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Abstract. We establish a version of the local product structure (weak local product
structure) for ergodic measures & which are the invertible extension of ergodic weak Gibbs
measures 4 invariant under piecewise CC-invertible (infinite to one) Markov maps T.
As a special case, u possesses asymptotically ‘almost’ local product structure in the
sense of Barreira, Pesin and Schmeling. Under piecewise conformality of 7 and the
existence of a piecewise smooth representation of the dual map of T, the weak local
product structure allows one to show that the pointwise dimension of 7t exists almost
everywhere and is the sum of the pointwise dimension of x and the pointwise dimension of
the dual of w. Our results can be applicable to a natural extension of piecewise conformal
two-dimensional Markov map which is related to a complex continued fraction and admits
indifferent periodic points.

1. Introduction

In [4], a thermodynamic formalism was satisfactorily established for hyperbolic systems
(cf. [19]). Bowen’s program was based on the existence of a (finite) generating
Markov partition and analysis of Ruelle-Perron—Frobenius operators associated to Holder
potentials (for subshifts of finite type). Furthermore, a characterization of Gibbs measures
was given via a boundedness condition on ratios of measures of cylinder sets and
exponentials of partial sums of the time evolution of the Holder potentials. Although
there is another characterization of Gibbs measures given by Capocaccia [5] which is
more closely modelled on lattice systems in statistical mechanics (cf. [19]), we shall
only be concerned with Bowen’s definition in this paper. The classical approach to the
thermodynamic formalism based on either Ruelle’s Perron—Frobenius Theorem [19] or its
generalization given by Walters [23] relies heavily on the summability of the variation
of the potentials or the bounded distortion of local Jacobians with respect to conformal
measures associated to the potentials. In fact, combining the uniform hyperbolicity and
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Holder continuity of potentials allows one to have those properties which are sufficient
for the unique equilibrium states to be Gibbs measures. Furthermore, the Gibbs property
allows one to establish the so-called local product structure [15] which plays an important
role in showing that equilibrium states are exact dimensional under the existence of stable
and unstable pointwise dimensions [12].

Recently, a version of the Gibbs property (the so-called weak Gibbs) was proposed
in [28], which is more suitable to a certain class of non-hyperbolic systems. In fact, the
weak Gibbs property (see the definition in §3) can be verified for Sinai-Bowen—Ruelle
(SBR) measures invariant under infermittent maps, i.e. piecewise C I_smooth Markov
maps T defined on bounded regions X C R? which admit indifferent periodic points and
can be countable-to-one maps (see [32]). Although the potentials —log|det DT| satisfy
neither summable variation nor the bounded distortion, the weak bounded variation (WBV)
property (see the definition in §3) is valid, and we can show that the SBR measures
are equilibrium states for —log |det DT| and that the uniqueness of equilibrium states
typically fails (see [30, 34]). Furthermore, the invariant densities of the weak Gibbs
measures with respect to the normalized Lebesgue measures are typically unbounded
at indifferent periodic points [25, 27, 32] and such singularities can be connected with
the polynomial behaviour of the dynamical instability [32, Theorem 3.1]. We refer the
reader to [30, 32, 34] which contain a generalized thermodynamic formalism in more
general non-hyperbolic situations. Also we should mention that the singularities may
cause interesting phenomena from a statistical point of view (see [31]) which are closely
related to a common phenomenon in transitions to turbulence and other complex systems
(the so-called intermittency) (cf. [9, 11, 13, 14, 17, 21, 29, 33]).

In this paper, we shall consider the invertible extension (T, ) of weak Gibbs measures
w invariant under piecewise C°-invertible Markov maps 7' associated to potentials ¢ of
WBY and show that & possesses a weak local product structure which coincides with the
‘asymptotically almost local product structure’ introduced by Barreira et al in [3] under
certain conditions. The asymptotically almost local product structure played an important
role in [3] in the solution of the long-standing Eckmann—Ruelle conjecture in dimension
theory (cf. [7, 8]) on the existence of stable and unstable pointwise dimensions proved by
Ledrappier and Young in [12], i.e. every hyperbolic measure for C!*¢ -diffeomorphisms
of compact Riemannian manifolds is exact dimensional. On the other hand, although our
systems are far from C!*®-diffeomorphisms, the weak local product structure (see the
definition in §3) allows one to show that it is exact dimensional under certain conditions.

This paper is organized as follows. In §2, we collect definitions and previous results
on piecewise C-invertible systems and their invertible extensions. In §3, we establish
the weak local product structure for the invertible extension of weak Gibbs measures for
potentials of WBV and compare our results with those of Barreira et al in [3]. The proofs
of all results in this section are postponed until §7. In §4, we summarize the properties
of weak Gibbs measures for potentials of WBV. In §5, we discuss a construction of
jump transformations 7* which are uniformly expanding and possess invariant ergodic
probability measures u* equivalent to conformal measures v associated to ¢. We can
then establish a formula of the pointwise dimension of 7T'-invariant ergodic measure p
equivalent to v under piecewise conformality of 7. In §6, we shall clarify sufficient

https://doi.org/10.1017/50143385702000780 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385702000780

Weak Gibbs measures and the local product structure 1935

conditions for the existence of the pointwise dimension of weak Gibbs measures for
potentials of WBV and establish that the pointwise dimension of & is equal to the sum of
the pointwise dimension of  and the pointwise dimension of the dual of . In §8, we apply
our results to a two-dimensional piecewise C'-conformal Markov map with indifferent
periodic points which arises from a complex continued fraction algorithm.

2. Piecewise CO-invertible systems and their invertible extensions

Let (T, X, QO = {Xa}ucr) be a piecewise CO-invertible system, i.e. X is a compact metric

space, T : X — X is a non-invertible map which is not necessarily continuous, and

QO = {Xa}aer is a countable disjoint partition of X such that | J,.; int X, is dense in X

and satisfies the following properties.

(O1) Foreacha € I withint X, # @, T |intx, : int X, — T (int X,;) is a homeomorphism
and (T |in¢ Xa)_l extends to a homeomorphism ¥, on ¢/ (T (int X,)).

02) T(Uintx,=0 Xa) € Uinix, = Xa-

(03) {X,}aer generates F, the sigma algebra of Borel subsets of X.

Let a sequence (aj ...a,) € I" satisfy int(X,, N T ' Xy N---NT~=DX, ) £ ¢,
Then we define X4, .4, 1= Xo; N T’lXa2 N---N T’(”*I)Xan which is called a cylinder
of rank n and we say that the sequence (aj . ..ay,) is T-admissible. By (O1), T"|in Xayooan
intXg,. 4, — T"({nt(Xg4,. q4,)) is a homeomorphism and (Tn|intXa,,,,an)_l extends to a
homeomorphism ¥, 0 Ya, 0+ 0 Vg, = Vay..a, : (T (0t Xy, 4,)) = clint Xq, . q,)-

We impose on (7', X, Q) the next condition which gives a nice countable-state symbolic
dynamics similar to sofic shifts (cf. [24,26-28]).

Finite range structure (FRS). U := {int(T"Xq,..a,) : VYXa,..ay» Vi > 1} consists of
finitely many open subsets U ... Uy of X.

In particular, we say that (7', X, Q) satisfies the Bernoulli property if c/(T (int X)) =
Xa € I) so that Y = {intX} and (7T, X, Q) satisfies the Markov property if
int(cl(int X,) N cl(int T Xp)) # @ implies cl(int T Xp) D cl(int X,). A system (7, X, Q)
satisfying the Bernoulli (Markov) property is called a piecewise C°-invertible Bernoulli
(Markov) system.

Let v be a non-singular Borel probability measure on F which is non-atomic. As we will
see in §5, even if (T, X, O = {X,}qer) with FRS fails the bounded distortion property of
local Jacobians with respect to v, we can show that there exists a 7-invariant o -finite
measure 1 which is ergodic and absolutely continuous with respect to v under a local
bounded distortion (see [2, 20, 24]). Let us assume that p is a probability measure.
Under these situations, we can construct an invertible extension of (7, i) as follows.
Let ¥_ be the set of all semi-infinite sequences of IN, a = (a-1,a-2,...,4—p,...)
such that there exists a sequence of points in X, {x_,}s>0, satisfying Tx_, = x_,4+1 and
X_p € Xq_, foralln > 1. Let X be asubset of X x X_ composed of all pairs (xg, a) and
define7 : X - X by T(xo, a) = (Txg, vgya) where xg € Xq, and vgy(a—1,a—2,...) =
(ag,a—1,a—s,...). It is known that the projection 7 onto X commutes with the map T
and T, i.e. 74T = T, and that there exists a unique ergodic invariant measure 7z on X
whose image by 7 is u, i.e. ﬁnII = u (see [18]). In particular, if (7', X, Q) satisfies
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the Markov property and admits a dual system (7_, X_, O_ = {Y, : @ € I}) whichis a
piecewise CC-invertible system satisfying

(a1, an,...,ay) € I'"is T-admissible <= (a,, dn_1,...,a1) € I" is T_-admissible,

then (7_, X_, Q_) also satisfies the Markov property. Furthermore, by using the
T -invariant probability measure u on X, we can define a set function p_ on the cylinders
of (T_,X_,0_) by n_(Yg,..aq;) = n(Xq,..a,) and p_ can be extended to a o-additive
set function which is T_-invariant (see [20, pp. 157—158]). We can construct naturally an
invertible extension T of T on a subset X of the compact metric space X x X_ as follows.

Let
X:=|JXaxT7, (:UTXa xYa)

ael

and define 7 : X — X by
T(x,y) = (TIx, X, ¥—ay) if(x,y) € Xy x T_Y,,

where y_ , : T_Y, — Y, is the local inverse to 7_|y,. Then 7_1 X > Xis given by
T, y) = ax, Toly,y) if (x,3) € TX, x Ya.

Letmy : X x X_ — Xand7w_ : X x X_ — X_ be the natural projections. Then it is

easy to see that 7. T = Try and 7T ' = T_m_.
We define
v Vool
Xa=XNmy X, <: U Xax Yb)),
Yy CT- Y,
and
Y.=XNnn_'Y, <: U (Xp x Ya)>.
XyCT X,
Then both QO := {Xs}aes and Q_ := {Y,}aes are countable generating partitions of

X. Let Zap) i= X N (Xp x Ya)(= XN XpNY,). Then Q := {Zp) : (a,b) € I?is
T-admissible} is also a countable generating partition of X. Since X (C X x X_) possesses
the product metric naturally, all (7, X, Q,), (T, X, Q_) and (T, X, Q) are piecewise
CY-invertible Markov systems which are invertible. Furthermore, if y is ergodic then there
exists a unique ergodic invariant measure 7z on X satisfying ﬁn;l = u and ﬁn:l = U_.

(See [18].) Since (771 , ) is the natural extension of (7—, p—), u— is ergodic, too.

3.  Weak Gibbs measures and weak local product structure
Let (T, X, Q = {X4}aer) be a piecewise CY-invertible system with FRS.

Definition. We say that ¢ is a potential of WBV if there exists a sequence of positive
numbers {C,},>1 satisfying lim, ,oo(1/n)logC, = 0 and Vn > 1,YX, 4, €
Vise 770, |
SUPre,,. P (T 9(T'))
<
infrex,, ., exp (/=g ¢(T'x))
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Remark A. If (T, X, Q) satisfies the Markov property and aperiodicity, and ¢ is a
potential of weak bounded variation, then the following limit exists [34]: Pwop(T, ¢) =
lim, 1/nlog Z, (X, ¢) < co, where

Zy(X, ¢) = Z ( Z exp[ZZ;:)QSTh(x)jD.

(ay...an)in(T Xo, ) Dint Xa; > Yay..apx=x€cl(intXa,..ay)
Definition. A Borel probability measure v is called a weak Gibbs measure for ¢
with a constant —P if there exists a sequence {Kj},~o of positive numbers with
lim;,—, o (1/n) log K;, = 0 such that v-a.e. x
Ui}fla]...an'(x)) <K,,
exp (Zi=0 ¢Ti(x) — nP)
where X, 4, (x) denotes the cylinder containing x.

-1
K, =<

In [32], it was shown that typical piecewise C!-smooth maps T with indifferent
periodic points admit ergodic invariant weak Gibbs measures for —log |[det DT'| which are
absolutely continuous with respect to the Lebesgue measure and —log |det DT'| satisfies
the WBYV property. Also we can show that some examples of such maps admit the dual
systems which are piecewise C'-invertible Markov systems (see §8). In this section, first
we show the following.

THEOREM 3.1. Let (T, X, Q = {Xas}lacr) be a piecewise CO-invertible Markov system
with FRS. Let ¢ : X — R be a potential of WBV with Pop(T, ¢) < oo. Suppose that (i is
a weak Gibbs measure for ¢ with — Piop (T, @) invariant under T. Then i is a weak Gibbs
measure for t* ¢ := ¢4 : X — R with — Pop(T, w5 ¢) (= — Pop(T, 9)).

We denote tl_le unique cylinder of rank 2(n + 1) with respect to T containing (x, y)
by (ﬂf’:_n T Z(ai—bai))(x’ y) and we let Ya_|...a_(,,+|)(y)s Xag...a, (x) denote the unique
cylinders of rank n 4 1 with respect to 7_, T containing y, x, respectively. Then we can
establish a key theorem.

THEOREM 3.2. Suppose that all conditions in Theorem 3.1 are satisfied. Then there exists

a sequence {Kp},~0 of positive numbers with lim,_, - (1/n) log K,, = 0 such that ui-a.e.
(x,y)eX

ﬁ(( mlfl:fn Tiiz(aiq ,a,-))(x: .V))

ﬁ(( mi_:l—n T Za; !ai))(x’ y))ﬁ(( m?:l T Za; !ai)) (x, y))
_ E(Xao...a,, (x) x Ya_|...a_(,,+1)(y))
Y yea gy O (Xag.a, (X)) ~
In [3], the Eckmann—Ruelle conjecture in the dimension theory of smooth dynamical
systems was proved by observing that any hyperbolic measures 1 invariant under a C1+*
diffeomorphism possesses an asymptotically ‘almost’ local product structure, i.e. V§ > 0,
ar' € X with u(I') > 1 — 6 and k > 1 such that Vx € I, Vr sufficiently small (depending
on x):

(B (x, r /) (B (x, r/K)) < u(B(x, 1)) < r=Pul (B (x, kr)) i (B" (x, kr)),
ey

K;!

IA

ne
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where uf, u% denote the systems of conditional measures of u defined on the leaves of
stable and unstable manifolds, respectively. Barreira et al used (1) in [3] to show that u
is exact dimensional and its pointwise dimension d,, is equal to the sum of the stable and
unstable pointwise dimension, i.e. y-a.e. x € X

dp(x) =du(x) =d,, (x) = dy (x) + dj; (x). 2

For the natural extension 1t of the weak Gibbs measure p invariant under the piecewise
invertible system (T, X, Q), although C'*%-smoothness fails we come to the following
weak notion of local product structure [15].

Definition. A Borel probability measure i is said to have weak local product structure if
K, }n>1 with lim, o 1/nlog K,; = 0 such that iw-a.e. (x, y) € X
K-l < ﬁ((m:;fn Tilz(ai—l,ai))(x’ y))
noo=_ I — _ ——i
I’L(( mi:—n T Z((llpl,di))()“ y))“((m?:l T Z(a,-,l,a;))(xa y))

COROLLARY 3.1. Suppose that all conditions in Theorem 3.1 are satisfied. Then w
possesses weak local product structure.

< K.

In the case of hyperbolic ergodic measures u for C!+¢-diffeomorphisms of a compact
smooth Riemanian manifold X without boundaries, in [12] Young and Ledrappier
constructed a special countable partition of X with finite entropy satisfying for all 0 <
€ < 1, there exists ' C X with u(I") > 1 — €/2 and there exists ngp > 0 such that for all
x € I', forall n > ng the diameters of cylinders of rank n containing x can be bounded from
below and above by sequences decaying exponentially fast with rates determined by the
Lyapunov exponents. In [3] Barreira et al essentially used such a partition to establish (2)
and therefore the Eckmann—Ruelle conjecture. On the other hand, in our situation, not only
C'*+*_smoothness but also exponential estimates of sizes of cylinders with respect to the
generating partition Q fail under the appearance of certain non-hyperbolic periodic orbits,
e.g. indifferent periodic points cause polynomial decay of cylinder sizes. Even in such a
non-standard situation, we will see in §6 that the weak local product structure allows one
to establish an analogy of (2) for the natural extension of piecewise C'-conformal Markov
maps with indifferent periodic points. We should mention that the failure of bi-Lipschitz
continuity of 7' (7_) does not allow us to apply Ledrappier—Young’s approach in [12],
although we have piecewise conformality. A new method that we shall use in this paper
relies heavily on the existence of a derived system (the so-called jump transformation)
which is uniformly expanding (see Lemma 6.2 in §6). As a special case we have an
‘asymptotically almost local product structure’ in the following sense.

COROLLARY 3.2. Assume further that 30 < 61,6, < 1 and 30 < G, Ci<oo(i=1, 2)
satisfying
€< diam Xa,l,man (x)
0;
diam Y, | .a_, ()
63

SC_l(;La.e.x e X),

G

IA

<C (u—aeyeX_).
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Then i-a.e. (x, y) € X, Vr > 0 sufficiently small (depending on (x, v)), 3k > 0 satisfying
(1) for all 5 > 0. This implies that [t possesses asymptotically almost local product
structure in the sense of Barreira et al.

For example, we can apply Corollary 3.2 to (countable) Markov shifts. We note that a
lack of information on Lyapunov exponents of 7" and 7_ causes a difficulty in choosing k
uniformly in (x, y).

4. Properties of weak Gibbs measures for potentials of WBV
We recall Bowen’s definition of Gibbs measures [4]. A Borel probability measure v is
called a Gibbs measure for ¢ with a constant — P if there exists K > 1 such that Vx € X
andVn > 1,
K71 < V(i(;ll...an'(x))
exp ( Yo T (x) — nP)

<K,

where Xy, . 4, (x) denotes the cylinder containing x. In particular, we shall be interested
in the case of P = Pyop(T, ¢)(< 00). If ¢ is a potential of summable variation, then
an exp[ Pop(T', ¢) — ¢p]-conformal measure v (i.e. the local Jacobian (dvT /dv)|x, of v is
expl Pop(T, ¢) — ¢] VX, € Q) satisfies the Gibbs property. Such a situation typically
happens for uniformly expanding maps 7 and Holder potentials ¢. When neither the
uniformly expanding property of 7' nor the summability of variations of ¢ hold, although
the conformal measure v fails the Gibbs property, the weak Gibbs property of v still holds
if ¢ is a potential of weak bounded variation [32, 34].

LEMMA 4.1. [32] If ¢ : X — R satisfies Var,(¢) — O, then ¢ is a potential of WBV.
In fact we can take that C,, = exp [ Z?;ol Var; (qb)].

LEMMA 4.2. [32] If v is an exp| Piop(T, ¢) — ¢l-conformal measure for a potential ¢ of
WBV with {Cy,}u>1, then v is a weak Gibbs measure for ¢ with — Pop(T, ¢) and the weak
Gibbs sequence {K,}n>1 is given by {Cy}n>1.

Definition. Let v be an exp[Pwop(T, ¢) — ¢]-conformal measure. We say that a

periodic point xo with period g is an indifferent periodic point with respect to v if
_ -1 i

g~ X120 ¢T (x0) = Puop(T, §).

In particular, for piecewise C!-smooth maps T and for the Lebesgue measure v, the
definition coincides with the usual one (i.e. |det DT9(xg)| = 1). Summability of variations
of potentials ¢ typically fails under the existence of indifferent periodic points.

LEMMA 4.3. Let v be an exp[Pwop(T, ¢) — ¢l-conformal measure and suppose that there

exists an indifferent periodic point xo with respect to v. Then C,, — 00 as n — 00.

(Cf.1331)
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Proof. So as to simplify our argument, we assume that xq is a fixed point. Then we see
that

wp P [0 (Pop(T, §) — )T (x)]
Y€ Xayan (50) €XP [ X020 (Peop(Ts ) — 9T (1)]
_ SUPxeXay 0, (00 P [ Y10 (Puop(T. ¢) — )T (x)]
exp[ X020 (Puop(T. ¢) — $)T' (x0)]
SUPex,, u (xo) 5P [ X720 (Pop(Ts ¢) = $) T (x)]
expln(Pop(T, ¢) — ¢ (x0))]
LA s [0 (Pop(T, §) — 9T (2)] dv(z2)

V(Xq,...a, (x0)) expln(Prop(T, ¢) — ¢(x0))]
V(Tnxal...an (x0))

= o Xa oy SPLTPlop(T €)= (xo))]-

Then the required fact immediately follows. o

PROPOSITION 4.1. [30, Theorem 2.2] Let v be a weak Gibbs measure for ¢ with
—Puop(T, @). If there exists a T-invariant ergodic probability measure w equivalent to
v with H,(Q) < oo and ¢ € L' (1), then Pop(T, ) = hy(T) + [y p dpu.

Remark B. If v is a weak Gibbs measure for ¢ with — Piop (T, ¢), then cylinder measures
decay exponentially fast at any fixed point x with Pyp(T, ¢) > ¢(x). On the other hand,
if T admits an indifferent fixed point xo, then the weak Gibbs sequence {K,~ 1},,21 gives
lower bounds of cylinder measures at xo, i.e. V(Xg4,..q,(x0)) > Kn_l, which may imply
subexponential decay of cylinder measures at xo. The slowness may be related to the
slow decay of the correlation functions with respect to T-invariant ergodic measures u
equivalent to v. (Cf. [9, 11, 13, 17, 29, 33].)

Remark C. Let p be a T -invariant weak Gibbs measure for ¢ with — P and the weak Gibbs
sequence be {K,},>1. Then

L) n(Xa,...a, (X))
—lo

n g exp ( Z?;ol oTi(x) — nP)

converges to zero uniformly on a set of full measures with respect to u; we therefore have
uniform convergence of

n—1

1 1 ;
n log u(Xay...q, (X)) — W Z(ﬁT (x)

i=0
to — P on a set of full measures and the rate of convergence is 1/nlog K,,.

In [32] and [34], under certain conditions the weak Gibbs property was established for
T -invariant probability measures p equivalent to the conformal measures v associated to
potentials ¢ of WBV. In particular, for piecewise C !-smooth maps with indifferent periodic
points, the equilibrium states u for —log|det DT |, which are equivalent to the Lebesgue
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measures, are weak Gibbs measures with polynomial sequences {K,},>1. This implies
that the convergence of

n—1

1 1 ;
T log u(Xa,..a,(x)) + ", ;QST (x)

to the difference between the measure theoretical entropy and the measure theoretical
Lyapunov exponent

hy(T) — / log |det DT |dp (= Piop(T, —log|det DT|) = 0)
X

is uniform on a set of full measures and the rates of convergence are given by O (n~! logn).
For example, the well-known Manneville-Pomeau maps defined by Tgx = x + x!+h
(x €[0,1],0 < B < 1) possess K,, = (n + D!+1/8 and the rate of decay of correlation
functions is given by n~1/#=D_ In [10], we can find a relation between the rate of
convergence in the pointwise ergodic theorem and the mixing rates. On the other hand,
many numerical experimental results suggest slow convergence to Lyapunov exponents
under the existence of non-hyperbolic periodic orbits. In general, the following questions
arise naturally for weak Gibbs measures p.

Question 1. When do each of the sequences {—n’1 log W (X4,...a, (x))} and {n’1 Z:l;ol ¢
Ti (x)} converge uniformly on sets of full measure?

Question 2. Can the uniform convergence rates be described in terms of the sequence
{1/nlog Kn}n=1?

(Cf. [10].)

5. Jump transformations
Let (T, X, Q0 = {Xailaser) be a piecewise CO-invertible Markov system with FRS.
Let v be a non-atomic Borel probability measure on X which is non-singular with respect
to TWwT~! ~ v) satisfying the local invertibility, i.e. VX, € Q,v(X,) > 0 and
(dvT/dv)|x, > 0 (v-a.e.). For a constant C > 1, we define

o

n—1 n
R(C, T.v) = U Xa]man c \/ TﬁiQ : sup (dvT /dv)lxm...an (x) <c
=1 i=0 x,y€Xa,..an (dVTn/dVHXgl“ﬂ,, )

Suppose that 3C+ > 1 such that R(Cy, T,v) # § and satisfies the strong playback
property (i.e. Xq, . .auby..b, € R(C4+,T,v) whenever Xp,, p, € R(C4,T,v)). Let R(x)
be the stopping time with respect to R(C4+, T, v) defined by R(x) := inf{ln € N :
Xay.ay(x) € R(C4, T,v)}. Wecall T" : {x € X : R(x) < oo} — X defined by T*x =
TR® x the jump transformation over R(Cy, T, v). We define D,, := {x € X : R(x) > n}
forn > 0and B, = Du,—1\D, forn > 1. Let X* := X\ Up—o T* "™ (Mys0 Dn)
and I* := (U, {(@1...a,) € I" : Xay..ay C Bn). Then (T*, X*, 0* = {Xa)ger+)
is a piecewise CV-invertible Markov system satisfying the uniformly bounded distortion
property with respect to v|x+ (i.e. R(C+, T*, v|x+) is the set of all cylinders with respect
to (T*, X*, Q*) with all ranks). Let U* = {int(T*" X¢,..0,,) : VXo..0, Y0 > 0} =
{U], ..., Uy,}. We impose the next condition on (T*, X*, 0*).
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Transitivity. int X* = U,](u:1 Ufand VI € {1,2,...,M},30 < 5; < oo such that for all
k € {l1,2,..., M}, U} contains an interior of a cylinder X &.D(s;) of rank s; with respect
to T* such that 7*% (int X ®-D (s)) = Uy

Then applying [24] (cf. [1, 2]) gives a T*-invariant finite measure ©* equivalent to v
which is ergodic and exact. Suppose that v( ﬂnzo D,,) = 0. Then Schweiger’s formula

w(E) =) pu*(DyNT"E) (VEeF) (3)
n=0

gives a T-invariant o-finite ergodic measure p which is equivalent to v and exact.
If Z,‘iio v(D,) < oo then u is finite. In particular, we shall be interested in the case when
the reference measure v is an exp| Piop (T, ¢) — ¢]-conformal measure for a potential ¢ of
WBY and T* is uniformly expanding. Then the next condition imposed on ¢ guarantees
the bounded distortion property for dvT*/dv under B,y1 = D, N T7"Bi(Vn > 1)
(cf. [6,30-32, 34]).

Local bounded distortion (LBD). There exists 6 > 0 such that VX, ., C B, 30 <
Lg(ay ...ap) < oosatisfyingVx, y € T" X4, . q,

10 (Way..an (X)) — S Way..ay ON| < Lo(ar .. .an)d(x, y)°

and

n—1
sup  sup ZL¢(aj+1 .. Qp) < 0.
n>0 Xq;..an CBn j=0

In fact, the LBD property implies equi-Holder continuity of {¢*y/}}y4ecr+, where
P*(x) = Zfz:(g)_lqui(x) and Y, * = (T*Ixa)’l. Since T* is uniformly expanding
the standard argument allows one to establish the bounded distortion property for
dvT*/dv = exp[R Piop(T, ¢) — ¢*]. We recall the construction of uniformly expanding
jump transformations in [30] (cf. [32]). Let {¥,}4ses be a family of Lipschitz continuous
maps with the Lipschitz constant L, < 1. Given L < 1, we define By := {X} : L, < L},

Dy :={X4: Lg > L}, and inductively define

Bn = {Xb|...b,, : Xb|...b,,_| S Dﬂ—l’ Lbn = L}’
Dy ={Xaqy..d, : Xay..q; €Dii =1...n—1),Lgq, > L}.

Put B, = UXbl...b,,EBn Xp,..b, and D, := del...d,1€Dn X4,..d,- (We put Dp = X.)
Then R := {X4,..a, : Xa, € B1} coincides with R(C4, T, v) for a constant C > 1.
Furthermore, the strong playback property and B,+1 = D, N T~" Bj are satisfied. As we
will see in §8, for typical piecewise C'-invertible maps with indifferent periodic points,
D, consists of cylinders of rank n touching indifferent periodic points and B, consists of
cylinders of rank n away from those periodic points.

We assume that  is normalized and satisfies H, (Q) < oo. Furthermore, if ¢ € L'(w),
then we can establish Proposition 4.1. The next result gives sufficient conditions for
H,(Q) <ocand ¢ € L' (p).
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PROPOSITION 5.1. Let ¢ be a potential of WBV and let v be an exp|Pop(T, ¢) — ¢]-
conformal measure on X which is positive on open sets. Suppose that D) < oo and, for
Xg €Dy, int(TXgNBy) £ 0. Ifp € L' (v) and
ex Y X
C' =sup sup sup p[Z;__Ol ¢ _(wal'"a"( )] < o0, (4)
n>1 Xal...an e\/;’z_ol T—i Q xsyEBlanXalman eXp [ Zi:() ¢Tl (wa] ...ap (y))]

then H,,(Q) < 00 and ¢ € L' (). (Cf. [24,25,27].)

LEMMA 5.1. [34, Lemma 17] Let ¢ be a potential of WBV and v be an exp| Piop(T, ¢) —
¢l-conformal measure on X. Then 31 < C1 < oo such that H,(Q) < — fX ¢dv +1log Cy.

LEMMA 5.2. (Cf. [32]) Suppose that all conditions in Proposition 5.1 are satisfied.
Then 30 < G < oo such that (du/dv)|p,(x) < G and 30 < M < oo such that
w(Xa)/v(Xa) = M(VX, € Q).

Proof of Lemma 5.2. Since we know a formula of the invariant density,
du = d(W¥am)) du*
0 = Z > —— @) g () — = W ),
n=0 Xd(,l)eD,l

and 30 < G’ < oo such that G'~! < du*/dv < G’, condition (4) allows one to have for
X € B

0 anxd(n)mBI (d(Vl/fd(n))/dV)(x) dv

du
Boyeges ¥
dv n=0 Xd(,,)ED,,,XET”Xd(,,) U(TnXd(n) n Bl)

By the Markov property of Q, we have
W =inf{v(T" Xamy N B1) : T"Xamy N Bt # 0, Xam) € Dn, Yn > 1}
=min{v(TXsNBy) : TXgNB1 #0,Xq €D} >0
and so the desired upper bound is G := W~!G'C’. O
Combining Lemmas 5.1 and 5.2 gives the following.

LEMMA 5.3.
(1) Hy(Q) < oo implies H,(Q) < oo.
(i) ¢ e L'(v) implies ¢ € L' ().
Finally, Proposition 5.1 follows immediately from the above lemmas. If T is a piecewise
C'-conformal map on X C R? and |det DT*| satisfies the bounded distortion property

(the local bounded distortion property of |det DT'| is sufficient for this), then by [32,
Corollary 5.2] the condition

{xeX:Rx)=1}#0 and R(Tx)=R(x)—1(R(kx)>?2) 5)
(equivalently B,+1 = D, N T~"By) allows one to establish pu-a.e. x € X

h (T)

—_— 6
JxloglIDT || dp ©

dy(x) =dy(x) =d,(x) =
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We shall discuss formula (6) in more detail in §6 and will see in §8 a higher-dimensional
example of a piecewise C!-invertible conformal Markov system (7, X, Q) satisfying
(6) which is related to a complex continued fraction and possesses the dual system
(T_, X_, Q_) which is a piecewise C!-invertible conformal system for which there exists
a T_-invariant ergodic measure p_ satisfying (6).

6. Pointwise dimension for weak Gibbs measures

Let (T, X, Q) be a piecewise C%-invertible Markov system with FRS and X C RY.
In this section, we establish an analogy of (2) for the invertible extension (7', 7x) of
T -invariant ergodic weak Gibbs measure ; when T is a piecewise conformal map with
log||DT| € L'(u) and H,(Q) < oo. Ledrappier and Young proved in [12] that the
stable and unstable pointwise dimensions exist a.e. for any hyperbolic ergodic invariant
measure of C!'*%-diffeomorphisms of a smooth compact Riemannian manifold. In our
situation, we impose all conditions in §5 not only on (7', X, Q) but also on its dual system
(T—,X_, Q_), so that d, and d,_ exist a.e. with respect to u and p_, respectively.
More specifically, let B — = UaEI,XgCBl Y,. Since u—_(B1,—) = p(B1) > 0, by the
conservativity we can define the induced map T, _ over B — and the 7_-invariant ergodic
probability measure p_ is given by Kac’s formula as follows: VE a Borel subset of X _,

Ry -1
u—(E) = /I; > 1T () dp-ls, ()
1,— i=0
=> ulp_(yeX_ :Rp _(»)=n)NT"E),
n=0

where Rp, _ denotes the first return function over By —. Let R_ : X_ — NU {oo} be a
function defined by R_(y) = inf{n > 0: 7"y € B1 _} + 1 and, for each n > 1, define

inductively
B,_={yeX_:R_(y)=n}, Dp_:={yeX_:R_(y)>n}
Then we define the jump transformation 7* : | J;2, B,,— — X_ by T*(y) = T_lL(y)y.

Denote X* = X_\(U2yT*"({R-(y) = oo}) and I* = {J,- {(a1...a,) € I" :
Yoi..a, C By —}. Then (T*, X*, 0% = (Y, : y € I'}) is a piecewise CV-invertible
Markov system with FRS. We can easily verify the following facts.

LEMMA 6.1.

(1) RB]'_ =ROT_|BL_.

(i) R-_(T-y)=R_(y)— 1

(iii) T_|B]'_ o TBI,— =T*o T_|B]'_.

By Lemma 6.1, we see that u* := j2): (T_|B]'_)_l gives a T*-invariant measure
and we can establish Schweiger’s formula (3) via Kac’s formula. If T* is uniformly
expanding and |det DT_| satisfies log|det DT_| € L'(u_) and the local bounded
distortion so that |det DT*| satisfies the bounded distortion, then we can establish (6) for
(T-, X_, O—; n—). By the definition of p_, H,_(Q_-) < oo follows from H,(Q) < oo.
Then we have the following theorem.
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THEOREM 6.1. Let [t possess the weak local product structure. Then
R-ae (x,y) € X, dg(x,y) =du(x)+dy (). )"

For the proof of the above theorem, we need a sequence of lemmas. First we remark
that the pointwise dimension can be described in terms of cylinders.

LEMMA 6.2. For p-a.e. x € X,

d,(x) = lim log u(Xq..a, (X)) . h,(T)
n T >0 logdiam Xy, .. 4, (x) o fx* log ||DT*|| du*”

In particular, if (5) is valid then

BT )
[y TogIDT*dpf; ~ [y log||DT | dpe’

du(x) =

where g = u*/u*(X*).
To see this, define
Ny (x) := max {1 >0:Y R(T*x) < n} L,(x) := min {z >0:Y R(T*x) > n}
i=0 i=0
We have the following fact.
LEMMA 6.3. For p*-a.e. x € X*, limy— 00 n/Np(x) = p*(X*)~ 1.

Proof. Since
Np+1

Ny
> R(T*x)/Ny >n/Ny =Y R(T*x)/N,

i=0 i=0
and fx* R du* = 1, the result follows from the ergodicity of (7%, MS). O
LEMMA 6.4. For p*-a.e. x € X*,

log diam X X
o o, ) _/ log [|DT* | dyu-
X*

lim
n—00 N, (x)

Proof. First we note that

1DV, ay, @I < diam Xa,.ay, < sup DYy o @I

eT*nx
b4 ap.ay, ZET*nxalmaNn

By using the piecewise conformality of 7* and the bounded distortion property of
|det DT*| we can observe that

CHDT*N (x)[| 7! < diam Xo, .y, (¥) < CIIDT*N (x)| 7.

This completes the proof. a
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Proof of Lemma 6.2. Since Q is generating, for each small » > 0, 3n(x) > 0 such that

dk > 0 with
Xay..aneytngys1-angose X)) C B, 1) C Xayay o (%),
and so
log u(Xay...a, (%)) < logp(Bx.r) _  logu(Xay.a @)
log diam Xy, . .4, (x)—log2 — logr ~ log diam X, 4, (x)—log?2

We note that
diam Xy, q,, (x) < diam X4, _q,(x) < diam Xq, gy, (X).

Then by the Shannon—-McMillan—Breiman Theorem and Lemmas 6.3 and 6.4 we see that
for u*-a.e. x € X*

log u(B(x,r))

lim sup
r—0 logr
1 X
< limsup Ogﬂ( ay...ap+k (x))
n—oo log diam Xy, 4, (x)—log2
< Tim sup —log W(Xa...ani (x)) (n+k n . Ny (x)
n—00 n+k n Np(x) /) —log diam Xy, a4y, (X)

_ hu(T)
W*(X*) [y log | DT*| dpa

Similarly we can show that

.. Jdogu(B(x,r) .. . log u(Xa,..a,(x))
liminf ——— > liminf -

r—0 logr n—oo log diam X4, .4, (x)—log2
hy (T)

> .
= wH(X7) [y log [ DT du

Hence we have

lim logu(B(x, 1) _ hy(T)
r—0 logr p*(X*) [y log | DT*|| dpg’

A similar argument allows one to establish

im log H«(Xal...an (x)) _ hp.(T)
n—oo log diam Xy, 4, (x)  u*(X*) fx* log || DT*|| dug'

If (5) is satisfied, then by [30, Lemma 4.2], we have

/ log|det DTg,|dpp, = / log |det DT™| d s,

B X*

where T, is the induced map over By and g, = |,/ (B1). Then by Kac’s formula,
w(B) ™' = [y Rdul = u(X*)~!and so

log |det DT | d
/ log|detDT*|d,u3=fX el ldu
* w*(X*)

This completes the proof. a
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Proof of Theorem 6.1. Since X C X x X_ provides the product metric of X(C RY)
and X_(C R?) naturally and Q is generating, we have that for each small » > 0 and
V(x,y) € X, there exist n(x, y) > 0 and k > 0O such that

Xa()...awrk(x) X Ya_|...a_(,,+k_|)(y) C B((x,y),r) C Xa()...a,, (x) x Ya_|...a_(,,+1)(y)~
Hence we see that
2r > max{diam X,. 4, ,, (x), diam Ya_u---a—(n+k+1)(y)}

and
2r < min{diam X, 4, (x), diam Ya_|...a_(,,+|)(y)}-

Then the weak local product structure of i allows one to see that

log B(B((x, ). 1) _ 108 7T (Xagoansx ) X Ya_ya_gipsn )
logr ~ log min{diam Xy 4, (x), diam¥,_, a_,, (y)}—log2
=M+ @+,
where
(7) := —log Kk
" log min{diam X4, (x), diam Ya*l"'a*(nﬁ»])(y)}_log2’
) = log Ay (Xay...ars (1))
" log min{diam X, 4, (x), diam Ya*l"'a*(nﬁ»])(y)}_log2’
and
) = logﬁn_—l(Ya_]___a_(wm(y))

log min{diam X4, (x), diam¥,_, 4, (y)}—log2 ’

Let N,(,_), L,(f) be defined with respect to the dual system 7_ as N,, L, with respectto T'.
Then we have that

min{diam X (x),diamY,_, , n}

Dl]...OéLn_H(x) L(_)

n+l »
< min{diam X4, 4, (x),diamY,_, a_,.,, ()}

< min{diam Xm...azvnﬂ(x) (x),diamY,_, , e ())(y)}.
V41 Y

By the above inequalities we obtain that
(8) = log M(Xao...an+k (x))
~ log min{diam X¢,..q, (x), diam Y,_, _a_,,,,(¥)}—log2

< min log M(Xao...an+k (x)) log M(Xao...a,l+k (x))
- log diam X...q, (x)—log2’ log diam Y,_, _4_,.,,(y)—log2

log (X ay...ap 4 (X))
~ log diam Xg,.. 4, (x)—log 2

n+k+1 n+1
n+1 Nyy1(x)

log [/L(Xao...awrk (x))

% Nyt1(x)
—log diam Xm---a/vnﬂ(x) (x) +log2’

<
T on+k+1
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Similarly, we have that

log lu‘* (Ya7] wld—(n4k+1) (.V))

9) =
©) log min{diam X4, (%), diam Y, | a_,,,, (»)}—log2
n+k+1 n+1
< —710g /L_(Ya_]...a_(,,+k+|)(}’)) _
n+k+l n+1 N
§ Ny )
—log diamY, |, ., (y)+log2’
Ny

It follows from Lemmas 6.3 and 6.4 that the upper bounds of (8) and (9) converge to

hy(T)

—1
h (T)M*(X*)_l< / lognDT*ndu*) =t
" x* 0 Jxlog|DT|du

and

()
Jx_log [DT_||dp—

-1
hy (Tt (X)) ( fx log DT du’i())

as n — 00, respectively. Hence the limsup of (8) is bounded from above by
hu(T)/(fx log | DT || du) and the lim sup of (9) is bounded from above by h,_(T_)/
(fx, log | DT_|| du_). Since lim, .o n~ ! log K, = 0 and (7) > 0, finally we establish

o 08B y). 1) Iy (T) hy (T-)
im sup < .
r—0 logr JxlogIDT[dp " [y log | DT-| dp—

By Lemma 6.2, we obtain Eﬁ(x, y) < d;(x)+dy,_(y). On the other hand, using L,, Lf,_)
instead of NV, N,Ef) allows one to establish

.. log(B((x, ), 1) hu(T) hy (T-)
lim inf >
r—0 logr [xlogDT|ldp [y log|DT_|ldu—
similarly to the above statements. This completes the proof. O

Remark D. In order to establish Lemma 6.2, we used essentially the existence of the
jump transformation which satisfies the bounded distortion property. On the other hand,
for conformal maps T of which —log ||DT| satisfies the WBV property, without any
derived systems we can establish, for any ergodic T -invariant probability measure p with
H,(Q) < oo and log |DT|| € L'(), that

.. log M(Xa]...a,, (x)) hp.(T)
liminf - > .
n—oo log diam(Xg,. q,(x)) fx log |DT || dp

7. Proofs of the theorems in §3

Proof of Theorem 3.1. First we note the following equalities:
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—(n+1)
8 (Xao...a,, (x) x Ya_]...a_(,,+|)(y)))

(N Tﬁiz(a,_,,ai))(x, ) B (T
xp[ Y ey TipoT (. 9)]  exp[ L2 wtgpoT 0T "V ix y)]
E(Xa_ ity ragean Va_gsrya1%) X T-Ya_ oo, TV y))

exp| 23";61 i OTj(wa,mH)...a,lx, T_("H)y)]

! (Xa_uytyma_rag..anWa_gi1).ay X))

exp [ Z?g}l P4 o Tj(l/fa,(nﬂ)...a,lx, T£n+1)y)]
U(Xa_gipy.a_iag...anWa_giry..asy © Vag...ay © T+ y))
exp [ 252{)1 ¢ 0TI (Ya_yy.a_s © Vaga © T"H15)]
(X a1y s agean Va_ sty aragean (T"T1X)))

exp[ Y70 ¢ 0 T (Ya_ iy ragnan (T"H10))]

Then the result follows from the weak Gibbs property of u associated to ¢. a

Proof of Theorem 3.2. Let {K) },>1 be the positive sequence satisfying lim,_, o (1/n) log
K, = 0 for the weak Gibbs measure u for ¢. Then we have observed the following facts
in the proof of Theorem 3.1:

o F(On T Zia ) 5. 9)
2(n+1) = —
b €xp [ Z?:_(n_u) mido T (x, J’)]

= Ké(nJrl)

and

— —1 =i —
ol - E(Neen T Ziaryan) (x,y)) _ AT Xa 0 Yaya iy )

n+l — _ — — —
exXp [ Zi:l_(n_H) ”iqj oT' (x, J’)] exp [ Z,‘:l_(n.H) ”ifﬁ oT' (x, y)]

B2 Yoy ac iy )

= -1 —i = K'{l+1 .
exXp [ Zi:—(n—i—l) 7T.T-¢ oT (x, )’)]
We also see that
_ n i — 1
K/fl < M((ﬂi:l r Z(ai—]vai))(‘x’y)) N MUy (Xao...a,,(x))
n+1 — -

exp [ Yiomigo T (x, y)] exp [ Yiomigo 7' (x, y)]
,U«(Xao...an (x)) < K’
CXP[Z?:(N)O Ti(x)] = ntl-

Combining these inequalities and noting the equality
ﬁ(( m?:—n T_iz(di—ladi))(x7 }’))
ﬁ(( m’;t" T Z(;- ,a,-))(X, y))ﬁ(( m?:I T Zg;_, ,ai))(xv )’))

— ﬁ(( mlr'l:—n T_iz(ai_],a,'))(xv y))
ﬁﬂjl Ya_i.a_uyn (y))ﬁ”J:l (Xag...a, (X))

allows one to put K,, = Ké(n+1)K,/l2Jrl. =
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Proof of Corollary 3.1. The assertion follows from Theorem 3.2 immediately. O

Proof of Corollary 3.2. For each largen > 0, we choose a sufficiently smallr := r(x, y) >
0 such that

diam[ X4 q,_, (X) X Ya_, o, (0] > r > diam[Xay._a,(x) X Ya_; _a_0y (V)]
Hence we have that
G0/ < diam Xy 4,(x) <7 and G0y <diamY, | a4 ., (V) <7
These inequalities imply that
Ci0/™ < ¢, 7'Cir and G205t < G 7'Cor.
We note that

B((x,y),r) C U Xbg..by X Yb_i.b_ny)-
Xbg..bon XY _1..b_ 1) NBX.),1)F#D

By the weak Gibbs property of 1, we have that

E(B((x,y). 1) < > (X bg.by X Yo_y.b_iry)
Xbg.on XYb_.b_ 11y NB((x,),7)F#D
< Kt > 1 (Xpg...o)J—Yo_y.b_ 1))
Xbg.on XYo_y . b_ (1) NB((x,),1)#D
< K41 > 1 (Xpg...bn) > =Yp_y.b_uir)
Xpy.on NB(x,r)#0 Yo_y.b_(yyry"BG1)#0
and so

w(B((x,y), 1) < Knpipu(Bx, (1+ Ql_la)r))u—(B(y, 1+ Q{lfz)r))-
On the other hand, since we have

B((x,y),r) D Xao...an (x) x Ya,l...a,nH(Y)v

we see that

H(B((x, ), 1)) = Ky it (Xag.oay V=Y a_ ey D))

Since both Q and Q_ are generating and each cylinder has a non-empty interior, we have
[ > 0 such that X4, 4,(x) D B(x, 17 !r) and Yo, a_uey () D B(y,l_lr). From the
fact that » < 2 max{C,0", C_zé‘g} and K I decays subexponentially (i.e. slower than any
exponential decay), we have that for r-a.e. (x,y) € X, for all r > O sufficiently small
(depending on (x, y)), there exists k > O satisfying (1) for all § > 0. Then along the line
of [3], we have asymptotically almost local product structure (cf. [15, 16]). a
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FIGURE 1. The Markov partition Q = {X4}4c7 of X and U which consists of five subsets of X.

8. A higher-dimensional example
Let o = 1 4 i. We can define the complex continued fraction transformation 7" : X — X
on the diamond-shaped region

X={z=xia+x@:—1/2 <xy,x2 <1/2}

by T'(z) = 1/z — [1/z](4+). Here [z](4) denotes [x1 + 1/2]a + [x2 + 1/2]a, where z is
written in the form z = xja+xo, [x] = max{n € Z | n < x} (x € N) and [x] = max{n €
Z|n < x} (x € Z—N). The index setis I = {ma +na : (m,n) € Z* — (0, 0)}. For each
na +ma € I, we define

Xnatma = {ze X :[1/z]1 = na + ma}.

Then we have a countable partition Q = {X,},er of X which is a topologically mixing
Markov partition with FRS (Figure 1). In fact, ¢/ consists of five subsets of X. The map T
induces a continued fraction-like expansion of z € X,
1
Z = 1 9
ay +

a +
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where each a; is contained in /. This transformation has an indifferent periodic orbit
{1, —1} of period two and two indifferent fixed points at i and —i. All conditions
(01)-(03) are easily verified [22, 24, 25]. The inverse branches to T take the form
Yqa(z) = 1/(a + z) for a € I. Therefore, the inverse branches of the nth iterate of the
transformation 7" take the form

Pt ZPn—t 1

Yay,...an (2) = and |y, Q=
et qn + 2qn-1 oestin lgn + 2qn—112

where p, = anpn—1+ pn—2 and gy = angn—1+qu—2,n > 1,and p_; = a, po = 0 =g
and go = a. We call p, /g, the nth approximant of z with respect to 7. For Xy, .. 4, such
that X,, does not touch the indifferent periodic points, we can see that |q,—1/gn| < 2/3.
From this fact, letting D,, be a union of cylinders of rank n touching the indifferent periodic
points allows one to define a uniformly expanding jump transformation 7* and obtain
the LBD property of —log|det DT |(= —log IDT||?). In fact, we can define the jump
system (T*, X*, O*) over R(54, T,v) asin §5 for v the normalized Lebesgue measure of
X [24, 25]. Although (T, X, Q) fails (5), (T%, X, Q0 v T~1Q) satisfies it. Hence, if ¢
satisfies the LBD, then we can establish for all T-invariant ergodic weak Gibbs measures
w for ¢ which satisfy log | DT || € L' (1) and H, (Q) < oo that

h (T _ hu(T)
JxlogIDT?|ldp [y log DT | dp

In particular, log |det DT | satisfies the WBV property and log |det DT| € L' (v) for v the
normalized Lebesgue measure of X [24]. Furthermore, by using results in [32], we can
show that the T-invariant ergodic probability measure equivalent to v is a weak Gibbs
measure for —log [det DT'| with Pyop(T, —log|det DT|) = 0. We can easily verify all
conditions in Proposition 5.1 and so also (6) for the SBR measure. We should remark that
the SBR measure is hyperbolic since |T'(z)| > 1 for z ¢ {£1, +i}.

Next we construct the dual algorithm to the complex continued fraction. Define
X ={w e C: |w < l}and Uy := {w € X_ : w4+ «af > 1}. We put
Uy =—ixU;,Uz3:=—i xUp,Us:=—i x U3, Us :=U NV, Ug :=—i x U5, U7 :=
—i X Ug and Uy := —i x Uy. In particular, we put Uy = X_. Next we define the
following subsets of I: J; := {na : n > 0}, J» := —i x J1, 3 := —i X Jp, Jq =
—i X J3a,Js:={na+ma:n,m >0}, Jg :=—i xJ5,J7:=—i X Jgand Jg := —i X J7.
Then Uy U UI%:I (UaE na+ Uk) gives a countable partition of C. Now we define
T_ : X_ — X_by T_w = 1/w — [1/w]), where [w]—y = aif w € a + Uy
for some a € Ji. Define, for eacha € I,Y, = {w € X_ : [1/w]-) = a} and
Q_ = (Y, :a € I}. Then (T_, X_, Q_) is a piecewise C!-invertible Markov system
with FRS (Figure 2). In fact, i = {U; :i =1,2,...,8}. Foreachn > land w € X_, we
define a_, (w) := [1/Tf_lw](,). Then we can easily see that (a_1,a_3,...,a—,) € I"
is T_-admissible iff (a_,, a_u—1y, ...,a—1) € I" is T-admissible. We remark that the
dual algorithm 7_ also admits an indifferent periodic orbit {1, —1} of period two and two
indifferent fixed points at i and —i. The indices of cylinders touching these periodic points
are the same as those of cylinders with respect to 7. 7_ induces a continued fraction-like
expansion of w € X_,

dy(x) = (n-ae. x € X).
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_ 1
w= I ,
a-1+ 1
a_p + i
Ta_,+ ...
where each a_; is contained in I. Therefore, we can see that |g,—1/g,| < 1 foralln > 0
because
1
In—1/qn = i eX_.
an + ————
G-t
ar

Furthermore, the inverse branches to 7_ take the same form as v, i.e. V¥, —(w) =
1/(a + w) fora € I and

Fn + 2rn—1 , 1
Y_a_q,a_,(w) = ————— and [¢ w)=———"——,
Pt Sn+ Z5n—1 A=t on Isn + wsp—1]?

https://doi.org/10.1017/50143385702000780 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385702000780

1954 M. Yuri

where r, /s, is the nth approximant of w with respect to 7_. Let D, _ be a union
of cylinders of rank n touching the indifferent periodic points. Then we can define
(T*, X*, Q*) similarly to (T*, X*, Q0*) and T* satisfies the uniformly expanding
property. Although (7_, X_, Q_) fails (5), (T2, X_,0_ Vv 7! Q_) satisfies it. Hence
if the dual p_ of the T-invariant ergodic weak Gibbs measure p satisfies log | DT_| €
L! (n—) (Hy,_(Q-) < oo follows from H,(Q) < 00), then we can establish for p1_-a.e.
y € X_ that

hu_ (T?) B h, (T.)
[y logIDT2|ldu— [y log|DT_|ldp—"

du_(y) =
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