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A Selection of Problems and Results
in Combinatorics

PAUL ERDOSY

Mathematical Institute of the Hungarian Academy of Sciences,
13-15 Realtanoda utca, 1053 Budapest, Hungary

In this note, I will present some new problems, and also some old ones which, in my
opinion, have been undeservedly forgotten or neglected.

In this note, I present a number of problems in combinatorics that have attracted my
attention recently. Some are new, while others are old but seem worthy of a fresh look.

1. This problem was started by Hajnal and myself in 1958. First, a few definitions from
set theory. Let % be a set; to every finite subset %" of % we assign an element f(%') = x
of % such that x ¢ .¥’. A subset ¥’ of .¥ is called independent or free if, for every subset
S of &', we have f(9") ¢ &’. In our first paper with Hajnal [8], we proved that if
|¥| < N, we can always find a mapping f from the set of finite subsets of ¥ to % such
that there is no infinite independent set. We could not decide whether there is always an
infinite independent set if |.%’| = N,,. This problem is perhaps undecidable.

In a more recent paper [9], Hajnal and I investigated the following finite version of the
problem. Let || =n < &y and let h(n) be the largest integer such that, for every f, there
is an independent subset ' <= &, |¥’| = h(n). Further, let H(n) be the smallest integer
for which there is a function f such that, for every " = &, || = H(n), F[9"] = &,
where F[.%"] is the union of all the elements f(%"), with ¥ < ¥".

We proved
logn logn (34 o0(1))loglogn
g2 ~HMW < {553 log2 '
We observed that
logn + 3loglogn
logl
hin) < PEE SRR+ ofloglogn)
but we only had a very poor lower bound for h(n). Three years later Spencer and I [11]
proved
hin) > 1ogn—loglogn oo oe )

log2

T This is the very last paper that Paul Erdés worked on before his death in Warsaw on 20 September 1996.
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I think the problem was completely forgotten until a few days ago, when Gyarfas and I
took up the problem again. We wanted to prove that

logn
H(n)— 1
()~ fog3 (M
As far as I know (1) is still open; we could not even prove that, for n = 2,
H(n) >k + 1. (2)

We first tried to prove that, for a set .% of size 2, there is always a set 4 = . with
|A] = k such that

F[A] < 2* — k. (3)
It is easy to see that (3) implies (2), but we could not prove (3). In fact, we are sure that
F[A] < 2K — k¢

for every c, if n = 2* is sufficiently large. It is not impossible that there is a set A of size
k such that F[A] < n(1 —¢) or even F[A] = o(n).

2.  Here is a recent problem that we formulated with Ralph Faudree. Let G(2n) be a
regular graph of 2n vertices and degree n + 1. Is it true that our G(2n) has ¢;2%" subsets
that are on a cycle? It is easy to see that there are at least (5 + o(1)) 2" sets that are not
on a cycle. Also, if the regularity is replaced by the condition that the minimum degree is
n + 1, the conjecture no longer holds.

3.  An older problem which we posed before 1980 goes as follows. Every graph of
m>2n+ 1> 7 vertices and (*;') — (3) — 1 edges is the union of a bipartite graph and a
graph of maximal degree at most n — 1. Faudree found a very nice proof if the number
of vertices is exactly 2n + 1, but the proof fails if the number of vertices is greater than
2n + 1, and the problem is still open.

Let €, denote the family of all cycles of lengths between 3 and n + 3 inclusive. In a
paper that will soon appear, Faudree and I prove that, for n > 2,

r*((gnaKl,n) = <2n;_ 1) - <;) (4)

In human language, if G(2n + 1, (*") — (3)) is a graph with 2n + 1 vertices and

(*") — () edges, then, if we colour the edges of our graph G red and blue, then either
there is a red cycle C,, for every 3 < m < n+ 3 or there is a vertex incident with n blue
edges.

Equation (4) is best possible. Our paper with Faudree [2] contains many further
problems and results, but I have to leave these for the interested reader.

4. The next two problems arise from recent joint work of Gallai, Tuza and myself.
Perhaps the most striking problem we have [5] is as follows. For G a graph, let «;(G)
denote the maximum cardinality of a set of edges that contains at most one edge from
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every triangle of G (if G is triangle-free then o;(G) = |E|, the number of edges of G).
Similarly, let 71(G) be the minimum cardinality of a set of edges containing at least one
edge from every triangle of G. If G is triangle-free then 7,(G) = 0.

Is it true that, for every graph G on n vertices,

2
mwrwa®<[”k (5)

If true, (5) is probably quite difficult to prove. One difficulty seems to be that there are
several graphs of different structure for which there is equality in (5). Three examples are:
the complete graph K(n), the complete bipartite graph K(m,m), and the graph obtained
from K (m,m) by adding one new vertex joined to every other.

In our paper [5], we prove several other interesting results and state some other
problems. We have tried to formulate related problems where the triangle is replaced by
a K(r), r > 3, but so far we have not been quite successful.

5. In another triple paper with Gallai and Tuza [4], we investigate the following
problems. Define a clique of G to be a maximal complete subgraph of G. The clique
transversal number t¢(G) is the smallest integer for which there is a set of 7¢(G) vertices
that intersects every clique of G. Our first problem was as follows. Let G run through all
graphs of n vertices: what is the maximum possible value of 7¢(G)? Denote this maximum
by f(n).

We conjecture that

f(n) =n—r(n), (6)
where r(n) is the largest integer such that every triangle-free graph contains an independent
set of r(n) vertices. It is immediate that f(n) = n —r(n); indeed, if we take a triangle-free
G(n) with largest independent set of size r(n), then we need to find a set intersecting
all the edges of our G(n), which has size at least n — r(n). The results of Ajtai, Komlos,
Szemerédi [1] and Kim [13] imply that

ci(nlogn)'/? < r(n) < ex(nlogn)'/?.
However, we could only prove
f<n— ' 4 3. 0
As a first step we tried to prove
fn) <n—s(mn'’?,

for some function s(n) tending to infinity. So far we have not been successful and in fact
we could not improve (7).

It seemed to us that if all cliques of G are large, then t(G) will be smaller. For instance,
for ¢ > 0, we would like estimates for the least k.(n) such that, if every clique of a graph
G(n) has size k.(n), then 7¢(G(n)) < n(1 —c¢).
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We proved that k.(n) > n<0oglogn ig certainly needed to ensure 7¢(G(n)) < n(1 — c).
Perhaps k(n) = n* will imply 7¢(G(n)) = o(n), but we did not prove anything about this.
We did succeed in proving that, if every clique of G(n) has size greater than k, then

7c(G(n)) < n— (kn)"/>.

Bollobas and I proved that if every clique has size at least n+3— [2\/ﬁ] then t¢(G(n)) = 1,
and that the value n+3 — [2,/n] is best possible.

Several further interesting problems are stated in our paper. Here I only state one of
them. Let G(n) be K(4)-free. How large a triangle-free induced subgraph must our G(n)
contain? An old result of Erdés and Szekeres [12] implies that our G(n) contains an
independent set of size cn'/3, but perhaps it contains a much larger triangle-free induced
subgraph. Several interesting related problems can be posed, but we must leave them to
the interested reader. (I hope this set will not be empty.)

6. Now we discuss some problems of Gyarfas, Ruszinké and myself [7]. Let G(n) be
a triangle-free graph of order n. We want to add as few edges to our G(n) as possible,
keeping it triangle-free, so as to make the diameter of the new graph equal to 2 (i.e., so
that no more edges can be added without creating a triangle). Denote by h(G(n)) the
smallest number of edges having this property. We hoped that, if every vertex of G(n) has
degree o(n'/?), then

h(G(n))/n* — 0. (8)

Simonovits showed that if the maximal degree is allowed to be cn!/? then (8) need not
hold.

A few days ago we started to investigate the following related problem. Let h.(n) be
the smallest integer such that, for every connected triangle-free graph G(n), we can add a
set of at most h,(n) edges to G(n) and obtain a triangle-free graph of diameter at most r.
We proved that

n—cyn<hi(n)<n,

and later improved the lower bound to n—c. It is easy to see that hy(n) < n, but we could
not decide whether

hg(n) < n(l —¢)

is true. To show that hs(n) < n(1 — ¢) is relatively easy, and we proved that hs(n) < %

7. Gyarfas and I have another paper [6] that will soon appear, and that I feel contains
many interesting problems and results. Here is one of our favourite conjectures. If » > 3
and the edges of a K(r> + 1) are coloured with r colours, then there exist r + 1 vertices
with at least one colour not appearing on the edges they span. Clearly the conjecture fails
for r = 2; we prove it for r = 3 and r = 4 — the proof is not quite trivial.

It is easy to show that, for infinitely many r, a K(r?) can be coloured with r colours so
that every set of r + 1 vertices spans all the colours.
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8. In a recent paper [10], Hajnal, Tuza and I returned to a type of problem that Gallai
and I considered many years ago.

Let X be a finite or infinite set, and & a system of subsets of X. We say that . is
r-uniform if all elements E of & have |E| = r. We say that a subset T of X represents
F if TNE #+ ( for all E € #. The transversal number (or covering number) of F is the
minimum cardinality (&) of a set T which represents #.

Let p,r,s, t be integers. We write

(pa S) — t

if, whenever # is an r-uniform set system such that every subsystem ' = & on at most
p elements has ©(#') < s, then we have ©(¥) < t.

The first results on this topic were due to Gallai and myself [3]: for instance, we proved
that

(2t +2,t) — tand 2t + 1,1) +—» t.

For r > 3, Hajnal, Tuza and I proved:

Gr—3,1) —>, m .

This is reasonably close to the truth, since we also showed that

(Br—3,1) +—, {136;’-1- ;J ,

but we did not decide the best possible result here.
Several further problems and results are in our paper, but they are somewhat technical
and we have to stop.
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