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Abstract. Mode converted Bernstein waves potentially allow the implementation
of local heating and current drive in spherical torus devices, which are not directly
accessible to low-harmonic cyclotron waves. The mode conversion method of Cairns
and Lashmore-Davies previously used to study the usual mode conversion in non-
planar geometry is extended to include the effect of the high-magnetic-field-side
cutoff, and is solved analytically. The analytic solutions to the triplet, cutoff–
resonance–cutoff, equations give the reflection and conversion coefficients in terms
of parameters defining the local behavior of the dispersion relation. The variation
of mode conversion efficiency depends not only on the coupling parameter but
also on the phasing effect introduced by the high-field-side cutoff. The change in
characteristic phases, which are concerned with the coupling parameter, brings an
additional degree of freedom allowing optimization via the position of the high-field
cutoff. A discrete spectrum of phases exists for which complete mode conversion of
the incident wave for a transit of the resonance region can be achieved. The results
we obtain here give the general conditions for efficient Bernstein wave heating in
two-dimensional geometry.

1. Introduction
In a previous paper we have generalized the mode conversion method of Cairns
and Lashmore-Davies to plasmas with two-dimensional inhomogeneities and have
applied it to the absorption of the ordinary (O) mode and extraordinary (X) mode
at the electron cyclotron resonance (Nassiri-Mofakham and Sabzevari 2006). Previ-
ously, our studies on the mode conversion process have analyzed the propagation of
incident electromagnetic waves in a region that includes the low-magnetic-field side
cutoff (LFC) and the upper hybrid resonance (UHR). The description is equivalent
to the scattering of a wave by a potential having a resonance and a cutoff. Regarding
this process as the mode conversion to the electron Bernstein waves, it was shown
that the maximum of 25% of the wave power can be mode converted to electron
Bernstein waves (EBWs). Electron Bernstein waves have no density limit, they
propagate towards the dense plasma core and are suitable for core heating in high-
β spherical tokamak plasmas.
Here we develop this mode conversion technique further. The wave dispersion

characteristics show that the quasi-transverse extraordinary electromagnetic mode
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sees the UHR, right- and left-hand cutoffs, while the O mode sees only the plasma
cutoff, beyond which the electromagnetic modes do not propagate. In other words,
when the UHR is inside a typical tokamak plasma, there are two cutoffs located in
the region of the plasma: on the high-magnetic-field side, and on the low-magnetic-
field side of the UHR (Stix 1992). The incident wave from the LFC is coupled
to an internal resonator system, composed of LFC, resonance and high-magnetic
field side cutoff (HFC), is dissipated in this resonator at the resonance layer, and
is converted to Bernstein waves which damp on electrons. The HFC can have
a significant effect on the mode conversion efficiency (Majeski et al. 1994). The
condition for efficient mode conversion corresponds to the situation in which
the incident wave is coupled to an internal plasma resonator system. Then there is
no reflection of the wave toward the low-field side, and the incident wave power
is totally absorbed. The resonator is intrinsic to the plasma since it is formed by
the cutoffs, which are intrinsic to the plasma. A physically phase-integral analysis
of the problem has shown that, in contrast to the Budden problem, a maximum of
100% of the incident electromagnetic wave power can be mode converted to EBWs
(Fuchs et al. 1995).
In the following sections we shall give a modified version of our previous study

and analytically solve the two-dimensional coupled wave equation coming from the
local dispersion relation around the mode conversion region. We use the technique
to calculate the conversion coefficients of the electromagnetic wave to Bernstein
wave mode conversion process for triplet, cutoff–resonance–cutoff, equation. Our
object is to investigate mode conversion under more realistic assumptions, the
high-magnetic field, side effect in plasmas with two-dimensional inhomogeneities
using the unified method proposed by Cairns and Lashmore-Davies (1983). In
this method it is not necessary to consider polarization vectors and eigenvalues
of dispersion matrices around coupling points. Instead, the frequencies ω1 and
ω2 of the uncoupled modes belonging to two different dispersion equations are
considered as functions of the space variable x and the wave vector k, and are
coupled together via a small quantity η, which is only significant around the
coupling point. The essential point in the method of Cairns and Lashmore-Davies
is that this method is equivalent to S-matrix methods, where the singularity in
the interaction region is circumvented by asymptotic methods. Hence, concerning
singularities, no mathematical obscurity appears in this method.
In Sec. 2, the method will be shown to give two-dimensional equations that

can be solved analytically for transmission, reflection and conversion coefficients
that depend on the local behavior of the dispersion relation. In Sec. 3 we drive
an analytic solution of the mode conversion efficiency when the wave is incident
from the low-field side and encounters the LFC, the resonance and the HFC. The
approximate solutions are obtained for the case when this cutoff is far from the
resonance. For this case, we determine the mode conversion and show the possibility
of achieving 100% mode conversion efficiency.

2. Two-dimensional wave-amplitude equations
The frequencies ω1 and ω2 of the uncoupled modes belonging to two different
dispersion equations are considered as functions of the space variable x and the
wave vector k, and are coupled together via a small quantity η, which is only
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significant around the coupling point

[ω − ω1(x,k)][ω − ω2(x,k)] = η(x,k). (2.1)

We emphasis here that ω1 and ω2 belong to two different dispersion equations that
do not result from a dispersion matrix. By expanding these two different modes ω1

and ω2 around a point (x0,k0) where they become equal, constructing a coupled
system of ordinary differential equations and finding asymptotic solutions, the
conversion coefficients are derived (Cairns and Lashmore-Davies 1983).
We consider an inhomogeneous plasma where both the density and magnetic

field are functions of position. If a wave of given frequency ω0 propagates into the
location (x,k), the incident wave and the fundamental or second cyclotron harmonic
wave will be in resonance, that is, ω0 = ω1(x,k) = ω2(x,k). Expanding about the
resonance point gives

ω1 = ω0 + a · δ + b · ξ, ω2 = ω0 + f · δ + g · ξ, (2.2)

where δ = k−k0, ξ = x−x0 and the vectors a, b, f and g are the partial derivatives
of ω1 and ω2. Then around x0, by substituting (2.2) into (2.1) and by Fourier
transformation for δ = −i∂/∂ξ, the behavior of the waves is described by two
coupled partial differential equations for the two modes (Nassiri-Mofakham and
Sabzevari 2006),

a · ∂u1

∂ξ
− i(a · k0 − b · ξ)u1 = i

√
η0u2,

f · ∂u2

∂ξ
− i(f · k0 − g · ξ)u2 = i

√
η0u1,

(2.3)

where η0 is the value of η(x,k) at (x0,k0). By eliminating u2 from (2.3) we arrive
at a second-order partial differential equation with two variables that is of the
hyperbolic type (Smirnov 1964). By introducing the appropriate characteristic
curves, the partial differential equation can be transformed into the canonical form

L(u1) =
∂2u1

∂x∂y
+ D(x, y)

∂u1

∂x
+ E(x, y)

∂u1

∂y
+ F (x, y)u1 = 0, (2.4)

with

D(x, y) = −i
a1

α

[
f · k0 +

f1

α
(a · g)x − a1

α
(f · g)y

]
,

E(x, y) = i
f1

α

[
a · k0 +

f1

α
(a · b)x − a1

α
(f · b)y

]
,

F (x, y) = −a1f1

α2
(if · b+ η0) + D(x, y)E(x, y),

α = a1f2 − a2f1.

(2.5)

Equation (2.4) can be solved analytically by using Riemann’s method (for more de-
tails see Nassiri-Mofakham and Sabzevari (2006)). The general form of this
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solution is

u1(x, y;x0, y0)

= exp
[
if1a · k0

α
(x − x0) − ia1f1(f · b)

α2
y(x − x0) +

if2
1 (a · b)
2α2

(x2 − x2
0)

]

× exp
[

− ia1f · k0

α
(y − y0) − ia1f1(a · g)

α2
x(y − y0) +

ia2
1(f · g)
2α2

(y2 − y2
0)

]

× W (x, y; x0, y0). (2.6)

Recalling the time dependence, that u1 ∼ exp(−iωt), suppressed here. Equation
(2.4) can be transformed to a differential equation with one variable by an ap-
propriate change of variables (see, e.g., Sommerfeld (1964)). By introducing the
transformations

z = (x − x0)(y − y0),

W = z−1/2 exp
[
ia1f1

2α2
(a · g+ f · b)z

]
G(z),

(2.7)

(2.4) reduces to the form for the confluent hypergeometric function

d2G

dz2
+

{
1

4z2
+

a1f1

2α2
[i(a · g− f · b) − 2η0]

1
z

+
1
4

(
a1f1

α2
(a · g− f · b)

)2}
G = 0. (2.8)

This equation describes the propagation of the electromagnetic wave through the
resonance and cutoffs. Equation (2.8) can be expressed in the standard Whittaker
form (Abramovitz and Stegun 1970)

d2G

dζ2
+

(
1

4ζ2
+

iκ

ζ
− 1

4

)
G(ζ) = 0, (2.9)

where ζ = −i2
√

γz and κ = γ̃/2
√

γ with

γ̃ =
a1f1

2α2
[i(a · g− f · b) − 2η0],

γ =
(

a1f1

2α2
(a · g− f · b)

)2

=
(

a1f1

α2

η0

β

)2

,

β =
2η0

(a · g− f · b) .

(2.10)

In the usual Budden problem for low-field incidence, the relevant solution to (2.9)
is W−iκ,0(−ζ). Then, using the asymptotic properties of the Whittaker functions
(see Appendix A), it can be shown that the power transmission, power reflection
and power mode conversion coefficients are

T =| eπκ |2= e−πβ = exp
{

− 2πη0

a · g− f · b

}
,

R = (1 − T )2,

C = 1 − T − R = T (1 − T ),

(2.11)

respectively. The description for T is just the same relation for the transmission
coefficient, which has been derived previously (Nassiri-Mofakham and Sabzevari
2006, Equation (2.32)). The power mode conversion coefficient attains a maximum
value of 0.25 for T = 0.5, that is, the maximum fraction of the incident wave power
that can be converted to the Bernstein waves is 25%.
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3. Solution to the triplet (cutoff–resonance–cutoff) equation
In order to study the effect of the HFC, let us assume that for a wave incident
from the low-field side (z > 0) there is a reflection region at the point z = zHFC.
Then the wave transmitted through the resonance layer is reflected back toward the
resonance from the high-field side. In this case, there is no transmission beyond the
cutoff, since waves do not propagate for z < zHFC. There is only a power reflection
coefficient and power mode conversion coefficient. The general solution to (2.9) is

G(z) = AWiκ,0(ζ) + BW−iκ,0(−ζ), (3.1)

where A and B are arbitrary constants that depend on the boundary conditions
and Wiκ,0(ζ) and W−iκ,0(−ζ) are the Whittaker functions.
In order to determine the scattering coefficients for (2.8), we need to know only

the asymptotic forms of the Whittaker functions. According to the asymptotic
forms of theWhittaker functions (see Appendix A) for z → −∞,Wiκ,0(ζ) represents
an incoming wave toward z = 0, whileW−iκ,0(−ζ) represents an outgoing wave. For
z → +∞, Wiκ,0(ζ) represents an outgoing wave while W−iκ,0(−ζ) is a combination
of incoming and outgoing waves. Then, using the asymptotic properties of the
Whittaker functions for z → ∞ (see Appendix A), the power reflection coefficient is

R =
∣∣∣∣e2πκ

[
A

B
− 2πie−πκ[

Γ
(

1
2 + iκ

)]2
]∣∣∣∣

2

. (3.2)

Using the properties of the Gamma function (Abramovitz and Stegun 1970), this
can be written as

R = |e2πκ|2
∣∣∣∣AB − ie−2iθ(1 + e−2πκ)

∣∣∣∣
2

= e−2πβ

∣∣∣∣AB − i(1 − eπβ)e−2iθ

∣∣∣∣
2

, (3.3)

where θ is the phase of Γ(−iβ/2) and depends on the parameter β as

θ =
β

2

[
−C +

∞∑
n=1

(
1
n

− tan−1 β/2
n − 1

)]
,

with C = 0.577215 . . . , is the Euler constant (Flügge 1999).
The ratio A/B is determined by matching the solution for the region z > 0 to

the solution in the region z < 0 at z = 0. In the region z > 0, the solutions are
given by the Whittaker functions. In the region z < 0, there does not exist a closed
form solution in terms of known functions. We will use the method of matched
asymptotic expansions (Bender and Orszag 1978) to construct the approximate
solution to the differential equation in the region z < 0. With this solution we
can determine the ratio A/B needed to calculate the reflection coefficient in (3.3).
Region z < 0 is divided into three subregions: region 1, corresponding to z ≈ 0,
between the LFC and the resonance point; region 2, corresponding to zHFC < z < 0,
between the resonance and the HFC; region 3, corresponding to z < zHFC, beyond
the HFC. By matching the approximate solutions of the corresponding subregions,
we determine the solution in the region z < 0.
In region 1, the solution to G(z) is in terms of the Whittaker functions

G1(z) = A1Wiκ,0(ζ) + B1W−iκ,0(−ζ), (3.4)

where A1 and B1 are constants.
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In region 2, which is assumed to be sufficiently far from the HFC and from the
resonance point, we assume a solution of the Wentzel-Kramer-Brillouin (WKB)
form (Bender and Orszag 1978)

G2(z) = A2[Q(z)]−1/4 exp
(

i

∫ z

zHFC

√
Q(z′) dz′

)

+ B2 [Q(z)]−1/4 exp
(

−i

∫ z

zHFC

√
Q(z′) dz′

)
, (3.5)

where A2 and B2 are constants and the scattering potential is

Q(z) =
1

4z2
+

γ̃

z
+ γ, (3.6)

where the notation is as defined in (2.10). The parameter
√

γ is the normalized
wave number and γ̃/γ defines the normalized distance between the resonance and
the HFC. The cutoff is given by Q(z) = 0 for z < 0. We assume that near the
HFC 1/4z2 is small compared to γ̃/z and γ, so that this cutoff is approximately
given by zHFC ≈ −γ̃/γ. Since for z < zHFC we assume that the solutions to (2.8) are
evanescent, it follows that γ̃ > 0 and γ > 0.
In region 3, the solution to G(z) is of the form

G3(z) = A3Wiκ,0(ζ) + B3W−iκ,0(−ζ), (3.7)

where A3 and B3 are constants. For z → −∞, there is no transmitted wave, so that
from the asymptotic of the Whittaker functions (see Appendix A) B3 = 0.
The constants A1, B1, A2 and B2 can be expressed in terms of A3, by the method

of uniform asymptotic matching (Bender and Orszag 1978), which requires that

lim
z→+∞

G3(z) = lim
z→zHFC

G2(z), (3.8)

lim
z→0

G2(z) = lim
z→−∞

G1(z). (3.9)

Equation (3.8) matches the WKB solution to the Whittaker function solution near
the HFC while (3.9) matches the WKB solution to the Whittaker function solution
near the resonance. The right-hand side of (3.8) can be evaluated from (3.6) by
approximating∫ z

zHFC

√
Q(z′) dz′ =

√
γz +

γ̃

2
√

γ
+

γ̃

2
√

γ

[
ln z + ln

(
2γ

−γ̃

)]
. (3.10)

Then using the asymptotic expansion for the Whittaker function (see Appendix A)
we obtain

A2 =
γ1/4eπκ/2e−iκ

(−γ̃)iκ
A3, B2 =

γ1/4e−3πκ/2eiκ

(−γ̃)−iκ
A3. (3.11)

The left-hand side of (3.9) requires that the phase integral in (3.5) be evaluated
from the HFC to a location slightly to the high-field side of the resonance. The
phase-integral in (3.5) is evaluated by using the approximation in which we assume
that in the WKB regime 1/4z2�γ + γ̃/z. So that we can keep the leading order
contribution, we find that∫ z

zHFC

√
Q(z′) dz′ =

√
γz +

γ̃

2
√

γ
[ln z + ln(4γ)], (3.12)
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in which we approximate [Q(z)]1/4 by γ1/4. Then using the asymptotic forms of
the Whittaker functions (Heading 1962) we find

A1 = γ−1/4(2
√

γ)iκe−πκ/2A2,

B1 = γ−1/4(2
√

γ)−iκe3πκ/2B2.
(3.13)

Moreover, the solution in region 1 is matched to the solution G(z) of (3.1) at z = 0,
and it is clear that

lim
z→0+

G(z) = lim
z→0−

G1(z). (3.14)

Thus

A = A1 and B = B1. (3.15)

Then, from (3.11) and (3.13),

A

B
=

(
− γ̃

2
√

γ

)−iγ̃/
√

γ

exp
(

−iγ̃
√

γ

)
. (3.16)

Substituting this into (3.3) completely determines the reflection coefficient. Since
from (3.16) | A/B |= 1, we can then express A/B = ei(π+φ). Therefore, we find that
the phase φ is given by

φ =
√

γzHFC +
√

γzHFC ln
(√

γ

2
zHFC

)
− π, (3.17)

where zHFC = −γ̃/γ < 0 is the location of the HFC, and φ is the phase differ-
ence between the mode propagating toward the HFC and the reflected component
propagating toward the resonance. Thus the phase introduced by this cutoff is
related to the distance between the resonance and the HFC.
If we assume that there is no wave damping between the resonance and the HFC,

then A and B differ by an arbitrary phase. Let us assume that B = Ae−i(π/2+2φ).
Then the power reflection coefficient, from (3.3), is

R(β, φ) = e−2πβ |1 + (1 − eπβ)e−i(2φ+2θ)|2

= e−2πβ [1 + (1 − eπβ)2 + 2(1 − eπβ) cos(2φ + 2θ)]

= 1 − 4T (1 − T ) cos2(φ + θ), (3.18)

where T = e−πβ . Then the power mode conversion coefficient C = 1 − R is

C(β, φ) = 4T (1 − T ) cos2(φ + θ). (3.19)

As a function of the phase, the reflection is minimized and the conversion is maxim-
ized when φ+θ = nπ, for which the mode conversion coefficient is Cmax = 4T (1−T )
and the good coupling condition T = 0.5 is unchanged from the usual mode
conversion problem. Hence with a HFC the maximum power mode conversion
coefficient can be 100%, in which T = 0.5 and (φ + θ) is an integer multiple of
π. This shows the effect of constructive or destructive interference between the
incoming and outgoing waves. A build-up of the field in the resonant region results
in more efficient mode conversion of the incoming wave. Thus adding the effect
of a HFC reflection in our previous study can significantly alter the power mode
converted. Figure 1 illustrates the dependence of conversion coefficient on β and φ
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Figure 1. Mesh plot of the constant mode conversion coefficient as a function of β and φ.

Figure 2. Contours of the constant mode conversion coefficient as a function of β and φ.

in a three-dimensional mesh plot. In Fig. 2 the contours of constant C(β, φ) have
been plotted as a function of β and φ. The contours are periodic in integer multiples
of π. These figures show that the maximum value of C is strongly dependent on β,
which depends on the size of the coupling region through the parameter η0 itself.
Figure 2 shows that for β < 0.2 and β > 0.25 it is not possible to attain ∼100%
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mode conversion, regardless of the value of the phase φ. The analysis reveals that
efficient mode conversion of more than 90% occurs where 0.15 ≤ β ≤ 0.35 and
0.4π ≤ φ ≤ 0.6π. Then, from (3.16), the phase φ is related to the position of the
HFC, zHFC, by

φ =
√

γ

2
zHFC +

√
γ

2
zHFC ln

(√
γ

2
zHFC

)
− π

4
. (3.20)

Therefore, we find that

1.3π
√

γ
≤ zHFC + zHFC ln

(√
γ

2
zHFC

)
≤ 1.7π

√
γ

. (3.21)

This relation implies the limits for zHFC to achieve high mode conversion efficiency.
Moreover, for β = ln(2)/π ≈ 0.22, we have φ ≈ 0.49π and the phase of Γ(−iβ/2)
is θ ≈ 0.51π. Here there is no transmission, the fields are localized between the
resonance and the HFC and the conversion coefficient attains the maximum ratio
100%. For φ ≈ 0.49π, the distance between the resonance and the HFC, from (3.20),
is given by

zHFC + zHFC ln
(√

γ

2
zHFC

)
≈ 1.48π

√
γ

. (3.22)

Then, if theHFC is not too close to the resonance, the appropriate plasma conditions
for complete mode conversion are determined for a given plasma configuration.
The relations (3.21) and (3.22) imply that the variation of zHFC is strongly

dependent on the parameter
√

γ, i.e. the normalized wave number. This parameter,
which is limited by the values of β itself, depends on the coupling parameter
η0. In previous formulations for a high-density finite-temperature plasma, the
parameter η0 has been derived as a function of the spatial variable x, wave vector
k and the local properties of the plasma: density, temperature and magnetic field
profiles. The parameter η0 is varied by manipulating the parallel (to the magnetic
field) wave vector k‖, the wave frequency or the peak density. Thus, for a given
incident wave frequency, f = ω/2π, and the local parameters in question, the
coupling parameter η0 can be obtained at the resonance point (Nassiri-Mofakham
and Sabzevari 2006). Hence, the equations of η0 and zHFC are simultaneously solved
to give more conditions to the problem in the appropriate range of β and φ. These
additional criteria control the properties of the incident wave (wave frequency,
k‖ and launch position), the spatial location of the resonance and the plasma
conditions to achieve the efficient and/or complete mode conversion in a high-
density plasma with two-dimensional geometry.

4. Conclusions
Through a detailed analysis we have generalized the theory of mode conversion
to Bernstein modes to non-planar geometry. We have developed the mode con-
version method of Cairns and Lashmore-Davies considering the effect of the high-
magnetic-field-side cutoff, which provides a simple way of analyzing the triplet
(cutoff–resonance–cutoff) problem in which the HFC adjusts the resonator while
the spacing between the LFC and the resonance adjusts the coupling. Once the
basic analysis has been carried out, transmission, reflection and conversion coeffi-
cients are obtained by means of elementary algebraic manipulations of the local
dispersion relation. We have shown that the triplet problem in two-dimensional
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geometry can be solved by this method, and the mode conversion coefficient
obtained by this analysis varies from a minimum of 0% to a maximum of 100%.
The variation depends on the phasing effect introduced by the HFC.
The coupling between the incident wave and internal resonator (composed of the

cutoff–resonance–cutoff plasma system) is mainly determined by β (or, from (2.10),
by η0), which gives T = exp(−πβ). Furthermore, the resonator is specified by the
phases φ and θ. In other words, a triplet configuration is characterized not only
by the resonance and the two cutoffs but also by its characteristic phases. Owing
to the intrinsically inhomogeneous plasma, these phases are not simply related to
some integer multiple of half wavelength between the LFC and the HFC. We have
shown that the phases are related to the distance between the resonance and the
HFC, which is concerned with β itself. The phase φ then also depends on the form
of the potential Q, given by (3.6). Roughly speaking, φ/π is the number of local
wavelengths that fit between the resonance and the HFC. The phase θ is directly
dependent on the parameter β. Thus, the important parameter in achieving high
mode conversion efficiency is β.
The analysis reveals that more than 90% of the incident wave energy can be

mode converted to Bernstein modes, when we have 0.15 ≤ β ≤ 0.35 and 0.4π ≤
φ ≤ 0.6π. These are the general conditions for efficient mode conversion. Moreover,
the limited β and φ result in a bounding coupling region and a resonant region via
the coupling parameter η0 and the position of zHFC of the HFC, respectively. An
analytic expression for η0 relevant to high-density plasma in non-planar geometry
has previously been proposed (Nassiri-Mofakham and Sabzevari 2006), which can
determine the range of η0 whose presence contributes to the expressions (3.21)
and (3.22). Also, the boundaries of zHFC may be calculated from (3.21). Thus the
limits on η0 and zHFC give additional conditions to the problem, which must be
simultaneously satisfied to achieve high mode conversion efficiency for the given
plasma configuration in question. In the special case, where we have chosen para-
meters such that β = ln(2)/π ≈ 0.22, the phase of Γ(−iβ/2) is θ ≈ 0.51π and, from
(3.19), φ ≈ nπ−0.51π, where n is an integer. Then, if the HFC, given by (3.22), is not
too close to the resonance, the incident wave is critically coupled to the resonator
and, for a discrete spectrum of phases, the mode conversion efficiency is 100%.
Here there is no reflection toward the LFC and the fields are localized between the
resonance and the HFC.
In regard to the outlined optimization, however, the phase and T are not com-

pletely independent variables, both depending on the parameter β (or the coupling
parameter η0). The additional degree of freedom allowing optimization in practice
is the change in phase via the position of zHFC of the HFC. As the position zHFC is
varied bymanipulating k‖ or the peak density within experimentally realistic limits,
a critical coupling may actually never occur. Nevertheless, the effect of the HFC
results in enhancing over mode conversion efficiency, and that each configuration
should be considered in its particular details.

Appendix A. Asymptotic forms of the Whittaker functions
The second-order differential equation

d2G

dz2
+

{
1

4z2
+

a1f1

2α2
[i(a ·g− f ·b)−2η0]

1
z

+
(

a1f1

2α2
(a ·g− f ·b)

)2}
G(z) = 0, (A 1)
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can be expressed in the standard Whittaker form (Abramovitz and Stegun 1970)

d2G

dζ2
+

(
1

4ζ2
+

iκ

ζ
− 1

4

)
G(ζ) = 0, (A 2)

where ζ = −i2
√

γz and κ = γ̃/2
√

γ with

γ̃ =
a1f1

2α2
[i(a · g− f · b) − 2η0],

γ =
(

a1f1

2α2
(a · g− f · b)

)2

=
(

a1f1

α2

η0

β

)2

,

β =
2η0

(a · g− f · b) .

(A 3)

The two independent solutions are given by the Whittaker functions Wν,µ(ζ) and
W−ν,µ(−ζ), where ν = iκ, µ = 0. There is a pole at z = 0. Since we assume a time
dependence of the form e−iωt, there is a branch cut in the upper half complex-z
plane starting at z = 0 (Budden 1985). Thus, for z < 0 we define z = |z|e−iπ.
With this convention, the asymptotic forms of the Whittaker functions are given
by (Heading 1962):

for z → +∞,
Wiκ,0(ζ) ∼ ζiκe−ζ/2 = |2√

γz|iκeπκ/2ei
√

γz, (A 4)

W−iκ,0(−ζ) ∼
[
ζ−iκ eζ/2 − 2iπ

[Γ(1
2 + iκ)]2

ζiκe−ζ/2

]
e−πκ

= |2√
γz|−iκe−3πκ/2e−i

√
γz − 2iπ[

Γ
(

1
2 + iκ

)]2 |2√
γz|iκeπκ/2ei

√
γz, (A 5)

and for z → −∞,

Wiκ,0(ζ) ∼ ζiκe−ζ/2 = |2√
γz|iκeπκ/2ei

√
γz, (A 6)

W−iκ,0(−ζ) ∼ ζ−iκeζ/2e−πκ = |2√
γz|−iκe−3πκ/2e−i

√
γz, (A 7)

where Γ is the Gamma function (Abramovitz and Stegun 1970).
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