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Abstract

Generated designs are formed through rules that change, and structures that interpret, descriptions. The structure of
design descriptions is examined with particular reference to generative shape descriptions acting as the infrastructure
for attributes. Structure is represented by relations among the parts of descriptions. In particular, a closure structure
allows relations to be described by the parts themselves. Design processes use descriptions in combination. It is shown
how to combine separate descriptions in parallel and sequentially. Rules change descriptions. It is shown how to ag-
gregate local changes consistently across a design and to use rules with structure on their component shapes to high-
light selected emergent features. Further, multiple attribute descriptions, including shape and associated properties, are
constructed. Their structures are represented algebraically.
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1. INTRODUCTION

The processes of design can be represented in terms of the re-
lations and interactions among tasks and subtasks~Eppinger
et al., 1994!. Each stage in the process may use a different mix
of descriptions. Design descriptions grow and change through
the processes of design. Descriptions are used in diverse ways.
Geometric descriptions of shape may be of object shape or in-
termediate shape elements used for analysis, such as the mesh-
ing models in finite element analysis. Property or attribute
descriptions may deal with such disparate elements as cost,
material properties, or associated manufacturing processes.
A general view of design descriptions is provided by Stiny
~1981!. The relations between process stages are constrained
and facilitated by the descriptions. This paper examines the
structure of design descriptions with particular reference to
shapes and how the structures interact with the generative rule
systems that are used to create and change designs. The pa-
per starts with design descriptions based on shape descrip-
tions. Later composite descriptions, including shape and
physical or functional attributes, are developed.

2. DESCRIPTIONS AND DESIGN PROCESS

The structure of design descriptions will be represented in
terms of the relationships among the parts of a design, which
are selected for the description. The idea that a description
can be expressed as a selection of parts within well-defined
algebras of designs is developed by Stiny~1991!. From these
insights arise the ideas that the structure of these descrip-
tions can be characterized in terms of topological proper-
ties ~Stiny, 1994!. Changes to structure through generation
or interpretation can be made consistent through continuity
conditions.

Design descriptions develop through the design process.
Coordination of activities in the organization of product de-
velopment needs to take account of the contingent and iter-
ative natures of design. Model-based methods~Eppinger
et al., 1994! are effective in addressing the process view of
product development. However, processes require an infra-
structure of descriptions. Indeed, we could represent pro-
cesses by changes made to descriptions. This duality of
product and process is encapsulated in generative and gram-
matical paradigms of designs and design processes~Brown,
1997; Stiny, 1989!.

Design descriptions are created and changed in many ways
during the processes of design. The generative methods of
grammar provide a model for creation and change in design
descriptions. This paper concentrates on the types of struc-
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tures that descriptions display, and the freedoms and con-
straints on these structures during the processes of design.
These positions, with the structural on one hand and the gen-
erative on the other, are complementary. The perceptual and
generative coexist in both the cognition and the creation of
designs~Stiny & Gips, 1978!.

In a design process a design change may have correspond-
ing changes in component feature descriptions and assem-
bly descriptions. Sometimes a single design transformation
corresponds to many component or assembly changes and,
in other cases, whole sequences of design transformations
correspond to single component or assembly transforma-
tions. We observe a structure of related changes that are made
to the different descriptions. However, aggregates of these
related descriptions are also descriptions. It will be shown
how the structure of these combined descriptions is derived
from that of the constituents.

Design descriptions necessarily possess structure to or-
ganize the information they contain through data struc-
tures and standards for product models. For example,
geometric models relate parts of the geometry of a design.
They may have boundaries with incidence relations or con-
structive compounds of primitives. Both types of informa-
tion and structure may be held simultaneously to facilitate
the different manipulative and generative purposes of the
designer. More complex structures arise from attributes as-
sociated with parts of the design.

The structure of design descriptions, and processes that
use them, have been approached directly by Rosen and Pe-
ters ~1996!. Particular attention is given to the geometric
and shape descriptions in computer aided design, which make
extensive use of topological ideas in constructing and ma-
nipulating designs. Peters, Rosen, and Shapiro~1994! ex-
amine the relations among types of descriptions~e.g.,
geometric models and manufacturing process representa-
tions! in terms of maps between the spaces of descriptions.
Each type of description is represented by a metric space. A
map between the metric spaces relates changes in one de-
scription to changes in the other. A particular role is iden-
tified for continuous maps between design and manufacturing
descriptions that ensure that changes in one description cor-
respond to comparable changes in the other. Related re-
search by Sarma and Wright~1997! reinforces this approach
with reference to incremental design where movement
through a space of feasible designs is “dependent on the
structure of the feasible space.”

Rosen and Peters~1996! emphasize the importance of the
interplay between algebra and topology in design descrip-
tions. Stiny~1991, 1994! also develops the algebraic struc-
ture, within which design descriptions are placed, as well as
the topological structure of individual design descriptions.
We note here that certain algebras give rise naturally to as-
sociated topologies. Thus, for example, in shape descrip-
tions, the Boolean algebra of subshapes of a shape has an
associated topology~Earl, 1997; Koppelberg, 1989!. Spe-
cific structure relative to this topology arises from the se-

lection of parts of the shape. This selection of parts also
provides boundaries and other explicit indications of struc-
ture ~Earl, 1997!. Structure is manifest when parts are se-
lected. The residual or background structure, the Boolean
algebra of subshapes, provides no differentiation among parts.

3. PARTS AND RELATIONS

Parts or selected subshapes are used for geometrical de-
scriptions of designs. These parts may be primitive shape
elements, maximal elements or more general subshapes, in-
cluding parts with their own structure of subparts. Selected
parts are used in the description of feature-based design
~Shah, 1991!, where designs are interpreted or generated in
terms of features. Different feature descriptions are used for
different views of the product and feature mappings are used
for transformation between descriptions.

Descriptions not only identify parts, but also define their
structure by relations between parts. We show how parts
can be used to define relations and how this implies that the
parts have a particular structure, namely, a closure struc-
ture. We demonstrate how these closure structures arise for
shapes.

If a shape description is a selection of subshapes, then
these should contain information about their relations. This
is usually accomplished in geometric models by the use of
coordinate systems that locate each of the parts relative to
the other parts. However, spatial relations in shapes are de-
scribed by the component shapes and their composition. To
include all information on spatial relations among parts, the
sums of parts should also be parts. Further, a unique spec-
ification of the way that the parts are configured in a spatial
relation also requires that the intersection~or product! of
parts is a recognizable part. In addition, descriptions of
shapes are assumed finite, that is, there are a finite number
of parts.

Thus, for a selection of parts of a shape to contain infor-
mation about their spatial relations, it is necessary that the
sums and products of parts are also parts. Further, the de-
scription must extend across the whole of the original shape,
giving the property that the sum of parts is the original shape.
Therefore, each shape is a part of itself; the part relation is
reflexive.

The conditions that the spatial relations between parts are
recoverable from the parts yield a closure relation~Ore,
1943a, 1943b! on the parts. A consequence of this closure
relation is that for any subshape of the original shape there
is a unique minimal part containing the subshape. This can
be defined as the closure of the subshape.

The closure structure and associated closed subshapes~the
selected parts! can be viewed as a topology through the stan-
dard closure definitions of topology~Kuratowski, 1972!.
Consider the connection between this topology and the un-
derlying description of a shape as composed of all possible
subshapes. The associated topology~Earl, 1997! reflects the
lack of structure in this complete description of parts, pre-
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senting a highly disconnected space without boundaries.
Thus, the presence of boundaries~Earl, 1997! indicates struc-
ture. Boundaries are used in design either as a means to in-
duce structure~as in the case of interpreting geometric
models or computer vision images! or for expressing a struc-
ture of parts already present in the design description.

4. CLOSURE STRUCTURE

We use the example of shapes and subshapes to illustrate
the formal properties of closure structures. For a shape,S,
let selected subshapes be denotedC~S! and an associated
closure relationc~s! on the subshapes ofsof S, which maps
a general subshapes to the minimal shape inC~S!, which
containss.

The subshapes inC~S! are a closed set of subshapes. Any
finite set of subshapes$si % in C~S! has the properties:

1. The union~or sum! of shapes(si [ C~S!;

2. The intersection~or product! of shapes)si [ C~S!;

3. S[ C~S!; and

4. 0 [ C~S!, where 0 is the empty shape.

The definition of closurec~s! of a subshapes implies that
for any finite set of subshapes$si % in C~S!:

1. cc~s! 5 c~s!for any subshapes in S;

2. c~(si ! $ (c~si !;

3. c~)si ! # )c~si !; and

4. c~0! 5 0, where 0 is the empty shape.

The closure relation also satisfies:

5. c~s! $ s for any subshapes in S; and

6. si ≥ sj impliesc~si ! ≥ c~sj !.

The subshapesC~S! are precisely those subshapess of S
with c~s! 5 s, namely, the subshapes closed under the clo-
sure relation.

These definitions are standard from the mathematical lit-
erature~Ore, 1943b; Kuratowski, 1972! except to note two
things. First, they are not applied to point sets but to sub-
shapes. Second, in applying them to shapes only finite sets
of subshapes are valid descriptions. These two provisos serve
to emphasize that the descriptions created for designs are
not mathematical abstractions. The properties above are de-
rived naturally from the design requirements on descrip-
tions, namely, that the selected parts are expressed in terms
of relations. The core role of spatial relations in all aspects
of design, manufacture, and assembly makes this underly-
ing requirement a useful and potentially powerful starting
point for examining the structure of design descriptions.

Closure structures, as described above, are not the most
general and it is not the intention here to examine the nu-
ances of these structures, which are presented in the liter-

ature. Indeed, because these mostly deal with point-set
representations rather than the more structural representa-
tions we are considering here, they are not directly appli-
cable to shapes whose underlying structure is of subshapes
and the part relation.

The properties presented above for shape descriptions are
the model for general design descriptions in terms of parts.
For mechanical designs, shape descriptions play an essen-
tial role. Engineering properties are associated with shape
and relationships between the spatial elements. These gen-
eralized descriptions, which are in terms of designs and parts,
follow the same pattern as shape descriptions. The theory
developed for shape descriptions can readily be general-
ized. A design may have many descriptions each with a clo-
sure structure. We now examine the space of descriptions
and some algebraic properties of this space. These allow
descriptions to be compared and new ones constructed by
composition.

5. COMBINATIONS OF DESCRIPTIONS

A design description may contain several views or be ex-
pressed with respect to multiple types of properties or
attributes. Typically, a design process uses many descrip-
tions. For example, a geometric solid model may be aug-
mented by a finite element geometric model for structural
analysis, by component feature models for manufacture,
and by subassembly models for functional and behavior
representations. It is therefore important to consider how
descriptions are combined. Again, we use the specific ex-
ample of closure structures on shapes.

SupposeC1~S! and C2~S! are two closed sets of sub-
shapes describing a shapeS. Corresponding closure rela-
tionsc1 andc2 have closures of a subshapesgiven byc1~s!
andc2~s! in the two relations. A partial order can be defined
on the closure relations withc1 containingc2, or c1 ≥ c2, if
c1~s! ≥ c2~s! for all subshapess in S.

If a closure relationc1 containsc2, that is,c1 ≥ c2, then
all subshapes that are closed underc1 are also closed un-
derc2. This means thatC1~S! # C2~S!. TheC2~S! descrip-
tion is finer and possesses a greater resolution than the
descriptionC1~S!. Alternatively this can be expressed by
saying that theC2~S! description includes all the structure
of the C1~S! description. This relation between descrip-
tions captures the idea of hierarchy of descriptions. How-
ever, it is a partial order rather than a strict hierarchy, and
descriptions can overlap in more complex relations. In these
cases, the descriptions may be taken together as a compos-
ite design description. We show two combinations corre-
sponding to the “union” and “intersection” of descriptions.

For descriptionsC1~S! andC2~S! each consisting of closed
sets of subshapes, it is possible to generate the combined
descriptionC1~S! 1 C2~S! consisting of the subshapes that
are inC1~S! or C2~S! and in finite sums or products. Fig-
ure 1 shows the parts in two simple descriptions of a shape
Sand illustrations of parts in the combined description. The
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shape is composed of line segments and does not depict ar-
eas or regions. Another combined description is
C1~S!{C2~S!, defined by subshapes inC1~S! and C2~S!.
These definitions of combinations of descriptions corre-
spond to moving up and down the partial order on closure
relations finding the smallest closure relation larger thanc1

andc2 ~denotedc1 ∨ c2 in the partial order! and the largest
closure relation smaller thanc1 andc2 ~denotedc1 ∧ c2 in
the partial order!. The correspondence ofC1~S! 1 C2~S! to
c1 ∧ c2 andC1~S!{C2~S! to c1 ∨ c2 is thereby established.

The descriptionC1~S! 1 C2~S! is a finer description than
eitherC1~S! or C2~S! because it contains all the divisions in
each description as well as the combinations across these
descriptions. The descriptionC1~S!{C2~S! is a coarse de-
scription, containing only those divisions that are shared
across the two descriptions.

The structure of possible descriptions is a partial order.
This leads us to view the descriptions as part of a lattice
~Birkhoff, 1967! of descriptions rather than a hierarchy. Al-

though strict hierarchies are not precluded and are used in
many design cases, there is the possibility that some rela-
tions between descriptions and thus descriptions them-
selves might be missed or hidden. Another way of viewing
the combined descriptionC1~S! 1 C2~S! is that the corre-
sponding closurec1 ∧ c2 of a subshapes in S is the inter-
section of the closures of the subshape inc1 andc2, that is,
~c1 ∧ c2 !~s! 5 c1~S!{c2~S!.

Combinations of descriptions can be extended to cover the
case in which the parts of one description are placed side by
side with the parts of another description.This Cartesian prod-
uct of descriptions corresponds to multiple descriptions be-
ing used simultaneously. There is another type of product
combining descriptions that rather than putting the two de-
scriptions together in parallel applies them sequentially.Thus,
a description is examined from the perspective of another de-
scription. It will be unlikely that this modulated view will sat-
isfy all the properties of the original description, but there are
simple conditions on the two descriptions that lead to the prod-
uct also being a description.

The “sequential” product can be defined in terms of clo-
sure relationsc1 and c2 on shapeS as c1~c2~s!! for sub-
shapes s inSand denoted by a product notationc1 3 c2~s!.
If c1 ≥ c2, thenc1 3 c2 5 c1, that is, the coarsest description
dominates in the product. Further, in this case, the product
is a description. In line with these observations the join of
two descriptionsc1 ∨ c2 ~which is the smallest description
containingc1 andc2! will satisfy c1 ∨ c2~s! $ c13 c2~s! for
all subshapess in S. In fact c1 ∨ c2 is the smallest closure
relation for which these inclusions hold. Thus, although
c13 c2 may not be a closure, it generally represents a coarser
description than eitherc1 or c2. This is to be expected as the
product description effectively looks at the divisions cre-
ated byc1 through the perspective of the descriptionc2. The
result cannot be a finer subdivision than eitherc1 or c2. An
illustration is shown in Figure 2 where the shapes are plane
regions or areas. The boundary lines indicate the extent of
the areas but are not part of the shapes. By taking different
structures on the two partsS1 andS2, different closure struc-
tures on the whole shape are constructed. Figure 2~ii ! has
parts inS1 indicated by the three shaded squares and the
whole of subshapeS2. Figure 2~iii ! has parts inS2 indicated
by the three shaded squares and the whole of subshapeS1.
Some of the parts composing the two different descriptions
C1~S! andC2~S! are also indicated. The sequential product
description is shown in Figure 2~iv! with some of its parts
shown shaded. Figure 2~iv! demonstrates how the sequen-
tial product has “coarser” parts. Further, note that this se-
quential product does not produce a closure relation and is
thus not a proper description.

Returning to the question of finding the conditions under
which c1 3 c2 satisfies all the conditions of a description,
the previous result suggests thatc1 3 c2 can only be a de-
scription ifc1 ∨ c2 5 c1 3 c2. This is equivalent to requiring
that when the closurec1 acts on the descriptionc2 it does
not produce any additional divisions. There is a further sym-

Fig. 1. ShapeScomposed of line segments. Two descriptions are shown
based on selected partsC1~S! 5 $S,A,B,0% andC2~S! 5 $S, X,Y,0% . Three
parts of the combined descriptionC1~S! 1 C2~S! are illustrated:~A 1 X !,
~B 1 X !, and~A 1 X !{~B 1 Y!. There are several other parts in the com-
bined description.
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metry thatc1 3 c2 5 c2 3 c1 if and only if both products are
closure relations.

6. TRANSFORMATIONS OF DESCRIPTIONS

The above discussion has considered how descriptions can
be combined and indicates how multiple descriptions can
be used simultaneously. If these are considered as descrip-
tions related by maps or functions, there is an immediate
connection to transforming descriptions during design pro-
cesses. For rule-based generative processes, the rules them-
selves give rise to the maps. As maps between structures,
they are characterized by the extent to which they preserve
structure. Those that maintain the relations between parts,
although the designs may change, are isomorphisms; these
changes might occur at detailed design stages where dimen-

sions and tolerances of components are specified, but with-
out any configurational or structural change.

More important and general are the continuous maps that
do not lose structure. Any divisions that can be maintained
within the framework of the changing agent are retained.
The formal details are given in Stiny~1994!, where a vari-
ety of maps based on rules are examined. Further details on
rule-based change are developed by Krishnamurti and Stouffs
~1997!. Continuity is a condition that keeps all parts in place
under the map. We examine the ways that changes between
descriptions can be divided among many parallel local
changes.

The application of a shape rule to a shapeS in a genera-
tive system will remove a subshape ofS and “replace” it
with another shape. The structure of the generated shape
need not be prescribed by the rule and ultimately the his-
tory of generation to that point. Continuity conditions pro-
vide a way of ensuring that structure created at one stage of
generation is not discarded, without intervention of rules, at
subsequent stages. Stiny~1994! emphasizes that the map
between structures at successive stages of generation al-
though based on the action of the rule is not determined by
the rule. There are many ways to interpret a rule application
as a map between closure structures on shapes. One of
Stiny’s concerns was to allow “post hoc” structure identifi-
cation so that it is possible to explore how shape computa-
tions corresponding to rule applications might be made
continuous. There is freedom to interpret the shapes partici-
pating in a rule by assignment of closure structures and free-
dom to interpret the rules by assignment of mappings
between the closure structures.

Sequences of rule applications can be identified as con-
tinuous if each of the rule applications is continuous. We
look a little more closely at the way that changes to shapes
are implemented by shape rules. A ruler: a r b is indis-
criminate in that it does not distinguish parts in shapesa or
b. Consider the case in which a change is made to a shape
by two rules,r1 andr2, applied in parallel. However, each
of these rules is local in the sense that they are only applied
to specified parts of the shape rather than the whole shape.
This mirrors the case in which design development is con-
ducted on selected parts of a design. The selected parts may
overlap or indeed one may be contained in the other, as when
components of subassemblies are changed at the same time
as the assembly itself.

How are these local changes combined? One way would
be to put the two selected parts,S1 and S2, together and
reform the rule as a single operation. Suppose each of the
changes is continuous with respect to the corresponding clo-
sure structures onS1, S2 and their imagesS1

' , S2
' under the

rule application. The shapeS1 1 S2 can be given a natural
closure structure by adding extra structure in the intersec-
tion S1{S2 comprising intersections of closed shapes inS1

andS2. The intersection thus displays a finer structure. Al-
ternatively, this structure is derived as the sum of two clo-
sures onS1 1 S2. One of these is obtained by adding the

Fig. 2. ~i! ShapeS composed of a connected area defined by boundary
shown. The shape is considered as composed of two areasS1 andS2, which
are further subdivided.~ii ! Area parts of shapeS as basis for description
C1~S! with some closed parts of the description shown shaded.~iii ! Parts
of shapeS as basis for descriptionC2~S! with some closed parts of the
description shown shaded.~iv! Some parts of the description formed by
the productc1 3 c2 of corresponding closures are shown by the shaded
areas.
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shapeS2 to the closure structure forS1 together with inter-
sections ofS2 with closed shapes inS1 to giveC1~S1 1 S2!.
The other closureC2~S1 1 S2! is constructed symmetri-
cally. The sum of closures~C1 1 C2!~S1 1 S2! as defined
previously, is finer than each ofC1 andC2 containing all
divisions inC1 andC2 as well as a more refined structure of
parts in the intersectionS1{S2. Figure 3~i! shows a shape
with two partsS1 andS2 identified. The shape and the struc-
tures of parts are similar to those considered in Figure 2.
The parts need not cover the whole shape, as is the case in
this example. Figures 3~ii ! and 3~iii ! illustrate how closure
structuresC~S1! andC~S2! on two partsS1 andS2 of a shape
S induce closure structuresC1~S1 1 S2! andC2~S1 1 S2! on
S1 1 S2. The shaded parts serve to indicate the closed parts
present in the shapes. They are representative with each clo-
sure description possessing several other parts. Figure 3~iv!
combines the closure structures to give a finer closure struc-

ture onS1 1 S2. Again, representative closed parts are in-
dicated by the shaded squares.

In the original case, the two rules provided changes that
were individually continuous. Suppose that both are made
together according to the rulea1 1 a2 r b1 1 b2. With clo-
sureC1 1 C2 on S1 1 S2 and a corresponding construction
of closure on the result of the rule, the composite rule is
continuous according to the interpretation of the rules in
terms of maps. As there are many interpretations of rules by
maps~Stiny, 1994! we need to assume that the particular
form of the maps for the rulesr1 and r2 is the same. Fig-
ure 4~i! shows a shapeS with subshapesS1 andS2, which
each have their own structures. Rulesr1 andr2 ~Fig. 4~ii !!
apply to these subshapes with matching shape and struc-
ture. The structures of parts in shapesS1 andS2 are indi-
cated by shaded areas on the left sides of the rules. The rules
replace the shapesS1 andS2 with S1

' andS2
' . The shapesS1

'

and S2
' have their own structure of parts indicated by the

shaded areas on the right side of the rules. The induced struc-
turesC1~S1

'1 S2
' ! andC2~S1

'1 S2
' ! onS1

'1 S2
' are combined

to form the structure~C1 1 C2!~S1
' 1 S2

' ! indicated by the
shaded areas in Figure 4~iii !. A form of the composite rule
in which the rules apply in parallel is shown in Figure 4~iv!
with structure of the left and right sides of the rule indicated
by shaded areas.

Other combinations of rules can be examined. For exam-
ple, the rule substitutions may not takea1 anda2 together,
instead taking them separately in the formS11 S2r ~~S12
ta1! 1 ~S2 2 ta2!! 1 ~tb1 1 tb2!, wheret is the transfor-
mation used in applying the rule. The combined rule now
only applies to the two selected partsS1 and S2 indepen-
dently. Then a change in an area of a design, which is shared
by the selected parts, under one rule is not always main-
tained in the combined rule. The other component of the
rule may not affect that area of the design. It appears that
the combined rule is still continuous. This formal situation
corresponds to the case in which different aspects of a de-
sign are represented at some stage by the same shape.

However, although merging at one stage in generation they
maintain their separate identities to emerge later. For exam-
ple, an underlying grid or more general modular scheme may
coincide with shape features, but in changing the shape fea-
tures it would be desirable to leave the grid in place or at
least allow it to change according to its own rules.

Thus, we see that by adding more structure to a shape, it
is possible to combine local changes so that they are made
consistently across the design. We now consider how rules
themselves can be used to add structure. The freedoms to
interpret shapes~through the selection of parts! in the search
to give meaning to shape computations allow some con-
straints to be applied within the rules. These constraints might
take the form of distinguishing parts of the shapes in the
specification of a shape rule. Thus, a ruler: a r b may
have prescribed structure on the shapesa andb, which con-
strain the structure of the shape to which the rule can apply
as well as imposing partial structure on the result.

Fig. 3. ~i! ShapeSwith two partsS1 andS2. ~ii ! The partS1 has a closure
structureC~S1!, which induces closure structureC1~S1 1 S2! on S1 1 S2.
~iii ! The partS2 has closure structureC~S2!, which induces closure struc-
ture C2~S1 1 S2! on S1 1 S2. ~iv! The sum of closure structures~C1 1
C2!~S1 1 S2! onS1 1 S2 has finer divisions in the intersection ofS1 andS2

as shown by the shaded squares.
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A rule is discriminating where it can be applied to spe-
cific spatial relations among parts rather than the overall
shape. Further, the rule will partially determine its interpre-
tative effect in picking out features and spatial relations in
the productions using the rule. More concretely, the imple-
mentation of design changes to an engineering component
picks out a particular configuration of features and replaces
it with another related set of features. The way that the re-
sult of a rule is interpreted depends on the implicit structure
in the rule.

Suppose a ruler: a r b has closure structuresCa andCb

on a andb. The application of the rule to a shapeSshould
exhibit a matching of the parts ofa with corresponding parts
of the shapeS. Consider the application of this rule with an
interpretation of the parts of the resultant shape provided
by a combination of two elements of structure. First, the
structure on shapetb, wheret is the application transfor-
mation, and second, the residue of the structure on shapea
after rule application~that is, the shapeS2 ta!. There are
now two shapes,S2 ta andtb, each with a closure struc-
ture. To combine these we can extend both trivially to the
total shapeS2 ~ta2 tb! and then combine the closures by
addition to create the finer closure structure.

A particular case is presented by the rule that does not
change shape, but changes structure. These rules of the form
r: a r a allow the change of structure to parts of the shape
S. They provide a generative description of the structural
interpretation of a shape. It might be argued that genera-
tive shape change and shape interpretation be considered

separately, but in practice change is commonly effected with
intent to produce an intended interpretation, for example,
to satisfy engineering requirements. This is not to imply
that design actions are determined by intent, but that intent
constrains the outcomes of rules. Thus, a design rule might
focus on a particular area of a design, changing its shape
and structure of parts intentionally, but leave free interpre-
tation elsewhere~perhaps within the constraints of conti-
nuity!. Emergent parts are possible outside the prescriptions
of the structured rule. Thus, for example, an engineering
subassembly may be replaced by an alternative. The intent
may be to change properties such as cost or performance.
The new assembly design as a whole might possess new
emergent features such as free space or alignments, which
can be used by other rules.

7. MULTIPLE ATTRIBUTE DESCRIPTIONS

A useful feature of shape descriptions is the algebraic sys-
tems in which the descriptions lie. These classify descrip-
tions in geometric terms through the dimensions of the shape
elements they use and through other properties or attributes
attached to parts of the shape. Complex descriptions have
components in many algebras and are considered as descrip-
tions in the product algebras~Stiny, 1991!. In this paper we
indicate how to deal with these multiple descriptions using
a simple example of a description with a shape and a prop-
erty component. The framework for this development com-

Fig. 4. ~i! ShapeS with two partsS1 and S2. ~ii ! The
part S1 has a closure structure indicated by the shaded
areas on the left side of ruler1, which induces closure
structureC1~S1 1 S2! on S1 1 S2. The partS2 has clo-
sure structure indicated by the shaded areas on the left
side of ruler2, which induces closure structureC2~S1 1
S2! on S1 1 S2. ~iii ! The induced closure onS1

' 1 S2
' ,

~C1 1 C2!~S1
' 1 S2

' !. ~iv! The composite ruler1 1 r2.
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prises the weighted shapes of Stiny~1992! and attribute
grammars applied to design by Brown et al.~1995!.

Consider a description of shapeSwith partsC~S!. Each
part si in C~S! has associated with it an attribute valuepi .
The description is composed of composite parts~si , pi !,
where attribute values will need to satisfy internal consis-
tency conditions for “sums” and “products” of composite
parts:

~si pi ! 1 ~sj , pj ! 5 ~si 1 sj , min$ pi , pj %!

~si , pi !{~sj , pj ! 5 ~si{sj , max$ pi , pj %!.

These conditions give a weak property to the extensive
partsi 1 sj and a strong property to the included partsi{sj .
The limitations of this simple definition are that the prop-
erty values may not form a strict order and the minimum
and maximum of properties cannot be given. If property val-
ues are partially ordered, then the minimum and maximum
are replaced by greatest lower bound and least upper bound.
The richness of the property structure was clearly envis-
aged by Stiny~1992!, although no specific partially or-
dered structure was investigated there. The resulting design
descriptions have a composite structure. One component is
the shape structure and the other the property structure.
In the definition indicated above, there is a parallel between
the structure of the shape descriptions and the associated
properties. Using the minimum and maximum in the alge-
braic operations on the composite parts, we find the follow-
ing relations of shape and properties:si ≤ sj ] pi ≥ pj . Note
the special case when all shapes in the shape description
component have the same property value and the structure
collapses to the shape description alone.

The composite description can be decomposed into a se-
ries of descriptions corresponding to each property value.
This provides an example of several descriptions being used
simultaneously. For each property valuepi select partssj

such thatpj ≤ pi , that is, those parts that have property value
≤pi . Let these induced descriptions for property valuepi be
denotedCi ~S!. For pi ≤ pj , we find thatCi ~S! ≤ Cj ~S! and
the corresponding closure relations satisfyci ≥ cj . Thus, as
the property value is set at a value that discriminates less
then there are fewer parts and less structure. A related set of
descriptions picks out parts that have higher property val-
ues. These latter are not descriptions of the whole design in
contrast to the earlier descriptions that picked out parts that
have lower property values. The descriptions only apply to
a subshape identified by the property value and neglects parts
with lower values.

8. PRODUCTS OF DESCRIPTIONS

Finally, consider the case in which there are two descrip-
tions C~S! and C~T ! of different designsS and T. Com-
bined design descriptions can come from many sources. For
example, there is a product descriptionC~S! 3 C~T ! based

on pairs of elements fromC~S! andC~T ! with appropriate
finite-shape sums and products added. The development of
such products follows that of product topologies~Kuratow-
ski, 1972! just as the closure structures parallel the devel-
opment of topology through the closure axioms. A feature
of these product descriptions is that they can be applied to
the descriptions of designs in the product algebras exam-
ined by Stiny~1991!. Examples of applications of these prod-
uct algebras to spatial layouts can be found in Krishnamurti
and Earl~1998!.

In these product algebra descriptions, designs are de-
scribed through geometric elements of different dimen-
sions such as points, lines, planes, and volumes, as well as
types of attributes with value structures~for example, par-
tial orders!. There is a range of descriptions, each attending
to particular types of geometric elements or attributes. These
different descriptions may be interrelated. For example, in
mechanical design, the strength of a feature is related to ma-
terial attributes and shape. The product allows complex mul-
tiple descriptions to be constructed. Projection maps take
slices of these multiple descriptions, showing particular geo-
metric elements or properties. Note that the structure built
into the product description is more complex than the ag-
gregation of individual structures; the product contains re-
lations among parts across component descriptions, as well
as among the elements within the component descriptions.

9. CONCLUSION

Design descriptions are examined as compositions of parts.
This view is derived from the capability to include emer-
gence and generation within the computational framework
based on such descriptions. Examination of the detailed struc-
ture of these descriptions shows the necessity for closure
properties. These are deduced from requirements for design
descriptions to express relations among parts. For shapes,
these are spatial relations. Combinations of descriptions deal-
ing with descriptions of the same type can be constructed in
several ways to give other descriptions of that type. The al-
gebraic construction of new descriptions presents many ways
to look at a single design. Knowledge of this space of pos-
sible descriptions is key to understanding emergent proper-
ties and how designs can be changed by applying rules.

Rules change designs, but do not necessarily determine
corresponding changes in their structure. These changes in
structure can be constrained by conditions such as continu-
ity of change, but in design are generally allowed extensive
freedom. The views or interpretations of a design are fur-
ther constrained by assigning structure to the rule itself. The
remaining structure is then fitted around this predefined struc-
ture. The implicit structure on a design derived from the
rules that generate it can be associated with an intention to
effect change in structure or view of the design.

In the latter part of the paper, methods of combination
are outlined for descriptions of different types. One in-
stance examines shapes with attached property values and

284 C.F. Earl

https://doi.org/10.1017/S0890060499134036 Published online by Cambridge University Press

https://doi.org/10.1017/S0890060499134036


another considers a more general product of descriptions
over different types.

Designs are complex, multidimensional structures as dem-
onstrated in the breadth of attributes and relations they en-
compass and the depth of the hierarchy of levels of detail
and abstraction in which designs are described. The results
presented illustrate some of the formal tools that are useful
in constructing design descriptions. Generative systems
change designs and descriptions. The generative history of
a design provides the constraints and context for a descrip-
tive history of evolving structure and meaning. Descrip-
tions are woven through the generative history of a design;
created, composed, and discarded. This algebra of structure
and composition is key to analyzing the freedoms and con-
straints in generative design systems.
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