) is used for this purpose as it provides accurate predictions of lift coefficient to 
just beyond the stall at the Mach and Reynolds number considered and requires minimal time 
for computation. The outputs from these solvers form the sample databases used to build the 
Kriging surrogate models.

On completion of the global metamodel assisted optimisation, a local multi-objective search 
with a higher order geometry parameterisation is performed. This local search takes advantage 
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of the mathematical formulation of the CST representation to define a neighbourhood centred 
about the current Pareto-optimal section under consideration. A smart Pareto filter (SPF) based 
on the technique presented by Mattson et al(21) is used to select the individuals for input to 
the local search (Section 3.6). As this new local design space is defined using a higher order 
Bernstein polynomial, a greater degree of flexibility can be achieved in the aerofoil geometry. 
This is especially important when considering laminar flow aerofoils as transition onset location 
is extremely sensitive to small changes in the distribution of pressure gradient imposed on the 
boundary layer. This local search can be iterated until no improvement in the Pareto front is 
observed, effectively optimising the order of the geometry parameterisation. The re-parame-
terisation and local search routine is described in detail in Section 3.7. 

In industrial scale applications, coupled re-parameterisation and optimisation methods of the 
type described herein can help bridge the gap between preliminary design, when relatively few 
design variables are used to identify promising designs, and final detailed design in which a 
full description of the geometry, including small localised details, is required. It is also worth 
noting that although the accuracy of the numerical CFD simulations is not increased as the 
optimisation algorithm progresses, the fidelity of the objective function evaluation is increased 
from utilisation of Kriging surrogates at the global search stage, to direct calls to the CFD 
programs during the local search.

To benchmark the performance of the proposed Adaptive Metamodel Assisted NSGA-II 
(AMMA-NSGA-II) a simple test case was run comparing AMMA-NSGA-II to a traditional 
MOGA search of the true objective function using the baseline genetic algorithm. Furthermore, a 
single iteration of the local search was executed to evaluate the potential to improve an existing 
set of Pareto-optimal aerofoils using this method.

Simultaneous reduction of drag coefficient at two flight conditions (cruise and loiter) was 
specified with constraints on maximum lift coefficient at a take-off condition, moment coeffi-
cient and maximum thickness. The flight conditions at which the drag was to be minimised are 
defined in Table 1 below and are representative of a simplified HALE UAV mission (similar 
to the test case presented in Gonzalez(2)). It should be noted that the main purpose of this study 
is not to develop a fully defined final aerofoil profile, but to demonstrate the capability of the 
framework to elicit sets of candidate profiles which are less sensitive to variations in the leading 
edge induced by damage.

Figure 2. AMMA-NSGA-II versus NSGA-II (F1 = cd Cruise + penalty, 
F2 = cd Loiter + penalty functions) Pareto Fronts.
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Table 1
Mission profile for benchmarking test case

For this benchmarking case, the initial global design space was defined by six variables (2nd 
order Bernstein polynomials used as shape function) each of which was allowed to vary between 
0·1 and 0·4 for the upper surface and –0·1 and –0·4 for the lower surface coefficients.

The results obtained by the AMMA-NSGA-II are compared to those from a traditional NSGA-II 
search of the true objective function. The NSGA-II algorithm is run for 50 generations with a 
population size of 50 (2,500 evaluations of each objective). The AMMA-NSGA-II was allowed 
to run until the objective functions were sampled 530 times each. Figure 2 compares the results 
obtained by NSGA-II and AMMA-NSGA-II:

It can be seen from Fig. 2 that the AMMA-NSGA-II outperforms the traditional search even 
with significantly less calls of the true function made. This owes largely to the extra information 
that the adaptive algorithm incorporates in the form of the Kriging models and adaptive sampling 
routine. It is worth noting that the Pareto front displayed here for the AMMA-NSGA-II is calculated 
by performing a non-dominance sort on the sample database rather than the results of evaluating 
the surrogate models; this decision was taken to ensure the results displayed did not correspond 
to inaccurate predictions from the meta-model which would lead to invalid conclusions being 
drawn. This also demonstrates the capability of the adaptive sampling algorithm to effectively 
target promising regions of the design space.

To gain some indication of the potential effectiveness of the local search routine, one iteration 
was performed with the order of the Bernstein polynomials increased to four (ten variables defining 
an aerofoil). The neighbourhood around all nine Pareto-optimal solutions was populated with 
two-hundred individuals meaning that the AMMA-NSGA-II with local search required a total of 
2,330 evaluations of each objective function. Figure 3 compares the Pareto front obtained using 
the metamodel assisted global search to the front after the local search. The clustering of points 
in the region of the Pareto front by the local search is also illustrated. 

Figure 3. Illustration of local search results in objective function space.

(a) AMMA-NSGA-II with local search (b) Point clustering effect of local search

	 	 Mach Number	 Lift Coefficient	 Reynolds Number
	 Cruise Condition	 0·48	 0·17	 6·92 × 106

	 Loiter Condition	 0·15	 0·5	 6·44 × 105
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Figure 3 shows that the local search results in a marked improvement of the Pareto front, 
with all members of the original front dominated by members of the newly obtained front. The 
extent of the Pareto front is also improved in terms of both objectives.

Having outlined the optimisation framework and demonstrated its potential using a simple test 
case, the following sections will be concerned with describing the components of the framework 
in greater detail with particular attention afforded to the design space adaptation and local search.

3.0	�Components of the Optimisation 
Framework

3.1	The baseline multi-objective genetic algorithm

Utilisation of the concept of Pareto-dominance in multi-objective evolutionary algorithms allows 
for the gradual convergence of a population of individuals towards a set of non-dominated 
Pareto-optimal individuals. In this context, one individual is said to dominate another if it is 
superior to that individual in terms of at least one objective, and not worse in terms of any of the 
objectives. Pareto-optimal solutions are those which are not dominated by any other individual. 
Evolutionary algorithms are well-suited to the task of Pareto optimisation as the genetic operators 
act on a population of solutions meaning that the architecture of the algorithm does not need to 
be greatly altered; only a re-casting of the fitness function is required.

Srinivas and Deb(22) used non-dominance sorting and crowding distance to compare the fitness 
of individuals within a population and applied standard bio-inspired operators to converge 
the population towards a Pareto-optimal set of solutions. Ranking individuals according to 
non-dominance count ensures convergence towards the Pareto front is achieved, whilst taking 
into account the crowding distance measure helps to maintain diversity in the population and 
encourage a spread of solutions across the optimal front. Deb et al(13) further improved the 
algorithm to address an issue with regards the computational expense of the non-dominance 
sorting routine and also to include elitism; this new improved MOGA was the NSGA-II. A custom 
real-coded implementation of the NSGA-II is used in this work; polynomial mutation(23) and 
simulated binary crossover(24) are the genetic operators used. Selection is by a standard binary 
tournament procedure with crowding distance used to decide the winner when the individuals 
are in the same non-dominance front.

3.2	Aerofoil parameterisation and design space definition
To enable aerofoil shape optimisation, the geometry of the wing section needs to be parameterised. 
In this work the class-shape transformation (CST) method proposed by Kulfan(14) is used. The 
CST method describes the aerofoil geometry as the product of a class function and a shape 
function. The class function is defined as:

				    . . . (1)

In this definition, N1 and N2 are constant coefficients that take on different values depending on 
the type of geometry that is to be represented. For a NACA type aerofoil N1 = 0·5 and N2 = 1.
Kulfan(14) recommends decomposing the shape function into component shape functions using 
the Bernstein polynomial such that:
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					     . . . (2)

where r = 0 → n and 

A Bernstein polynomial of nth order is therefore defined by n + 1 terms, each representing a 
component shape function. Unique aerofoil geometries can therefore be defined simply by assigning 
a weighting coefficient to each of the component shape functions in accordance with Equation (3):

			   . . . (3)

The y-coordinates of the aerofoil are then given by the product of the class function and the shape 
function:

					     . . . (4)

As the framework presented here is intended for use at the preliminary design stage, the design 
space definition for the initial global search must include a wide range of aerofoil types that 
are likely to be effective during the different flight conditions that are to be catered for in the 
objective function definitions. With this in mind, the weighting coefficients corresponding to 
various well-known sections (NACA 4-series, NACA 6-series, NACA 7-series, RAE 2822, NASA 
NLF, NASA SC) were computed by performing a least-squares fit to the geometries. Third order 
Bernstein polynomials were used as shape functions for both upper and lower surfaces during 
this exercise as this will be the level of parameterisation used in the initial design space for the 
design case presented in Section 4. The distribution of these coefficients was then used to define 
the bounds on the 8 design variables as illustrated in Fig. 4. The coefficients defining the upper 
surface are numbered 1 to 4 and the lower surface coefficients are numbered 5 to 8.
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Figure 4. Illustration of bounds on design variables along with a number of commonly used sections.
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The bounds were defined by adding and subtracting 10% of the range of each variable (from 
the set of coefficients obtained from the least-squares fits) to the maximum and minimum values 
respectively.  These standard sections occur in the first generation of solutions and are seeded as a 
starting position, but have not (within the studies undertaken) occurred in the final Pareto optimal 
sets but are substituted with ‘superior’ solutions during the optimization process.

3.3	Aerodynamic solvers
The coupled compressible Euler and boundary layer solver MSES(18) is used for evaluation of the 
objective functions in this work. A streamline based Euler solver accounts for external inviscid 
flow whilst a two-equation integral boundary layer method accounts for viscous effects. A final 
flow solution is converged upon by implementation of a global Newton method. MSES is also 
used to calculate the moment constraint at transonic conditions in this work, implemented in order 
to more closely replicate the design conditions as used by Fujino et al(25).

The open-source aerofoil analysis code XFOIL(12) is used to compute the maximum lift coeffi-
cient at take-off condition which is implemented as a constraint in the design case. XFOIL is used 
as opposed to MSES for this constraint as a sweep of angle of attack is required for calculation 
of maximum lift coefficient and using XFOIL as opposed to MSES will result in considerable 
computational savings.

In both solvers, transition prediction is performed using an envelope method based on solutions 
to the full linear stability equations. Amplification rates are calculated based on the boundary 
layer profile at each discretised station downstream of the neutral point (being the point at which 
boundary layer disturbances first become unstable) and integrated along the streamwise direction. 
Transition onset is defined as the location at which boundary layer disturbances are amplified by 
a factor of eN(24,25). A value of N = 9 is used in this work. Additionally, any solutions that have not 
achieved convergence are rejected by the optimisation algorithm.·

3.4	Kriging
As has been mentioned, the direct use of the aerodynamic solvers for evaluation of objectives 
and constraints would require too great a computational effort, particularly in situations where 
computational intensive solvers are being implemented. For this reason, the Kriging interpolation 
technique is used to dynamically build surrogates approximating the true functions.

Given a set of observed samples of the true function, f(v), at locations vi in the design space, 
Kriging is used to make an estimation, f(v), of the true function at an unsampled location v0 using 
a weighted linear combination of basis functions. The basis functions are expressed as:

	 . . . (5)

where k represents the number of design variables.
In order to give reliable predictions, appropriate values of the parameters in θ and p need to 

be adopted. In this work, model training is achieved by maximising the ln-likelihood function 
as detailed by Forrester and Keane(15). In order to perform this maximisation a single-objective 
genetic algorithm is used. It is also worth noting that as the Kriging method assumes a Gaussian 
process, a measure of the mean-square-error (MSE) is given as part of the prediction.

3.5	Adaptive sampling algorithm
The Kriging models are adaptively refined in regions of interest using the multi-objective probability 
of improvement metric introduced by Keane(16). The probability of improvement criterion takes 
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advantage of the Gaussian nature of the predictor to calculate the probability that adding a new 
sample to the database at any given point within the design space will lead to an improvement over 
the current Pareto front. This is achieved by integrating the joint probability distribution of the 
objective function predictions over the regions of the objective space that result in augmentation 
of or dominance over the current optimal front. Keane recommends implementing the probability 
of improvement metric by maximising the average of probability of augmenting the front (PIaug) 
and that of dominating current optimal solutions (PIdom); this approach is taken in this work.

The probability of constraint satisfaction is also accounted for using the single objective 
probability of improvement metric described by Jones(14) by integrating the part of the Gaussian 
distribution associated with each constraint prediction is across the constraint threshold. The metric 
used to identify infill points is then given by Equation (6):

	 . . . (6)

By finding the set of design variables that maximise the probability of improvement using a single 
objective optimiser (a genetic algorithm is used in this work), re-sampling the true function at 
this point and retraining the Kriging models, the surrogates are adaptively refined in promising 
regions during the optimisation routine.

3.6	Smart Pareto filter

The multi-objective local search implemented in this work consists of searching the neighbourhood 
around certain Pareto-optimal sections generated using the AMMA-NSGA-II. The optimal solutions 
from this global search are determined by performing a non-dominance sort on the sample database, 
and may result in the identification of aerofoils that are extremely similar in terms of geometry 
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Figure 5. Region of PIT around a Pareto-optimal solution.
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and objective function values. It is also not known a priori how many optimal designs will be 
identified. For this reason it is not feasible or beneficial to search the neighbourhood around all 
the optimal individuals from the global search as many of the resulting neighbourhoods would 
overlap. For this reason the smart Pareto filter(21) is utilised to reduce the Pareto set to a small 
subset that adequately represent the trade-offs in objective functions across the optimal front; the 
resulting smart Pareto set then forms the input into the local search algorithm.

The SPF requires the definition of two parameters, Δs and Δb, that are used to define a region of 
practically insignificant trade-off (PIT) around any given Pareto optimal solution, μi, as shown in Fig. 5.

The SPF is applied to reduce a Pareto-optimal front to a set of smart Pareto solutions using the 
algorithm described by the following pseudo-code:

The smart Pareto filter is applicable to problems with any number of objective functions.

3.7	Re-parameterisation and local search

Having identified the region of the design space in which the Pareto front is situated via implemen-
tation of the previously described AMMA-NSGA-II algorithm, a local search of this region using a 
higher fidelity parameterisation and the ‘true’ aerodynamic solvers is carried out to further improve 
the objective function values and ensure all optimum results are based on calls of the true functions.

A re-parameterisation of the true function is performed based on an adaptation of the CST 
technique; the re-parameterisation results in an aerofoil that is identical in its mathematical 
description but defined using a higher order Bernstein polynomial. The neighbourhood around this 
newly parameterised aerofoil is then searched according to an optimal LHC. This is effectively 
searching a new ‘local design space’ around the original aerofoil, with a more flexible geometry 
parameterisation than was used in the initial global search. 

Members of the Pareto front generated by the AMMA-NSGA-II are selected for the local search 
routine using the SPF of Mattson(21). This ensures distinct individuals are assessed and that the 
candidate pool is minimised. For each of the individuals selected for input to the local search the 
steps performed are as follows:

The probability of constraint satisfaction is also accounted for using the single objective probability 
of  improvement metric described by  Jones (14) by  integrating  the part of  the Gaussian distribution 
associated with  each  constraint prediction  is  across  the  constraint  threshold.  The metric  used  to 
identify infill points is then given by equation (6): 

    `     �� � ������������� � �∏ ��������������� �      (6) 

By  finding the set of design variables  that maximise  the probability of  improvement using a single 
objective optimiser  (a genetic algorithm  is used  in this work), re‐sampling the true function at this 
point and retraining the Kriging models, the surrogates are adaptively refined  in promising regions 
during the optimisation routine. 

 
FIGURE 5 

 
 

Figure 5. Region of PIT around a Pareto‐optimal solution 

The  SPF  is  applied  to  reduce  a Pareto‐optimal  front  to  a  set of  smart Pareto  solutions using  the 
algorithm described by the following pseudo‐code: 

smart_set=[] 
rejected_set=[] 
for i = 1 to length(Pareto_set) 
  if Pareto_set(i) is in rejected_set 
    // do nothing 
  else  

add Pareto_set(i) to smart_set 
for j = 1 to length(Pareto_set) 
  if i=j 
    //do nothing (no need to compare individual to itself) 
  elseif Pareto_set(j) is in region of PIT of Pareto_set(i) 
    add Pareto_set(j) to rejected_set 
  end if 
end for 

  end if 
end for 
 
Output smart_set and rejected_set 

The smart Pareto filter is applicable to problems with any number of objective functions. 

3.7  Re‐parameterisation and Local Search 

Having  identified  the  region  of  the  design  space  in  which  the  Pareto  front  is  situated  via 
implementation of the previously described AMMA‐NSGA‐II algorithm, a  local search of this region 
using a higher fidelity parameterisation and the ‘true’ aerodynamic solvers  is carried out to further 
improve the objective function values and ensure all optimum results are based on calls of the true 
functions. 
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1.	 Individuals are selected from the current Pareto front using the SPF.
2.	 For each of the selected foils set the class function for the lower and upper surface equal to 

the coordinates of the lower and upper surface of the selected optimal aerofoil. This differs 
from the standard CST method in which a fixed analytical function (Equation (1)) defines 
the class function for both upper and lower surfaces.

3.	 The order of the Bernstein polynomial used to represent the component shape functions is 
then increased and the weighting coefficients attached to each component function are set to 
equal one; this results in the definition of an aerofoil that is mathematically identical to that 
selected from the smart Pareto set, but with a higher order parameterisation.

4.	 By setting tight bounds on the weighting coefficients, a small neighbourhood around the 
section selected in step 1 is defined. As the parameterisation now utilises a higher order shape 
function, the flexibility that can be achieved when altering the geometry is increased.

5.	 Each of these constricted design spaces is then sampled according to a space filling technique 
(optimal LHC) and a non-dominance sort is performed to update the Pareto front.

6.	 If there is no improvement in the Pareto front over a pre-defined number of iterations the local 
search is terminated. A maximum number of total local search evaluations is also prescribed. 
If the Pareto front has been improved by the local search (members of old front dominated by 
new individuals from local search) return to step 1 and repeat the process until convergence 
is achieved or a pre-defined number of iterations have been performed.

Having described all the components that make up the optimisation framework, the next section 
will deal with its application to a realistic design case.

4.0	� Application to NLF Aerofoil Design for 
Lightweight Business Jet

Presented in this section are the results garnered from application of the proposed method to a 
realistic aerofoil design case. The case has been developed based on the HondaJet laminar aerofoil 
section design requirements(25). Full details of the design case are presented in Ref. 25 for reference.
●	 “Low section profile drag coefficients are desired at Cl = 0·26 for Re = 11·7 × 106 and  

M = 0·69 (a cruise condition) and at Cl = 0·35 for Re = 13·6 × 106 and M = 0·31 (a climb 
condition).”(25)

●	 “The section maximum lift coefficient with no flap deflection should be at least 1·6 for Re = 
4·8 × 106 and M = 0·134. The loss in maximum lift coefficient due to leading-edge contami-
nation should be less than 7%.”(25)

●	 “The section pitching moment coefficient should be no more negative than –0·04 at Cl = 0·38 
for Re = 7·93 × 106 and M = 0·70.”(25)

●	 “The airfoil thickness must be 15% chord to ensure sufficient fuel volume to satisfy the range 
requirement.”(25)

These requirements were used to formulate the objective and constraint functions that were to 
be searched by the optimisation algorithm presented in Section 2; the optimisation problem is 
posed formally below:

Minimise F1 = Cd 1 + p1 + p2 + p3 + p4

Minimise F2 = Cd 2 + p1 + p2 + p3 + p4
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where:

In the above definitions the subscripts 1-4 indicate the four flight conditions summarised in 
Table 2. The ‘tr’ subscript in Cl max 3 tr = 0 implies transition at the leading edge due to contamination.

Leading edge contamination in this case refers to physical contamination of the aerofoil surface 
at the leading edge. Some commonly encountered sources of such physical contamination are 
damage incurred by debris and insect contamination. In the case of laminar flow aerofoil design, this 
can prove particularly problematic as it can result in a loss of laminar flow, particularly in take-off 
configurations where large quantities of debris are displaced from the ground. This immediate 
transition of the boundary layer to turbulence can lead to significant loss of lift during take-off 
and must be accounted for during NLF design exercises. Indeed, the problem of loss of lift due to 
leading edge contamination in NLF aerofoils has been acknowledged since early attempts at NLF 
aerofoil design and continues to be an important design consideration today(26).

Table 2
Summary of flight conditions for NLF business jet design case

The AMMA-NSGA-II algorithm was run until the objective functions had been sampled 500 
times. 250 of these samples were generated in the initial sampling plan according to an optimal 

dominated by new  individuals  from  local  search)  return  to  step 1 and  repeat  the process 
until convergence is achieved or a pre‐defined number of iterations have been performed. 

Having described all the components that make up the optimisation framework, the next section will 
deal with its application to a realistic design case. 

4.  Application to NLF Aerofoil Design for Lightweight Business Jet 

Presented  in  this  section  are  the  results garnered  from application of  the proposed method  to  a 
realistic aerofoil design case. The case has been developed based on the HondaJet  laminar aerofoil 
section design requirements (25).  Full details of the design case are presented in [23] for reference. 

 “Low section profile drag coefficients are desired at Cl = 0.26 for Re = 11.7x106 and M=0.69 
(a cruise condition) and at Cl = 0.35 for Re = 13.6x106 and M=0.31 (a climb condition).” (25) 

 “The section maximum lift coefficient with no flap deflection should be at least 1.6 for Re = 
4.8  x106  and  M  =  0.134.  The  loss  in  maximum  lift  coefficient  due  to  leading‐edge 
contamination should be less than 7%.” (25) 

  “The  section pitching moment  coefficient  should be no more negative  than  ‐0.04 at Cl = 
0.38 for Re = 7.93x106 and M=0.70.” (25) 

 “The  airfoil  thickness must  be  15%  chord  to  ensure  sufficient  fuel  volume  to  satisfy  the 
range requirement.” (25) 

These requirements were used to formulate the objective and constraint functions that were to be 
searched by  the optimisation algorithm presented  in Section 2;  the optimisation problem  is posed 
formally below: 

��������	�1 � ��	� � �1 � �� � �� � �4	
	

��������	�� � ��	� � �1 � �� � �� � �4	
	
	������	
	
	��	����� � � 1·6 
	 �1 � 0·�5	�1·6 � ����� �� 	����	
	 �1 � 0	
	
	��	������ � � ��	���	�	����� � �0·0� � ����� �� 	 �� � 0·�5	������ � � ��	���	�	����� 	����	
	 �� � 0	
	
	��	��	� � �0·04 
	 �� � 0·�5	��0·04 � ��	�� 	����	
	 �� � 0	
	
	��	����� � 0·15 
	 �4 � 0·4	�0·15 � ������ 	����	
	 �4 � 0	

	 Flight Condition	 Mach Number	 Lift Coefficient	 Reynolds Number
	 1 Cruise	 0·69	 0·26	 11·7 × 106

	 2 Climb	 0·31	 0·35	 13·6 × 106

	 3 Take-off	 0·134	 Cl max	 4·8 × 106

	 4 High trim drag	 0·7	 0·38	 7·93 × 106 

	      cruise condition
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LHC with a further 250 samples added using the adaptive refinement routine described in Section 
3.5. Surrogate models were also built for Cl max 3, Cl max 3 tr = 0 and Cm 4; each of these constraint 
functions were also adaptively refined up to a maximum of 500 samples. During the adaptive 
Kriging-assisted search a population size of 200 was used to search the surrogates using NSGA-II, 
with additional objective function evaluations added to the sample database every ten generations 
via maximisation of the probability of improvement metric and by sampling one of the individuals 
from the current Pareto front using the aerodynamic solvers. At the end of the metamodel assisted 
search the Pareto front based on a non-dominance sort of the sample database is shown in Fig. 6:

In Fig. 6 the smart Pareto solutions to be used as input into the local search are also indicated; 
these two individuals have been selected by implementing values of Δs = Δb = 0·0005 in the 
SPF and form the input to the local search. The ability of the Pareto filter to effectively reduce 
the number of unique solutions to reduce the computational expense associated with assessing 
samples from the Pareto front is clearly demonstrated in this case. The trade-offs achieved in F1 
are significantly smaller than those achieved in F2. This is due to the difficulty of satisfying the 
challenging constraint set, particularly in finding sections that satisfy the constraint related to loss 
in maximum lift coefficient due to leading-edge contamination. It is thought that the local search, 
with the increased flexibility induced in the geometry description by the re-parameterisation 
scheme, will be able to identify designs that entail greater trade-off in the objectives while still 
satisfying the constraint set. 

Each neighbourhood investigated using the local search was populated with 25 individuals and 
the search was allowed to run until 1,000 evaluations had been performed. As aerofoil sections that 
result in violation of the constraints are not of interest at this point in the process, the constraints 
are evaluated before the objectives with the cheapest constraint functions evaluated first. If any 
of the constraints are not satisfied the individual is immediately rejected and no further analysis 
is carried out; this prevents computational resources from being wasted on designs that do not 
meet the requirements. The values of Δs = Δb = 0·0005 in the SPF were maintained throughout the 
local search routine. A total of 12 iterations of the local search were executed before the maximum 
number of evaluations had been performed. The Pareto fronts produced by successive iterations 
of the local search are summarised in Fig. 7. 

Figure 6. Pareto front from AMMA-NSGA-II (with smart Pareto solutions marked).
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Figure 7 provides a clear illustration of the consistent improvements that are made in the Pareto 
front throughout the local search routine, both in terms of dominance over previous Pareto-optimal 
sections and in the extent of the Pareto front in objective function space. Comparing the results 
of AMMA-NSGA-II (Fig. 6) to those displayed in Fig. 7 shows the ability of local search and 
re-parameterisation scheme to utilise the additional degrees of freedom in the geometry description 
to realise large improvements in performance. It is also worth noting that the concentrated 
neighbourhood search has led to the identification of optimal individuals that not only satisfy 
the demanding constraint set, but define significant trade-offs in both objectives, bearing in mind 
that this was not achieved by AMMA-NSGA-II. This owes largely to the increased flexibility 
that is inherent in the geometry description. For this design case, the order of the shape function 
is increased by two per iteration of the local search.

It can also be seen that the final Pareto front is populated with seven members. Across the 
Pareto front, a trade-off of 52·2 drag counts can be achieved in cd 1, with a trade-off of 14·1 drag 
counts possible in cd 2. The proposed optimisation framework has proved capable of designing a 
set of aerofoil sections that efficiently produce low drag in cruise and climb even in the presence 
of the difficult-to-satisfy constraint set. Inspection of all the results achieved by the local search 
shows that the objective functions were fully evaluated for 597 individuals, with the constraints on 
take-off maximum lift coefficient and the allowable degradation in maximum lift due to leading 
edge contamination proving particularly difficult to satisfy.

The aerodynamic performance of the two individuals at the extremes of the Pareto front will now 
be examined in order to gain some indication of the mechanisms by which the performance trade-offs 
across the Pareto front are realised. Again, it should be noted that the purpose of the optimisation 
framework is to provide insight and guidance to designers to promising design configurations at 
early design stages for further design refinement when limited design information is available, 
rather than developing final design solutions. For this purpose the optimal aerofoil achieving the 
best performance for cruise (objective 1) will be notated as ‘Pareto1’ and the individual giving the 
best performance for climb (objective 2) referred to as ‘Pareto2’, and distinguishing geometric 
characteristics will be discussed. Figure 8 compares the distribution of pressure coefficient over 
the two aerofoils at the cruise and climb flight conditions. The aerofoil geometries are illustrated 

Figure 7. Pareto fronts obtained via local search at successive iterations.
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in Fig. 9, with the geometries of all Pareto-optimal sections given to scale in Fig. 10. What is 
instantly notable is the significant difference in the cruise condition characteristics relative to the 
differences observed in climb. 

Figure 8 shows that the section favouring low drag at the cruise condition produces no shock 
wave on the upper surface. However, the section favouring the climb condition has a strong shock 
at approximately 60% of the chord length which will contribute wave drag. Both Pareto1 and 
Pareto2 exhibit extended regions of favourable pressure gradient on the upper and lower surfaces 
at the cruise condition.

A convex pressure recovery region is present for both aerofoils resulting in fully attached flow 
along the along the entire upper surface for Pareto1, although a small region (0·03c) of shock-
induced separation occurs for Pareto2. The dependence of moment coefficient on cruise drag for 
all Pareto optimal configurations is shown in Fig. 11, demonstrating that although all aerofoil 
profiles are similar, as shown in Fig. 10, there is no clear correlation evident. 

Figure 9. Aerofoil camber distributions, thickness distributions, 
and geometries for cruise- and climb-optimal aerofoils.

Figure 8. cp distributions for cruise- and climb-optimal aerofoils.

 (a) Cruise condition cp distribution (b) Climb condition cp distribution
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At the climb condition, both aerofoils show a sharp decrease in cp at the leading edge, this 
being slightly more pronounced for Pareto1. For the section Pareto1 adverse pressure gradient 
dominates downstream of the leading edge. The upper surface pressure distribution for Pareto2 
exhibits favourable pressure gradient up to 55% of the chord length. As for the cruise condition, 
a convex pressure recovery is exhibited by both Pareto1 and Pareto2, resulting in fully attached 
boundary layer flow over the entire upper surface for both sections.

In terms of the aerofoil geometries, Fig. 9 indicates that the variation in geometry is mostly 
comprised of differences in both camber and thickness distributions. The camber distribution for 
both sections is similar in form, with a reflexive distribution near the trailing edge having been 
realised to achieve the convex pressure recovery. Overall, camber is more pronounced for Pareto2 
as it is optimised for the higher lift climb condition. Also, the position of maximum camber is 
situated further aft for Pareto2 in order to maintain favourable pressure gradient downstream of the 
leading edge during the climb condition. The thickness distributions are also of similar shape, with 
the variability being a result of the increased maximum thickness of Pareto2 relative to Pareto1; 
this enabling it to more easily realise the higher lift coefficient during climb.

In order to further understand and quantify the trade-off information displayed on the Pareto 
front (Fig. 7), the contributions to the overall drag (cd) in terms of skin friction drag (cd f), pressure 
drag (cd p) and wave drag (cd w) are illustrated for both flight conditions in Fig. 12. Table 3 shows 
the locations of boundary layer transition in terms of aerofoil chord for both aerofoils in cruise 
and climb conditions.

Figure 10. All Pareto-optimal aerofoil geometries.

Figure 11. cm vs cd 1 for all Pareto-optimal aerofoils.
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Figure 12 shows that for the cruise condition the presence of the shock wave on the upper 
surface of Pareto2 contributes a large amount to the overall section drag coefficient. However, 
the majority of the increase of drag for Pareto2 relative to Pareto1 at cruise is due to pressure 
drag increase as a result of the shock induced separation and thickening of the viscous layer. At 
the cruise condition, Pareto1 actually exhibits slightly increased levels of friction drag relative 
to Pareto2. This is reflected in Table 3, from which it can be seen that transition onset location 
on both upper and lower surfaces occur at approximately the same locations for Pareto1 and 
Pareto2, with both sections achieving extended runs of laminar flow on both surfaces. The high 
pressure drag contribution observed for Pareto2 at cruise, which occurs as a result of shock 
induced separation of the boundary layer, signifies the importance of boundary-layer/shock-wave 
interactions in determining the effectiveness of laminar aerofoils at transonic flight conditions.

As can be seen from Fig. 12, Pareto2 achieves reduced drag relative to Pareto1 during the 
climb condition as a result of decreased pressure and frictional drag contributions. Table 3 
confirms that this is realised by a significantly extended run of laminar boundary layer flow 
on the upper surface.

Also of interest in this design case is the requirement to satisfy the constraint on loss of cl 

max 3 due to leading edge contamination. Fujino et al(25) commented that a specially designed 
leading edge was required to meet this constraint, encouraging upper surface transition near 
the leading edge at high angles of attack; observing the location of transition location as lift 
coefficient is increased at the take-off condition for Pareto1 and Pareto2 (Fig. 13) shows that 
the optimisation algorithm presented in this work has also designed such a leading edge to 
satisfy this constraint without user intervention. It is this leading edge geometry that causes 
the cp suction peak during climb condition that was referred to earlier.

Figure 12. Break down of contributions to drag coefficient.

Table 3
Locations of boundary layer transition on upper and lower surfaces

 	 	 	 Cruise	 	 	 Climb
		  Pareto1		  Pareto2	 Pareto1		  Pareto2
	 Transition upper	 0·5846		  0·5970	 0·3159		  0·6014
	 Transition lower	 0·7059		  0·6947	 0·7449		  0·7178
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The fact that the algorithm was able to design an unintuitive reflexive camber distribution that 
induces significant laminar flow during the climb condition, and a convex pressure recovery, despite 
the necessary presence of the suction peak at the leading edge shows its ability to manipulate 
geometry locally to realise changes in transition onset, and therefore pressure and friction drag 
reductions. It is also worth referring back to Fig. 7 at this point; it can be seen that the sections with 
lowest drag during climb are not discovered until the latter iterations of the local search routine 
implying that the increased flexibility in the geometry representation that is achieved using the 
re-parameterisation scheme is necessary to exploit these small changes in geometry fully.

5.0	Conclusions
A framework for the optimisation of sets of flight envelope balanced NLF aerofoil sections is 
presented, benchmarked against traditional approaches and demonstrated on a heavily constrained 
design problem. An adaptive meta-model assisted multi-objective genetic algorithm is used to 
identify promising regions of the design space with a small number of function evaluations by 
implementing Kriging models of objectives and constraints alongside a probabilistic adaptive 
sampling algorithm. Members of the Pareto front produced by this global search are then selected 
for input to a local multi-objective optimisation routine using a smart Pareto filter. The local search 
using re-parameterisation of the aerofoil geometry to allow a greater degree of flexibility in the 
geometry representation is performed. A neighbourhood is then defined around the individual and 
explored using the true aerodynamic solvers. 

A benchmarking exercise based on a simplified mission profile compares the performance 
of the algorithm to a traditional multi-objective evolutionary search of the true objectives. The 
AMMA-NSGA-II algorithm is found to identify a superior Pareto front both in terms of extent in 
objective function space and dominance over the front produced by NSGA-II whilst using consid-
erably less function evaluations (530 compared to 2,500 in this case). The local search routine also 
leads to further improvement of the Pareto front in terms of both extent and dominance ranking. 
The total number of function evaluations carried out by the coupled AMMA-NSGA-II and local 
search (2,330 evaluations) was less than the NSGA-II search utilised and the results produced by 
the new algorithm were greatly superior.

Figure 13. Relationship between lift coefficient and upper surface transition location at take-off.
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When applied to a heavily constrained test problem based on the requirements of the HondaJet 
natural laminar flow aerofoil section(25) the algorithm produces some very interesting results. The 
AMMA-NSGA-II search produced a Pareto front that comprised significant trade-offs in climb 
performance, but extremely minimal trade-offs in terms of cruise drag due to the difficulty in 
satisfying the constraint defining maximum allowable loss in cl max at take-off due to leading edge 
contamination. The local search routine was able to identify solutions that represented significant 
trade-offs in terms of both objective functions. Significant improvements are made in the Pareto 
front with each successive iteration of the re-parameterisation and local search algorithm.

Analysis of the final set of Pareto-optimal aerofoils show that the algorithm is capable of 
exploiting changes in the boundary layer transition location to achieve significant reductions in skin 
friction and pressure drag at certain points within the flight envelope. These trade-offs amounted 
to 52·2 drag counts at cruise and 14·1 drag counts at the climb condition. A reflexive camber 
distribution that encouraged a convex pressure recovery to encourage fully attached boundary 
layer flow over the upper surface was also realised. This was achieved whilst still maintaining the 
geometrical features necessary for satisfaction of the constraints. For example, the leading edge 
geometry was able to promote transition close to the leading edge at high angles of attack which was 
necessary to control the sensitivity of take-off cl max to leading edge contamination. Overall it has 
been shown that the proposed algorithm outperforms traditional approaches in terms of efficiency, 
and is capable of performing extremely well on a realistic natural laminar flow design problem.
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