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Erdés asked the following question: given n points in the plane in almost general position
(no four collinear), how large a set can we guarantee to find that is in general position (no
three collinear)? Fiiredi constructed a set of n points in almost general position with no
more than o(n) points in general position. Cardinal, Toth and Wood extended this result
to R3, finding sets of n points with no five in a plane whose subsets with no four points
in a plane have size o(n), and asked the question for higher dimensions: for given n, is
it still true that the largest subset in general position we can guarantee to find has size
o(n)? We answer their question for all d and derive improved bounds for certain dimensions.
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1. Introduction

A set of points in the plane is said to be in general position if it has no three collinear
points, and in almost general position if there are no four collinear points. Let a(n) be
the maximum k such that any set of n points in the plane in almost general position has
k points in general position. Erdés [2] asked for an improvement of the (easy) bounds
2n — 1 < a(n) < n (see equation (13) in the paper). This was done by Fiiredi [3], who
proved Q(/nTogn) < a(n) < on).

Cardinal, Toth and Wood [1] considered the problem in R3. First, let us generalize the
notion of general position. A set of points in R is said to be in general position if there
are no d + 1 points in the same hyperplane, and in almost general position if there are
no d + 2 points in the same hyperplane. Let a(n,d) be the maximum integer k such that
every set of n points in R? in almost general position contains a subset of k points in
general position. Cardinal, Toth and Wood proved that a(n,3) = o(n). They noted that
for a fixed d > 4, only a(n,d) < Cn is known, for a constant C € (0,1), and they asked
whether a(n,d) = o(n). The goal of this paper is to answer their question in all dimensions.
In particular we prove the following.
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Theorem 1.1. For a fixed integer d > 2, we have a(n,d) = o(n).

In fact, we are able to get better bounds for certain dimensions. This is the content of
the next theorem.

Theorem 1.2. Suppose that d,m € N satisfy 2" —1<d <3-2"—3. Let N > 1. Then

25 1/2;11+1
a2V, d) < (N> 2N,

It is worth noting the lower bound a(n,d) = Qu((nlogn)!/?) due to Cardinal, Téth and
Wood [1]. However, we do not try to improve their bound in this paper.

Fiiredi [3] used the density Hales—Jewett theorem [4, 5] to establish a(n) = a(n,2) = o(n).
Here we reproduce his argument. By the density Hales—Jewett theorem, for a given
e > 0, there is a positive integer N such that all subsets of [3]V of density e contain a
combinatorial line. Map the set [3]V to R? using a generic linear map f to obtain a set
X = f([3]V) < R2. By the choice of f, collinear points in X correspond to collinear points
in [3]V, and f restricted to [3]V is injective. Therefore, X has no four points on a line, and
so is in almost general position, but if S = X has size at least e|X|, the set f~'(S) < [3]Y
has density at least e in [3]"N. Therefore, f~'(S) contains a line, hence S = f(f~'(S)) has
three collinear points. Since € > 0 was arbitrary, this proves that a(n,2) = o(n).

If one tries to generalize this argument to higher dimensions, by mapping [m]"V to
R, then there will be m*! cohyperplanar points, and we would need m‘' =d +1 to
get almost general position. But the only positive integers that have this property are
(m,d) € {(3,2),(2,3)}. Taking m = 2,d = 3 gives a(n,3) = o(n), as observed by Cardinal,
Toth and Wood [1]. For other choices of (m,d) we have too many cohyperplanar points,
as m®!1 > d 4 1. Overcoming this obstacle is the main goal of our paper.

Notation. Throughout this paper we write [k] for the set {1,2,...,k}. By a d-cube of edge
length k we mean a set of the form

{vo—i-i]v] 4+ Aoy 4 Ay A, Ay g € {0,1,2,...,](}},

where vy,v7,...,04 are (not necessarily independent) vectors in a real vector space. A
d-dimensional combinatorial subspace of [N]¥ is a set that consists of all x € [N]¥ such
that x; = a; when i € Iy, and x; does not change when i ranges over I}, for j=1,...,d,
where Iy, I;...,I; are some fixed sets that partition [k], Iy,I»,...,I; are non-empty and
a; for i € Iy are some fixed elements of [N]. Given vectors vg, vy, ...,0, € RY, we say that
they are affinely dependent if there are Ag, 21,..., 4, € R not all zero but adding up to zero,
such that Y. 4v; = 0. Finally, for a real vector space R” we use the usual inner product
(x,y) given by >, x;y;, where x; and y; are coordinates of x and y with respect to the
standard basis.

1.1. Organization of the paper

Section 2 is devoted to some motivation for the arguments of this paper, and to an
overview of the approach taken in the proofs of the main results. In Section 3 we
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introduce the key notion of this paper, F-incident sets, where F is an arbitrary family of
maps from RY to RY. Roughly, these are the sets that stay cohyperplanar under all maps
in F. In the same section we prove Proposition 3.1, which provides us with an incidence
removal function, meaning a single function which makes all the non-F-incident sets
non-cohyperplanar.

In Section 4 we focus on the study of Fy 4,-incident sets, where Fn 4, 1s a family of
maps from R to R? resembling polynomials of degree m. In particular, Lemma 4.1 shows
that the combinatorial subspaces and lines of a d-cube give rise to span Fy 4n-incident
sets. The rest of the section is devoted to deriving a characterization of Fy 4,-incident sets
in terms of vectors given by products of coordinates. The proof of a(n,d) = o4(n) is the
result of work carried out in Section 5. That section also contains Lemma 5.1, which is
the main tool used in the analysis of Fu 4,,-incident sets. Finally, in Section 6, we improve
the bounds for certain dimensions, using Lemma 6.3 in the analysis of Fy 4n,-incident sets.

2. Motivation and outline of the proof

Recall that the main obstacle to generalizing Fiiredi’s argument to higher dimensions is
that (d — 1)-cubes have too many cohyperplanar points. A (seemingly) possible way to get
around this issue would be to modify the initial set [m]" to a subset X, which does not
have too many incidences, and yet some form of the Hales—Jewett theorem may still be
applied to X. The desired set would once again be the image of X under a generic linear
map from RY — RY. It is tempting to try to remove certain points from each (d — 1)-cube
inside [m]V, so that precisely d + 1 out of the original m?~! points remain. However, this
is impossible for sufficiently large N, as the set X = [m]" gives a 2-colouring of [m]" (a
point is blue if it is in X, red otherwise), and thus the Hales—Jewett theorem provides us
with a monochromatic (d — 1)-cube. Therefore, such an approach at least needs further
modification, if it can be made to work at all.

Having abandoned this first idea, it is natural to try to map [m]" using a map f which
is more general than a linear map. Previously we used a generic linear map, in other
words, a map f with the property that the only sets of size d + 1 whose images under f
are cohyperplanar in R are precisely the affinely dependent subsets of [m]" of size d + 1.
This leads us to the key notion of this paper, namely that of F-incident sets, which we
now define. Let F be a family of functions from R to R? (that we shall use instead of
just linear maps). We say that a set S = R is F-incident if the multiset f(S) is affinely
dependent for all f € F. Crucially, as for linear maps, we can a find a ‘generic’ map
f € span F, such that if f(S) is affinely dependent then S is F-incident. This is the content
of Proposition 3.1. We refer to such a map as an ‘incidence removal function’.

Once we have constructed an incidence removal function, the next aim is to study F-
incident sets for suitable . Our goal now is essentially the following: we want each dense
subset of [m]"N to contain an F-incident set of size d + 1 (which gives cohyperplanar
sets with d + 1 elements), but at the same time we want the image of [m]Y under an
incidence removal function not to contain d 4+ 2 cohyperplanar points. An easy way to
fulfil the second requirement is to make sure that F-incident sets of size d + 1 cannot have
intersection of size d. On the other hand, as in the case of linear maps, we use the density

N

https://doi.org/10.1017/50963548317000098 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548317000098

Sets in Almost General Position 723

Hales—Jewett theorem to show that dense subsets contain the desired F-incident sets, so
we want the combinatorial subspaces to be (span JF)-incident; note that here we need a
stronger property of being (span F)-incident instead of just F-incident, as the incidence
removal function belongs to a bigger family span F.

To give an idea of how we choose the family of functions F making the combinatorial
lines span F-incident, observe the following identities that hold for arbitrary a, b:

1-'14+(=3):14+3-14+(=1)-1=0,
1-a+(=3)-(a+b)+3-(a+2b)+(—1)-(a+3b) =0,
1-a>+(=3)-(a+b)>*+3 - (a+2b)*+(—1) (a+3b)* =0.

What is crucial here is that we have the same coefficients appearing in the three linear
combinations above. Hence, if one looks at a function f : RY — R3 of the form

(<X,l)1> +Cl)2
) = [ ((x,02) +2)? 2.1)
(<X, U3> + 53)2

for some vi,v2,03 € RY and reals ci,ca,c3, then f(x),f(x+y),f(x+2y), f(x + 3y) are
necessarily coplanar, as

L f)+(=3) flx+y)+3 - fx+2y) + (=1) - f(x+3y) =0

and the sum of coefficients is zero. Moreover, if g is any linear combination of functions
of the form described above, then g(x),g(x + y),g(x + 2y),g(x + 3y) are coplanar, owing
to the fact that the same coefficients appear in the identities above.

In the case of d = 2, we used linear maps only, and we had that the image of [3]V to the
plane under a generic linear map is the desired set. In that case, the combinatorial lines
in [3]Y gave us collinear sets of points in the plane. Moving to the functions constructed
from polynomials of degree 2, the image of [4]" under a ‘generic degree 2 function’ to R?
has cohyperplanar sets of four points that are also images of combinatorial lines. After
some analysis of the F-incident sets for F given by equation (2.1), we are able to show
that those sets have intersection of size at most 1, provided the size of sets is at most
4. The motivation for this step comes from the heuristics that we expect our non-trivial
F-incident sets to be precisely the relevant combinatorial subspaces (in this case the lines),
and as such they cannot have large intersection (in the case of lines, they cannot share
more than one point). This was the second requirement that we had, and completes our
sketch of the proof that a(n,3) = o(n). This naturally extends to larger values of d.

Using different identities, we are able to get better bounds on a(n,d). For example, the
fact that

X+ (x+a+bP+(x+a+c)]+(x+b+c)
=(x+al+x+b+x+c)P+x+a+b+c)

holds for all x, a, b, ¢ enables us to use three-dimensional combinatorial subspaces of {0, 1}N
as sources of cohyperplanar sets. Generalizing this identity to higher degrees, we can use
the higher-dimensional combinatorial subspaces as well. The better bounds on w«(n,d)
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when these subspaces are used come from the better bounds for density Hales—Jewett
theorem [5] in the case of {0,1}" (which is the generalized Sperner’s theorem).

When it comes to the analysis of F-incident sets, let us first define precisely the families
of functions that we shall consider in this paper. For given N,d,m € N we define the
family Fy .4, of functions f: RN — R? of the form fi(x) = ((x,u;) + ¢;)! fori=1,2,....d,
for any uy,us,...,ug € RN, ¢1,¢a,...,cs € Rand 1 < I < m. The bulk of this paper consists
of studying the Fy 4,-incident sets.

2.1. Analysis and properties of Fy 4 ,-incident sets

The first important claim regarding Fy 4,-incident sets is the characterization given by
Proposition 4.3, which we explain here. To simplify the notation, we introduce the following
notion. The terminology (< m)-function to S stands for any function ¢ : 4 — S, where
A has size at most m. Given a vector x € RN and a (< m)-function ¢ to [N], we define
@(x) = [ [ e4 Xo(a)- Proposition 4.3 tells us that {xo,x1,...,x,} for r < d is Fygm-incident
if and only if the vectors

¢1(x0) @1(x1) o1(xy)
¢2(x0) @a(x1) 0a(x,)
QDr(xO) (pr(xl) q)r(xr)

are affinely dependent for all (< m)-functions @1, ¢@,..., @,. Then, in order to prove that
our Fy4m-incident sets cannot have large intersections, we use Lemmas 5.1 and 6.3. First
we state Lemma 5.1 to illustrate its contrast to Proposition 4.3.

Lemma 2.1 (Lemma 5.1). Let m,r,N € N. Suppose that yi,ys,...,y. € RN are vectors
such that rank{y1, ya,...,y,} +m —1 = r. Suppose further that y1,ya,...,y, are distinct and

have non-zero coordinates. Then we may find (< m)-functions @1, Qa,..., ¢, for which the
vectors

®1(y1) ®1(y2) @1(yr)

®2(y1) ®2(y2) ®2(r)

(pr(yl) QDr(J’z) QDI'(yr)

are linearly independent.

The conclusions of Lemma 5.1 and Proposition 4.3 are almost exactly opposite. We
only need to take care to pass from affine dependence to linear dependence, which is
easy as a set {v,0,...,0,} is linearly dependent if and only if {0,vy,02,...,v,} is affinely
dependent. Hence, we use these two results along with some combinatorial arguments to
deduce structural information about Fy 4,-incident sets, and in particular to show that
such sets exhibit behaviour similar to combinatorial subspaces, as expected.

We now state Lemma 6.3, another crucial result in the study of Fy 4,-incidence. Note
that it has a more combinatorial flavour than Lemma 5.1.
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Lemma 2.2 (Lemma 6.3). Let m,k € N. Given any distinct sets X, X»,..., X, € N<?) ye
can find sets Sy, S,,...,S, < NS such that the matrix

Is,ex, Isiex, - Lgcx,

Is,ex, Is,ex, = Ls,ex,
I= . )

]lSrgXI ]lS,EXz ]lS,.gX,

has dimkerI =0 if r < 2™*! and dimker] < 1 if r <3-2" Here 1 4cp takes the value 1
if A is a subset of B, and 0 otherwise.

The subset relation here is actually quite natural. This comes from considering the
Fn.am-incident subsets of {0, I}N . As we have seen above, when analysing Fy 4m-incidence,
we are interested in the values of ¢(x) for x € {0,1}" and (< m)-function ¢ to [N]. If we
set S = Im g, then ¢(x) = [[,cq Xy = Lscy, Where X = {i: x; = 1}.

Finally, we note that studying the algebraic properties of such matrices may be of
independent interest.

3. Definition and basic properties of F-incidences

Throughout this section, F will stand for a family of maps from RY to R%. Given such a
family of functions F, our goal is to understand the non-trivial affinely dependent sets of
points in the images of f € F.

We say that points si,ss,...,5 € R (not necessarily distinct) are affinely dependent if
there are Ay,...,/; € R not all zero such that Zi;l Ai =0 and Zi;l Aisi = 0. A k-tuple
S =(s1,52,...,5¢) of points in RN is said to be F-incident if for all f € F we have
f(s1), f(s2)s--., f(sx) affinely dependent. A set S = {s1,s,...,s¢} of points in RN is F-
incident if a corresponding k-tuple (sy,ss,...,Sk) is. Note that the order does not play a
role in this definition, nor is the order of points important at any point in this paper. The
only reason why we use k-tuples is the possibility that some of f(s;) might overlap. (This
issue could also be resolved by using multisets.) Further, S is minimal F-incident if it is
F-incident and no proper subset of S is F-incident.

Proposition 3.1 (incidence removal function). Let X = RN be a finite set and let F be a
family of functions from RN to RY. Then there is f € spanF with the property that

if {s1,82,...,k} is not F-incident, then f(s1), f(s2),...,f(sx) are affinely independent. ()
Furthermore, if F separates the points of X (i.e. for distinct x,y € X there is f € F such

that f(x) # f(v)), then there is f € spanF which is injective on X, with the property (}).

The proof of the proposition is based on simple linear algebra and some easy facts
regarding the vanishing of polynomials. It could be skipped if the reader wishes to: the
reader need only be aware of the existence of the incidence removal function and its
properties.
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Proof. Throughout this proof, for a function f and a set S = {sy,s2,...,8}, we regard
f(S) as a multiset of elements f(s1),..., f(sk). So, if we say that f(S) is affinely dependent,
we mean that f(s1), f(s2),...,f(sx) are affinely dependent.

We start by establishing the existence of a map f with property (). The second part
of the proposition will follow from a simple argument later. Let Ty, T»,..., T,, be the list
of all subsets of X which are not F-incident. Thus, for each index i we have a function
fi € F such that fi(T;) is affinely independent. We shall inductively construct functions
F; € span F such that all of Fi(Ty), Fi(T»),...,Fi(T;) are affinely independent. Start by
taking F; = f for the case i = 1.

Suppose that we have i > 1 and a function F; € span F such that each of

Fi(Tl)a Fi(TZ)s' . '9Fi(Ti)

is affinely independent. Assume that i < m, otherwise we are done. Also, if Fi(Tiy1) is
already affinely independent, simply take F;;; = F;. Hence, without loss of generality
Fi(Tiy1) is affinely dependent. We shall construct Fiy; as a linear combination F;+
Afir1, where 4 > 0 is a sufficiently small real, chosen so that it does not introduce new
dependencies.

Let ug,u,...,ux € RN. Let F*) = F; + /f;,; and suppose that

FOur), FOua), ..., FO ()
are affinely independent. Then
FOu2) = FOur),..., FO(u) = FO(uy)
are linearly independent.

Lemma 3.2. Suppose that vy,...,v; € R? are linearly independent. Then, we can find 1 < [d]
of size | such that vy,...,v; are still linearly independent when restricted in coordinates in I.

Proof. Look at the d x [ matrix A = (vjv, - - - v;). Since vy, vy,...,v; are linearly independ-
ent, the column rank of A4 is [. But the column rank is the same as the row rank, so we

can find [ linearly independent rows with indices ry,...,r. Take I = {r,...,r;} and let A’
be the matrix A4 restricted to rows in I. Then, the row rank of A’ is I, so its column rank
is I, as desired. U

By Lemma 3.2 we can find a set of coordinates I of size k — 1 such that F©(u,) —
FO®u;), FO(u3) — FO(uy),..., FO®u) — FO(u;) are linearly independent after restriction
to I. We restrict our attention to these coordinates only. Then we can define

p(Z) = det(FP(uy) — FP(uy) - - FP(u) — FP(uy)),

which is a polynomial in 1. Since p(0) # 0, by continuity we have § > 0 such that if |1| <
then p(A) # 0. Therefore, F“*)(uy), F(us),...,F*(u) are affinely independent if |A| < 6.
Note that we can now remove the restriction to coordinates of I, as this will not affect
the affine independence.
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We can apply this argument to all Ty,...,T;, to get 6 > 0 such that if |1| < then
(Fi + Afiy1)(T;) is affinely independent for all j =1,...,i.

Now suppose that the choice F; + Af;1; does not work for us as F;; 1. Then we must
have that (F; + Afi11)(T;y1) is affinely dependent for all |A| < d. Thus if 2> 6~ then
(AF; 4 fir1)(Tiy1) is affinely dependent. List the elements of Tiiy as ti,ts,...,t.. Now,
apply Lemma 3.2 to fi+1(Ti41) to get a set of coordinates of size r — 1, on which this set
is still affinely independent, and use a similar polynomial to the one we had before, this
time

q(A) = det((AF; + fip1)(t2 — t1) -+ - (AF; + fig1)(t, — t1)).

Then ¢(0) # 0, but g(4) = 0 if 2 > 6!, which is a contradiction, and thus the first part of
the proposition is proved.

For the last part, if F separates the points of X, observe that there are no two-element
sets which are F-incident. Hence, whenever x,y € X are distinct, their images f(x) and
f(y) are affinely independent by the first part, so f is injective, as desired. |

4. Families of higher-degree maps and the resulting incident sets

Throughout the rest of the paper we will focus on the family Fyg4, of functions
f: RN — R? of the form fi(x) = ({x,u;) + ¢;)! for i =1,2,...,d, for any uy,us,...,us € R,
c1,¢,...,cg€Rand 1 <l < m.

We start by giving the examples of non-trivial span Fy 4,-incident sets. The proofs are
based on algebraic identities, as described in the Introduction. For the case of lines, we
use the rank-nullity theorem to prove that there is an identity we are looking for, and in
the case of combinatorial subspaces, we prove the identity explicitly.

Lemma 4.1 (examples of non-trivial span Fy 4 ,,-incident sets).

(1) (Lines.) For x,y €RN, the (m+2)-tuple (x+iy: i=0,1,....m+1) s
span Fn q,-incident.
(2) (Combinatorial subspaces.) For xo,X1,...,Xmt1 € RN, the 2"+ tuple

<x0+2x,~:1§[m+1]>

i€l

is span Fy 4 m-incident.

Proof. Lines. We show that there are Ao, ..., Aut1, Dot all zero, such that for all f € Fym
we have 75 2.f(x 4 iy) = 0 and 375" 2, = 0. Then, the same linear combination shows
that f(x),f(x+y),...,f(x+ (m+ 1)y) are affinely dependent for f € span Fy 4. Before
we proceed with the proof, observe that if y =0, our line becomes degenerate and the
(m + 2)-tuple we consider is immediately Fy 4m-incident. Thus, we assume that y # 0.
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Thus, we want non-trivial /; to add up to zero, such that for all u € RN, c € R, € [m]
we have

m+1

Z Jil(x +iy,u) +¢)f =0.

i=0

Expanding this expression using the binomial theorem and treating it as a polynomial in
¢, it becomes equivalent to

m+1

> ilx +iy,u) =
i=0

forallu €e R and I =0,1,...,m. Expanding further, this is equivalent to
(i ()

k=0 k

forallu e R and [ =0,1,...,m. Hence, if y,..., Ayt satisfy

m+1

Z Jil =0
i=0

forall I =0,1,...,m, we are done. But by the rank-nullity theorem (‘more variables than
equations’), we must have a non-trivial solution to these equations, giving us the desired 4;.

Combinatorial subspaces. As in the case of lines, we show that there are coefficients 4;, for
set-valued indices I < [m + 1] (including the I = @), not all zero but adding up to zero,
such that

S uf <x0 +) x ) =0, forall f € Fyim
I<[m+1] i€l

which suffices to prove the claim in full generality. In this case, we can actually set
A= (=D,
It is enough to show that for any u € RV, c € R, € [m] we have

> 1 (o + X x +c) o
Ic[m+1] iel

(in these sums, I = 0 is included). But writing ap = {xo,u) + ¢,a; = {x;,u) fori=1,...,m+
1, we see that it is sufficient to show

S - 1)1<00+Z )

Ic[m+1] i€l

for all ag,ay,...,am+1 € R,1 € [m+ 1]. This is the content of the next lemma.
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Lemma 4.2. Let I,m € N, < m and ag,ay,...,ay11 € R. Then

> (= (ao + Zai)l =0

Ic[m+1] i€l

Proof of Lemma 4.2. Note that

£ e ge) S (S (5

I<[m+1] i€l k=0 c[m+1] iel

so we only need to consider the case ap = 0. Proving the lemma in this case would tell us

that Z - 1)1<Z ) N

Ic[m+1] i€l

holds for all k, so the whole expression with arbitrary ay above would vanish.

Consider the expression l
> ()

Ic[m+1] iel
as a polynomial of degree [ in ay,...,au+1. The coeflicient of aj agz -a,d,;"jll is
L) X e
—n",
<d1,d2, N Seret]

where S is the set of indices i such that d; > 0. Since |S| < m, the sum Y ¢c;cp, g (—1)"
is zero, which finishes the proof. U]

Applying Lemma 4.2 completes the proof. U]

Before coming to a key proposition which describes the Fu 4,»-incident sets, we introduce
a couple of pieces of notation. If ¢ is a function from a set of size at most m to a set X,
we say that ¢ is a (< m)-function to X. Given a (< m)-function ¢ : A — [N] and x € RV,
we write ¢(X) = [[,c4 Xo(a)- Here we allow an ‘empty’ function, that is, a function ¢ from
an empty set to [N], defined by ¢(x) = 1, for all x € RV,

Proposition 4.3. Let r,d,m,N € N, suppose r < d and let X = {xo,x1,...,x,} S RN. The
following are equivalent.

(1) X is Fnam-incident.

(1) Given any (< m)-functions @1, @a,..., @, to [N], the vectors

@1(x0) @1(x1) 1(x,)
@2(x0) ¢2(x1) 02(x,)
(Pr('x()) (pr(.xl) (pr('xr)

are affinely dependent.
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The proof of the proposition is a straightforward algebraic manipulation, mostly based

on the fact that if a polynomial over the reals vanishes everywhere, then its coefficients
are zero. The reader could skip the proof if desired.

Proof. Start from the definition, (i) is equivalent to the vectors

((x0,ur) + 1) ((x1 ur) +cp)f ((xp,u1) + 1)
((x0,u2) + ¢2)! ((x1,u2) + c2)! ((xr,u2) + ¢2)'
((x0, ua) + ca)’ ((x1,uq) + cq)' ((xr, ug) + cq)!
being affinely dependent for any choice of parameters ci,ca,...,cq € R, ug,uy,...,uq € RV

and 1 <[ < m. In particular, as r < d, this is further equ1valent to vectors

((xrun) + ) — ((xo,ur) + 1) ((x2,u1) + 1) — ({xo,u1) + 1)
((x1,u2) + €2)' — ((x0,u2) + ¢2)' ((x2,u2) + €2)! — ({x0,u2) + ¢2)'
(<x15 ur) + cr)] _ (<XOa ”r> + Cr)l ((Xz, ur> + Cl‘)l _ (<X(), ur) + Cr)l

((xr,u1) + 1) = ({xo,u1) + 1)’
((xr, u2) + €2)' = ({x0,u2) + ¢2)'

((xr, uy) + cr)l _ ((x0, ur) + cr)l

being linearly dependent for all the choices of parameters. Hence, taking the determinant,
(i) is the same as

det(({x;, Mj) + Cj)l — ((X(),ltj) + Cj)l) =0

for any choice of uy,...,u,, cy,...,c. . Expanding using the binomial theorem, and writing
S, for the symmetric group on [r], we obtain

0= Z sgn(m) H( X i) + i) — ((xo,ui) + ¢1)')

neSs, i=1
=ngn(n)H(Z () ((Xniy i) ™ — (0, u3)' ™ k))
neS,

S dded I ()) (S e H (Gl ™ = () ).
i=1 N

0k Ko,k <1 nes,

However, this holds for any choice of cy,c¢3,...,¢, € R, so when the expression above is
viewed as a polynomial in variables cy,c¢,...,c,, we conclude that all its coefficients are
zero. In other words, (i) is equivalent to the followmg For any 0 < ky,ka, ...,k < m, and
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any uy, uy,...,u, € RN, we have

O—ngn H Xa(iys i)™ — (x0, us)")

neSs,

— 3 sen() ﬁ((Z Xr(i) u,,) " (zf: ijUij>ki>

nES, i=1
= Z sgn(m ( <H Xa(i)gi(j)Yigi(j) — H X0g:(j) Yigpi(j ))
nes, @i [ki]—[N] Mj=1

:1~ =1

Z sgn(m ( (H ”iw,-(j)) (H Xn(i)gi(j) — H xomj)) )
nes, i=1 : [ki]=[N] j=1 j=1

j=1

= Z . (H H ”ia»(/)) (Z sgn(m) H <H Xn(D)pi(j Jlli[l xo@i<j>> )

@1 [ki]=[N]osr : [ i=1 j=1 nES,

_ <H Piu > (Z sgn(m) H((,Dz Xn(i) — i(xo))>-
1= [N, r : [kr]—[N]

o1 [ki]=[N],.., : nes,

Now, look at the expression above as a polynomial in variables u;;. Observe that if

Py P2y Prs P12, 1, are such that [[i_; @i(u;) = []'_; wi(u;) as formal expressions,
then we must have

r

> sen(n) H(w, xx(i) = @ilx0)) = Y sgn(m) [ [(wilean) — wilxo))
i=1

neSs, neS,

as well. This tells us that the coefficients of our polynomial are positive integer multiples
of

> " sen(m) [ [(@ixxi) — @ix0)-

nES, i=1

Once again, the polynomial over R vanishes everywhere if and only if its coefficients are
zero, so we deduce that (i) holds if and only if, for all (< m)-functions ¢1, @3,..., @, to
[N], we have

0="> sgn(r) H(cp (xe(i) = @ilx0)) = det (@i(x;) = @i(x0).

i, <
neS, i=1 SHS

which says precisely that the vectors

@1(x1) — @1(x0) @1(x2) — @1(x0) @1(xr) — @1(x0)
®2(x1) — @2(x0) ®2(x2) — @2(x0) @2(xr) — @2(x0)
@r(x1) — @r(x0) @r(x2) — @(x0) @r(xr) — @r(x0)
are linearly dependent, which is equivalent to (ii), as desired. U]
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Proposition 4.4. Let r,d,m, N € N be given, and suppose that r < d holds. Suppose also that
the set {xo,X1,..., %} RN is FnNam-incident. Then, given any affine map o : RN — RN and
any (< m)-functions @1, Q2,..., @, to [N], the vectors

oGO\ [or(ax) 01(2(x,))
@2(a(x0)) @2(a(x1)) @2(a(x;))
o)) \or(ax) on(e(x,))

are affinely dependent.

On the other hand, if the set {xo,X1,...,X;} S RN is not Fy gm-incident, then, given any
affine isomorphism o.: RN — RN, we may find (< m)-functions @1, @, ..., ¢, to [N], so that
the vectors

o1\ [or(a(x) 01(2(x))
o20x0) | [ otetxn)) 02(2(x,))
oax0))  \orla(x1)) 0r(e(x,)

are affinely independent.

Proof. Suppose that an affine map o: RN — RY is given. We may write it in the form
o(x) = Ax + v for N x N matrix 4 and a vector v € RY. Given vectors uy,ua, ..., u, € RV,
constants ¢y, ¢s,...,¢. € Rand 1 <1 < m, we have

((ox),us) + ¢i) = ((Ax + v,u) + ;) = ((x, ATu) + (v, u) + 7).

But then, since xo,X,...,X, 18 Fyam-incident, it follows that so is a(xo), a(x1),...,a(x,).
Apply Proposition 4.3 to a(xg), o(x1),...,a(x;,), from which the first claim in the proposition
follows.

For the second part, observe that if a(xo), o(x1),...,0(x,) is Fnam-incident, then by the
previous arguments, so is xo = o~ (a(x0)), X1 = o~ ((x1))s ..., X, = o '(a(x,)). Therefore,
the points a(xo), a(x1),...,a(x,) are not Fy 4nx-incident. Proposition 4.3 applies, and gives
the desired (< m)-functions. ]

5. Proof of a(n,d) = 0,(n)

Lemma 5.1. Let m,r,N € N. Suppose that yi,ys,...,y. € RN are some vectors with the
property that rank{y1, y2,...,y,} +m—1 > r. Suppose further that yi,y,...,y, are distinct
and have non-zero coordinates. Then we may find (< m)-functions @1, @a,..., @, for which
the vectors

¢1(y1) @1(y2) e1(yr)
¢2(y1) ®2(y2) ®2(yr)
(pr(yl) QDr(J’z) QDI'(yr)

are linearly independent.
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Proof. We prove the lemma by induction, first on m, then on r. Observe that in the case
when m = 1, for a (< m)-function ¢, the resulting function ¢(x) is just evaluation of x at a
chosen coordinate. Hence, for m = 1 we are actually asked to find a set of coordinates I of
size r, such that y; are still linearly independent when restricted to I. Applying Lemma 3.2
proves the claim in this case.

Suppose now that the claim holds for some m’' > 1. Write m = m’ + 1. For fixed m,
we prove the lemma by induction on r > 1. If r = 1, then, take ¢: [1] — [N], given by

@(1) = 1, so the vector ¢(y1) = (y1)1 is non-zero.

Suppose that the claim holds for some r > 1, and that {yi,ya,..., .11} satisfy the
assumptions of the lemma.

Case 1. y.11 ¢ span{y1,y2,...,yr}. Then
r+ 1 <rank{yi,y2,...,Vr+1} + m— 1 = rank{yy, y2,..., y,} + m,

hence rank{yi,y2,...,y,} +m—12>r. By the induction hypothesis, we have
(< m)-functions ¢y, @3, ..., @, such that

o1(y1) ®1(y2) ®1(yr)
@2(y1) ®2(y2) ®2(yr)
@r(.yl) <0r(.yz) sor(.yr)

are linearly independent. Hence, there are unique scalars Ay, 1,...,4, € R such that
@i(yr+1) leqol yj), foralli=1,...,r

However, the vector y,i; is not in the span{yi,...,y,}, and so y,41 # Z;=1 /;y;. Hence,
we can pick ¢,41: [1] — [N] to be ¢(1) = ¢, where c is the coordinate such that (y,+1). #
Z;:l 2.j(¥j)e, finishing the proof in this case.

Case 2. y.11 € span{y,y2,...,yr}. Then
r+ 1 <rank{yp,ys,..., Y1) +m—1=rank{y,ys,...,y} +m—1,

o)
r < rank{yi,y2,..., ¥} +m—2.
By the induction hypothesis, we have (< m — 1)-functions ¢,..., ¢, for which
®1(y1) ®1(y2) @1(yr)
®2(y1) ®2(y2) ®2(yr)
@r(y1) @r(y2) @r(yr)
are linearly independent. As before, there are unique scalars 4, 4»,..., 4, € R such that

@i(Vr+1) Z?t,qol(yj foralli=1,...,r
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We try to take ¢, to be some ¢; with additional elements in the domain, mapped to
¢ € [N]. If this works, we are done. Otherwise, for all i=1,...,r and ¢ € [N], we have
Qi) Yrat)e = Z;:l 2j®i(yj)(yj)e. Since the coordinates are non-zero, we get

r

Piyr1) = Y (4 (7)e/ (Fri1))@i(y,)-
j=1
However, by uniqueness of 4;, we must have Z; - (y;)./(yr+1)e = 4; for all j,c. If some
4j # 0, then for all ¢ we get (yj)e/(Vr4+1)e = 1, that is, y,41 = y;, which is a contradiction,
as our vectors are distinct. Otherwise, all the coefficients 1; =0, so ¢@(y-+1) =0, but
coordinates of y,.; are non-zero, resulting in contradiction once again. ]

The next result is a corollary of the algebraic lemma we have just proved. It is consistent
with the intuition we described in the Introduction. There we said that we expected lines
in [m+1]Y to be the sources of non-trivial Fy 11 m-incident sets. In other words, a
Fnm+1m-incident set is either of size larger than m 4 2, and thus its image must be affinely
dependent (by looking at dimension of the target space), or the set is on a line.

Corollary 5.2. Suppose that S € RN is Fyuy1m-incident. Then |S| > m+2, and if |S| =
m+ 2 then S is a subset of a line.

Proof. If |S| > m+ 3, we are done. Suppose now that |S| < m+ 2. Let s¢,S,...,Su+1 be
the elements of S. We can find an affine isomorphism o : RY — R such that a(sp) = 0,
and y; = as;), for i=1,2,...,m+ 1, are distinct and have non-zero coordinates. By
Proposition 4.4 (note that we may apply it because |S|—1<m+1, and m+ 1 is the
dimension of the target space), the vectors

®1(y1) ®1(2) P1(Ym+1)
®2(y1) ®2(y2) P2(Ym+1)
Pmr1(y1) Pmt1(y2) Pmr1(Ym+1)
are linearly dependent, for any choice of (< m)-functions @1, @2,..., @u+1 to [N]. Therefore

Lemma 5.1 would give us a contradiction, unless

rank{y1, y2, ..., yms1) +m—1<m.

So rank{y1,y2,...,ymt1} < 1, and as y; # 0, there are scalars Ay,..., Ay,41 such that y; =
Aiy1 holds for all i=1,...,m+ 1. But, since o is an affine isomorphism, the points
so = o 1(0),51 = 0 (y1), - Sme1 = & H(ymy1) are on a line, as desired. O

Theorem 5.3. For d,n € N, d > 2, we have o(n,d) = 04(n).
Proof. For the notational consistency with previous results, we set m =d — 1. Let e > 0

be arbitrary and let N be sufficiently large that the e-density Hales—Jewett theorem holds
for the combinatorial lines in [m + 2]V. Let X = [m + 2]V, and let f be a function given
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by Proposition 3.1 applied to X and Fyyt1m- Since Fypi1,m separates the points of X,
we may assume that f is injective on X. Finally, let Y = f(X) < R"*!. We claim that Y
has no more than m + 2 points in a hyperplane, and that all the subsets of Y of size at
least €| Y| have a hyperplane containing m 4 2 points.

There are no more than m + 2 points of Y on a hyperplane. Consider a hyperplane H and
suppose that Y has m + 3 points yy, ..., y,+3 inside H. Take a maximal affinely independent
subset of yi,..., ymr3: without loss of generality, this is yq, ys,...,y, for some r. Since H
is an m-dimensional affine subspace, we have r <m+1. So S; = {y1,)2,---» Vr» Vm+2}
is affinely dependent, and has size at most m+ 2. Then, by the definition of f and
Proposition 3.1, T; = f~(S;) is Fnm+1m-incident. Since f is a bijection from X onto
its image, T has size at most m + 2, so by Corollary 5.2, T} is a subset of a line, and
|T\| =m+2 and r = m+ 1. Applying the same arguments to S, = {yi,..., ¥, Vm+3} and
T> = f~1(S,), we have that T is also a subset of a line and has size m + 2 and also | T} N
T, =m+ 1. But, as Ty, T, < [m + 2]V, this is impossible and we have a contradiction, so
Y has no more than m + 2 points on a hyperplane.

Dense subsets of Y are not in general position. Let S < Y have size at least ¢|Y|. Then
T = f~!(S) has a combinatorial line L by the density Hales-Jewett theorem. Hence,
f(L) = S and f(S) has m + 2 points that lie on the same hyperplane, by Lemma 4.1. This
finishes the proof. U]

6. Better bounds for certain dimensions

In this section we provide better bounds on o(n,d) for certain dimensions d. The key
difference in this approach is the use of a more efficient version of the density Hales—
Jewett theorem, which we now state.

Theorem 6.1 (generalized Sperner’s theorem: [5], Theorem 2.3). Let A be a collection of
subsets of [n] that contains no d-dimensional combinatorial subspace. Then the size of A is
at most (25/n)1/2d2”.

Here, we consider the points in {O,I}N < RN, which we also interpret as subsets of
[N]. Observe that, given an (< m)-function ¢ to [N], with image S < [N] and a point
x € {0,1}" corresponding to X <= [N] (by setting X : = {i € [N]: x; = 1}), we have

f(x) = Lscx,

where, for a general property P, the value of 1p is 1, when P holds, and zero otherwise.
Hence, we can reinterpret Proposition 4.4 in the language of sets as follows. Suppose that
0, X1, X>,..., X, correspond to r + 1 points in {0, 1}V which are not Fy 4,,-incident (so the
first point is 0). Then there are sets Si,S5,...,S, & [N] of size at most m, for which the
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vectors
Lg,co Ls,cx, 1s,cx, Is,cx,
Lg,co Ls,cx, ls,cx, Ls,cx,
. 9 . b . 9
1s,cp 1s.cx, 1s.cx, 1s.cx,

are affinely independent. If all the sets S; are non-empty, then the vectors

j]-S]EX[ ﬂ-SlEXz ﬂ-SlEXr

lezEX[ 1322)(2 ﬂ-SzEXr
. seees

Is,cx, 1s,.cx, Ls.cx,

are linearly independent. Now we show that actually no set S; is empty. Otherwise,
without loss of generality S; = S, = -+ = S; = ) and the others are non-empty, so after
subtracting the vector (]lslg@]lszgomjlsrge)T from each vector (Ls,cx,1s,cx, 1sex)’
with i > 1, we obtain that

0 0 0

0 0 0

0 , 0 yeees 0
]]~Sl\+1 =X ]]~Sl<+1 =X, 1Sk+] <X,
]lS,gXl ]lS,ng ]lS,.gX,

are linearly independent, which is not possible (when viewed as a matrix, the row rank is
less than r). We sum up this discussion in the following observation.

Observation 6.2. Suppose that the sets 0,X,X>,...,X, < [N] correspond to r + 1 points
that are not Fy gm-incident. Then there are non-empty sets S1,S,...,S, S N of size at most
m such that the vectors

1s,ex, Is,ex, Is,cx,

Is,ex, Is,ex, Is,ex,
. 9 . 9 .

]ls,gq ]lS,ng ]15,ng

are linearly independent.

Viewing these vectors together as an r X r matrix, we have found that the nullity of this
matrix is related to the notion of Fy 4,,-incidence. This motivates the study of the nullity
of such matrices in general. Before stating the lemma, which contains some basic results
regarding this problem, we introduce some notation.
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Given sets Ay, As,..., Ay, B1,Bs,..., By € N(<®) we write
I1(A1,A,...,4,;B1,B,,...,By)
for the s x r matrix with entries I;; = 1p,c4;. Further, we define
K(A1,A,,...,A4,;B1,Bs,...,By)
as the kernel of I and
n(Ay,A4s,...,A,; By, By, ..., By)

as the nullity of I. Also, if 4, B are finite sequences of finite sets, of lengths r and s, we
write I(A4, B) = [(A1,As,...,A4,; By, Ba,..., By), and similarly we define K (A4, B), n(A4, B).

Lemma 6.3. Let m,k € N. Given any distinct sets X1, X>,...,X, € N<®) we can find sets
S1,8s,...,S, = NIS™ which enjoy the following properties:

i) n(X1,X2,...,X:381,82,...,5) =0, provided r < 2"t1,
(1) n(Xy, X5,..., X3 81,8,...,S,) < 1, provided r < 3 - 2™,

We prove the lemma by induction and (ideas related to) compressions, and in fact use
part (i) in order to deduce part (ii). As will be stressed in the proof, there is a subtlety
in proving n(Xy, X»,...,X,;S81,82,...,S,) < 1: that is, naive application of induction could
only give us n(Xy,Xs,...,X,;51,82,...,S,) < 2, and we actually use the first part of the
lemma to obtain the required saving of 1 on the right-hand side.

Proof. Part (i). We prove the claim by induction on _;_, |X;|. If this is zero, then we
have r = 1 and X = ), so just take S; = 0.

Suppose that the lemma holds for smaller values of Y _;_, |X;|. Let x € N be any element
that is contained in at least one of the sets X;. Let {Yy, Y,...,Y,} denote the collection
of sets given by {X;\ {x}:i=1,...,r}, and further let {Z,,...,Z,} be the set

{Xi:x ¢ X;,X; U {x} = X; for some j}.

Thus v < u and u 4+ v = r. By the induction hypothesis, there are relevant sets Sy,...,S, €
N(S™ for Yy,..., Y,. Also, since v < r/2 < 2™, we have relevant sets S, ,,..., S, € N(sm=D
for Z1,Z,,...,Z,, and note that without loss of generality none of S;,5»,...,S,,8,,,...,5;
contains x. Set S,4; = S,,; U {x} for all i=1,...,0. We claim that the sets S, S,...,S,
have the desired property. So far, we know that for all i, |S;] < m holds.

Let (4142 -+ 2.)T be an element of the kernel K(X,S). We can rewrite this as

> 4j=0, foralli=12...r
jiS;EXj

Define y; = Zj: Yi=X,\ () Zj, for each i =1,...,u. Then, recalling that x ¢ S; for i <u, we

have
> wp= >, 4=0, foralli=12...,u

jZS,'QYj jiSiceX;
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Since n(Yy, Ya, ..., Yy;81,8,,...,8,) = 0, we infer u; = 0 for all j. Returning to the definition
of w;, we have that whenever j is such that x € X, but X; \ {x} is not any of the sets X,
then there is i such that 4; = y;, so A; must vanish.

Hence, for i > u, we have that x € S; and Zj Zjlscx; = 0, when the sum is taken over
all j such that x € X, but X; \ {x} is not any of the sets X;. Set v; = —4; for Z; = X,
which by previous work is the same as v; = 4; for I such that X;\ {x} =Z; and x € X|.
Therefore, for i > u, we have

Z Vi = Z v = Z 2;j =0

j: S{EZ/‘ j: S,EZ,‘U{X} Jj: SiEXj

with no additional restrictions on j apart from those written in the sums. Hence the vector
(viva - v)T must lie inside K(Z1,Z, ..., Zy; i1 Susas---»S;). But this kernel is trivial, so
all v; = 0. Finally, this implies that 4; = 0 holds for the remaining i, as desired.

Part (ii). We follow similar steps to the previous part. However, we have to be slightly
careful, since the previous argument unchanged would give us

K(X13X29"'9XV;SI:S29"'9SV)

essentially as a sum of kernels of similar matrices for Yy, Y,,..., Y, and Z,41,Z,42,...,2Z,.
That way, we could be one dimension short of the desired goal, as this argument only
allows us to deduce n(Xy, X»,...,X:;81,5,...,5,) < 2, so we have to be more efficient. In
order to overcome this issue, we shall apply part (i) of the lemma.

We prove the claim by induction on »_;_, |X;|. If this is zero, then we have r =1 and
X1 =0, so just take S; = 0.

Suppose that the lemma holds for smaller values of Y ;_, |X;|. Let x € N be any element
that is contained in at least one of the sets X;. Let {Yy,Y>,...,Y,} denote the collection
of sets given by {X;\ {x}:i=1,...,r}, and further let {Z,,...,Z,} be the set

{Xitx ¢ X;, X; U {x} = X; for some j}.
Thus v < u and u + v = r. Pick the sets Sy, S, ..., S, € N such that
U =K(Y1, Y., Yu: 51,0, S0)
is of minimum dimension. Further, pick the sets S, ,S,,5....,S, € N(S™D such that

V =K(Z1,Z2...+ 708,11, Sk 120> S))

r

is of minimum dimension. Without loss of generality we may assume that x ¢ S;, S/
Finally, set S,4; = S, ;U {x} for i =1,...,0. All S; have size at most m.

By the induction hypothesis, we have dimU < 1 and, since v <r/2 <3-2""! we
also have dim V' < 1. However, we can make a saving of one dimension as promised.
Suppose that dim U = dim V' = 1. Then, by part (i), since U,V are of the minimum
possible dimension, we must have u > 2+ and v > 2™, which is a contradiction as
u+4v=r <3-2" Therefore, dim U + dim V' < 1. We shall now finish the proof by similar
arguments as in the previous case, but we need to treat the cases when dim U = 1 and
dim V' = 1 separately.
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We may reorder Xi,X»,...,X,, if necessary, to have Y; = X;\ {x}, for i=1,2,...,u,
and Z; = X,4; \ {x} with x € X,,4; for i =1,2,...,v. Furthermore, we may also assume
that Z; = X,,_,4; with x ¢ X,,_,,; for i=1,2,...,v. Now proceed as in part (i), with the
argument modified to deal with the possibly non-trivial kernels. Suppose that 4,...,4, € R
are such that }; gy 4; =0 for all i=1,2,....r. Define pj = 3_;. y_y, 1 4j» for each

i=1,...,u, thus
Ai ifi<u—ov,
Wi = . .
Ai+ iy fu—v<i<u

Then we have } ;. gy ;=0 forall i = 1,2,...,u. This gives u € U. Next, set v; = 4; for
Zi=Xj, thatis, v = A4 for i =1,2,...,v. We have

0= > 4= > vt X k= vt Xk 6D
J:SicX; Jj:Slu{xjeZ;u{x} JElu—v]: S;=X; j:8lsz; JElu—v]: S;=X;

for alli=u+ 1,...,r (note the restriction on the index j € [u — v] in some of the sums).
Note also that we can express 4; in terms of y; and v; as follows:

Ui ifi<u—v,
Ai = Hi = Vitv—u ifu—v<i<u, (62)
Viey if u<i.

Case 1. dimU = 0,dim ¥V = 1. As U = {0}, we must have all u; = 0. Therefore, 1; =0
for j < u— v, which implies that
Z Vj =0

Jj: S,./EZJ‘

for all i=1,2,...,u. Therefore, v € V. Using the expressions (6.2), we see that we can
express any given 4 € K(X1,X»,...,X;;S51,5,,...,S,) as a sum of vectors in two subspaces
of R", isomorphic to U and V, so K(X1, X>,...,X,;S1,55,...,S,) is a subset of at most
one-dimensional subspace, as desired.

Case 2. dim V' = 0,dim U = 1. Now, the scalars p; might be non-trivial. On the other
hand, due to equation (6.1) we have

E Vj = — E /L.j,
j:Sisz; JEu—v]: S;=X;

which, combined with the fact that ¥ = {0}, implies that v; are uniquely determined by
the choice of p;. Finally, relationships in (6.2) show once again that 4; lies in an (at most)
one-dimensional subspace, as desired. U]

The following corollary is just a modification of the lemma in the case when all the sets
are non-empty. The need for this additional technicality comes from Observation 6.2.

Corollary 6.4. Let m,k € N. Given any distinct non-empty sets X1, X»,..., X, € N<?) e
can find non-empty sets S1,Ss,...,S. < NS™ which enjoy the following properties:
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(i)n(XlaXL'u’Xr;Sl,SL'- > )

=0, provided r < 2™ —1,
(ii)n(XbXZ"--aXr;SlaSz"' SI)<1

provided r < 3-2" — 1.

Proof. In both cases, we apply Lemma 6.3 to the distinct sets §, X, X»,..., X, to find
sets So, S1,...,S, of size at most m such that

n(®, X1, X2,..., X380, 81,8,...,8) < q,
where ¢ =0if r < 2™t —1,and ¢ = 1 if r < 3-2" — 1. We now show that, starting from
n(®, X1, X2,..., X380, 51,8,...,8,) < q,
we can reorder the sets S; so that
(X, X, X3 81,82,...,8) < gq,

which finishes the proof.

Let I be the matrix 1(0,X,X>,...,X,;S0,51,52,...,S:). By the rank-nullity theorem,
the rank of I (which is also column rank) is at least r +1—¢q. If all the sets S; are
non-empty, then the first column of I is zero. Removing the first row from I, we get
a matrix with column rank also >r + 1— ¢, thus having row rank also >r+1—q.
Remove the first row; the remaining matrix is 1(Xy, X»,...,X:;81,8,...,S,) and it has
row rank at least » — ¢. Thus its rank is at least r — g, so by the rank-nullity theorem,
(X, X5,...,X,;81,8,...,8,) < ¢, as desired.

On the other hand, if Sy = § (after reordering if necessary), remove the first row from
I, to get a matrix with row rank at least r — g, and whose first column is zero. But
removing the first column does not change the column rank, and we end up with the
matrix I(Xq,X5,...,X;:;81,5,...,8,) of column rank > r — ¢, which by the rank-nullity
theorem gives

(X, X2...,X;81,8,...,8) < q
as desired. ]

The next corollary is tailored to the analysis of the Fy 4,-incident sets (see Corollary 6.7).

Corollary 6.5. Suppose that X1,X>,..., X, € N<® are distinct, t <r, and Sy,S,,...,S; €
N=) satisfy
(X1, Xo, ..., X381, 8,...,8) =0.
Provided r < 3-2™, we can find sets Si11,Si42,...,S, € NS such that
nX,X,...,X:8.,8,....5) < L
If r <3-2" —1 and the sets X; are non-empty, then additionally the sets S;+1,Si+2,...,S;
can be chosen to be non-empty.
Proof. Apply Lemma 6.3(ii) to get sets Ty, T,..., T, € N(S™ such that
nX,Xs...,X,; T, Ts,...,T;) < 1
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or Corollary 6.4 to make the sets T; non-empty, provided r < 3 - 2™ — 1 holds and the sets
X; are non-empty. Look at the (¢t + r) X r matrix

I(X17X27---7XI‘;S15S27---7St7 TlaT2>"'aTr)‘

We shall remove t rows from those corresponding to Ty, T5,..., T, to get the desired
matrix. The following row-removal lemma does this for us.

Lemma 6.6. Suppose that A is an (r +t) X r matrix with the first t rows linearly independ-
ent and t < r. Then we can remove t rows from the last r rows of A, so that the kernel of
A is not affected.

Proof. If I = [r+1t], let A; stand for the matrix formed from the rows of A with indices
in I. Starting from the set I = [r + s], we shall iteratively remove elements greater than ¢
from I, so that at each step we have ker A; = ker 4.

Suppose that we have I = [r + t] with [t] = I, but |I| > r, such that ker A; = ker A holds.
If we can pick an element x € I\ [¢], so that ker Ap\(,, = ker 4;, we are done. Otherwise,
no such x works. Observe that if a row v7 of 4; is a linear combination of the other rows,
then it can be removed from A;. To spell it out, write v for ith row of A and suppose
that v/ =37\ iy 4] - Then, if u € ker Ay g, we have p-v] =37, - v = 0. So
ker Ap ) = ker 4;.

Thus, the vectors v],...,v] are linearly independent, and v; ¢ span{v;: j € I \ {i}} for
iel\ [t]. But, then, |I| >r and the rows of I are linearly independent vectors of the
dimension r, which is a contradiction. Hence, we can proceed until we reach |I| =r, as
desired. U]

The matrix
I(XlaXZ)"',XV;Ssz,"'aSI, Tl) TZ?“‘? Tr)

satisfies the conditions of the lemma since n(Xy, X»,..., X:;S1,5,...,S;) = 0. By applying
the lemma, we can pick S;.1, S;12,...,S, among the sets in Ty, T,..., T, so that
n(X13X25'"9X}‘;S1aszs"'9sr)
= n(XIDXZD'")Xr;SIZVSz)"')St) Tl’ T23"'3Tr)
<n(X,Xo,.., X T, T, ., T) < 1 O

Similarly to Corollary 5.2, the next corollary is consistent with the vague idea that the
combinatorial subspaces are the source of the non-trivial Fy 4,,-incident sets. In particular,
we show that the Fyg4n,-incident sets behave like the combinatorial subspaces when it
comes to taking unions: the size of a union of two Fn4,,-incident sets of size 2m+l g at
least 3 - 2™,

Corollary 6.7. Let d,m € N be given.
() If T < {0,1}N is Fyam-incident, then |T| > min{d + 2,2"1}.
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(ii) If T1, T> < {0,1}N are distinct, of size at most d + 1 and minimal (with respect to
inclusion) Fn am-incident, then [Ty U Ty| > 3 - 2™

Proof. Part (i). Suppose that T = {xo,x1,X2,...,%,} = {0, 1} is Fy 4n-incident and that
r < 2™ —1,d+ 1. Note that, for a fixed set 4, the map X — XAA, induces a reflection
o: RN — RN (with the natural correspondence between sets and points in {0,1}"). In
particular, taking 4 to be the set of non-zero coordinates of x¢, we have an affine
isomorphism o that preserves the cube {0,1}" and sends x, to zero. Let X; < [N] be the
set corresponding to a(x;), that is, the set of indices j such that a(x;); = 1. Asr < om+l g,
Corollary 6.4 yields non-empty sets Sy, Ss,...,S, < [N] of size at most m, such that

n(Xl,Xz,...,X,.;Sl,Sz,...,Sr) =0.

Choosing (< m)-functions ¢1, ¢, ..., @, with images S;,S,,...,S, respectively, we obtain
that the vectors

0 (o) (o) 01(2(x,))
0 @2(a(x1)) @2(a(x2)) @a(a(x;))
o/ \oetx))  \oax) on(a(x,))

are affinely independent. However, as r < d, Proposition 4.4 applies to T, affine map o
and functions @1, @2, ..., ¢,, which tells us that these vectors are affinely dependent, which
is a contradiction. Thus |T| = r + 1 > min{2"*!,d + 2}, as desired.

Part (ii). If Ty, T, are disjoint, then by part (i), |T; U Ty| > 2"*2, so we are done. Thus,
assume that some t, belongs to both sets. Pick an affine isomorphism o: RN — RN
which sends o to zero and preserves the cube {0,1}" (given by a suitable reflection).
Let Xi,X>,...,X; be the sets that correspond to the non-zero points of a(T; N T)).
Next, let X;yq,..., X4, be the sets that correspond to points in a(T; \ T>) and let
Xttri415- - - » Xi4r,+r, D€ the sets corresponding to points of a(T> \ Ty). If |T; U Tp| >3- 2™,
we are done. Otherwise 1 +t+ri +r = |THU Ty < 3-2™

Since they are minimal and distinct, Ty, T> cannot contain one another. So T1 N T, is
a proper subset of Ty and hence it is not Fy 4m,-incident. Therefore, by Observation 6.2,
we can find non-empty sets S, S»,...,S, € N(S™ such that

n(X1,Xa,...,X:;81,82,...,8) =0.
Applying Corollary 6.5 (as » +t; +t, < 3 - 2" — 1), we obtain non-empty sets
S5 s Sir4m, € N(€m)
such that
(X1, Xy ooy Xibty 4420515 825 s Sptty+,) < 1o

Now, take any (< m)-functions ¢1,..., Qs +r, to [N] with images Si1,Sa, ..., Si+r+r,, and
let x; € Ty U T, be the point such that the set X; corresponds to a(x;). Write y; for the
vector (yi); = @j(xi), j=1,2,...,t +ri + 71 Thus, yi,y2,...,y, are linearly independent
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and the rank of yi,y2,..., Vi4r4r, 1S at least t +r; +1r2 — 1. Since |T7| < d+ 1, we can
apply Proposition 4.4 to Ty, map o and functions fi,..., fi+r,. Note that since the sets S;
are non-empty, we have f;(0) = 0 for all i. Thus, vectors y1, ya,..., Ji+r, have rank at most
t+r; — 1. Similarly, the rank of the vectors yi,ya,..., Yt Vitri41s- - -» Vetr 4, 1S at most
t+rn—1L

To obtain a contradiction, look at

U = span{yi,y2,..., Vitr >

Vo= Span{yi, 2. -, Ve Vet +1s Vet 425 s Vetrirs |
W = span{yi, y2, ..., Vitri+r s

Z =span{yi,y,..., 0}

Thus, dimZ =t,dmU <t+r —1,dmV <t+rp—1,dmW >t+rn+mrn—172Z < U,
Ve Wand W=U+ V. Therefore W/Z =U/Z + V/Z. Finally,

rn+rmn—1<dmW—-dmZ =dimW/Z
dimU/Z +dimV/Z

<
<ri—14rmn—1=r+r -2

which is a contradiction. ]

Theorem 6.8. Suppose that d,m € N satisfy 2" —1 <d <3-2"—3. Let N > 1. Then

1/2/n+]
a2V, d) < (?\f) 2N,

Proof. Let X ={0,1}¥ = RN. Applying Proposition 3.1, we obtain a function f €
span Fnqm,, Which is a bijection onto its image when restricted to X and such that if
S < f(X) is affinely dependent then f~!(S) is Fyan-incident. Let Y = f(X). Note that
|Y| = 2", since f is injective on X. We claim that the set Y has no more than d + 1 points
on a same hyperplane, but all sufficiently large subsets of Y have d 4+ 1 cohyperplanar
points.

No more than d 4+ 1 points on a hyperplane. Suppose that we have a cohyperplanar set
S = {51,82,...,84+2} = Y. Pick a maximal affinely independent subset S’ = S. Without loss
of generality S’ = {sy,...,s,}, for some r. As S’ is a subset of a hyperplane, we have r < d.
Look at S; =8’ U {sq+1}. By the choice of S, the set S| is not affinely independent. By
the choice of f, the pre-image f~!(S]) is Fyam-incident. Find a subset Ty of f~!(S;)
which is minimal Fy 4,-incident, and arbitrary point p in T;. We also have S; =S\ {p}
affinely dependent, as it is a subset of a hyperplane of size at d + 1. By the choice
of f, f *1(S§) is Fnam-incident, and has a minimal Fy 4,-incident subset T,. Note that
p € Ty \ Ts, so Ty, T, are distinct, and |T}|,|T>| < d + 1. Corollary 6.7(ii) applies to give
d+2=|S|>2|TiUTy| >3-2" > d+ 2, which is a contradiction.
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Dense subsets are not in general position. Let T = Y have size at least

1/2m+1
) >

Then, by Theorem 6.1, f~!(T) contains an (m + 1)-dimensional combinatorial subspace.
Applying Lemma 4.1, we have that the points of T = f(f~!(T)) are affinely dependent.
Adding any d + 1 — 2"*! points to the set T proves the claim. O

7. Conclusion

Even though there are now some non-trivial lower bounds on «(n,d) [1], the gap between
the lower and the upper bounds remains very large. Of course, the first question is still to
determine the o(n, d). Regarding the current lower bounds on a(n, 2), both in [3] and in [1],
we note that their proofs are based on some relatively general probabilistic estimates of
the independence number of hypergraphs. However, these approaches use very little of
the structure of the given sets of points. In fact, possible algebraic properties of such sets
have not been exploited. For example, if X is a set of points with no more than three on
a line, but with no dense set in general position, we can expect that plenty of pairs of
points in X have a unique third point in X on their line. This gives rise to an algebraic
operation: given two points xy,x; of X, set x; * x to be the third point of X on their
line, if such a point exists. Of course, there is an issue of how to define x; * x, for all
pairs, but at least for plenty of pairs it can be defined. Possibly, if X is a set for which the
o(]X|,2) is attained, we could deduce some properties of the operation *.

Leaving determination of «(n,d) aside, note that it would be surprising if the a(n,d)/n
did not decrease in d. In particular, the current situation with the upper bounds is that
we have infinitely many d for which o(n,d)/n = 0(1/log” n) for some f; > 0, while for
infinitely many other d the bounds for «(n,d)/n currently come from the general density
Hales—Jewett theorem, and are roughly comparable to the inverse of the Ackermann
function. It is very unlikely that a(n,d)/n is actually close to these estimates for all d. An
obvious question is the following.

Question 7.1. What is the relationship between a(n,d;) and a(n,d,) for d; < d,? Do we
always have a(n,d)/n > a(n,d + 1)/n?

Another question is the relationship between the bounds in the density Hales—Jewett
theorem and the a(n,d). Do these have to be related?

Finally, some key tools in this paper were the algebraic Lemmas 5.1 and 6.3. It could
be of interest to study n(Xy, X»,...,X,;8S1,S2,...,S,) further.
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