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Abstract

We improve the best known sum-product estimates over the reals. We prove that

max (JA + A, |A +AJ) > |A| i Tim—o0)

for a finite A C R, following a streamlining of the arguments of Solymosi, Konyagin and
Shkredov. We include several new observations to our techniques.
Furthermore,

IAA + AA| = |A|S 0.
Besides, for a convex set A we show that
A +A| = [A]B .
This paper is largely self-contained.

2020 Mathematics Subject Classification:11B13; 11B30; 11B75.

1 Introduction

Throughout A C R is a finite set of positive real numbers, whose cardinality |A| exceeds
some absolute constant. All other sets, denoted by upper-case letters, are also finite. The
sumset of two sets A,B is defined as

A+B:={a+b:acA, beB},
with similar notations for the product and ratio sets, AB, A/B, etc.
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412 M. RUDNEV AND S. STEVENS

The Erd6s—Szemerédi sum-product conjecture, originally stated over the integers [6], is
the following.

CONJECTURE 1 For all § < 1 and sufficiently large A C R,

max{|A + Al, |AA[} > |A|'T? . (1-1)

As shorthand notation, already used in the abstract, we could instead write this as
max{|A + Al, |AA[} > |A]>~0),

Historically, Erdés and Szemerédi proved [6] a qualitative (but quantifiable) sum-product
estimate (1-1) with (in the notation of Conjecture 1) some § > 0, which Nathanson [15] and
Ford [7] showed to be § = 1/31 and § = 1/15 respectively. The textbook proof by Elekes [3]
uses the geometric Szemerédi—Trotter theorem to advance to § = 1/4. In 2008 Solymosi [27]
developed a different type of geometric argument to prove § = 1/3 — o(1), which stood until
Konyagin and Shkredov [10, 11] developed a synthetic approach, which enabled them to
pass slightly beyond the value § = 1/3. Owing to technical improvements in [21, 23], the lat-
ter paper [23] by Shakan holds the current world record § =1/3 4-5/5277 — o(1). We push
these technical developments yet further, and streamline the arguments in this approach,
aiming to identify where it may be subject to improvement.

THEOREM 1 For a finite A C R one has

max{|AA|, |A + A} > |A] 3+ i) 1-2)

As a by-product of the techniques used in this paper we also prove a new bound on the
cardinality of the set AA 4+ AA. Geometrically, this is the set of dot products of pairs of vec-
tors in the point set A x A C R%. We note the the number of distinct dot products generated
by a general set of points P C RZ, no better lower bound than IPIZ/ 3 s known; this lower
bound comes from a single application of the Szemerédi—Trotter theorem (or, in fact, a single
application of the weaker Beck theorem), see [8] for relevant discussion.

THEOREM 2 For a finite A C R one has

AA + AA] > |43+ o0

This improves on the previously best known exponent 3/2 + 1/12 — o(1) by losevich,
Roche-Newton and the first author [8].

Another implication of our techniques is a new bound on the number of convex sums.
The real set A ={a; <ay <--- <ay} is convex if the sequence of consecutive differences

aiy1 —a;, i=1,...,n—1 is strictly increasing. Without loss of generality, we have a; =
f(@), for some strictly convex real smooth function f(x), so we write A = f([n]), where [n]: =
{1,...,n}

Schoen and Shkredov [22] showed that a convex set A satisfies |A + A| > |A|14/97°0); we
improve the current best exponent 102/65 — o(1) due to Olmezov [16].

THEOREM 3 Let A C R be convex. Then
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The best known exponent for the set of differences A — A, also due to Schoen and
Shkredov [22] is slightly better: |JA — A| > |A|3/°=°(D Formalising the heuristic that con-
vexity should destroy additive structure, Erdés [5] conjectured the lower bound |A = A| >
IA|2=°M) for convex A. Stronger bounds |A +A| > |A]33=°0) were recently proven by
Olmezov [17] under additional assumptions on higher derivatives of f.

Organisation of paper

The paper is arranged as follows. In Section 1.1 we present a non-technical outline of
the proof of Theorem 1. We follow the strategy of Konyagin and Shkredov [10]. We owe
much of our quantitative improvement by applying the forthcoming Theorem 4, replacing
a prototype result due to Shkredov [25]. The remainder of our quantitative improvement is
summarised in Proposition 1, the proof of which we discuss in Section 1.2.

In Section 2 we record standard results about energy estimates together with their proofs
to keep the exposition self-contained and maximally jargon-free'.

In Section 3 we state and prove Proposition 1. Similar results were proven by Konyagin
and Shkredov [10, 11] and Shakan [23]. In contrast to previous literature, we study a slightly
different quantity and our proof is entirely elementary.

Section 4 contains the proof of our main sum-product result, Theorem 1.

In Section 5, we introduce a regularisation lemma, Lemma 4, which was originally proved
in [20, lemma 3-1]; it had a more cumbersome precursor in the form of [14, lemma 7-2].
Lemma 4 replaces the use of Shkredov’s spectral method (see the foundational paper [24]
and references therein) that is typically used in this kind of argument.

Statements reminiscent of Lemma 4 may be of broader interest in terms of various energy
variants of the so-called Balog-Wooley decomposition [2], used in [21, 23, 26], where they
would streamline lengthier arguments. We prove Theorem 4 and Theorem 3.

Finally, Section 6 contains the proof of Theorem 2. It is only by using the argument within
the proof of Theorem 4 that we are able to claim a new lower bound.

Notation

The symbols <, >>, ~ suppress absolute constants in inequalities; <, 2> also suppress
powers of log |A|. The Vinogradov symbol <« may acquire a subscript, say <, to indicate
that the hidden constant depends on a parameter s.

We write aA = Aa: = {a}A to denote the dilate of A by a # 0, similarly A 4+ a or a 4 A for
a translate. We will use the number of realisations notation ry4p(x): = |{(a,b)) EA X B: x =
a + b}| to denote the number of realisations of the number x as a sum of elements from sets
A and B. Similar notation will be used for e.g. the number of realisations of x as an element
of AA, as raa(x), etc.

1.1 Outline of the proof of Theorem 1

Solymosi’s renowned result [27] related the sumset of a set of positive reals A to its
multiplicative energy

EX(A):=H(a,b,c,d)eA4: g=§lH=H(a,b,c,d)eA4: ad:bc}‘ :

"I have always thought that clarity is a form of courtesy that the philosopher owes ... This is different
from the individual sciences which increasingly interpose between the treasure of their discoveries and the
curiosity of the profane the tremendous dragon of . . . terminology. J. Ortega y Gasset, 1929, see [19].
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Geometrically, E*(A) is the sum of the numbers of pairs of points of A x A supported on
lines through the origin, with slopes in A/A.

To sketch Solymosi’s well-known argument as a base for further build-up, consider the
model case: suppose that each line through the origin with slope A € A/A supports the same
number of points T of A X A. i.e. in the number of realisations notation, this is synonymous
with VA € A/A, ra/a(h) = 7. Then E*(A) = t2|A/A|.

Solymosi observed that taking vector sums of all pairs of points lying on pairs of lines
with consecutive slopes yields distinct elements of (A + A) x (A + A): hence |A + A2 >
T2|A/A| = EX(A).

The restrictive assumption that each A € A/A has the same number number of realisations
T is dismissed via the standard dyadic pigeonholing argument. This slightly weakens the
above, to what we will refer to as Solymosi’s inequality:

EX(A) <4JA+A*[log AT . (1-3)

If A={[n], the inequality is sharp up to a constant. It follows by the Cauchy—Schwarz
inequality that

IA+A2JAA| > |A]* Tog™! (A], (1-4)

hence the sum-product exponent § = 1/3 — o(1), in terms of (1-1). The power of log |A|,
hidden in the o(1) term is no longer sharp in the case A = [n], but nonetheless the o(1) term
remains, see [7] for its precise asymptotics.

However, if A = [n], then |AA| > |A|>~°(D, and in terms of Conjecture 1 there is nothing to
prove. Assuming that A has more multiplicative structure, ie. EX(A) > |A|*t°() | Konyagin
and Shkredov designed the following procedure. Let us once again assume that for every
AEA/A, VA/A()\) =1. Set

C_A+AP
B =V

for a suitably large C. The purpose is to estimate N from below in the worst possible
scenario for the sum-product inequality: when |[A +A| = |AA|. If N > |A|?€, one gets the
improvement 1/3 — 1/3 + € to Solymosi’s value of § in the sum-product exponent.

Partition A/A by consecutive bunches (rather than pairs) of N > 2 consecutive slopes.
Suppose that each bunch of Nt points contributes > N2t distinct vector sums, rather than
Nt? as Solymosi’s estimate counts. This contradicts the definition of N, leading to C < 1.
Hence, there are many collisions between pairwise vector sums within a bunch and each
vector sum is attained (as a sum of two points lying on distinct slopes within the same
bunch) roughly N times.

Interpreting this in terms of vector sums leads us to an algebraic conclusion: for most
of the slopes A € A/A, there are > 72N~2 solutions to the equation a = a; + ax where a €
A;:=ANL"'A (ie., a is an x-coordinate of a point in A x A lying on the line through the
origin with slope 1), and ay, a; lie on certain dilates of the sets Ay, A;, respectively, where
A1, A2 come from the same bunch as A. By construction, each variable a, aj, a> runs through
T values, so that the number of solutions to the above equation is nearly maximum possible
when N is small.
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Upon this conclusion Konyagin and Shkredov took advantage of a maxim of Elekes and
Ruzsa [4], that few sums imply many products. This required generalising the approach of [4]
and was achieved with increasing efficiency in [10, 11, 21, 23]. Here we present a lucid and
self-contained version of the argument, aiming at minimum auxiliary notation. The analysis
is presented within the proof of forthcoming Proposition 1, whose key conclusion is that,
under the scenario in consideration, sets A; must have small multiplicative energy.

This implies that the product sets A)A;,AA, are quite large. Our somewhat different
numerology allows us the additional new benefit of using the latter product set. By the
truism that Konyagin and Shkredov call the Katz and Koester [9] inclusion, AA; being large
means that A has at least |AA, | realisations as a ratio from AA/AA. By slicing A x A with
a vertical line, a subset of roughly > |A| such slopes A can be identified with a subset of
A, each member of which has many representations as a ratio from AA/AA. Shkredov [25]
called such sets Szemerédi—Trotter sets and proved that they have fairly large sumsets [25,
theorem 11].

We avoid following Shkredov’s rather general line of notation apropos the Szemerédi—
Trotter sets (see also e.g. [26], this notation was adopted by Shakan in [23]). Instead we
spell out the suitable (and stronger) estimate in Theorem 4, which yields a lower bound on
N, thus concluding the proof of Theorem 1.

THEOREM 4 Let A, T1 C R\{0} be finite, with |I1| > |A| and rnyn(a) = T for all a € A,
for some T > 1. Then

With IT = AA, the analogous inequality used by Konyagin, Shkredov and others, in e.g.
[10, 11, 21, 23] was

AAl*

—21/37
T3| A|) A +APTIAA[ > 14|

A +A| = AP0 (d+(A): =
The estimate for max{|AA|, |A + A|} given by Theorem 4 is better whenever |A|710T24 > 1.
In the context of the implementation of the Konyagin—Shkredov strategy this is indeed the
case, as one roughly has 7 ~ |A|*/3.

1.2 Outline of the proof of Theorem 4

For finite subsets A, B of an additive group and a real s > 1, define the sth energy of A
and B:

EdA,B):=) _ry_p),

where r4_pg(x) is the number of realisations of the difference x. If B= A, we write E;(A) and
if s =2 we write E(A, B). In the special case s = 2 we can replace instances of addition with
subtraction. In a multiplicative group this definition coincides exactly with the multiplicative
energy E*(A) defined above, the notation E for energy with respect to addition in R bears
no superscript.

Energy, as the number of solutions of one equation of several variables, can be estimated
from above via incidence theorems. For reals, this is first and foremost the (generally sharp)
Szemerédi—Trotter theorem [29], bounding the number of incidences between a set of points
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and a set of lines (or curves that “behave like lines”) in R?. In this paper, the point set is
always a Cartesian product and so the Szemerédi—Trotter incidence bound can be derived
using only elementary arguments. Namely, the order-based, elementary double counting
“lucky pairs” argument, that we first encountered in the paper by Solymosi and Tardos [28].

For a set A, which is convex or is such that |AA| <« |A| and any set B, the energy E3(A, B)
can be bounded as |A|~! times the number of collinear triples in the set A x B, which the
Szemerédi—Trotter theorem bounds sharply (up to constants) as |A|2|B|? log |A]. In view
of this, the third (or cubic) energy E3(A, B) has played a key role in the strongest known
sum-product type results over the reals, see e.g. [14, 18], as well as convex set bounds
[17,22].

Consider the following truism on triples (a, b, ¢) € A3:

b—c=(@+b)—(a+c). (1-5)

This equation can be rewritten as d =x —y, where d € A — A, x,y € A+ A. One defines an
equivalence relation on triples (a,b,c) yielding the same (d, x, y): this happens if and only if
one adds the same 7 € R to b,c and subtracts the number ¢ from a. If o denotes an equivalence
class containing r(o) triples (a, b, ¢) € A3, itis easy to bound

Y o) <E@).

o

There are |A|? solutions (a,b,c) to (1-5), yet we will later impose some restrictions on b —
¢, a + b. On the other hand, we can use the Cauchy—Schwarz inequality to relate the number
of solutions to (1-5) to the product of ) r%(¢’) and the number of solutions to d = x — y.
We use the Szemerédi-Trotter theorem and the HOlder inequality to get an upper bound on
the number of solutions of the equation d = x — y.

This approach (founded in a series of works by Shkredov, see e.g. [24]) has been the key
strategy in proving the recent few products, many sums results over the reals, towards the
so-called weak Erdds—Szemerédi conjecture over R. The weak Erd6s—Szemerédi conjecture
claims, roughly that if |AA| — |A|, then |A + A| — |A|>~°(D, with the parameter dependence
hidden in — being polynomial. This is a few products, many sums situation. In contrast to
the converse few sums, many products scenario by Elekes and Ruzsa, the former question
is wide open, the best known results can be found in [18], and states that when |[AA| — |A],
then |A +A| — |A|3/5—o)

The problem is that the equation d =x —y, where d€A —A, x,y€ A+ A involves
unavoidably the differences from A, which can be generally related to sums only via the
additive energy E(A). This forces one to restrict d (as well as the quantities x,y for the pur-
pose of being able to prove good upper bounds) to some popular subsets of A — A and A + A.
This makes the set of (a,b,c), on which the truism (1-5) is considered thinner, undermining
the lower bound on the number of solutions of the equation d = x — y.

Shkredov’s spectral method, see e.g. [14, 18, 24, 26] successfully provides lower
bounds, involving restricted subsets of differences and sums, by extending the equation
d=x—yto

a—B=d=x—-y, (1-6)
with the additional variables «, 8 € A. However, this creates additional challenges for prov-

ing upper bounds on the number of solutions. The key element of the proof of Theorem 4 is
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the use of Lemma 4 instead of the spectral method. This enables us to avoid (1-6), and deal
instead with the equation d = x — y, where we can provide both suitable lower and upper
bounds for the number of solutions, under the required popularity assumptions on the quan-
tities d,x,y. However, we know no way to do without the spectral method for estimating E(A)
for A with small multiplicative doubling [14, 18].

2 Preliminaries

The lemmata in this section present the (elementary) version of the Szemerédi—Trotter
theorem we need and show how it is used to furnish energy estimates.

LEMMA 1 Let A, B C R be finite sets and L a set of affine lines or translates of a strictly
convex curve y =f(x). The number of incidences between the point set A x B with L is*

O ((AIBILDT +ILI) .

K3 '
Note that affine lines have finite nonzero slopes. For an elementary “lucky pairs” proof of
Lemma 1 when L is the set of affine lines see [28]. The same proof works for translates of a
convex curve.
The next two lemmata collect the bounds we need, based on Lemma 1.

In particular, for k > 2 the number of lines (curves) with > k points is O (

LEMMA 2 Let A, B, C, I1y, 1y C R be finite sets with the property that rr,n,(a) > T for
all a € A and some T > 1. Then if |T11||C| < |T12|?|B|?,
(IT1, ||, |B||C|)*/3

{c=a—bjacA,beB, ce(C}lI K T . 21

Besides, if |T11||A| < |T12|?|B],

|BI? [T *| T2 log |A|

E3(A,B) < =

22

and for s € (1, 3)

(T[T |y~ | B|6HD/2|4|B=9)/2

Es(4, B) < T36-1/2

(2-3)

Furthermore, if A is convex, then if |C| < |A||B|?,
fe=a—biacAbeB, ceCY < A" (IBICH? .
and for s € (1, 3)
E«(A, B) <, |AlIBI E3(A, B) < |A||B|* log |A] .

Proof. Note that the cardinality relations between the sets involved serve only for one to be
able to disregard the trivial term |L| in the Szemerédi—Trotter incidence estimate of Lemma
1. Without loss of generality |IT;]| < |T1;|.

2 The term |L| in this estimate can be written more precisely as |{{ € L: [N (A x B)| = 1}].
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To prove (2-1) observe that

Hc=a—bjacA,beB,ceCl <T Ye=pg—b;pell,gellr,beB,ceC)
< T7H(CBIIT [T ) + 1T |C)] (2-4)
< T7(Cl|BI|T || T2 )3,

by Lemma 1 and the assumptions on set cardinalities.
Furthermore, for an integer k € [1, min (|A[, |B|)] define

Dyp:={deA—B:ra_gx) >k}

as the set of k-popular differences, clearly |Dy| < |A||B]|.
By definition of Dy, as in (2-4), with Dy as C in its right-hand side we have

1
IDilk < Zl{d=pq —b: d € Dy.peTi g € Mo be B

1
< ?(|Dk||B||H1||H2|)2/3~

Hence
(IBI|M || M2])*
D _ 2:5
1Dk <= s 2:5)
Then bound (2-2) follows after dyadic summation in k = 2/, namely
, BJ2|T1; [*|T2)? log |A
BAB< Y. @Dy« BT 'T32' Ly
1<j«<log |A|
as claimed.
Similarly, for 1 <s <3 dyadic summation leads, for any k € [1, min (JA|, |B])], to the
bound
1 |BI*|T My
Y <GS = :

x€A—B:ra_p(x)>k

where the hidden constant depends on s.
The remaining counterpart of Eg4(A, B) is

Y. r@=kTABL

x€A—B:ra_px)<k

Optimising the two latter bounds by choosing

|B|

k=I1||T1y|, | —=
[Ty [|TT2| AT

completes the proof of inequality (2-3).
For a convex A =f([|A|]) we want to show that same bounds as (2-2), (2-3) hold if one
formally replaces |I11| = |I1;| =T = |A|. Let us use the same notation Dy, as above, writing
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for a single representation of each of its element d in > | |A|/2] ways
d=f@i) =bi=f(i+j—j) —bi=fl—))—=bi.

(Without loss of generality we have assumed i < |A|/2: otherwise we wold do i = (i —j) +J,
which leads to the same estimate using Lemma 1.) Hence, k|Dg| is bounded from above via
|A|~! times the number of incidences between the point set [|A|] x B and |A||Dy| translates
of the curve y = f(x). Applying Lemma 1 yields, with no constraints on B

AlIBI?

|Dy| < 3

The claimed energy bounds follow similar to (2-2), (2-3).

Let us finally include the aforementioned few sums, many products estimate. The fol-
lowing lemma is in essence a restatement of [12, lemma 2-5]. We provide a slightly shorter
proof, which easily generalises for point sets that are not Cartesian products — see the remark
following the proof.

LEMMA 3 Let A C R\ {0} and 1y, [T C R be finite sets with |T1,|, |T11| > |A|, and the
property that ri,—m,(a) > T for all a € A and some T > 1.

Then

T[T log |TT4 |

EX(4) <« =

(2:6)
Proof. To estimate

EX(4)= |{<a,b,c7d)€A4¢g: 2”

observe that this quantity is bounded from above by 7~* times the number of solutions of
the equation

xX—y u—v
t=——>=——=xX,u,u €Iy, y,y, v,V elly, reR\ {0}. 27
X =y u—v
The latter number of solutions, the variables x, . . ., V', r belonging to the sets as specified, is
2

2
2o 2 ey | S M2l Y ) My —h
t x,yl t x,y/

by Cauchy—Schwarz. Rearranging the fractions

2. 2 r<2x—nz>/<n1—y/>(t)

1€R\(0} 5y

/
x—v y-—-u
{ = 'x,u,u’el'll,y’,v,v’eHg:y’;éu,u’,x;év,v’}

x—v y/_u/
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The latter quantity is the number of affine collinear triples with two (u, v), (i/,V") € 1] x
I1, and one, different from both of the above, (, x) € 1, x IT;. The trivial aspect of the
count when (u, v) = (', V') yields merely |IT;|?|TT,|>.

Otherwise by Lemma 1, the number of k>2 rich affine lines in ITj x I is
(0] (|1'I1 12|T1,|? /k3). We now take dyadic values k; = 2/, j > 1, partitioning these lines into
groups Ly;, supporting the number of points of IT; x Il in the interval [2/, 27*1). The num-
ber of pairs of points from I1; x I on a line from the jth group is < 4kj2. Furthermore, by
Lemma 1, the number of incidences between Ly; and ITy x IT; is

|T11 2| T, |2
0 (L T IT2D + 1L ]) < e

J
Multiplying by the latter bound by |l'[1||1'12|kj2 and summing in O(log |I11]) values of j
absorbs the above trivial bound for the case (u, v) = («/, V') and completes the proof.
We remark that the proof of Lemma 3 easily adapts to yield the following statement.
Let P C R? have empty intersection with coordinate axes and Q C R* meet any line |
in at most |Q|'/?* points. Suppose, ¥ p € P, ro—o(P) = T2, for some T > 1 (or the same for
ro+0(P)). Then

10 log |Q)
Z PNI% < T—f .

1: (0,0)el

3 Proposition 1

In this section we present our main proposition. Unlike the arguments of Konyagin and
Shkredov [10, 11] and Shakan [23], we lower bound the quantity |[AA;| instead of the
smaller quantity |A,A;,| (definitions forthcoming). Our proof is elementary in that it uses
only geometric and combinatorial observations.

In contrast, Shakan’s analogous proof used higher energies. One can apply Shakan’s ‘less
elementary’ proof to the quantity |AA; | to obtain the same conclusion as the forthcoming
Proposition 1. In fact, one can even replace Shakan’s choice of second- and fourth-moment
energies with the ‘more natural’ (when using the Szemerédi—Trotter theorem) third moment
energy to realise the same conclusion.

PROPOSITION 1 Let ACR. g and let |[A+A|=K|A| and |AA| = M|A|. Suppose that the
multiplicative energy of A is supported on slopes S; CAJA so that raa(X) € [7,27) for
each ) € S; and

|Sc |72 < EX(A) <4IS¢ |2* log |A] .
Then there exists S, € S; with |S7| > |S;|/64 such that, for every A € S,

A1°
M*K8|Sc|/2(log AT’

|AA; >

where A; = AN LA
Proof. Take a natural number

N:=CK*M|A|" ' log |A], (3-1)
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for a sufficiently large C, say C > 128. From Solymosi’s inequality (1-3), it follows that
K’M > |A|[log |A|1~!/4, hence, in particular, N > 2. We may also assume that N < |A|'/?;
indeed, if N > |A|'/2, then it is enough to show that |AA; | > C*|S;|~"/? log (|A])~3, which
is readily satisfied since |[AA;| > |A].

The slopes in S; are positive; we order them by increasing value and partition S; into
bunches of N consecutive lines. There are ||S;|/N] ‘full’ bunches of exactly N slopes, and
at most one additional bunch with fewer than N slopes that we delete with no consequence,
since N is very small relative to |S;|. Henceforth, we assume that all bunches are full.

Let ¢, denote the line through the origin with slope A. For each pair of distinct slopes
A, Aj in a fixed bunch B, we create between 72 and 472 vectors in (A + A) x (A + A) from
the sum of each of the ~ t elements of A x A supported on the line £;,;, with each of the
~ 7 elements of A x A supported on £;;. We denote these vectors by Ay + .A,\_i. These ~ 72
vector sums lie between £, and £, i and in particular, between the two extremal slopes in
the bunch. A new element in (A 4+ A) x (A 4+ A) created in this manner could appear from
multiple pairs of slopes within the same bunch; we must account for this over-counting. Note
however that an element of (A + A) x (A 4 A) created in this way cannot have come from
from pairs in two different bunches.

Define, for fixed slopes A1, A3, A3, A4 the quantity

q()"l ) )"Za )\'3’ )\'4): = |(A)\1 + Akz) N (‘AA.3 + A)\4)|
and for a fixed bunch B, let
Op:i= Y q(1,22,23, M),
A1,A2,A3,A4EB

where the sum is taken over distinct pairs of slopes: Ay # Az, A3 #Aq4 and {A1, Ay} #
{A3, A4}

For slopes A1, A2, A3, A4 € B, with B € B, the quantity g(11, A2, A3, A4) counts (using linear
algebra to eliminate the variable a4 € A;,) the number of solutions to the equation

A — Mg Ao — A4
= a
A3 — Mg ! A3 —Ag

as ay, a1 €A,,a3€A),,a3c€A,,. (3-2)

We use the inclusion-exclusion principle to count the number of new points in (A +
A) x (A + A) created from forming vector sums from a fixed bunch B € B. This number is

at least
2(M) o (3-3)
2 B-

If Op < N272 /8 for at least half of the bunches B € B, then

2 2 4
|A+A|221 1S<] 2 N —N—r2 > |Sz|T NZ IAI*N ;
2L N 2) 8 32 128]AA| log [A]

by substituting in the value for N, we obtain a contradiction. Henceforth, let us suppose that
Qp > N?1? /4 for at least 50% of the bunches and let us relabel 3 to denote these bunches.
For Be B, let Ap={ 3 €B:>_ q(\1, X2, A3, Ag) > er/S}, where the sum is taken over
slopes A1, A2, A4 € B, restricted as in the definition of Qp. The lower bound on Qp implies
that |Ap| > N/8. Hence, by an application of the pigeonhole principle on the variables
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A1, A2, A4, we can find a set of at least N/16 slopes A3 € B so that there exist slopes
A1, A2, A4 € B such that the number of distinct solutions to equation (3-2) is

2

> =
~2N?

Let us redefine S as the subset of the above slopes A3, so that |S..| > |S;|/64 — in fact, we
can manipulate the constants in the argument so that S’ constitutes any desired proportion
of S;.

For each A € §’,, let A} be the dyadically popular subset of A;. Namely, we partition the set
of a € A, by dyadic values of their number of realisations as the difference above —a member
of the partition is identified by integer 0 <s < log |A|, so that r., Ary —2As, (a) € [2°, 25D
where ¢c1 = (A1 — Ag)(A — )»4)_1 and co = (g — A)A — k4)_1.

Let A} be the dyadic subset with the largest contribution to the number of solutions to
(3-2), by the pigeonhole principle

S. (3-4)

/
Va AL T ety @ i

Applying Lemma 3 to A} with 7 = S/2|A | log |A| and |IT1], |TIz| € [7, 27) yields

01A] |*(log |A])°
s4 ’

After two more applications of the Cauchy—Schwarz inequality, we get

EX(A)) < (3-5)

Al | o AP AP
= A= et .
EX(AaA&) /EX(A)EX(A;

Substituting the value of S from (3-4) and E*(4) > |S; |72 log_1 |A| completes the proof.

4 Proof of Theorem 1

Without loss of generality, assume that A has positive elements. Denote |A + A| = K|A|
and |AA| = M|A|. We will show that max (K, M) > |A|3+ ie —o(),

Consider the point set A x A € R?. We begin by an application of the dyadic pigeonhole
principle to extract a subset of A x A which supports at least a logarithmic factor of the
energy of A: decompose the set of |A/A| slopes through the origin supporting A x A into
< log |A| dyadic sets, where each slope in the jth dyadic set S; contains between 2~1 and
2 — 1 points of A x A. Then Zj 15;1220-D < EX(A) < Zj |S;12%. Let jio denote the index for
which |Sj0|22j0 is maximal, and write S; = Sj,, T = 200, Then |S; |72 > E*(A)/log|A|. We
may further assume that t > C for some (large) constant C > 0, since otherwise E*(A) <
C?|A|?, and there is nothing to prove.

Let the points of A x A on the line with the slope A € S; be written as

Aii={(a,ra) €A x Aiae A, CA}, |As| €lt,21)}.

The set A, =A N A~ 'A is the set of the x-coordinates of points in A, C ¢;, where ¢, is the
line through the origin with slope X.

We apply Proposition 1 to A to pass from A € S; to A € S;. Clearly, ra/4, (1) = |Ax], by
definition of A, .

https://doi.org/10.1017/S0305004121000633 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004121000633

An update on the sum-product problem 423

Thus for any a € A and any a, € A,, one has

a(Aa
s (ray)
aay,

€AA/AA.

(Konyagin and Shkredov refer to this truism as the Katz and Koester inclusion introduced
in [9]). There are |A;A| distinct values of the denominator aa,. Thus, by the lower bound of
Proposition 1,

A[S o
1S 12M*K3 (log [A)T

VA €S, raajaa(h) = |AAxl > 4-1)

It remains to relate the set S, to A and use the Theorem 4. We choose a subset of S, by
intersecting the set of at least 7|S’.| points of A x A supported on lines through the origin
with slopes in S., by a vertical line with some fixed x-coordinate ag € A. By the pigeon-
hole principle, there is an element ag € A, where the intersection has cardinality at least the
average t|S.|/|A|.

Without loss of generality ag = 1. Thus we have B C A, with |B| > t|S;|/|A| and such that
Vb € B, raa/aa(b) > T. Concretely, B=A/ap N S,.

Using K|A|=|A+A| > |B+ B| we apply Theorem 4 to the set B with I1=AA and
T =T, defined in (4-1), to get a lower bound for |B+ B|. We group together [S;|t2 >
E*(A)log™! |A] to take advantage of the Cauchy—Schwarz relation E*(A4) > |A|3/M, so that
(suppressing powers of log |A|):

K283M176 Z |A|94(|S1; |T2)41/2|Sr |4 .

We recycle the bound on T to bound |S;|: since M|A| = |AA| > |AA,| > T, we have that
1S¢| > |A|'°M 19K ~16_ This yields the inequality

K694M473 2 |A|39]

whence the claim of Theorem 1 follows.

Reviewing the proof of Theorem 1, we remark that the main reasons why, within the
Konyagin—Shkredov strategy, the gain over § = 1/3 is so small are (i) a large power N8
of N (defined by (3-1) precisely to measure the eventual gain over § =1/3) in estimate
(3-5) (where S=12N"2) and (ii) the relative weakness of the forthcoming Theorem 4.
Lowering the power N® would require an unlikely improvement of the symmetric version of
Lemma 3. A stronger version of Theorem 4 might come from further quantitative progress
in understanding the Few Products, Many Sums, alias weak Erd6s—Szemerédi conjecture,
thus re-emphasising its pivotal role in the sum-product theory at large.

5 Proof of Theorems 3 and 4

We begin with the following regularisation lemma.

LEMMA 4 Let R, be a deterministic rule (procedure) with parameter ¢ € (0, 1) that, to

every sufficiently large finite additive set X, associates a subset Ro(X) C X of cardinality
IRe(X0] = (1 —&)IX].
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For any such rule R, any s > 1 and a sufficiently large finite set A, set c; = ¢log (|A]) €
(0, 1). Then there exists a set B C A (depending on R, s), with |B| > (1 — c1)|A| such that

Es(R¢(B)) > c2 Es(B),

where ¢r = (1 — 2ge! = € (0, 1].

Proof. Construct a sequence of subsets of A as follows. Set Ag: =A; if Es(A;41) <
¢y Eg(A)), define Ajr1: =R.(A;). By definition of R., we have the lower bound |A4;| >
(1 —&)l|A| > (1 — ig)|A| for any index i for which A; is defined.

This process must terminate after at most / = |log |A|] iterations. Indeed, suppose that we
have constructed the set A;. Then, using the trivial bound |A1|2 <E;(A) < |A1|S+1, we have

(1 — c)IAP? < A2 < Es(Ap) < 2Ey(Ar_1) < BE(A) < |ApHIToges” |

The choice of c¢; yields a contradiction.
In this section we prove the following statement implying both theorems.

THEOREM 5 Let finite A, Iy, [T, C R\{0} satisfy |11, [T12] > |A].

(1) Ifrmyn,(a) > T for all a € A, for some T > 1, then
A+ AT 252 > [A[M T (log |A]) ™ .
(i1) IfA is a convex set, then
A +AI> AP P (log |A) 2P

Proof. We begin with a regularisation argument, applying Lemma 4 to the forthcoming
procedure R. This will yield a set of B C A with |B| >> |A[, containing a large subset R(B)
supporting most of the additive energy of B. We will then study linear relations among

elements of B and R(B).
Let P.(A) be the set of popular sums of A, where ‘popular’ is defined according to some
ee(0,1):
P:(A) { €A+A (x) = A7 } 51
=9 1T X)>¢€ . .
e A+A =“IAtA4

The set P.(A) supports most of the mass of A x A. That is,
{(a,b) €A x Ara+b e Po(A)} > (1 — €)|A]*.
Indeed, we have

AP =Y "rapa®= Y rapa@+ D rapal®) <D raza@®+elAP

X xeP¢(X) X¢Pe(X) xeP

Let R(A) C A correspond to ‘rich’ x-coordinates in A x A, namely

1
RA): = {a €A |(a+A)NP(A) > §|A|} .
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Clearly ‘R is a deterministic procedure that creates a subset of A. We show that |R(A)| >
(1 — 2¢)|A|, or equivalently, in the notation of Lemma 4, that R(A) = R (A). To justify this
claim, we use (5-1):

(1 —&)|A]* < [{(a,b) e R(A) x A: a+b e P:(A)}|
+ {(a,b) e A\ R(A)) x A: a+ b e P:(A)}]

1
< AR+ S1AIGAl = TRA)D -

A rearrangement shows that |R(A)| > (1 — 2¢)|A| and so R(A) = Ry (A).

Having now defined a deterministic rule, let us apply Lemma 4 to the set A, setting
e=1/2log"! |A|. We obtain a set B C A with |B| > |A|/2 such that E(R(B)) > E(B). The
advantage of dealing with the sets B and R(B) versus A and R(A) is twofold: to each
b € R(B) we can add at least |B|/2 distinct members of B to obtain a popular sum in P (B).
Secondly, we have ruled out the adverse potential scenario in which the energy of R(A) is
much less than the energy of A.

Let D € R(B) — R(B) be the dyadic set supporting the energy of E(R(B)), so that, for
some A > 1 we have

E(B) < E(R(B)) < A%|D] log |A|

and for all d € D, we have rr)—rB)(d) € [A,2A). Note that D also supports the energy of
E(B).

Having defined suitably regular sets, we now proceed to obtain the quantitative advantage
of Theorem 4. This arises from studying the following truism:

r—s=bB+r)—(b+y), (5-2)

where pairs (r, s) € R(B) x R(B) are popular by energy: r — s € D, and b € B.

Let us impose the additional condition that x: = b + r € P.(B), where P.(B) is defined as
in (5-1). Since b € B, there are >> |D|A|B] solutions to (5-2). We will partition solutions to
(5-2) as

d=x—y:deD, xeP;B), yeB+B
by the equivalence relation
(r,s,b)y~(r+t,s+t,b—1), teR.

The number Q of pairs of related triples is bounded from above by

Y rp_p=E3(B). (5:3)

t

Hence, by the Cauchy—Schwarz inequality, using the popularity of the set P.(B) and the
Holder inequality respectively, we get

A’ |DI>A%? < E3(B)|{x—y=d: x€ Ps(B),y€ B+ B,d € D} (5-4)
<e 'E3(B)B+B||B| 2|{b+b —y=d: bt/ €B,yecB+B,de D}
=¢ 'Es(B)B+B|IBI"* Y _ ra_p(t)ri5)-5(1)

t

< ¢ 'E3(B)|B+ BIIBI2E3/2(B. D)E}*(B.B+ B).
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To each instance of E3 as well as E3/ we apply Lemma 2. We only present the case (i), as
the case (ii) of a convex |A| uses the estimates of the same lemma, the numerology change
being tantamount to |I1{| = |[1| =T = |A|.

Thus applying Lemma 2 and rearranging we obtain

D10 A <« TP P2 |BI 722 1B + BT (5-5)
We can assume, again by Lemma 2, that

12|22 B

A
K€ TE®)

(5-6)

Indeed, by definition of D, there are ~ A|D| solutions to the equation
r—s=d. r,seB,deD.

Estimate (5-6) follows by compare this with bound (2-1) from Lemma 2, with C =D and
rearranging, using E(B) > € |D|AZ.

We now multiply both sides of (5-5) by A!/®, using (5-6) in the right-hand side. After that
we rearrange, use

|B|*

DIA%2> ¢ 'E(B)> ¢! ,
|D| (B) B+ B

as well as [A + A| > |B + B| and |B| > |A| to complete the proof.
We remark that we can easily re-purpose the above proof to retrieve the best known few
products, many sums inequality

by Olmezov, Semchankau and Shkredov [18].

We note also that we can obtain similar results involving the difference set by replacing
k=2 with k= 12/7 in Lemma 4. This recovers the result of Schoen and Shkredov [22] that
|A —A| > |A|%/ for |A| convex.

6 Proof of Theorem 2

In this section we prove a new lower bound on |AA + AA|. The theorem follows immedi-
ately by combining the bounds from the two forthcoming propositions, the first one being
an easier version of Proposition 1 and the second of the argument in the proof of Theorem 5
around estimates (5-2) - (5-4).

We once again assume that A CR.¢. Similar to Proposition 1, the forthcoming
Proposition 2 uses Konyagin and Shkredov’s extension of Solymosi’s geometric argument
[10, 11, 27]. Only now the vector sums constructed lie in (AA + AA) x (AA + AA) and the
set of slopes used instead of S; are all of the slopes from A/A. This idea is due to Balog [1].

A variant of Proposition 2 can be extracted from the paper by losevich, Roche-Newton
and the first author [8, proof of theorem 2]. Below we give a brief self-contained proof.

PROPOSITION 2 For a finite positive set of positive reals A,

|AA + AA|? > |AJAIP3 AP

https://doi.org/10.1017/S0305004121000633 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004121000633

An update on the sum-product problem 427
PROPOSITION 3 Let A C C. Then

IAA + AAP > AR log~/% |A] .
[AJAP

It remains to prove Propositions 2 and 3.

Proof of Proposition 2. Recall that A is positive. For each A € A/A we fix some vector
vy = (ax, Aay) € A x A lying on the line through the origin with slope A. Clearly, for any
b € A, the dilates bv, of the vector v, are in AA x AA. Thus for any A;, A, € A/A, we have
the sums of such dilates lie in (AA + AA) x (AA + AA):

Vay,ay €A, A1, hy €AJA, aivy, + azvy, € (AA + AA) x (AA + AA) .

For fixed distinct A1, Ao € A/A, we get |A|? new vector sums, with slope between A and A;.
By considering only vector sums from consecutive slopes A;, Aj+1, it thus follows that

IAA +AA* > (JA/A] — DIA?;

we will further attempt to improve by considering vector sums constructed within bunches
of slopes.
Similar to (3-1) in the proof of Proposition 1 define

_JAA+AAP
|AIZIAJA|

for a sufficiently large absolute C.

As in the proof of Proposition 1, partition the set of slopes A/A (equivalently, the lines
through the origin supporting A x A) into ||A/A|/N] consecutive “full” bunches containing
N lines, and at most one bunch consisting of fewer than N lines, which gets deleted. Once
again, N is much bigger than 2 and much smaller than [A/A]|.

To each bunch B and distinct A;, A; € B we construct |A|? vector sums in (AA + AA)?, by
considering the vector sums of the dilates of the vectors v;,, v;; by elements of A, to generate
the sum set Avy, + Av,; € (AA +AA)>.

Define ¢ and

Os= Y |(Avy, +Av) N (Avy, +Avy)
A1,A2,A3,A4EB

’

where the sum is taken over Ap, Ay, A3, A4 € B where A1 # X2, A3 # Aq and {11, A2} #
{A3, Aa}.
By inclusion-exclusion, the number of new elements of (AA + AA) x (AA + AA) gener-

ated by B is at least:

Miar-o

2 B
It is is a direct analogue of (3-3).

By repeating verbatim the argument in the proof of Proposition 1 between (3-3) and (3-4),
we argue that, owing to the above choice of N, at least for 50% of the bunches B the collision
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term should be large. That is, the value Q associated to at least half the bunches satisfies

AI2JA/A| )2

NY AP | ————
0> N7|A] <|AA+AA|2

Furthermore, as a direct analogue of the arguments between statements (3-2) - (3-4) in the
proof of Proposition 1 we conclude that there are two dilates of A by some ¢y, ¢3, so that

4 2
{(a,a1,a2) € A>:a=cia; — czaz}‘ > APN 2> |A|2M .
|AA +AA4

We compare this with the upper bound for the number of solutions, from Lemma 2; we use
bound (2-1), with ITy =A, [T =A/A and T = A, since a = b}, for any b € A.
Rearranging completes the proof.
Proof of Proposition 3. Once again, dyadically partition the set A — A toobtain D CA — A
and A > 1 so that E(A) > |D|A? log |A| with r4_4(d) € [A, 2A) for each d € D.
There are at least |A||D| A solutions (a, b, ¢) € A3 to the equation
a—c=@+b)—(b+c)a—c=deD.

We proceed as in the proof or Theorem 5, associating an equivalence relation to these
solutions, so that that (a, b, c) ~ (a+1t,b —t,c + t) for some t € R.
We have the analogue of (5-4)

AIIDIA <EY2(A){(r,y, d) € (A+ A x D: x—y=d}|'/*. ©1)

We bound the quantity [{x —y=d: x,y€ A+ A,d € D}| using Lemma 2, estimate (2-1),
with [T1 =1/A, I, =AA+A)and T = |A|, forx = (ax)% for any a € A. It follows that

{x—y=d:x,yeA+A,deD}| < |AI"'PI1A+ A>3 D*?1AA + A))*3 .

Furthermore, once again by Lemma 2, bound (2-2), with [Ty =A, [1; =A/A, and T = |A]|,
since a = ba/b, for any b € A, we have

E3(A) < |A/A?|A|log |A] .
Multiplying both sides by A!/3, the bound (6-1) then becomes
AP (DI AN < |A/ANA + AP 1AM +A)P A log! 2 4]
Similar to (5-6) we have

A< AlJA/AJ? log |A]
Thus
IAI'BE@) < |AJAPPIA + AI'BIAA + 4)) P 10g¥? |A] .

The proof is complete after rearranging after using E(A) > |A|*/]A + A| and dominating
A+ A and A(A + A) by AA + AA.

We remark, curiously, that if one uses an additional assumption in Theorem 2 that A is
convex, then its estimate improves slightly to |[AA + AA| > |A|8/57°(D The same exponent
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8/5 — o(1) is the best one known in the few products, many sums scenario for |A 4+ A| when
|AA| — |A|, [24]. The same exponent is also the best one known for |A — A| when A is
convex (but not for |A 4 Al), [22]. See the discussion in the outset of this paper.

Acknowledgments. The authors thank Kit Battarbee for carefully reading the draft of

this manuscript and Ilya Shkredov for discussions.

(1]
(2]

(3]
(4]

(5]

(6]
(7]
(8]
(9]
(10]
(1]
(12]
(13]
[14]

(15]
[16]

(17]

(18]

(19]
[20]
(21]
(22]
(23]

[24]

REFERENCES

A. BALOG. A note on sum-product estimates, Publ. Math. Debrecen 79, 3—4 (2011), 283-289.
A.BALOG and T.D. WOOLEY. A low—energy decomposition theorem. Quart. J. Math., 68 1 (2017),
207-226.

G. ELEKES. On the number of sums and products. Acta Arith. 81, (1997), 365-367.

G. ELEKES and I. Z. RUZSA. Few sums, many products. Studia Sci. Math. Hungar. 40, 3 (2003),
301-308.

P. ERDOS. Problems in number theory and combinatorics Proceedings of the Sixth Manitoba
Conference on Numerical Mathematics, Congress. Numer. 18, pp. 35-58 (Utilitas Math., Winnipeg,
1977).

P. ERDOS and E. SZEM EREDI. On sums and products of integers. Stud. Pure Math. (Birkhéuser,
Basel, 1983), 213-218.

K. FORD, The distribution of integers with a divisor in a given interval, Annals of Math., 168, (2008),
367-433.

A.IOSEVICH, O. ROCHE-NEWTON and M. RUDNEV, On discrete values of bilinear forms, Sb. Math.
209, 10 (2018), 1482-1497.

N. H. KATZ and P. KOESTER, On additive doubling and energy, SIAM J. Discrete Math., 24, 4 (2010),
1684-1693.

S.V. KONYAGIN and I.D. SHKREDOV. On sum sets of sets. having small product sets, Trans. Steklov
Math. Inst., 3,290 (2015), 304-316.

S.V. KONYAGIN and I.D. SHKREDOV. New results on sum—products in R, Proc. Steklov Inst. Math.,
294,78, (2016), 87-98.

B. MURPHY and O. ROCHE-NEWTON and I.D. SHKREDOV. Variations on the sum—product problem
I, SIAM J. Discrete Math., 29, 1 (2015), 514-540.

B. MURPHY and O. ROCHE-NEWTON and [.D. SHKREDOV. Variations on the sum—product problem
II, SIAM J. Discrete Math., 31, 3 (2017), 1878-1894.

B. MURPHY, M. RUDNEV and I. D. SHKREDOV, YU. N. SHTEINIKOV. On the few products, many
sums problem, J. Theor. Nombres Bordeauy, 31, 3 (2019), 573-602.

M. NATHANSON. On sums and products of integers, Proc. Amer. Math. Soc. 125, 1 (1997), 9-16.

K. I. OLMEZoV. A little improvement of the lower bound for sumset of convex set, Mat. Zametki,
Accepted for publication, http://mi.mathnet.ru/mz12635.

K. I. OLMEZOV. Additive properties of slowly growing convex sets, (in Russian). To appear in Mat.
Zametki 110, 6 (2021), 1-18.

K.I. OLMEzZOvV, A.S. SEMCHANKAU and [.D. SHKREDOV. On popular sums and dif-
ferences for sets with small multiplicative doubling. Math. Notes 108, (2020), 557-565.
https://doi.org/10.1134/S000143462009028X.

J. ORTEGA Y GASSET. What is Philosophy? (W. W. Norton & Company; 1st American edition 17
Jun. 1964).

M. RUDNEV, G. SHAKAN [.D. Shkredov. Stronger sum-product inequalities for small sets, Proc.
Amer. Math. Soc. 148, (2020), 1467-1479.

M. RUDNEV, S. STEVENS and [.D. SHKREDOV. On the energy variant of the sum-product conjecture,
Rev. Mat. Iberoam. 36, 1 (2020), 207-232.

T. SCHOEN and I. D. SHKREDOV, On sumsets of convex sets, Combinatorics, Probability and
Computing 20, (5) (2011), 793-798.

G. SHAKAN. On higher energy decompositions and the sum-product phenomenon, Math. Proc. Camb.
Phil. Soc. 167, 3 (2019), 599-617.

I. D. SHKREDOV. Some new results on higher energies, Trans Nosci. Math. Soc. 74, 1 (2013), 35-73.

https://doi.org/10.1017/S0305004121000633 Published online by Cambridge University Press


http://mi.mathnet.ru/mz12635
https://doi.org/10.1134/S000143462009028X
https://doi.org/10.1017/S0305004121000633

430 M. RUDNEV AND S. STEVENS

[25] 1.D. SHKREDOV. On sums of Szemerédi—Trotter -sets, Proc. Steklov Institute Math. 289 (2015), 318—
327.

[26] 1. D. SHKREDOV. Some remarks on the Balog—Wooley decomposition theorem and quantities D*,
Dx, Proc. Steklov Inst. Math. 208(Suppl 1), 74 (2017), 74-90.

[27] J. SoLYMOSI. Bounding multiplicative energy by the sumset, Adv. Math. 222, 2 (2009), 402—408.

[28] J. SoLYMOST and G. TARDOS. On the number of k-rich transformations, Computational geometry
(SCG’07), 227-231, ACM (New York, 2007). Adv. Math. 222, 2 (2009), 402-408.

[29] E. SZEMEREDI and W. T. TROTTER. Extremal problems in discrete geometry, Combinatorica 3
(1983), 381-392.

https://doi.org/10.1017/S0305004121000633 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004121000633

	Introduction
	Outline of the proof of Theorem 1
	Outline of the proof of Theorem 4

	Preliminaries
	Proposition 1
	Proof of Theorem 1

	Proof of Theorems 3 and 4
	Proof of Theorem 2


