Ergod. Th. & Dynam. Sys. (2005), 25, 1551-1560 (© 2005 Cambridge University Press
doi:10.1017/S0143385704000847 Printed in the United Kingdom

On Fatou maps into compact complex manifolds

KAZUTOSHI MAEGAWA

Graduate School of Human and Environmental Studies, Kyoto University,
Yoshida Nihonmatsu-cho, Sakyo-ku, Kyoto, Japan, 606-8501
(e-mail: km@math.h.kyoto-u.ac.jp)

(Received 21 May 2003 and accepted in revised form 26 September 2004)

Abstract. We will deal with two topics about normality of the iterates of holomorphic self-
maps in compact varieties. First, for a holomorphic self-map f of an irreducible compact
variety Z, we show that if at least one subsequence of { f"*},>0 converges uniformly, then
the full sequence {f”},>¢ itself is a normal family and the full set of the limit maps
is finite or has the structure of a compact commutative Lie group. Second, in the case
when Z is non-singular, we deal with the dynamics on forward-invariant compact subsets
outside the closures of the post-critical sets. We will describe the semi-repelling structure
of the dynamics in terms of repelling points and neutral Fatou discs (center manifolds).
In particular, in the case of holomorphic self-maps of projective spaces, we will obtain a
stronger result.

1. Introduction
In this paper, we deal with two topics on the iterates of a holomorphic self-map f of a
compact variety Z.

First, we focus on the structure of the full set of the limit maps of {f"},>1 in the
space Hol(Z) of holomorphic self-maps of Z endowed with the compact—open topology.
In the case of a (possibly non-compact) taut manifold Z, Abate investigated the full set
of the limit maps when {f"},>1 is not compactly divergent; equivalently, at least one
subsequence of { f"},>1 converges uniformly on compact sets. He showed the following
theorem.

THEOREM 1.1. [Ab] Let Z be a taut complex manifold, and f € Hol(Z). Assume that
{f"} is not compactly divergent. Then, there exists a submanifold S which is the image of
a holomorphic retraction p : Z — Z such that every limit map h € Hol(Z) of { f"*} is of
the form h = y o p, where y is an automorphism of S. Moreover, p is a limit point of { f"*}.

In the case when Z is a compact variety, by the compactness of Z, compact divergence
is impossible, but, in general, { f"*},>1 does not necessarily have limit maps; at least in the
case of degree of f > 2, there can be no limit maps. So, in our study, we assume that
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at least one subsequence of { f"},>1 converges uniformly on compact sets. Then, we can
show that the full sequence {f"},>1 is itself a normal family and the full set of the limit
maps of {f"},>1 is finite or has the structure of a compact commutative Lie group whose
identity element corresponds to a holomorphic retraction.

Second, we deal with the dynamics on forward-invariant compact subsets outside the
closures of the post-critical sets. Let f be a surjective holomorphic self-map of a compact
complex Hermitian manifold M. We will consider the possibilities of the dynamics on
forward-invariant compact subsets outside Dy (the closure of the orbit of the critical
locus C¢). Our theorem is the following.

THEOREM 1.2. Let M be a compact complex Hermitian manifold of dimension > 1.
Let f : M — M be a surjective holomorphic self-map. Assume that M \ Dy is
hyperbolically imbedded in M. Let E be a compact subset in M such that f(E) C E
and E N Dy = (. Then, there are two subsets E", E C E which have the following
properties:
i) E“"UE‘=E,E'NE‘=¢;
() f(E") C E", f(E) C E;
(iii) each point in E" is repelling;
@iv) for each p € E€, there is a neutral Fatou disc ¥ : A — M such that ¥ (0) =
p, Dy (0) # 0.

Moreover, if f(E) = E and E€ = {, then E is a repeller with respect to the Hermitian
metric in M.

In the case when M = PK and deg(f) > 2, without assuming that P* \ Dy is
hyperbolically imbedded in PX, the same assertion holds.

In a sense, this theorem is a generalization of the result that any fixed point outside
Dy is a repelling fixed point or the center of a Siegel disc for a rational function f of
degree> 2 in the Riemann sphere. Let us note that under a small perturbation of f in the
family of holomorphic self-maps in M, the repeller £ moves holomorphically and remains
arepeller. (See [J].)

The definitions of neutral Fatou discs, repelling points and repellers appear in
Definitions 3.11, 3.18 and 3.19. To prove the theorem, first, we will remove the possibility
of the existence of contracting subsets, in particular, contracting Fatou discs attached to E.
Next, we will consider the limit maps of locally defined inverse branches of the iterates
of f. (In this paper, an ‘inverse branch’ of g means a single-valued branch of g~!.)
We will show that the limit maps are Fatou maps. Let us denote a complex projective
space of dimension k (>1) by P¥. Fatou maps were originally introduced and studied by
Ueda in the case of P¥ in [U1]. They are generalizations of Fatou sets, i.e. domains of
normality for the iterates of f. Ueda showed that the limit maps of the sequence of all
inverse branches defined in a ball outside Dy are Fatou maps in the case of holomorphic
endomorphisms of degree >2 in Pk, (See [U1, U2].) Our result in the case of surjective
holomorphic self-maps in any compact complex manifold is not a complete generalization
of the original, but it is sufficient for the purpose here.

We will also show that Theorem 1.2 does not hold in general unless we assume the
condition that M \ D is hyperbolically imbedded in M.
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When the draft of this paper was in preparation, I communicated with J. Robertson and
was told that he had showed independently a theorem which is similar to the last part of
Theorem 1.2 in the case when E is equal to the Julia set, but he assumed that Pk \ Dy is
hyperbolically imbedded in P¥ [R].

2. Stable dynamics in the whole space
Let Z be an irreducible compact variety and Sing(Z) be the set of singular points of Z.
Denote the space of holomorphic self-maps of Z endowed with the compact—open topology
by Hol(Z) and the group of holomorphic automorphisms of Z by Aut(Z), viewed as a
subspace of Hol(Z).

To show the main theorem in this section, we need the following theorem which is a
generalization of a famous theorem due to Bochner and Montgomery. See [Ak] and [BM]
for details.

THEOREM 2.1. (Gunning, Kerner) The group Aut(Z) has the structure of a complex Lie
group whose topology is compatible with the compact—open topology and whose group
operator is compatible with the composition of maps.

Since Z is compact, the Remmert proper mapping theorem implies that f”(Z) is an
irreducible subvariety of Z for every n > 0 and there exists a number mq > 0 such that

Z2f(Z)D--D fmz)=fmotlzy=....

Let us call S := f"0(Z) the minimal image of Z. Let g be the restriction of f on S.
Then, g is a surjective holomorphic self-map of S.

LEMMA 2.2. If the topological degree of g is 1, then S \ Sing(Z) is smooth.

To show this, we need the following lemma (see [Ab]). We say that a holomorphic map
of p : Z — Z is a holomorphic retraction if p o p = p.

LEMMA 2.3. (Rossi) Let M be a complex manifold and p : M — M be a holomorphic
retraction. Then, p(M) is a closed submanifold of M.

Proof of Lemma 2.2. Set p := g=™0 0o f™0_Then, p : M — M is a holomorphic retraction
whose image is S. For any point p € § \ Sing(Z), there is a neighborhood U, of p
such that p(U)p) is contained in S \ Sing(Z) because p(p) = p. Set V = UpeS Up.
Then, V is a complex manifold and pjy : V — V is a holomorphic retraction whose
image is S \ Sing(Z). By Lemma 2.3, it follows that S \ Sing(Z) is smooth. O

THEOREM 2.4. Let Z be an irreducible compact variety and f € Hol(Z). If at least one

subsequence of { f"}n>0 which converges in Hol(Z), then the following (a)—(c) hold.

(@)  The full sequence { f"}n>0 is a normal family.

(b) The set L of all the limit maps of {f"}n>0 is finite or has the structure of a
compact commutative Lie group. (Here the topology is compatible with the compact—
open topology and the group operator is compatible with the composition of maps.
The identity element corresponds to a holomorphic retraction.)

(¢) The minimal image S is smooth outside of Sing(Z).
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Proof. (a) Suppose that a subsequence { f"*};>0 of { f"},>0 converges in Hol(Z). Let g
be the restriction of f on the minimal image S of Z. Then, {g"* };>0 converges in Hol(S).
It is sufficient to show that {g"},>0 is a normal family. By taking the limits on both sides

of the equation
gnk+1 — g"kﬂ*nk o gnk’

it follows that

klirn g = idg .
— 00

In particular, g is injective, hence g € Aut(S). (Precisely speaking, this is true only in
the case when S is a normal variety. In the case when S is not normal, we consider the
normalization of S instead.)

By Theorem 2.1, Aut(S) is a (complex) Lie group. Set G := {g"},.y (take the
closure in Aut(S)). Since G is a closed subgroup of Aut(S), it follows that G is a Lie
group. Obviously, G is commutative. Let Go denote the connected component of G
which contains idg. Since G is a connected commutative Lie group, it follows that
Gy is isomorphic to T* x RY, u,v > 0, where T" is a torus and R" is the Euclidean
space. Since limg_,cog* 17 = idg, there exists an integer p > 1 such that g” is in
Go. Assume that p is the smallest number. Then, it follows that Go = {g"},,c7. .. g
generates Go. If v > 1, it is impossible that g” generates Go. Hence, G is isomorphic to
T* (possibly a point, i.e. # = 0). In particular, G¢ is compact. This is equivalent to that
{g"P} ez is a normal family. Thus, it follows that {g"},>0 is also a normal family.

(b) Recall G := {g"},,cz. For any m € Z, it follows that

gm — lim gm+(nk+17nk)
k— 00
because limg—, o0 g™+ 7% = ids. So, any & € G is a limit map of {g"},>0. Hence, it
follows that £L = {h o f™ | h € G}. From this, we have that £ is finite or has the
structure of a compact commutative Lie group. The identity element of £ is a holomorphic
retraction g="0 o f0,
(c) The map g is in Aut(S). By Lemma 2.2, S \ Sing(Z) is smooth. O

3. Fatou maps outside the post-critical set
Let M be a compact complex Hermitian manifold of dimension k > 1. Let dj; be the
distance from the Hermitian metric |-| on M. Let f : M — M be a surjective holomorphic
map. The maximal rank of the Jacobian matrix for f is k. We denote by Cy the set of
critical points. By the proper mapping theorem of Remmert, f(C ) is an analytic subset
of M. The restriction f : f~1(M \ f(Cyr)) = M\ f(Cy) is a finite-to-one topological
covering. We set Dy := (J,.; f*(Cr). Let us note that | J;_, ., f"(Cy) is the set of
critical values of fX. - o

Throughout this section, we often consider whether a family which consists of
inverse branches defined in a ball outside Dy is normal. In the case of holomorphic
endomorphisms of degree >2 in P¥, by Ueda’s result, the normality follows without
additional assumptions. (See [U1, U2].) Let us keep this in mind in the sequel.

We say that a topological space X is a continuum if X contains at least two points and
is connected.
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Definition 3.1. (Contracting sets) Let A be a subset in M and f be a surjective
holomorphic self-map of M. We say that A is a contracting set for f if A is a continuum
and there is a subsequence of {f"},>0 which converges to a constant uniformly in A.
We set

L(A) :={p € M | 3{nj} such that "/ — p as j — oo uniformly in A}.

Remark 3.2. From the definition, it follows immediately that £(A) is forward-invariant
and compact.

We will introduce the following condition in order to prove the main theorem later.

Definition 3.3. Let f be a surjective holomorphic self-map of M. Let T(M \ D) be the

holomorphic tangent bundle over M \ D . The condition (C) is as follows.

(C) There is a constant ¢ > 0 such that [v|x > c|v| for any v € T(M \ D) where
| - |k is the infinitesimal Kobayashi metric in M \ Dy (i.e. M \ Dy is hyperbolically
imbedded in M).

Remark 3.4. Since M is compact, (C) implies that the family of all holomorphic maps
from any complex manifold N to M \ D is a normal family as a family of maps from N
to M. (See [K].)

Remark 3.5. M \ Dy is backward-invariant for f.

THEOREM 3.6. Suppose that f satisfies (C). Let A be a contracting set for f. Then,
L(A) C Dy.

Proof. Let p € L(A). Suppose that p ¢ Dy. Then, there is a simply connected
neighborhood U of p which is outside D . Let { f"/} ;>0 be the subsequence such that f"J
converges to p uniformly in A as j — oo. There is an integer m such that %/ (A) C U
for all j > m. Let us take an inverse branch g; of f"/ defined in U for each j > m such
that g; (U) contains at least one point in A. Then, A C g;(U) because A is connected.
Obviously, g;(U) C M \ Dy for all j > m. From (C), it follows that {g} ;> is a normal
family in U. But this is impossible since {g;} ;> is not equicontinuous at p. O

Remark 3.7. In the case when M = P* and deg(f) > 2, without the condition (C),
it follows that {g;}j>» is normal by a general result in [U2] (see the beginning of this
section). So, the theorem above holds without the condition (C).

Let us recall the following concept which is a generalization of Fatou set. This was
introduced by Ueda in [U1] and he studied its properties in the case of holomorphic
endomorphisms of projective spaces. The study in the case of birational maps is found
in [M].

Definition 3.8. (Fatou maps) Let N be a complex manifold and v : N — M be a
holomorphic map such that {f" o ¥},>0 is a normal family. Then, we call ¢ a Fatou
map. Particularly, in the case when ¥ is a holomorphic disc, i.e. N = A, the unit disc in
C, and ¥ is not constant, we call it a Fatou disc. We say thatamap ¢ : N — M is a limit
map of { f"* o ¥},>0 if there is a subsequence of { /" o ¥},>0 which converges uniformly
to ¢ locally uniformly in N.
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Remark 3.9. Sometimes, we call the image ¥ (A) a Fatou disc too.

Further, here we shall introduce a concept which is a mixture of contracting set and
Fatou disc.

Definition 3.10. (Contracting Fatou discs) Let ¢ : A — M be a Fatou disc. We say that
Y is contracting if at least one of the limit maps of { " o ¥},>0 is a constant.

Definition 3.11. (Neutral Fatou discs) Let ¥ : A — M be a Fatou disc. We say that ¢ is
neutral if v is not contracting.

The theorem below is a direct application of Theorem 3.6.

THEOREM 3.12. Suppose that f satisfies (C). Let A be a hyperbolic set for f such that the
(complex) dimension of the stable direction at each point in A is at least 1. Then, A C Dy.

Proof. Let p € A and the dimension of the stable direction at p be m > 1. Then, there
is a holomorphic map v : A™ — M such that ¥ (A™) = W} (p), where W} (p) is the
local stable manifold for p. It is obvious that i is a contracting Fatou map. So, from
Theorem 3.6, the argument follows. a

PROPOSITION 3.13. Suppose that f satisfies (C). Let E be a compact subset in M such
that f(E) C E, EN Dy = . Then, all Fatou discs which intersect E are neutral.

Proof. Suppose that a Fatou disc ¢ (A) which intersects E is contracting. There exist
p € M and asubsequence { "/} ;> such that f"/oyr(z) — pas j — oolocally uniformly
in A. By the forward invariance of E, the point p is located in E. From Theorem 3.6, it
follows that p € D . This contradicts that E N Dy = @. O

Remark 3.14. In the case when M = P¥ and deg(f) > 2, by using the fact in Remark 3.7
instead of Theorem 3.6, this proposition holds without the condition (C).

Suppose (C). Let E be a compact subset in M such that f(E) C Eand EN Dy = .
Letg € E. Set B, := {z € C*| |zl < r}for0 < r < 1, where || - || is the Euclidean
norm in C¥. Let U be a neighborhood of ¢ such that U N D r = . Assume that U can be
identified with Bj in a local chart of M and q is the center O of B; under the identification.
Set

S := {h | h is an inverse branch of f" for some n > 0in U(= Bj)}.
By (O), it follows that S is a normal family.

LEMMA 3.15. ForO <r < 1, set S, :={h € S | h(B))NE # ). Then, for some
sufficiently small 0 < rg < 1,

Jinf dy(h(By,). Dy) > 0.

€Sy,

Proof. Letrg be a constant such thatO0 < ro < 1. Then, §,; C S. Setm :=dy (E, Dy) > 0.
S is equicontinuous at O. So, if ry is sufficiently small, then dys (h (B_ro), Dy) > m/2 for
all h € §,,. O
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Set € := infyes,, dm(h(Bry), Df) > 0. Let us note that if & € Sy, then f o h € S,
since f(E) C E.

THEOREM 3.16. Let g be a holomorphic map from B1(= U) to M. Suppose that there
exist g € Sy, j = 1,2,3,... such that g;j — g,j — o0 locally uniformly in B.
Then, g is a Fatou map in B,.

Proof. From (C), it is sufficient to show that f? o g(B_rO) C M\ Dy forany i > 1.
Fix i. Since f s uniformly continuous in M, there is a constant § > 0 such that
dy(fi(s), fi(t)) < eif s,t € M and dy(s,t) < 8. If j is sufficiently large, then
du(gj(z), g(z)) < & forany z € By,. So, it follows that du (f' o g;(2), f 0 g(2)) < €
in B_ro Let j be sufficiently greater than i. Since f' o g j is an element in S, it follows
that dy (% 0 gj(Br,), Df) > €. Hence, it follows that dy (f o g(By,), D) > 0. a

Remark 3.17. In the case when M = P* and deg(f) > 2, without the condition (C),
Ueda showed that the map g is a Fatou map. He dealt with a more general situation.
See [U1].

Let us define repelling points and repellers.

Definition 3.18. (Repelling points) Let p € M. Let T, be the holomorphic tangent space
at p. We say that p is repelling for f if minyet,,,jv|=1 ID(f/)(v)| = +o0as j — +oo.

Definition 3.19. (Repellers) Let E be a compact subset in M such that f(E) = E.
Let T(E) be the holomorphic tangent bundle over E. We say that E is a repeller if there
are a constant p > 1 and an integer m > 1 such that |D(f™)(v)| > p|v| for all v € T(E).

Remark 3.20. Let us note that E is a repeller if and only if there are constants ¢ > 0, A > 1
such that |[D(f")(v)| > cA"|v| forall v € T(E) and all n > 0.

Remark 3.21. Under the small perturbation of f in the family of holomorphic self-maps
in M, the repeller E moves holomorphically remaining a repeller. See [J] for details.

The theorem below is regarded as a generalization of the fact that any fixed point p
outside D is repelling or has a center manifold. (In the case of rational functions in the
Riemann sphere, such a p is a repelling fixed point or the center of a Siegel disc.)

THEOREM 3.22. Let M be a compact complex Hermitian manifold of dimension >1.

Let f : M — M be a surjective holomorphic self-map satisfying (C). Let E be a compact

subset in M such that f(E) C E and E N Dy = (. Then, there are two subsets E",

E°¢ C E which have the following properties:

i) E*UE‘=E,E*NE‘=¢;

() f(E") C E", f(E®) C EY;

(iii) each point in E* is repelling;

(iv) for each p € E€, there is a neutral Fatou disc W : A — M such that ¥(0) = p,
Dy (0) # 0.

Moreover, if f(E) = E and E€ = (, then E is a repeller with respect to the Hermitian

metric in M.
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In the case when M = P* and deg(f) = 2, without assuming (C), the same assertion
holds.

Proof. Set E* := {p € E | pisrepelling} and E¢ := E \ E*. We will show that for

any p € E°, there is a neutral Fatou disc ¥ : A — M such that ¥ (0) = p, Dy (0) # 0.

We can take a sequence { f*/ (p)}j>1,n; € Z=0,n1 < ny < --- which have the following

property ().

(*) Thereisaconstant0 < C < 400 and there is a sequence {v;};>1,v; € Tp, |vj| =1
such that w; := D(f"/)(v;) € Tfn,-(p) satisfy l[w;| < Cfor j =1,2,3,....

Set p; := f" (p). By transferring to a subsequence, we can assume that p; — g € E
as j — +oo. Let U be a neighborhood of g outside Dy. Suppose that U is identified
with Bj in a local chart of M and g is the center O of By under the identification. Further,
suppose that p; € By forall j > 1. For each j > 1, let us take the inverse branch g; in By
for f/ such that g;(p;) = p. Since g;(B1) C M\ Dy for j > 1, it follows that {g;};>1 is
anormal family in B;. Let g be a limit map of {g;};>1. By transferring to a subsequence,
we can assume that g; — g as j — +oo locally uniformly in B;. It follows easily that
g(0) = pbecause gj(pj) = pand p; - O(=gq) as j — +o0. By Theorem 3.16, g is a
Fatou map in B, for some 0 < ry < 1. From (%), it follows that | D(g;)(w;/|w;)| = 1/C
forall j > 1. This guarantees that g is not a constant map in B,,. In fact, there is a tangent
vector v € Tp such that |v] = 1,|D(g)(v)] = 1/C. We can take a holomorphic disc
Y1 i Ay = By, ¥1(0) = O, D(Yr1)((d/dt);=0) = av for some a > 0. Set Y := g o Y.
Then, v is automatically a neutral Fatou disc by Proposition 3.13. Further, it follows that
¥ (0) = p, DY (0) #0.

(In the case of a holomorphic endomorphism f of degree > 2 in P, by a general result
of Ueda in [U2], it follows that {g;} is normal, even if we do not assume the condition (C).
By Remarks 3.14 and 3.17, it follows that g is a Fatou map and v is a neutral Fatou disc.)

Suppose that f(E) = E and E€ = (. Let us show that E is a repeller. To do this, it is
sufficient to show that

min  min |[D(f") ()| = +00,n — +o0.

pEEveT),|v|=1
Assume that the left-hand side does not go to infinity. Then, there is a constant0 < C < oo
and there are sequences {p;};>1, p1 € E and {n;};>1,n € Zso,n1 < ny < --- and
{vhi=1, v € Ty, |ul = 1 such that w; := D(f")(vy) € T pn1 (pyy satisty |wy| < C for
I =1,2,3,.... By the compactness of E, without loss of generality, we can assume
that there is a point ¢ € E and f™(p;) — ¢ as [ — oo. Take a small neighborhood U
of g. In U, for every l > 1, take an inverse branch g; of ™ such that g;(f™ (p;)) = pi.
This sequence {g'} is a normal family. We obtain Fatou discs attached to E from limit
maps of {g;};>1. This is a contradiction to the fact that E€ = (/.

(In the case of a holomorphic endomorphism f of degree > 2 in P¥, without the
condition (C), it follows that {g;} is normal.) O

Remark 3.23. If we remove the condition (C), then a counterexample is found. Let us
consider the case in which f is not invertible. Let M = C x C and fx,y) =
(g(x), h(y)), where g(x) is a hyperbolic rational function of degree >2 and h(y) is a
Mobius transformation with an attracting fixed point p and a repelling fixed point g.
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Let J, denote the Julia set of g. Set E := Jg x C. If a Fatou disc ¥ (A) intersects E,
then it is contained in E \ (Jg x {q}) and is contracting. Hence, the theorem does not hold
in this case.

From Theorem 3.22, the following question naturally arises.

Question. Let f be a holomorphic self-map of P¥ of degree at least 2. Suppose that D f
is disjoint from the support Supp(u) of the unique maximal entropy measure u for f.
Is Supp(w) a repeller?

Let us consider E*, E€ for Supp(u). Since the Lyapunov exponents are strictly positive,
it follows that E* # @ (see [BD]). So, we can show the following.

PROPOSITION 3.24. Suppose that E€ is non-empty. Then, E€ is not closed. Moreover, E"
is not closed.

Proof. Since Supp(w) is totally invariant, both of E*, E¢ are also totally invariant.
Suppose that E€ is closed. Since Supp(u) N Cy = ¢, by a result in [BD], for any point
p € E°,

1
Hn ZZW Z Jy
fr»n=p

converges to u in the weak sense, where &, is Dirac measure at y. This implies that £¢
contains Supp(u). This is a contradiction to E* # @.

In the same manner, if we suppose that E* is closed, we have a contradiction to E¢
being non-empty. O

In [U1], it is shown that the family of all Fatou maps from the unit disc A to P¥ is a
normal family and every limit map of the family is also a Fatou map, possibly a constant
map.

Suppose that E€ is non-empty. By the proposition above, it follows that there exists a
sequence {p,},>1 such that p, € E€ foralln > 1 and

lim p, =q € E".
n—o0

Let h, : A — P* be neutral Fatou discs such that £, (0) = pp. Since the sequence {%,}
is normal, without loss of generality, we may assume that it converges locally uniformly
in A. If we can control the derivatives, for instance as follows,

o))

where C is a constant which does not depend on n, then the limit map 4 of {A,} is non-
constant, that is, /4 is a neutral Fatou disc which is through ¢ € E*. Thus, we have a
contradiction.

> C > 0,

Can we control the neutral Fatou discs to converge to a neutral Fatou disc?
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