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ANALYSIS OF
COEXPLOSIVE PROCESSES

BENT NIELSEN
University of Oxford

A vector autoregressive model allowing for unit roots as well as an explosive char-
acteristic root is developed. The Granger-Johansen representation shows that this
results in processes with two common features: a random walk and an explosively
growing process. Cointegrating and coexplosive vectors can be found that eliminate
these common factors. The likelihood ratio test for a simple hypothesis on the coex-
plosive vectors is analyzed. The method is illustrated using data from the extreme
Yugoslavian hyperinflation of the 1990s.

1. INTRODUCTION

A vector autoregressive model allowing for unit roots as well as an explosive
characteristic root is developed. This is a situation that is of relevance, for in-
stance, in the study of hyperinflations or asset bubbles. A Granger-Johansen rep-
resentation is derived showing the structure of the common stochastic trends. It is
demonstrated that there are cointegrating vectors eliminating random walk com-
mon trends and “coexplosive” vectors eliminating an explosive common trend.
The statistical analysis of the model is discussed. It is shown that the cointegration
aspects of the model can be analyzed using the standard cointegration techniques
suggested by Johansen (1988, 1995). A new test for a simple hypothesis on the
coexplosive vectors is derived.

The methods are illustrated using data from the extreme Yugoslavian hyperin-
flation of the 1990s, with a full analysis given in the companion paper, Nielsen
(2008a). As pointed out by Juselius and Mladenovi¢ (2002), hyperinflationary
data can very well be explosive in contrast to the established literature by Sargent
and Wallace (1973), Sargent (1977), Evans (1978), Christiano (1987), and Taylor
(1991), all of whom assume that logarithms of money and prices are 1(2) vari-
ables. It is shown that the Yugoslavian hyperinflation data are better described as
explosive, where real money is a coexplosive relation and hence (1), whereas
inflation measured as first differences of logarithm of prices is explosive.
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The presented methods have also been applied by Engsted (2006) to ana-
lyze U.S. stock prices and dividends for the possibility of speculative explosive
bubbles.

Related approaches to analyzing coexplosive variables have been established
recently by Phillips and Magdalinos (2008) and Magdalinos and Phillips (2009),
who look at triangular systems. In the first paper, the regressors are purely explo-
sive as here, and just as here the asymptotic theory and the finite sample distri-
butions are strongly related. In the second paper, the regressors are moderately
explosive, which permits mixed normal limit theory.

The outline of this paper is as follows: In Section 2 the model is developed and a
Granger-Johansen representation theorem is presented. In Section 3 the proposed
statistical analysis is presented. The asymptotic theory follows in Section 4. An
empirical illustration is presented in Section 5. Mathematical proofs are given in
the Appendix.

The following notation is used throughout the paper: For a full column rank
matrix «, let @ = a(a’ a)_l, while o denotes a basis to the orthogonal comple-
ment of the span of a so ala =0 and (a,a) is invertible. The notation a.s.
P and D is used for properties holding almost surely, in probability and in distri-
bution, respectively.

2. THE MODEL, THE RESTRICTIONS, AND INTERPRETATION

The starting point for the analysis is the vector autoregressive model. Then the
restriction of cointegration is presented, followed by the restriction of coexplo-
siveness. Finally, a Granger-Johansen representation is given.

2.1. The Vector Autoregressive Model

Suppose a p-dimensional time series, X, ..., X0, - - ., X7, is observed. The vec-
tor autoregressive model with a linear trend is given by the equation
k
M: Xt:zAjX,_j-i—,u+vt+8, fort=1,...,T, 2.1)
j=1

conditionally on the initial values Xi_¢, ..., Xo. The innovations ¢; are assumed
independent, identically N, (0, €2)-distributed, and the parameters vary freely so
Aj,Qe RP*P_where Q is positive definite, while x,v € R”.

2.2. The Cointegrated Vector Autoregressive Model

The cointegrated model arises by restricting the vector autoregressive model as
described by Johansen (1995). It is well known how the vector autoregression
(2.1) is reparametrized in equilibrium correction form
k=1
M: ALX, =TX,_ 1+ e+ Y, TjAX—j+pu+e fore=1,...,T, (22)
j=1
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where A1 is the difference operator, so A1X; = X; — X;_1. The usual cointegra-
tion hypothesis arises as the reduced rank restriction

Hi(r): rank(I1,II;) <r.

This hypothesis remains of interest, although its interpretation will only become
clear in connection with the Granger-Johansen representation in Theorem 1, in
Section 2.4.

Imposing the reduced-rank hypothesis gives rise to the usual cointegrated vec-
tor autoregressive model

k-1
Mi: ArXy=a(BiXi—1+011)+ D TiAIX—j+u+e. 2.3)
j=1

The parameters of this model vary freely, so I';, Q € RP*? where Q is positive
definite, a, 1 € RP*", while 4 € R” and §; e R".

2.3. The Coexplosive Model

The situation of main interest here is when there are both unit roots and a single
explosive root present. The applications would be to situations that for normal
economies would be modeled by 1(2) analysis, but where a single [(2) common
trend has switched to an explosive mode as in hyperinflations or asset bubbles.
The analysis is restricted to the situation with just one positive explosive root,
p > 1 say. This covers a range of situations, where it would seem implausible
that the economy is torn apart along several explosive common trends. It also
avoids some inconsistency problems that can arise with multiple explosive roots.
A further discussion is given in Section 2.5. The subsequent analysis would also
apply if p < —1 were assumed.

For most macroeconomic data, two lags or more are typically needed, k > 2;
see Juselius (2006, p. 72). It is maintained throughout the paper that k > 2.

The coexplosive model now arises as follows: The standard cointegration
model (2.3) is parametrized in terms of first differences A1 X; so as to focus the
attention on the matrix a3 . This parametrization is, however, not readily informa-
tive about the explosive root p, so another parametrization is required. Introducing
the filter A, X, = X; — pX;_1 and defining A, X, | ={A,X;_,,(1 = p)t}, the
model equation (2.3), with k > 2, is reparametrized as

k=2
Mz ALA X = a1 A X7 +opf, A1 X1 + N A A X+ pt e,
Jj=1
2.4)

where S} = (f1,0])". A detailed derivation of the equivalence between (2.3) and
(2.4) is given in Appendix A.1. The new parameters a1, a,, f,, and ®; relate to
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the original parameters by

o , aﬂi k=1 . -
a1 = . apfy=—p Ip-l-l_p—Zp i), @= ) p)T
j=1 =

I=p
(2.5)

The characteristic polynomial, with argument z~!, for a process of type (2.3)
or (2.4) is given by the determinant of

Z

k—1 _ i—1

(I_Z_I)IP_Z_laﬁ{_Zz_j(l—z_l)rjzz( aﬂl ZZ—1F>
Jj=1

(2.6)

When z = p, the latter expression reduces to (1 —p~a 0 ﬁ;,; see (2.5). This shows
that the matrix a, ﬂ,’o has rank p — 1 precisely when there is one characteristic
root at p. The new parameter space is therefore given in terms of freely vary-
ing parameters satisfying a1, f1 € RP*", a,, B, e RP*P=D 1 e RP, & e R",
D;,Q e RP*P s0 Q is positive definite, and p > 1.

2.4. Interpretation and Hypothesis of Interest

In order to interpret the process, a Granger-Johansen representation is needed.
This will be formulated in terms of restrictions to the parameters resembling those
of Johansen (1995, Thm. 4.2).

Assumption 1. The parameters satisfy the following conditions:
(i) The matrices aj, f1 € RP*" and a,, f, € RP*(P=1 have full column
rank.
(ii) The nonstationary characteristic roots of X; are at 1 or at p, where p > 1.
(iii) The det (], ¥1511) # 0 and det (), ¥, f,1) # 0, where

ﬂ k—2 alﬂ k—2 .
j=1

The representation theorem can now be formulated. This shows that processes
satifying (2.4) have one explosive root and two common features in the form
of a random walk component and an explosive component. The parameters S
and f, have interpretation as cointegrating and coexplosive relationships, in that
p1X:—1 has no random walk component, while ,b’; X1 has no explosive trend.
Both stochastic trends will be removed by any cointegrating-coexplosive linear
relations given by span(f;) Nspan(f,). Due to the dimensions of f| and f,,
this space is a linear subspace of R”, which is typically of dimension r — 1, but
it would have dimension r if i C span(f,). The proof of the representation
theorem follows in Appendix A.1.
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THEOREM 1. Consider a process of the form (2.4) satisfying Assumption I.
Recall the notation A,X; = X; —pX;—1 and A, X;_| ={A,X,_|,(1—=p)t}.
Then

Ul = {(ApX:)/ﬂiks (AIXI)/ﬁps (AIApXI)/a LR} (AlApX[—k-‘r:;),}/

can be given a stationary initial distribution ensuring the representation
D 1 ! 1 - [
X, = 7pC1 Zes—i-ﬁcp Zp Teg+ Yttt +op,
- s=1 - s=1

-1 . . .
where Cy = By 1 (O(;J_\Pxﬁxl) o', and Y, is a stationary process. In particular,
BLXi—1 can be given a stationary initial distribution for any B € span(f) N

span(f,).
The linear slope coefficient, 1, can be expressed as

1y =Ciu/(1—=p)+(C1¥1—1,)B19],

so P17+ 0] = 0. The coefficients for the exponential term, t,, and the constant
level, 1., depend on the initial values in such a way that /)’;7 7y =0 and

Prre =\ (W1C1 — L) /(1= p)+a;(¥1C1¥1 — Y1) B10] + 51 p/(1 = p).

Finally, it holds that the process X;=X,—tc—1ut satisfies the equation

k—2
AMA X = fiApXimi+a,f M Xi—14 ), O ATA X - j 4. (2.7)

j=1

In this representation, the first component ¥’ _, &, is a random walk that is ex-
tensively studied in the econometric literature. The second component is p’ times
the sum Y _, p~%¢,. That sum converges almost surely for increasing ¢ according
to the Marcinkiewicz-Zygmund theorem (see Lai and Wei, 1983), noting that the
convergence holds even if ¢; is a martingale difference sequence.

Note that it is a consequence of the representation that under Assumption 1,
the process has p —r unit roots and one explosive root at p. The result could be
generalized to a situation with p —r, roots at p; see Section 2.5. The case of one
explosive root is emphasized here.

It is convenient to use the notations I(1, x) for variables with both explosive
and random walk components and I(x) for variables with just explosive common
trends.

The hypothesis of interest for the coexplosive vectors is that these are known:

He  Bp=F .8

In the empirical illustration reported in Section 5, this hypothesis is used to for-
mulate a homogeneity restriction. The model M restricted by H, is denoted M.
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2.5. Multiple Explosive Roots

It would be possible to generalize the Granger-Johansen representation in
Theorem 1 to situations with multiple explosive roots. Three types of generaliza-
tions could be made: First, the matrix o, ﬂ; could have some rank 0 <7, < p
and det (a’p Y8, l) # 0 so that the p —r, roots are all simple, generalizing the
usual 1(1) theory. Second, if det (a; Y8, J_) =0, an I(2)-type representation
could be made. Third, if there are explosive roots at different locations, a seasonal
integration-type representation arises.

When it comes to inference, such generalizations would be difficult to im-
plement, in that intriguing issues can arise with multiple explosive roots in
vector autoregressions, as pointed out by Anderson (1959). Consider an explo-
sive vector autoregression W, = WW,_; + ew,; satisfying |eigen(W)| > 1. The
Marcinkiewicz-Zygmund result, generalized by Lai and Wei (1985, Lem. 2),
shows that W' W, 23 W where W = Wo+ 372, W'ew , is a random vector
with a continuous distribution if ey, is a martingale difference satisfying mild
conditions. Lai and Wei (1985, Cor. 2) shows that the denominator of the least
squares estimator satisfies

T o]
WIS W W (WY BFy =Y wWrww/ (W)
=1 1=1

The limiting matrix Fyy is positive definite if and only if the explosive roots have
geometric multiplicity of one; that is, for all p € Cso |p| > 1, the geometric multi-
plicity dim W—rank(W — p I4im w) must be unity. This is referred to as the regular
case by Duflo, Senoussi, and Touati (1991) and covers univariate autoregressions.
The singular case where the geometric multiplicity of a root is larger than one can
only arise for vector autoregressions of higher dimension than one. Examples are

1 0
W, = r R W, = " 5
0 p 0 p

for both of these, the algebraic multiplicity of p is two, whereas the geometric
multiplicity of p is one for Wy and two for W». In a case like W, the limiting
matrix is Fyy = WW’/(p? — 1), which has rank one. This singularity shows up in
the first type of generalized Granger-Johansen representation, discussed above, in
which r, = rank(a, ﬁ/’)) < p. Then, one explosive component is of order p’ and
p — 1, — 1 explosive components obey the law of large numbers, and yet they are
uncorrelated with any stationary components in the representation; see Nielsen
(2008b) for a discussion.

Phillips and Magdalinos (2008) have recently analyzed a triangular systems
framework for variables Y;, W, say, in which the equation for the variable W,
has no feedback from Y, and is purely explosive with a diagonal autoregres-
sive matrix. Even in that framework, correlation between errors of the Y; and
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W, equations yields inconsistent least squares estimators. If the errors are un-
correlated, the triangular setup does, however, produce consistent estimators. Re-
cently, Nielsen (2008b) has generalized the asymptotic analysis of Phillips and
Magdalinos (2008) to include martingale difference errors and nondiagonal W-
matrices. This is done with a vector autoregressive analysis in mind. It is found
that the results for lag-length determination by Nielsen (2006b) also apply in the
singular case.’

3. STATISTICAL ANALYSIS

In this section, tests for the validity of the unrestricted model M are discussed.
Analysis of the hypotheses H; and H, follows. The asymptotic analysis is given
in Section 4.

3.1. Misspecification Analysis of Unrestricted Model M

Most diagnostic tests for the vector autoregressive model M as given by (2.1)
are derived under an assumption of stationarity, |z| < 1, or at most a random
walk-like behavior, |z| < 1. It is worth noting that while such an assumption is
mathematically convenient, it may not be necessary. Indeed, tests with asymptotic
distributions that are invariant to the unknown parameters would be preferable.

Test for Lag Length. Lag length can be determined consistently using likelihood
methods, regardless of the value of the parameters. This applies both for regular
and singular processes; see Nielsen (2006b, 2008b) and note 1. Methods that are
based on the Yule-Walker equations are, however, not generally applicable across
the parameter space. This means that the Box-Pierce test is biased, and correlo-
grams cannot be used as they appear in econometric software at the moment; see
Nielsen (2006a).

Test for Normality. Standard tests based on the residuals are applicable across
the parameter space, at least for regular processes, which is sufficient for the cur-
rent analysis. This has been proved for QQ plots when an intercept is included in
the model as here; see Engler and Nielsen (2009).

3.2. Analysis of Cointegration Rank Hypothesis H;

The cointegrating rank is established by writing the autoregressive model M as
given by (2.1) in equilibrium correction form (2.2) and testing the reduced rank
hypothesis Hj (r): rank (IT, I1;) < r. The likelihood ratio test statistic is the usual
‘trace-test-statistic’ of Johansen (1995, Chap. 6).

The maximum likelihood estimation of the restricted model M is described by
Johansen (1995, Chap. 6). The estimation of the parameters, ¥ say, is done in two
steps. In a first step, the residuals Ro; and R, say, from regressing A1X; and

(X;_1 ,t) on A1X;—1,..., A1 X;—k+1 and a constant are found. In a second step,
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the squared canonical correlations 1 > ;1'1\/' > 0> :12” > 0 of Ry, and R, are
then found. The maximized log likelihood function of the model M is then

.
M = max t’(19)=—Z logdet (S50) + Y log (1 =AM &,
¥ in My 2 =1 J

where S(')\(A) =71 Zthl Ro’,R(),t.
The likelihood ratio test for the hypothesis H; (r) is given by

def

LR(M{IM) = LR{H; (r)IM} = =T i log (1=24}").

j=r+1

In Johansen’s original derivation of the asymptotic theory, it was assumed that (i)
the number of unit roots is p —r and (ii) the remaining characteristic roots are sta-
tionary. The latter assumption is not necessary. This will be shown in Theorem 2
in Section 4.1.

The coexplosive model given by (2.4) is a reparametrized version of M;. The
maximum likelihood estimators for this version of the model are found by ex-
ploiting the reparametrization. In particular, the explosive root p is estimated by
the explosive root of the sample characteristic polynomial for (2.3). The other
parameters of (2.4) are estimated using (2.5). Since &, ﬁ;, has reduced rank of
(p — 1) with probability one, by construction, a, and f, can be estimated from
eigenvectors of a, ,[;’;) associated with the nonzero eigenvalues.

In applications it will of interest to test whether an explosive root is signifi-
cantly different from unity. The explosiveness can be investigated by imposing
additional unit root restrictions on the model either as an I(1)-rank restriction or
as an 1(2) restriction. If the explosive root is then eliminated, this suggests that
the explosive root is not significantly different from unity. Under the hypothe-
sis of no explosiveness, the tests for these restrictions will have the conventional
Dickey-Fuller-type distributions.

3.3. Estimation When the Coexplosive Vector Is Known

Under the hypothesis H, that the coexplosive vector is known, the likelihood func-
tion has to be maximized by numerical methods.

A profile likelihood argument is convenient. For a given value of p, the remain-
ing parameters, 6 say, can be estimated by a standard reduced-rank regression as
outlined in Section 3.2. In a first step, the residuals R(')'ft( p) and REI( p) from
regressing AjA,X; and A,X; | on ,B;/AIX,_l, MA X1, s A1A X k42
and a constant are found. In a second step, the squared canonical correlations
1> ;I'I"(p) > > /All'j(p) >0 of R(')"fl(p) and Rﬁt(p) are found. The profile log
likelihood function for p is then

H H r H S H
("(p) = max (7(p,0) == |logdet {Sio(p) } + leog{l -2 (P}
X ]:
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where Si(p) = TV {RY, (p)}{RY!,(p)}". This profile log likelihood is
maximized by search over p for p > 1, giving the maximum

A T R a AH, A
{’Hzr;lfi(fH(p)z—E logdet{S(l)'(')(pH)}—i-Zlog{l—A]H(pH)} .
j=1

The maximum likelihood estimators are shown to be consistent in Section 4.2.
In finite samples, it is difficult to establish theoretically that the likelihood has
a unique maximum. In practice, one will only embark on this analysis if there
is a single explosive root in the models M and M. If no maximum or several
maximums are found over the region p > 1 under the hypothesis H,, the specifi-
cation of the model and the hypothesis should be investigated. A local maximum
at p = 1 is a possibility, but again, it happens with vanishing probability in in-
creasing samples if the model is correct.

The likelihood ratio test statistic for the hypothesis H, within the model M is

LR(M M) & LR(H, [My) = —2(2H — M),

In Section 4.3, it is shown that the test statistic LR(H,|M) is y2.

4. ASYMPTOTIC RESULTS

In the following, asymptotic results are derived under the restrictions H; and
H,, so the coexplosive vector is known. First, the cointegration rank test statis-
tic LR(M{|M) is considered, then consistency is shown for the estimators in the
model M, and finally the test statistic LR(H,|M) is analyzed.

The asymptotic theory is derived using results of Lai and Wei (1985) and later
adaptations by Nielsen (2005). While the analysis is based on the Gaussian like-
lihood derived from the model in Section 2, the assumptions to the innovations
can be relaxed. The relaxed assumptions have to be formulated with two types of
results in mind. On the one hand, the main component of the explosive common
trend, Yi_, p~%¢,, must converge. The Marcinkiewicz-Zygmund theorem (see
Lai and Wei, 1983) shows this convergence almost surely. It suffices to assume
that (&;, F;) is a martingale difference sequence for some filtration JF; satisfying
the following condition:

Assumption 2. For some y > 0, it holds sup, E{(¢),)?>T7)/2| F,_1} < 0o as.

On the other hand, it is necessary that the normalized random walk 7~!/2 > s
converges. The assumption of Chan and Wei (1988) to the conditional variance
of & is adopted, since Assumption 2 already bounds the conditional moments.

Assumption 3. Suppose E(&,¢/|F;—1) = Q a.s., where Q is positive definite.
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4.1. Cointegration Rank Test

Johansen (1995, Chap. 6) analyzed the cointegration rank test in the situation
where the process is (1) so that it satisfies the following assumptions: (i) the
number of unit roots is p —r, and (ii) the remaining characteristic roots are sta-
tionary. The latter assumption is not necessary. This was shown for the univariate
case by Nielsen (2001). Here it is shown for the model M when one of the
remaining characteristic roots is explosive, as stipulated in Assumption 1.

THEOREM 2. Suppose model M| and Assumptions 1-3 hold. Then LR (M{|M)
has the same limiting distribution as in Johansen (1995, Chap. 6),

1 1 -1
LR(M1|M)3tr{/ dB,F! (/ FMFL;du) /FudB;},
0 0 0

where F, = (B, — [J Blds,u—1/2) with B, being a standard Brownian motion
of dimension p —r.

The proof follows in Appendix A.3 and resembles that of Johansen (1995,
Chap. 11).

4.2. Consistency in the Coexplosive Model

The consistency result for the maximum likelihood estimators under the hypoth-
esis H, can now be formulated. The consistency is established when p varies in
a closed set so p > 1. It is likely that consistency actually holds for p > 1, as it
can also be shown that the likelihood function does not achieve its maximum at

p=1

THEOREM 3. Consider the maximum likelihood estimators in model M.
Suppose p > g for some p > 1 and Assumptions 1-3 hold. Choose B as

. piL =B I, 0
ﬁu—( 0 | )( p 1>, “.1)

where ¢ = {1 +3( 81 1)~ 'Y\ ¢/ p1.1; identify B} and B, by

B =1 BiL=Upr =BIBBI L 4.2)
50 ET/J_ ﬁf | = 1p11-,; and define the block-diagonal normalization factors

Ny =diag(T~"?1,_,, 7" and Ny =T"?p7T. 4.3)

Then it holds that

https://doi.org/10.1017/50266466609990144 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466609990144

892 BENT NIELSEN

(i) i =pu+op(l),

(ii) p=p+op(Nw),
(iii) (&p,&l,(i)l,...,ci)k_z):(0!,;,0!1,(1)1,...,q)k—2)+0P(1),
(iv) (Bf =B BLiNy' =op(D),

(v) Q=Q+op(l).

The proof follows in Appendix A.4. For fixed p, the proof would resemble the
I(2) analysis of Johansen (1997), but the estimation of p adds an extra layer of
complexity.

The choice of identification of ﬁi‘ in (4.2) follows the approach of Johansen
(1995, Sec. 13.2). Identification could be obtained alternatively through a matrix
¢ so that, for instance, ¢/ ,BAl* = I,.. Consistency under that type of identification also
follows from Theorem 3 by an argument as that of Johansen (1995, Sec. 13.2).

4.3. Asymptotic Distribution of the Test Statistic for Hy

In the following, the asymptotic distribution of the likelihood ratio test statistic for
H, is described. At first, an asymptotic expansion is given that only exploits the
martingale property of the residuals. To formulate the asymptotic result, introduce
a parameter 7, = ¥, 5,1 . This is a p-vector that is nonzero due to Assumption
1(iii), and its orthogonal complement can be chosen as 7 = (I, — 717 )a,; see
Johansen (1995, Ex. 3.7).

THEOREM 4. Suppose model My with p > p for some p > 1 and Assumptions
1-3 hold with y > 2. Then the log likelihood ratio test statistic for H, in My
satisfies

LR(H M) = =2(0H =™y = H'¢ (¢/Q0) "' H {1 +op(1)} +op(1),
where

= zf:lg’(ﬂ/;lAle—l) as. ZZT:lpt_Té‘t
B 2 =
Lo} (s 20y

7 +o(1).

The proof of this result is unusual in that it requires an improvement of the
consistency rate established in Theorem 3. This is done in Appendix A.5. The
proof of the theorem then follows in Appendix A.6.

Since the statistic H is a moving average of ¢1,...,&r, it does not obey the
central limit theorem. If, however, the innovations are independent and identically
distributed, it holds, as pointed out by Anderson (1959), that

S e b I p' e
T2 "2
{Z 2D {3, p200)
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By exploiting the distribution of the innovations, the limiting distribution of H
can then be found. The following result covers the normal case:

COROLLARY 1. Suppose model M|, with p > p for some p > 1 and Assump-
tions 1-3 hold with y > 2, and that t'¢; is independent N (0, t'Qr ) -distributed.

Then LR(H,|My) B x*(p—1).

The asymptotic normality in Theorem 4 relies directly on the normality as-
sumption. In practice, the best we can do is to check if the normality assumption
looks reasonable and then use the above test. The normality may not hold exactly,
so infences should only be made cautiously when test statistics are close to the
chosen critical value. In this respect it is actually not that different from the infer-
ence in standard models, where normality arising from the central limit theorem
should also be used with caution in applications.

5. EMPIRICAL ILLUSTRATION: THE EXTREME YUGOSLAVIAN
HYPERINFLATION

The money demand in hyperinflations is studied. It is usually assumed that log
prices, p;, and log money, m,, measured at a monthly frequency, are 1(2) and
m; — p; is (1) so that money demand is a cointegrating relation between m; —
p: and A p;. Juselius and Mladenovi¢ (2002) have pointed out that data from
the first Yugoslavian hyperinflation show explosive behavior, contrary to these
assumptions. With the new econometric techniques presented here, this issue can
be studied formally. Data from the second Yugoslavian hyperinflation are studied.
It is found that m; and p, are I(1, x) with m; — p; as a coexplosive relation, hence
m; — p; is I(1), in line with the literature. However, A p, is found to 1(x), in
contrast to the assumptions of the literature, so that the frequently made relation
between m; — p; and A p; is unbalanced. A different empirical analysis is then
called for; see Nielsen (2008a).

The seminal paper on money demand in hyperinflations is by Cagan (1956).
The assumptions that p,,m; ~ 1(2) and m; — p; ~ 1(1) so Ayp; ~ I(1) were
later introduced and used by Sargent and Wallace (1973), Sargent (1977), Evans
(1978), and Christiano (1987). The idea that m; — p; and A p; cointegrate was
introduced by Taylor (1991). Taylor tested the assumptions for a series of hy-
perinflationary episodes using one-sided unit root tests against the stationary
alternative, ignoring the possibility of explosiveness. Indeed, a number of his
tests indicate explosiveness. The advantage of looking at the second Yugoslavian
episode is that it is very long, very extreme, and increasing very smoothly.

The institutional background for the extreme Yugoslavian hyperinflation is de-
scribed in Petrovi¢ and VujoSevi¢ (1996) and Petrovi¢, Bogeti¢, and Vujosevié
(1999). In short, the Federal Republic of Yugoslavia was falling apart in 1991, the
war then started, and the United Nations embargo was introduced in May 1992.
The inflation started to increase, and monthly inflation reached the 50% level in
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February 1992 and only ended on 24 January 1994 with currency reform after
prices had risen by a factor of 1.6x 10%! over 24 months.

The data are taken from Petrovi¢ and Mladenovié¢ (2000) and are available from
the Journal of Money, Credit and Banking online data archive. Plots (a) and (d) of
Figure 1 show two time series of monthly data relating to the period 1990:12 to
1994:1. The variables are narrow money measured as M1, m;, and a price index,
p:, both reported on a logarithmic scale. Following precedence in the empirical
hyperinflation literature, the end of the episode is not analyzed; only the data until
1993:10 are considered, due to measurement problems for the price series. Plots
(b) and (e) of Figure 1 show first differences of the series. Both in levels and in
differences, the series shows exponential growth over time and hence an increas-
ing growth in prices. This exponential growth can also be discerned from the plot
of the second differences in Figure 1(c,f), although these plots are somewhat more
volatile. Real money, measured as m; — p;, is shown in levels, in differences, and
in second differences in Figure 1(g,h,i). It appears that real money, m; — p;, has a
random walk behavior while the depreciation rate, A1 p;, is explosive. Using the
developed statistical model, this can now be analyzed formally.

A vector autoregression as (2.1) with a constant, trend, and three lags is fitted.
Misspecification tests for lag length and QQ plots for testing normality are ap-
plicable, as discussed in Section 3.1; see Nielsen (2006b, 2008b) and Engler and

(a) log money, m, (b)Y A, m, (c) f] m,
iE .
1.0
40 2k i
E 0.5
E L
20 0.0
Il 1 J I 1§ 1 I 1
1991 1992 1993 1994 1991 1992 1993 1991 1992 1993
(d) log prices, p (e)Ap
o QY I0E DS, 7, 5 :

1 1
1991 1992 1993 1994 1991 1992 1993 1991 1992 1993

| (o9 1

(g) m,—p, (h) Ay (m,—p,) (i) A, (m,—p,)

0.5

-0.5

1991 1992 1993 1991 1992 1993 1991 1992 1993

FIGURE 1. Data in levels, differences and second differences.
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TABLE 1. Misspecification tests for the vector autoregressive model for m, p

Test m p Test (m, p)
){,%Wmality(Z) 2.3[0.32] 2.410.31] X}%ormality(“') 7.1[0.13]
Far3)3,21) 1.2 10.34] 1.6 [0.22] Fare)(12,34) 0.7 [0.73]

Note: Single-equation as well as system tests are reported, and p-values are given in brackets.

Nielsen (2009). The cumulant-based tests for normality rather than QQ plots are
reported, although their validity has not been established yet. The tests reported
in Table 1 indicate that the model is well-specified. The lag-length test statistics
are reported in an F-form as advocated by Doornik and Hendry (2001) in an at-
tempt to deal with finite sample issues, although this aspect has not been explored
formally. This model has a single explosive characteristic root of p = 1.216. A
nonexplosive 1(2) description of the data was firmly excluded using the system
analysis proposed by Rahbek, Kongsted, and Jgrgensen (1999). This suggests that
pe-my ~1(1,x) and A p;, Aym, ~ 1(x).

A cointegration analysis can be carried out in the usual way, as described in
Section 3.2. The Bartlett-type correction of Johansen (2002) is not applicable,
due to the explosive root. The results are given in Table 2, pointing toward a rank
of one, 7 = 1. The model M given in (2.4) with r = 1, therefore appears to give a
reasonable description of the data. When it is imposed that r = 1, the estimate of
the explosive characteristic root changes slightly to p = 1.205.

The hypothesis that 8, is known and given by the homogeneity condition Hy :
ﬁ;, = (1,—1) can now be tested. This would imply that real money, m; — p;,
is a coexplosive relation with random walk behavior but no explosive behavior,
so m; — p; ~ I(1). Since B, is completely specified, the model is estimated by
reduced-rank regression for each value of p. This in turn results in a profile like-
lihood in p that is maximized by grid search. Searching in the region p > 1, the
maximum of the likelihood function of 10.74 is found at p = 1.200. The test statis-
tic for H, against My is 0.06, which is small compared to the x2(1) distribution
arising from Theorem 4.

The sample analyzed here is short compared to standard macroeconomic coin-
tegration analyses. It is, however, one of the longest hyperinflationary episodes

TABLE 2. Test for cointegration rank; p-values
are given in brackets

Rank Log likelihood Test against full rank

0 —0.41 29.6 [0.01]
1 10.77 7.210.33]
2 14.39
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available, and its information content is rather large, with enormous changes in
the variables. It does seem as if the (1, x) description of p;, m; gives a more rea-
sonable description of the dependence structure than the usual 1(2) description.
Asymptotic inferences drawn from an I(1, x) description must therefore be more
reliable than the usual analysis. The explosive behavior found here cannot last
forever, and, indeed, the hyperinflation stops in January 1994. While this out-of-
sample structural break is important for forecasts, it does not have much bearing
on the in-sample inferences made here.

From an economic viewpoint, the most interesting conclusion is that m; — p;
is more stable than p,, m,. Extrapolating from this study and studies of standard
economies, it seems as if m; and p; tend to have common stochastic features,
either 1(2) or I(1, x) or perhaps structural breaks, which disappear by taking the
linear combination m; — p;.

In summary, the above analysis shows that the two variables m;, p; are (1, x).
The series coexplodes, so m; — p; is an |(1) process. Extrapolating from this study
and studies of standard economies, it seems as if m; and p; tend to have common
stochastic features, either 1(2) or I(1, x) or perhaps structural breaks, which disap-
pear by taking the linear combination m; — p,. In addition, the differenced series
Aymy, A1 p; are |(x). This indicates that linking, for instance, m; — p; with Ap;,
as in the model of Taylor (1991), will not give a balanced regression in this sit-
uation. A suggestion for getting around the issue of the unbalanced regression is
given in Nielsen (2008a). The problem lies in the discretization of the continuous
time money demand schedule considered by Cagan (1956). By measuring infla-
tion as the cost of holding money, ¢, = A1 P;/P; = 1 —exp(—A| p;) instead of
A1 py, a standard I(1) cointegration analysis can be carried out for m; — p; and ¢;.
Many of the ideas in the hyperinflation literature seem to carry over to this new
choice of variables.

NOTE

1. The possibility that Fy can be singular was overlooked by Lai and Wei (1985). The generaliza-
tion of their results to models with deterministic terms by Nielsen (2005) therefore only applies in the
regular case. Likewise, the proofs for the results for lag-length determination by Nielsen (2006b) only
apply in the regular case, although the results hold more generally as shown in Nielsen (2008b).
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APPENDIX: Proofs of Results

A.l. Proof of Granger-Johansen Representation.

Proof of Equation (2.4). Note first the identities

A=p)Xi—1=8pX;—1 —pA1 Xs—1, (A1)
j U
P i =M X = P T A A X . (A2)
=1

Now, turn to the model equation (2.3). Subtract p A X,_ on both sides and apply (A.1)
to the regressor X,_ to get

o
AMXi—phi Xy = q{ﬁi (ApXi—1—pAiX;_1) +611(1=p)}

k—1
+ Y LA X j+ute—pAiX,_y. (A.3)
j=1

From relation (A.2), it follows that

k=1 k=2 o
D TAXj=T1A X1+ Y, Tjp ™/ pl A Xi—j
j=1 j=1
k=2 _ k=2 '
=T1A X1+ Y Tjyip /A Xe 1= Y Tjpp™?
=1 =1

L -1
x Y p T AA Xy
=1

Collecting the first two terms and changing the summation index in the third term gives

k—1 k—1 1 k=2 k—1 I—i
ZFjAIX,_jz erp jAIXt—l_Z 2 rjp J AlApXt—l-
j=1 j=1 =1 \j=I+1

Substitute this expression into (A.3) and gather the A|X,_1 terms to get (2.4). n
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Proof of Theorem 2.1. When p,d; are both zero, the result follows as in Johansen
and Schaumburg (1998, Thm. 4). That result is formulated for processes without explosive
roots, but the proof actually applies without that restriction. The only difference is that
their use of complex conjugates has to be replaced by inverses, which of course would
amount to the same if z were on the complex unit circle. This gives the solution X ; to the
homogenous equation (2.7).

For the general result, replace ¢; by &; + u + aq 5; (1= p)t. To see that the deterministic
term is of the desired form, note that Cy Zgz 1 { u+ 0‘15/1 a1- p)s} gives a linear trend,
while C, %, p" = { s+ 01| (1 — p)s} gives a linear trend and an exponential trend due
to the formulas 2§=1 PriA=—p)=0=pHand XL _ sp' A =p)=1—p(1-p"/
(1=p).

Let D; = 1o+ 17t + 7 p' denote the deterministic trend of X;. Replace X; by X ++ Dy
in the model equation (2.4), giving

MAXi+(U=p) =1 Bi{Ap X1+ (L =p)te+pr+ (1 —p) 7t}

+(1=p)ardit+apf{ X1 +7u—(1=p)p'~ e}

k—2
+ Z Qi {A A X j+ (I —p)y}+p+er.

j=1

Collecting the coefficients to pt _1, t, 1 then results in the equations

Byrx =0,  Blu+d =0,  (I=p)¥ig=a1fi{(l=p)c+pu}+p.

The first two equations are easily solved for £,z and B 7. To get B | 7 and thereby 7/,

premultiply the third equation with &}, and postmultiply W1 with I, = 3 +B11B11.
Finally, to get 8] ¢, premultiply the third equation with @} . n

A.2. The Data Generating Process and Preliminary Asymptotic Results. The data
generating process is described, then some asymptotic results from the literature are listed.

It is convenient to start by introducing some additional notation: For a matrix a, define
a®2 = qa’. The notation (¥; |Z;) denotes the residual of the least squares regression of Y;
on Z; fort =1,..., T, and the symbol Syy.z is used for the partial sample covariance of
X; and Y; given Z;, thatis 7! Zszl X (Y¢1Z:) .

In the probabilistic analysis, the properties of the likelihood function will be analyzed for
each parameter (9 °, Q) satisfying the model M. This defines the data generating process.
Since  1s known for this process, it will also satisfy H, . From the model equation (2.4),
define

k=2
g7 = M Ap, Xi—af BT Ap X7y —ap By A1 X1 = Y, @FA1Ap Xi—j—p°. (Ad)
=1

In particular, it holds that Q(1°) = T~! Zthl ePey’. Introduce also the vectors

i1 ={ (B M Xe1) (A Ap Xe1) o (A1 A Xi442) '}

o o / o /
= { (BT Ap X7_) U} (A.5)
V[O =ﬁiki/A/]o l*—l’ Wto_l =ﬁ;lA1Xl—l (A.6)
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Note that U;,t—l is a subset of U,_;. According to the Granger-Johansen representation
in Theorem 1 the process U, can be given a stationary initial distribution, while V,° and
W/ are the common trends of random walk and of explosive behavior, respectively. The
companion vectors for the process X; can then be written as

Sy = U, v w1y, (A7)

which satisfies a first-order autoregressive equation.
Finally, the analysis of the model M is based on the residuals R ; and R; ; introduced
in Section 3.2. With the above definitions, they satisfy

Ros=(Ar8p Xe|US Wi 1)s Riy= (80X U5, Wi 1),
Due to the innovation equation (A.4), these are linked by
Rew = (o7 |Ugom1s WiLo1 ) = R —af B Ry . (A.8)

Asymptotic results from Lai and Wei (1985) and Nielsen (2005) for the product mo-
ments of the processes &7, S;_ | are summarized. These results apply for regular explosive
processes. The process of interest is indeed regular, since it has only one explosive root.
Results for singular processes can be found in Nielsen (2008b). Recall the normalizations
Ny, Ny given in (4.3) and define Ng = diag(Zgimy/> Nv, Nw, 1).

LEMMA A.l. Consider the process X; satisfying M| as given by (A.4) and suppose
Assumptions 1-3 are satisfied. Let & be a constant satisfying & < y /(24 y), recalling the
definition of y in Assumption 2.

Define sample variances var(x;) = 71 th:I x¢x;. Then stochastic matrices Ty, Ly,
X, and a deterministic matrix Xy exist so

(i) Var(e?) 2 Qo +0(T %) and var (e [1) 2 Q. +0(T %),

(ii) var(U2_,11) 5 =g > 0,

(i) p 2T TaEr(We 1) 3 £y %0,

(iv) var(Ny Ve |1) Bs, %,

(v) Var(NsSe_ ) By &
The sample variance of the joint process S also satisfies

(vi) maxeigen(31_; S;_15/_,) = 0(p2T).
Define sample correlations corr(x;, y;) = (Zf=1x?2)_]/22?=1x,y,’(ZLly?z)_l/z,
SO

(vii) Corr(S°_y,ef) = o(T7¢/2),

(viii) ort{(U |, V(1) &5} = 0p(T~1/2),
(ix) o (W, 1) 2 011/,

=1
(x) Corr(U_y, W |1) = o(T</2),
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(xi) Corr(V_y, W 11) = Op(T~!/3),
(xii) Corr(US_ |, VS I1) = o(T~¢/2).
In addition, it holds jointly for some stochastic matrices Xy ., Xy, 2yy that
— D
(xiii) T2 (U2 1D’ = Sy,
. — D
(xiv) TS5 Ny (Ve 1Dey = Ze,

_ D
(xv) T7V25T Ny (Ve IDUY | S Zyy.

Proof of Lemma A.1. Most of the results follow from Nielsen (2005), noting that the
definition of §; is slightly different from here.

(i): Corollary 2.6. (ii): Example 6.6. (iii): Corollary 7.2 and Theorem 9.1. (vi): Theorem
7.1. (vii): Theorem 2.4. (ix): Theorem 9.1. (x): Table 2. (xi): Remark 9.3 and (ix). (xii):
Example 6.6 and Theorem 9.4. The results (iv), (viii), and (xiv) can be proved using the
techniques of Chan and Wei (1988). For (xiii), and (xv), see also Johansen (1995, App. B).
(v): Combine (ii)—(iv) and (x)—(xii). |

A.3. Asymptotic Theory for Cointegration Analysis under My. Theorem 2, concerning
the cointegration rank test statistic LR(MI |M), is proved.

At first, a profile likelihood function for the model M is derived. Two equivalent ex-
pressions for the model equation were given in (2.3) and (2.4):

k—1
s;:AlXt—alﬁT’X;k_l—ZFjAlXt_j—,u, (A9)
j=1
k—2
=AM Ap X — a1 Ap X[y —apBy A X1 = D, PjAIA X, — . (A.10)
j=1

The Gaussian log likelihood function is

T
—2log L (¥, Q) = T log (detQ) + tr (Q_l D g,e;> ,
t=1

where ¥ represents the parameters I1, I1;,T'y,..., Tx_;, u. For each value of ¥J, the likeli-
hood function has a unique maximum for Q given by fz(ﬂ) =r1"1 ZIT: 1 &r€;. The profile
likelihood for ¥ is therefore

—2log L (1) = —2maxqlog L (¢, Q) = T logdet{C (¢)}. (A1)

The asymptotic theory for the rank test statistic is derived along the lines of Johansen
(1995, Chaps. 10, 11). In addition, the asymptotic theory for the estimators in M is estab-
lished following Johansen (1995, Chap. 13).

First, a result like Lemma 10.3 of Johansen (1995) is needed.

LEMMA A.2. Consider the process X; satisfying My as given by (A.4), and sup-
pose Assumptions 1-3 are satisfied. Then, for some positive definite matrix Xgp and some
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random matrices Xg;, Xy ;, Ly g, 2y, it holds that

- 2 - -
Bi7Rie " [Egg+op() Op(T7V2) T7V2{zp +0p(1)}

1 T

7 X | WAITRL = * Ty +op(1) TV2{%y, +op()}|>
=1
! Re ¢ * * Qo +op(1)

o ®2 o
L (PR TR E B
TS\ Ros oai g QotaiZppay

Proof of Lemma A.2. Itis first argued that

®2
([))iko/Apo Xt*_] )
UO

pit—1

Mo—ii NyB*'A, X* |1 (A.12)
_T[_l VAT Ap X :
&f
NwW,_,

Xy +op(1) OP(T_I/Z) T_l/z{ZUg+OP(1)} OP(T_Q:/Z)

_ . Sy +op(l) T~V2{Sy,+op(H} Op (T-I/Z)
* * Qo +op(l) T=V28.w
* * * Zw +op(1)

where Sy, = po T Zthl g W, = op(T(1=¢)/2)_ This result arises using the following

matrix of items from Lemma A.1:

(i) (xv) (viii) (x)
*  (1v)  (xiv) (xi)
* * (1) (ii), (vid), (ix)
* * * (iii,ix)

Partialing out U;; W _, shows the first result. The second result then follows by

a—1 Wil s
noting that Ry ; = a7 Ry ; + R, see (A.8). u

The asymptotic distribution of the rank test statistic then follows.

Proof of Theorem 2. Use the arguments in the proof of Lemma 11.1 of Johansen
(1995). u

Finally, the asymptotic distribution for the maximum likelihood estimators in My is
established. It is convenient to mark these estimators by an index M.

LEMMA A.3. Consider the maximum likelihood estimators in the unrestricted model
M identified by (4.2). Consider processes X; satisfying M| as given by (A.4). Suppose
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Assumptions 1-3 hold. Then, for Zpp, L., Xy, and Ty defined in Lemmas A.1 and A.2,
it holds that

fZM—P>QO, T1/2 (&{\A—af) :28,32/}/}+0p(1),
TV2NGIBY M - g0y = 250 2y.05 e @' )™ +op (D).

Proof of Lemma A.3. Use the arguments in the proof of Lemmas 13.1 and 13.2 of
Johansen (1995). |

A.4. Consistency under My,. For fixed p, the proof of the consistency result in
Theorem 3 would resemble the 1(2) analysis of Johansen (1997). As p is unknown, an
additional layer of complexity is added. The following steps are taken: First, some new
parameters are introduced and a full rank property shown for these parameters. Second, an
auxiliary parametrization is introduced as in the 1(2) analysis, and consistency is shown for
the auxiliary parameters. Third, the consistency of the original parametrization is shown.

First some notation. Recall the parameter 7| = ‘{’pﬁz | with orthogonal complement
t=(Up—r J_?’J_)a p- Two random versions of 7| as well as a random version of a; are

needed:

N A —0 o v —0 o l_po °

T =YpB,1, T =YpB,1, a) = 1_/3(11, (A.13)

defined in terms of the quantities

=1+ i, —kizﬁ—fci» ¥ =1+—0—2p—/q>° (A14)
P l_ﬁ = J? P . *

The matrix 7 depends on p. It is shown to be nonzero.

LEMMA A.4. Suppose Assumption 1 is satisfied. Then

(i) (1=p)tL #O0forallp>1;
(ii) a constant ¢ > 0 exists so, for all p > 1, then fj_fj_ >c.

Proof of Lemma A.4. (i) Consider the companion form x; = A°X,_1 +e;, where

By A X
ﬁO/
APDX; P
X; = , e =\ Ip |¢,
0
Ap. Xi—k+2
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and A° is the matrix

pol + a5 B3I +0%) F5/(@5—BF) - fS/(DF_,—DF_3) —BIDS
%y [+I7+ 07  O3—-0F .- Op ,—Dp 4 -0,
I
I

Due to Theorem I, the eigenvalues of the companion matrix A° are bounded by one in
absolute value, |eigen(A®)| < 1. This in turn implies that

leigen(pl —A°)|>p—1>0 forp> 1.

Partition the matrix pI — A° as a (2 x 2) block matrix with a (2p — 1)-dimensional upper
left block. The rule for determinants of partitioned matrices implies invertibility of

(p—po) I —=B5ay =B +3527 (p—1)p~I 0F)
—af (=D=M =37 (p—1)p~I 0f

Now, assume (i) does not hold. Then (p — 1) ‘f‘p = nﬂg’ for some 7 € RP*(P—1)  This
in turn implies that the companion matrix satisfies

o (p=po)l =By Byn—(p=D1p
pl— - _aO k]
P n

/

which is a reduced-rank matrix contradicting that pI — A° is invertible.
(i) Consider four different special cases: (a) When p belongs to any compact set so
p > 1, then both ¥, ﬂ; 1 and 1 — p have outcomes in compact sets not including 0 due

to the first result. (b) For large p then, ‘?pﬁ; | converges to E; - (c) For p approach-

ing 1 and ,Bl/ﬂpl # 0 then, ‘I—’pﬂpl has an infinite asymptote. (d) For ,Blo/ﬂpl =0 then,
7| is continuous in p on 1 < p < p so it suffices to argue that p can be chosen so
close to 1 that ‘Ppﬁz 1 has no 0 points for 1 < p < p. Now the vector polynomial (I -

2;‘;]2 2 @;)E; | has finitely many O points in a neighborhood of 1. It suffices to show that
such 0 points cannot fall at 1. Assumption 1(iii) implies that ] 87| = {I »+ a; /J’;’ /(po—
1}3 — 2;‘;]2 7/ <I>;? }ﬁﬁ is nonzero. Since ﬁf’ﬁfm =0, then ﬁ;l € span( 3] ); this implies
that

/):H k=2 k=2

O po o o

Wi = I+ szcb By1 = IP—lechj B
]:

is nonzero as desired. |

Second, an auxiliary parametrization is introduced as in Johansen (1997).
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LEMMA A.5. Suppose B, is identified by ﬁ;ﬁ; = Ip—1, while Py satisfies (4.2). Let

I k=2 _j
lF/’o:I—+_1_ _Zpo (Dj,
Po j:1
and define 0 = (07,07 ,07,,....00,_,,6Y,0W,01), where
0U =S —ap+(po—p) ¥, B OV —af— L2
P —ap a,D Po—pP Pl p> 1 —al l_poal’
k=2
—1- 1— _
0.5 =95 = iq’ t(po=p) 3 Cwpl "0V =—Lmip,
m=j+1 — Po
HW = —ap,b);ﬁ;l +(po —p)‘Ppoﬁzl, O — 1= u.

Then the error term satisfies e; = e +0S;_, . Note the identity

k=2 U k=2 . k=2 j

- —J ®° -
le ]0/)’] = le ](Dj — leo (D] (A.15)
J= J=

j=

Proof of Lemma A.5. Note first the identities

. . A X,y
(A=po) Ap X[ =U=p)Ap, X;_1+(p—po) 0 , (A.16)
A]Apxt_j=A]Apoxt_j+(po—p)A1Xt_j_1, (A.17)
—J Lo
AMX—jr=po’ | MXem1 = D05 AAp X ). (A18)
=1

Use (A.17) to write A{A,Xy = AjAp, Xt — (p — po)A1X;—1. Then substitute
A1 A, Xt using the equation (A.4) to arrive at

A]A/)Xt =€?+a(fﬂim/ApoXt*_1 +a;ﬁ;/A1X,_1
k=2
+ '21 QIAAp, Xy—j—(p—po) A1 X1+ u°. (A.19)
j:
Insert these expressions in the error equation (A.9) to get
__ .o o* I_P * * o
8;—8, —+ Hl _ﬁnl ApoX[—1+ Hp_Hp AlX[_l
— Po
k=2

k—2
+ {(DO Qi+ (po—p) Y, D pl
j=1

m=j

-1= ’”} AAp X

+(1° = ) + (po = p) <1p+ Z Djpo ) ArX,_.
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Now, premultiply A X, with the identity I, = 8,85 + 8, | B, and Ap X7 with

the identity 7, =1 Bt +B11 B}, and use the identification in (4.2).
The 1dent1ty (A 15) follows by straightforward inspection. n

Consistency for the estimator of 6, Q is shown as in Johansen (1997).

LEMMA A.6. Consider the auxiliary model in which ¢, = &; +HSIO_1 as outlined in

Lemma A.5, where 0,Q vary freely, so 6 € RP xdim$ g0 Q is positive definite. Suppose

Assumptions 1, 2, and 3 are satisfied. Then the maximum likelihood estimator for 6,

exists with probability tending to I and satisfies HANs_l 5 0.

Proof of Lemma A.6. Corresponding to the argument in Section A.3, the level curves
of the likelihood function under My, are given in terms of det{€2(#)}, where TQ(0) =
Zt 13t 2. Partial regression implies

T

a0 = 3 (015)+ 3 s {z >} 5 55

t=1 =1
According to Lemma A.1(i, v, vii), it holds that

T

1 ®2 1 L ®2 P
T3 (el ) ™ =T 3 (&15721)7 = Qo
=1 =

T T 5 -1/2 b
T2y e to—l{z (S7-1)® } -0,
t=1 =1
7! Z(NSS )®2—> s 0.
=1

The level curves then satisty Tﬂ(&) = Q. + R, where

RQ(H)—Op(l)-I-{Op(l)—f—HN 1/2}{0p(1)+9N 1/2}.

Thus, for any parameter value 8 and any constant ¢ > 0 so /Illn/gx (NS_IG/HNS_I) > ¢, then

R > 4‘22 s +op (1), which is nonzero, positive semidefinite, and not depending on 6 as
desired. Since ¢ is arbitrary, the consistency result follows. u

Proof of Theorem 3. Theorem 3 (i) concerns . This follows directly, since i = 60#.

Theorem 3(ii) concerns p (proof by contradiction). First, the assumption of nonconver-
gence of p is combined with the convergence for . On the one hand, the assumption to p
implies that there exists x,d > 0 so P(N‘;,l |p — pol > k) > ¢ infinitely often. On the other
hand, Lemma A.6 shows that O N 5 ' 5 0in probability. Thus, for all ¢ > 0, there exists a
subsequence (7"), so for all 77 it holds that P(®7/) > J where @7/ = (NV_VI |p— pol > K
and [ONS'| < ).
Second, consider outcomes in @ 7. Then it holds that

oW Ny ow s

< = (A.20)
K

p—po

(la_po)Nv_Vl
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Since f, = ,8/‘3 under the hypothesis Hy, then

il v, 85, =V,5° v, —¥,)B°
=Y B =YL+ (¥p, —¥p)B 1
P = Po
Recall that p belongs to a closed subset of the parameter space, hence, p > p for some
o > 1. Due to Lemma A.4, the absolute value of the first term is therefore bounded from
below by some ¢ > 0 not depending on p. The second term can be rewritten using the
identity (A.15) as

k=2
p =0 B = g (VB 0V B ) = 50
j:
Due to the consistency of the estimator for § established in Lemma A.6 and the inequalities
|p|_j < |g|_j and |1 —p|_1 <|1 —Q|_l, then for all # > 0 the norm of the second term
is bounded by 7 for large T’. Since ¢, 77 are arbitrary, they can be chosen to contradict the
inequality (A.20).

For Theorem 3(iii, iv), once p is known, the remaining estimators can be derived from
the auxiliary estimator . Due to the consistency of p and 0 established in Theorem
3(ii) and Lemma A.6, the consistency can now be established. Starting with ay, note that
ay = (af —91U)(1 —po)/(Al - P). Sinfe élU and / are op (1), then @1 = o +-op(1). Sim-
ilarly, the consistency of ®;_»,..., Dy, HT,BTOL,&p can be established one by one from
) 07,,6Y.05.

eU
pik=2>"
For Theorem 3(v), the consistency of € is stated directly in Lemma A.6. n

A.5. Improving the Rate of Consistency under Hy. The consistency rate of the esti-
mators under Hy is now improved through a detailed analysis of the likelihood equations.
Denoting the estimators by an index H, the result in Theorem 3 shows, for instance, that
PH— Po = 0p(T1/2pO_T). This rate of consistency is now improved by a factor of T—¢/2,
where ¢ arose in Lemma A.1. When y > 2 in Assumption 2, which amounts to assuming
fourth moments, then the consistency rate is improved to pq — po = 0p(T1/ 4 Po T). The
following steps are taken: First, the relevant residuals under Hy are introduced and studied.
Then likelihood equations for py and /;’;‘H are derived and solved. The solution is used to
improve the consistency rate.

Introduce the vector Uji—1= {(ﬁZ/A 1X:21), (A Aj; Xi—1),..., (A A/; Xi—ra2)'V,

. H, H,
and define the residuals Ro’tp = Rgft(p) =(A1ApX/|U,—1,1) and R]’tp = R{'jt(p) =

(ApXI_1|Up,i—1.1).
The profile likelihood for p, a1, B is then given in terms of

T

N . A -1 H, H,p\®2

QH(p.a. f7) = ay CI>|mH<1Dk 2 ”Q(ﬂ) =7 2:1 (RO”p _alﬂf/Rl”p) ’
, D1, D2, t=

Profile estimates for a1, ] given p are found by reduced-rank regression of R(T ;p on

N

Rﬂ;p, giving estimators &r’p,,b’l*H’p, and

5xH

T

A ®2

Qu(p) = 7! E (ég_"p) , where é,H’p = Rgf;p—&r’pﬁ] Hp.
=1

P
Ry,
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Minimizing the determinant of QH(p) with respect to p gives maximum likelihood esti-

mator p, and hence &r' = &:'Lp’ ﬁTH = [;’TH’/), and the residuals

RY, = R G = (818, | ,2101),
H H A
Ry =Ry, (pn) = (AﬁXz*—1 ’Uﬁ,z—l,l)-

The maximum likelihood estimator for the variance is Qy = 7! ZIT: 1 (ﬁ,H)®2, where

sH _ pH _ ~H asH/ oH H ( pxHs pH p+H
&y =R0,t_alﬂik ’Rl,t=(R0,t|ﬂik /Rl,t)z(AlAﬁxlwf< /Aﬁxt*—pUﬁ,t—l’l)-
(A.21)

Define also the residuals REI = (aflUEZ_l, 1) and Rw,,t = (W, |UE[_1 J1).

First, an expression linking the residuals akin to (A.8) is derived.
LEMMA A.7. Recall 7| , & defined in (A.13). Then
R(|)-!t = R:,It +5‘rﬂTO/R|1-ft - (/3H —po) fER‘l;lv,t'
Proof of Lemma A.7. Insert (A.16)—(A.18) in (A.19) to get
1— Po N v H
AyA X =¢) + m“fﬁfoﬁﬁx;‘_l +apBy A X1 = (pH —po) Yy A1Xi—1

k=2 k=2
+ Y AL X, = (P —po) X, OF Y Ay ATA X+ .
j=1 j= =1

The expression for R(l)-lt follows since the regression of Aj A 5 X; on UE' ;_ eliminates the
constant, #;’ A1 X, and the Ay A5 X, terms. u

Second, the likelihood equations for p and g} can be found.

LEMMA A.8. The likelihood equations for p and ] under Hy are

Proof of Lemma A.8. Following the approach of Johansen (1995, p. 182), a first
version the likelihood equations for p and f} is

. T R T ,
0=tr (Q—l 3 é}*yg_l) o=afraRt Yl (X)) (A22)
t=1

/

where Y, = A X, — ﬁT(X;—z’t) -
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~H

Equation for p. Since &;' involves regresson on ﬁi“H’A s X[ 12 Upi—1, 1, it is first
argued that
(Y,_lm;‘H’A Xr I,Uﬁ,t_l,l)zfl( B A X7 I,Uﬁ’,_l,l). (A.23)

The three components in the regressand are rewritten one by one. First, noting that 1), =
i) o8+ B » ﬁo’ it holds that

(Alxt_lw] "ApXE I,Uﬁ,,_l,l):ﬁzl (Wf_lw WA xr I,Uﬁ,,_l,1>.

Second, by the identity (1—4) (X, _,.1)" = A;X7_; — (A1X,_,.0)’. it holds that

. - Mg, 5
{HT(X;—zﬂ‘)/WfH/AﬁX;—l’Uﬁ,t—la1}= l_pﬁ (Wzo—lwikH’AﬁX;—pUﬁ,t—la1)-

Third, use (A.2) for a similar substitution in the third term. Insert (A.23) in (A.22) to get
0=u{On s el (ewe ) =t On! ST eHwe,, as desired.

Equation for ff} . Postmultiply the equation with ,BAﬂ'_l n

The third argument is to solve the likelihood equations in Lemma A.8 for p and ﬁf

LEMMA A.9. In the model M, the maximum likelihood estimators for p, B} satisfy
QR (9n—pe) (FLMww = Pat LN, NG Ly K, w)
AHIA—1 (2 - SV B
= J_/QH (MSW—P‘ZMCﬂLMﬂLﬂLMﬁLW)’
AH/Q—I - *o/j*H./\"/l PG *o/j*HM M—l M
o Q[ BraMpp =Praa i BroMpwMyyw Mwpg,
= —&r/ﬁﬁl (Mg/)’l _'PQM‘QWM;VIWMW/)’L> s

where Py = i (a5 a) Tlalvan!, P =& (B aRte ) ey and

’ ’ ’ jxH/ pH ®2
Mpp Mpre Mpw T BIT'R
M=| My, Mee Moy [=3 | RE BRI (A.24)
~ ~ ~ t=1
Mwg, My Mwyw RI{{V’,

Proof of Lemma A.9. Recall from (A.21) that £H = (RO tl[)’*H’RH ). Insert the

expression for R(')'it using Lemma A.7 to get

= {RH, +aflpro RY, = (o —po) 2 RY) 18TV RY ).
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) . . 7*H 5+H 7*H 5+H . A+H H .
Postmultiply A7’ by the identity 1,11 = £, {1+, B} Since ;™ R}", disappears
by regression this results in

H
o pxH pH H/ pH
i = (R + g BB RY, = (pn— po) £ RS 181V RY ). (A.25)

Insert this in the likelihood equations in Lemma A.8.
Solve the first equation for py — po, insert this in the second equation, and solve for

«H
B s B ,31 - Next, solve the second equation for ,[)’*O’ ﬁl |, insert this in the first equation,
and solve for py — po. |

Next the asymptotic behavior of the matrix M in (A.24) is derived.
LEMMA A.10. Consider the model M| with p > g for some p > 1, the process X; given

by (A.4), and suppose Assumptions 1-3 are satisfied. Suppose T_]/zpoT(ﬁH —pPo) =
op(T~¢) and ﬂAfH/?ﬁ_N;l =op(T %) for some 0 < ¢ < 1/2. Then

BiHVRYY, Zpp+op(l)
1 i Ny BtV RY, RH ek Op(T~!/?)
= H T=1284
Nw R, op(1)

where ieﬂ =X +0p(1)+0p(T1/2_5_5/2), and

2 -
g [(NATRT, o (zy+op() TSy, op(T )
T D ef PVRY | = * Q. +op(l) T 125y
1=l NWWIO_I * * Xw+op(l)

where Sy, = Zyg + op(1) + op(TV27¢=¢/2) and S, = Syw + op(1) +
0|:>(T1/2 C=</2) with S,y = pOTZI &8 W

Proof of Lemma A.10. First, recall M° defined in (A.12). Argue that

®2
ﬂ*O/A X*
< -l 1 1 TR
U,
1 i *0/ * 1 MO+ (T_Q‘) ! ! T_é/z !
— — o ‘ i
&) AL ] T2 1762 ¢
&f
. 1 1 0
Nw W,
To see this, note that the relations (A.16)—(A.18) imply
BiYAXF_y BY Ap. X[ Qu,1
Uji—1 = Up -1 +(PH=p) | Qu,p | Si—1>
Ny B A X!, Ny By Ap, X7, Ny Qy

for some deterministic matrices Q.
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When taking sums of squares of this expression, the last term can be omitted since
T~V (pn — po)?> T, (S7_)®? = op(T %) due to Theorem 3(ii) and Lemma A.1(vi),
whereas the cross-terms are op (T ~¢) by the Cauchy-Schwarz inequality.

When considering the cross-product with ¢/, use Theorem 3(ii) and Lemma A.1(vii) to
see T~ (py —pO)ZIT=1 Sy e = op (T~</27¢).

When considering the cross-product with W,”_, use Theorem 3(ii) and Lemma A.1(vi)
to see 7! (PH —po)ZtT=1 Sy W Nw = op(T~%).

Second, argue that

pxH/ * ®2
AX
</31 P z-1> . Lo
1z Uit 1 T2
_ prHr A vk 1 = M° 7—¢
TEI Ny i A X S G 0o
é 1 1 0 0
NWWtO—l

By exploiting the identity 7,1 = B1° '+ F11 B}, itis seen that

( B asx; )_( BB BNy ! )( B ARXTy )
N - 1A — A — _ / :
NVﬁTT/AﬁX?—l NINGI BB Ny VBTN ) \Nv AT A X

Due to the identification (4.2), ﬁTH’ FTO and ﬁff’ Ffi are identity matrices. By assumption
BB Ny = op(T7¢) and the identification (4.2) also implies that N, ' AFVE]” =
op(T~¢).

Third, partial out ﬁ'fH’AﬁXf_l and Uj ,_ to get the desired result. |

— %
The convergence rates of gy and fj_//)’ 1L are now improved.

LEMMA A.11. Consider model M, identified by (4.2) with p > p for some p > 1.
Suppose Assumptions 1-3 are satisfied. Then, for all ¢ <y /(24 ), it holds that

—H B
=120 (o= po), B2 Bro Ny = op(T7/2).
Proof of Lemma A.11. Recall the likelihood equations in Lemma A.9. Theorem 3

implies T~Y2pT (py — po) = op(T~¢) and /)A’TH’Ffj_N;I =op(T~¢) with ¢ =0. Due
to the identification (4.2) and the consistency of ﬂi“H, then

—*H A — %0
B Bis =—BVBI L +op (D), (A.26)
*0/7*H —1 - . .
so f{”"B11L Ny =op(T™¢). Lemma A.10 then implies that
; M= . N1 .
Ny Mg, Myl g Mg wNw, Ny Mg, w My Mg, Ny = op (T17%),

Mg, Myl s Mg, wNw, Mow M)y Mg, Ny = op (T'7¢7/2),
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T_INWMWWNW and T_INV/\;I[;l,/)»lNV are convergent, while MSWNW and

Mgm_ Ny are op (Tl_f/z), then the expressions in Lemma A.9 imply that T_l/ng(ﬁH -
H

po) and ﬁ*o’ﬁU_N;] are op (T~</2). u

The improved convergence rate can be used to find the limiting expression for Esz 1 §tH

o «or*H
Wt—l andﬂl lglj_'

LEMMA A.12. Consider model M1y, identified by (4.2) with p > p for some p > 1
and a process X; given by (A.4). Suppose Assumptions 1-3 are satisfied. Then, for all
¢ <y /Q@2+y), it holds that

(i) TV —a) = Zep T 5 +0p(T1/27),

(i) (B —ﬁfo)ﬁuN_lTl/z @7 a)) Y Qs 2y 25 4 op(T1/279),

—Tx H/z

(iii) pS i lgHWO =P Ty 2[ 1ee Wi 1+0|:>(T1/2 <.

t

Proof of Lemma A.12. (i) Given /)A’ i H then o is estimated by least squares regression
so that

—1
T
&P_a—Z(ROt_aﬁTH/th)R (ZﬁTH'RuR ﬁ > .

t=1

—*H . —+H
Insert R(')'ft from Lemma A.7. Postmultiply 1 by 1,11 = f3 ﬂfH/ —I—,B]J_ﬂﬂ'_'/ to get

«H
vHﬂ*o/ ﬂ*H/ ( ﬂ*o/ﬂl —a)ﬂ*H/ Il-lﬂ*o/ﬂllﬁfjl-_l/
Apply that &Il" is consistent at the same rate as p, the consistency established in Lemma
A.11, and combine with Lemma A.10.
(ii) Applying the proof of Lemma A.11, now with ¢ = ¢/2 due to the improved consis-

tency in Lemma A.11, gives the likelihood equation

A—1~ *OT*H Y £ A A— Y —
afOn a pro L Mg, g (1+0p(T9)) = —a QR (Mg, +0p(T74)).

Insert the limiting expressions in Lemma A.10 to get the desired result.
(iii) Recall the expression for é;’i in (A.25). Manipulate, noting iH’ff =0, to get

=T M 7 2H H
’th 1 =P /Z{ z+“1ﬁ*0/ﬁu/” R1t|ﬂf /er} 1

*H .
By Lemmas A.10 and A.11 then, po—Tﬂ*O’ﬂuﬁi‘f ZIT=1 (th‘ﬁf‘H’RH yWo, =
op(TV2=yand p7 T# s REWe = p T/ ST et We  +op(r!/26). W
A.6. The Test on the Coexplosive Vector. The asymptotic result in Theorem 4 is proved.
The following steps are taken: First, the variance estimators, €)1 and Qp say, in the un-

restricted model M| and under the hypothesis H, are expanded. Second, two terms of the
same appearance in these expressions are shown to have the same limit.
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LEMMA A.13. Consider the model My and a process satisfying My as given by (A.4).
Then the maximum likelihood estimator for Q satisfies

T

R R ®2
TQy =Y, {RS,t+( °pr — ) ﬁ*M/) Rl,t} .

=1

Proof of Lemma A.13. The model equation (A.9) is a reduced-rank regression equa-
tion. The profile likelihood for (a1, B]) = {a/(1 — po), f*} is therefore found by eliminat-
ing I'y, ..., I'r—1, u by partial regression,

Ou@.pM=_ min  Q@)=T" 'S, oy~ B,
e Tk, =1
where, following the notation of Johansen (1995, Chap. 6), 150, ¢ and Rl,t are the residuals

Ros= (M Xe |MXo—y,o s A X g0 1),

Ry ={(1=po) X;—1 |A1Xi—1so s Ay X g1, 1}
Using the identity (A.1), it is seen that Iéojt = Ry,; and I%l’, =Ry ;.

The profile likelihood for a1, f] is maximized by reduced-rank regression, giving unique
maximum likelihood estimators o ;VI , B and

QM =71 (jot)®2 where R; , :RO,,—&N,BATM/RL,.

M~

t=1

Inserting Ry ; = Re,s + a1 8] Ry ; as defined in (A.8) then gives the desired result. u

LEMMA A.14. Consider the model M1 and a process satisfying (A.4). Then the max-
imum likelihood estimator for Q satisfies

A L xo/ _ ~H pxH/ ®2
TQHZZ{Rg,—i—(a],B ahpr )Rl,t}

t=1

-1 T T —12
+ Qe (o) M Y e ;’_1{2 (W;’_l)z}
t=1

®2

Proof of Lemma A.14. Using partial regression on W,”_ |, then

_lT

L (sH 82 L 4 z 2 o
= 2 (gt |Wto—1) + Z & Wiy 2 W,_y) 2 W8 (A.27)
t=1 t=1 t=1

For the first term in (A.27), recall that & e 0 / —ar /)’ Tl RH by (A.21). The residuals

in the models M| and M1, are related through partlal regresswn Smce Uji-1s W7, and
U° =10 Wto_1 span the same space, it holds that
Roo= (RS wy).  Ri= (R W), (A28)
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Therefore, (s, | 1) =Ro:—a ﬁl *Hip 1,¢- As in the proof of Lemma A.13, apply the
identity (A.8) to get

L H 4 ’ H/ ®2
S (#wi2) ™ = X (et (ein el m )™
=1 t=1

For the second term in (A.27), multiply £ with the identity I, = Qi (#F'Qi) "¢ +
i (fiQ_l fJ_)_l fiQ_l. By Lemma A.8 then fj_Q_l ZtT 1€ HWo | =0, so it holds, as
desired, that 7, 8Hwe | = opeH (#H Qe e s 2 Hwto N u

The expressions for fZM and QH in Lemmas A.13 and A.14 terms of similar appear-
ances. These are shown to have the same limit.

LEMMA A.15. Consider model M1y, identified by (4.2) with p > p for some p > 1
and a process X; given by (A.4). Suppose Assumptions 1-3 are satisfied. Then, for all
¢ <y/@2+y), it holds that

< wor _ AM pxMy @ [ w0 _ AH pxHr ®2
Z{Rez+(alﬁ —ay py )Rl,t} —Z{Rg[—{—(a]ﬁ —ay py )Rl,t}

=1 =1

— op(7/279),

Proof of Lemma A.15. First note, that by the identification it holds that
S=aipi” —aipy == (a1 —af) B~ — a1 By BILBTS

The asymptotic properties for & and ,@ i" established in Lemmas A.3 and A.12 along with
(A.26) then imply that

V28 == (Zop 2 17 + Pazev 25 Ny 1Y) {1+ 0p (T7279) ],

where Py, = o (af’ Qoocl)_l " The expression of interest then follows by Lemma A.1.
|

Proof of Theorem 4. Due to the regression nature of the problem, the log likelihood
ratio test statistic satisfies

LR(Hx|M;) = —T logdet (QMfzgl) - —Tlogdet{lp -0 (QH —QM) }

Theorem 3 shows that f)H 5 Q. Thus, if it is argued that T(QH - QM) converges in
distribution, then a Taylor expansion shows

LR(H M) = {7 T (@ =) } +0p (1),

Now, combining Lemmas A.13 and A.14 shows

p —1/27®2
T(Qp— Q) = |QpiH (fH’ﬁ t ) VH’ZSHW;)— {2( to—l)z}

=1
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T . 2
+ {Rs,t + <05(fﬂim’—&1 pi /> Rl,t}
=1

t
T
M A ®2
=% {Rea+ (aiBr” =aMBM ) R1
t=1

The last two terms are op (1) by Lemma A.15 assuming y > 2. As for the first term, note

that QH and 71 are consistent due to Theorem 3. By the assumption that y > 2, Lemma
A.12 shows that

T T -2 7 T —-1/2
> W { )y (Wto—l)z} =D& W { )y (Wto—l)2} +op(1).
=1 =1 =1 =1

The desired result follows by recognizing the leading term H. |
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