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This paper proposes robust M-estimators of dynamic linear models with a struc-
tural break of unknown location+ Rates of convergence and limiting distributions
for the estimated shift point and the estimated regression parameters are derived+
The analysis is carried out in the framework of possibly dependent observations
and also with trending regressors+ The asymptotic distribution of the break loca-
tion estimator is obtained both for fixed magnitude of shift and for shift with
magnitude converging to zero as the sample size increases+ The latter is essential
for the derivation of feasible confidence intervals for the break location+ Monte
Carlo simulations illustrate the performance of asymptotic inferences in practice+

1. INTRODUCTION

The development of valid statistical inference tools in the presence of a struc-
tural break with unknown location has been a major concern in the statistic
and econometric literature+ Among the survey papers on this topic we mention
Deshayes and Picard ~1986!, Krishnaiah and Miao ~1988!, Csörgo and Hor-
váth ~1988!, Hušková and Sen ~1989!, Hušková ~1997!, and Stock ~1997!+ There
are also several monographs, such as Broemeling and Tsurumi ~1986!, Hackl
~1989!, Hackl and Westlund ~1989, 1991!, and Brodsky and Darkhovsky ~1993!+
A complete review related to this problem can be found in Csörgo and Hor-
váth ~1997!+

The main objectives are to test whether a change in the model parameters
has occurred and, if so, to estimate its location and magnitude+ Testing for the
presence of a structural break is a research topic with a long-standing tradition+
Particularly important contributions include the CUSUM test of Brown, Dur-
bin and Evans ~1975! and Hackl ~1980! and its robust versions in Hušková
~1990!, the Wald, Lagrange multiplier, and likelihood-ratio-like tests of An-
drews ~1993!, the exponentially weighted tests of Andrews and Ploberger ~1994!,
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and the predictive tests of Ghysels, Guay, and Hall ~1997!, among others+ A
number of studies concerning the issue of multiple structural changes are emerg-
ing; see, e+g+, Andrews, Lee, and Ploberger ~1996!, Garcia and Perron ~1996!,
Liu, Wu, and Zidek ~1997!, and Bai and Perron ~1998!+

The literature addressing the issue of structural change points estimation is
comparatively sparse, however+ First developments include the maximum like-
lihood estimation of the break date with a simple shift+ This is considered by
Hinkley ~1970!, Bhattacharya ~1987!, and Yao ~1987! for the independent and
identically distributed ~i+i+d+! case, by Picard ~1985! for a Gaussian autoregres-
sive process, and by Feder ~1975! for segmented regressions+ Bai ~1994! esti-
mates the unknown change point by least squares, considering a linear process
for the error term+ Bai and Perron ~1998! generalize this result allowing for
multiple shifts in the regression model+ But these classical estimators are sen-
sitive to deviations from the model distribution, to outlying observations, and
to model misspecifications, which can produce disastrous effects on the esti-
mates+ Departures from the assumed model can be solved, in part, by estimat-
ing nonparametrically the underlying regression model, as proposed by Carlstein
~1988!, Dümbgen ~1991!, Chu and Wu ~1993!, and Delgado and Hidalgo ~2000!,
among others+ Alternatively, robust methods, which are insensitive to small de-
viations from the assumptions, can also be applied+ Bai ~1995! proposes using
the LAD estimator, which has good properties in terms of robustness ~qualita-
tive robustness, B-robustness, and maximum breakdown point!+ However, this
estimation procedure is highly inefficient under normality+ Hušková ~1997! pro-
poses an M-estimator for the location of a change in the mean of a sequence of
i+i+d+ observations, obtaining the best trade-off between efficiency under the true
model and robustness under a possibly thick-tailed distribution+

In this paper, we consider a linear regression model with structural change
and propose the M-estimators of both the regression parameters and the shift
location, which jointly optimize a robust objective function+ Most of the esti-
mators can be obtained as particular cases of this one+ To perform inferences,
our main goal is to derive the rates of convergence and the limiting distribu-
tions of the estimators, which will be obtained both for fixed and for shrinking
magnitude of shift+ The latter is essential for the derivation of feasible confi-
dence intervals for the break point location, provided that only in this case the
asymptotic distribution will not be case dependent+ These asymptotic results
also hold for the scale invariant version of the estimator, but rather restrictive
assumptions will be required, as in the standard context of no change by Yohai
~1987!+ General forms of serial dependence and also trending regressors will
be allowed+

The rest of the paper is organized as follows+ Section 2 introduces the model
and regularity conditions+ The asymptotic properties of the M-estimators are
studied in Section 3, under the two assumptions on the magnitude of shift,
fixed and converging to zero+ In Section 4, the finite sample performance of
the asymptotic approximation is illustrated by means of a small Monte Carlo
experiment+
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2. THE MODEL AND ASSUMPTIONS

Let $Zt � ~Yt , Xt !%t�1
n be a sample of Z, a R � R

p-valued stochastic process
defined on the probability space ~V,F,P !, such that

Yt � Xt
'b10 I ~t � @nt0 # !� Xt

'b20 I ~t � @nt0 # !� Ut , (1)

a linear model with a single shift, where I ~A! is the indicator function of the
event A, @{# represents the nearest integer function, and $Ut %t�1

n is the sequence
of disturbance terms+ Here bj0 � Q � R

p , for j � 1 and 2, are the unknown
regression parameters for each regime and t0 � P � ~0,1! represents the shift
point location, which is also unknown+ The size of the jump will be denoted by
l � b10 � b20+

Under the maintained hypothesis that the shift exists, that is, l � 0,1 we
propose to estimate the unknown parameter vector j0 � ~b10

' ,b20
' ,t0 !

' , which
will be defined by the following assumption+

A0+

j0 � arg min
j�Q2�P

lim
nr`

E @Sn~j!# , (2)

with Sn~j! � S1n~b1,t! � S2n~b2,t!, such that

S1n~b,t! �
1

n (t�1

@nt#

rs~Yt � Xt
'b! and

S2n~b,t!�
1

n (
t�@nt#�1

n

rs~Yt � Xt
'b!, (3)

where rs~u! � r~u0s!, r :R r R is a function that identifies the model
parameters, and s is such that limnr` n�1(t�1

n E @ r~Ut 0s!# � d, for d �
EF@r~u!# and F represents the standard normal distribution+

Remark 1+ Given the model ~1!, the “identification assumption” A0 is not
satisfied for every r-function+ At the end of this section, we provide the ade-
quate setup for A0 to hold+ As will be shown in Proposition 2, the requirements
assumed to obtain the robust and asymptotic properties for the estimators will
assure the fulfillment of A0+

Remark 2+ Each r-function defines a particular linear predictor of Yt given
Xt , with changing parameters at a given moment of time @nt0# + For instance,
r~u! � u2 defines the least squares predictor, r~u! � 6u 6 the least absolute
deviation predictor, and r~u! � 1

2
_ u2I ~6u 6 � c! � 6u 6I ~6u 6 � c! is the Huber

predictor, a compromise between the previous two, given a suitable constant c+
Different r-functions define, in general, different parameter values though, in
certain circumstances, they can be identical+ For instance, when the conditional
distribution of Yt given Xt is symmetric with respect to its mean, which is a
linear combination of the Xt with changing parameters, least squares ~LS!, least
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absolute deviations ~LAD!, and Huber predictors have identical values+ How-
ever, the resulting estimators will have different statistical properties+

A natural estimate of j0 will be given by

Zjn � arg min
j�Q2�P

Sn~j!, (4)

the sample analogue of ~2!, which can be obtained by implementing an itera-
tive procedure+ First, for each t � P, we obtain the regression parameter esti-
mators pre-@nt# and post-@nt# as

Zbjn~t! � arg min
b�Q

Sjn~b,t!, (5)

for j � 1 and 2, respectively+ Second, the shift point will be estimated as the
sample partition that minimizes the objective function concentrated in t, i+e+,

[tn � arg min
t�P

~S1n~ Zb1n~t!,t!� S2n~ Zb2n~t!,t!!+ (6)

Thus, Zjn � ~ Zb1n
' , Zb2n

' , [tn !
' , where Zbjn � Zbjn~ [tn! are the coefficient estimators

for j � 1 and 2+ The size of the jump will be estimated by Zln � Zb1n � Zb2n+

Remark 3+ To obtain a scale invariant estimator, we must consider the ob-
jective function in ~4! satisfying ~3! with rs~u! replaced by r [sn

~u!, where [sn is
a consistent estimator of s, which can be obtained either separately or simul-
taneously with Zjn+ This estimator is called “M-estimate with general scale+” A
consistent and robust estimator of the scale can be obtained from a preliminary
consistent estimator Djn of j0, such that

(
t�1

@n Itn #

x�Yt � Xt
' Db1n

[sn
�� (

t�@n Itn #�1

n

x�Yt � Xt
' Db2n

[sn
� � 0,

for a given function x :R r R+ For example, the median absolute deviation
~MAD! is defined by x~u! � sign~6u 6 � 1!, or Huber’s proposal is given by
x~u! � c 2~u! � b, for b � EF@c 2~u!# , where c~u! � ]r~u!0]u is the score
function+ If we consider different scales for each subsample, the estimator could
be defined as [sn � [s1n I ~t � @n Itn# ! � [s2n~t � @n Itn# !, where

(
t�1

@n Itn #

x�Yt � Xt
' Db1n

[s1n
� � 0 and (

t�@n Itn #�1

n

x�Yt � Xt
' Db2n

[s2n
�� 0+

In Corollary 2, we provide the conditions under which the coefficient estima-
tors obtained previously will be asymptotically equivalent to those obtained
with an assumed known scale for the error term+ Henceforth, for simplicity and
without loss of generality, we will consider the objective function given by ~3!
and ~4! for s � 1, such that rs~u! � r~u!+

352 INMACULADA FITENI

https://doi.org/10.1017/S0266466602182065 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466602182065


As a matter of notation, we let 7{7 denote the Euclidean norm of a vector
or a matrix and 7{7r the Lr norm of a random q-vector ~i+e+, 7X7r �
~(i�1

q E6Xi 6r !10r !+ The symbol r p represents convergence in probability, rd

convergence in distribution, �
d

equivalence in distribution of events and n
weak convergence in the space D@0,1# under the Skorokhod metric ~see, e+g+,
Pollard, 1984!+

Next, we define the concept of near epoch dependence ~NED!, the type of
asymptotically weak dependent structure assumed for the data+ A NED process
will be “approximately” mixing in the sense of being well approximated by the
near epoch of a mixing process and includes linear processes, strong mixing
processes, and many other dependent structures as special cases ~see, e+g+, Da-
vidson, 1994!+ Under suitable conditions, it will have properties permitting the
application of limit theorems, of which the mixingale property is the most im-
portant+ This idea was introduced by Ibramigov ~1962!, and has been formal-
ized in different ways by Billingsley ~1968!,McLeisch ~1975a, 1975b!, Bierens
~1981!, Andrews ~1988!, Wooldridge and White ~1988!, Hansen ~1991!, and
Pötscher and Prucha ~1991!, among others+

DEFINITION 1+ Let $Vt %�`
` be a strong mixing sequence, possibly vector-

valued, on a probability space ~V,G,P ! and define Gt�m
t�m � s~Vt�m, + + + ,

Vt�m! such that $Gt�m
t�m%m�0

` is an increasing sequence of s-subfields of G . For
r � 0 , a sequence of integrable random vectors $Wt %�`

` is said to be Lr-NED of
size �q0 on the strong mixing base $Vt % of size �q1 if there exists a sequence of
nonnegative constants $dt %1

` and a nonnegative sequence $ym %0
` , such that

ym r 0 as m r 0 , and,

(i) for r � 0 , Pr~7Wt � E @Wt 6Gt�m
t�m#7 � «! � dtym, ∀« � 0 ,

(ii) for r � 0 , 7Wt � E @Wt 6Gt�m
t�m#7r � dtym,

hold for all t � 1 and m � 0 . Besides, ym � O~m�q! for all q � q0 and $am%m�0,
the sequence of the strong mixing numbers of $Vt % , is such that am � O~m�q!
for all q � q1.

Observe that an Lq-NED sequence will be Lp-NED for 1 � p � q by Lia-
punov’s inequality and for 0 � p � q by Markov’s+ The statistical properties of
the resulting estimators are obtained in the next section under the following set
of assumptions A1 and A2+

A1+ Assumptions on r~{!+

A1+1+ Let r :R r R be a convex real function, twice continuously differentiable,
with first derivative c and such that ~i! limur6`r~u!�`, ~ii! r~u!� r~�u!,
and ~iii! r~u! is nondecreasing for u � 0+

A1+2+ c :R r R is a bounded function, and there exists a constant m � 0 such that
c~u! � a � 0 for u � m+
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A2+Model Assumptions+ Given u� Q, define the sequence $ht~u!%t�n, where
ht~u! � c~Ut � u 'Xt !Xt for each t+ This sequence arises from the first-order
conditions, which outline the M-estimator of the regression coefficients, evalu-
ated in a neighborhood u 'Xt of the error term, given the model ~1!+ Let ht �
ht~0p!, ∀t � n, where 0p is a p-vector of zero+ The subscript t of these se-
quences indicates the dependency on the data $Zt % , and u could be dependent
on n, in which case it will be denoted by un+

A2+1+ Q � R
p is a compact and convex set+

A2+2+ t0 � P, provided that P has closure in ~0,1!+
A2+3+ $Zt � ~Yt , Xt

'!' %t�n is a random vector with domain in Z, L0-NED on a
strong mixing base $wt : t � + + + ,0,1, + + + % with constants dt � 1, where Z is a
Borel subset of R

p�1 defined on the probability space ~V,F,P !+ Let Fn �
n�1(1

n F~Zt !, such that $Fn%n�1 is tight on Z+
A2+4+ For some r � 2, $ht %t�n is a random vector sequence of mean zero, L2-NED

of size � 1
2
_ on a strong mixing base $wt : t � + + + ,0,1, + + + % of size �r0~r � 2!,

with constants dt � 1 and supt�n E7ht7r � `+
A2+5+ ∀u � Q, ht~u! is Borel measurable in Zt and _ht~u! � ]ht~u!0]u ' , continuous

in ~Zt ,u! � Z � Q by A1+1, satisfies that supt�n E @supu�Q7 _ht~u!71�«# � `,
for some « � 0+

A2+6+ There exists a b0 such that, for all b � b0, the smallest eigenvalues of the
positive matrices b�1(t�@nt0 #�1

@nt0 #�b _ht ~u! and b�1(t�@nt0 #�b
@nt0 # _ht ~u! are bounded

away from zero uniformly in u � Q+
A2+7+ The limnr` n�1(t�1

@nt# E @ _ht ~u!# exists uniformly in ~u,t! � Q�P and equals
tM~u! ∀~u,t! � Q � P, where M~u! � limnr` n�1(t�1

n E @ _ht ~u!# is a pos-
itive definite matrix ∀u � Q+ For notational convenience, define M � M~0p!+

A2+8+ ∀t � ~0,1!, limnr` var @n�102(t�1
@nt# ht # � tS, where S � limnr` �

var @n�102(t�1
n ht # is a finite and positive p � p matrix+

Assumptions A1 are standard in robust estimation+ The differentiability of r
allows one to solve ~5! from the first-order conditions; i+e+, we obtain

$ Zb1n~t!% � �b � Q : (
t�1

@nt#

ht ~b0t � b!� 0� ,
$ Zb2n~t!%� �b � Q : (

t�@nt#�1

n

ht ~b0t � b!� 0� ,
as estimators of

$b1~t!% � �b � Q : lim
nr`
(
t�1

@nt#

E @ht ~b0t � b!#� 0� ,
$b2~t!%� �b � Q : lim

nr`
(

t�@nt#�1

n

E @ht ~b0t � b!#� 0� , (7)

respectively, where b0t � b10 I ~t � @nt0# ! � b20 I ~t � @nt0# !+ For each t,
$ Zb1n~t!% and $ Zb2n~t!% define those subsets of Q where the objective function
in ~4! is minimized given the observed data+ Their convexity is guaranteed by
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the convexity of r+ Moreover, A1 assure that $b1~t!% and $b2~t!% will be non-
empty, convex, and compact sets+ If r were also strictly convex, these subsets
of Q would shrink to an unique point ~Huber, 1964!, and the estimation prob-
lem could be simplified+2 But this requirement rules out estimators like Hu-
ber’s, which could be of interest+ The same occurs with the condition of a
continuous second derivative of r, which we assume in A1+1+ Nevertheless, in
Proposition 1, which follows, we obtain a uniformly convergent smoothed ver-
sion of the Huber score function, which will prevent us from excluding this
type of estimator+ The rest of the requirements stated in A1 guarantee robust-
ness against heavy-tailed distributions of the error term+

The asymptotic properties of the parameter estimators are obtained assuming
convexity of the parametric space, in A2+1 and A2+2+ The latter also considers
the shift location far away of the interval extremes+ The change point is repre-
sented by @nt0# , such that each temporal segment increases proportionately with
the sample size+Assumptions A2+3 and A2+4 are standard requirements of weak
dependence outlined for this robust regression context+ These assumptions are
general enough to allow more primitive dependence conditions on both residu-
als and regressors, taking into account that certain transformations of NED se-
quences preserve this type of dependence structure ~see, e+g+, Davidson, 1994,
Sec+ 17+3!+ For simplicity and without loss of generality, we set the constants
$dt % to 1+ This could be relaxed to include trending moments, and the results
would be easy to obtain+ Assumption A2+5 is assumed because the break point
is estimated by a global search+Assumption A2+6 states that there must be enough
observations near the true break point so its identification could be possible+As-
sumptions A2+7 and A2+8 are standard requirements to obtain covariance sta-
tionary conditions for the asymptotic distribution of the estimated parameters+

PROPOSITION 1+ Given the Huber score function, c~t ! � ct min$6 t 60c,1%0
6 t 6 , for a suitable constant c, we obtain that the following sequence of twice
differentiable functions,

hn~t ! �







c, t � c �
1

2n p

�
n p

2
t 2 � n p�c �

1

2n p� t � � n pc2

2
�

c

2
�

1

8n p�, c �
1

2n p
� t � c �

1

2n p

t, 6 t 6 � c �
1

2n p

n p

2
t 2 � n p�c �

1

2n p� t � � n pc2

2
�

c

2
�

1

8n p�, �c � t � �c �
1

2n p

�c, t � �c �
1

2n p







,

converges to c~t ! uniformly in t, for p � 0 , a fixed c, and large n.

Thus, the asymptotic results derived for smooth c functions can apply to
Huber’s as in Bloomfield and Steiger ~1983, Theorem 2!, where LAD estima-
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tors are considered+ This is an alternative way to solve the problem with a non-
differentiable objective function, which has already been considered by others
such as Jurec̆ková and Sen ~1993!+ The latter outline this type of function as a
sum of three functions with different degrees of smoothing and study the as-
ymptotic behavior of each one+ Proposition 1 can be extended to another non-
differentiable functional+ The proof is omitted here to save space and can be
found in Fiteni ~1999!, available upon request+

Remark 4+ As pointed out earlier, the serial dependence conditions estab-
lished in A2+3 and A2+4 allow different forms of temporal dependence for the
dependent variable and0or the perturbance term, subject to suitable restric-
tions on their moments+ However, the stationarity requirements A2+7 and A2+8
rule out models with a structural change in the marginal distribution of the
regressors, which can be of interest+ For instance, the linear processes are ex-
cluded when the coefficients associated with the lagged dependent variables
are subject to change+ To see this, consider an AR~1! model with a structural
break, i+e+, Ut � Yt � r1Yt�1 I ~t � @nt0# !� r2Yt�1 I ~t � @nt0# ! and let $Ut % be
a scalar sequence i+i+d+ ~0,su

2!+ Note that the process $ht % will be L2-NED
on $Ut % if $c~Ut !% is L2-bounded and 6ri 6 � 1 for i � 1,2+3 Moreover,
we have that S � ~t0V1 � ~1 � t0!V2!, where Vi � E @c 2~Ut !#su

20~1 � ri
2!,

for i � 1,2+ But condition A2+8 does not hold+ In fact, we have that
limnr` var @n�102(t�1

@nt# c~Ut !Yt�1# � ~tV1 � ~t � t0!~V2 � V1!I ~t � t0!! �
tS; i+e+, the second moments matrix of the cumulated data does not grow lin-
early in this case, as assumed in the paper+ But, in general, this requirement
could easily be relaxed ~the same argument will apply for A2+7! supposing
that there also exists a shift in the second moments of the regressors at the
time @nt0# so that, for each t � P,

lim
nr`

var�n�102 (
t�1

@nt#

ht� � tS1 � ~t� t0 !~S2 � S1!I ~t � t0 !� S~t!, (8)

with S1 � limnr` var @~nt0 !
�102(t�1

@nt0 # ht # and S2 � limnr` var @~n � nt0 !
�102

(t�@nt0 #�1
n ht # , finite and positive matrices+ And the asymptotic results of Sec-

tion 3, which follows, could also apply considering that S � S~1!+

Finally, as pointed out in Remark 1, we study in the following proposition
the identification conditions of j0 that assure A0; see Rothenberg ~1971! regard-
ing the identification concept+

PROPOSITION 2+ Assume (1), A1.1, A1.2, A2.1–A2.5, and A2.7; then A0
holds. In particular,

(2.1) For each t , the parameters bj~t! , defined by (7), are obtained as

b1~t! � b10 � ~t0 � t!M1
�1 M~ Du2 !

'lI ~t� t0 !,

b2~t! � b20 � ~t0 � t!M2
�1 M~ Nu1!

'lI ~t� t0 !,
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where M1 � t0 M~ Du1!� ~t� t0!M~ Du2!,M2 � ~t0 � t!M~ Nu1!� ~1 � t0!M~ Nu2!,
Dui � Ddi ~b1~t! � bi 0! , and Nui � Ndi ~b2~t! � bi 0! , for i � 1,2 , such that

0 � Ddi , Ndi � 1 .
(2.2) There is no parameter vector ~b1

' ~t!,b2
' ~t!,t!' � Q � P observationally

equivalent to j0, which will be defined by (2) in A0.

Observe that, by ~2+1! in Proposition 2, when t equals the true change point
location, the parameter vector ~b1

' ~t!,b2
' ~t!!' coincides with the true regres-

sion coefficients ~b10
' ,b20

' !' + For the LS ~a particular case, with c~u! � u!,
it holds that M1

�1 M~ Du2 !
'l � t�1l and M2

�1 M~ Du1!
'l � ~1 � t!�1l, and

~b1
' ~t!,b2

' ~t!!' will be defined by means of certain linear combinations of the
true regression parameters, with weights depending on the relative position
between the points t and t0+4 The consistency property of the estimator Zjn

can be deduced straightforwardly from the preceding proposition+

3. ASYMPTOTIC PROPERTIES

To establish the asymptotic distribution of the estimators, first we need to de-
rive their rates of convergence+ These are obtained in Theorem 1, which follows+

THEOREM 1+ Under A1.1, A1.2, and A2.1–A2.7, it holds that

~ Zbjn � bj0 ! � Op� 1

Mn
�, for j � 1 and 2,

~ [tn � t0 ! � Op� 1

n7l72�+ (9)

The rate of convergence is inferred from the global behavior analysis of the
objective function Sn~j! over the whole parameter space+ To this end, observe
that the parameter estimator ~4! can also be defined as

Zjn � arg min
j�Q2�P

~Sn~j!� Sn~j0 !!, (10)

and we want to prove that ∀« � 0, ∃C � 0 such that

Pr ��7 Zb1n � b107 �
C

Mn
� � �7 Zb2n � b207 �

C

Mn
� � �7 [tn � t07 �

C

n7l72��
� 3«+ (11)

The upper bound of 3« is chosen only for notational convenience, and, without
loss of generality, it corresponds to one « for each of the three sets+ By the
definition of Zjn in ~10!, Sn~ Zjn! � Sn~j0! � 0, so the left side of ~11! will be
upper bounded by

Pr � inf
A�B�D

~Sn~j!� Sn~j0 !! � 0� � Pr � sup
A�B�D

~Sn~j0 !� Sn~j!! � 0�,
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where the sets A, B, and D are defined as follows:

A � �b1 � Q 0 7b1 � b107 �
C

Mn
� , (12)

B � �b2 � Q 0 7b2 � b207 �
C

Mn � , (13)

D � �t � P 0 7t� t07 �
C

n7l72 � + (14)

Thus, Theorem 1 is a consequence of the following result+

THEOREM 2+ Under A1.1, A1.2, and A2.1–A2.7, it holds that ∀« � 0 ,
∃C � 0 such that

Pr � sup
A�B�D

~Sn~j0 !� Sn~j!! � 0� � 3«,

where A, B, and D are defined in (12), (13), and (14), respectively.

The estimators of the regression coefficients are, as usual, Mn -consistent+
The rate of convergence corresponding to the break point estimator depends on
the magnitude of the shift, in such a way that the larger the break is, the easier
its identification will be+ This fact will also allow one to incorporate two stan-
dard settings for l: fixed and shrinking to zero as n increases+ For the latter, it
will be denoted by ln, such that 7ln7 r 0 with n7ln72 r `+ Then, from ~9!,
the rate of convergence of [tn is obtained to be Op~n�1! when the break is con-
stant and Op~n�17ln7�2! for a local change+ In both cases this estimator will
be consistent, however+

As viewed previously, Theorem 2 describes the global behavior of Sn~j! on
the whole parametric set Q2 � P+ In this context, the rate of convergence must
always be obtained before the asymptotic distribution, given that the arg min
functional used to define the location estimate is not continuous when the min-
imized function is defined on an unbounded set, and the continuous mapping
theorem would not follow+ But the limiting distribution can be obtained by study-
ing the local behavior of this objective function on a compact set determined
by Theorem 2+ Thus, bj , for j � 1 and 2, is constrained to be in an n�102 neigh-
borhood of the true parameter values, bj0, for j � 1 and 2, respectively, and a
similar comment applies to the shift point, in a neighborhood of t0 determined
by its rate of convergence+ This will allow us to reparametrize the objective
function ~10! in a suitable form as follows:

Ln~v! � Sn~j0 � ~n�102v1' , n�102v2' , n�1Pl v3 !' !� Sn~j0 !,

for v� ~v1' , v2' , v3 !' � VN � R
p � R

p � R, with VN � $v : 7vj7 � N, j � 1,2,3% ,
a compact set defined for an arbitrary constant N � 0+ Besides, Pl� O~7l7�2!,
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such that we will consider Pln
� O~7ln7�2! for the decreasing case or Pl � 1

for a constant l+ Thus,

bj � bj0 � n�102vj , for j � 1 and 2,

t � t0 � n�1Pl v3 +

The weak convergence result follows taking into account that Mn ~ Zbjn �
bj0! � [vj , for j � 1 and 2, and n~ [tn � t0! � Pl [v3, such that ~ [v1' , [v2' , [v3 !' �
arg minv�VN

Ln~v!, defined on a compact set for N � `+ This is obtained in
Theorem 3, which follows+

THEOREM 3+ Under A1.1, A1.2, and A2.1–A2.8, it holds that

(i) For the coefficient estimators,

�Mn ~ Zb1n � b10 !

Mn ~ Zb2n � b20 !
� d
&& M�1S 102�t0

�102 Zp 0p�p

0p�p ~1 � t0 !
�102Zp

� , (15)

where Zp represents the p-dimensional standard Gaussian vector and 0p�p is a
p � p-matrix of zeros.

(ii) Assuming ln r 0 with n7ln72 r ` ,

~ln
' Mln !

2

ln
' Sln

n~ [tn � t0 !n arg max
w

�W~w!�
1

2
6w6� , (16)

where W~{! represents an independent two-sided standard Brownian motion de-
fined in R .

(iii) Assuming l constant,

n~ [tn � t0 !n arg max
w

�l'W *~w!�
1

2
l'M~l!l 6w 6� , (17)

where W *~{! represents a process defined in Z , the integer set, such that

W *~w! � �
0, w � 0

(
t�w

�1

ht , w � �1,�2, + + +

(
t�1

w

ht , w � 1,2, + + + +
� (18)

(iv) The distribution of Mn ~~ Zb1n � b10!
', ~ Zb2n � b20!

'!' and that of n~ [tn � t0! are
asymptotically independent for the two cases of l .

Part ~i! of Theorem 3 asserts that the estimated regression parameters have a
standard limiting distribution, as if the true change point were known+ For the
shift estimator, we only obtain a free distribution under the assumption of l
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decreasing with n, in part ~ii!+ This is characterized by a two-sided Brownian
motion, defined as

W~w! � �W1~�w!, w � 0

W2~w!, w � 0� ,
with $W1~t ! : t � @0,`!% and $W2~t ! : t � @0,`!% being two independent stan-
dard Brownian processes+ The explicit form of the distribution in ~16! is given
by

F ~t ! �
1

2
�

1

M2p
M te�~108!t �

3

2
e tF��

3

2
M t�� � 1

2
t �

5

2�F��
1

2
M t�, (19)

for t � 0+ See, e+g+, Bai ~1994! or Hušková ~1997! and references therein+ It
can be easily seen that for this local change case, the asymptotic variance of
the shift estimator depends on the ratio

~ln
' Mln !

2

~ln
' Sln !

�
~ln
' M~F,c!ln !

2

~ln
' S~F,c!ln !

,

which again depends on the distribution F, defined in A2+3, and the score c
function, in A1+2+ The larger the ratio is, the smaller the asymptotic variance
will be+ Thus, for this regression case, the smallest variance corresponds to
c~Ut~u!! � f ~Ut~u!!

�1]f ~Ut~u!!0]u ' , where Ut~u! � ~Yt � u 'Xt !, u � Q, and
f ~{! denotes the density function of Ut~u!, inferred from the distribution F~Zt !+
If this density were unknown, we could develop an estimator of the optimal
score function that could be used as the proper score function+ Part ~iii! pro-
vides the limiting distribution of the break point estimator under a fixed mag-
nitude of shift+ If the right-hand side of ~17! were a set with more than one
element, the continuous mapping theorem would not hold+ But, as in Bai ~1995!,
the problem could be modified as follows+We redefine [tn as the smallest value
of the set of those elements holding ~6!+ Then, n~ [tn � t0! will converge weakly
to the distribution corresponding to the minimum value of the set determined
by the distribution in ~17!, which is uniquely defined+ However, this functional
central limit theorem is useless, because the limiting distribution is case depen-
dent+ Only for a known data distribution would it be possible to approach the
obtained asymptotic distribution by Monte Carlo simulation+

Finally, considering part ~i! of Theorem 3, we derive the asymptotic distri-
bution of the jump size M-estimator in the next corollary+

COROLLARY 1+ Under A1.1, A1.2, and A2.1–A2.8, it holds that

Mn ~ Zln � l! d
&& ~t0~1 � t0 !!

�102M�1S 102Zp +

360 INMACULADA FITENI

https://doi.org/10.1017/S0266466602182065 Published online by Cambridge University Press

https://doi.org/10.1017/S0266466602182065


The results corresponding to the scale invariant version of the parameter es-
timators, described in Remark 3, are summarized in Corollary 2, which fol-
lows+ We also make the following assumptions+

A3+

~i! supt 6E @sups�0 c~s
�1Ut !6Ft

x#6 � 0, where Ft
x � s~X�`, + + + , Xt !+

~ii! supt7Xt72 � `+
~iii! lim

nr`
n�1(t�1

n�1(m�1
n�t 7Xt Xt�m71 � `+

COROLLARY 2+ Under Assumptions A1.1, A1.2, A2.1–A2.8, and A3 the
results of Theorem 3 apply to the scale invariant estimator considered in Re-
mark 3.

Note that Assumption A3~i! is quite restrictive+ For instance, if we consider
both regressors and error i+i+d+ and mutually independent, this condition will
remain true if and only if we assume symmetry of the error distribution, taking
into account Assumptions A1+ It would be possible to develop asymptotic re-
sults along the lines of Huber ~1982!, which hold whether or not the errors are
symmetric, but this would yield a rather unwieldy asymptotic distribution and
is beyond the scope of this paper+ Sufficient conditions for A3~iii! to hold can
be found in Davidson ~1994, p+ 482!+5

The limiting distribution in Theorem 3 has been obtained under general con-
ditions of weak dependence for the data+ However, two specific cases are worth
mentioning+ The first case concerns i+i+d+ observations, and it could be consid-
ered a particular case of the previous one+ The second one allows for trending
regressors and weakly dependent perturbations+ Both cases are outlined sub-
sequently, by Assumptions A4 and A5, respectively+

A4+ Let $~Xt
' ,Ut !

' %t�n be a sequence of i+i+d+ random vectors, mutually inde-
pendent, and D � E @Xt Xt

'# a nonsingular matrix+

A5+ Let $Xt � g~t0n!%t�n, where g is a bounded and continuously differen-
tiable vector valued function on @0,1!+ The sequence $c~Ut !%t�n satisfies the
same requirements of $ht %t�n in A2+4 and it holds that

A5+1+ Uniformly in ~u,t! � Q � P, limnr` n�1(t�1
@nt# E @ĉ~Ut � u 'Xt !g~t0n! �

g~t0n!'# � M~u,t!, a positive definite matrix ∀~u,t! � Q � P+ Let m~c! �
limnr` n�1(t�1

n E @ĉ~Ut !# +
A5+2+ Uniformly in t � ~0,1!, we assume that limnr` var @n�102(t�1

@nt# c~Ut !# �
ts~c!, where s~c! � limnr` var @n�102(t�1

n c~Ut !# , finite and positive+

Proposition 3, which follows, provides a functional central limit theorem for
the shift point estimator under these two new sets of conditions+ Equivalent
results can also be obtained for the estimated regression parameters, but they
will not presented here to save space+ Interested readers are referred to Fiteni
~1998!+
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PROPOSITION 3+ Under A1.1, A1.2, A2.1, A2.2, A2.6, and ln r 0 with
n7ln72 r ` , we have that

3.1. Assuming A4, ~ln
' Dln !n~ [tn � t0! n cc arg maxv$W~v! � 1

2
_ 6v6% , with cc �

E @c 2~Ut !#E @ĉ~Ut !#
�2 .

3.2. Assuming A5, ~ln
' g~t0 !g~t0 !

'ln !n~ [tn � t0! n Icc arg maxv$W~v! � 1
2
_ 6v6% , with

Icc � s~c!m~c!�2 .

The results in this section allow us to make inferences about the model
parameters+ But we need to obtain consistent estimates of two matrices,
M, defined in A2+7, and S, defined in A2+8+ Regarding the first one, we pro-
pose to use ~ ZM1 � ZM2!, such that ZM1 � n�1(1

@n [t# ĉ~Yt � Zb1n
' Xt !Xt Xt

' and
ZM2 � n�1(@n [t#�1

n ĉ~Yt � Zb2n
' Xt !Xt Xt

'+ When serial correlation is present, the
second one can be consistently estimated by ~ ZS1 � ZS2!, using a kernel-based
method for the partial covariance estimators ZSj , for j � 1 ~with the data from
1 to @n [t#! and j � 2 ~with the data from @n [t# to n!+ This method was pro-
posed and discussed by Andrews ~1991, 1993! in a similar context+ The con-
sistency proof of the preceding matrix estimators is detailed by Fiteni ~1999!+

4. MONTE CARLO EXPERIMENTS

In this section, simulations are performed to verify some theoretical properties
of the change point estimator for a finite sample situation+ Under different dis-
tributional scenarios for the error term, we compare the performance of LS,
LAD, and Huber estimators+ The first is the most efficient estimator under nor-
mality; the second is the most robust; and the third one is an intermediate so-
lution between them, providing a compromise between efficiency and robustness+
We compare the estimators in terms of bias and mean square error ~MSE!+ We
also estimate their tail probabilities, obtaining the proportion of times that the
estimate is found outside the asymptotic confidence intervals at different con-
fidence levels+

Data are generated according to the following model:

Yt � 1 � Xt � ln I ~t0n � t0 !� ut , t � 1, + + + , n,

where t0 � 0+5, xt ; i+i+d+N~0,1! and ut ; i+i+d+F~u!, with F generated as a
standard normal, double exponential, t3, t5, and two contaminated standard nor-
mal distributions+ The latter will mimic the effects of 10% and 25% outliers by
taking the respective percentages on observations from N~0,32! and the others
from N~0,1!+ These will be denoted by N90, and N 75 respectively+ The error
term is standardized to get a variance equal to one for all cases+ For the estima-
tion of the tail probability, we consider the asymptotic distribution obtained in
Theorem 3~ii!+We suppose that the size of the shift is decreasing with the sam-
ple size, at a rate such that n7ln72 r `, considering those values of ln that
satisfy n1�d7ln72 � O~1!, for d � ~0,1!+ In this simulation study, we have set
d � 1

2
_ and, then, 7ln7 � O~n�104!+ Thus, for n � 100, 200, and 500, the con-

sidered values of ln are 2+1892, 2+0, and 1+79527, respectively+ We have fixed
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ln � 2 for n � 200, and the values corresponding to the other sample sizes
have been obtaining according to this+

For each type of distribution F~u!, 5,000 replications are performed and LS,
LAD, and Huber estimators are obtained to compare them under these different
scenarios+ The computed Huber estimator is scale invariant, considering the
MAD as the scale estimator ~in Remark 3!, and the corresponding constant c
equals 1+345, according to the minimax version ~see Huber, 1982!+ The pro-
grams are written in FORTRAN90 Double Precision, and the IMSL routines
were used for the random number generation+ We have applied the algorithm
designs proposed by Koenker and D’Orey ~1987! for the LAD estimation and
those proposed by Huber and Dutter ~1974!, Dutter ~1975!, and Huber ~1977!
for the Huber estimator+ Tables 1 and 2 show the results+

As regards the point estimation performance, the results are as expected in
terms of MSE+ In the standard normal case, LS is the best estimator for all n+

Table 1. Bias and mean squared error for LS, LAD, and Huber estimators of
the structural break pointa

Point Estimation n � 100 n � 200 n � 500

Model Estimator Bias MSE Bias MSE Bias MSE

LS 0+292 2+252 0+418 0+426 0+656 0+312
N~0,1! LAD 0+390 3+819 0+379 0+738 0+544 0+593

Huber 0+180 2+395 0+418 0+453 0+583 0+356

LS �0+364 2+166 �0+062 0+900 �0+037 0+318
1
2
_ exp~6u 6! LAD �0+018 0+987 �0+005 0+351 �0+173 0+138

Huber �0+026 2+166 �0+058 0+534 �0+273 0+198

LS �1+544 2+972 �0+144 1+527 0+042 0+443
t3 LAD �0+306 0+590 �0+084 0+263 0+229 0+089

Huber �0+474 0+653 0+084 0+307 0+192 0+104

LS �1+000 2+119 �0+189 0+954 0+214 0+311
t5 LAD �0+246 1+610 �0+065 0+669 0+359 0+254

Huber �0+136 1+283 0+114 0+527 0+296 0+237

LS �0+156 1+943 �0+525 0+958 �0+028 0+326
N90 LAD �0+070 1+339 �0+085 0+621 �0+014 0+217

Huber �0+184 1+099 0+027 0+535 �0+025 0+160

LS 0+820 2+039 �0+267 0+949 �0+005 0+032
N 75 LAD �0+384 0+777 �0+144 0+362 �0+067 0+012

Huber �0+122 1+013 �0+228 0+447 �0+012 0+014

aBased on 5,000 replications of the model Yt � 1 � Xt � ln I ~t0n � t0!� ut , with t � 1, + + + , n and n � 100, 200,
and 500, such that ln � 2+189, 2+0, and 1+795, respectively+ Several distributional scenarios for ut are considered:
standard normal, double exponential, t3, t5, and two mixed standard normal distribution, N90 and N 75, with 10%
and 25% of a normal distribution with variance equal to 9, respectively+ The values corresponding to bias and
MSE must be divided by 103 +
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Table 2. Interval estimation for LS, LAD, and Huber estimators of the structural break pointa

Interval Estimation n � 100 n � 200 n � 500

Model Estimator a � 0+1 a � 0+05 a � 0+01 a � 0+1 a � 0+05 a � 0+01 a � 0+1 a � 0+05 a � 0+01

LS 0+158 0+091 0+036 0+130 0+074 0+018 0+121 0+065 0+016
N~0,1! LAD 0+120 0+073 0+026 0+088 0+044 0+009 0+088 0+046 0+009

Huber 0+157 0+096 0+037 0+127 0+073 0+018 0+122 0+067 0+016

LS 0+145 0+093 0+031 0+125 0+070 0+022 0+114 0+062 0+018
1
2
_ exp~6u 6! LAD 0+068 0+034 0+007 0+056 0+028 0+004 0+067 0+030 0+006

Huber 0+148 0+086 0+026 0+118 0+067 0+018 0+114 0+061 0+016

LS 0+149 0+087 0+032 0+125 0+075 0+025 0+111 0+064 0+016
t3 LAD 0+052 0+021 0+004 0+058 0+022 0+003 0+057 0+024 0+004

Huber 0+140 0+078 0+02 0+119 0+067 0+016 0+115 0+062 0+014

LS 0+144 0+084 0+027 0+127 0+071 0+018 0+116 0+063 0+016
t5 LAD 0+079 0+038 0+012 0+066 0+034 0+008 0+071 0+032 0+006

Huber 0+138 0+080 0+023 0+126 0+067 0+017 0+116 0+064 0+018

LS 0+140 0+081 0+029 0+136 0+080 0+021 0+114 0+066 0+015
N90 LAD 0+076 0+039 0+009 0+078 0+034 0+006 0+070 0+034 0+005

Huber 0+144 0+084 0+026 0+135 0+078 0+023 0+113 0+061 0+016

LS 0+147 0+085 0+032 0+133 0+077 0+021 0+111 0+065 0+018
N 75 LAD 0+061 0+094 0+064 0+064 0+030 0+005 0+061 0+028 0+003

Huber 0+151 0+084 0+028 0+133 0+075 0+021 0+113 0+062 0+015

aBased on 5,000 replications of the model Yt � 1 � Xt � ln I ~t0n � t0!� ut , with t � 1, + + + , n and n � 100, 200, and 500, such that ln � 2+189, 2+0, and 1+795, respectively+ Several
distributional scenarios for ut are considered: standard normal, double exponential, t3, t5, and two mixed standard normal distribution, N90 and N 75, with 10% and 25% of a normal
distribution with variance equal to 9, respectively+

3
6

4
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Similarly, the LAD estimator presents the least MSE under the double expo-
nential distribution+ With the mixed and t-distributions, the LS estimator per-
forms comparatively rather badly, whereas the other ones have a very close
behavior+ The Huber estimator performs better than the LAD estimator with
the distributions t5 and N90 and all the sample sizes+ The counterpart is ob-
tained with the more contaminated distributions, t3 and N 75, although the dif-
ference is not very meaningful+

We also report the proportion of times that the estimators fall outside the
asymptotic confidence intervals constructed from the asymptotic distribution
~16!, where the standard errors are estimated as indicated in the last paragraph
of Section 3+ The asymptotic critical values ca, are equal to 7+69, 11+035, and
19+78 for a� 0+1, 0+05, and 0+01, respectively+ Inspecting Table 2, we can ob-
serve that the LAD estimator underestimates the tail probabilities in all the dis-
tributional scenarios, and this feature remains so for the largest sample size+6

Otherwise, LS and Huber estimators approximate the probabilities rather well,
obtaining a good result for n � 500+

Finally, it is worth mentioning that, in this simulation study, we have as-
sumed a decreasing shift and we have compared the estimated probabilities with
respect to the asymptotic distribution of the break estimator only for this case,
which, as we know, is distribution free+ For illustrative purposes, it could be of
interest to compare them with the asymptotic distribution under the assumption
of a constant shift, as we can see in Bai ~1994! for the LAD estimator+ In fact,
Bai concludes that the approximation for this case is better than for the first
one+ However, doing so implies assuming that the data generating process is
perfectly known, which is not suitable in practice+ We have also considered
other designs, which are not reported here, allowing a change in the slope of
the model, the break date to be n04 and 3n04, and a certain degree of depen-
dency for the error term+ The results do not change in a significant way+ For the
last case, larger samples are needed+

NOTES

1+ Although the analysis of this paper is carried out in terms of a pure structural change model,
such that each component of l is nonzero, the argument can be extended to a partial structural
change model without essential difficulty+ The difference between them is a matter of efficiency,
given that the second model incorporates ~with respect to the first one! additional null restrictions
about some components of l+

2+ Otherwise, the partial coefficient estimators will be defined as the minimum values of the
corresponding subsets $ Zb1n~t!% and $ Zb2n~t!% , respectively+

3+ $Yt % is an L2-NED process on $Ut % with vm � (j�m�1
` 6r1

j 6 � 6r2
j 6 and dt � 2sups�t7Ut72+

Clearly, vm is of size �q0 if 6r1
j 6 � 6r2

j 6 � O~ j�1�q! for q � q0+ Then, $Yt�j % will be an L2-NED
with vm' � v0 I ~m � j ! � vm�j I ~m � j ! of size �q0 and constants dt

' � 2dt�j + Finally, observe that

7ht � E @ht 6Ft�m
t�m#72 � sup

t
7c~Ut !727Yt�1 � E @Yt�16Ft�m

t�m#72 ,

where Ft�m
t�m � s~Ut�m, + + + ,Ut�m!+
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4+ In fact, this result will be obtained whenever the matrix M~u! has a constant value for all
u � Q+

5+ I am very grateful to D+W+K+ Andrews for bringing this point to my attention with very use-
ful comments+

6+ Although not reported here, the LAD estimator was also obtained considering greater sam-
ples, e+g+, n � 1,000, and the approximation of the tail probabilities was really good+ The previ-
ously mentioned problems, with smaller samples, can be due to the nonparametric estimation of
the density function that involves the covariance estimation of the LAD estimator+
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APPENDIX

We shall consider the case of t � t0, without loss of generality because of symmetry+
Limits are taken as n, the sample size, increases to infinity+ For notational convenience,
we establish that @nt# � k and @nt0# � k0, and (t�i

j will be denoted by (i
j + The sub-

script n of the estimators will be omitted+

Proof of Proposition 2.

Proof of (2.1). Applying the mean value theorem ~MVT! to ~7!,

0p
' � ~b1~t!� b10 !

'tM~ Du1!, (A.1)

0p
' � ~b2~t!� b10 !

'~t0 � t!M~ Nu1!� ~b2~t!� b20 !
'~1 � t0 !M~ Nu2 !, (A.2)

for any t � P and large n, by Assumptions A1+1, A1+2, A2+1–A2+5, and A2+7 and
Lemma 1 ~Lemmas 1– 6 appear at the end of this Appendix!, where Du1 � Dd1~b1~t!� b10!
and Nui � Ndi~b2~t!� bi0!, for i � 1,2, such that 0 � Dd1, Ndi � 1+ By A2+7, M~u! has full
rank for all u � Q, and then ~A+1! and ~A+2! will be satisfied if and only if

b1~t! � b10 ,

b2~t! � M2
�1~~t0 � t!M~ Nu1!

'b10 � ~1 � t0 !M~ Nu2 !
'b20 !, (A.3)
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given that M2 is nonsingular+ By adding and subtracting ~t0 � t!M2
�1 M~ Nu1!

'b20 on
the right side of ~A+3!, we establish the result+ The case of t� t0 is obtained by symmetry+

�

Proof of (2.2). Applying the MVT to the objective function ~2!,

lim
nr`

E @Sn # � lim
nr`

1

n (t�1

n

E @ r~Ut !#� ~b2~t!� b10 !
'~t0 � t!M~ Nu1!~b2~t!� b10 !

� ~b2~t!� b20 !
'~1 � t0 !M~ Nu2 !~b2~t!� b20 !,

by Assumptions A1+1, A1+2, A2+1–A2+5, and A2+7 and Lemma 1, with Nuj , j � 1,2,
defined as previously+ By A2+7, it holds that ∀t � t0, the second and third terms of
the preceding equation are no less than zero, and at least one of them will be strictly
positive+ Both terms will be equal to zero only for t0 + Thus, we identify t0 as
arg mint�P limnr`E @Sn~t!# , with the objective function concentrated in t+ By ~2+1!,
the identification of t0 implies the identification of the regression parameter vector j0,
defined by ~1!+ �

Proof of Theorem 2. This theorem follows from Propositions 4–18, stated at the
end of this proof+ We deal simultaneously with both fixed and shrinking shifts, which
will be distinguished only when needed+ We want to prove that

Pr � sup
A�B�D

~Sn~j0 !� Sn~j!! � 0� � 3«+ (A.4)

From the definition of Sn~j!, it holds that

Sn~j0 !� Sn~j! �
1

n (t�1

k0

r~Yt � b10
' Xt !�

1

n (t�k0�1

n

r~Yt � b20
' Xt ! (A.5)

�
1

n (t�1

k0

r~Yt � b1
' Xt !�

1

n (t�k0�1

n

r~Yt � b2
' Xt ! (A.6)

�
1

n (t�k�1

k0

r~Yt � b1
' Xt !�

1

n (t�k�1

k0

r~Yt � b2
' Xt !+ (A.7)

By A1+1 and the MVT, ~A+5! � ~A+6! is equal to

�~b10 � b1!
'

1

n (t�1

k0

ht �
1

2
~b10 � b1!

'
1

n (t�1

k0

_ht ~d1~b10 � b1!!~b10 � b1!

� ~b20 � b2 !
'

1

n (t�k0�1

n

ht �
1

2
~b20 � b2 !

'
1

n (t�k0�1

n

_ht ~d2~b20 � b2 !!~b20 � b2 !,
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such that 0 � d1, d2 � 1 and _ht ~u! � ]ht ~u!0]u ' + Next, by adding and subtracting
n�1(k�1

k0 r~ut !, we obtain that ~A+7! is equal to

~b10 � b1!
'

1

n (t�k�1

k0

ht �
1

2
~b10 � b1!

'
1

n (t�k�1

k0

_ht ~d3~b10 � b1!!~b10 � b1!

� ~b10 � b2 !
'

1

n (t�k�1

k0

ht �
1

2
~b10 � b2 !

'
1

n (t�k�1

k0

_ht ~d4~b10 � b2 !!~b10 � b2 !,

(A.8)

by the MVT, where 0 � d3,d4 � 1+ Next, define Mn~ j, l,u! � n�1(j�1
l _ht ~u! and

Nn~ j, l ! � n�1(j�1
l ht + Gathering ~A+5!–~A+7! and arranging terms, we have that

Sn~j0! � Sn~j! is equal to

�
1

2
~b10 � b1!

'Mn~0, k,d1~b10 � b1!!~b10 � b1!� ~b10 � b1!
'Nn~0, k! (A.9)

�
1

2
~b20 � b2 !

'Mn~k0 , n,d2~b20 � b2 !!~b20 � b2 !� ~b20 � b2 !
'Nn~k0 , n! (A.10)

� 2� 1

2
l' �

1

2
~b20 � b2 !

'�Mn~k, k0 ,d4~b10 � b2 !!� 1

2
l�

1

2
~b20 � b2 !� (A.11)

� ~l' � ~b20 � b2 !
' !Nn~k, k0 !, (A.12)

taking into account that ~b10 � b2! � l � ~b20 � b2!+ Finally, observe that the param-
eter space

A � B � D � @~A � B! � D# � @~A � B! � PD# � @~A � B! � D#

� G1 � G2 � G3 , (A.13)

a union of disjoint sets, where OE denotes the complementary set of E+ Then, the left side
of ~A+4! is upper bounded by

Pr�sup
G1

~Sn~j0 !� Sn~j!! � 0� � Pr�sup
G2

~Sn~j0 !� Sn~j!! � 0�
� Pr�sup

G3

~Sn~j0 !� Sn~j!! � 0� ,
with ~Sn~j0! � Sn~j!! defined by ~A+9!–~A+12!+ Thus, it suffices to show that each of
the terms composing the preceding expression is bounded by « for both C and n large
enough+ This is obtained subsequently+
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First Case ~G1 � @~A � B! � D# !+ To bound the probability ~A+4! restricted to this
parametric set, we need to consider the following possible cases of b2:

~b20 � b2 ! � �l : �(b.1) F1 � $~b20 � b2 !� �l,7b20 � b27 � C0Mn %+

(b.2) F2 � $~b20 � b2 !� �l,7b20 � b27 � C0Mn %+

~b20 � b2 ! � �l : �(b.3) F3 � $~b20 � b2 !� �l,7b20 � b27 � C0Mn %+

(b.4) F4 � $~b20 � b2 !� �l,7b20 � b27 � C0Mn %+

Observe that ~A � B! implies 7b1 � b107 � C0Mn and0or 7b2 � b207 � C0Mn +
First, consider 7b1 � b107 � C0Mn ; then we have B � D, because of G1+ In this para-
metric subset, the probability ~A+4! will be upper bounded by

Pr � sup
NA�B
@~A+9!� ~A+10!# � 0� � Pr � sup

B�D
@~A+11!� ~A+12!# � 0� ,

where the first term is asymptotically negligible by Proposition 10+ Because B �
F1 � F3, a union of disjoint sets, an upper bound for the second term is given by

Pr� sup
F1�D

@~A+11!� ~A+12!# � 0� � Pr� sup
F3�D

@~A+11!� ~A+12!# � 0� , (A.14)

which tends to zero for large enough C, by Propositions 11 and 12+ Next, we assume
that 7b1 � b107 � C0Mn , so that it may happen that B � D or OB � D+ First, consider
A � B � D, a subset of G1 for which the probability ~A+4! will be less than or equal to

Pr �sup
A
~A+9! � 0� � Pr �sup

B
~A+10! � 0� � Pr � sup

B�D
@~A+11!� ~A+12!# � 0� +

First and second terms converge to zero for large enough C by Propositions 7 and 8,
respectively, similar to the third one, bounded by ~A+14! as in the previous case+ Finally,
it remains to consider the parametric subset A � OB � D+ Observe that OB � F2 � F4,
where F2 � F4 � �, and then ~A+4! will be bounded by

Pr� sup
A� OB
@~A+9!� ~A+10!# � 0� � Pr� sup

F2�D
@~A+11!� ~A+12!# � 0�

� Pr� sup
F4�D

@~A+11!� ~A+12!# � 0� ,
which converges to zero by Propositions 9, 13, and 14+

Second Case ~G2 � @~A � B! � PD# !+ Proceeding as before, if NA holds, then we have
B � PD because of G2+ In this case we obtain that the probability ~A+4! converges to zero
by Proposition 16+ Next, if A occurs then we have B � PD or OB � PD+ In the first case,
~A+4! is bounded by

Pr �sup
A
~A+9! � 0� � Pr � sup

B� PD
@~A+10!� ~A+11!� ~A+12!# � 0� ,

and the involved terms converge to zero by Propositions 7 and 15+ In the second case,
i+e+, A � OB � PD, ~A+4! will be asymptotically negligible by Proposition 17+
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Third Case ~G3 � @ NA � OB � D# !+ In this parametric subset, the probability ~A+4!
converges to zero by Proposition 18+

Theorem 2 follows from Propositions 4–18, which appear subsequently+ They are
obtained under Assumptions A1+1, A1+2, and A2+1–A2+8+ To simplify the exposition,
and taking into account ~A+9!–~A+12!, we denote

M1n � Mn~0, k,u1!,

M2n � Mn~k0 , n,u2 !,

M4n � Mn~k, k0 ,u4 !,

N1n � Nn~0, k!,

N2n � Nn~k0 , n!,

N4n � Nn~k, k0 !+

(A.15)

where

u1 � d1~b10 � b1!� d3~b10 � b1!, u2 � d2~b20 � b2 !,

and u4 � d4~b10 � b2 !+ (A.16)

PROPOSITION 4+ Uniformly in t � ~0,1! , it holds that

M1n � tM~u1!� op~1!, M2n � ~1 � t0 !M~u2 !� op~1!, and

M4n � ~t0 � t!M~u4 !� op~1!,

where Min and ui , for i � 1 , 2 , and 4 , are given by (A.15) and (A.16) and M~{! is de-
fined by A2.7.

Proof. Under A2+1,

sup
t�P

7M1n � tM~u1!7 � sup
t�P

sup
u�Q

		1

n (t�1

@nt#

_ht ~u!� tM~u!		r 0,

by Lemma 1+ The remaining results are established similarly+ �

PROPOSITION 5+ ∀a � R
p and t � ~0,1! , it holds that

Mna 'N1nn ~a
'Sa!102B~t!, Mna 'N2nn ~a

'Sa!102B~1 � t0 !, and

Mna 'N4nn ~a
'Sa!102B~t0 � t!,

where Nin is defined in (A.15) for i � 1, 2 , and 4 and B~{! is a p-vector of independent
Brownian motion processes in @0,1# .

Proof. Lemma 4 and the continuous mapping theorem yield the result+ �

PROPOSITION 6+ Let M~u! be a matrix defined ∀u � Q by A2.7, with eigenvalues
aj~u! , j � 1, + + + , p. Then ∀g � R

p , it holds that g 'M~u!g � q~u!7g72 � 0 , where
q~u! � minj$aj~u!% .

Proof. By A2+7, M~u! is a p � p finite and positive definite matrix for each u � Q+
Hence, the Courant theorem yields

g 'M~u!g � inf
g
� g 'M~u!g

g 'g
� g 'g� min

j
$aj ~u!%7g72 � 0+ �
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PROPOSITION 7+ Given the event $E1% � �sup
A
~A+9! � 0� , it holds that, for large

n, Pr $E1% � « for C large enough.

Proof. Observe that, for large n, $E1% implies the event

�sup
A

	 ~b10 � b1!
'MnN1n

7b10 � b17 	 � inf
A

Mn 7~t1 M~u1!!
102~b10 � b1!72

7b10 � b17
� , (A.17)

from Proposition 4 and A2+7, where t1 � inf $t : t � P% � 0+ Proposition 6 yields

�sup
A

	 ~b10 � b1!
'MnN1n

7b10 � b17 	 � t1 q1Mn inf
A
7b10 � b17� ,

where q1 is the smallest eigenvalue of M~u1!+ Hence, we obtain that Pr $E1% will be
upper bounded by

Pr�sup
A

	 ~b10 � b1!
'MnN1n

7b10 � b17 	 � t1 q1 C� � O� 1

C 2�,
for large n, by Lemma 5+ From here the conclusion is standard because C can be arbi-
trarily large+ �

PROPOSITION 8+ Given the event $E2%� �sup
B
~A+10! � 0� , it holds that, for large

n, Pr $E2% � « for C large enough.

Proof. By Propositions 4 and 5 and Lemma 6, the result follows as in Proposi-
tion 7+ �

PROPOSITION 9+ Given the event $E3% � � sup
A� OB
@~A+9!� ~A+10!# � 0� , it holds

that, for large n, Pr $E3% � « for C large enough.

Proof. Because in the subset OB, ~b20 � b2!� Op~n�102!, we have M2n � Op~1! and
MnN2n � Op~1! by Propositions 4 and 5, respectively+ Then, we prove the result as in
Proposition 7+ �

PROPOSITION 10+ Given the event $E4% � � sup
NA�B
@~A+9!� ~A+10!# � 0� , it holds

that, for large n, Pr $E4% � « for large enough C.

Proof. Using Propositions 4 and 5, the result follows as in Proposition 9+ �

PROPOSITION 11+ Given the event $E6% � � sup
F1�D

@~A+11!� ~A+12!# � 0� , it holds

that, for large n, Pr $E6% � « for C large enough.

Proof. Let q4n be the least eigenvalue of nM4n0~k0 � k!, a finite and positive definite
matrix by A2+6+ Then, $E6% will imply that

� sup
F1�D

	 l
' � ~b20 � b2 !

'

7l� ~b20 � b2 !7

nN4n

~k0 � k! 	 � inf
F1�D 	 q4n

2

7l� ~b20 � b2 !72

7l7� 7b20 � b27 	� + (A.18)
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In F1, ~b20 � b2! � �l, and given l � 0, it holds that

7l� ~b20 � b2 !72 � 7b20 � b272 � 7l72 � ~7b20 � b27� 7l7!~7b20 � b27� 7l7!+

(A.19)

Hence, by Lemma 3, there exists K � ` such that

Pr $E6 % � K� Cq4n
2

47l72 �C 102

Mn
� 7l7�2��1

� O� 1

C
�,

for large n, an o~1! term for arbitrarily large C+ �

PROPOSITION 12+ Given the event $E7% � � sup
F3�D

@~A+11!� ~A+12!# � 0� , it holds

that, for large n, Pr $E7% � « for C large enough.

Proof. In F3, ~b20 � b2! � �l and noting that ~b20 � b2! � 0, we have

7l� ~b20 � b2 !72 � 7l72 � 7b20 � b272 � ~7l7� 7b20 � b27!~7l7� 7b20 � b27!+

(A.20)

Using similar arguments as in proving Proposition 11, we obtain that, by Lemma 3,
there exists a constant K � ` such that

Pr $E7 % � K� Cq4n
2

47l72 �7l7� C 102

Mn
�2��1

� O� 1

C
�,

for large n+ The result follows from standard arguments+ �

PROPOSITION 13+ Given the event $E8% � � sup
F2�D

@~A+11!� ~A+12!# � 0� , it holds

that, for large n, Pr $E8% � « for C large enough.

Proof. As in Proposition 11, given F2, the event $E8% will imply

� sup
F2�D

	 ~l
' � ~b20 � b2 !

' !nN4n

7l7~k0 � k! 	 � inf
F2�D

q4n7l� ~b20 � b2 !72

27l7 � ,
by A2+6 and using ~A+19!+ In the subset D, from Lemma 3, it follows that, for a constant
K � `, Pr $E8% will be upper bounded by

K� Cq4n
2

47l72 �Op~n�1 !� 7l72

7l7 �2��1

� K�Cq4n
2

4
~Op~n�1 7l7�2 !� 1!2��1

� O� 1

C
�,

for large n+ Standard arguments imply the result+ �
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PROPOSITION 14+ Given the event $E9% � � sup
F4�D

@~A+11!� ~A+12!# � 0� , it holds

that, for large n, Pr $E9% � « for C large enough.

Proof. The proof follows by A2+6, Lemma 3, and ~A+20! using similar arguments to
those of Proposition 13+ �

PROPOSITION 15+ Given the event $E10%� � sup
B� PD

@~A+10!� ~A+11!� ~A+12!# � 0� ,

it holds that, for large n, Pr $E10% � « for large enough C.

Proof. Observe that $E10% implies the event

� sup
B� PD


 ~b20 � b2 !
'MnN2n

7b20 � b27
�
l' � ~b20 � b2 !

'MnN4n

7b20 � b27

�
Mn ~b20 � b2 !

'M2n~b20 � b2 !

27b20 � b27

�

2Mn� 1

2
l' �

1

2
~b20 � b2 !

'�M4n� 1

2
l�

1

2
~b20 � b2 !�

7b20 � b27
� � 0� + (A.21)

In the subset PD, it holds that 6t� t06 � C0~n7l72!, and therefore, ∀a � R
P , a 'M4na�

Op~n�17l7�27a72!, and Mna 'N4n � Op~n�1027l7�17a7!, by Propositions 4 and 5 and
Markov’s inequality+ Thus, by A2+6,A2+7, and Proposition 6, ~A+21! will imply the event

�sup
B

	 ~b20 � b2 !
'

7b20 � b27
MnN2n � op~1!	 � inf

B 	Mn 7b20 � b27�~1 � t0 !q2 � Op� 1

C 2 �
1

n7l72��	� ,
and then, for large n, we obtain that Pr $E10% will be less than or equal to

Pr�sup
B

	 ~b20 � b2 !
'

7b20 � b27
MnN2n	 � C�~1 � t0 !q2 � Op� 1

C 2��� � O� 1

C 2�,
from Lemma 5+ Standard arguments conclude the proof+ �

PROPOSITION 16+ Given the event $E11% � � sup
NA�B� PD

@~A+9!� ~A+10!� ~A+11!

� ~A+12!# � 0� , it holds that, for large n, Pr $E11% � « for large enough C.

Proof. Given NA, ~b10 � b1! � Op~n�102! and then M1n � Op~1! and MnN1n �
Op~1! by Propositions 4 and 5, respectively+ Hence, the preceding event will imply that
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� sup
B� PD

� ~b20 � b2 !
'

7b20 � b27
MnN2n �

l' � ~b20 � b2 !
'

7b20 � b27
MnN4n

�
Mn ~b20 � b2 !

'M2n~b20 � b2 !

27b20 � b27

�

2Mn� 1

2
l' �

1

2
~b20 � b2 !

'�M4n� 1

2
l�

1

2
~b20 � b2 !�

7b20 � b27

�
Op~n�102 !

7b20 � b27
� � 0� +

Because Op~n�102!07b20 � b27 � Op~10C! in the subset B, the result follows as in
Proposition 15+ �

PROPOSITION 17+ Given the event $E12% � � sup
A� OB� PD

@~A+9!� ~A+10!� ~A+11!

� ~A+12!# � 0� , it holds that, for large n, Pr $E12% � « for large enough C.

Proof. By Propositions 4 and 5, the result follows as in Proposition 16+ �

PROPOSITION 18+ Given the event $E13% � � sup
NA� OB�D

@~A+9!� ~A+10!� ~A+11!

� ~A+12!# � 0� , it holds that, for large n, Pr $E12% � « for large enough C.

Proof. Proposition 5 yields sup NA� OB�D~7l7~k0 � k!!�1~bj0 � bj !
'nNjn � Op~C�1!,

for j � 1,2 and $E13% this will imply that

� sup
OB�D


 ~l' � ~b20 � b2 !
' !nN4n

7l7~k0 � k!
�

2� 1

2
l' � ~b20 � b2 !

'�nM4n� 1

2
l�

1

2
~b20 � b2 !�

7l7~k0 � k!

�

n sup
j�1,2

$~bj0 � bj !
'~M1n � M2n !~bj0 � bj !%

27l7~k0 � k!
� Op� 1

C
� � 0� +

From Proposition 4, ~M1n � M2n! converges in probability, uniformly in t, to tM~u1!�
~1 � t0!M~u2! � infu�QM~u! � ~t � t0!infu�QM~u!+ Then, for large n, the preceding
event implies that

�sup
D

	 ~l
' � ~b20 � b2 !

' !nN4n

7l7~k0 � k!
� Op� 1

C�	
� inf
NA� OB�D 	 q4n7l� ~b20 � b2 !72

27l7~k0 � k!
�
~qinf � op~1!!Op~n�1 !

27l7 	� ,
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by A2+7, where qinf � 0 is the smallest eigenvalue of infu�QM~u!+ Given that OB �
F2 � F4, the result follows much as in Propositions 13 and 14 for large n and C+ �

Proof of Theorem 3. Again, we only consider the case of v3 � 0, without loss of
generality because of symmetry+ For notational convenience, @v3 Pl# will be denoted by
v3 Pl+ By ~A+9!–~A+12!, we obtain that

nLn~v! � �
1

2
v1'

1

n (t�1

k0

_ht�d1

v1
Mn

�v1 � v1'
1

Mn (t�1

k0

ht (A.22)

�
1

2
v1'

1

n (
t�k0�v3 Pl�1

k0

_ht�d1

v1
Mn

�v1 � v1'
1

Mn (
t�k0�v3 Pl�1

k0

ht (A.23)

�
1

2
v2'

1

n (t�k0�1

n

_ht�d2

v2
Mn

�v2 � v2'
1

Mn (t�k0�1

n

ht

�
1

2
l' (

t�k0�v3 Pl�1

k0

_ht�d4�l�
v2
Mn

��l
�

1

2
v2'

1

n (
t�k0�v3 Pl�1

k0

_ht�d4�l�
v2
Mn

��v2
� l'

1

Mn (
t�k0�v3 Pl�1

k0

_ht�d4�l�
v2
Mn

��v2
� l' (

t�k0�v3 Pl�1

k0

ht � v2'
1

Mn (
t�k0�v3 Pl�1

k0

ht ,

where ~A+22! and ~A+23! follow, noting that (1
k � (1

k0 � (k�1
k0 + Next, using Lemma 2

and Assumption A2+1, we can rewrite

nLn~v! � �
1

2
v1' ~t0 M � op~1!!v1 �

1

2
v2' ~~1 � t0 !M � op~1!!v2 (A.24)

�
1

2
v1' � v3 Pl

n
M � op~1!�v1 �

1

2
l'~v3 PlM~l!� op~1!!l (A.25)

�
1

2
v2' � v3 Pl

n
M~l!� op~1!�v2 � l'

1

Mn
~v3 PlM~l!� op~1!!v2 (A.26)

� v1'
1

Mn (t�1

k0

ht � v2'
1

Mn (t�k0�1

n

ht � v1'
1

Mn (
t�k0�v3 Pl�1

k0

ht (A.27)

� l' (
t�k0�v3 Pl�1

k0

ht � v2'
1

Mn (
t�k0�v3 Pl�1

k0

ht + (A.28)
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Because n�1Pl � O~n�17l7�2!, an o~1! term in both cases of l, fixed and decreasing
with n,

~A+24!� ~A+25!� ~A+26! � �
1

2
v1' t0 Mv1 �

1

2
v2' ~1 � t0 !Mv2 �

1

2
l'M~l!lPl v3

� op~1!+ (A.29)

Next, consider ~A+27! and ~A+28!+ Using Lemma 4, we have the following convergence
results:

v1'
1

Mn (t�1

k0

ht n v1' S 102B~t0 !,

v2'
1

Mn (t�k0�1

n

ht n v2' S 102B~1 � t0 ! and vj'
1

Mn (
t�k0�v3 Pl�1

k0

ht � op~1!,

for j � 1,2+ For the remaining terms, we analyze separately each case of l, in parts ~a!
and ~b!, which follow+

~a! When l � ln, such that n7ln72 r `,

ln
' (

t�k0�v3 Pln
�1

k0

ht n MPln
ln
' S 102W1~�v3 !� �W1~�Pln

ln
' Sln v3 !� W1~�v3 !,

(A.30)

using Lemma 4, for v3 � 0, with a rescaling ~n�102 is replaced by Pln

�102 because
k � k0 � v3 Pln

and the number of elements in VN is not larger than NPln
!+ The

last equality establishes that Pln
� ~ln

' Sln !
�1 and W1~{! is a Brownian motion

process on the positive half line+ The counterpart of ~A+30! in the case of v3 � 0
has a limit W2~{!, another Brownian motion process defined on R

�+ The two pro-
cesses are independent by the proof of Lemma 4, part ~ii!, because they involve
nonoverlapping series+ Furthermore, the third term of ~A+29!,

�
1

2
ln
' v3 Pln

M~ln !ln � �
1

2
ln
' Mln v3~ln

' Sln !
�1 �

1

2

ln
' Mln

ln
' Sln

6v3 6,

by Lemma 2+ The same result holds when v3 � 0 by symmetry+ Thus,

~A+24!� ~A+25!� ~A+26! � �
1

2
v1' t0 Mv1 �

1

2
v2' ~1 � t0 !Mv2 �

1

2

ln
' Mln

ln
' Sln

6v3 6

� op~1!, (A.31)

~A+27!� ~A+28!n �v1' S 102B~t0 !� v2' S 102B~1 � t0 !� W~v3 !, (A.32)

where W~{! is a two-sided Brownian motion defined on R and based on the two
independent processes W1~{! and W2~{!, previously stated+

~b! When l is constant: Consider the process in ~18! and let W #~k! � (k�1
k0 ht , for

k � k0 ~taking W #~k0!� 0! and W #~k!�(k0�1
k ht , for k � k0+ Thus, W #~k! has

the same distribution as W *~k � k0!, where W *~{! is defined by ~18!+ For
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k � k0 � v3 and v3 � 0, �l'(k0�v3�1
k0 ht �

d
�l'W *~v3!+ For v3 � 0, the limit

distribution is similarly defined by ~18!+ Therefore,

~A+24!� ~A+25!� ~A+26! � �
1

2
v1' t0 Mv1 �

1

2
v2' ~1 � t0 !Mv2 �

1

2
l'M~l!lv3

� op~1!, (A.33)

~A+27!� ~A+28!n �v1' S 102B~t0 !� v2' S 102B~1 � t0 !� l
'W *~�v3 !+

(A.34)

And the separate treatment for the cases ~a! and ~b! is concluded+
Considering the preceding limit distribution of the objective function, a weak conver-

gence result for the estimators, defined in the compact set $6vi 6 � M, i � 1,2,3% , can be
derived using the mapping continuous theorem as follows+

Proof of (i). [v1 and [v2 are obtained from the first-order conditions,

t0 M [v1 � S 102B~t0 ! � 0p and ~1 � t0 !M [v2 � S 102B~1 � t0 !� 0p + �

Proof of (ii). Assuming a shrinking shift,

[v3n arg min
v

��W~v!�
1

2

ln
' Mln

ln
' Sln

6v6� �
d

arg max
v

�W~v!�
1

2

ln
' Mln

ln
' Sln

6v6� +
by ~A+31! and ~A+32!+ Using the change of variable w � ~ln

' Mln 0ln
' Sln !

2v,

Pln

�1~ Zk � k0 !n � ln
' Sln

ln
' Mln

�2

arg max
w

�W~w!�
1

2
6w 6� + �

Proof of (iii). For a constant l, we consider ~A+33! and ~A+34!, and hence,

[v3n arg min
v

��l'W *~v!�
1

2
l'M~l!l 6v6� �

d
arg max

v
�l'W *~v!�

1

2
l'M~l!l 6v6� +

�

Proof of (iv). This is immediate from ~A+31!–~A+34!+ �

Proof of Corollary 1. Define the vector H � @IpI � Ip# � R
p�2p + Then,

Mn ~ Zl � l! � MnH~~ Zb1 � b10!
', ~ Zb2 � b20!

'!' , which converges in distribution to

H�t0
�102 M�1S 102Zp 0p�p

0p�p ~1 � t0 !
�102M�1S 102Zp

� �
d
~t0~1 � t0 !!

�102M�1S 102Zp ,

by Theorem 3+ �

Proof of Corollary 2. Given [snr
p s, with s defined by A0, it suffices to show that

sup
t

sup
u
		1

n (t�1

@nt#

~ _ht ~u, [sn !� E @ _ht ~u,s!#!		r p 0 (A.35)
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and

sup
t
		 1

Mn (t�1

@nt#

ht ~0p , [sn !�
1

Mn (t�1

@nt#

ht ~0p ,s!		r p 0, (A.36)

where _ht~a,b! � ĉ~b�1~Ut � a 'Xt !!Xt Xt
' and ht~a,b! � c~b�1~Ut � a 'Xt !!Xt , with

a � R
p and b � R+ First consider ~A+35!+ The left-hand side is upper bounded by

sup
t

sup
u

s�@s�«,s�«#

		1

n (t�1

@nt#

~ _ht ~u, s!� E @ _ht ~u, s!# !		,

for all « � 0, which converges to zero by Lemma A3 of Andrews ~1993!, because
supt�n E @supu�Q

s�0

7 _ht ~u, s!72 # is finite by A1 and A3+ Next, let Xtj be the j th coordinate

of the regressors vector Xt � R
p , for t � 1, + + + , n, and define, for 0 � h � 1, An, j~h,t!�

n�102(t�1
@nt# c~~0,5s � hs!�1Ut !Xtj , which, for each t � P, belongs to C, the space of

continuous functions defined in @0,1# + Because [sn r
p s, to establish ~A+36!, it will be

enough to show that An, j~h,t! is tight in h uniformly in t, for 1 � j � p+ From Theorem
12+3 of Billingsley ~1968!, we must obtain that ~i! An, j~0,t! is tight uniformly in t,
~ii! there exist g � 0, d � 0, and a continuous and bounded function in R such that, for
any 0 � h1 � h2 � 1, it holds that as n r `,

P~6An, j ~h2 ,t!� An, j ~h1,t!6 � k!�
6R~h2 !� R~h1!6d

kg
, (A.37)

uniformly in t, for all positive k+ Part ~i! is straightforwardly obtained using Lemma 4+
By the Chebyshev inequality, to establish part ~ii!, it would be enough to obtain that, for
g� 2 and a constant K � `, suptE6An, j~h2,t!� An, j~h1,t!62 � K 6h2 � h162+ Accord-
ing to A3~i!, we have asymptotically that

sup
t

E6An, j ~h2 ,t!� An, j ~h1,t!62

� sup
t

1

n (t�1

@nt#

E��c� Ut

0,5s� h2s
�� c� Ut

0,5s� h1s
��2

Xtj
2�

� sup
u
6 ĉ~u!62

6h1 � h2 62

~0,5!4s2 sup
t

1

n (t�1

@nt#

E @Ut
2 Xtj

2 I ~Ut � 1+5sm!# ,

from MVT and A1+ For K � ~6m supu6 ĉ~u!6supt7Xtj72!2 , a finite constant by A3~ii!, the
result follows+ �

Proof of Proposition 3. For all t, define ct � c~Ut !, ĉt � ĉ~Ut ! and let m [ m~c!
and s [ s~c!+

Proof of (3.1). Under A4, M � E @ĉt #D and S � E @ct
2#D+ Then, ~ln

' Sln !
�1 �

~ln
' Mln !

2 � E @ĉt #
2E @ct

2#�1~ln
' Dln !+ The result follows immediately from Theo-

rem 3 ~for which the weak convergence result in Lemma 4 can be obtained by the in-
variance principle for independent random variables @see, e+g+, Billingsley, 1968# !+
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Proof of (3.2). Under A5, trending regressors Xt � g~t0n! satisfy all the conditions
required in Theorem 2+ Hence, we concentrate on the limiting process of

�ln
' (

t�k0�v3 Pln
�1

k0

ht �
1

2
ln
' (

t�k0�v3 Pln
�1

k0

_ht�d4�ln �
v2
Mn

��ln � op~1!+ (A.38)

First, we can rewrite

ln
' (

t�k0�v3 Pln
�1

k0

ct g~t0n! � ln
' (

t�k0�v3 Pln
�1

k0

ct g~k0 0n!� ln
' (

t�k0�v3 Pln
�1

k0

ct ~g~t0n!

� g~k0 0n!!+

By Lemma 4, the first term converges weakly to ~ln
' g~t0 !sg~t0 !

'ln !
102W1~�v3 Pln

! �
W1~�v3!, for v3 � 0, where Pln

� ~ln
' g~t0 !sg~t0 !

'ln !
�1 and W1~{! is a Brownian mo-

tion process defined in R
� ~for v3 � 0, an equivalent result is obtained by symmetry!+

The second term is uniformly negligible because its variance will be an op~1!, given
A5+2 and Pln

� O~7ln7�2!+ Next, consider the second term of ~A+38!:

1

2
ln
' (

t�k0�v3 Pln
�1

k0

ĉ~Ut � g~t0n!'un !g~t0n!g~t0n!

�
1

2
ln
' (

t�k0�v3 Pln
�1

k0

ĉ~Ut � g~t0n!'un !~g~t0n!� g~k0 0n!!~g~t0n!� g~k0 0n!!'ln

(A.39)

�
1

2
ln
' (

t�k0�v3 Pln
�1

k0

ĉ~Ut � g~t0n!'un !g~k0 0n!g~k0 0n!'ln (A.40)

� ln
' (

t�k0�v3 Pln
�1

k0

ĉ~Ut � g~t0n!'un !~g~t0n!� g~k0 0n!!g~k0 0n!'ln , (A.41)

where un � d4~ln � v2 0Mn !+ Applying the MVT, with x * � ~t0n � k00n!,

~A+39! �
1

2
ln
' (

t�k0�v3 Pln
�1

k0

ĉ~Ut � g~t0n!'un !
dg~x * !

x

dg~x * !

x
'� t

n
�

k0

n
�2

ln ,

which is upper bounded by

�sup
x
		dg~x!

x 		�2� k0

n
�

k0 � v3 Pln

n �2

v3 Pln
sup

t
6 ĉt 6ln

' ln ,

an op~1! term, because n7ln72 r ` and given that functions g~{! and ĉ~{! are bounded+
Similar arguments show that the term ~A+41! is also asymptotically negligible+ Finally,
Lemma 2 yields

~A+40! �
1

2
ln
' v3 Pln

~m � op~1!!g~t0 !g~t0 !
'ln ,
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because g~t0n!'un � 7g~t0n!77un7 r 0, because g~{! is bounded+ Combining these re-
sults and noting that Pln

� ~ln
' g~t0 !sg~t0 !

'ln !
�1 ,

~A+38!n �
1

2
ln
' v3 Pln

mg~t0 !g~t0 !
'ln � W1~�v3 !� �

m

s
v3 � W1~�v3 !+

Using similar arguments for v3 � 0, we obtain that

[v3n arg min
v

��W~v!�
1

2

m

s
6v6� � arg max

v
�W~v!�

1

2

m

s
6v6� +

Thus, with the change of variables w � ~m20s 2!v ~and noting that [v3 � ~ Zk � k0 !0Pln
!,

Pln

�1~ Zk � k0 !n
s 2

m2 arg max
w

�	 s

m 	W~w!� 1

2

m

s

s 2

m2 6w 6� �
d s 2

m2 arg max
w

�W~w!�
1

2
6w 6� ,

and then, ~ln
' g~t0 !g~t0 !

'ln !~ Zk � k0! n sm�2 arg maxw$W~w! � 1
2
_ 6w 6% + �

Lemmas

LEMMA 1+ Under A1.1, A1.2, A2.1–A2.5, and A2.7, supt�P supu�Q7n�1 �

(t�1
@nt# _ht ~u! � tM~u!7

p
&& 0 , where M~u! is defined by A2.7.

Proof. By the triangular inequality,

sup
t�P

sup
u�Q

		1

n (t�1

nt

_ht ~u!� tM~u!		 � sup
t�P

sup
u�Q

		1

n (t�1

@nt#

~ _ht ~u!� E @ _ht ~u!# !		 (A.42)

� sup
t�P

sup
u�Q

		1

n (t�1

@nt#

E @ _ht ~u!#� tM~u!		+ (A.43)

By A2+7, ~A+43! r 0, whereas ~A+42!
p
&& 0 by A1+1 and A2+1–A2+5 applying Lemma

A+3 of Andrews ~1993!+ �

LEMMA 2+ Let Q0 � Q be a compact subset of R
p , containing neighborhoods of u0.

Consider a sequence $un, n � 1% � Q0 such that un
nF`
&& u0. Then, under A1.1, A1.2,

A2.1–A2.5, and A.27 it holds that

sup
t�P

		n�1 (
t�1

@nt#

_ht ~un !� tM~u0 !		 p
&& 0+

Proof. By the triangle inequality, the left side of the preceding expression is bounded
by

sup
t�P

		1

n (t�1

@nt#

~ _ht ~un !� E @ _ht ~un !# !		 � sup
t�P

		1

n (t�1

@nt#

~E @ _ht ~un !#� E @ _ht ~u0 !# !		
� sup
t�P

		1

n (t�1

@nt#

E @ _ht ~u0 !#� tM~u0 !		 � ~I !� ~II !� ~III !+
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By A2+7, ~III ! r 0, whereas ~I !
p
&& 0, by A1+1 and A2+1–A2+5, because

~I ! � sup
t�P

sup
u�Q0

		1

n (t�1

@nt#

~ _ht ~u!� E @ _ht ~u!# !		 p
&& 0,

by Lemma A+3 of Andrews ~1993!+ It remains to study ~II !: ~i! by the tightness condi-
tion of $Fn, n � 1% , we obtain that n�1(t�1

n P~Zt � Cj ! r 0 as j r `, for some se-
quence of compact sets $Cj , j � 1% in Z, and ~ii! ∀j � 1,

sup
n�1

sup
t�P

		1

n (t�1

@nt#

E @ _ht ~un !� _ht ~u0 !#I ~Zt � Cj !		
� sup

z�Cj

7 _h~z,un !� _h~z,u0 !7r 0 for unr u0 ,

for a function _h~{! defined in ~z,u! � Z � Q, continuous by A1+1, and thus uniformly
continuous in the compact set Cj + ~iii! By results ~i! and ~ii!,

sup
t�P

		1

n (t�1

@nt#

E @ _ht ~un !� _ht ~u0 !#		r 0, as unr u0 + �

For convenience in the subsequent discussion, we provide the following definition+

DEFINITION 2+ On a probability space ~V,F,P ! , the sequence of pairs $Yt ,Ft %0
` ,

where Ft is an increasing sequence of s-subfields of F and the Yt are integrable ran-
dom variables, is an Lr mixingale if, for r � 1 , there exist sequences of nonnegative
constants $ct %0

` and $zm %0
` such that zm r 0 as m r 0 , and

(i) 7E~Yt 6Ft�m!7r � ctzm,
(ii) 7Yt � E~Yt 6Ft�m!7r � ctzm�1,

hold for all t � 0 and m � 0 . When zm � O~m�q! for all q � q0, we say that $zm% is of
size �q0.

Define Sj �(1
j Yt with S0 � 0 and construct the random function vn~t!� n�102S@nt#+

Note that $vn~t!, n � 1% belongs to the bounded cadlag function space in R
p and is

defined on P � @0,1# + The following lemma generalizes the Hájek and Rényi inequality
to Lr mixingales for r � 1+

LEMMA 3+ Let $ak%k�1 be a sequence of decreasing positive constants.

(3.1) If $Yt ,Ft % is a Lr mixingale with constants $ct % such that supt�n7Yt7r � ` and
(i) 1 � r � 2 with $zm% of size �1 ,

(ii) r � 2 with $zm% of size � 1
2
_ ,

or
(iii) r � 1 with (k�1

` zk � ` and supt�n7Yt72 � ` .
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Then there exists a K � ` such that

Pr� max
m�k�n

ak 6Sk 6 � «� � «�pK�mam
p � (

j�m�1

n

aj
p�, (A.44)

for every « � 0 and m � 0, p � r under (i) or (ii) and p � 2 under (iii).

(3.2) If Yt [ ht and $ht ,Ft % satisfies Assumption A2.4, there exists a K � ` such
that

Pr� max
m�k�n

sup
a�R

p

7a7�1

ak 6a 'Sk 6 � «� � «�2K�mam
2 � (

j�m�1

n

aj
2�, (A.45)

for every « � 0 and m � 0 .

(3.3) For ak � k�1 , it holds that both probabilities on the left side of (A.44) and
(A.45) above are O~m�1«�2! .

Proof of (3.1). By the triangle inequality,

Pr� max
m�k�n

ak 6Sk 6 � «� � Pr� max
m�k�n

ak 6Sm 6 �
«

2� � Pr� max
m�k�n

ak 6Sk � Sm 6 �
«

2� +
(A.46)

With $ak% decreasing, we have that maxm�k�n ak � am, and the first term of the right
side will be upper bounded by

Pr�6Sm 6 �
«

2am
� � «�p 7Sm7pp 2 pam

p � «�pm sup
t�n
7Yt7pp 2 pam

p � «�pK1 mam
p + (A.47)

The two inequalities are Markov’s and Minkowski’s, with p already defined in the lemma
according to the cases+ The last equality sets K1 � 2 psupt�n7Yt7pp + The second term on
the right side of ~A+46! will be bounded by

Pr� max
m�k�n 	 (t�m�1

k

at Yt	 �
«

4� � Pr� max
m�k�n 	 (t�m�1

k

~at � ak !Yt	 �
«

4�
� � 4

«�p�		 max
m�k�n 	 (t�m�1

k

at Yt			
p

p

� 		 max
m�k�n 	 (t�m�1

k

~at � ak !Yt			
p

p�, (A.48)

by Markov’s inequality+ Let q1t [ at Yt , ∀t+ Then, we have that $q1t ,Ft % is a mixingale
with constants c1t � ct at and the first summand of ~A+48! will be bounded by

� 4

«
�p

K2 (
t�m�1

k

c1t
p

� � 4

«
�p

K2 sup
t�n
6ct 6 p (

t�m�1

k

at
p , (A.49)

for K2 � `+ With p � r, the first bound is due to Davidson ~1994, Theorem 16+11! for
~i! and to McLeish ~1975a, Theorem 1+6! for ~ii!, and, with p � 2, it is due to Hansen
~1991, Lemma 2! for ~iii!+ Similar arguments apply for the second term of ~A+48!, which
will be upper bounded by
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� 4

«
�p

K3 (
t�m�1

k

c2 t
p

� � 4

«
�p

K3 (
t�m�1

k

c1t
p (A.50)

for K3 � ` and c2 t � ct~at � ak!+ The last inequality is obtained given that at �
ak � 0, for all t � k+ The result of ~3+1! is established with K �
4 p max$K1,max$K2,K3%supt�n6ct 6 p% + �

Proof of (3.2). We verify the conditions of ~3+1! for this particular case+ Because
$ht % is L2-NED with respect to $wt % of size � 1

2
_ with dt � 1, it follows that

sup
a�R

p

7a7�1

7a 'ht72 � sup
a�R

p

7a7�1

�E 	(
i�1

p

ai hti	
2�102

� sup
a�R

p

7a7�1

�E�(
i�1

p

ai
2(

i�1

p

hti
2��102

� 7ht72 ,

by the Cauchy–Schwarz inequality, and similarly,

sup
a�R

p

7a7�1

7a 'ht � Et�m
t�ma 'ht72 � sup

a�R
p

7a7�1

�E�(
i�1

p

ai
2(

i�1

p

~hti � Et�m
t�mhti !

2��102

� 7ht � Et�m
t�mht72 � dt vm +

Therefore, $a 'ht % is also L2-NED of size � 1
2
_ and dt � 1 ~observe that if 7a7 � 1, dt �

supa�R
p 7a7 � `, ∀n, t !+ Furthermore, under Assumption A2+4, $a 'ht % is an L2 mixin-

gale of � 1
2
_ and constants ct � dtmaxt�n$1,7ht72% ~see, e+g+,Wooldridge and White, 1988,

Proposition 2+9!+ Given that supt�n7ht72 � `, conditions of ~3+1!~ii! are fulfilled+

Proof of (3.3). For ak � k�1 , the result follows given that (k�m
` k�2 � O~m�1!+ �

LEMMA 4+ For Yt[ht , under A1.1, A2.1–A2.4, and A2.8, vn~t!n S 102B~t! , where
n denotes weak convergence, in the D~ @0,1# ! space equipped with the Skorokhod
metric. Here B~{! is a p-vector of independent Brownian motion processes. The process
can be defined in C~ @0,1# ! , for which there exists an equivalence between the Sko-
rokhod and uniform metrics.

Proof. To prove this lemma we use the results of Lemma A+4 of Andrews ~1993!,
with the difference that, in this case, the triangular arrays he used are constant across
the subscript n+ Then, we have to prove that the process $vn~t!, n � 1% is such that

~i! ∀a � R
p,a 'vn~t! n a 'S 102B~t!,

~ii! $vn~t!, n � 1% has asymptotically independent increments+

To obtain ~i!, under A2+1, A2+2, and A2+8, we apply Corollary 3+2 of Wooldridge and
White ~1988!, which utilizes the results of McLeish ~1977!+ Noting that the mentioned
corollary yields weak convergence of the standard partial sum process in D~ @0,1# ! with
the Skorokhod metric and the s-field generated by it, this can be converted into weak
convergence in D~ @0,1# ! with the uniform metric and the s-field generated by the closed
balls under the uniform metric+ This is treated by Andrews ~1993!+ To obtain ~ii! it will
be enough to prove that

�vn~t2 !� vn~t1!

vn~t0 !
� d

&& N�0,�~t2 � t1!S 0

0 t0 S�� , ∀0 � t0 � t1 � t2 � 1+
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The Cramér–Wold device leads to

a1
' vn~t2 !� a1

' vn~t1!� a2
' vn~t0 !

d
&& N~0, ~t2 � t1!a1

' Sa1 � t0a2
' Sa2 !, ∀a1,a2 � R

p+

To obtain the preceding result, we use again Corollary 3+2 of Wooldridge and White
~1988!,

a1
' vn~t2 !� a1

' vn~t1!� a2
' vn~t0 ! � a1

'
1

Mn (
t�@nt1#�1

@nt2 #

ht � a2
'

1

Mn (t�1

@nt0 #

ht

n a1
' S 102B~t2 � t1!� a2

' S 102B~t0 !

�
d

N~0, ~t2 � t1!a1
' Sa1 � t0a2

' Sa2 !+

And we get the desired result+ �

LEMMA 5+ For Yt [ ht , under Assumptions A1.1, A2.1–A2.4, and A2.8, there exists
a K � ` such that, for every « � 0 and large n, Pr $supt�1 supa�R

p

7a7�1

a ' 6vn~t!6 � «% �

«�2K.

Proof. By Lemma 4 and the continuous mapping theorem, supa�R
p

7a7�1

a 'vn~t! n

supa�R
p

7a7�1

~a 'Sa!102B~t!+ Let Y � supt6B~t!6, a process with finite second moment be-

cause P $suptB~t! � d %� 2F~d !, d � 0, and B~{! is symmetric around zero+ Thus, the
Markov inequality leads to

Pr�sup
t�1

sup
a�R

p

7a7�1

a ' 6vn~t!6 � «� r Pr�Y �
«

sup
a�R

p

7a7�1

~a 'Sa!102 � �
E~Y 2 !

«2 sup
a�R

p

7a7�1

~a 'Sa!+

The Cauchy–Schwarz inequality establishes that ~a 'Sa! � 7S 102a7 � 7S 10277a7 and S
is a finite matrix by A2+8+ The result follows with K � E~Y 2!7S 1027 � `+ �

LEMMA 6+ For Yt [ ht , under Assumptions A1.1, A2.1–A2.4, and A2.8, there exists
a K � ` such that, for every « � 0 and large n, Pr $supa�R

p

7a7�1

a ' 6vn~1!� vn~t0!6 � «%�

«�2K.

Proof. Lemma 4 yields a '~vn~1!� vn~t0!!
d
&& a 'S 102B~1 � t0! �

d
N~0, ~1 � t0!a

'Sa!+
Thus,

Pr� sup
a�R

p

7a7�1

a ' 6vn~1!� vn~t0 !6 � «� r Pr� 6Z 6 � «

~1 � t0 ! sup
a�R

p

7a7�1

~a 'Sa!102 �
�

E~Z 2 !

«2 ~1 � t0 ! sup
a�R

p

7a7�1

~a 'Sa!,

by Markov inequality, where Z represents the standard normal variable and hence with a
second moment equal to one+ The result follows with K � ~1 � t0!7S 1027 � `+ �
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