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Theta cycles of modular forms modulo p?

Scott Ahlgren, Martin Raum®, and Olav K. Richter

Abstract. The theta cycle of a modular form modulo a prime p > 5 is well understood. By contrast,
the theta cycle modulo a power of p is still mysterious and experimentally erratic. Here, we
completely determine the theta cycle of a weight k < p modular form modulo p? on the initial
segment of length p and we prove exact values or nontrivial bounds for the weight filtrations on
p — 2 further segments of length p — k + 1. In particular, asymptotically as p — oo, we establish 50%
of the theta cycle exactly, and we provide nontrivial bounds for 100% of it. We determine the first
two low points exactly and [%"“J further low points at regular positions. Moreover, we detect low
points at exceptional positions which solve a quadratic equation modulo p, and which disturb the
otherwise regular structure in the segments that we exhibit.

1 Introduction

Throughout, let p > 5 be a prime. Given a quasi-modular form f on SL,(Z) with
p-integral rational coefficients and an integer m > 1,let w,» ( f) be the weight filtration
of f modulo p™ as defined in (2.1). Iteration of the theta operator 8 (defined in (2.7))
yields the extended theta cycle of f modulo p™:

Qpnf = (wP"' (f)) wP"‘(elf), cee s me(H(P—l)Pm_l-%—m—lf))’

and the periodic subsequence starting with the weight filtration of 0™ f is called the
(Tate) theta cycle. In the case m =1, theta cycles of modular forms are completely
understood. As an example of a central application which leverages this detailed
understanding we mention Edixhoven’s work [5] on the weight in Serre’s conjecture on
modular forms. In a different direction, this understanding leads to the classification
[1] of Ramanujan congruences for the partition function.

An integer i, or by extension the quasi-modular form 6’ f, is a low point of the cycle
if

wpm (Gi_lf) > @pm (Hif) and  wpm (Qif) < @pm (Hmf).

Further, we say that we have a rise (resp. a fall) at i if

wpn (0°f) < wpm (67 f) (resp. wpm(0'f) > wpm(e”lf)).
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Figure 1: The weight filtrations modulo p =17 (on the left) and p* (on the right) of 8°A,
where A is the normalized cusp form of weight k = 12. Filtration values modulo p given
for 0 < i < p on the x-axis are connected by a dashed line. Filtrations modulo p* given for
0 < i< p(p—1) are represented by a blue line connecting the values. Orange crosses indicate
previously known values (in some cases not uniquely determined) for i =1[4], i € pZ [7], and
iep—k+1+pZ][7].

The theta cycles modulo p are determined by the positions and weight filtrations of
their low points [6]. There are either one or two low points in a theta cycle modulo p
and the remaining part of Q. (f) is highly regular, as illustrated on the left in Figure 1.
The behavior of the theta cycle modulo p? is by contrast more intricate and seemingly
erratic, as illustrated on the right. Indeed, only partial results on the isolated points
i=1[4]and i€ pZoriep—k+1+ pZ [7] are available. In particular, not a single
location of a low point is known.

As one example of the complicated structure which appears, we mention that
the theta cycle modulo p? can have successive falls; this is not possible in the cycle
modulo p. An example of this phenomenon occurs for the normalized weight 12 cusp
form A when p = 13: we have

w2 (0 A) =434, w2(0°*A) =280, and w;5(6"°A)=126.

Here, we determine exact values for weight filtrations in long segments of theta
cycles modulo p2. Our first result provides the exact weight filtration for all 6 f with
0 < i< p. A closer inspection of Figure 1 reveals the alignment of the first two low
points in the theta cycles modulo p and p?. Our theorems in particular imply that
these low points always occur and that they are the only ones in this range.

To state the result, recall that p > 5 and denote by M the space of weight k modular
forms on SL,(Z) with p-integral rational Fourier coefficients (recall that M = {0}
unless k = 0 or k > 4 is even). We will often assume that f € My with 0 < k < p has
w,(f) = k. This assumption simply ensures that f is not a constant multiple of the
Eisenstein series E,_; = 1 (mod p).

https://doi.org/10.4153/50008414X2610220X Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X2610220X

Theta cycles of modular forms modulo p* 3

Theorem A Suppose that f € My with 0 < k < p has w,(f) = k. Then we have the
following exact weight filtrations:

wpe(0'f) =k, if i =0;
wp(0'f) =k+2i+2p(p-1), ifo<i<p-k+1;
wp (0" f) =k+2i+p(p-1), ifi=p-k+1;
wp(0° f) = k+2i+2p(p-1), if p—k+1<i<p;
wp (0" f) =k+2i+p(p-1), if i =p.

The next corollary will follow from Theorems A and C.

Corollary B Suppose that f € My with 0 < k < p has w,(f) = k. The first low point of
the theta cycle of f modulo p* occurs at i = p — k + 1 and the second at i = p. Moreover,
if0<i<p-1,then

(07 f) = wp (0" f)+2 unlessi=p-k.
Remark

(1) The weight filtrations at the first and second low points i = p—k + 1, i = p were
determined in [7], but it was not proved that these are low points.

(2) The positions of the first low point modulo p and p? agree, but unlike the modulo p
case, the modulo p? weight filtration of the first low point is independent of
whether or not f has a U,-congruence modulo p.

(3) The position of the second low point modulo p? matches the position of the sec-
ond low point for modular forms which do not have a U,-congruence modulo p.

(4) The analysis in [6] shows that w, (0" f) # w,(6'f) + 2 for all i > 1, which is in
contrast to the situation modulo p?, where a rise of 2 is the common case.

~ Our next result determines a substantial part of the weight filtration modulo p* of
0’ f for general i and identifies families of low points. Some of them appear at regular
intervals, and some appear at what we call exceptional positions. We will consider
indices i with
(1.1) np<i<np+p-k+1, I1<n<p.
We call such an index exceptional if it is a solution of the congruence
1.2) 2+ (k-1)i-n*=0 (mod p).
In Corollary D, we will show that these exceptional indices often correspond to low

points which disrupt regularity in the theta cycle.
Theorem C  Suppose that f € My with 0 <k < p has w,(f) = k. Let i be as in (1.1).
(1) Ifiis exceptional, then

wpz(ﬂif) <k+2i+p(p-1).

(2) Ifiisnot exceptional, then we have the following exact values and nontrivial bounds,
where i’ = i — np is the least nonnegative residue of i (mod p):

wpz(Hif)sk+2i+p(p—l), if i' =0 (proved in [7]);
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Figure 2: 'The weight filtrations modulo p* = 59° of 6’ A, where A is the normalized cusp form
of weight 12. Filtration values are given for 0 < i < p(p — 1) (on the left) and 0 < i < 4p (on the
right) on the x-axis, and are represented by a blue line connecting them. Vertical green lines
on the right indicate exceptional low points (see Corollary D). Green shaded areas represent
ranges of i for which we prove exact filtration values. Orange shaded areas correspond to ranges
of i for which we establish nontrivial upper bounds for the weight filtrations. We do not provide
information on filtrations for i in the red shaded areas.

wp (0" f) =k+2i+p(p-1), if0<i'<nandi' <p-k+1-mn;
wp (0" f) =k+2i+2p(p-1), ifn<i'<p-k+1-m;

wp (0" f) <k+2i+p(p-1), ifp-k+l-n<i'<p-k+1
wp (0" f) <k+2i+p(p-1), if i' = p—k+1(proved in [7]).

For fixed weight and asymptotically as p — oo, our results provide exact filtration
values for 50% of the theta cycle modulo p* and nontrivial bounds for 100% of it (see
Remark 4.2). We illustrate the range of our results for f = A and p = 59 in Figure 2.

In this case, our results give exact filtration values for more than 33% of the theta
cycle modulo p? and nontrivial bounds for more than 81.6%. If f = A and p > 1,100,
then the range increases to more than 49% of exact weight filtrations and more than
99% of nontrivial filtration bounds.

In the next corollary, we describe some of the structure of the theta cycle which is
forced by Theorem C.

Corollary D Suppose that f € My with 0 < k < p has w,(f) = k.

(1) For1<n< %M, there is a low point at i = np + p —k +2—n unless we have
wp (0 f) =k +2i+p(p-1) and w2 (0" f) = k +2(i +1), in which case there
is a low point at i + 1.

(2) Assume that np+n<i<np+p—k+1-n and that i is an exceptional index.
Then there is a low point at i (which we call an exceptional low point).

(3) Assume that np <i<np+p—k+1—n and that i is not an exceptional index.
Then i is not a low point.

(4) Assumethatnp <i<np+p—k+1-mn,thati# np+ n—1, and that neither i nor
i +1is an exceptional index. Then there is a rise by 2 at i.
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Remark

(1) Intherange 0 < i <2p — k + 1, the two theorems give exact weight filtrations for
0 f apart from possible exceptional indices. By part (2) of Corollary D and the fact
that the index i = 2p — k is not exceptional, it follows that there are exceptional
low points at all exceptional indices in this range.

(2) There are two boundary cases i’ = 0and i’ = p — k + 1in Theorem C; these indices
cannot be exceptional. These cases were studied in detail in [7], and in many cases,
exact values for the filtration are given in [7, Theorem 1.8]. Here, we give a bound
which follows from this result and which applies to all cases.

(3) Theexact filtration values in Theorem Cforn < i’ < p — k + 1 — nare independent
of whether f has a Uj,-congruence or not. Thus, information on U,-congruences
must be encoded in the part of the theta cycle for which we do not have exact
filtration values.

(4) The filtration bounds in Theorem C are quadratic in p, while the bounds in
Lemma 2.4 and Remark 2.5 below are cubic in p, and the bounds which follow
from Inequality (2.19) are quartic in p.

(5) Let f be a modular form as in Theorems A and C. Then Corollary B identifies
two low points occurring at regular positions, and the first part of Corollary D
identifies [p_TkHJ such low points. All of these occur in the green-shaded areas of
Figure 2.

(6) It would be interesting to determine the number of exceptional low points, which
would amount to counting solutions to the congruence i* + (k —1)i —n*=0
(mod p) with n < i < p— k +1- n. Heuristically, the number of such solutions
should be proportional to p on average as p varies.

We briefly describe some of the new ideas and input which allow us to access a
large part of the theta cycle. In the next section, we introduce the factor filtration,
a refinement of the weight filtration which plays a key role (all of the results above
will follow from our study of the corresponding factor filtrations). Roughly speaking,
the factor filtration involves dividing out as many powers of E,_; =1 (mod p) as
possible before considering the weight filtration. This idea was inspired in part by
recent work of the authors with Hanson [2] in which we prove that every Eisenstein
series on SL,(Z) has uniformly low factor filtration modulo p?. In the same paper,
we determine a precise expression (2.13) for E; (mod p?); this is another important
input here. The starting point for our results is the expansion (2.11) of 6’ f in terms
of E;. Our ability to determine the precise factor filtration depends on isolating a
group of terms in this expansion which combine to give a unique term of highest
factor filtration (we often use the properties of the theta cycle modulo p in order to
isolate these terms). When we are unable to isolate such a group of terms, the method
still provides a nontrivial bound for the factor filtration. Finally, the weight filtrations
are easily determined using Lemma 2.1.

After some preliminaries in Section 2, we prove Theorem A in Section 3. The proofs
of Theorem C and Corollaries B and D are more involved and occupy Section 4.
In Section 2.4, we discuss the quality of the general bounds which are obtained for
filtrations modulo p*.

https://doi.org/10.4153/50008414X2610220X Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X2610220X

6 S. Ahlgren, M. Raum, and O. K. Richter
2 Preliminaries

Let p > 5be prime, and let My, be the space of holomorphic weight k modular forms on
SL,(Z) with p-integral coefficients. Every f € My has a Fourier expansion Y. a(n)g",
and we identify f with this expansion. For even k > 2, let

oo

2k "
Ey:=1-— > ox1(n)g
B &

2%k n
be the weight k Eisenstein series, which for k = 2 is quasi-modular and for k > 2 is
modular.

Let m be a positive integer, and let M, ,, € (Z/p™7Z) [q] be the set of reductions
modulo p™ of all elements of all M, that is, the reductions of their Fourier expansions.
If f = Y a(n)q" € M, then we define the weight filtration

(21) wpn(f)=inf{k : f=g (mod p™) for some g e My}.

Recall that

(2.2) E,.1=1 (mod p) and therefore Eiil =1 (mod p™).

As a refinement of the weight filtration, we introduce the factor filtration, which is
defined by

(2.3)

@pn(f) :=inf{k : f= E, ;g (mod p™) for somen >0andsome g € M }.

By a standard abuse of notation, we will write

wpn (f) = wpm (?)) Wpn (f) = @pn(f)

when f € Z(,[q] has f = f (mod p™) € M, . From [9, Lemma 5], we have w,(f) =
@, (f).If fi € My,, f» € My, have fi, f, # 0 (mod p), then by [8, Theorem 1], we have

fi=fo (modp™) = k;=k, (modp™'(p-1)).
It follows that if f € M., is the reduction modulo p™ of a modular form of weight k,
and if f # 0 (mod p), then
(2.4) wpn(f)=k (mod p™'(p-1)).

We also have
wpn (f) =@y (f)  (mod p-1),

which follows from observing that @,n () = wm (Ep_1g) on the right-hand side of
(2.3).

The next lemma, which follows from the definitions and these facts, allows us to
determine the weight filtration from the factor filtration.

Lemma 2.1 Suppose that f € Mo, has f #0 (mod p) and that f is the reduction
modulo p™ of a modular form of weight k. Then w pm ( f) is the smallest integer such that
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Theta cycles of modular forms modulo p* 7
(2.5) wpn (f) > @pn(f) and wpm(f) =k (mod p™ ' (p-1)).

Proof Let ko = @pyn (f). By definition, there exists g € My, such that f = Ep .8

(mod p™) for some 7 > 0. Letting n’ be the least nonnegative residue of n modulo
p™ !, we see by (2.2) that f = E;l_lg (mod p™); we also see that n'(p—1) + ko is
the integer characterized by (2.5). If wm () # n’(p — 1) + ko, then by (2.4), we would
have the clear contradiction

wpn (f) <n'(p=1) + ko = p" ' (p =1) < ko = @pn (f). n

We will often use the following bounds for the factor filtration. First, for ?,g €
M, > it is clear from the definition that

pn (F2) < @pm (f) + @pn ().
Further, if f and g are the reductions of elements of My, then we have
(2.6) @pn(f+3) <max{@pm(f),@pm(g)} with equality if @pm(f) # @pm (7).

For the equality in (2.6), we argue as follows: Suppose that ko = @pm (f) > @pn (g).
Then f+g= Ej (f' +Ep-1g’) (mod p™) for some f' e My,, g € My,_(p-1). If
@pn (f +3) < ko, then f' + E,_1g’ = Ep_1h (mod p™) for some h € My, _(,-1), which
contradicts ko = @pm (f).

2.1 The theta operator and Serre derivative

If f =Y a(n)q" € Z,)[q], then the action of the theta operator is given by

(2.7) 0f:= q(z = > na(n)q".

It does not preserve modularity, but it allows for a modular correction, which leads to
the Serre derivative: if f € M, then (since p > 5) we have

k
(28) 0f = 0xf=0f - B2 e Mo,

Note that there are two common normalizations; the Serre derivative in [2] corre-
sponds to 120 in this article.
From (64) of the first part of [3], we adopt the modified Serre derivative

(2.9)

é\I.if::f, é}(f::akf, §2+1f::ak+2i(’a\};f)—m

2 E40i ' f fori>1l.

Observe that our notation differs from that in [3] in order to accommodate established
notation for the theta operator. The modified Serre derivative preserves modularity
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and p-integrality of Fourier coefficients: if f € My, then we have
(2.10) 9% f € Misai.

The theta cycle modulo p was completely described by Jochnowitz (following Tate).
Here, we say that f is non-ordinary (at p) if it has a U, -congruence modulo p, that s,
a(np) =0 (mod p) for all n € Z, which is equivalent to 677! f = f (mod p). Note
that the notion of ordinary and non-ordinary modular forms is usually reserved for
eigenforms, and here we extend it to all modular forms.

Proposition 2.2 [6]  Suppose that f € My with 0 < k < p has w,(f) = k. Then
0 f=0"P"f (modp) forixp,
and for 0 < i < p, we have the filtration values
k+i(p+1), ifo<i<p-k+1;
k+i(p+1)—(p-k+1)(p-1), if p—k+1<i<pand f isordinary;
w,(0'f)={k+i(p+1)—(p-k+2)(p-1), if p-k+1<i<p-1

and f is non-ordinary;

k=k+i(p+1)-(p+1)(p-1), ifi=p—1and f isnon-ordinary.
We recall two basic facts [8, Lemma 1] and [9, Lemma 5]: If ? € M, 1, then

wp(f') =awy(f),
wp(0f) <w,(f)+p+1 withequality unless w,(f) =0 (mod p).

2.2 Expansion of 6’ f in E,

If f € My, then the quasi-modular form 6 f has an expansion in powers of the
Eisenstein series E;. In particular, from (65) of [3, Chapter 1], we have the expansion

aw e Hlr= CHICOR

where 9y is the modified Serre derivative in (2.9). For simplicity, we will write
=3
throughout the article when using this formula.
2.3 The weight-2 Eisenstein series modulo p?

For the duration, we will focus on the case m = 2. From [9] (see Theorem 2(iii) and
Lemma 5), we know that

(212) wp(FE) = @p(fER) = wp(f) + n(p+1), 120

to make full use of (2.11), we need the analog of this fact for factor filtrations modulo p2.
From Theorem 1.2 of [2] and the remarks which follow (recall that the Serre derivative
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is normalized differently there), we have

2p-1

o1 +pEL EP? (mod p?)

(2.13) E, =120E, , E b BN

(note that the right side is a modular form of weight 2 + 2p(p — 1)). Since
(214) 128Ep_1 = EP+1 (mod p),

it follows that

215)  Ep=(120E,4)" E)GPV 4 puEp P ESDGPE (1nod p?),

We will need the following result; with f =1 and k = 0, it gives the factor filtration
of E}.

Lemma 2.3 Suppose that k > 0, that w,(f) = k, and that n > 0. Then
Wy (pfE)) =k+2n+n(p-1).
If, in addition, we have @2 (f) = k, then

k+2n+n(p-1)+(p+1)(p-1) ifp+m

a;pz(ng):{k+2n+n(p—l) ifp|n

Proof Note that, for any f, we have

(216) Gy (f) > @p(f) and @p(pf) = wp(f),
For n > 0, (2.15) gives

217)  fE} = f(120E,.)" E;GP Y 4 pufEN PV ES VD2 (mod p?).
If p | n, then (2.17) gives @, (fE3 ) < k + n(p + 1), while (2.12) and (2.16) give
sz(ng) >wy(fEy)=k+n(p+1)=k+2n+n(p-1),

so the lemma follows in this case.

Suppose that p + n. The factor filtration of the first term on the right side of (2.17)
is at most k + n(p + 1), while by (2.12) and (2.16), the factor filtration of the second
term is

wp(fE; ™) =k+(n+p-1)(p+1)=k+2n+n(p-1)+(p+1)(p-1).
By (2.6), we see that
@y (fEY)=k+2n+n(p-1)+(p+1)(p-1).
Finally, if w,(f) = k > 0, then
@ (PES) = wp(fES) =k + n(p +1). .
2.4 First upper bounds for the theta cycle filtrations

Suppose that f € My with 0 < k < p has w,(f) = k. From Proposition 2.2, we see that
0" f # 0 (mod p) for any i. Relation (2.8) together with (2.4) and the expression (2.13)

https://doi.org/10.4153/50008414X2610220X Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X2610220X

10 S. Ahlgren, M. Raum, and O. K. Richter

for E, yield

(2.18) wp(0'f)=k+2i (mod p(p-1)).
Furthermore, (2.8) and (2.13) imply that if f € My, then

(2.19) @,2(0" f) <wpe(0' f) <k +2i+2ip(p-1).

This also follows from the work of Chen-Kiming [4, Theorem 1] on the theta operator
modulo p™ for general m. The bound (2.19) is however far from optimal, and
Lemma 2.3 already yields much improved bounds.

Lemma 2.4 Assumethat f € My. Then we have the following bounds on the factor and
weight filtrations:

@p(0'f)<k+2i+(i+p+1)(p-1),
wpe (0" f) <k +2i+ ([%] +1)p(p-1).

Proof We estimate the factor filtration of each term in the expansion of 6’ f given
in (2.11). By (2.10), we have @ (f;) < k + 2j. From Lemma 2.3, we obtain

G (3 1) (5E2)") skw2j+ 2(i= )+ (i=j+ p+1)(p-1)
=k+2i+(i-j+p+1)(p-1),

and the stated bound for the factor filtration follows from (2.6). The weight filtration
is determined using Lemma 2.1 and (2.18). [

Remark 2.5 'The bounds in Lemma 2.4 are monotone in i. Since
o PP f=0' f (mod p?) for i>2,
we immediately obtain upper bounds for all i which are cubic in p:
G (0 f) <k+2(p(p—1) +1) + (p +2)(p 1),
wpe(0'f) <k+2(p(p-1)+1) + (p+1)p(p-1).

This improves the upper bound (2.19), which is quartic in p if i x p%. Our results
replace this by a quadratic upper bound for asymptotically 100% of the theta cycle
(see Remark 4.2 below).

3 Filtrations in the first p-interval

In this section, we prove Theorem A, which will follow from a series of propositions
which determine the factor filtrations for all 8’ f with 0 < i < p.

3.1 Filtrations up to the first low point

Recall that the first low point of the theta cycle modulo p occurs at i = p — k +1 (we
will show that the same is true modulo p?).
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Proposition 3.1 Suppose that f € My with 0 <k < p has w,(f) = k. In the range
0 < i < p—k +1, we have the factor filtration

c’JPz(Gif) =k+2i+(i+p+1)(p-1).

Proof We investigate the factor filtrations of the terms in (2.11). From Lemma 2.3
and the fact that f; = f, we have

3.1) @y (foEy) =k+2i+(i+p+1)(p-1).
Since @2 (fj) < k +2j, the factor filtrations of the terms in (2.11) with j> 0 are
bounded by

Gp(fiEy ) <k+2j+2(i-j)+(i—j+p+D)(p-1)=k+2i+(i-j+p+1)(p-1).

Therefore, the factor filtration of (2.11) is dominated by the term (3.1) and the propo-
sition follows from (2.6). [ ]

Proposition 3.2 Suppose that f e My with 0<k<p has w,(f)=k. Then at
i = p — k + 1, we have the factor filtration

@p(0'f)=k+2i+i(p-1)=k+i(p+1).
Proof If j< i, then (since i + k —1 = p) we have the following bound for the j-th
term in (2.11):

apz((;)% GE ) = wp(fET) <k+2j+ (i - j)(p+1) = k+2i + (i = j)(p-1).

For j = 0, this is an equality by (2.12). On the other hand, the term with j = i in (2.11)
gives

Wy (fi) <k +2i.
Thus, the factor filtration of 6" f is determined again by the term with j = 0. [ ]
3.2 Filtrations between the first and second low points

Here, we determine the factor filtration of 6'f for p— k +1< i < p. (We will show
that there is a second low point of the theta cycle at i = p.) We again use (2.11), but the
analysis involved is more subtle.

Proposition 3.3 Suppose that f € My with0 < k < phas w,(f) = kandletp—k +1<
i < p. Then we have the factor filtrations

@,(0 f) - k+2i+(i+k)(p-1), if f is ordinary at p;
P | k+2i+(i+k=1)(p-1), iff is non-ordinary at p.
Proof Observe that the coefficients in the expansion (2.11) of 6’ f satisfy
(i+k-1)!

(3.2) pHm ifj<p-k+1
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Using this fact with (2.11), (2.14), and (2.15) gives the decomposition
0' f=ph+ph+fs (modp?),

where

= - iy (i+k-1)! B i-j)(2 1)
fie= Z (].) : fEp S ESDCr

p(j+k-1)!
= d i—j (i+k-1)! Eimitpl (1 j-1)(2p-1)+p— 2
= E
e j=pz—;c+1 127 ( )(J+k 1! JiEpa
~ i (i+k-1)! (, (2 1)
= oE S
P f:pz—:kﬂ J)(J+k—1)'f( r) B

For f3, we have (recalling that k < p) the factor filtration bound

@p(fs) <max{k+2j+(i—j)(p+1) : p—k+1<j<i}<k+2i+(i-2)(p-1).
For p f}, we have

@y (ph) = wp(fi) <max{k+2j+(i—j)(p+1) : 0<j<p—k}=k+2i+i(p-1).

It remains to examine p fz. Recalling (2.11) and (3.2), we obtain the following
congruence involving modular forms of different weights:

i

z l— (1+k ) ,'+_1
fz:;ul ()(]+k 1)'f1 By

1(z+k—1) (i-1+k-1)! gl i(i+k-1) , i
"“Zo 127 (f)mf] pa =T B0 (modp).

Since p— k+1<i—1< p -1, Proposition 2.2 gives
w0, (67 f) = {k + (z: -D(p+)-(p-k+1)(p-1), %ff%s ordinarY.at b
k+(i-1)(p+1)-(p-k+2)(p-1), iffisnon-ordinaryat p.
Since the assumptions ensure that i(i + k —1) # 0 (mod p), we find using (2.12) that
Gy (pf2) = wp(f2) = p(p +1) +wp(67' f).

This gives the values

k+2i+(i+k)(p-1), if f is ordinary at p;

Op(pf2) = {k +2i+(i+k-1)(p-1), iffisnon-ordinary at p.

Since these exceed the bounds which we obtained for the factor filtrations of p f and
13> we have @ (Gi f ) = Wp2(pf2), which confirms the claimed factor filtrations. =

Proposition 3.4  Suppose that f € My with0 <k < phas w,(f) = k. Ati = p, we have
the factor filtration

@,2(07 f) =k+2p+p(p-1).
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Proof The coeflicients in formula (2.11) satisfy

P () LEED e pok

i’ (j+k-1)

Pl (1) 2k

i (j+k—1)" ifj=0orp-k+1<j<p-L

It follows that for some p-adic units Ay and A, we have
- - p-l ;
(33) 0P f=profoES +pfi+f, (modp®), wherefi:= > A;f;E5.
j=p—k+1

We have @, (f,) < k +2p. For the terms appearing in f1, we have

wp(FEST) <k+2j+ (p=j)(p+1) =k+p(p+1) = j(p-1),
from which
@p(ph) <k+p(p+1) = (p-k+1)(p-1) =k+2p+(k-1)(p-1).
Finally, we have
@y (phofo BY) = wp(fo ES) = k+ p(p+1) = k+2p+ p(p-1).

Since this exceeds the other filtrations, it determines the factor filtration of @, (67 f).
]

Proof of Theorem A Once the factor filtration of 6'f is known, the weight
filtration is determined using (2.18) and Lemma 2.1. For example, in the range
0 <i < p -k +1, we have shown that the factor filtration of @, (6" f) is k + 2i + (i +
p+1)(p-1). Since p<i+p+1<2p, we conclude that the weight filtration must
be k +2i +2p(p —1). The analysis is similar in the other ranges and we omit the
details. ]

4 Filtrations in the first part of each p-interval
In this section, we prove Theorem C and Corollaries B and D. We will always write
(4.1) i=np+i, O0<n<p, 0<i <p.
Recall the definition (1.2) of an exceptional index i. The results will follow from
Theorem 4.1, which gives exact values and bounds for factor filtrations when i’ <

p-k+1

Theorem 4.1 Suppose that f € My with 0 < k < p has w,(f) = k, that i and i’ are as
in (4.1), and that i’ <p -k +1.
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(1) Ifi' < (p— k+1) — n and i is not exceptional, then we have
@, (0'f)=k+2i+ (' +p-n+1)(p-1).
(Note that this includes all non-exceptional i with p < i <2p -k +1.)
(2) Ifi’ > (p - k +1) — norifiis exceptional, then we have the bounds
3 ; k+2i+(i"+k-1)(p-1), ifn=1
wP2(9 f) < . ./ .
k+2i+(i"+k-2)(p-1), ifn>1

Proof Analyzing the factorials (using, for example, Lucas’ theorem for the binomial
coeflicients), we find that

(i+k-1! . ~ ) (i+k-1)! . e .
‘ k-1l ifj<np-k+1;  p |( ko) ifj<(n-1)p-k+1
(4.2) p‘(j), if (n-Dp+i'<j<np or (n-2)p+i'<j<(n-1)p.

Together with (2.11), (2.15), and the inequality i’ < p — k + 1, this gives
(4.3) 0 f=pfi+ph+pfs+fs (modp?)
with weight k + 2i + 2(i — j) p(p — 1) modular forms

) N (R L]

. (t J)(2P 1)
fi= j:(nz_:l)p 12i-J (;) p(j+k—1)'ff p B
. 1 iy (i k-1)! i

o L B DepD)
& f—npz—:kﬂ 1247 (]) p(+k- 1)'f] b
" (i+k-1)! % 1 pli=i-)@p-1)+p-2.
fi= z o0 ( )(]+k i f, p+11+p E( 1 )(2p-1)+p-

j=np

z (i+k-1)! i=J p(i-)(2p-1)
f“'_gp( ) et (0 B

For f,, we have the factor filtration bound
(44)  @p(fa) <max{k+2j+(i-j)(p+1) : np<j<if=k+2i+i(p-1).

Recall that @2 (p f)=w »( f2). We first estimate the contribution to the filtration
from the term j = np — k + 1. From (2.11), we obtain

fnp—k+1 = 0np—k+lf = 9n—1+p—k+1f (mod p)

If 0<n<k, then we have p-k+1<n-1+p-k+1< p, and Proposition 2.2
(withi=n—-1+p—k+1, whilestill j = np -k +1) gives

(4.5)
w,(f; P+1)<k+(n—1+p k+D)(p+1)-(p-k+D(p-1)+(i-j)(p+1)
=k+2i+(i"+k-n)(p-1).
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If, however, k < n < p, we have f,,_x41 = 0" %1 f (mod p), so Proposition 2.2 (with
i=n-k+landstill j=np -k +1) gives

wp(fiEy]) <k+(n—k+1)(p+1)+(i=j)(p+1),

which is less than the bound in (4.5). So the contribution from the term with j = np —
k +11is bounded by (4.5). )
For the terms with np — k + 2 < j < np — 1, each term contributing to f, has

wp(fiEs) <k+2j+(i-j)(p+1D) =k+2i+(i-)(p-1)

(4.6)
<k+2i+(i"+k=-2)(p-1).

The estimate (4.5) is larger than the estimate (4.6) if and only if n = 1. Therefore, we
obtain

N - k+2i+(i"+k-1)(p-1), ifn=1
4.7 W p2 <
7) p(pf2) {k+2i+(i’+k—2)(p—1), ifn>1
Next, we inspect f, and f;. We omit powers of E,_; and hence work with con-
gruences involving modular forms of different weights. We employ Wilson’s theorem,
Lucas’ theorem, and the fact that i’ < p — k +1to find that

i-p 1

- iy (i+k-1)!
. _j=(n21)p 12i-J (f)p(j+k—1)|ff p+1

-n ik 1 (i-p+k-1)!
=—F? —( fiE Eipi
1207 121-11-](]) (j+k-1)1

2 i-p .
=" pp L (impy(=prk-Dl o ipj

T J'=(nz—:l)p 12707 ( j ) Grk-nr DB (modp)
Arguing as in (4.2) and using (2.11) gives

_ 2
fl = 12 p+1 0 Pf 7E§+1 o' o lf (mOd P)

For f3, we observe that there is no contribution from j =i and use the identity

(i- ])(;) = i(’;l) to obtain

~_z(z+k i-1\ (i-1+k-1)! pil
f3: p+1212,11(j) (]+k ) f]p+1
i(z+k—) i i(i+k=1) _p Lirsn
ET p+18 lf_i p+18 * lf (mOdp)’
We conclude that
r r i'+n— i(i+k 1) i'+n—
I B N A N
ziz(z +(k-1)i-n* )E;;HG’ 71 (mod p).
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From (4.4) and (4.7), we have

k+2i+(i'+k-1)(p-1), ifn=1

(4.9) 5p2(Pf2 +f4) s {k+2i +("+k=-2)(p-1), ifn>1

If i is exceptional (i.e., i* + (k —1)i — n* =0 (mod p)), then the term (4.8) vanishes
modulo p. Together with (4.3) and (4.9), this gives the claimed bounds in part (2) of
the theorem.

Now assume that i is not exceptional. If f is ordinary at p, then Proposition 2.2 gives

wp(gi'+n—l f) _ {

Furthermore, when p <i’'+mn -1, the same proposition (note that i’ +n—p<
p—k+1) gives

wp (07" f) = w, (07" P f) =k +2i+ (i —n-p-2)(p-1) -2
Adding p(p +1) = (p +2)(p —1) + 2 in each case gives

k+2i+(i'-n-1)(p-1)-2, ifi'+n-1<p-k+1
k+2i+(i'-n-p+k-2)(p-1)-2, ifp-k+1<i'+n-1<p.

k+2i+(i"+p-n+1)(p-1), ifi'+n-1<p—-k+1
@y (p(fi+f3))=k+2i+ (' —n+k)(p-1), ifp-k+1<i’+n-1<p;
k+2i+(i"-n)(p-1), ifp<i’+n-1

Similarly, if f is non-ordinary at p, then we obtain

k+2i+(i"+p-n+1)(p-1), ifi'+n-1<p-k+1;
@ (p(i+f)) = k+2i+ (i’ —n+k-1)(p-1), ifp-k+1<i'+n-1<p-1;
k+2i+(i'-n)(p-1), ifp-1<i"+n-1

Ifi"+n-1<p-k+1,theni + k—1< p—n+1and the bound in (4.9) is strictly
less than the values above, and we find that

@2 (0° f)=@p(p(fi+fs)) =k+2i+ (i’ +p-n+1)(p-1),
which confirms part (1) of the theorem.
It remains to consider the cases when i is not exceptionaland i’ + n -1> p -k + L.
In these cases, the factor filtration of p(f; + f3) does not dominate the factor filtration
in (4.9), and we can deduce only that

3 ; k+2i+(i"+k-1)(p-1), ifn=1
@ (0 f)g{k+2i+(i’+k—2)(p—l), ifn>1.

This completes the proof of the theorem. |

Proof of Theorem C  As mentioned above, the statements when i’ =0 and i’ = p —
k + 1 are a consequence of [7, Theorem 1.8]. For the rest, we use Theorem 4.1, Lemma
2.1, and (2.18).

By assumption, we have 4 < i’ + k < p+1. In the cases covered by part (2) of
Theorem 4.1, this gives the weight filtration bound k + 2i + p(p —1). In the cases
covered by part (2), we see that
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0<i'+p-n+l<p+1, if0<i’'<nandi’<p-k+1-mn

p<i'+p-n+1<2p, ifn<i'<p-k+l1-n,
from which the exact weight filtrations follow. [ ]

Proof of Corollary B To show that the second low point occurs at index p, we use
Theorems A and C together with the fact that p + 1 is not an exceptional index. All
other assertions follow immediately from Theorem A. [ ]

Proof of Corollary D  Part (4) follows from Theorem C since the hypotheses ensure
that i and i + 1 are both contained in one of the two ranges where the filtrations are
exactly determined. For part (3), note that under the hypotheses, the filtration at i is
exactly determined by the theorem, while the filtration at i — 1 is bounded to be less
than the filtration at i.

To prove part (1), let i = np + p — k + 2 — n be as in the statement. Using both parts
of Theorem C, we see that we always have w2 (6'f) < k +2i + p(p —1). Since 2n <
p — k +1by hypothesis and k > 4, it follows that

(4.10) k+2i-p(p-1)<(4-k)(p+1)-2n<0
from which we conclude using (2.18) that
wp(0'f)=k+2i or k+2i+p(p-1).
The index i — 1 is not exceptional since
(i-1)?+(k-1)(i-1)-n*=n(k-1)#0 (mod p).
Since the hypotheses give n < i’ = 1= p — k + 1 — n, it follows from Theorem C that
wp (07 f) =k +2(i —1) +2p(p - 1).

From (4.10), we have k +2(i +1) — p(p —1) < 0. Note that w2 (6" f) # 0 (equality
would imply that 67+ f = 0 (mod p) which contradicts Proposition 2.2). It follows
that

w2 (07 F) > k+2(i +1).

If wp (0" f)=k+2iorwe(0 f)>k+2(i+1)+p(p —1), then there is a low
point at i as claimed. In the remaining case, we have w,2(6' f) = k +2i + p(p 1)
and wy2 (0" f) = k+2(i +1). By (4.10), we have k +2(i +2) - p(p —1) < 2. Since
we cannot have w2 (6"*2 f) = 0 or 2, it follows that w,2 (6" f) > k + 2(i + 2), which
establishes that there is a low point at i + 1 in this case.

We turn to the proof of part (2). We must show that there is a low point at i whenever
iis an exceptional index and n < i’ < p — k +1 - n. It is straightforward to check that
indices with i’ = nor i’ = p — k + 1 — n are not exceptional. It follows that

n<i'-1<i'+1<p-k+1-n.

The filtration values and bounds in Theorem C show that there is a low point at i
unless one of i — 1 or i + 1 is exceptional and it therefore suffices to show that there are
no consecutive solutions i’, i’ + 1 to the congruence (1.2). This follows since
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(G +1)2+ (k-1 (i’ +1) - n*) = (i” + (k- 1)i" - n®) = 2i' + k,
and by the assumptions, the right side is positive, even, and less than 2p. ]

Remark 4.2 Theorem A and the results in Section 3 provide exact values for the
weight and factor filtration of 6' f at p positions. Theorems C and 4.1 provide exact
values for both filtrations at non-exceptional indices when 0 < i’ < p — k + 1 — n. Since
in each p-interval there are at most two exceptional indices, we have exact values for
both filtrations of " f with 0 < i < p(p — 1) for at least

p—k+1 k-4 kil
pe 3 (pk-1omy=ps PTEIPZED
n=1

positions. This is asymptotically 50% of the p(p —1) total number of positions.
Similarly, we have bounds for at least

p-1
p+ 2 (p=k+1)=p+(p-k+1)(p-1)
n=1
positions, which yields asymptotically 100%.
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