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Abstract. Let f be a generalized eigenfunction of an interval exchange transformation, T ,
on the unit interval, which satisfies the infinite distinct orbit condition (IDOC). We assume
that the minimum spacing, εn(T ), of the partition defined by T n is of the order 1/n for
infinitely many n. This assumption is generic. Given δ > 0 we prove that for sufficiently
large n and for every interval J satisfying |J | = εn(T ), there exists x0 ∈ J such that

|{x ∈ J : |f (x)− f (x0)| ≥ δ}| < δ|J |.
This provides a specific sufficient generic diophantine condition for Veech’s result
[V2, Lemma 7.3]. Above |·| denotes the linear measure of the set. Moreover, if T is
uniquely ergodic, then any bounded variation continuous f must be of the form f (x) =
γ exp(2πiax) almost everywhere, where γ ∈ C and a ∈ R.

1. Introduction
Let m ∈ Z,m > 1. We denote by �m the positive cone Rm+ and we let

�m−1 = {λ = (λ1, . . . , λm) ∈ �m : λ1 + · · · + λm = 1},
the so-called (m− 1)-dimensional simplex. For λ ∈ �m we define

|λ| = λ1 + · · · + λm, Iλ = I (λ) = [0, |λ|)
β0(λ) = 0, βj (λ) = βj−1(λ)+ λj , Iλj = Ij (λ) = [βj−1, βj ), 1 ≤ j ≤ m.

Let Sm be the group of permutations on {1, . . . ,m} and, for π ∈ Sm, set λπi = λπ−1i , for
1 ≤ i ≤ m. The (λ, π)-interval exchange transformation (IET) is the one-to-one onto map
on Iλ, denoted by T = T(λ,π), defined by

T x = βπi−1(λ
π )+ x − βi−1(λ),

for all x ∈ Iλi , 1 ≤ i ≤ m. The discontinuities of T belong to the set {β1, . . . , βm−1}.

https://doi.org/10.1017/S0143385704000021 Published online by Cambridge University Press

https://doi.org/10.1017/S0143385704000021


698 M. Boshernitzan and A. Nogueira

Let λ ∈ �m−1, so T = T(λ,π) is an IET on the unit interval I = [0, 1). A functionE on
the interval I is T -piecewise constant if it is constant on every interval Ij (λ) exchanged by
T , j = 1, . . . ,m. A function f on I is a generalized eigenfunction of T , if there exists a
T -piecewise constant function E such that

f (T x) = E(x)f (x), (1.1)

for almost every x ∈ I . For example, f (x) = γ exp(2πiax), where γ ∈ C and a ∈ R, is
a generalized eigenfunction of any IET.

We need a notion regarding the permutation π .

Definition 1.1. A permutation π is irreducible, if, for T = T(λ,π), T [0, y) = [0, y), for
some y > 0, implies y = |λ|. This means that if π{1, . . . , k} = {1, . . . , k}, then k = m.
We denote by S0

m the set of all irreducible permutations on m letters.

We say that π ∈ S0
m is of rotation class, if there exists 1 ≤ j < m and for every

1 ≤ i ≤ m, π(i) = i + j if 1 ≤ i ≤ m − j and π(i) = i − (m − j) otherwise. It is
conjectured that if π is not of rotation class, then, for almost every λ ∈ �m, T = T(λ,π) is
weak mixing. It means that 1 is the only eigenvalue of T . It has been proved by Katok and
Stepin [KS] and Veech [V2] that the claim holds for certain permutations. For example,
the claim is true for the permutation σm(i) = m− i + 1, for every 1 ≤ i ≤ m, when m is
odd. It is unknown if the claim holds for m even, m ≥ 4. Recently, it has been shown by
Chaves and Nogueira [CN] that the permutations considered in [KS] and [V2] force, in a
naive way, the eigenvalue of the IET to be 1.

In [NR] a weaker claim is proved. If π is not of rotation class, then for almost
every λ ∈ �m, T = T(λ,π) is topological weak mixing. This means that continuous
eigenfunctions must be constant.

Definition 1.2. We say that T = T(λ,π) satisfies the infinite distinct orbit condition (IDOC)
if:
(1) O(βj ) = {T n(βj ) : n ≥ 0} is an infinite set for every 1 ≤ j ≤ m− 1;
(2) O(βi) ∩O(βj ) = ∅ for every 1 ≤ i < j ≤ m− 1.

Let T = T(λ,π) be an IET on the unit interval and D1 = {β1, . . . , βm−1}. For all n ≥ 1,
let

Dn =
⋃

0≤k≤n−1

T −k(D1),

which defines a partition of [0, 1). Let εn = εn(T ) be the length of the shortest interval
of the partition Dn. We now state our main result, which holds under the assumption that
lim supnεn > 0. Below, | · | denotes the measure of a linear set.

THEOREM 1.3. Let T be an ergodic IET which satisfies the IDOC and f be a generalized
eigenfunction of T . Assume that there exists c > 0 such that nεn(T ) ≥ c infinitely often.
Then given δ > 0 for infinitely many n for all subintervals J ⊂ Iλ with |J | = εn, there
exists x0 ∈ J such that

|{x ∈ J : |f (x)− f (x0)| > δ}| < δ|J |.
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This property is related to the spectral properties of the IET, as we can see in [V2]
and [CN]. Regarding the topological weak mixing property of IET, the result proved in
[NR] strengthens the conjecture that almost every IET is indeed weak mixing. The study
of this property is also the subject of Arnoux [A], Ferenczi et al. [FHZ] and Katok and
Stepin [KS].

This paper is organized as follows. In §2 we state some known facts about IETs and
define the Rauzy induction [R]. The proof of Theorem 1.3 is left to §3. In §4 we consider
bounded variation generalized eigenfunctions f of IETs. We prove that, if the IET satisfies
the IDOC, then f must be continuous. Moreover, we show that for uniquely ergodic IETs
on the unit interval, such a generalized eigenfunction of bounded variation must have a
very specific form: f (x) = γ exp(2πiαx), for some γ ∈ C and a ∈ R.

2. Basic properties of IET
In [R] a suitable inductive process for IETs was introduced which has been used to prove
the dynamical and ergodic properties. The so-called Rauzy induction is applied to IETs
which satisfy the IDOC. In order to carry on the induction, we need a notion regarding the
vector λ.

Definition 2.1. We say that λ ∈ �m is irrational if λ1, . . . , λm are linearly independent
over Q.

The notion of an irrational vector together with the notion of an irreducible permutation
allow one to state a theorem proved in [Ke].

THEOREM 2.2. [Ke] Let π ∈ S0
m and λ ∈ �m be irrational. Then two discontinuities of

T = T(λ,π) never lie on the same orbit. Moreover, every orbit of T is dense on Iλ.

This result leads to the notion of the IDOC (Definition 1.1). By Theorem 2.2, if π ∈ S0
m

and λ ∈ �m are irrational, then T(λ,π) satisfies the IDOC.
Let π ∈ Sm and A be an assertion. We say T(λ,π) satisfies A for almost every λ if

{λ : T(λ,π) satisfies A} is a full Lebesgue measure set. According to [Bo1], once π ∈ S0
m

is fixed almost every IET satisfies the hypothesis of Theorem 1.3.

THEOREM 2.3. [Bo1] Let π ∈S0
m, then for almost every λ ∈ �m lim supn nεn(T(λ,π)) > 0.

More precisely, in [Bo1] a sufficient condition for the unique ergodicity of T is
formulated in terms of the asymptotic behavior of εn(T ). A convenient improved version
of this condition is given by the following.

THEOREM 2.4. [V3] Let T be an IDOC IET which is not uniquely ergodic. Then
limn→∞ nεn(T ) = 0.

Let π ∈ S0
m, λ ∈ �m be irrational, τ (λ, π) = max{βm−1(λ), βm−1(λ

π)} and

J (λ, π) = [0, τ (λ, π)). (2.1)

We denote the Poincaré first return map induced by T on the subinterval I ′ = J (λ, π)

by T1. There exists (λ′, π1) ∈ �m × S0
m such that T1 = T(λ′,π1). Moreover, there exists a

uniquem×m matrix E1 whose entries are 0 and 1 and λ = E1λ
′.
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Since λ is irrational, λ′ is also irrational. Therefore, the inductive process can be
continued with T1. Recursively we define for every k ≥ 1 the Poincaré first return map
induced by Tk−1 on the subinterval I (k) = I (λ(k)) = J (λ(k−1), πk−1) (2.1), denoted by
Tk = T (λ(k), πk). Moreover, there exists a uniquem×mmatrix whose entries are 0 and 1,
denoted byEk , such that λ(k−1) = Ekλ

(k). We defineA(k) = E1 . . . Ek , then λ = A(k)λ(k).
We write A(k) = (A

(k)
ij ). We have that the entry A(k)ij is the number of visits to Ii(λ) of any

point of Ij (λ(k)) before returning to I (λ(k)). The return time of any point of Ij (λ(k)) to

I (λ(k)) is
∑m
i=1 A

(k)
ij , i.e. the sum of the entries of the j th column of A(k).

The above inductive process associates to (λ, π) the sequence (λ(k), πk).

Definition 2.5. Let π ∈ S0
m; the Rauzy class of π is the set R(π) consisting of all

permutations reached by the Rauzy induction beginning at π :

R(π) = {πk(λ) : k ≥ 0, π0 = π, λ ∈ �m}.
Let π0 ∈ S0

m be fixed. The Rauzy induction defines a two-to-one map

(λ, π) ∈ �m × R(π0) �→ (λ′, π1) ∈ �m × R(π0).

For more information on the subject, we suggest to the reader [V1] and [NR].

3. Generalized eigenfunctions
For simplicity, from now on π ∈ S0

m and λ ∈ �m−1, so T = T(λ,π) is an IET on the unit
interval I = [0, 1).

In [V2] the following property of IET is established using the so-called Rauzy induction.
For almost every λ for any generalized eigenfunction f of T(λ,π) (1.1), given δ > 0, for
infinitely many k there exists xk ∈ I (k)(λ) such that

|{x ∈ I (k)j : |f (x)− f (xk)| > δ}| < δ|I (k)j |, (3.1)

for every 1 ≤ j ≤ m. In [V2] and [CN], (3.1) is used to study the spectral properties
of IETs. The claim in Theorem 1.3 is stronger than (3.1) and does not use the Rauzy
induction.

Next we state an assertion which follows directly from the definition of the minimum
spacing εn = εn(T ), which was first pointed out in [Bo2].

PROPOSITION 3.1. Let T = T(λ,π) satisfy the IDOC and let n ≥ 1 be fixed. Then for
every subinterval J ⊂ I such that |J | = εn, there exist integers p, q ≥ 0 such that
p + q = n − 1 and T k acts as a translation on J for all −p ≤ k ≤ q . Moreover
T −p(J ), T −p+1(J ), . . . , J, . . . , T q−1(J ), T q(J ) are pairwise disjoint intervals.

Now we prove our main result.

Proof of Theorem 1.3. There exist 0 < c < 1 and infinitely many n such that nεn ≥ c.
For n satisfying this condition, let J ⊂ I be a subinterval such that |J | = εn.
Then by Proposition 3.1, there exist p, q ≥ 0 such that p + q = n − 1 and the
intervals T −p(J ), T −p+1(J ), . . . , J, . . . , T q−1(J ), T q(J ) are pairwise disjoint. Let f be
a generalized eigenfunction of T (1.1). As T is ergodic, |f | is almost surely constant on I .
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This implies that |E(x)| = 1 for every x ∈ I , whereE is the T -piecewise constant function
which defines f . By Vitali–Lusin’s theorem (see [Be, Theorem 2.10]), given γ > 0 there
exists a continuous function g on [0, 1] such that

|{x ∈ I : f (x) �= g(x)}| < γ,

which implies ∣∣∣∣
{
x ∈

⋃
−p≤k≤q

T k(J ) : f (x) �= g(x)

}∣∣∣∣ < γ.

Therefore, there exists −p ≤ k ≤ q such that

|{x ∈ T k(J ) : f (x) �= g(x)}| < γ

n
.

The uniform continuity of g implies that for n sufficiently large

|g(z)− g(y)| < γ,

for all y, z ∈ I such that |z− y| ≤ εn. Therefore, there exists x0 ∈ J such that

g(T k(x0)) = f (T k(x0)) and |g(y)− g(T k(x0))| < γ,
for every y ∈ T k(J ), and moreover (1.1) holds for x = T l(x0), for every l ∈ Z.
We conclude that

|{y ∈ T k(J ) : |f (y)− f (T k(x0))| ≥ 2γ }| < γ

n
. (3.2)

Next we prove that for almost every y ∈ J ,

|f (T k(x0))− f (T k(y))| = |f (x0)− f (y)|.
We have that T l(J ) is a translation of the subinterval J , for every −p + 1 ≤ l ≤ q − 1;
in addition, the points T l(x0) and T l(y) belong to the same interval Ij , for some 1 ≤
j ≤ m, therefore E(T l(x0)) = E(T l(y)) and (1.1) holds for x = T l(y), for every
−p + 1 ≤ l ≤ q − 1. We deduce

f (T l(x)) = E(T l−1(x)) . . . E(x)f (x), (3.3)

for x ∈ {x0, y}. To conclude we recall that |E(·)| = 1.
We rewrite (3.2),

|{x ∈ J : |f (T k(x))− f (T k(x0))| ≥ 2γ }| < γ

n
.

Using (3.3), we deduce

|{x ∈ J : |f (x)− f (x0)| ≥ 2γ }| < γ

n
<
γ

c
|J |.

Taking c < 1
2 and δ = γ /c, the claim is proved. �
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4. Bounded variation generalized eigenfunctions
The variation of ψ : R −→ C on [a, b] is �ψ([a, b]) = ψ(b) − ψ(a). The function ψ
has bounded variation on [a, b], if there exists C > 0 such that for every finite partition
a0 = a < a1 < · · · < ak = b of the interval [a, b]

k∑
i=1

|�ψ([ai−1, ai])| ≤ C.

The next results deal with bounded variation generalized eigenfunctions (1.1).

LEMMA 4.1. Let T = T(λ,π) be an ergodic IET which satisfies the IDOC and let f
be a bounded variation generalized eigenfunction of T , then there exists a continuous
eigenfunction g such that the set {x ∈ I : f (x) �= g(x)} is countable, therefore the function
E(·) (1.1) is constant and g is an eigenfunction of T . Moreover, if c is a discontinuity of f ,

f (T l+1(c)) = E(T l(c))f (T l(c))

for at most finitely many l.

Proof. Let f be a generalized eigenfunction of T (1.1). As T is ergodic, |f | is almost
surely constant on I . This implies that |E(x)| = 1 for every x ∈ I , where E is the
T -piecewise constant function which defines f . We assume that f is discontinuous
at 0 < c < 1, and there exist ε > 0 and δ > 0 such that for all x1 and x2,
0 < c − δ < x1 < c < x2 < c + δ < 1,

|f (x2)− f (x1)| > ε. (4.1)

Let n > 0 be such that εn(T ) < δ and x1 < c < x2, x2 − x1 < εn(T ), be such that (1.1)
holds for all x ∈ {T l(xj ) : j = 1, 2, l ∈ Z}. As T satisfies the IDOC, Proposition 3.1
holds: there exist p, q ≥ 0 such that p + q = n − 1 and T k(J ) is a translation of the
interval J = [x1, x2], for all −p ≤ k ≤ q , moreover the intervals T −p(J ), . . . , T q(J ) are
pairwise disjoint. The latter implies that |�fT k(J )| = |f (x2)− f (x1)|, since |E(x)| = 1
for every x. By (4.1) we conclude that

q∑
k=−p

|�fT k(J )| > nε.

The right-hand side tends to infinity as n → ∞. This contradicts the fact that f has
bounded variation. We conclude that, for every 0 < c < 1, the limits below are finite and

lim
x→c+ f (x) = lim

x→c− f (x).

Therefore there exists g continuous such that {x ∈ I : f (x) �= g(x)} is a countable set.
Moreover, if f (c) �= g(c), f (T l+1(c)) = E(T l(c))f (T l(c)), for only finitely many l.
This concludes the proof of the lemma. �

Masur [M] and Veech [V1] independently proved that, for a fixed irreducible
permutation π , for almost every λ, T(λ,π) is uniquely ergodic. The next lemma
characterizes bounded variation generalized eigenfunctions of uniquely ergodic IETs.
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LEMMA 4.2. Let T be a uniquely ergodic IET and f a continuous bounded variation
generalized eigenfunction of T . Then there exist γ ∈ C and a ∈ R such that, for every x,

f (x) = γ e2πiax.

Proof. We assume that |f (x)| = 1, for every x ∈ I = [0, 1), as T = T(λ,π) is ergodic
and f is continuous. The continuity of f implies that there exists a continuous real-valued
function φ on I such that for every x ∈ I ,

f (x) = exp(2πiφ(x)).

Moreover for every j = 1, . . . ,m, there exists αj ∈ R such that

E(x) = e2πiαj ,

for every x ∈ Ij (λ). We have for every x ∈ Ij (λ)
f (T (x)) = exp(2πiφ(T (x))) = exp(2πi(αj + φ(x))).

Moreover, φ is also bounded variation, as f is bounded variation.
Let y ∈ I and ε > 0. The fact that T is uniquely ergodic implies that there exists

N = N(y, ε) such that for all k ≥ N and for all z ∈ I ,∣∣∣∣ |{0 ≤ l < k : T l(z) ≤ y}|
k

− y

∣∣∣∣ < ε, (4.2)

where |{·}| means the cardinality of the set {·}. We consider the kth Rauzy induction of T
which is defined on the interval

I (k) =
⋃

1≤j≤m
I
(k)
j .

The right-hand side is a pairwise disjoint union and I (k)j = [β(k)j−1, β
(k)
j ), for 1 ≤ j ≤ m.

Let t(k)j be the return time to the interval I (k) of any point of the interval I (k)j , for
1 ≤ j ≤ m. We set

�
(k)
j (y) = {0 ≤ l < t

(k)
j : T l(β(k)j−1) ≤ y} and s

(k)
j = |�(k)j (y)|.

For k sufficiently large, t(k)j ≥ N(y, ε), for all 1 ≤ j ≤ m, then, by (4.2),
∣∣∣∣∣
s
(k)
j

t
(k)
j

− y

∣∣∣∣∣ < ε.

Let J be a closed subinterval of Ij for some j = 1, . . . ,m, we note that

�φ(T (J )) = �φ(J ).

We recall that, for all j = 1, . . . ,m and 0 ≤ l ≤ t
(k)
j , there exists r = r(j, l) ∈ {1, . . . ,m}

such that T l(I (k)j ) ⊂ Ir . We deduce

φ(1)− φ(0) =
∑

1≤j≤m

∑
0≤l<t(k)j

�φ(T
l(I

(k)
j )) =

∑
1≤j≤m

t
(k)
j �φ(I

(k)
j ).
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Regarding the variation of φ on the interval [0, y], we have

∑
1≤j≤m

∑
l∈�(k)j

�φ(T
l(I

(k)
j )) =

∑
1≤j≤m

s
(k)
j �φ(I

(k)
j ) =

∑
1≤j≤m

s
(k)
j

t
(k)
j

t
(k)
j �φ(I

(k)
j ).

Using that φ has bounded variation,
∣∣∣∣∣

∑
1≤j≤m

s
(k)
j

t
(k)
j

t
(k)
j �φ(I

(k)
j )

∣∣∣∣∣ ≤ (y + ε)
∑

1≤j≤m
t
(k)
j |�φ(I (k)j )| < (y + ε)C.

Then
lim
k→∞

∑
1≤j≤m

s
(k)
j �φ(I

(k)
j )

exists and is finite. The measure of the remaining set

[0, y] −
⋃

1≤j≤m

⋃
l∈�(k)j

T l(I
(k)
j )

tends to zero, as k → ∞. We conclude that for every y,

φ(y) = φ(0)+ y(φ(1)− φ(0)). �

5. Weak mixing for special permutations
Here an alternative approach is given to a question considered in [V2] and [CN].
Let π ∈ S0

m. By recurrence, we define the finite sequence (see [CN, Lemma 3.1])

a0 = 1, ap = π−1(πap−1 − 1)+ 1, if ap−1 �∈ {π−11,m+ 1}.
Let ar be the last term of the sequence, then ar = π−11 or ar = m + 1. These two
possibilities determine a partition of S0

m:

S0
m = {π ∈ S0

m : ar = π−11} ∪ {π ∈ S0
m : ar = m+ 1}.

Definition 5.1. With notation as above, we say π ∈ S0
m is W-type, if the last term of the

sequence ar = π−11. An IET is W-type if it is defined by a W-type permutation.

Regarding W-type permutations, the following result is known.

THEOREM 5.2. [V2] Let m > 2 and π ∈ Sm be a W-type permutation. Then for almost
every λ ∈ �m, T(λ,π) is weakly mixing.

An alternative proof of Theorem 5.2 is given in [CN]. In the case where n = 3 and the
permutation is σ3 : σ3(1) = 3, σ3(2) = 2, σ3(3) = 1, the result was proved earlier in [KS].
We prove the following claim.

THEOREM 5.3. Let m > 2, λ ∈ �m and π ∈ S0
m be a W-type permutation. Let T =

T(λ,π) be IDOC and ergodic and suppose there exists c > 0 such that infinitely often
nεn(T ) ≥ c. Then T is weakly mixing.
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Proof. We assume |λ| = 1. Let f be an eigenfunction of T , that is f (T x) = αf (x), for
almost every x ∈ I . Since T is ergodic we have |α| = 1 and we can consider |f (x)| = 1,
for every x ∈ I .

Given δ > 0, by Theorem 1.3, there exist infinitely many n and γ ∈ C, |γ | = 1, such
that

|{x ∈ J0 : |f (x)− γ | > δ}| < δ|J0|,
where J0 = [0, εn), then

|{x ∈ T (J0) : |f (x)− αγ | > δ}| < δ|T (J0)|.
Let K0 = [T 0 − εn/2, T 0 + εn/2), then

|{x ∈ K0 : |f (x)− αγ | > 2δ}| < δ|K0|.
By recurrence we obtain Ji = [βai−1, βai−1 + εn), for 1 ≤ i ≤ r , and

|{x ∈ Ji : |f (x)− γ | > 4iδ}| < δ|Ji |.
Since r = π−11, T (Jr) = J0 and we conclude

|{x ∈ J0 : |f (x)− αγ | > 4rδ}| < δ|J0|.
We deduce that |γ − αγ | = |1 − α| ≤ 4rδ. As δ > 0 is arbitrary, we conclude α = 1.
Therefore, T is weakly mixing. �
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