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SUMMARY

In this paper, the combination of neural network (NN),
proportional derivative (PD), and robust controller are
used for determining the maximum load-carrying capacity
(MLCQC) of articulated robots, subject to both actuator and
end-effector deflection constraints. The proposed technique
is then applied to articulated robots, and MLCC is obtained
for a given trajectory. In the practical simulations, it’s
impossible to determine the parameters of robot model
exactly, so the trajectory tracking performance of the
proportional integral derivative (PID) and computed torque
methods significantly decrease. The PD control of robot has
major problem, it cannot guarantee zero steady state error. For
this reason, the NN controller with PD and robust controller
are used. The multilayer neural network is also used to
compensate gravity and friction effects. By using Lyapunov
Direct Method it is shown that the stability of closed loop
system would be guaranteed, if the weights of multilayer had
certain learning rules. Standard back propagation algorithm
is used as a learning algorithm to update the connection
weights of the NN controller. The simulation results of
the proposed adaptive robust neural network (ARNN)
controller are compred with sliding mode and feedback
linearization methods for flexible joint robot, and compared
with open loop controller for 3D industrial robot. The
obtained results assured the robustness and improvement in
MLCC in the presence of uncertainties in dynamic model
of the robot arm and external disturbances. In fact, adaptive
robust NN controller suppresses disturbances accurately and
achieves very small errors between commanded and actual
trajectories.

KEYWORDS: Robot; Neural network; Trajectory tracking;
Maximum load, Capacity.

1. Introduction

The load-carrying capacity, productivity, and speed of robotic
manipulators are limited by the deflection of the end-effector
and the capability of their actuators. Increasing actuator size
and power is largely self-defeating, because of increased
cost and power consumption as well as increased inertia of
the actuators. A more successful approach should maximize
the load-carrying capacity of the robot manipulator, subject
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to the constraints imposed by actuator capacity and allowable
end-effector deviation for a given trajectory. Thomas et al.!
used only the actuator constraint to determine the dynamic
load-carrying capacity (DLCC) for rigid links and joints
manipulators. A new method for determining the DLCC
for flexible joint manipulators, subject to both actuator
and end-effector deflection constraints is introduced in
ref. [2]. Korayem et al.® proposed a feedback linearization
technique to minimize end-effector deflection. Korayem and
Ghariblu* proposed a computational technique for obtaining
the DLCC of mobile flexible joint robotic manipulators for
a given trajectory by considering the actuator limitations. In
ref. [5], based on sliding mode control (SMC), an algorithm
proposed which identify maximum DLCC in the presence
of disturbance and system uncertainties.

In recent years, multilayered neural networks (MLNNs)
have been used in different aspects of robotics solutions,
e.g. kinematics, dynamics, trajectory planning, sensing, and
control. Neural networks (NNs) are capable of learning
and reconstructing complex nonlinear mapping and have
been widely used in identification and control of robotic
manipulators by many researchers. Both stable NN-based
and online adaptive control in continuous and discrete
time for robots has been recently investigated. Lewis
showed how the developments of intelligent control systems
based on NNs have followed three main generations.®
These third-generation intelligent controllers are adaptive
controllers that converge to optimal feedback controllers
for general nonlinear systems. Gupta et al.” used NNs
in control of robotic manipulator and experimental results
has been demonstrated that NNs provide model-free
learning controllers for robotic systems. Nakanishi and
Schaal® presented feedback error learning (FEL) from
the viewpoint of adaptive control. They discussed the
relationship between FEL and nonlinear adaptive control
with adaptive feedback linearization. Yildirim® proposed
the trajectory control of a robot using a new type of
recurrent NN. Standard back propagation (BP) algorithm was
used as a learning algorithm for this network to minimize
the difference between the robot actual response and that
predicted by the NN. In ref. [10] a single-input single-output
(SISO) neural generalized predictive control (NGPC) was
applied to a three-joint robotic manipulator with a cubic
trajectory and random disturbances. The results showed also
that the NGPC SISO reduced the influence of the load
changes and disturbances.
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A new adaptive neural network (ANN) controller for robot
trajectory tracking problem was developed and a novel and
efficient training algorithm for the proposed controller was
presented in ref. [11]. The training algorithm is based on
updating the weights of the network each step by minimizing
the quadrant tracking errors and their derivatives.

Sun et al.'> presented a stable adaptive control approach
based on dynamic neural networks (DNNs) for robot
manipulators with unknown dynamics nonlinearities, which
DNNs were used to approximate the whole robot dynamic
systems. Akbas and Esin!? investigated nonlinear control by
NN and fuzzy logic. Gaussian neuro-fuzzy variable structure
(GNFVS), FEL and direct inverse modeling architecture
(DIMA) were studied. In ref. [14] an adaptive control law
has been designed for robot manipulators based on the
use of reference velocities instead of the actual ones and
feedback signals generated from the position errors. In ref.
[15] two modifications were considered to overcome these
problems, which are high-gain observer to estimate the joint
velocities, and RBF neural network to compensate gravity
and friction. In ref. [16] a neuro feedforward compensator
and a PD control were used to approximate the whole
nonlinearity of robot dynamic. The approximation errors of
neural identification for the gravitational force and friction
can be eliminated by a discontinuous switching control law.
Hsu et al.,"” proposed a robust intelligent tracking controller
(RITC) for a class of unknown nonlinear systems. This
controller was comprised of a neural controller and a robust
controller.

A new online adaptive control scheme based on FEL
was proposed in ref. [18] and applied to inverted pendulum
balancing. This controller for balancing consists of a
conventional feedback controller and a neural network
feedforward controller (NNFC). In the NNFC, the feedback
error signal is employed as input stimulator, instead of the
usual reference signal. Purwar et al. [19], developed a new
adaptive neuro controller for trajectory tracking for robot
manipulators without velocity measurements, taking into
account the actuator constraints. The controller is based
on structural knowledge of the dynamics of the robot and
measurements of joint positions only. The payload variation,
unknown nonlinearities and torque disturbances is estimated
by a Chebyshev neural network (CNN).

In this paper the combination of NN, PD controller, and
robust controller are used for determining the MLCC, subject
to both actuator and end-effector deflection constraints. It is
organized as follows: Section 2 gives some details about the
proposed NN and motion control of manipulator. In Section 3
maximum load-carrying capacity (MLCC) for a desired
trajectory and algorithm of determination MLCC with NN
controller are investigated. The effectiveness of the proposed
control system is demonstrated by some simulations in
Section 4 and it is shown that using the NN technique, the
end-effector deflection is reduced and MLCC for a given
trajectory is improved.

2. Motion Control of Robot Manipulators
Model-based robot control schemes require the inclusion
of the dynamical model of the robot arm in the control
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law. Hence, it is necessary for robot dynamics to be
modeled accurately. However, the dynamics consists of a
set of second-order, nonlinear, and highly coupled partial
differential equations. The dynamics are time variant and
undergo changes such as variation in payloads, changes in
the friction coefficients of joints, etc. These facts have always
posed a major problem in the implementation of dynamic-
based controllers. NN makes a viable tool in autonomous
systems to deal with significant variations in the environment.

2.1. Architecture

In this paper in order to solve the difficult problems such as
the stability in NNs control systems, attempts to connect NNs
to adaptive control schemes. For givenX € RM', the output
of the two-layer NN is given by

L n
yi=0 ZW”U ZVUX,'-I—VIO + Wio | ;
I=1 =1

i=1,2,....,m, 1)

where o (.) is activation function, Vj; is the input-to-output
layer interconnection weights, and W;; is the first-to-second
layer interconnection weights. Vjy, W;o are threshold offsets.

The NN equation maybe expressed in matrix format
by defining Xnpuw = [X0 X1 - .. Xn 1, Yourpur = [Yoy ... yn] and
weight matrices V = [Vjg], W = [Wo]. Including xo = 1 as
Xinpur» allows including the threshold vector then y,,pu =
W' (VT X;pu). There is linear activation function in the
output layer and typical selection for ¢ (.) in the hidden layer
is the sigmoid function which has a nonlinear relationship as
presented in the following equation:

2(1l—e™")

O = YA rery

2

Here x is the input of sigmoid function and Y is the parameter,
which determines the shape of sigmoid function. The sigmoid
function becomes linear function when Y becomes zero.
The block diagram of NN controller is shown in Fig. 1. A
desired robot trajectory is defined in terms of joints variables

(Ga- 4as Ga)-

2.2. Controller structure and error dynamics

The control problem is the computation of necessary torques
to apply to joint actuators such that manipulator follows the
demanded trajectory. This requires computation of inverse
dynamics equation, which for the n-link robot arm, is given
in vectorial form as

t(t) = M(q)j +Clq.9) + F-(q) + G(g) +d@), (3)

where ¢(t) € R" the joint variable vector, M(q) € R"*"
the inertia matrix, C(g, ¢) € R™*" the matrix of centrifugal
and Coriolis torques, G(g) € R" the vector resulting from
gravitational torques, and F,(¢) € R" is a positive-definite
diagonal matrix of frictional terms (coulomb friction), d(¢) is
the vector containing the unstructured un modeled dynamics
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Fig. 1. Proposed robust NN controller.

and unknown external disturbances and the control input
torque is 7(t) € R"

This robot model (3) has the following structural properties
that will be used on nonlinearity compensation:

Property 1: The inertia matrix is symmetric and positive
definite, that is,
2 T 2
myllgll” < q" M(q)g <maligll”; YgeR", (4)
where my, m, are known positive constants, and ||o|| denotes
the Euclidean vector norm.

Property 2: The Coriolis and centrifugal matrix C(q, ¢) is
skew-symmetric, it satisfies the following relationship:

1Cq. DI < ke llqll &)

where

1
k. = — max

Smax ) IC@)ll and  C(g,¢) =

k=1

> lIC@)l-
k=1

Property 3: The matrix M(q) —2C(q,q) is _skew-
symmetric matrix so the matrix is satisfied with g7 [M(q) —
2C(q, ¢)lqg = 0 for Vg € R".

Property 4: The norm of unknown disturbance d(¢) has a
positive upper bound by, ||d(?)|| < bais.
Robot dynamic Eq. (3) can be written in state space form:

X1 = X2,
X = F(x,u), (6)
y = X1,

where x; = ¢q = [q1,92...¢,] is joint position of n-link,
Xy = ¢ is joint velocity of the link, u = 7 is control input.
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Let us define the tracking error as

= d
X1 = X7 — X1
- _ ’ (N
X2 = X5 — X2,

and filtered tracking error is

N =.f2+A)21,

®)

where A = AT > 0 is design parameter matrix usually
selected diagonal. Then, the arm dynamics can be written
in terms of the filtered tracking as

M(x1)x2 = T(t) — C(x1, x2) — Fr(x2) — G(x1) — d (1),
B = x4 — 5+ A
©)
So,

M(xy) x § = M(x)[1§ + A%] + Clxy, x)[x§ + A%]
+ Fr(x2) + G(x1) — C(x1, x2)s +d(t) — ©(2),

(10)
or
M(x1)s = f — () — C(x1, x2)s +d(2), (1)
where the nonlinear robot function is
f) = M) [ + A% + Cx, x0) (6§ + AT
+ Fr(x2) + G(xy). (12)

Multilayer NN compensation does not require structure
information of uncertainties. The friction and gravity in (12)
can be written in NN form, for convenience, we approximated
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the whole f instead of friction and gravity, so

M) +A% ] + Cxy, x2)[x§+A%] + F(x2) + G(xy)
= W*(V*x) + . (13)

V*, W* are estimated values of ideal or optimal weights and
¢ is the approximated error, whose magnitude also depends
on the values of V*, W*. ¢ is assumed to be quadratic
bounded as

e’ Ae <&, (14)

where £ is positive constant. ¢ has very small values and
their norm value is bounded by a known constant value.
It is clear that, sigmoid functions, commonly used in NN
satisfy Lipschitz condition, we define the weight deviations
or weight estimation errors as

N

V=V*—V
W= w— W (15)

where V, W are time-varying weights of NNs. The Taylor
series expansion for a given x can be written as

dFVIx)=oc(VTx)+ o' (VIX)VTx + HO(VTx)?. (16)

Denoting 6’ = o'(VTx), and the hidden layer output error
for given x as

6=0"—6
=o(VTx)+ o' (VIx)VIx + HO(V x)* —o(VTx)
=o' VIx)VIix+ HOWVTx)? =6'VIx+1n, (17)
n=HOWT x>, (18)
Inl* =n"Ayn < 7, (19)
where 7 is a positive constant. In other word, for sigmoid

activation function the higher order terms in Taylor series'* 13
are bounded by

Inll < di+daXa |V +ds|V]IIrll, (20)

where d; are computable positive constants and X; € R
is a known constant. In fact cand derivatives are bounded

. ;. , _ e ! tinput
by constants. In this paper ¢’ is o'(x) = 4m, and
Xinput = [eT el da q[? q;]T
Here we assume, the desired trajectory is bounded in the
sense, that

25 225 211 < X 21)

So, for each time t, X, is bounded by
| Xinpur | < C1Xa + CalIs]l . (22)

For computable positive constants C; (C, decreases as A
increases).
Control input torque is defined due to neural controller as

wy = f(x), (23)
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where f (x) is an estimate of f(x), then the NN function is
estimated by:

F=Wo(W Xipu), (24)

where V, W are estimated values of ideal NN weights vV,
W

Define control input torque by

T = TNN + TPD + TRobust

= f + Kp(%2 + A%) — Kri(F1) — Kgo.sign(®), (25)
where 7y is the output of the NN and tpp is the output
of feedback (PD) controller (We assumed: KpA = Kp) and
Trobust 1S the output of robust controller which is employed to
overcome large disturbances and that provides robustness in
the face of higher-order terms in the Taylor series. Kgy, K g2
are proportional gain matrix and “sign” is the sign function.
Note that the feedback controller plays a role in making the
whole system stable. The closed loop system becomes

M3 = f = [f + Kp (2 + AF1) + Trobus]
— C(x1, x2)s +d(1), (26)

or
M(x)s = W oV X)y—Wia(VIX)+ Kp(% + A%))
+ Trobust] — C(x1, X2)s +d(1) + &, (27
Adding and subtracting W*7 & yields
M5 = WloV T xy—WloWix)+ wle — w*ls
—Kp(E + AX1) — Tropuse — C(x1, X2)5 +d(2),
(28)

where 6 and Gare defined in (17). Adding and subtracting
W76 yields
Mx))s =Wle —Wwis + Wie —Wwis
- KD()?Z + Ail) — TRobust — C(xh x2)s + d(t)’
(29)

the key step is the use of the Taylor series approximation (16)
for &, the closed-loop error system is

Mx)s = Wie' . Vix—WTé
—Kp( + AX1) — Tropust — C(x1, X2)5 + w(2),
(30
where the disturbance terms are

w(t) = WIe'(VIix)y+ Win+d@) +e. (31)

For notational convenience define the matrix of all target

weights as
w* 0
Z = . (32)
0 v*
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The ideal weights are bounded by known positive values
sothat [|V*[| < Viax , W7l < Whyax or | Z]| < Zpax With
Zmax known. So disturbance is bounded according to

lw@®ll < Co+Ci |Z] + C2 | Z] lIs]l (33)
with C; known positive constants.

2.3. Stability analysis

In this section the stability analysis is done based on
Lyapunov direct method. The Lyapunov function is defined
as below:

and derivative of (34) is

i <sTMs' T %STMS) (WKW + or (VT K1),

(35)
Using (30),

. 1. .
L =—s"Kps+s"[wt) — Tropust] + EST[M
—2C(x1, x2)]s + tr(WTK;] W) + tr(VTKU_1 ‘7)

+sTWTe" . Vix — W61 (36)
From property 2, g7 [M(q) — 2C(q, ¢)lg = 0 we have

L =—s"Kps + 5T [w(t) — Troms) + tr(WT K" W)

Fer(VIK'W) +sT (W8 . Vix — W61 (37)
It becomes

L= —s"Kps + 5" [w(t) = Tropu] + tr[(K;'W 38)
sV W] 4 ar[(KS 1V + xWTE)PT].

Since it is desired to have L at least negative semi definite,
let us have the following updating laws for the weights of
NN:

W = K,6(Vx)sT,

- " 39
V=—K,xWTée'(Vx)sT. (39)

Substituting (39) into (38), we get
L=—Kp sl + lw(t) = Tropustl I - (40)

If the parameter “s” is selected to satisfy the following
inequality:

—Kp lIsI? + [lw() — Tropust |l Is1] <0, (41)

1) — obus
Is| > llw( )Kbe zII’ 42)
D
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Fig. 2. Algorithm for determining MLCC with ARNN.

then we have

L<0 (43)

From (43) and (34), the control system is stable based on the
Lyapunov stability.

3. Maximum Load-Carrying Capacity for a Desired
Trajectory

The actuator torque constraint is formulated on the basis of
typical torque-speed characteristics of DC motors. The upper
and lower bounds of the allowable torque are as follows:

Ty =k —kyq, 1, =—ki —kg, (44)
where k| =1, kr = ;—;, 7, is the stall torque, and wy
is maximum speed of the motor without any load. The
algorithm used for finding MLCC in closed-loop case is
shown in Fig. 2. In closed-loop case the actuator constraint is
the major parameter in determining the MLCC while in open
loop case the end-effector accuracy is the major parameter
which determines the MLCC. As long as the actual mass
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Fig. 3. Two-Link Flexible Joint Robot Manipulator.

is not greater than the maximum load for that trajectory,
the actuators are adequate to execute trajectory within the
allowable end-effector deflection.

4. Simulation Study and Discussion

In order to verify and demonstrate the effectiveness of
the proposed adaptive robust NN controller, the simulation
examples of two-link flexible joints robot and industrial robot
are studied. In two-link flexible joints robot the payload is
considered as a point mass m, which is located at the end
of the link 2 with mass m, and length [, (Fig. 3). Driving
torques 1 and 1, are the inputs to the robot and joint positions
are represented by q; and q,. Robot motion is simulated by
solving dynamic equation of the robot (Figs. 7-8).

A two-layered NN has been used. The network consisted
of 5 inputs, 20 nodes in the first hidden layer, and 2 nodes in
the output layer. The link parameters and inertia properties
of the manipulator are given in Table 1.

We compared the result of simulation with sliding mode
controller in ref. [5] and feedback linearization method in

Determining maximum load-carrying capacity of robots

ref. [3] so that indicate using this controller better result
for MLCC can be obtained than those methods. An initial
simulation condition for robot motion is

q1(0) =0.5rad, ¢;(0) = —0.5rad/s,
q2(0) =0.4rad, ¢,(0) = —2rad/s.

The gain values of PD controller were adopted as
K, = diag[200, 200], Kp = diag[10, 10].

For robust controller, Kg; is proportional gain matrix
and empirically set to Kp; = diag[10,8] and Kg, =
[Kra1, Kro21", K o1, K g2o are constants also empirically set
to 0.4 and 0.5. The results of simulation are included angular
position and velocity tracking of first and second link that
are shown in Figs. 4 and 5.

The resulting path tracking in the flexible case is shown
in Fig. 6 and compared with the desired path. The maximum
allowable error bound at each point of the desired path is
2 cm that tracking error is complied this accuracy.

In this case the joint flexibility constraint is more dominant
with respect to the joint actuator constraints and as a result
the load-carrying capacity in the flexible case is less than
that in the rigid case for a desired trajectory. The maximum
allowable load in this desired path is 2.72 kg. It can be seen
that the best results were obtained with the adaptive robust
neural controller than feedback linearization® and sliding
mode controller.

For comparison the maximum load obtained in this work,
the method proposed in ref. [3] is applied for given trajectory
introduced herein. As a result, maximum load using this
controller 2.21 kg is computed. In ref. [5] sliding mode
control for determining maximum load of elastic joint
robots is used and maximum load using this controller
2.53 kg obtained for the same trajectory. Robot and actuator
parameters are listed in Table 1.

For another case, we applied this controller for industrial
robot by considering the effect of gravity, so it shows the
ability of this controller for compensation of gravity and
friction. In this case the payload is considered as a point
mass m , which is located at the end of the link 3 with mass
m3 and length /5. Driving torques 1y, 7, and 73 are the inputs
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Fig. 4. Angular position of the first link and second link.
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First link angular velocity versus time
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Second link angular velocity versus time
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to the robot and joint positions are represented by ¢q;, g> and
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Fig. 7. FJR case, actuator torque at first joint.

elements can be written as below:

qs3.
As it can be seen in Fig. 9 the tip position will be M(L, 1) = My + X1 Coy, + X2Cy, + X2Cagyiq,
i ; + X3C2,42¢5 5
x = cos(q1) [l sin(q2) + L sin(g1 + g3)], M. 1) = 0, B+24;
y = sin(q1) [> cos(q2) + L cos(g1 + q3)],  (45) MG, 1) = 0,

z =l + b sin(g2) + I sin(gz + q3).

Inertia matrix M(g) in Eq. (3) is symmetric. After deriving
the dynamic equations of manipulator, the inertia matrix

(46)

M(2,2) = M, +2X,C,,,,
MQ@3, 2) = M3 + X»Cy,,

{M(@3,3) = My,

Table I. Link parameters and inertia properties of articulated robot.

Parameter Value Unit
Link length L=1h= l3 =1,1l4=1,= lc3 =05 m
Moment of inertia around y-axis ILyi=1p=13=1 kg.m?
Moment of inertia around z-axis Ipn=1pn=1,;=1 kg.m?
Link mass my=my;=m3=1 kg

No load speed wo = 3.5 rad/s
Stall torque T, = 0.63 N-m
Link linear mass density w1 = uy = pus = 0.405 kg/m
viscous friction coefficients vp=v,=v3 =11 Nm
joint Coulomb friction ci=c=c3=0.8 Nm s/rad
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Input torque in second joint
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Fig. 8. FJR case, actuator torque at second joint.

Fig. 9. Articulated robot (3R).

Angular position of first link of 3R robot

T T T I I
------ Actual |-
Ref
= i i
T | |
© | |
E o8k--¥- M ___ [ ]
r '
c | 1
o | |
= | |
‘@ [ oo
Q | 1
(o} | 1
T | |
E e R
(o)) | |
c 1 !
< I |
I |
I |
F==———- = === = ]
i i
8 10 12

Time(sec)

Fig. 10. 3R robot case, angular position of the first link.
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where Cyy, 114, = cos(aq; + bq ;). The parameters M; and X;
are given below:

My = Iy; + 0.5y, + 0.51;3 4 0.5m1%, + 0.5m312,
+0.5m3L3 +0.5MpL3 + 0.5MpL3,

My = Is + Lz + mal2 + m3l% + m3L3 + MpL3 47
+ ML, 4

M3 = Iz3 + mglf3 + MpL%,

My = L3+ msl5 + MpL3,

X] = O.Slyz + OSI’HQZCZZ + OSI’I’BL% + O.SMPLZ,
Xy =m3li3Ly + MpLyLs,
X3 =0.51,3 4 0.5m3l% 4+ 0.5Mp L3.

(48)

The link parameters and inertia properties of the manipulator
are given in Table I. For comparison with open loop controller
the initial simulation condition for articulated robot motion
is zero. The gain values of PD controller were adopted as

K, = diag[150, 200, 120], Kp = diag[20, 10, 15].

For robust controller, Kg; is proportional gain matrix
and empirically set to Kz, = diag[10, 8, 10] and Kg, =
[Krots Kroo, Kr23lT, Krot, Kroo, Kros are constants also
empirically set to 0.4, 0.5, and 0.5. The results of simulation
are included angular position, error, and velocity tracking of
first, second, and third link, that are shown in Figs. 10-13.

The result of path tracking in 3R robot case is shown in
Fig. 14 and compared with the desired path. The maximum
allowable error bound at each point of the desired path is
3 cm, in the beginning of desired path tracking the error is
too high, but after time lapse NN compensate the effect of
gravity and friction.

In this case the maximum allowable load 3.3 kg is obtained
(Figs. 15-17).

5. Conclusions
In practice, it is very difficult for the parameters associated
with the robot model to be determined exactly. Under such

Angular position error of first link of 3R robot
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Fig. 13. 3R robot case, angular velocity of the second and third link.
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Desired and actual trajectory Input torque in third joint
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Saeslelin] circumstances, the trajectory tracking performance using

the computed-torque control significantly degrades due to
Fig. 14. Comparison of 3R robot path with respect to desired path. the inaccuracy of the dynamic model. For this reason, we
developed a nonlinear NN controller for articulated robots.
The ARNN controller offers guaranteed tracking behavior.

o Input torque in first joint . A robust control term is also needed to overcome higher
l | | order modeling error terms. Considering both actuator torque
Oy TR ' ““““ 'r ““““ 7' ““““ and end-effector precision constraints, MLCC is obtained.
D I\ S S S R S Results show that this adaptive robust neural controller
= Upper bound l l suppresses disturbances accurately and achieves very small
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! ! ! Appendix. Dynamic Equation of the Two-Link Flexible
00 5 5 10 12 Robot
Time(sec) The dynamic equations of robot arm can be written as
follows:

Fig. 15. 3R robot case, actuator torque at first joint.

Kinematic equations
Input torque in second joint
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: |  Noperbound | | (A1)
= S S [ pper bound ]
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Doyijs + Diagy + Cgi + k(gqs — qa) + Fr2 = 0,

Fig. 16. 3R robot case, actuator torque at second joint. Irl‘:1:2 + k(g2 — q1) = 71,
Ir2Ga + k(qa — q3) = 2.
(A3)
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For this manipulator the terms appearing in the dynamical
equation are given as

D]] = mlLZC] +11—|— mz[L%—}— L?Z + 2L]LC2 COSL]3] + 12
+m,[L} + L3 +2L L% + 2L Lycosqs] + 1,

D1y = maLy Ly cos(qs) + maL? + I +m L1 Ly cos(qs)
+myL3+1,,

Dy =maLZy + I +mL,

C = mlech SiHC]} + m,,L1L2 SiHQ3,
Fri = viq + crsgn(qy),
Fr1 = vyg2 + c28gn(q2),

(A4)

where vy, v, are the viscous friction coefficients of the arm
joints, ¢y, ¢, are the joint Coulomb friction torques, g; and
g3 are link angles, and ¢, and ¢4 are rotor angles.
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