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Abstract

We show that recent approaches to quantitative analysis based on non-idempotent typing systems can
be extended to programming languages with effects. In particular, we consider two cases: the weak open
call-by-name (CBN) and call-by-value (CBV) variants of the A-calculus, equipped with operations to write
and read from a global state. In order to capture quantitative information with respect to time and space
for both CBN and CBYV, we design for each of them a quantitative type system based on a (tight) multi-
type system. One key observation of this work is how CBN and CBV influence the composition of state
types. That is, each type system is developed by taking into account how each language manages the global
state: in CBN, the composition of state types is almost straightforward, since function application does
not require evaluation of its argument; in CBV, however, the interaction between functions and arguments
makes the composition of state types more subtle since only values can be passed as actual arguments. The
main contribution of this paper is the design of type systems capturing quantitative information about
effectful CBN and CBV programming languages. Indeed, we develop type systems that are qualitatively
and quantitatively sound and complete.

Keywords: Quantitative types; global state; effects; composition

1. Introduction

The main aim of this paper is to extend quantitative techniques based on multi-types to programs
with effects.

Effectful programs

Programming languages produce different kinds of effects (observable interactions with the envi-
ronment), such as raising and handling exceptions, reading/writing from/to a global memory,
accessing a database or a file, performing pure non-deterministic or probabilistic choices, etc. The
degree to which these side effects are visible to the programmer depends on each programming
paradigm (Jones and Wadler, 1993): imperative programming usually makes invisible the dis-
tinction between pure computation and effects, while functional programming tries to keep this
distinction explicit and clear. In general, dealing with side effects in a clear way facilitates the for-
mal verification of programs, which in turn allows for the use of static analysis tools to ensure their
correctness. For example, the functional programming language Haskell encapsulates side effects
into monadic actions, a clean approach that is able to put in evidence the distinction between
pure and effectful computations. This idea continues to attract growing attention. Indeed, for a
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pure function f : A — B, which for any argument of type A returns a result of type B, it is pos-
sible to define an effectful function g that behaves like f but also produces some effect along the
computation, in which case we can specify that g : A — T(B),! where T(B) makes it clear that g
returns a result of type B inside a useful wrapper represented by a monad that encapsulates the
effect (Wadler, 1995). This approach allows programming languages to combine the best of both
the imperative and declarative worlds: programs can produce effects, but effects are encoded in
such a way that formal verification can still be performed using usual tools, by simply lifting them
naturally into the monadic setting.

Quantitative properties

We address quantitative properties of programs with effects using multi-types, which originated
in the theory of intersection type systems (Coppo and Dezani-Ciancaglini, 1978). They extend
simple types with a new constructor N in such a way that a program ¢ is typable with o N7 if ¢
is typable with both types o and 1, independently. Intersection types were first introduced as a
model for capturing computational properties of the A-calculus in a broader sense. For example,
termination of different evaluation strategies can be characterized by typability in some appro-
priate intersection type system; that is, a program ¢ is terminating if and only if ¢ is typable.
Naturally, intersection enjoys associativity (i.e., (c Nt) N p =0 N (T N p)), commutativity (i.e.,
o Nt =1tN0), and in particular, idempotency (i.e., 0 No = ¢). Thus, an intersection of types
can be naturally denoted by a set of types. By considering instead a non-idempotent intersection
constructor (i.e., o N o # o), one naturally comes to represent an intersection type as a multi-
set, which is why non-idempotent intersection types (Gardner, 1994; Kfoury, 2000) are usually
referred to as multi-types. Just like their idempotent precursors, multi-types capture interesting
computational properties of the A-calculus, but they also grant a substantial improvement: they
provide quantitative measures about these properties (de Carvalho, 2007, 2018). For example,
typability in a type system using non-idempotent intersections not only characterizes a qualitative
property, such as termination for the A-calculus, but also provides quantitative information such as
upper bounds for the number of evaluation steps needed to reach a normal form. This shift of per-
spective, from idempotent to non-idempotent intersection types, goes beyond lowering the logical
complexity of the proof: the quantitative information provided by typing derivations in the non-
idempotent setting unveils crucial quantitative relations between typing (statics) and reduction
(dynamics) of programs.

Upper bounds and exact split measures

Following the pioneering work by Gardner (1994), Kfoury (2000), and de Carvalho (2007, 2018),
multi-types have been extensively used to reason about programming languages from a quanti-
tative point of view. This is due to the fact that they are able to provide upper bounds for the
number of steps needed to reach a normal form. However, a major drawback of this approach is
the fact that the upper bound that is obtained actually bounds both the number of steps to reach
a normal form and the size of this normal form. As it is well known, the size of a normal form
can be exponentially bigger than the number of steps needed to reach that normal form, and thus,
the resulting upper bound is not reasonable/interesting. More recently, it was shown (Accattoli
et al., 2018, 2020) that it is indeed possible to extract better measures from a type system based on
multi-types, thus providing exact measures instead of upper bounds. The key insight is to extract
the measures only from minimal type derivations. This is achieved by introducing the key notion
of tightness for type derivations. Very succinctly, minimal type derivations are obtained by impos-
ing tightness conditions on the final judgment of type derivations. Moreover, by also splitting the
set of typing rules so that terms that are consumed during evaluation (consuming) and terms that
remain in the normal form (persistent) are typed differently, Accattoli et al. (2018, 2020) show
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that it is not only possible to obtain exact measures but also independent ones (called exact split
measures) for both the number of steps needed to reach a normal form and for its respective size.
More precisely, quantitative typing systems® can be equipped with counters, in such a way that
any term t is typable by a tight type derivation with counters b and s iff t reaches a normal form of
size s in exactly b steps.

Evaluation strategies and open terms

Starting with Landin’s seminal work (Landin, 1965), different incarnations of the A-calculus con-
tinue to be developed and deeply studied in order to provide semantics for different programming
languages and proof assistants. Two of the most well-known and well-studied variants of the A-
calculus can be found in Plotkin (1975): the call-by-value (CBV) and the call-by-name (CBN)
A-calculus. The CBV A-calculus, in particular, has been used in the formalization of modern pro-
gramming languages, such as the call discipline of C or the operational semantics of OCaml. And,
while the original formulation of CBN A-calculus is not as widely employed, its memoized vari-
ant, commonly referred to as call-by-need (Launchbury, 1993; Ariola and Felleisen, 1997), has
been used to formalize the operational semantics of lazy programming languages such as Haskell.
Evaluation in the CBN and CBV A-calculi is weak: evaluation does not occur inside abstractions.
Indeed, abstractions are used to denote functions, and programming languages do not evaluate
the body of functions before all parameters are consumed. Another important aspect of func-
tional programming languages is that programs are assumed to be closed, that is, contain no free
variables. The CBV and CBN A-calculi, however, are open. It has been established that the closed
variant of the CBV A-calculus is very well-behaved, since all normal forms are values; however,
the open CBV A-calculus gives rise to premature normal forms (see Accattoli and Guerrieri, 2016,
2022, for details). If we move from the realm of programming languages into that of proof assis-
tants like Coq, then weak evaluation is not enough. In order to talk about equality of types in
Coq’s dependent type theory, strong evaluation, which relies on evaluation over open terms, is
needed. In sum, and following along the lines of our previous work (Alves et al., 2023), we will
consider weak and open versions of Plotkin’s CBN and CBV A-calculus so that our results can be
easily adapted to the closed setting for both weak and strong evaluation. As shorthand, we will say
Weak Open CBN and CBV whenever we mean Weak Open CBN and Weak Open CBV.

Contributions

This paper is about providing quantitative information for A-calculi with effectful computations
by means of intersection types. We focus in particular on a A-calculus extended with (algebraic)
operations for reading and writing on a global memory. In previous work (Alves et al., 2023),
inspired by the monadic approach adopted in de’Liguoro and Treglia (2021), we designed a quan-
titatively sound and complete tight type system for a CBV evaluation strategy equipped with global
memory. Soundness means that not only a tightly typable term ¢ is always terminating but also
that the tight type derivation of ¢t provides exact (split) measures for both the number of B-steps
and the number of memory accesses during the evaluation process. Moreover, the type system
also provides the size of normal configurations. Dually for completeness. In this paper, we extend
(Alves et al., 2023) both from an operational point of view and a denotational one.

Extending the operational semantics

In Alves et al. (2023), function applications were restricted to the syntactical form vt, where v is not
an arbitrary term but a value. This follows the standard approach when considering Moggi’s CBV
translation of the A-calculus, where applications are translated into CBV let-expressions (Moggi,
1989, 1991): if (_)" is the aforementioned translation, then (tu)" = (let x=u" in t"), which is
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syntactic sugar for (Ax.(Ay.xy)(u"))(t") (Sabry and Wadler, 1997). But the application form vt is
clearly not stable under CBN evaluation (e.g., given I = Az.z, the term (Ax.xy)(II) CBN evaluates
to (II)y, which is not of the desired form), which means that we cannot take this representation
when considering Plotkin’s CBN A-calculus. A possible solution would be to base our work on
Moggi’s metalanguage instead of the A-calculus. In this work, we show that it is possible to take
the standard syntax of the A-calculus, extended with (algebraic) operations for reading and writing
on a global memory, and reason not only about CBV (as in Alves etal. (2023)) but also CBN
evaluation. For this, one needs to be careful when defining the operational semantics and the
typing system according to each evaluation strategy. We leave the details to the later sections
of this paper, but we will present some intuition at this moment. Just like in Alves et al. (2023),
we will lift reduction over terms to reduction over configurations, which are pairs consisting of a
term and a state. Let ¢ be some term and s some state, then (%, s) is a configuration, and we write
(t,s) — (¢, ') to denote that term ¢ reduces to some other term #’ in one step and that the step
changes the state from s to s” as a side effect. Let us focus on the behavior of applications over the
following three scenarios:

(1) Applications are of the form vu (recall that v is a value), and evaluation is CBV. In this
case, evaluation cannot occur on the left of applications but can occur on the right:

v,8) A~ (u,s) —> (U,5)

(vu, s) = (v, §')

Therefore, state s changes with respect to the application vu in the same way as it changes
with respect to u.

(2) Applications are of the form fu, and evaluation is CBN. In this case, evaluation cannot
occur on the right of application but can only occur on the left:
(t,s) = (t,5)
(tu, s) = (f'u, s')

Therefore, state s changes with respect to the application tu in the same way as it changes
with respect to t.

(3) Applications are of the form fu, and evaluation is CBV. In this case, evaluation should first
be performed on the left as much as possible, and then it should continue on the right:

(t,s) = (', s) (t,s) A~ (u,s)— (u,9)

(tu, s) = (f'u, s') (tu, s) — (tu', ')

Therefore, state s changes with respect to the application tu in a compositional way. And we
can see how the composition of states is essential to capture the evaluation of applications.

Defining reduction over configurations turns out to be crucial in order to capture the kind
of results that we are interested in. Indeed, while it is possible to provide operational semantics
for algebraic effects such as non-determinism, probabilistic choice, non-termination, and output,
without mentioning any kind of external environment where effects occur - as was first done in
Plotkin and Power (2001) and later explored in Gavazzo et al. (2024) — the same cannot be said for
other effects, such as global state. This problem was immediately identified in Plotkin and Power
(2001), but it was only in Plotkin and Power (2008) that the same authors provided a solution to
this problem, by taking into account the coalgebraic structure of state. This then allowed them
to provide an operational semantics for state based on configurations. In other words, in order
to provide operational semantics for algebraic effects such as state, it is not enough to consider
reduction over terms — one must consider reduction over configurations instead.
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Extending the denotational semantics

In de’Liguoro and Treglia (2021) and Alves et al. (2023), the operational semantics is based on
configurations, and the associated type systems turn out to be both sound and complete. This is in
contrast with the more general approach to effectful computations in Gavazzo et al. (2024), where
the operational semantics is not based on configuration, and thus, it cannot capture the particular
case of the global state monad because subject expansion fails.

In this paper, we will consider an extended notion of state with a log (a mapping of locations
to a history of values), which is inspired by Ahman and Uustalu (2013). This is not a new notion
of state: its algebraic theory can already be found in Ahman and Uustalu (2013), and its coalge-
braic properties (in the sense of Plotkin and Power (2008)) were studied in Ahman and Uustalu
(2014). It turns out that the notion of state considered in Alves et al. (2023) can be easily recov-
ered from this current proposal by simply ignoring the log (update history). Moreover, by keeping
track of all updates to the state, we are now able to distinguish between configurations that were
indistinguishable in de’Liguoro and Treglia (2021 and Alves et al. (2023).

Summary. In order to gradually present our ideas, we first introduce the tight typing techniques
in Section 2 for pure Weak Open CBN and CBV; that is, no effects are produced during compu-
tation. Then, in Section 3, we apply these techniques to the effectful settings by lifting reduction
and typing to configurations instead of terms and by adding operations for reading and writing
on a global memory. In particular, Section 3.1.1 (resp. Section 3.2.1) introduces Weak Open CBN
(resp. CBV) with Global State, and Section 3.1.2 (resp. Section 3.2.2) defines a quantitative type
system capturing exact measures for the length of evaluation, number of state accesses, and size
of normal forms. Quantitative soundness and completeness of the type system with respect to
Weak Open CBN (resp. CBV) with global state are proved in Section 3.1.2 (resp. Section 3.2.2).
We discuss related work in Section 4 and conclude in Section 5. In Appendix A, we include all
auxiliary lemmas, as well as all the proofs in full detail. For now, we leave the proofs in full detail
for the reviewers, but we intend to significantly shorten some straightforward proofs in order to
gain space in the final version.

Preliminary general notations. We start with some general notations. Given a (one-step) reduc-

tion relation — %, — Z denotes the reflexive-transitive closure of — Z%. Let Sy, . . ., S, represent

n different sets of possibly different kinds of reduction steps. We write t —Ualn) y where

Iy, ..., I, are positive integers, for a reduction sequence from ¢ to u that takes I; steps using rules
from set S;, I, steps using rules from set S, .. ., and I, steps using rules from set S,. A term ¢
is said to be (1) in Z-normal form or Z#-irreducible (written ¢ / %) iff there is no u such that
t = Zu and (2) Z-normalizing iff there is some Z#-normal form u such that t — g u. The reduc-
tion relation % is normalizing iff every term is %Z-normalizing. In general, reduction relations are
non-deterministic. However, given any reduction relation — %, it is always possible to consider a
deterministic subset of — 2, which is usually referred to as an evaluation strategy. In particular,
Plotkin’s CBN and CBV variants of the A-calculus are based on particular choices of evaluation
strategies with respect to the (full) A-calculus.

2. Weak Open CBN and CBV

In this paper, we use the tight typing technique in Accattoli et al. (2020) for obtaining quantitative
bounds/measures, such as the length of reduction sequences to normal forms and the size of such
normal forms. Originally, Accattoli et al. (2020) consider different evaluation strategies, such as
head evaluation, leftmost-outermost evaluation, the maximal strategy, and linear head evaluation.
In this paper, instead, we will consider Weak Open CBN and CBV. In particular, pure Weak Open
CBN and CBV (i.e., without effects) is first presented in this section, and then the general case is
presented in Section 3.
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(Values) v, w=x|Axt

(Terms) t,u:=v|tu

Figure 1. The syntax of the A-calculus.

(Ax.t)u— t{x\u} (Be) (Ax.t)y — t{x\v} B
tu—t'u tu— tu'

Figure 2. Reduction rules for Weak Open CBN and CBV.

Weak Open CBN Size Weak Open CBYV Size
|x[n :=0 x|y :=0
[Ax.tly ;=0 [Ax.t]y :==0

[tuln := 1+ |t]a ltuly == 1+ |t|y + |ulv

Figure 3. Weak Open CBN and CBV size.

2.1 Syntax and operational semantics

We now introduce the syntax of the A-calculus and the operational semantics for Weak Open
CBN and CBV evaluations.

The syntax of the A-calculus

The sets of values and terms of the A-calculus are defined by the grammars in Figure 1. The
sets of free and bound variables of terms are defined as usual, and syntactic equality of terms is
considered up to a-conversion (Barendregt, 1985).

Evaluation in Weak Open CBN and CBV

Weak Open CBN and CBV evaluation notions are defined as subsets of the reduction rules in
Figure 2. In particular, Weak CBN evaluation is denoted by —, and given by rules (8,) and
(appL), and Weak CBV evaluation is denoted by — and given by rules (B,) and (appL) and

(appR).

Weak Open CBN and CBV size

The notions of Weak Open CBN size ||, and Weak Open CBV size |t|, are defined in Figure 3.
Since we are considering weak versions of CBN and CBV evaluation, both variables and abstrac-
tions have size zero. The difference is in applications: in CBN, only the left side of an application
is evaluated, and thus, only this left side contributes to the overall size; in CBV, both sides of
applications are evaluated, and thus, both sides contribute to the overall size.

Normal and neutral forms
In Figure 4, we present two grammars no, (CBN normal terms) and noy, (CBV normal terms) that
characterize all normal forms for Weak Open CBN and CBYV, respectively. The key notion that
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(Normal)  no, ::= Ax.t|ne, noy ::=x|Axt|ne,

(Neutral) ne, :=x|ney ney, :’= x noy | noy ney | ne, noy

Figure 4. Normal and neutral terms for Weak Open CBN and CBV.

Weak Open CBN Weak Open CBV
(Tight Constants)  tt, :=a|n tty i=v|aln
(Multi-Types) M = [Tilier M = [0ilicr
(Types) Tu=tty | M —7 Tu=nl|o|.#
(Value Types) cu=vl|a|#—7

Figure 5. Types for Weak Open CBN and CBV.

allows us to define these grammars is that of neutral term. A neutral term is also a normal term;
however, it has an additional property: it does not produce any new redexes when plugged into
the left-hand side of some application. In Weak Open CBN evaluation, abstractions are the only
normal terms that are not neutral. However, in Weak Open CBV evaluation, both abstractions
and variables are (non-neutral) normal terms.

The following propositions, whose proofs are in Sections A.1.1 and A.1.2, respectively, show
that the grammars for normal and neutral terms for Weak Open CBN and CBV in Figure 4 are
sound and complete.

Proposition 1 (Normal forms for Weak Open CBN). t be a term. Then t € noy, iff t />n.

Proposition 2 (Normal forms for Weak Open CBV). Let t be a term. Then t € noy iff t /.

2.2 Quantitative types for Weak Open CBN and CBV

In this section, we present the quantitative type system for Weak Open CBN and CBV.
Quantitative type systems are specified by non-idempotent intersection type systems (Gardner,
1994; Kfoury, 2000; de Carvalho, 2007), which are typing systems inspired by the resource-aware
nature of linear logic. The latter was introduced by Girard (1987) as a refinement of intuitionistic
(and classical) logic that highlights the role of formulas as resources. Due to Curry and Howard,
we know that types and terms in the simply-typed A-calculus correspond to proofs and proposi-
tions in (the implicational fragment of) intuitionistic logic, respectively. Therefore, one can look
at Girard’s translations of intuitionistic logic into linear logic (Girard, 1987) in order to obtain
resource-aware versions for CBN and CBV.

In this section, we introduce all the necessary tools in order to present the quantitative type
systems for Weak Open CBN and CBV.

Tight constants and multi-types
The types for Weak Open CBN and CBV are presented in Figure 5, where I is a finite set.

Notation. Let tt( be any tight constant in tt, or tty. We will write tto to denote the set
tty \ tto or tty \ tto, respectively. As an example, @ denotes {n} in Weak Open CBN and {v, n}
in Weak Open CBV.
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Weak Open CBN Weak Open CBV
————— (axq) ———— (axy)
x:[f]FOD x: ¢ x:[o]F0 x: o
(i =0 1) ey (@) (Ci =0 v 2 67)je (@)

My My
e Ty Frietbictiersi) ¢+ 4], +ie Ty Frietbicticrsi) y « (67,
Ltz
(1)

C\xF®9) Axs:T(x) — 1
CEOY ot v AR ue

— ©
T+A - (14+b+b s+5") T
— (Ap)
OO Axria ¢
L) rm ARCS) tty
/ / (@P)
F,_(bf)t;n F+A|_(b+b’l+s+s)l‘utn
(b,1+s) (@)

FE>™ tu:n rEC9ee, AR yin
(@)

C+A Lo+ 1+s+s) 41y -

Figure 6. Typing rules for Weak Open CBN and CBV.

Tight constants are minimal types that are necessary to type normal forms in a tight (minimal)
way. This means that the set of tight constants, which depends on the set of normal forms, will
also depend on the underlying strategy. Terms in neutral form are typed with the neutral tight
constant n. But, in order to type normal forms, we need to consider more tight constants:

« Weak Open CBN. The set of tight constants for Weak Open CBN consists of the tight
constants a and n. The additional tight constant a is needed for Weak Open CBN, since
abstractions are the only normal forms that are not neutral: applications of the form (Ax.p)u
are never normal forms.

+ Weak Open CBV. The set of tight constants for Weak Open CBV consists of the tight con-
stants v, a, and n. Indeed, variables that can be replaced by persistent abstractions are typed
with tight constant a, and variables that can only be replaced by other variables are typed with
tight constant v.

In Figure 5, the reader might notice that the sets of multi-types for both calculi are different.
In Weak Open CBN, multi-types contain the n tight constant because variables can be replaced
with any term, in particular, neutral terms (of type n). In Weak Open CBYV, instead, multi-types do
not contain any tight constant n because variables can only be replaced by values (of type v or a).
Moreover, because in the open setting abstractions can return values and terms in neutral form,
neutral tight constants can appear on the right of arrow types in both Weak Open CBN and CBV.

Typing systems for Weak Open CBN and CBV
The type systems for Weak Open CBN and CBV are defined as subsets of the typing rules in
Figure 6. Let us introduce some necessary definitions:
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« Typing environments are denoted by I', A and are defined as functions from variables
to multi-types that assign the empty multi-type [] to all but a finite set of variables. The
domain of a typing environment I', denoted by dom(I"), is defined as dom(I") := {x | I"(x) #
[1}. The union of typing environments I' and A is denoted as I' + A and defined as
(' + A)(x) =T(x) U A(x), where U denotes multi-set union. An example is (x : [t1],y :
[+ [ul,z: [])=(: [t1, ],y : [r2],z : [72]). This notion is extended to a finite
union of environments, written +;¢/I'; (the empty environment is obtained when I =0).
We write I' \x for the environment (I" \x)(x) =[] and (I' \x)(y) =T'(y) if y # x, and we
write I'; x : .4 for I 4+ (x : .#), when x & dom(I"). Notice that I and I'; x : [] are different
notations denoting the same environment.

« Typing judgments have the form I' =9 ¢ : 7, where I is a typing environment, t is a type,
and (b, s) is a counter made by two natural numbers (the meaning of b and s will be made
precise later). Also, if the typing environment I is empty, we will sometimes write =) ¢ : ¢
instead of # -9 ¢ : 7,

« Typing rules are presented in the usual Gentzen-style layout: the typing judgments at the top
of the rule are called the premises; the unique typing judgment at the bottom is its conclusion.

« We write > T 9 ¢ ¢ 1 (resp. > T H ¢ : 1) if there is a type derivation of the judgment
DO ¢ 2 ¢ (resp. T H®9 ¢ : 1) using the typing rules for Weak Open CBN (resp. CBV), in
which case we say that the term ¢ of its conclusion is typable in Weak Open CBN (resp. CBV).
We use letters @, W, . .. to name type derivations, by writing, for example, & > T" R EE?

We distinguish between consuming and persistent rules by subscripting the name of the latter
with a p. The intuitions behind the rules are the following (for now, ignore the counters (b, s)):

« Rules for Weak Open CBN:

— Rules (axy), (A), (@), and (my). These rules are the usual ones for CBN.

- Rule (Ap). This rule is used to type with a tight constant a, abstractions that persist during
evaluation.

- Rule (@,). This rule is used to type application terms of the form fu with the tight
constant n, whenever the application constructor persists during evaluation.

o Rules for Weak Open CBV:

- Rules (axy), (1), and (@). These rules are the usual ones for CBV, with the slightly less
standard presentation of (@) using the fact that {(A — B) =!(A) —!(B).

- Rule (my). This rule is the exponential rule from linear logic, but, as stated before, it is
introduced in the Weak Open CBV system in a restricted form: it can only be applied to
values.

- Rule (1;). Just like for Weak Open CBN, this rule is used to type with tight constant a,
abstractions that will persist during evaluation.

— Rules (@}1)) and (@f,). These rules are actually rule schemas that depend on the particular

choice of tight constants. In particular, rule (@é) unfolds into six different rules according
to the particular choices of tight constants in @ and tty, and (@%) unfolds into three

different rules according to the choice of tight constant in tt,. Rules (@IIJ) and (@IZ)) are
used to type application terms of the form tu with the tight constant n, whenever the
application constructor persists during evaluation. The rule depends on the types of the
subterms t and u.

https://doi.org/10.1017/5S0960129525100285 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129525100285

10 S. Alves et al.

Counters

In order to keep track of the number of B,-steps and By -steps, as well as the Weak Open CBN
and CBYV size of normal forms, typing judgments are decorated with counters of the form (b, s).
Let &> ' %) ¢ : ¢ be a typing derivation for term ¢, then b is the number of f,-steps (resp. f-
steps) needed to normalize ¢ following the respective strategy, and s is the size of the corresponding
CBN (resp. CBV) normal form of ¢.

« Weak Open CBN. Rule (@) is the only rule that increases the counter b for the number of
Bu-steps. Rule (@) is the only rule that increases the counter s for the size of the Weak Open
CBN normal form.

« Weak Open CBV. Rule (@) is the only rule that increases the counter b for the number of
By-steps. Rules (@é) and (@g) are the only rules that increase the counter s for the size of the
Weak Open CBV normal form.

We call (@) a consuming application rule, and rules (@Il)), (@12>)’ and (@p), persistent application
rules. The intuition is the following:

+ Weak Open CBN. Consuming application rules are used to type applications that evaluate to
the form (Ax.f)u, and persistent application rules are used to type applications that evaluate
to the form nept.

« Weak Open CBV. Consuming application rules are used to type applications that evaluate to
the form (Ax.t)v, and persistent application rules are used to type applications that evaluate to
the form ne,.

This difference of behavior between persistent and consuming rules is captured by the rules as
a tightness (minimality) constraint. If an application is not consuming, we only need to know that
the terms on the left and right of the application evaluate to terms that do not interact with each
other (have tight types) and will persist as an application (with a tight type) during evaluation.
However, if an application is consuming, we need to know more about its form. In particular, that
the term on the left of the application evaluates to an abstraction (of type .# — t) that expects
an argument of a certain form (of type .#) and that after consuming that argument, its body will
have a particular form (of type 7).

Tightness. The same term may have different typing derivations. These will always provide upper
bounds for the number of steps and the size of normal forms. The interesting aspect of tight type
systems, however, is that the class of typing derivations that provide exact bounds for these mea-
sures is captured by tight derivations. The notion of tightness for types, typing environments, type
judgments, and typing derivations is as follows:

o A type t is tight if 7 is a tight constant (i.e., T € tty for CBV and t € tt, for CBN).

o A multi-type ./ is tight if, for all o € ., o is tight.

« A typing environment I is tight if, for all x € dom(T"), I"(x) is tight.

« A typing judgment ' H®9 ¢ : 7 is tight if I" and 7 are tight.

o A type derivation & is tight if its conclusion is tight.
Soundness and completeness. The type system for Weak Open CBN (resp. CBV) is quantitatively
sound and complete with respect to —p, (resp. —v). Quantitative soundness means that not only a

tightly typable term t is terminating (qualitative) but also that exact and split measures concerning
the evaluation of t to normal form (quantitative) can be extracted from its tight type derivation.

(bs)
More precisely, if & =T Oy g (resp. > 'yt : 7) is tight, then there exists u € noy, (resp.
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noy) such that l‘—»f1 u (resp. t—»s u) with |u|, =s (resp. |u|y =s). Dually for quantitative com-
pleteness. Most of the properties needed for quantitative soundness and completeness are shared
between the two type systems. For this reason, we are going to present each statement only once
and expect the reader to take the absence of any distinction between the two strategies as an indi-
cation of such between the statements. Also, we are going to present, in what follows, only the key
properties and leave the auxiliary properties to Appendix A.1, along with their proofs.

To show quantitative soundness and completeness, we need to show that a term ¢ is in Weak
Open CBN (resp. CBV) normal form if, and only if, the first counter, which corresponds to the
number of fy-steps (resp. By-steps) needed to reach a normal form, is zero.

Lemma 1 (Normal forms take zero steps). Let @ > I' =09 ¢ : 7 be a tight type derivation. Then,
b=0iff t € no.

We also need to show that, given a term ¢, the type system infers the correct Weak Open CBN
(resp. CBV) size of the normal form of t.

Lemma 2 (Normal forms have correct size). Let ® > I' =%t : 1 be a tight type derivation. If
b=0, thens=|t|.

Finally, we show that, for any term ¢ in Weak Open CBN (resp. CBV) normal form, there exists
a tight derivation, which, moreover, infers the correct Weak Open CBN (resp. CBV) size of t.

Lemma 3 (All normal forms are tightly typable). If ¢ € no, then there exists a tight type derivation
& IO ¢ ¢ such that s = |t].

We now state a quantitative form of type preservation along evaluation.

Lemma 4 (Quantitative subject reduction). Let ®;> I'+®9 ¢ : 1 be a tight type derivation. If
t — ', then there exists @y > T HO=19) ¢ ;.

Quantitative soundness follows from the correctness of the counters for normal forms
(Lemma 1 and Lemma 2) and quantitative subject reduction (Lemma 4).

Theorem 1 (Quantitative soundness). If ® > I'+®9 ¢ : ¢ is a tight type derivation, then there
exists u € no such that t —? u with |u| =s.

The following property guarantees that typability is preserved back along evaluation.

Lemma 5 (Quantitative subject expansion). Let ®y > I'-®9 ¢ ¢ be a tight type derivation. If
t — t, then there exists &, > [ &+ ¢ - ¢,

Quantitative completeness follows from the typability of all normal forms in a tight way
(Lemma 3) and quantitative subject expansion (Lemma 5).

Theorem 2 (Quantitative completeness). If t = u with u € no, then there exists a tight type
derivation ®;> T O ¢ - ¢,
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(Terms) ¢, u, p ::= x| Ax.t |tu | get;(Ax.t) | set(t,u)
(States) s,q ::= € |upd,(t,s)

()

(Configurations) c:

Figure 7. The extended syntax of the A-calculus for Weak Open CBN with Global State.

3. Weak Open CBN and CBV with Global State

Now that we have seen how to use tight typing techniques to obtain quantitative information in
the Weak Open CBN and CBV variants of the A-calculus without effects, we are ready to talk
about the extensions of these languages with (algebraic) operations for reading and writing on a
global state. To do this, we will lift reduction over terms to reduction over configurations, which
are pairs consisting of a term and a state. Then, we are going to develop two types of systems: one
for Weak Open CBN with Global State and another for Weak Open CBV with Global State. Since
the CBN type system is, in a way, dual to the one in Alves et al. (2023) for CBV, we are going to
start by presenting the type system for Weak Open CBN with Global State first and then move to
the generalization of the CBV type system in Alves et al. (2023).

3.1 Weak Open CBN with Global State

We start by extending the syntax presented in Section 2 with operations for reading and writing
on a global state and introducing the syntax for the global state and configurations. Then, also
based on the CBN language introduced in Section 2, we show how to lift reduction on terms to
reduction on configurations and how operations on terms interact with the global state.

3.1.1 Syntax and operational semantics
We introduce the syntax for the extension of the Weak Open CBN A-calculus with Global State
and its operational semantics.

The syntax for Weak Open CBN with Global State. 'We consider a denumerable set of locations
denoted by I, 7, . . .. The sets of terms, states, and configurations are presented in Figure 7.

The set of terms of the A-calculus is extended with two operations: get;(Ax.t) and set(t, u),
where [ is a location drawn from some set of location names. The former is used to get the term
at location [ and bind it to x in t. The latter is used to set a term ¢ to location [ in the state and
then continue with term u. States are either the empty state, denoted by ¢, or the result of some
sequence of update operations over the empty state. Given some state s, an update over s consists
in setting some term ¢ to some location /, and it is denoted by upd,(t, s). If the same location [ is
updated twice in a row, for example, upd;(t, upd;(u, s)), only ¢ (the most recent update) should
be accessible at location [ according to our operational semantics in Figure 9. Configurations are
pairs consisting of a term and a state. The sets of free and bound variables of terms, states, and
configuration are as expected.

It is important to note that, if upd;(t, upd;(u, s)) is assumed to be equal to upd;(t,s), as in
de’Liguoro and Treglia (2021) and Alves et al. (2023), this corresponds to presenting the global
state as a mapping from locations to terms, that is, the coalgebraic structure for the state monad
(Plotkin and Power, 2008). We assume instead that if upd;(t, upd;(u, s)) is not equal to upd,(t, s),
this corresponds to presenting the global state as a mapping from locations to lists of terms, that
is, the coalgebraic structure for the state-logging monad (Ahman and Uustalu, 2014). We also
consider the update operation to be commutative in the following sense:

upd,(t, updy (u, s)) =c updy(u, upd(t,s)) if [ # I
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Weak Open CBN Size Extended for Global State

lget;(Ax.t)]n = [t|n

|set;(t,u)|n = |uln
Is|ln := 0
|(t,8)]a = |t|a

Figure 8. Weak Open CBN size extended for global state.

(Ba) (t7s) ~r (t/a‘I) rE{B,g,s}

((Ax.t)u,s) ~p, (t{x\u},s) (t1t,5) 0 (110, q) (appL)
s =upd;(u, q) .
(get;(Ax.t),s) ~g (t{x\u},s) (get) (sety(u,t),s) ~5 (t,upd,(u,s)) (set)

Figure 9. Reduction rule for Weak Open CBN with Global State.

The equivalence relation generated by the algebraic equation =; is denoted by =. We write
I € labels(s), if s=upd,(t, q), for some term ¢t and state q. Moreover, for every location I, these ¢
and g are unique. A consequence of the equivalence relation = on states is that, whenever we want
to refer to the most up-to-date content of a location in a given state s, we can always write s so that
the first update operation is the latest one over that particular location. Said differently, for every
I € labels(s), s =upd;(u, q), for some term u and some state q. From now on, if s = upd,(u, g),
we write s(I) to denote the (unique) term u.

Weak Open CBN size. The notion of Weak Open CBN size is extended to operations, states, and
configurations according to Figure 8.

Evaluation in Weak Open CBN with Global State. 'Weak Open CBN evaluation —, is extended
to global state by lifting it to configurations and taking into consideration the interaction between
get and set operations and the global state. Evaluation for Weak Open CBN with Global State
~~p, is defined as the union of the reduction rules in Figure 9.

Rules (8p) and (appL) are the same as for the Weak Open CBN, if we take only the term part of
the configuration. Rules (get) and (set) describe how the get and set operations interact with
the global state. In particular, notice that, while rule (set) can always be fired, rule (get) can get
stuck if it tries to interact with a location on the global state that is empty.

Blocked configurations. A configuration (t,s) is said to be blocked if: t = get;(Ax.u) and | ¢
labels(s); or t = up and (u, s) is blocked. We say that (¢, s) is an unblocked otherwise.

Example 1. Let I, I be two locations such that | # I'. Then, the three following configurations are all
blocked:

(get;(Ax.x),e) ((get;(Ax.x))(Ay.y),updy(t,€)) (((get;(Ax.x))(Ay.y))(Az.z), updy(t, €))

Normal configurations. Clearly, blocked configurations are a kind of normal form for configura-
tions. However, they are not the desired result of a computation — even though they are in normal

https://doi.org/10.1017/5S0960129525100285 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129525100285

14 S. Alves et al.

(Normal) noy :i= Ax.t | ne,

(Neutral) ney = Xx|ne, ¢
Figure 10. Normal and neutral terms for Weak Open CBN with Global State.

Let S be the type of global states and 7' (X) = S = (X x S) stand for the global state monad.
(Types)

Tty 1= tty
([alien)" = [T(5))ies
(M — 1) = (" —T(1"))
(Typing Environments)
(X1 2y, ... xn: Mly)T = () :///f, e Xy M)
(Typing Judgements for Terms)
Trkt:0) =TTk T(7)
Crt: ) =T t:.a7

Figure 11. The CBN monadic translation for types, typing environments, and judgments.

form - but rather a runtime error that should be caught by the type system (i.e., blocked configu-
rations will be untyped). A configuration (¢, s) is said to be normal if it is a blocked configuration
or t € nop, where noy, is defined in Figure 10.

Example 2. Consider the configuration cyp = ((Ax.set(z, x))(get;(Ay.y)), €). Then we can reach a
normal configuration as follows:

((Ax.set)(z, x))(get;(Ay.p)), &) ~ g, (seti(z, get(Ay.y)), €)
~s (get;(Ay.y), upd;(z, €))
~g (2, upd)(z, €))

The following proposition, whose proof is in Appendix A.2, shows that normal configurations
are indeed irreducible.

Proposition 3. Let (¢, s) be a configuration. Then (t, s) is normal iff (t,s) ¥=n.

3.1.2 A quantitative type system for Weak Open CBN with Global State

In this section, we present the quantitative type system for Weak Open CBN with Global State.
For this, we start by introducing the CBN monadic translation of the A-calculus of Wadler (1990)
by adapting it to account for tight constants and multi-types. We then instantiate this monadic
translation with the monad for global state.

The CBN monadic translation. In order to lift the type system for Weak Open CBN into the
global state monad, we are going to follow the CBN translations of the simply-typed A-calculus in
Wadler (1990). Naturally, we will have to slightly adapt the translation in order to accommodate
for multi-types. The resulting translation of the Weak Open CBN types in Figure 5 is presented in
Figure 11.
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(Tight Constants) tt, s=aln

(Multi-types) M = [l]ic; where I is a finite set
(Types) To=tty| M — U

(Monadic Types) ui=9=x

(Configuration Types) k:=1Tx .7

(List Multi-types) Lou=x|M-&L

(State Types) T = {l;: £ }icr where all [; are distinct

Figure 12. Types for Weak Open CBN with Global State.

This figure deserves some comments. Notice that we choose to use two different arrows to
denote our types: the first one = is used for the global state monad, while the second one — is
the usual functional arrow type. Also, the T translation is meant to be understood as a template
for building the type system.

State and monadic (multi-)types. The grammar for types is presented in Figure 12.

State types, denoted by .7, can be seen as partial functions mapping all but a finite set of
locations to the empty list multi-type . Notice that .7 is the set of all state types and corresponds
to S in Figure 11. The domain of a state type .7 is denoted by dom(.7") and defined as dom(.7) :=
{I|(I: ZL)e T and ¥ # *}. We write 7 (I) to denote the list multi-type associated with location
lin 7, whenever | € dom(.7). To simplify the notation, we will omit » whenever a list multi-type
is not empty; thus, for example, [] -  will be simply written as [x]. It is important to remark that
the use of list multi-types is crucial in order to match the behavior exhibited by our notion of state;
for example, if an empty location [ is updated twice, first with a term of type .#; and then with a
term of type .#5, then it will be assigned type .#, - (41 - x).

We write 7; 7’ to mean that dom(.7) Ndom(.7”) = (. Notice that {l : x};. 7 =.7 and {I :
LY, T #T it L #x soinparticular {I : []}; T # 7. However, recall thatx : [[; [ =T.

Multi-types are now multi-sets of monadic types. And monadic types are lifted types of the
form J = (t x J’), where the state type 7 is called an input state, and 7 x 7’ is a configura-
tion type consisting of a type t and a state type .7 called output state. When dealing with effects,
it is important to distinguish between pure and monadic types. Indeed, pure types are monadic
types that have the same input and output state type, for example, .7 = (v x 7).

Typing system for Weak Open CBN with Global State. The type system for Weak Open CBN with
Global State is defined by the typing rules in Figure 13.
Like in the case for Weak Open CBN and CBV, we now present some necessary definitions:

« The notions of typing environments are extended to global state as expected.
« Typing rules follow the structure introduced in the previous section.
« Typing judgments are of three different kinds:
- Term typing judgments are used to type terms and are of the form I IF®md ¢ . @
where (b, m, d) is a counter, I' is a typing context, and ¢ represents either a multi-type
M or a monadic type (L.

- State typing judgments are used to type states and are of the form A [F&md s . 7,
where (b, m, d) is a counter, A is a typing context, and .7 a state type.
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Rules for Terms

LIFGmd) ¢y
000 3. 2 %)
x: [p]IEOO X D \xlFbmd) Axr: T = (D(x) — 1) x 7)
(T I Comedd) ;)i
+icili |k (Fierbistiermitierd;) ¢ - [Wilicr

CIHemd) o 7 = (M —(T'= k) x T') ARy g

(m)

Q]
[ 4 A Fbtd mem' did) gy 7 — g
CI-Cmd) e L1t - LY, T =« (got)
ge
[ \xIF®O1Hmd) gt (Axa) : {:T(x) UM - L}, T =k
Ciemd) . g AO )y {l: - £}, T =« (set)
set
[+ ARG Ibmim d4d') gop (1 ) {12 LY, T =k
Rules for Persistent Terms
(Ap) CIFemd) ¢ 7 = (nx T) @)
0IFO00 Axt: T = (ax T) DIHbmI) 1y T = (nx T7)
Rules for States
(b,m,d) 4. Wm'dy . g7. .
o (emp) '+ lt.//// /AII— s {l: L} T (upd)
QIFOSY e 0 [+ A |F b+ mtm ’d+d)updl(t,s) Al LT

Rule for Configurations
CiEemd) e 7 = AFEPd) s 7

(conf)
[+ Al bt mtmd+d') (4 ¢y g

Figure 13. Typing rules for Weak Open CBN with Global State.

- Configuration typing judgments are used to type configurations and are of the form
L IFGmd) (¢5) 2 i, where (b, m, d) is a counter, I is a typing context, and « is a configura-
tion type.

The meaning of the counters b, m, and s will again be made precise later.

 The notions of type derivation and typability are extended to global state as expected.

We distinguish between consuming and persistent rules just like before. The intuitions behind
the rules are the following (again, please ignore the counters (b, m, d) for now):

+ Rules (ax), (1), (Ap), (@), and (m). These rules are essentially the same as for Weak Open
CBN, but types are now replaced by monadic types.
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+ Rule (@). In this rule, we can see how CBN influences the type system. Since, according to
CBN, we only reduce on the left-hand side of applications, only the term ¢ on the left can
(potentially) change the global state. Therefore, CBN tells us the following: (1) ¢ is reduced
until reaching an abstraction Ax.p, going from input state type .7 to an output state type
Z"; then (2) the By-rule will be fired, resulting in the term p{x \ u}; and then (3) reduction
continues with p{x \ u}, thus going from input state type .7’ to the output state type in the
configuration type . Remark that the arrow type .# — (.7’ = k) appearing in the monadic
type of t represents the fact that, after Ax.p interacts with term u of type .4, p{x \ u} continues
the computation with behavior 7" = «.

« Rule (get). This rule is used to type the get operation. Given some state s, get;(Ax.t) binds a
copy of s(I) to x and returns t{x \ s(I)}. This is reflected by this typing rule: it assigns input state
type{l : T(x) .- £}; T to get;(Ax.t) under typing context I' \x, so that ] € labels(s) (by
Lemma 42), and assigns input state s to ¢ under typing context I', to indicate that evaluating ¢
consumes a copy of s(l). It is also important to note that the premise of the rule assigns input
state {| : .4 - Z}; T to t because t has access to the same input state as get;(Ax.t). Of course,
t is not required to use the contents of location /, in which case .Z=[].

« Rule (set). This rule is used to type the set operation, which is - in a sense - dual to the
get operation. Given a state s and terms ¢ and u, set;(t, u) (possibly) extends s to location [
by assigning ¢ to s(I) and returns u, which now has access to f in location . This is reflected
by this typing rule: it assigns input state type {I : .£}; 7 to set;(t, u), which is the type of
the state before it is changed by set, while assuming the input state type {l : .#Z-.Z}; 7 for u,
where .# is the type of ¢.

« Rule (emp). This rule is used to type the empty state. By definition, the empty state has an
empty set type ¥ because no location is set.

« Rule (upd). This rule is used to type the update operation and is very similar to rule (set).
However, instead of describing the behavior of a term after a set operation, it describes the
behavior of a state s after it is updated to upd,(t, s), for some location / and term ¢. Of course, if
location [ was already defined in s, this information is already recorded in the type {l : £}; T
of s. Moreover, the new type of upd,(t, s) keeps track of this old information by adding the
multi-type .# of the term ¢ to the head of list multi-type .£.

 Rule (conf). This rule is used to type configurations. In order to type a configuration of the
form (¢, s), both t and s need to be typed. Note that s is the input state of t; therefore, the input
state type of t needs to match the type of s. The type of the configuration is a configuration
type, and it reflects the behavior of the normal configuration reached from (t, s).

Counters. Our counters are now of the form (b, m, d). This will allow us to not only keep track of
the number of B,-steps and the size of normal configurations, just like for Weak Open CBN, but
also the number of g/s-steps. We are going to use d to denote the size of normal configurations

instead of s to avoid confusion with notation for states. Let ® > T ”_gb,m,d) (t,s) : k. Then b is the
number of B,-steps needed to normalize t, d is the size of the normal configurations reached from
(t,s), and m is the number of g/s steps. Note that, while the first and last counters depend on the
interplay between consuming and persistent typing rules, the second counter is simply counting
the number of get and set operations that occur during evaluation. This is due to the fact that
blocked configurations are not typable (by Proposition 4), and thus, get and set never get stuck.
However, this is not the same thing as the total number of get and set operations in a configu-
ration. As an example, consider configuration (Ax.get;(1y.t), s). This configuration has (at least)
one get operation, but it is already a normal configuration. Therefore, no operation occurs during
evaluation, and this should be reflected by the counter.
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CBN tightness. We generalize the notion of tightness for types, typing environments, type
judgments, and typing derivations as follows:

o Atype T is tight if T is a tight constant (i.e., T € tty).

o A multi-type is tight if, for all © € ., u is tight.

o Alist multi-type . is tightif & =%, or & =4 - &', # =], and £’ is tight.
« A monadic type = (t x J) is tight if T € tty.

o A state type 7 is tight if, for all /€ dom(.7), Z(I) is tight. This tightness restriction on
state types ensures that any information provided by the input state that is not used during
evaluation is discarded by the (tight) type system.

« A configuration type (v x .7) is tight if T € tt, and 7 is tight.

+ A typing environment I" is tight if, for all x € dom(T"), all i € I'(x) are of the form .7 =
(t x 7),and 7 € tty. This tightness restriction on typing environments has one crucial con-
sequence: persistent variables cannot change the global state and thus are assigned types that
reflect that fact, that is, types that have the same input and output state type (see Lemma 6).

« A term typing judgment I" [F®™4) ¢ : & is tight if I is tight and ¢ is tight.

« A state typing judgment A &) s - 7 is tight if A and .7 are tight.

« A configuration typing judgment " IF&" (¢, 5) :  is tight if I" and & are tight.
o A typing derivation & is tight if it concludes with a tight judgment.

Example 3. Consider configuration co from Example 2. Let po={l : [} = (@ x {l : [1}), and let
pr={l:*x}=@x{l:[1}),andrecall that @ ={l : *}. Let ¢ be the following typing derivation:

(ax)

. [‘uo} ||-(0.0,0) Z: Lo

(m) (ax)
2 [o] IF%0) 2.+ o] x:[{: [ol} = (@< {1 [IN]IFOOY o {1 [mo]} = (nx {1:[]})

(set)
z: [mol x: [{1: [po]} = (n x {1 [N set (z,x) : {1: %} = (n x {I:[]}) )
22 (Mol FOTO) Axsety(z,x) {12 x = ({1 [o]} = (m x {1 [1)] — ) x {:%})
and ®; be the following typing derivation:
(ax)
o] HO99) y gy
L0 (get)
IHOLO get; (Ay.y) : {1+ [mo]} = (n x {1:[]}) ()
IHOLO) get (Ay.y) : [{1+ (o]} = (n x {I:[]})]
Then, we can build the following tight derivation ®, for co:
oy P
(@) (emp)
2 [to] IF120) (Ax.set;(z, x)) (get; (Ay.y)) : {l: %} = (n x {L:[]}) 01-000) g 17: 4} (cant)
con.

22 [Ho] IF20) ((Ax.set (2, %)) (get; (Ayy)), €) :n x {I:[]}

Soundness and completeness. 'We now extend the soundness and completeness results for Weak
Open CBN to Weak Open CBN with Global State. The type system for Weak Open CBN with
Global State is quantitatively sound and complete with respect to the extended reduction relation
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~>y to configurations. Quantitative soundness means that not only a tightly typable configuration
(t,s) is terminating (qualitative) but also that exact and split measures (quantitative) concerning
the evaluation of (¢, s) to a normal configuration can be extracted from its tight type derivation.

More precisely, if &> T’ ”_gb,m,d) (t,s) : k isatight derivation, then there exists a normal configu-
(b,m
n

ration (u, q) such that (¢, s) ~ ) (u, q) with |(4, q)|n = d. Dually for quantitative completeness.
The key properties necessary to show quantitative soundness and completeness for Weak Open
CBN are extended to Weak Open CBN with Global State, and additional properties strictly related
to the presence of the global state are necessary. All proofs are in Appendix A.2.

Correctness of the counters. 'To show quantitative completeness, we need to show that if a typable
configuration (¢, s) is normal, then the counters of its tight derivation are as follows: the first
counter, which corresponds to the number of B, -steps needed to reach a Weak Open CBN with
Global State normal configuration, is zero; the second counter, which corresponds to the number
of g/s-steps, is zero; and the last counter is equal to the Weak Open CBN with Global State size of
(t,s).

Given some term ¢ in normal form, the type system will always infer a tight monadic type for
t with the same input and output state types. This is due to the fact that normal forms do not
interact with the state (at least in an effectful way) and is formalized as follows.

Lemma 6 (Normal forms have pure types). Let P IFg”m’d) t: 7=t x7), such that T is
tight. If t € noy, then 7 = 7.

A stronger crucial property can (and will) be shown for the CBV setting (Lemma 15). For the
CBN setting, this weaker property is enough.
The following property shows that terms in normal form and tight states have correct size.

Lemma 7 (Normal forms and tight states have correct size).

(1) Let &T \kﬁf’*o’d) t : p be a tight derivation. Then, (i) t € nop and (if) d = |t|y

(2) LetTI> A H—fjb’m’d) s 1 T beatight derivation. Thenb=m=d=0.

Lemma 8 (Normal forms take zero steps). Let & I’ o) 4 W be a tight derivation. Then,
b=m=0iff t €noy.

The fact that unblocked normal configurations also have correct size follows from Lemmas 6
and 7.

Lemma 9 (Normal configurations have correct size). Let &> I’ |k§f”’"’d) (t,s) : k be a tight
derivation of the following form:

@y T IFEemed) o 7 s (2 x ) T A IFEemd) 50 7
(conf)
Ft + AS |F(bt+b5xmt+m3xdt+ds) (t, 5) T X I

whereI' =T+ Agk =(t X I7), b= + b, m=m; + ms,and d = d; + d;. If by = m; = 0, then
@ d=|(ts)|pandb=m=0.

The fact that this is also the case for normal configurations follows from Lemma 8.

Lemma 10 (Normal configurations take zero steps). Let & I’ H—f’md) (t,s) : k be a tight
derivation. Then, b=m =0 iff (t,s) is an unblocked normal configuration.
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Another important property that needs to be shown is that the type system only types
unblocked configurations.

Proposition 4 (Typed configurations are unblocked). If &> I Il—gb’m’d) (t,5) : Kk, then (t,s) is
unblocked.

This property allows us to conclude that a typable configuration (t, s) that takes zero steps is
such that t € noy,.

The following property is crucial in order to show that any state and normal form can be typed
in a tight way.

Lemma 11 (Tight typability of states and normal forms).

(1) Let s be a state. Then, there exists a tight derivation Tl;> () \Fg"’o"” s .

(2) Let t € noy. Then, for any 7, there exists a tight derivation ® > T’ |FEP’°’”’) t:

T), such that d = |t|p.

T = (tty X

And the fact that any unblocked normal configuration (¢, s) can be typed in a tight way follows
easily from Lemma 11.

Lemma 12 (All unblocked normal configurations are tightly typable). If (¢,s) is a normal but

unblocked configuration, then there exists a tight typing derivation &> T’ FOOD (1, 5) < &, such that
d= |(t’ S) |n-

We now show a quantitative form of type preservation along evaluation for configurations.

Lemma 13 (Quantitative subject reduction). Let (t,s) ~>r (4,q), where r € {Bn, g, s}. If &>

T IFemD (16 ke isa tight derivation, then ®' > T |-’ d) (4, q) : kc, where T = By, implies b’ =
b—1and m' =m, whiler € {g, s} impliest/ =band m' =m — 1.

Quantitative soundness follows from the correctness of the counters for configurations that are
normal but unblocked (Lemma 7 and Lemma 10) and quantitative subject reduction (Lemma 13)

Theorem 3 (Quantitative soundness). If & I’ |k§f”’”’d) (t,s) : «k a tight derivation, then there

exists (u, q) such that u € noy and (t, s) wif””’) (u, q) with b By-steps, m g/s-steps, and |(u, q)|n = d.

Proof. The proof is by induction on b + m, see Appendix A.2 for details. U

The following property guarantees that typability is also preserved back along evaluation.

Lemma 14 (Quantitative subject expansion). Let (t,s) ~>r (4, q), where r € {Bn, g, s}. If ®'>

r|md) (4, q) : « is a tight derivation, then ® > T’ |- ') (t,s) : k, where T = fy, implies b/ =
b—1and m' =m, whiler € {g, s} impliest/ =band m' =m — 1.

Quantitative completeness follows from the typability of all configurations normal but
unblocked in a tight way (Lemma 12) and quantitative subject expansion (Lemma 14).

(bym
n

Theorem 4 (Quantitative completeness). If (¢, s) ~» ) (u, q) and u € noy, then there exists a tight

derivation ® > T’ |k§f’”‘"(“’q”“’ (t,8): k.
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Example 4. Consider again configuration co from Example 2 and its tight derivation ®., from
Example 3. The first two counters of @, are different from 0: this means that cq is not normal but
normalizes in one Py-step (b= 1) and two g/s-steps (m = 2) to a normal unblocked configuration
of sized =0 =|(z, upd(z, €))|n-

Adiscussion on the subtleties of subject expansion
In this subsection, we highlight the subtleties of the type system in order to capture — in particular
- subject expansion. Consider the following reduction step:

c1 = (sety(y, x), upd;(y, €)) ~» (x, upd;(y, upd;(y, €))) = c2

Let us assume that ¢, is typable. In the following, we will omit the counters decorating the typing
judgments, as they are irrelevant to the discussion. Moreover, let 5 ={l : .#, - 4>} and Ay =
[.7 = k], for some multi-types .#), .#> and configuration type «, and recall that {/ : *}; T = 7.
The typing derivation for configuration c; must be of the following form:

————— (emp)
Doy Mol y: s e {lix} (upd)
up
. Q> y: Ay M y: Mo\ upd(y, €): {l: A} (apd)
x: Mo\ x: {1 M- M=K y: M U\ upd)(y, upd;(y, €)) : {1 : AL - Mo} . P
con

x:. Mo,y : AU A (x, upd, (y, upd,(y, €))) : K

And the typing derivation for configuration c; can easily be recovered from the previous:

ax ——— (emp)
D>y My M x://{oll—x:ﬂzwc( 6 Dy y: Ay M H—e:{l:*}( 4
se u
x: Mo,y M set)(y,x):{l: M} =Kk y: o\ upd,(y, €): {l: Ao} ( f;)
con

x: Mo,y A M (set)(y,x),upd,(y, €)) 1 K
However, if we had assumed the equality upd;(y, upd;(y, €)) = upd,;(y, €) in our framework, then
consequently 7 ={l : .4 - #>}={l : .#1} and the (upd) rule should rather look as follows:
Clkt: ol Alvs:{l: AT
'+ Alkupd(t,s) : {l : A} T

But then, the typing derivation for ¢, would be of the following form instead:

(upd*)

————— (emp)
D>y My M Il—sz{l:*}( &
ax u
x: Mylbx:A{l: M} =K y: M Fupd;(y, €):{l: A} fp
con

x: Mo,y A (x,upd;(y, upd,(y, €))) : K

Now, observe that the type of x does not contain any information about .#5. Therefore, rule
(set) would infer a type of the form {I : x} = « for set(y, x), and it is then no longer possible to
match {I : »} with the type of upd;(y, ) in order to build a typing derivation for ¢;. That is, subject
expansion fails because upd;(y, upd;(y, €)) = upd,(y, €), which is an equation that clearly does not
hold in the current approach.

A comparison with previous approaches
We now compare our approach to de’Liguoro and Treglia (2021) and Alves et al. (2023), where
updates to the same location are not tracked, and thus, there is no need to use lists of types. This
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implies, in particular, that {I : .#}; .7 # 7 holds, for all .Z. de’Liguoro and Treglia (2021), there
are two different rules for typing the state: one for typing a location as expected, and another one
that allows one to “skip” typing a location whenever that location was not already typed before.
The two rules can be presented in our formalist as follows:

F'bt: # Albs: T (upd®) 'kFs: 7 I¢gdom(T)
T+ AFuwd(ts):(1: 47 2V " Tirupd(ts) : 7

It is worth noticing that this presentation is equivalent to requiring that {I : .#}; 7 # 7 holds
only whenever .# # [ |. Consequently, rule (upd) becomes redundant since rule (upd}) now cap-
tures both behaviors. This is precisely the approach taken in Alves et al. (2023), even if there is a
small inaccuracy in the definition of operation; (it is missing the side condition requiring .# # [ ]).

However, even though it is possible to develop sound and complete type systems for these two
alternative approaches, they lack the necessary discriminative power to distinguish configurations
that have different meanings. As an example, consider the two following configurations:

(upd3)

c3 = (y, upd,(t, ¢)) ca=(y,€)

Notice that location [ is touched (or modified) in c3, but no location is touched in c4. Ideally, an
accurate quantitative type system should be able to distinguish these two configurations, but if
we consider {I : []}; 7 = .7 (as discussed above), both configurations can be assigned the same
type. Indeed, let .#3 = [ = (tt, x ¥)], for any tty,, and note that {I : []}; # =¢. The typing
derivation for c3 can be as follows (again, we omit the counters decorating the typing judgments):

g™ Feo (empi
(ax) (updy})
yitzlby {l:[]} = (tta x {I:[]}) I+ upd,(z,€): 0 (conf)
IF (y, upd,; (¢, €)) : tty X 0
And the typing derivation for c4 is as follows:
oy 0= o x ) Y e ooP)
(conf)

IF(y,€):tty, x 0

Hopefully, by requiring that {I : *}; 7 = 7, butnot {I : []}; 7 = 7, the type system we propose
in this paper is able to clearly distinguish between the two configurations above. Let us make this
purpose concrete. Let .#Zs = [{I : []} = (tty x {I : []})]. Indeed, the type derivation for c3 is now

as follows:
Fen ™ Fepag O
(ax) (upd)
yidialby {l:]]} = (tta x{L:]]}) IFupd,(r,€): {l:[]} (conf)
Ik (y,upd,;(t,€)):tty x {{:[]}
And the typing derivation for c4 is as follows:
vty 0= (o) 2 e O
(conf)

IF(y,€):tty, x 0
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(Values) v,w = x|Ax.t
(Terms) ¢, u, p == v |tu|get;(Ax.t) | set;(v, 1)
(States) s,q ::= €| upd;(v,s)

(Configurations) cu=(t,s)

Figure 14. The extended syntax of the A-calculus for Weak Open CBV with Global State.

This clearly illustrates the second contribution of the paper, extending the denotational semantics
of our type system.

3.2 Weak Open CBV with Global State

Now that we have presented the extension of Weak Open CBN with Global State, we will present
the more subtle extension of Weak Open CBV with Global State. The extension of the basic -
calculus is similar to the one for Weak Open CBN with Global State, but we distinguish values
from the other terms of the language, and the global state will now hold only values instead of
arbitrary terms. Let us however briefly discuss this choice.

It would have been possible to consider the same notion of global state as in CBN (i.e., holding
arbitrary terms, and not only values), together with a unique rule for the get operator in both
operational semantics have a similar shape. Indeed, the following rule (get*) would work for
both CBN and CBV:

s = upd, (i, q)
(get (Ax.t), s) ~g (Ax.t)u, s)

(get™)

However, from a quantitative point of view, this is not equivalent to rule that is usually adopted
for CBV:

s=upd;(v,q)
(get (Ax.t), s) ~g (H{x\V}, 5)

Clearly, both approaches are very different from a quantitative point of view. Suppose that the
term u in rule (get*) evaluates to the value v in rule (get). If we consider rule (get*), term u will
be evaluated to v after it is retrieved from the global state every time. If, instead, we consider rule
(get), term u must first be evaluated to v before being placed in the global and thus will only be
evaluated once. This puts into question the smart duplicative behavior that is usually associated
with CBV strategies but might be worth exploring in future work. For now, we will stick to the
usual approach and simply adopt rule (get) in Section 3.2.1.

(get)

3.2.1 Syntax and operational semantics
In this section, we introduce the syntax for the extension of the A-calculus with global state and
the operational semantics following CBV.

The syntax for Weak Open CBV with Global State. The sets of values, terms, states, and
configurations are presented in Figure 14.

All notions regarding free and bound variables of terms, states, and configurations, as well as
the notion of the domain of a state, are similar to the case of Weak Open CBN with Global State
(c.f Section 3.1).

Weak Open CBV size. The notion of Weak Open CBYV size is extended to operations, states, and
configurations according to Figure 15.
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Weak Open CBYV Size Extended for Global State

lget;(Ax.t)]y == |t]v

[set;(v,u)|y = |uly
Isly == 0

@, 8)v == lt]v

Figure 15. Weak Open CBV size extended for global state.

(@) v
((Ax.t)v,s) ~p, (t{x\v},s) (B

(t,8) ~r (u,q) r€{P) 8 8}
(tp,s) ~x (up, q)
(t,s)r  (t,s)unblocked (u,s)~y (u/,q) r€{P) g, s}
(tu, s) ~y (14, q)

(appL)

(appR)

s =upd; (v, q) ce
(get;(Ax.t), s) ~g (t{x\V}, ) (get) (seti(v1),5) ~s (tvupdz(v,s))( v

Reduction Rules for Weak Open CBV with Global State.

(b)

A configuration (¢, s) is a blocked configuration if: 7 = get;(Ax.u) and / € labels(s); t =
up and (u, s) is blocked; or t = up, (u, s) +~, (u, s) is not blocked, and (p, s) is blocked. We
say that (z, s) is an unblocked configuration otherwise.

Blocked Configurations for Weak Open CBV with Global State.

Figure 16. Reduction rules and blocked configurations for Weak Open CBV with Global State.

Evaluation and blocked configurations in Weak Open CBV with Global State. Weak Open CBV
evaluation is extended to global state in the same way as we did for Weak Open CBN with Global
State. The extension is denoted by ~~, and due to the particular nature of CBYV, this notion is
mutually defined with that of blocked configurations in Figure 16. Indeed, evaluation for Weak
Open CBV with Global State is defined as the union of the reduction rule in Figure 16a, where the
notion of blocked configurations is in Figure 16b.

In particular, note that reduction rule (appR) only evaluates terms on the right of applications
if the term on the left is not blocked. Rule () and (appL) are the same as for Weak Open CBYV,
and rules (get) and (set) are the same as for Weak Open CBN with Global State, with the only
difference being the fact that the global state only holds values.

Example 5. All configurations in Example 1 are also blocked configurations in this setting, and so
are the following ones, when assuming 1 £ 1

((Ay.p)(get;(Ax.x)), updy(t, €)) (((Ay.y)(get (Ax.x)))(Az.z), updy(t, €))
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(Normal) noy = x| Ax.t | ney

(Neutral) ney = X noy | noy ney | ney noy

Figure 17. Normal and neutral terms for Weak Open CBV with Global State.

Normal configurations. The notion of normal configuration is also the same as for Weak Open
CBN with Global State: a configuration (t, s) is said to be normal if it is a blocked configuration
or t € noy, where noy, is defined in Figure 17.

Example 6. Consider configuration c; = ((Ax.get;(Ay.yx))(set;(Aw.w), 2)), €). Then we can reach
a normal configuration as follows:

(Oxget;(yyx))(seti((Aw.w), 2)), &) ~5 (Ax.get (y.yx)z, upd (hw.w), £))
~ g, (get)(Ay.yz), upd)((Aw.w), £))
~g (Aw.w)z, upd;((Aw.w), €))
~ g, (z, upd;(Aw.w), ¢))

The following proposition, whose proof is in Appendix A.3, shows that normal configurations
are indeed irreducible.

Proposition 5. Let (t, s) be a configuration. Then (t, s) is normal iff (¢, s) #>v.

3.2.2 A quantitative type system for Weak Open CBV with Global State

We now present the quantitative type system for Weak Open CBV with Global State. Following
the same presentation as for the Weak Open CBN with Global State, we start by introducing the
CBV monadic translation of the A-calculus of Wadler (1990) by adapting it to account for tight
constants and multi-types, and then instantiating the monadic translation with the monad for
global state.

The CBV monadic translation. In order to lift the type system for Weak Open CBV into the
global state monad, we are going to follow the CBV translations of the simply-typed A-calculus in
Wadler (1990). Again, we will have to slightly adapt the translation in order to accommodate for
tight constants and multi-types. The resulting translation is presented in Figure 18.

State and monadic (multi-)types. The grammar for types is presented in Figure 19.

State Types for Weak Open CBV with Global State, and all related notions, are similar to those
for Weak Open CBN with Global State.

Multi-types are multi-sets of value types. Monadic types and configuration types are exactly
the same as for Weak Open CBN with Global State. Moreover, since some typing rules will apply
both to value types and multi-types, we will use 7 as a new auxiliary symbol ranging over both
these kinds of types. All other notions related to types are common to Weak Open CBN with
Global State. Note that the set of tight constants now consists of three different symbols, as in
Weak Open CBV.

Typing system for Weak Open CBV with Global State. The type system for Weak Open CBV with
Global State is defined by the typing rules in Figure 20.

The notions of typing environments, typing judgments, typing rules, and typability are the
same as those for Weak Open CBN with Global State.
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Let S stand for the type of global states and 7(X) =S = (X x S) stand for the global state
monad.

(Types)
tty* = tty
(M — 1) = (M*—T(1%))
(M) = [T ]ier

(Typing Environments)
(X120l X M) =X M X M
(Typing Judgements for Terms)
(Tht:7)* :=T"Ft:T(7")

Figure 18. The CBV monadic translation for types, typing environments, and judgments.

(Tight Constants) tt, :=v|a|n
(Multi-types) .# ::= [0;];c; where [ is a finite set
(Types) t:=n|oc|#
(Value Types) o :=v|a|.Z —u
(Monadic Types) u := 7 =K
(Configuration Types) k:=17x .7
(List Multi-types) & = | .# - %
(State Types) .7 ::= {l;: %}ic; where all [; are distinct

Figure 19. Types for Weak Open CBV with Global State.

Like in Weak Open CBN with Global State, we distinguish between consuming and persistent
rules. The intuition behind the rules is the following (again, ignore the counters (b, m, d)):

o Rules (ax), (1), (@}1)), (@12)), and (m). These rules are essentially the same as for Weak Open
CBYV, but with types replaced with monadic types.

+ Rule (4p) is the same as for Weak Open CBV.

« Rule (@). In this rule, we see how CBV, which is more intricate than the CBN, influences the
type system. Note that, just like in the case of Weak Open CBN with Global State, this rule is
used to type consuming applications. Therefore, CBV tells us the following: (1) ¢ is reduced
until reaching an abstraction Ax.p, going from input state type .7 to an output state type 7";
then (2) u is reduced until reaching a value v, going from the input state type .7” to an output
state type .7”; then (3) the By-rule will be fired, resulting in the term p{x \ v}; and then (4)
reduction continues with p{x \ v}, thus going from input state type .7 to the output state
type in the configuration type . Remark that the arrow type .# — (7' = k) appearing in
the monadic type of ¢ represents the fact that, after Ax.p interacts with value v of type .,
p{x\ v} continues the computation with behavior .7’ = «.

« Rule (1). In CBV, variables and abstractions are values. Rule (1) lifts value types and multi-
types to pure types, that is, monadic types with the same input and output state types.
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Rules for Terms
riFbmd)y: g
(ax) M
x:[o] HO) x: 6 CIHemd) . 7 = (1% 7)
F”—(b’m’d) £ I; H—(biami-,di) 1 0;);
u ) ( V:0;)icl (m)
T \xIFmd) dxr: T(x) — +ie Ty - (rietbitiermitierdi) - (6],
CIkemd) i 7 — (M — (T =K)x T")  AWCD) . TV — (g x T
T+A H_(l+b+b’,m+m/,d+d') T =x
C-Cmd) L1l - LY T =«
L \x[FO1Hmd) got (Axt) : {1:T(x) UM - L}; T =k
CIEemd) . g AW D) L1 g LY T =«

L+ Al It did) sop, (v 1) {1: .2} T = &

©

(get)

(set)

Rules for Persistent Terms

—— (4p)
OIF000) Axt-a P

CIEemd) i 7 — @x T")  AFEd) y: 77 = (15, x T)
[+ AlFG+D mtm' 1tdtd) 4y 7 (nx 9
CIFemd) 12 7 = (tty x T ARG Ay 77 = (nx )

[ 4 ARG+ bl Atd+d') ¢y - 7 (nx J7)

()

(@)

Rules for States

(empy DO dved AR s {12} 7
P (upd)

01-000) ¢ - C+A H_(b+b’,m+m’,d+d’) updl(v, S) . {l M- .iﬂ}, T

Rule for Configurations
CIEemd) . 7 = AROd) 50 7

(conf)
C+A ”_(b+h',m+m',d+d') (l‘7 S) K

Figure 20. Typing rules for Weak Open CBV with Global State.

« Rules (get), (set), (emp), (upd), and (conf). These rules are essentially the same as for Weak
Open CBN with Global State, with the only difference being that rules (set) and (upd) place
values into locations instead of arbitrary terms.

Counters. The counters work as they did for Weak Open CBN with Global State.

CBYV tightness. The notions of tightness for types, typing environments, type judgments, and
typing derivations for CBV are as follows:
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A type 7 is tight if T is a tight constant (i.e., T € tty).

o The notions of tightness for multi-types, list multi-types, and monadic, state, and con-
figuration types are defined just like for Weak Open CBN with Global State (Section
3.1.2).

o A typing environment I is tight if, for all x € dom(T"), I"(x) is tight.

« The notions of tightness for typing judgments and typing derivations are defined in the same

way as for Weak Open CBN with Global State (Section 3.1.2).

Example 7. Consider configuration c; from Example 6. Let #y=[[v]—>{l:[]}= (v x{l:
[ID], To=A{l: [1}, and ®g be the following typing derivation:

————— (ax)
x: [v] IFO00) v
(ax) (m)
y: My lFO00) vy [v] - Ty = (v x F) x: [v] IFO00) x : [v] )
y: tlyFOO0) vy Ty = ([v] = Fo= (v x D) x R) x: [v] IFO00) x: = ([v] x F) ©
y: My, x: [v] IFE00) yx s T = (v x Fp) (get)
ge
x: [v] IFEL0) gt (Ay.yx) : {1 : Mo} = (v x Fp) )
HULO Axget (Ayyx) : [v] — ({1 Mo} = (v X %)) ")
FOLO Ax.get (Ayax) : 0= ([v] — ({1t} = (v x ) x 0)
Let @ be the following typing derivation:
(ax)
w [u] IF000) 3.y
(1) — (ax)
w [v] IFO00) v T = (v x F) " 21 [v]IFO00) 7y
000 Aww) : [v] = T = (v x F) () 2 [v] IF000) 7 [y]
m
IF000) (Aw.w) : Ay 21 [V IFOO0) oo L1ty = ([v] x {L: Ap}) (sot)
se
2: [v] IFOL0) set) (Aww), 2) 1 0 = ([v] x {I:.40})
Then, we can build the following tight derivation ®, for c;:
oy D
(@) ———— (emp)
2: [v]IF320) (Ax.get, (Ay.yx))(set;(Aww),2)) : 0= (v x %) I-00.0) ¢ - ¢ (conf)
con

22 [v] IF320 (Ax.get)(Ayyx)) (seti(Aww), 2)), €) 1w x Ty

Soundness and completeness. We now extend the soundness and completeness result for Weak
Open CBN to Weak Open CBV with Global State. The key properties necessary to show quan-
titative soundness and completeness for Weak Open CBV with Global State are the same as for
Weak Open CBN with Global State. However, a stronger pureness over normal forms is necessary
in order to show quantitative completeness, due to the fact that reduction happens both on the
left and on the right of applications. All proofs are in Appendix A.3.

Correctness of the counters. To show quantitative completeness, we need to show that if a con-
figuration (t, s) is normal, then the counters of its tight derivation are as follows: the first counter,

https://doi.org/10.1017/5S0960129525100285 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129525100285

Mathematical Structures in Computer Science 29

which corresponds to the number of B, -steps needed to reach a Weak Open CBV with Global
State normal configuration, is zero; the second counter, which corresponds to the number of
g/s-steps, is zero; and the last counter is equal to the Weak Open CBN with Global State size
of (t,s).

Given some term ¢ € noy, in addition to the type system always inferring a tight monadic type
for t with the same input and output state types, such a type derivation exists for any state type.

Lemma 15 (Normal forms have pure types). Let &> I’ H—S,b’m’d) t: T =(t xT),such that T

is tight. If t € noy, then (1) 7 = .7 and, (2) for any 7, there exists ® > T omd) ¢ g =
(t x Ty).

The previous property is a stronger version of Lemma 6. It is a crucial property in order to
show the quantitative versions of the usual subject reduction (Lemma 19) and subject expansion
(Lemma 20) properties for CBV. We now provide an intuitive explanation of why this is the case,
and point the reader to the full proofs in Appendix A.3 for a better understanding. Consider the
following configuration (tu, s), such that (¢, s) />y and (u, s) ~> (¢/, q). Moreover, let us assume
that s # gq. Then, (tu, s) ~y (tu/, q), and it is easy to see that (¢, g) v (by Proposition 5). Clearly,
the typability of (tu, s) depends on the typability of (¢, s), and the typability of (tu/, q) depends on
the typability of (¢, q). However, the typability of ¢ in (¢, s) tells us that ¢ takes s as its input state,
and the typability of ¢ in (¢, q) tells us that ¢ should also be able to take g as its input state. Hopefully,
this example also clarifies why this property is not necessary in the CBN setting, where evaluation
only occurs on the left of applications.

The following lemma tells us that unblocked normal configurations have correct size.

Lemma 16 (Tight configurations have correct size). Let &> I’ II—‘(,b’m’d) (t,s) : k be a tight deriva-
tion of the following form:
oo T IFP™ 0 1 7= (ex 7)) Hoe AP s 7
CIFGma (1,5)

whereI' =T+ Agk = (T X T7), b= + b, m=m; + ms, and d = dy + d;. If by = m; =0, then
() b=m=0and (ii) d=|(t, 5)|+.

(conf)

Lemma 17 (Unblocked normal configurations take zero steps). Let &> I' \Fs,b’m’d) (t,8):k be a
tight derivation. Then, b= m = 0 iff (¢, s) is an unblocked normal configuration.

Like in Weak Open CBN with Global State, it is also necessary to show that typed configura-
tions that take zero steps are not blocked.

Proposition 6 (Typed configurations are unblocked). Let & > T II—‘(,b’m’d) (t,s) : k. Then tight(I')
implies (t, s) is unblocked.

Moreover, we also need to show that all unblocked normal configurations are tightly typable.

Lemma 18 (All configurations in normal form are tightly typable). If (t,s) is an unblocked nor-
mal configuration, then there exists a tight typing derivation ® > I’ FEmd (1) ke, such that
d= |(t) 5) |y

We now show a quantitative form of type preservation along evaluation for configurations,

which relies on Lemma 15.
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Lemma 19 (Quantitative subject reduction). Let (t,s) ~>r (4,q), where r € {By,g,s}. If &>

r ||—$,b’m’d) (t, ) : k is a tight derivation, there exists ' > T H—S,b/’m/’d) (u, q) : k, where r = By implies
b'=b—1and m' =m, whiler € {g, s} impliest/ =band m' =m — 1.

Quantitative soundness follows from the correctness of the counters for unblocked normal
configurations (Lemma 17 and Lemma 16) and quantitative subject reduction (Lemma 19).

Theorem 5 (Quantitative soundness). If & I' Il—s,b’m’d) (t,s) : k is a tight derivation, then there

exists (u, q) such that u € noy and (t, s) ws,b’m) (u, q) with b B,-steps, m g/s-steps, and |(u, q)|y = d.

The following property also relies on Lemma 15 and guarantees that typability is preserved
back along evaluation.

Lemma 20 (Quantitative subject expansion). Let (t,s) ~>y (1, q), where r € {By, g, s}. If &'

r H—E,h/’ml’d) (u, q) : k is a tight derivation, there exists ® > T’ II—S,b’m’d) (t,s) : k, where r = By implies
V' =b—1and m'=m, whiler € {g, s} impliest/ =band m' =m — 1.

Quantitative completeness follows from the typability of all unblocked normal configurations
in a tight way (Lemma 18) and quantitative subject expansion (Lemma 20).

Theorem 6 (Quantitative completeness). If (t,s) w‘(,b’m’d) (

tight derivation &> I |F(Vb"”"(“’q)'v) (t,5): k.

u,q) and u € noy, then there exists a

Example 8. Consider again configuration ¢y from Example 6 and its tight derivation O, from
Example 7. The first two counters of ®, are different from 0: this means that c; is not normal but
normalizes in two By-steps (b = 2) and two g/s-steps (m = 2) to an unblocked normal configuration
of size d = 0 = |(z, upd;(Aw.w), €))|y.

4. Related work

Several papers proposed quantitative approaches for different notions of CBV and CBN (with-
out effects). There are several papers exploring exact and split measures for CBN, such as the
pioneer work by Accattoli et al. (2018, 2020), as well as others, for example, Alves et al. (2019),
which explores CBN enriched with patterns, and Kesner and Vial (2020), which generalized CBN
to classical logic. The state of the art for CBV is as follows. The first non-idempotent intersection
type system for Plotkin’s CBV is Ehrhard (2012), where reduction is allowed under abstractions,
and terms are considered to be closed. This work was further extended by Carraro and Guerrieri
(2014), where commutation rules are added to the calculus. None of these contributions extracts
quantitative bounds from the type derivations. A calculus for open CBV is proposed in Accattoli
and Guerrieri (2018), where fireballs - normal forms — can be erased and duplicated. Quantitative
results are obtained, but no split measures. Other similar approaches appear in Guerrieri (2018)
and Accattoli et al. (2023). A logical characterization of CBV solvability is given in Accattoli and
Guerrieri (2022). The resulting non-idempotent system gives quantitative information of the solv-
able associated reduction relation, and exact measures are obtained. A similar notion of solvability
for both CBN and CBV for generalized applications was studied in Kesner and Peyrot (2022),
together with a logical characterization provided by a quantitative system. Other non-idempotent
systems for CBV were proposed (Manzonetto et al., 2019; Kerinec et al., 2021), but they do not
enjoy subject reduction and expansion. Exact and split measures for (strong) open CBN and CBV
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are developed in Kesner and Viso (2022), which relate the exact measure to those of a subsum-
ing framework called the bang calculus, which is able to encode both strategies, developed in
Bucciarelli et al. (2020, 2023). Dezani-Ciancaglini et al. (2009), a system with universally quan-
tified intersection and reference types is introduced for a language belonging to the ML-family.
However, intersections are idempotent and only (qualitative) soundness is proved.

With respect to CBN and CBV with effects, there has been a lot of work involving probabilistic
versions of the lambda calculus. In Faggian and Ronchi Della Rocca (2019), extensions of the
lambda calculus with a probabilistic choice operator for CBV and CBN are introduced. However,
no quantitative results are provided. In Breuvart and Dal Lago (2018), monadic intersection types
are used to obtain a (non-exact) quantitative type system for a probabilistic calculus identical to
the one in Faggian and Ronchi Della Rocca (2019). More recently, in Dal Lago et al. (2021), non-
idempotent intersection types were used to characterize almost sure termination and obtain exact
split measures for a probabilistic calculus. This is done for both weak CBN and CBYV, but on a
closed setting, and not for other effects.

Concerning (exact) quantitative type systems for programming languages with global state, the
state of the art is still underexplored. Some type systems are given in Davies and Pfenning (2000),
and Benton et al. (2009), but they cannot be seen as models (since termination does not imply
typability) and lack quantitative results. Our work is inspired by a recent idempotent (thus only
qualitative and not quantitative) type system for CBV with global memory proposed by de’Liguoro
and Treglia (2021) (a technical comparison to this work appears at the end of Section 3.1.2). This
work was extended in Gavazzo et al. (2024) to a generic framework for algebraic effects. However,
their approach lacks any quantitative results and does not hold for global state.

Languages with global state are often closely related to concurrent languages due to the chal-
lenges and complexities involved in managing shared mutable state in concurrent settings. Indeed,
if we consider locations as channels and the get and set operations as read and write, we can
find some similarities between our language and concurrent languages, such as that of Gay and
Vasconcelos (2010), where buffered channels are used in order to obtain asynchronous commu-
nication, or that of Dal Lago et al. (2019), where an intersection type discipline is used to capture
properties such as deadlock freedom and termination for a fragment of the -calculus.

5. Conclusion

This paper provides a foundational step into the development of quantitative type systems for
programming languages with effects. We focus on a simple language with global memory access
capabilities. Due to the inherent lack of confluence in such a framework, we fix two particular
evaluation strategies: Weak Open CBN and CBV. For each language, we provide a quantitative
type system characterizing termination and capturing exact measures for the number of 8-steps,
memory accesses, and the size of unblocked normal configurations. This study provides a valuable
insight into time and space analysis of languages with global memory, with respect to the length
of evaluation and the size of unblocked normal configurations, respectively.

In future work, we would like to explore effectful computations involving global memory
in a more general framework subsuming CBN and CBV evaluation, such as the bang calculus
(Bucciarelli et al., 2020). Furthermore, we would like to apply our quantitative techniques to other
(algebraic) effects, such as non-termination, exceptions, non-determinism, and I/O. Finally, we
would also like to explore the connection between this work and that of Gay and Vasconcelos
(2010) and Dal Lago et al. (2019), in order to understand how to extract quantitative informa-
tion for asynchronous communications, which is not the focus of either of these works. Finally,
we would also like to take advantage of our techniques in order to study lenses (Bohannon et al.,
2006) and bidirectional programming languages (Bohannon et al., 2008).
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Notes

1 For the purpose of this example, we are considering the monadic CBV translation of arrow types according to Moggi (1989,
1991). In the case of the monadic CBN translation of arrow types, we obtain g : T(A) — T(B) instead.

2 In this paper, by quantitative types we mean non-idempotent intersection types. Another meaning can be found in Atkey
(2018).
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Appendix A. Proofs
A.1 Weak Open CBN and CBV
A.1.1 Weak Open CBN

Proposition 1 (Normal forms for Weak Open CBN). Let t be a term. Then t € noy iff t />n.

Proof. We refine the original statement as follows:

(1) t /n and —abs(t) iff t € ney,.
(2) tAqifft €noy.

=) By induction over ¢:
(1) Lett -, and —abs(t):

- Case t =x. Then x € ne,, by definition.

- Case t = Ax.u. Then abs(t) holds, which contradicts the hypothesis. Therefore, this case
cannot apply.

- Case t = up. Since up />p, no rule of — applies to up. Then —abs(u), otherwise (8y)
would apply, and u /4y, in which case (appL) would apply. By the i.h. ((1)) u € ney,
therefore up € ne,.

(2) Lett n:

- Case t = Ax.u. Then Ax.u € noy, by definition.
— Case —abs(t). Then t € ne, C noy.
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<)
(1) By induction over f € ney:

- Case t = x. Then x /5 and —abs(x) by definition.
- Case t = up, such that u € ney. By the i.h. (1), we know u /4, and —abs(u). Therefore,
neither (appL) nor (8,) apply.
(2) Lettenoy:

- Case t = Ax.u. Then Ax.u />, by definition.
- Case —abs(t). Then t € ne,, by definition, therefore t 4 p, by point (1). 0

(bys)
Proposition 7 (Relevance). Let &> 'yt @ 7. Then dom(I") C fv(¢).

Proof. By a simple induction over ®. O

(b>s)
Lemma 21 (Tight spreading). Let ® > 'yt : ©, such that T is tight. If t € ney, then t is a tight
constant.

Proof. The proof follows by induction over t € ney:

(0,0)
o Caset=x.Then & x : [t]Fpx : 7, withx : [7] tight, therefore T € tt,.
« Case t = up, such that u € ne,. Then ® must end with rule (@) or (@p):

(bussu)
- Case ® ends with rule (@). Then ® has two premises ®, > I'y -y u : .#— 7t and @, >

(bp;Sp)
['p bn p:,suchthatI' =T, + Ty istight, b =1+ b, + by, and s = s, + s5. Moreover,
', and Iy, are tight. By the i.h. on ®,, we have .#/ — © € tty,, which is a contradiction.
Therefore, this case does not apply.

(bssy)
- Case ® ends with rule (@,). Then, ® has one premise ®, > I' -, u : n, meaning in

particular that 7 = n. Thus, we can conclude since 7 € tt,. O

(b>s)
Lemma 22 (Persistent abstractions have tight type). If ® > 'yt : 1. If T €3, then —abs(t).

Proof. By induction over ®:

+ Case ® ends with rule (ax), (@), and (@p). Then —abs(t) holds by definition.
+ Case ® ends with rule (1), (m), or (Ap). Then 7 ¢ 3, and then these cases hold vacuously. O

(bss)
Lemma 1 (Normal forms take zero steps). Let ® > I't—t : T be a tight type derivation. Then,
b=0iff t eno.
Proof.

=) We refine the original statement as follows:

(bys)
(1) Let ®>T'Fyt : T be a tight derivation. Then b = 0 and —abs(t) implies ¢ € ney,.
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(b.s)
(2) Let ®>T"Fyt : T be atight derivation. Then b = 0 implies ¢ € noy,.

(1) Let b =0 and —abs(t). The proof follows by induction over ®, according to the last rule
of ®:

- Rule (1) or (Ap). Then abs(t) holds, which contradicts the hypothesis. Therefore, these
cases cannot apply.

- Rule (ax). Then t = x and x € ney,.

- Rule (m). Then 7 ¢ tty, and thus, ® is not tight, which contradicts the hypothesis.
Therefore, this cannot apply.

- Rule (@). Then b > 0 so that this case holds vacuously.

(0,54)
- Rule (@p). Then ¢ = up and ® has one premise ®, > I' -, u : n, such that T =n. Also,

since n € a then —abs(u), according to Lemma 22. Therefore, by the i.h. (1), we have
u € ney. Thus, up € ne, as required.
(2) Letb=0:

- Case t = Ax.u. Then Ax.u € no, by definition.
- Case —abs(t). Then t € ney, by point (1), which implies ¢ € noy,.
<)
(1) The proof follows by induction over t € nep:

- Case t = x. Then b =0 and —abs(x), by definition.
— Case t = up, such that u € ne,. Then ® must end with rule (@) or (@;):
(bu>su) (bP’SP)

* Rule (@). Then ® has two premises &, > 'y, by u : A/ — tand ®p»> 'y by pr A,
such that I' =T, + T tight, b=1+b, + by, and s =s, +s,. Therefore, .#—
turns to be tight by Lemma 21, which is a contradiction. Therefore, this case cannot
apply.

(bysu)
* Rule (@,). Then ® has one premise ®, > I' I, u : n, where T =n. Therefore, b =0

by applying point (2) to ®,,. Moreover, —abs(up) trivially holds.
(2) Casetenoy:
- Case t = Ax.u. Then, ® must end with (1), (m) or (A,). The first two cases cannot apply,

since T ¢ tty, and thus, ® cannot be tight. For the last case, b = 0 holds by definition.
- Case —abs(t). Then t € ne, by definition. Therefore, b = 0 by applying point (1) to t. .

(b,s)
Lemma 2 (Normal forms have correct size). Let ® > 'ty t : T be a tight type derivation. If b= 0
then s = |t|p.

Proof. The proof follows by induction over &, according to the last rule of ®:

+ Rule (ax) or (Ap). Then t = x or t = Ax.u. Moreover, s = 0 = |x| = |Ax.u| by definition.

« Rule (A) or (m). Then t & tty, which contradicts that ® is tight. Therefore, these cases cannot
apply.

« Rule (@). Then b > 0; therefore, this case holds vacuously.

(bsu)
+ Rule (@p). Then t=up and ® has one premise ®, > I' -, u : n, where 7 =n, b=0, and
s=1+s,. Therefore, s, = |u|, by applying the i.h. to ®,. Thus, we can conclude with s =

1+s, =1+ |ulp = |up|n. 0
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Lemma 3 (All normal forms are tightly typable). If t € noy, then there exists a tight type derivation
(b,s)
O 'yt o T, such that s = |t|y.

We refine the original statement as follows:

(b.s)
(1) Ift € ney, there exists a tight derivation ® > 'yt : n such that s = |ty.

(b.s)
(2) Ift € nop, there exists a tight derivation ® > 'yt : tty such that s = [¢],.

(1) The proof follows by induction over ¢ € ney:

o Case t = x. Then we can build ® as follows:

(0,0) (ax)
x:[nkFx:n
such that ' = (x : [n]), b=0,and s =0 = |x|p.
» Case t = up, such that u € ney,. By applying the i.h. (1) to ®,, there exists a tight derivation

(bussu)
@, I'y o v n,such that |t|, = s,. Therefore, we can build ® as follows:
(bu>su)
S,y Fpu:n
(bus1+5) (@)

' F up:n

suchthatI' =T, b=0by,ands=1+s, =1+ |u|n = |Up|n.
(2) The proof follows by induction over t € nop:

o Case t = Ax.u. Then we can build ® as follows:

00) (Ap)
W dxu:a

suchthat ' =@, b=0and s = 0 = |Ax.u|y.
 Case —abs(t). Then t € ne,, by definition. Therefore, s = [¢|, by applying point (1) to t.

Lemma 23 (Multi-types can split and merge). Let 4 = Ujer#i, b = +ic1bi, and s = +ieysi. Then,
(b,s) ) (bissi)

;> Mgt %ﬁ(@;b [ibnt: el

Proof.

=) We start by noting that ®; must end with the rule (m). Therefore, we have I' = +j¢/I';,
) (bj»s))
M= [Tjljes, b= ~+jesbj, s = +jessj, and (@) > [j bn t 2 7j)jes, for some J. Let i = [tilkek»

bi.si
for each i € I, such that ] = +;¢/K;. Then, by using rule (m), we can build <I>§ > Fi(l—n)t LM,
for each i eI, such that I'; = 4k, 'k bi = +kek; bk, and s; = +ek,Sk- So we can con-
clude with I' = +j¢jT'j = +ie1( +kek; ['k) = +ietli, b = +jejbj = +ier( +rek; br) = +ierbis
and s = +jessj = +ier( +kek; Sk) = +ielsi.
<) We start by noting that each d>§ must end with the rule (m). Therefore, for each i € I, we have
[ = 4kex, T A = [Tilkek,> bi = +kek; bk and s; = +xek; Sk and the following derivations
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(bi>sk)
(<I>’t< > Ik bt Tkek;- Let] = +ierK; and 4 = [1j]je) = [tklkek;,ie- We can use rule (m)
(+jerbjstiersi)
to build ®; > I' Fa t : .. Sowe can conclude with I' = +¢jTj = +ief(tkek; T'k) =
+ierli, b= +jerbj = +ier(+ek; br) = +ierbis and s = +jessj = +ier(frek; Sk) = +iersi-

(bst) (bussy)
Lemma24 (Substitution). Let ®;> I'y;x : M byt : Tand ®, > Ty bn u : A, then there exists
(bt +by>st+su)
Oy Te4+Ty b Hx\u) st

Proof. We generalize the original statement by allowing ®(,\,) to conclude with either a type =
or a multi-type ./Z. Let 4 € {t, .#}. Then the statement is as follows:

(b,s) (by,st)
Let @\ > Ty Fot{x\ u} : 4. Then, there exist ;> I'y;x : ///Iint t: ¥ and ¢,

(huxsu)
Ty bn u: A suchthat Ty =Tt + Ty, b=b; + by, and s =5, + 54,

The proof follows by induction over ®:

« Rule (ax). Then t = y and we have two cases:

- y=x.Then 'y =0, 9 = ., by =0, and s; = 0. Also, notice that x{x \ u} = u. Therefore,
we can take ®¢(y\,) = @, and conclude with 'y =@ +I'y, by, =0+ by, and s, =0+ sy,.
- y#x. Then # =[]. Therefore, ', =0, b, =0, and s, = 0. Also, notice that y{x \ u} =y.
Therefore, we can take @\, = ®; and conclude with I'y =Ty + @, by = b; + 0, and s; =
St + 0.
o Rule (1). Then t{x\ u} =Aiy.(p{x\ u}) (by a-conversion, we can assume y # x), and P,
(br>st)
has one premise ®p> (T'psy : A );x + M Iintp : 7', such that Ty = (Tp;y : #'), and & =
(bs+by,st+su)
M"— t'. By applying the i.h. to @, there exists Opp\uy> (Fp3y + A ')+ T, t I—nt
p{x\ u} : v'. Therefore, we can build @\, as follows:

DPpix\u)

(be+busse+su)
Ip+Ty = yp)x\u} : A — T

()

o Rule (@). Then #{x\u}=(r{x\u})(p{x\u}), and &; has two premises &,> [';;x :
(brsy) (bp>sp)
M g //l’—>rand<l>p> Lpsx o My Fr p:////,suchthatFt:Fr—i—Fp,%:t,///:
. . (bisi)
MU Mo, by =1+ by + by, and sy =5, +sp. By Lemma 23, there exist (&) > I') bp u :
My)ieq12)> such that T, =TL +T2, b, =b; + by, and s, =s1 + 5. By applying the i.h. to
(br+b1,s+s51)

®, and @), there exist @3> ' + rl Fy rix\u}: 4’ — tand Doy > I'p +
(bp+b2;5p+52)

r? Fo  p{x\u} : A, respectively. Therefore, we can build @y, as follows:

u

Privvy  Ppinu)
(14-br4-bp+b14-b2,5r+sp+s1+52)
Ty +Tp) + (N1 +T2) = (rp){x\u} = T

(@)

Thus, we can conclude with (I'; + ') + (l"bll + 1"124) =T+ Ty, 14+b,+by+ by +by=b+
by, and s, + sp + 51 + 52 = 5¢ + Sy
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bl.st
o Rule (m). Then &, has premises (@i > Fg;x : //{,'(Iint)t . T;)iel, such that I'; = +i€1F§, M=
bl i
Uier M, 9 = [Tilicl, br = +ic1bl, and s; = +ic;st. By Lemma 23, there exist (/> FL( lin )u :
M;)iel, such that T, = +i61FL, b, = +1~61b;, and s, = +1~61$L. By applying the i.h. to each CI>i,
| )

there exist (@i{x\u} >T;+T,  Fo t{x\u} : 7i)ier. Therefore, we can build @y, as
follows:

(D, uiel

) - (Fier (b4 +ier(s+51))
+ier(T+T7%) = t{x\ u} @ [Tilier

Thus, we can conclude with —{—id([‘; + I’L) =Iy+T,, —i—,'el(bi + bi) =b; +b,,and —i—iel(si +
) =St + sy
« Rule (Ap). Then t{x\ u} = 1y.(p{x \ u}) (by a-conversion, we can assume y # x), and &; >
(0,0)
@Fnry.p:a,suchthatI'y =0,% = a, and # = (. Therefore, ', = 0, b, = s, = 0, and we can
build &\, as follows:

©0) (Ap)
@ ry(plx\u}):a
Thus, we can conclude with @ =Ty +I",, 0 =b; + b,, and 0 = s; + s,,.

(brssy)
+ Rule (@p). Then, t{x \ u} = (r{x \ u})(p{x \ u}), and @, has one premise ®,> I';x : .4 4
r : n,such that¥ =n, b; = b,, and s; = 1 + s,. By applying the i.h. to ®, there exists ®(y\y) >

(br+buy>sr+su)
I''+T, Fn  r{x\u} : n Therefore, we can build ®{,\,) as follows:

Drix\u)

(by+by,14s,4+sy)
e+ Ty - (r{x\ u})(p{x\u}):n

Thus, we can conclude with b, + b, =b; + b,,and 1 + s, + s, = s; + s4,.

(@p)

O

(b>9)
Lemma4 (Quantitative subject reduction). Let ®;> ['tpt : T be a tight type derivation. If t — ',
(b—1,s)
then there exists ®y> T -, t' 1.

Proof. We prove a stronger version of the statement that allows us to reason inductively:

(b,s)
Let ®; >yt @ 7, such that I is tight, and either 7 is tight or —abs(¢). If t — ¢/, then there
(b—1,s)
exists ®y> T Fp 1.
The proof follows by induction over t — t':

o Caset=(Ax.p)u — p{x\ u} =t". Then ®; must end with rule (@) or (). Let us assume that
®; ends with rule (). Then, ®; has one premise @, ,. Moreover, @, , must conclude with
type n € a. However, this is not possible according to Lemma 22. Therefore, this case does not
apply. Now, let us assume that ®; ends with rule (@). Then, ®; has the following form:
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&, T ,///(bfim
>Ipx: an PIT
Pe P2
(bp,sp) (busu)
Iy F (Axp): il —= o,y Fn ut M

(©

(1+bp+bu-,3p+5u)
r,+rI, F (Ax.p)u:t

such that I' =T'y + I, tight, T € tty, b=1+ by + by, and s =5, + s,. By Lemma 24, there
(bp+bu,sp~+su)

exists ®pnuy> Ip+Ty o p{x\u} : 7. Therefore, we can take ®y = ®p(,\,y and

conclude with b — 1 = b, + b,,.

o Caset=up — u'p="~,such that u — /. Then ®; must either end with (@) or (@p):
- Case ®; ends with rule (@). Then ®; has the following form:

(bu>su) (bP’SP)
O,y bpu: -1 &y Ty g pr
(14by+bp,su+sp)

Fy+Tp = up:t

(@)

such that I' =T, + Iy tight, 7 € tty, b=1+ by + by, and s =5, + 5,. Moreover, I';, and
I, are tight. Also, notice that —abs(u) since u — u/, by definition. Therefore, by apply-

(bu—1,5)
ing the i.h. to @, there exists &,y > ', Fy ' :.#— t. Therefore, we can build &, as
follows:
D, o)
T (@)
utbpsu+sp)

Ly+Tp F up:t

Thus, we can conclude with b — 1 = b, + b,.
(bysu)
- Case ®; ends with rule (@;). Then ®; has one premise ®,> I' - u : n, such that
(b—1,sy)
s=1+s,. By applying the i.h. to ®,, there exists &,y > I' b, u:n. Therefore, we can
build ® as follows:

D,
(b—1,1+sy)
l_

(@p)
Wp:n

Thus, we can conclude withs =1 +s,,. 0

(b>9)
Theorem 1 (Quantitative soundness). If ® > 'yt : T is a tight type derivation, then there exists
U € noy, such that t —»fl u with |uly =s.

Proof. The proof follows by induction over b:

o Case b=0. Then t € no, by Lemma 1. Moreover, s = |t|,, by Lemma 2. So we can conclude
withu=t.

o Case b> 0. Then t ¢ no, by Lemma 1. Therefore, by Proposition 1, there exists ¢ such that
(b—1,s)
t —p t'. Moreover, this derivation is also tight. By Lemma 4, there exists &y > I' F, t': 7.

https://doi.org/10.1017/5S0960129525100285 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129525100285

Mathematical Structures in Computer Science 41

By the i.h., there exists u € noy, such that ¢ —»ﬁ_l

with t =, ' 271 4, which means that t —? , as expected.

u, such that s = |u|,. So we can conclude

O

(b,s)
Lemma 25 (Anti-substitution). Let ®¢x\u) > Ttx\uy Fat{x\ u} : T. Then, there exist @1 > I't; x :

(by.st) (bu>su)
M Iint t:tand @y Ty b u o A suchthat Tiouy =T+ Tu, b=bs + by, and s =s; + s,

Proof. We generalize the original statement by allowing ®(,\,) to conclude with either a type ©
or a multi-type .Z. Let 4 € {t, .#}. Then the statement is as follows:

(b,s) (by,st)
Let @y Ty Fot{x\ u} : 4. Then, there exist ®&;> I'j;x : //Iintt ¥ and O,

(bu»su)
Iy Fn u: A suchthat Ty =T+ Ty, b=b; + by, and s =5, + sy,

The proof follows by induction over ®(x\4), according to the last rule of ®4(y\

Let us assume ¢ = x, such that t{x\ u} = u. Then, we have to consider two cases: 4 = 1, or
(0,0)
G = M". If Py concludes with 7, we can build ®;> x : [t]Fqx : 7, such that I'; =¥, and
(b.)
b; = s; = 0, by using rule (ax), and build ®,, > T'yx\yyFnu @ 7, such that I'y = Ty, by = b, and
sy = s, by applying rule (m) to @\ y. If P4\ 4y concludes with .#Z " = [zi]icr, we pick @, = T\ 4}
such that I'y = I'¢x\u}, by = b, and s, = 5, and build ®; as follows:

( <ax>)
(0,0)

S ] B ;

x [T] X (m)zel

(0,0)
x:[Tlier b x:[Tlier

such that I't =¥, and b; =s; =0. In both cases, we can conclude with I'yjx\yy =y =T+ Ty,
b=b,=b;+ by, and s =s, = s; + s,,. From now on, we will assume ¢ # x:

 Rule (ax). Then t =y, t{x\ u} =y, and .# = [ ]. Therefore, we can pick ®; = P¢{,\,), such

(0,0)

that I't = T'yx\u)> b = b, and s; =, and build @, > @y u : [], such that I'y =¥, and b, =
sy = 0, by using rule (m) with no premises. Thus, we can conclude with I'yj\y) =Tt =T: + Ty,
b=b;=b;+b,,ands=s;=5s; +5,.

« Rule (A). Then t=Ay.p and t{x\ u} =Ay.(p{x\ u}). Moreover, ®s\,) has one premise

(b.9)
@pievuy & Cipevwys ¥ 0 A Faplx\ u} 2 7/, such that 4 =.#'" — t'. By applying the i.h. to
(bp>sp) (bussu)

®pix\u)»> there exist &p> (Tpsy + A );x 1 M g p:7' and &y > Ty o u @ A, such that
(Crppvups y 2 M) =Tpsy 0 M)+ Ty, b=by+ by, and s=s, +s,. Notice that T, =
I'p + Iy, since we may assume (by Proposition 7) that y ¢ dom(I",,). Therefore, we can build
®; as follows:

oy

(bp>5p)
[psx M= Aypr M T

(A)

Thus, we can conclude with I't\uy =T'p + Ty, b= by + by, and s = s + sy

 Rule (@). Then t =rp and t{x \ u} = (r{x \ u})(p{x \ u}). Moreover, ®¢{,\,) has two premises

(bl,sl) (hZ)SZ)
q)r{x\u} > Fr{x\u} Fn T’{X \ u} M — T and (Dp{x\u} > Fp{x\u} Fn p{x \ Ll} : Qﬂ/, such that

Ft{x\u} = Fr{x\u} + Fp{x\u}; 4=1,b=1+4+b; + by, and s=5s1 + 5. By applying the i.h. to
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(brss;) (by>s1,)
D x\uy and Py, there exist @, > T'pyx @ A b 1 M’ — 1 and <I>114|> F; bn u: A,

such that Ty =T + F;, by=0b,+ b}{, and s;=s, + sb, and there exist ®p> [p;x :

(bp-sp) (®7.53)
My by pi#! and 2> T2 by u 2 M, such that oy =Tp + I'2, by = by + b%, and
(by+bsi+s3)
$ =5y + 5124, respectively. By Lemma 23, there exists &, > 1"114 + Fi Fn u: MU M,
suchthat 'y, =Tl 4+ T2, b, = b, + b%,and s, = s, + s2. Therefore, we can build ®; as follows:

>, @,

(1+bu+bps5u+5p)
(Tr +Tp)sx o th U Mo = up:t

(@)

Thus, we can conclude with T'ypnuy = Urpevuy + Uppo\wy =Tt + Doy A= ) U A, b=1+
bi+by=1+b,+b,+by+b2=b+by,ands=s; +s3=5,+5, + 5 + 55 =5 + 5.

bi.si

+ Rule (m). Then, @y, has premises (P;r F,-(}—n)t{x\u} . Ti)iel, such that 4 = [ti]icr,
iy = +ierli» b= +ierbi, and s =+4ers;. By applying the i.h. to each ®;, there exist

(b,s}) (bl,»st) ) )
Oin Thx: M Iintt :tand @ > T by w4, such that Ty =T+ T}, bj=b,+ b,

) ) (Hierb Fierst)
and s; =s; + s}, for each i € I. By Lemma 23, there exists &, > +;cI}, Fn u: M,
such that ', = +,-61F,fl, b, = —}-,-eij, and s, = +ie]5il. Moreover, we can build ®; as follows:

. . (bhs?)
(> Tpx : Mibn b Tiel

; (+ierbiFicrsh)
+ierl'f x © Uier A F t: [tilier

(m)

such that I'y = —1—,-61F£, M = Ujc1 M, by = +i61bi, and s; = +ie15£. And we can conclude with
Cipe\uy = Fierl'i = +ier(Tl+ T8) = +iei T} +ier FL =T+ T b=ticrbi= +ier(bl + b)) =
+ierb; +ier bl, = by + by, and s = +icrsi = +ier(s; + 5;,) = +iers; +ier S, = st + su.

+ Rule (A;). Then, t = Ay.p and t{x \ u} = Ay.(p{x \ u}). Moreover, I'jjx\uyj =¥, T =a,and b=

(0,0
m = 0. Therefore, we can build ®, > @, u : [],suchthat'y, =0, 49 =a, #=[],and b, =

(0,0)
sy =0, by using rule (m) with no premises, and build ®;> @, Ly.p:a, such that I'y =0,
and b; = s; =0, by using (Ap). Thus, we can conclude with [y =0 =T +T, =0, b=
bi+b,=0,ands=s;+s,=0.

+ Rule (@p). Then, t =rp and t{x \ u} = (r{x\ u})(p{x \ u}). Moreover, ®;(»\,) has one premise

(bys)
Drpvw) > Tix\uy Fa 7{x\ 4} : n, such that s=1+45, and 4 =n. By applying the ih. to

(brssy) (bussu)
D, x\u)» there exist @, > I'y; #/ -y r :nand @, > Iy Fy u @ 4 such that Ty =T +

'y, b=b,+b,, and s’ =s, + s,.. Therefore, we can build ®; as follows:
D,

(br,1+sy)
I'pyx: # F rpin

(@p)

such that 'y =T, b; = b,, and s; = 1 + s,. Thus, we can conclude withs=14+s =145, +
Sy =St + Sy. 0
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(b>9)
Lemma 5 (Quantitative subject expansion). Let &y > ['yt' it be a tight type derivation. If
(b+1,5)
t —n t, then there exists ®;> ' o t: 7.

Proof. Similarly to Lemma 4, we prove a stronger version of the statement that allows us to reason
inductively:

(b.)
Let ®y > I'Fpt': 7, such that I is tight, and either 7 € tt, or —abs(¢). If t — ¢/, then there

(b+1,5)
exists &;> I" F, £ 7.

The proof now follows by induction over t — t":

(b:s)
o Case t=(Ax.p)u — p{x\u} =+. Then ®y > I'Fyp{x\u} : v. By Lemma 25, there exist

(Bp.sp) (bussu)
O, Ipsx: M bpp:t and @y Ty by u: A such that T'=T) + T, tight, T € tty,

b="by + by, and s = s, + s,,. Therefore, we can build ®; as follows:

D
? A)
£, e @
X.p: —7T y
r P ©
(14+bp4-bu,sp+su)
r,+rI, F (Ax.p)u:t

Thus, we can conclude with b+ 1 =1+ b, + b,
o« Caset=up — u'p="r,suchthat u — . Then, &, must end with rule (@) or (€p):
(bu»su)
- Case @y ends with rule (@). Then, ®, has two premises,®, > ', by v :.#’ — 7 and
(bp)sp)
Oy Ty by p:al’,such that ' =T, +Tp tight, T € tty, b=14b, + by, and s=s, +
sp. Notice that —abs(u), since u — . Moreover, I';, and T, are tight. Therefore, by apply-

(14-by»su)
ing the i.h. to ®,, there exists ®,,> ', Fn u : 4’ — 1. Therefore, we can build ®; as

follows:
o, @,
(14+1+by+bp,sy+sp)
Fu+Ty + up:t

(@)

Thus, we can conclude with b + 1 = (1 + b, + by) + 1.
(bs,)
- Case @y ends with rule (@p). Then ®4 has one premise ®,, > I' -y v’ :n, such that s =
(b+1,s,)
1 +s,. By applying the i.h. to ®,,, there exists ®,> I' F5 u : n. Therefore, we can
build ®; as follows:

@,

(b+1,14s,)
r = up:n

(@p)
0

Theorem 2 (Quantitative completeness). If t —% u with u € noy, then there exists a tight type

(b,|uln)
derivation ®;> T F, t: T.
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Proof. The proof follows by induction over b:

« Case b =0. Then ¢ = u, which means that t € no,. Therefore, we can conclude by Lemma 3.

« Case b > 0. Then there exists ¢, such that t — ' —!~1 . By the i.h., there exists a tight deriva-
(b—1,]uln) (b,luln)
tion ®y> ' b, ¢ : 7. By Lemma 5, there exists a tight derivation > I' 5 ¢ : 7. So,

we can conclude. 0

A.1.2 Weak Open CBV
Proposition 2 (Normal forms for Weak Open CBV). Let t be a term. Then t € noy, iff t />+.

Proof. We refine the original statement into the two following ones:

(1) t 4 and —val(t) iff t € ne,.
(2) t A ifft €noy.

The proof now follows by simultaneous induction over both these statements:

=) By induction over t:
(1) Lett - and —val(t). We want to show that t € ney:

- Case t = x or t = Ax.u. Then val(t), which contradicts the hypothesis. Therefore, this
cannot apply.
- Case t = up. Since up />, no rule of — applies to up. We consider two cases:

* abs(u), then —val(p) otherwise rule (fy) would apply. Moreover, p /4, otherwise t
would be reducible by (appR). Therefore, p € ney by the i.h. (1). Furthermore, val(u)
by definition, that is € noy and therefore up € ne,.

* —abs(u), then —val(u) or u=x (since variables are the only values other than
abstractions). We can also conclude that u /4 otherwise t would be reducible by
(appL). And p />, otherwise t would be reducible by (appR), therefore the i.h. (2),
we get p € noy. If —val(u), then we can apply the i.h. (1), and get u € ne,. In both
cases, Up € ney.

(2) Lett . We want to show that t € noy:

- Case val(t). Then, t € noy by definition.
- Case —val(t). Then, t € ney by point (1), which implies ¢ € noy.

<) By mutual induction over t € ne, and t € noy:
(1) Lett € ney. We want to show that t 4 and —val(t):

- Case t = xp, such that p € noy. Then, p 4 by i.h. (2). Therefore, no rule of — applies
to xp. Moreover, x—val(p).
- Case t=up, such that u e no, and p e ney. Then, u 4, by i.h. (2), and p 4, and
—val(p), by i.h. (1). Therefore, no rule of — applies to up. Moreover, u—val(p).
- Case t = up, such that u € ney and p € noy. Then, u 4 and —val(u), by i.h. (1), and
P #>v, by i.h. (2). Therefore, no rule of — applies to up. Moreover, —val(up).
(2) Lett € noy. We want to show that t /4 :

- Case val(t). Then, t /4, by definition.
- Case —val(t). Then, t € ney by definition, and thus, t /4 by i.h. (1). 0
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(b,s)
Lemma 26 (Values are not neutral). Let &> 't : 7. If val(¢), then T #n.

Proof. By case analysis on val(t):

o Case t = x. Then, ® must end with rule (ax) or (m). In the former case, T =0, andn € 0. In
the latter case, T = ., and .# # n. Thus, we can conclude that t #n.

o Case t = Ax.t. Then, ® must end with rule (1), (m), or (Ap). In the first case, 7 = .# — 7/, and
M — t' #n. In the second case, T = .#, and .# # n. In the last case, T = a, and a # n. 0

Proposition 8 (Relevance). Let &> T I—S,b’s) t : 7. Then dom(I") C £v(t).

Proof. By asimple induction over ®. O

(b,s)
Lemma 27 (Persistent abstractions have tight type). If ® > 't : 1. If T € 3, then —abs(t).

Proof. By induction over ®, according to the last rule of &:

« Rule (ax), (@), (@}1)), or (@IZ,). Then, —abs(t), by definition.
« Rule (1), (m), or (Ap). Then, T ¢ {v,n} =a. Therefore, these cases hold vacuously. 0

(b:s)
Lemma 28 (Tight spreading). Let ® > I't—t : , such that T is tight. If t € ney, then t is a tight
constant.

Proof. By induction over t € ney:

« Case t = xp, such that p € noy. Then, ® must end with rule (@), (©11>)’ or (@%):
(0,0) (bpssp)

- Rule (@). Then, ® has two premises ®x> x : [#— t]Fyx : A — 5 and pr> Ty
p: Asuchthat I = (x : [#— t])+Tp, b=1+bpand s =s,. However, .# — T is not
tight, which contradicts the tightness of I'. Therefore, this case cannot apply.

— Rule (@}1,) or (@%). Then, T =n.

« Case t = up, such that u € noy and p € ney. Then, ® must end with rule (@), (@}1)), or (@%):
(bu»su)

- Rule (@). Then, ® has two premises ®,> I'y by u : . #— tand &, T I—‘(,bp’sp)p L M,
suchthat ' =T, + I'p, b =1+ by, + by, and s = s, + 5. Therefore, ', and I'y are tight. By
applying the i.h. to ®, we get that ./ € tty, which is a contradiction. Therefore, this case
cannot apply.

- Rule (@Il)) or (@IZJ). Then, T =n.

o Case t = up, such that u € ney and p € noy. Then, ® must end with rule (@), (@}1;)> or (@123):
(bu>su) (bp>sp)

- Rule (@). Then, ® has two premises ®, > 'y -y u : #— 7 and ®p> Ty =y p @ A,
such that ' =T",, + I'p, b=1+ b, + by, and s =s, + sp. Therefore, I', and Iy, are tight.
By applying the i.h. to ®,, we get that ./ € tty, which is a contradiction. Therefore, this

case cannot apply.

1 2 —
- Rule (@p) or (@p). Then, T =n. 0
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(b-9)
Lemma 1 (Normal forms take zero steps). Let ® > 't : T be a tight type derivation. Then,
b=0iff t enoy.

Proof.

=) We refine the original statement into the two following ones:

(b.s)
(1) Let > 'yt : T be a tight derivation. Then b = 0 and —val(¢) implies ¢ € ne,.

(b.s)
(2) Let > 'yt : T be a tight derivation. Then b = 0 implies ¢ € noy.

The proof follows by mutual induction over @ for both statements, according to the last
rule of &:

(1) Let b=0and —val(?):

- Rule (ax), (1), (m), or (Ap). Then, val(t), which contradiction the hypotheses. Therefore,
these cases cannot apply.

- Rule (@). Then, b > 0. Therefore, this case holds vacuously.

0,5, (0,5p)

— Rule (@11)). Then, t = up, and ® has two premises &, > Fu(l—v)u caand &, I I—: p:
tty, such that ' =T", +T'p, T =n, and s = 1 + s, + 5. Therefore, both I';, and I'y, are
tight. By applying the i.h. (2) to ®, and ®;, we have u, p € noy. Since T =n € 3, then,
by Lemma 27, we know that —abs(u). Therefore, either # = x or u € ney, by definition.
In both cases, up € ne,.

(0,51,) (O’SP)

- Rule (@12)). Then, t = up, and ® has two premises &, > I'y, -y u : ttyand @y [
p :n,suchthatI' =T, +T'p, 7 =n,and s =1+ s, + sp. Therefore, I';, and I', are tight.
By applying the i.h. (2) to ®,, we have that u € no,. Since T = n, then by Lemma 26, we
know that —val(t). By applying the i.h. (1) to @), we have that p € ney. In which case,
up € ney.

(2) Letb=0:

- Rule (ax), (1), (m), or (Ap). Then, val(t) C noy, by definition.
- Rule (@), (@11)), or (@}2_)). Then —val(t) by definition. Therefore, t € ney C noy by i.h. (1).
<) The proof follows by mutual induction over ¢ € noy:

(1) Lett eney:

- Case t = xp, such that p € noy. Then, ® must end with rule (@), (@11>)’ or (@y):
(0,0)
* Case ® ends with (@). Then, ® has necessarily two premises &> x : [#Z — 1]y
(bp;Sp)
x: . M—7vand ®pr> Iy by pis,such that ' =(x : [#/— t])+Tp, b=1+bp,
and s =s,. However, I" is not tight, because .# — t ¢ tty, which contradicts the
hypothesis. Therefore, this case cannot apply.

(0,0)
* Case @ ends with (@}1,). Then, ® has two premises ®, > (x : [v])Fyx : v and ;>
(bpssp)
[p Fy p i tty,suchthat = (x : [v]) + T, T =n,b=bp,and s = 1 + 5. Therefore,
I, is tight. By applying the i.h. to ®,, we have that b, = 0, and thus, b = b, =0. We
then conclude.
x Case ® ends with (@IZ,). Very similar to the previous case.
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- Case t = up, such that u € noy and p € ney. Then, ® must end with rule (@), (@Il,), or
(@2):

(bussu)
* Case ® ends with (@). Then, ® has two premises &, > I', Fy u : .#Z— 7 and &, >

(bpssp)
r, Ilivp p : AsuchthatI' =T, +T'p, b=1+ by + by, and s =s,, + 5. Therefore, T,
and I'p are tight. We can then apply Lemma 28 to ®,,, and we get .# — 7 tight, which
yields to a contradiction. Therefore, this case cannot apply.
* Case @ ends with (@IIJ) or (@Iz)). Very similar to the cases for t = xp, such that p € no,.

- Case t = up, such that u € ney and p € noy. This case is very similar to the case where
t = up, such that u € noy and p € ne,.
(2) Lett enoy:

— Case val(t). Then, ® must end with rule (ax), (1), (m), or (A;). Case ® ends with
rules (A) or (m) then, T € tt, and the statement hold vacuously. Otherwise, b =0, by
definition.

- Case —val(t). Then, t € ney, by definition. Therefore, b =0, by i.h. (1). 0

(b:s)
Lemma 2 (Normal forms have correct size). Let ® > I't— t : T be a tight type derivation. If b= 0
then s = |t|y.

Proof. The proof follows by induction over ®, according to the last rule of &:

+ Rule (ax) or (Ap). Then, val(t) and s =0 = [t;.
 Rule (1) or (m). Then, 7 & tty. Therefore, these cases holds vacuously.
« Rule (@). Then, b > 0. Therefore, this case holds vacuously.

(0,54) (0,5p)
« Rule (@rl’)' Then, t = up and ® has two premises ®, > 'y =y u : @and ®p> 'y =y p:tty,

suchthat ' =T, + 'y, T =n, b=0, and s = 1 + s, + 5. Therefore, in particular, I';, and T’y
are tight. Since @, and ®,, are both tight, then, by applying the i.h. to ®, and ®,, we have
sy = |uly and s, = |ply. Therefore, s =1 + [uly + |plv = [upls.

« Rule (©12>)‘ Very similar to the previous case. 0

Lemma 3 (All normal forms are tightly typable). If ¢ € noy, then there exists a tight type derivation
(bs)
O 'yt o T, such that s = |t|y.

Proof. We are going to split the original statement into the following two:

(b.)
(1) Ift € ney, then there exists a tight derivation ® > 't : n, such that s = |t[.

(b,s)
(2) Ift € noy, then there exists a tight derivation ® > 't~y f : tty, such that s = [t,.

The proof follows by mutual induction over ¢ € noy:
(1) Lett € ney:
o Case t =xp, such that p € noy. By applying the i.h. (2) to p, we have a tight derivation

(bpssp)
®,> Iy =y p:tty, such that |p|y =sp. Therefore, we can build ® as follows:
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(ax)
(0,0)
x:[v]F x:v P,

(bp,1+sp)
x:[v]+I, F xp:n

(@)

where I' = (x : [v]) +Tp,b="bp,ands=1+s, =1+ 0+ [ply = |xp|v.
o Case t =up, such that u € no, and p € ne,. By applying the i.h. (2) to u and i.h. (1) to

(bussu)
D> there exists a tight derivation ®, > I'y, -y u : tty, such that |uly =s,, and a tight

(bp,sp)
derivation ®,> I', =y p : n, such that |p|y =s,. Therefore, we can build ® as follows:

o, @,

(by+bp,14s,+sp)
Ly+Tp + up:n

(@)

where ' =T, + T, b=b, + by, and s =1+ s, + 55, = 1 + |uly + |ply = |uply, by defini-
tion.
o Case t = up, such that u € ney and p € noy. By the i.h. (1) to u and i.h. (2) to p, there exists a

(bussu) (bp.sp)
tight derivation &, > I';, -y u : nsuch that |ul; =s,, and a tight derivation @, > ', =y

p:tty such that |p|; = sp,. Therefore, we can build @ as follows:

2u S (@
(butbp,1+sutsp) P
Ly +Tp = up:n

)

where ' =T, + T, b=1b, + by, and s =1 + s, + 55 = 1 + |uly + |plv = |uply, by defini-
tion.

(2) Lettemnoy:
o Case t = x. Then, we can build ® as follows:

o0 (ax)
x:lol]Fx:0o
whereo €n,I' =0, b=0,and s =0 = |x[y.
o Case t = Ax.u. Then we can build ® as follows:

00 (Ap)
W= Axu: a

where ' =0, b =0, and s = 0 = |Ax.uly.
o Case —val(t). Then, t € ney, by definition. Therefore, there exists a tight derivation ®; >

(bys)
'yt @ nsuch that s = [t|y, by the i.A. (1). 0

Lemma 29 (Multi-types can split and merge). Let .# = Ui 45, b = +ic1bi, and s = +jersi. Then,
(b,s) ) (bissi)
O Ty o Aiff (i Ti by v o Miier.

Proof. Very similar to the proof for Weak Open CBN. U
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(bg»st) (by,sy)
Lemma 30 (Substitution). Let ®;> I'y;x : Ay t @ T and ©,> Ty, by v: 4, then there exists
(bt+by,st+sy)
Sy > T +Ty F tHx\ v}z,

Proof. The proof follows by induction over ®;, depending on the last rule of ®:

 Rule (ax). Then, t = y. There are two cases:

- y=x.Then, Tt =0, v =4 t{x\ v} =v, by =0, and s; = 0. So we can take D(x\,) = Dy
and conclude with 'y + T, =T, by + b, = b,, and s; + s, = s,,.

- y#x. Then #=[], T, =0, t{x\v}=t, b, =0, and s, = 0. So we can take P¢(y\,) = P;
and conclude with 'y + T, =T, by + b, = by, and s; + s, = s;.

(be>st)
« Rule (X). Then, t = Ay.u and &; has one premise &, > I'y;x @ A Iivt u: 7/, such that T'; =
(Tw \y) (by a-conversion), and t =I,(y) = t’. By applying the i.h. to ®,, there exists

(bi+by,st+sy)
Oy >+ u{x\v} : 7. Therefore, we can build @\, as follows:

Dufx\v)

()

(be+by,s+sy)
(T, +Ty) \y F (Ayuw){x\v}: Tyly) -t/

And we can conclude with (I'y +T'y) \y = (', \y) + ', =T'; + Iy, since we may assume (by
a-conversion) that y & dom(I',).

(bussu)
o Rule (@). Then, t=up and ®; has two premises ®, > [ysx @ A by u: A — v and

Oy Tpsx M 9™ pist’, such that Ty = (T + Tp), M = My Uy, by =1+ by + by,
) . (bisi)

and s; = s, + sp. By Lemma 29, there exist (®}, > I'}, -y v: .#})ic12), such that T, = Fi + Ff,

by = by + by, and s, = 51 + s2. By applying the i.h. to ®, and ®;,, we know there exist ®;(x\,) >

(bu+b1,su+s1) (hp-i-bz,sp-‘rsz)
'+ F& Fv u{x\v}: . #" — 1 and q)p{x\v} > A+ Fg v plx\v}: M, respec-

tively. Therefore, we can build ®y(\,} as follows:
Pupevvp Ppinwy
(14-by+bp+b1+b2,su+sp+s1+52)
(C4+A)+(T14T2) = (up){x\v} : 7
And we can conclude with (I" + A) + (Fi + Fa) =T+ Ty, 1+ by +by+ by + by =b; + by,
and s, +sp + 51 + 52 =5 + 5y

(@)

) (bissi)
o Rule (m). Then, t=w and & has premises (®!, > I'i;x : A Fy w:0i)ier, such that =
o (bS]
[oilier, T't = +ierl'i, bt = +ierbi, and s; = +ieys;. By Lemma 29, there exists (> T}, = v :
AM)ier, such that T'y =+, by = +ierb,, and s, = +ieys,. By applying the i.h. to each &},
) ) (bi-‘rhf,,si-‘rsf,)

there exist (&}, ,,> Ti+T,  Fv wix\ v} : 0i)ier. Therefore, we can build ®(x\y) as
follows:

(q)iv{x\v})iel

- (ier(bitbL) Fier(si+st))
+ier(Ti +T) F w{x\ v} : [oilier

(m)

And we can conclude with +ief(T; +T}) = +ieiTi +ier Ty =T + Ty, +ier(bi + b)) =
+ierbi +ier by, = by + by, and +ier(si + 5,) = +iersi +ier 5, = st + v
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(0,0
+ Rule (Ap). Then t =Ay.u, and &>y Ay.u : a, such that 't =0, t =a, by =0 and 5, =0.

Therefore, . #=1[], I'y =0, b,=0, and s, =0. Also, notice that t{x\ v} =Ay.(uf{x\ v}) =
(Ay.u){x \ v}. Therefore, we can build ®(\,} as follows:

o) (Ap)
9 F (yuwix\v}:a

And we can conclude with@=T;+T,,0=0b; + b,,and 0 =s; +s,,.
« Case ®; ends with rule (@113) or (@}2,). Very similar to the case where ®; ends with rule (@). 0

(b—1,s)
Lemma 4 (Quantitative subject reduction). Let ®p > ' b t': T be a tight type derivation. If
(b—1,s)
t — t', then there exists ®y > T, t': 7.

Proof. We prove a stronger version of the statement that allows us to reason inductively:

(b,s)
Let &;> 'kt : 7, such that I is tight, and either 7 is tight or —val(¢). If t— ¢, then there
(b—1,s)
exists @y I' , 1.
The proof follows by induction over t—t":

o Case t = (Ax.u)v—>yu{x \ v} =t. Then, ®; must end with rule (@), (@}1,), or (©}2>)‘ Let us first
assume that ®; ends with rule (@}1)). Then, ®; has two premises ®,, and &, for Ax.u and v,
respectively. Moreover, ®, ., must conclude with type a. However, this is not possible accord-
ing to Lemma 27. Now, let us assume that &, ends with rule (@%). Again, @, has two premises
®; x4 and P, for Ax.u and v, respectively. Moreover, &, must conclude with type n. However,
this is not possible by Lemma 26. Finally, let us assume that ®; ends with rule (@). Then, ®;
has the following form:

(bu«,su)
O, >Tx: M Fy uit
(L)

(buysu) (by,sv)
I, v Axwu): M —7 o>, by vi

(L+by+by,su+sy)
Lo+L, ko (Axwv:t

©

suchthatI'=T, + I, istight, r € tty, b=1+ b, + b,, and s =5, + s,,. By Lemma 30, there
(bu+bv:5u+5v)

exists Oy > Ty + Ty [ u{x\ v} : 7. Therefore, we can take ®y = ®,(\,} and

conclude withb—1=0b, +b,.

+ Caset = up—yu/p =1, such that u— /. Then ®; must either end with (@), (@}1)), or (@}2)):

- Case @, ends with rule (@). Then, ®; has the following form:

(bussu) (bP’SP)
STy by u: M-t &, T I—vp://( )
(1+bu+bpsutsp) @
r,+ l"p = up:t

suchthatI' =T, + T istight, T € tty, b= 1+ b, + by, and s =5, + sp. Moreover, I', and
I, are tight. Also, notice that —val(u), since u—u’ holds. Therefore, by applying the i.h.
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(bu—1,54)
to ®,, there exists ®, > I'y, +, ' :.#— 1. We can then build ®, as follows:

q)u/ (Dp

(bu+bp)3u+sp)
Fy+Tp F up:t

(@)

Thus, we can conclude with b — 1 =b, + bp.
— Case ®; ends with rule (@}1>) or (@%). These cases are very similar to the previous case.
o Caset=up—yup’ =1, such that u /4 and p—p’. Then, ®; must end with rule (@), (@%’), or
2.
(@):
- Case ®; ends with rule (@). Then, ®; has the following form:

(bussu) (Gpssp)
STy by u: M—1 Sy Ty by prd
(14by+bp,sy+sp)
ry+Tp = up:t

(@)

suchthatI' =T, + 'y istight, T € tty, b =1+ b, + by, and s =5, + s,. Moreover, I', and
I', are tight. Also, notice that —val(p), since p—p’ holds. Therefore, by applying the i.h.
(bp—1.sp)
to @, there exists @y > I, Fy p':.#. Therefore, we can build ®y as follows:
D, Dy

(bu+bp,su+sp)
Iy +Tp [ up' .t

Thus, we can conclude with b — 1 = b, + b,.
- Case ®; ends with rule (@IIJ) or (@12)). These cases are very similar to the previous case. 0

(b-9)
Theorem 1 (Quantitative soundness). If &> Tt t : 7 is a tight type derivation, then there exists
u € no such that t —»5 u with |uly =s.

Proof. The proof follows by induction on b:

o Case b=0. Then t € no, by Lemma 1. Moreover, s = |t|; by Lemma 2. So we can conclude
with u =t

« Case b > 0. Then t ¢ no, by Lemma 1. Therefore, by Proposition 2, there exists ¢’ such that
(b—1,9)
t — t'. Moreover, this derivation is also tight. By Lemma 4, there exists &y > I' , t': 1.

By the i.h., there exists u € no, such that ¥ —%~! 4 and s = |u|y. We can then conclude with
t — t' —b~1 4, which means that t —? u, as expected. O

(b.s)
Lemma 31 (Anti-substitution). Let ®¢(x\y) > Ttix\v) v t{x \ v} : ©. Then, there exist ®;1> I'y; x :

(bt,st) (by.sy)
M Iivr t:tand @, Ty by v, suchthat Uiy =Tt + Ty, b=bs + by, and s =s; + 5.

Proof. The proof follows by induction over ®(y\y):
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Let us assume t = x. Then, t{x \ v} = v. Therefore, T # n, by Lemma 26. Now, we have to con-
sider two cases: either T = [07];cr or 7 is not a multi-type. If 7 = [0];e1, we can take @, = Dy 4
and .# = [0ilier, such that T'y = T'tx\y}, by = b, 5, = 5, and build @ as follows:

(0,0)
X: [G,'] l—vx:Gi icl

(m)
0.0)
x:[0lier Fo x 1 [Oicr

such that I'y =0, and b; =s; = 0. If T is not a multi-type, then we let .Z=[7], and we build
(b>s)
&, > Ty Fvvi[t], such that 'y = Ty, by = b, and s, = s, from @y ) followed by rule (m),

(0,0
and ®;>x : [t]Fyx : 7, such that 'y =0, by =5, = 0, by using rule (ax). In both cases, we can
conclude with I'yj\yy =T =Tt + 'y, b= b, = b; + by, and s = s, = s; + 5,. From now on, we are
going to assume f # x:

» Rule (ax). Then, t=y, t{x\ v} =y, and .#Z=[]. Therefore, we can pick ®;= Dp\1},

(0,0
such that I'y = 'y}, b =b, and s; =s, and build @, > @, v:[], such that I', = and
by, = s, =0, by using rule (m) with no premises. Thus, we can conclude with [yj\,) =T's =
I'i+TI'y,andb=b;=b; + b,,and s=s; = s; + s,.

« Rule (A). Then, t=Ay.u and t{x\ v} = Ay.(u{x \ v}). Therefore, ®;(,\,} has one premise

(bss)
Dy & Doy ¥ 1 A ' Fyu{x\ v} @ 7/, such that T =.#' — t/. By applying the i.h. to

(bu,Su) (bV)SV)
D y(x\v)» there exist &, (Tyy : A );x: M by u: v and T, by @ 4, such that

TCyxwps y + A)=T sy M)+ T, b=b,+ by, and s=s, +s,. Notice that T'yx\,) =
I'y + Iy, since we may assume (by Proposition 8), that y ¢ dom(T",). Therefore, we can build
®; as follows:

D,
(bussu)
Twx: M =y Ayu: M — 1
such that I'y =Ty, by = by, and s; =s,,. Thus, we can conclude with Ty =Ty + T, b=
b, + b,,and s=s, +s,.
« Rule (@). Then, t = up and t{x \ v} = (u{x \ v})(p{x \ v}). Moreover, ®(,\,} has two premises

(b1,s1) (52,52)
q)u{x\v} > l“u{x\v} Fo u{x\v}: M — 1 and q)p{x\v} > Fp{x\v} Fv p{x\v} : ', such that

L) = Cugevw) + Dpevvyy b=1+b1 + by, and s=s; + 5. By applying the i.h. to @y

()

(bussu) (b)s))
and ®p(x\y}, there exist ®,oTysx: ) by u: M — 7 and @LeT, by v 1 A, such
(bprsp)
that Ty =Ty + 1"&, by=b,+ b},, and sy =s, + s},, and there exist ®,> Ty x : 45 by
(b2.5%)
p: ' and ®ieT2 by v i b, suchthat Tppayy =Tp + T2, by = by + b2, and s, =5, + 52,
(by+b.s)+s7)

respectively. By Lemma 29, there exists &, > Fi +T 3 Fy v UM, suchthat T, =
I+ T2, b, =bl + b2 and s, = s} + s2. Therefore, we can build ®; as follows:
o, @,

(1+bu+bp,sutsp)
(Cy+Tp)sx oty UMy Fy up:t

(@)
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such that I''=Ty+T), by=1+b,+bp, and s;=s,+s,. Thus, we can conclude
with Ty = Cupe + Dppany = T+ T + T +T2) =T+ Ty, b=14+b1+b,=1+
bu+bl+b,+b2=b+b,ands=s; +s,=s,+5, +5, +s2=5,+5,.

(bissi)
« Rule (m). Then, ®y\,) has premises (®;> I'; =y t{x\ v} : 0y)ier, such that 7 =[oj]ic,
Tix\v) = +ierl'i, b=+icrb;, and s = +icrsi. By applying the ih. to each &, there exist
o (bt S (b)) o o
Oi>Tyx: Myt opand O T by v, such that F,-:F;—y—FL, bizbi—i-bi,, and
. . . (+ie]b1,:+i615§,)
si=s; +s,, for each i € I. By Lemma 29, there exists ®, > +e/T, [ v: M, such that
Iy = +ierl'y, by = +ierbl,, and s, = +i¢;s,,. Moreover, we can build ®; as follows:
o (bs})
(®i>Thx : Myt Oiier
R (+ielb;>+i615;)
+icll'h x © Uier Fy t: [oilier

(m)

such that 'y = —}-ieIFi, M = Uici M;, by = +i€]bi, and s; = +ie15£. And we can conclude with
Fipevy) = +ierl'i = +ier(TL+ T8) = +ierT} +ier F'V =1+ Ty, b=ticrbi= +ier(b} + bl) =
+icrb} +ier b}, = by + by, and s = +iersi = +ier(s) + 5L) = +iers; +ier S, = s + 5.

 Rule (Ap). Then, t = Ay.u and t{x \ v} = Ay.(u{x \ v}). Moreover, [';ix\y) =0, T =a, and b=

(0,0)
m=d = 0. Therefore, we can build ®,> @, v:[], such that ', =0, #=[], b,=s,=0,

(0,0)
by using rule (m) with no premises, and build ®;> @, Ay.u : a, such that I'y =0, and by =
st = 0, by using rule (A). Thus, we can conclude with I'yp0\,y =Ty + 'y =0, b=b; + b, =0,
ands=s; +s,=0.
« Rule (@}1)). Then, t = up and t{x \ v} = (u{x \ v})(p{x \ v}). Moreover, ®;(,\,) has two premises

(b1,81) (b2,52)
Dy > Ty Fv u{x\ v} : 2and Dy > Dppevy Fv pla\ v} o tty, such that T’y ) =

Cupevwy + Ty b = b1 + by, and s =1+ s1 + s5. By applying the i.h. to ®(x\y) and @y,

(bussu) (by5)
thereexist ®,>Ty;x : A Fy u : Aand d>‘1,>1"$ Fy v i A, suchthat Ty =Ty + F&,

(bpssp) (b7.53)
by=0b,+ bll,, ands; =s, + 511,, and there exist @, > T'psx © 4 by p @ ttyand CD% > Ff [

v 1 My, such that Tppayy =T 4+ T'Z, by = by, + b2, and 5, =, + s2, respectively. By Lemma
(bh+b2.sh+s2)
29, there exists @, > 1 +T2 |,  v:.#3 UM, suchthat T, =T.+T2, b, =0l + 12,
and s, = s} + s2. Therefore, we can build ®; as follows:
o, D,
(bu+bp,1+5u+5p)

(Cu+Tp)sx o AU M Fy up:t
such that I'1'=Ty,+T), by=b,+by, and s;=1+s,+s, Thus, we can conclude
with Tipw) = Dupey + Dppey = Ty + T + (Tp + T2) =Ty + Ty, b=b+b=
bu—}—b},—}—bp—}-b%:bt—i—bwands:1+51 +s5=1 —}-su—i—s},—}-sp—}—s%,:st—i—sv.

o Rule (©}2>)‘ This case is very similar to the previous case. 0

(@)
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(b>s)
Lemma 5 (Quantitative subject expansion). Let @y > Ukt : T be a tight type derivation. If
(b+1,5)
t — t, then there exists ®;> ' -, t: T.

Proof. Just like for the subject reduction property, we prove a stronger version of the statement
that allows us to reason inductively:

(b.s)
Let ®y > 'yt @ 7, such that T is tight, and either 7 € tt, or —val(t). If t— ¢, then there

(b+1,5)
exists ®;> I Fy £ 7.

The proof now follows by induction over t— yt':

(b>s)
o Case t = (Ax.u)v—>yu{x\v}=1t". Then, ®y > I'tyu{x\v} : t. By Lemma 31, there exist

(bmsu) (hV,SV)
S,>Tyx: Ay u:tand @y Ty by v suchthatT' =T, + T, tight, T e tty, b=

b, + b,, and s = s, + s,.. Therefore, we can build ®; as follows:
O, Tyx: b
W Dy x v U:T )

(hmsu) (hv,j‘v)
I', v Axu: M —7 oI, Fy vi

(14-bu+by.su+sv)
r,+T, + (Axu)v:t

©

Thus, we can conclude withb+1=1-+b, + b,.
o Caset =up—u'p =1, such that u—,u/. Then, &y must end with rule (Q), (@IIJ), or (@IZ)):
(bu»su)
- Case @y ends with rule (@). Then, ®, has two premises,®, > ', Fy v :.#’ — T and
(bp»sp)
®,> Ty by p:a’,suchthatI’ =T, + [pistight, 7 € tty,b=14b, + by,ands=s, +
sp. Notice that —val(u) holds, since u— yu'. Moreover, I';, and I'p are tight. Therefore, by

(1+bu>3u)
applying the i.h. to @/, there exists &, > I, Fy u : .#’ — t. Therefore, we can build

@ as follows:
o, @,
(1+1+bu+bp>5u+3p)
Cy+Tp = up:t

(@)

Thus, we can conclude with b + 1 = (1 + b, + by) + 1.
- Case ®y ends with rule (©rl>) or (@}2)). These cases are very similar to the previous one.

o Case t = up—yup’ =, such that u /> and p—yp’. Then, & must end with rule (@), (@}1,),
or (@%):
(bussu)

- Case @y ends with rule (@). Then, ®y has two premises ®,> ', by u : .4’ — 7 and
(bp»sp)

Qy > Ty by p'idl’, such that T =T, +T'p is tight, T € tty, b=1+b, + by, st =5, +

sp. Notice that —val(p) holds, since p—p’. Moreover, I',, and T, are tight. Therefore, by

(bp+1;3p)

applying the i.h. to @, there exists ®,> I', Fy p:.#’ — 7. Therefore, we can build

®; as follows:
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@, D,

(1+bu+bp+1)5u+sp)
Ly +Tp F up:t

(@)

Thus, we can conclude with b +1=(1+b, +by) + 1=1+b, + by + 1.

- Case ®y ends with rule (@}1)) or (@%). These cases are very similar to the previous one. O

Theorem 2 (Quantitative completeness). If t —% u with u € noy, then there exists a tight type

o (bluly)
derivation ®;> ' F, t: T.

Proof. The proof follows by induction on b:

« Case b =0. Then t = u, which means that t € noy. Therefore, we conclude by Lemma 3.

« Case b > 0. Then there exists ¢, such that t — ' —b~1 4. By the i.h., there exists a tight deriva-
(b—1,]ul) (bylul)
tion®y > ' Fy ¢ :7.ByLemma 5, there exists a tight derivation ® > I' -y t : 7, and this

derivation is also tight. So, we can conclude. 0

A.2 Weak Open CBN with Global State

Proposition 3. Let (t,s) be a configuration. Then (t, s) is normal iff (¢, s) #~n.
Proof.

=) Let (¢, s) be normal. Then, either (, s) is blocked or ¢t € noy:
- Case (t, s) is blocked. We reason by induction on (¢, s):

x Case t = get;(Ax.u), such that | & labels(s). Then, (¢, s) +n by definition.
x Case t = up, such that (u,s) is blocked. Then, (u,s) is normal. By applying the i.h. to
(u, s), we get (u, s) #n. Therefore, (up, s) +n holds.
- Case t € noy. Then (t, s) is unblocked by definition. We reason by induction over ¢ € noy:

* Case t = Ax.p. Then, (Ax.p, s) /~q is straightforward.
* Case —abs(t). Then, t € ne,. There are two cases:

- Case t = x. Then, (x, s) ¥~y by definition.
- Case t = up, such that 4 € ne, Cnoyp. Then, (y,s) is normal. By applying the i.h. to
(u, s), we get (u, s) ~n. Therefore, (up, s) /=5 holds.

&) Let (t,5) #n. We reason by induction on

— Case t =x. Then, t € ne, C noy,. Therefore, (¢, s) is normal.

- Case t = Ax.p. Then Ax.p € noy. Therefore, (¢, s) is normal.

- Case t = up. Since (up, s) /~n, then (u,s) ¥, and —abs(u), otherwise rules (appL) and
(Bn) would be applicable, respectively. By applying the i.h. to (1, s), we get (1, s) is normal.
Therefore, either (u, s) is blocked, or u € ne,, (since u € no, and —abs(u)). In the former
case, (up, s) is blocked by definition. In the latter case, up € ne, C noy. Therefore, (up, s) is
normal.
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- Case t=get;(Ax.u). Since (get;(Ax.u),s)~n, then [¢labels(s). Therefore,
(get;(Ax.u), s) is blocked and thus normal.

- Case t =set(t,u). Then (set(t, u),s) ~n (4, upd;(t, s)), which leads to a contradiction
with the hypothesis. Therefore, this case cannot apply. 0

Lemma 32 (Relevance). Let &> T IFP™D 4 . @ (resp. TI> A &) ¢ 7). Then dom(I") €
fv(t) (resp. dom(A) C £v(s)).

Proof. By asimple induction over ®. U
Lemma 33. Let I AIFP™D 5. 7, If I € dom(.7), then | € 1abels(s).

Proof. The proof is exactly the same as for Weak Open CBV. Just notice that, in Weak Open CBN
with Global State, we can assign the empty multi-type to any term. U

Proposition 4 (Typed configurations are unblocked). If &> I' H—gb’m’d) (t,s) : Kk, then (t,s) is
unblocked.

Proof. The proof follows by contraposition. We assume that (¢, s) is blocked and show that (¢, s)
cannot be typable. We proceed by induction on (¢, s) blocked:

o Case t = get;(Ax.t), such that [ ¢ 1abels(s). Then, suppose that (¢, s) is typable, so that the
type derivation must be of the following form, where &' =T, (x) U .# - £
o, T, \ng“’m”"d”) wAl: M- T}=x (get)
ge
I, \\xH-(h“"Hm“*dU get,(Axu):{l: L'}, T =« I, > A H—flb“’m‘”d’*) sA{l: LT
(T \) + A, IFButbosltmatms ditds) (gt (Ax.t), s) : K

(conf)

where T=(T,\x)+ A, b=b,+b;, m=1+my,+ms, and d=d,+d;. Thus, le
dom({l : Ty(x)u.#-Z£}; 7), and so, by Lemma 33, we get [ € 1abels(s), which leads to a
contradiction. Therefore, (¢, 5) is not typable.

« Case t = up, such that (u, s) is blocked. Suppose that (¢, s) is typable with derivation ®. We
have two cases:

- Case ® ends with rule (@). Then, ® must be of the following form:

@, > T, "W 0 T = (M — (T = 1)) x T')
b 9 Jﬂd)
@, T, 1K) e g ©
T, + Ty IF bt byt ditdy) yp - 7 = i > A IFomsd) o g

(FM —|— FLl) —|— AS H—(]+bu+bperxa'"u+'n1)+mx~,du+dp+ds) (Mp7 S) cK

(conf)

where I' = (I', + T'p) + A, b= 1+ b, + by + bs, m=my, +mp +ms, and d =dy, +d, +
ds. Thus, we can build a type derivation ®, ) as follows:

e, I
Ty + Al Cutbomtmeditd) (o) (gt — (T = k) x T)

By applying the i.h. on (1, s) we get that (1, s) is not typable, which leads to a contradiction.
Therefore, (¢, 5) is not typable.

(conf)
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- Case ® ends with rule (@p). Then, ® must be of the following form:

@, > T, IFLwmedn) o 7 (0 x T )
L, Hbumel ) yp: 7 = (mx 7)Mo AR 5 7
T, + Ay |}_(bu+b_;,ml,+lns,l+du+ds) (up, S) . (Il X y/)

(conf)

where I' =T, + A5, b=b, + bs, m =m,, + ms, and d =1+ d,, + ds. Therefore, we can
build a type derivation @, ) as follows:

Q, I
Ty + Ag IHbutbomtmeditd) (4, 5) : (n x ')

By applying the i.h. to (u, s), we get that (4, s) is not typable, which leads to a contradiction.
Therefore, (¢, s) is not typable. 0

(conf)

Lemma 34 (Tight spreading). Let &> I Femd ¢ 7 = (v x F), such that T is tight. If t €
nep, then T =n.

Proof. We proceed by induction over ¢ € ney:

o Case t =x. Then ® must end with rule (ax). Therefore, ®> x : 7 = (n x J) |k§f”’”’d) X :
7 = (n x 7),and thus, T =n.

« Case t = up, such that u € ney. Then, ® must end with rule (@) or (@p):

- Rule (@). Then, ® has two premises ®, > [, | wmeds) - 7 = (M~ (T = (¢ x

F)) x T") and @y > Ty "% p o g1, where T =T, + 'y is tight, b= 1+ by, + by,
m=my +my, and d =d,, + dp. Moreover, I';, and I', are tight. By applying the i.h. to
u € ney, we get that (A# — (7" = (tr x 7’))) =n, which is a contradiction. Therefore,
this case cannot apply.

- Rule (@p). Then, T =n € tt, by definition. O

Lemma 6 (Normal forms have pure types). Let ® > \kﬁf”’“"” t: TT = (t x T, such that T is
tight. If t € noy, then 7 = 7.

Proof. By induction on ¢ € noy. There are two cases:

+ Case t = Ax.u. Then, ® must end with rule (1), (1), or (Ap):

- Case ® ends with rule (1) or (Ap). Then, 7 = .7, by definition.
o Case —abs(t). Then t € ney,:
- Case t=x. Since I" is tight, then ®»> x : [T = (n x T7)] H—gb’m’d)x 1 IT=@x T,

such that 7 = 7.
- Case t = up, such that u € ney,. Then, ® must end with rule (@) or (Qp):

x Case ® ends with (@). Then, ® has two premises &, > T, H—g’“’m“’d“) u:9=(H—~

(7' =) x T and @5 T, 0" b+ g7 such that T =T + Ty, b=1+ b, +
by, m=m, +mp, and d=d, +d,. By Lemma 34, .Z — (" = k) should be tight,
which is a contradiction. Therefore, this case cannot apply.

* Case ® ends with (@p). Then, ® has one premise ®, > I' Ikgb’m’d“) u: 7=m@x9),
such that d = 1 + d,,. By applying the i.h. to ®,,, we get that 7 = 7. 0
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Lemma 7 (Normal forms and tight states have correct size).

(1) Let T ||—£10’0’d) t : w be a tight derivation. Then, (i) t € noy and (ii) d = |t|,.
@) LetTIs> AIFL™ . s Fpeq tight derivation. Thenb=m=d=0.

Proof.

(1) We split statement (1a) into two parts, but keep the same statement for (1b):

(@) fu=9= (nx J'),thent €ney.
(b) If u =7 = (tty, x J’), thent € noy,.
(c) d=|t|n.

We reason by induction over ®:

e Rule (ax). Then, ®> x: [T = (n x T)] |k§,°’°’°>x 1 I = mx ), where ' = (x :
[T=@x))), u=T = (nx.9), and d=0. Thus, we can conclude with x € ney
(satisfying la), and d = 0 = |x|, (satisfying 1c).

« Rule (m). Then, the type of the conclusion is not a monadic type. Therefore, this case
cannot apply.

« Rule (@). Then, the first counter must be greater than zero. Therefore, this case cannot
apply.

+ Rules (1) or (Ap). Then, t = Ax.u and either u is not a tight monadic type, or u = .7 =
(a x 7)and d = 0, respectively. Thus, in the latter case, we can conclude with Ax.u € no,
(satistying 1b) and |Ax.u|, = 0 = d (satisfying 1c).

« Rule (get) or (set). Then, the second counter must be greater than zero. Therefore, this
case does not apply.

+ Rule (@p). Then, t = up, and ® has one premise ®, > I' Il—go’()’d“) u: 7= (nx.7),such
that d =1+ d,,. By applying the i.h. to ®,, we get u € ne, and d,, = |t|5. Thus, we can
conclude that with d =1+ d, =1 + |t|n = |up|a (satisfying 1c) and up € ne, (satisfying
la).

(2) By induction over IT:

o Case IT ends with (emp). Then, s=¢ and 1> ¢ ”_510,0,0) ¢ : @), where d =0 = |g|y. Thus,
we can conclude.

o Case Il ends with (upd). Then, s=upd;(4,q) and IT has two premises P, >
(bgmagdy

r, II—Elb“’m“’d“) u: # and Iy> Ay IFn ) q:{l:Z}% yq, where A=T,+ Ay,
T =\l M- ZLY}; Tgandd=d, + dg;. Since we are assuming that .7 is tight, then .#/ =
[]. Therefore, b, = m, =d, = 0. By applying the i.h. to T1;, we get by =my;=d;=0.
Thus, we can conclude with b =b, + by =m=m, +my=d=d, +d;=0. 0

Lemma 8 (Normal forms take zero steps). Let &> I’ |k§f”’“’d> t:

b=m=0iff t €noy,.

W be a tight derivation. Then,

Proof.

=) By Lemma 7.1.1a.
<) By induction on t € noy:

- Case t = Ax.u. Then, ® must end with (1), (m), or (A;):
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* Rule (m). Then, ® does not end with a tight monadic type. Therefore, this case does not
apply.

% Rules () or (Ap). Then, u = .7 = (M — p) x T')orp =7 = (a x J’), respectively.
In the former case, ® does not conclude with a tight type; therefore, it cannot apply. In
the latter case b = m = 0 by definition, and we can conclude.

— Case —abs(t). Then t € ney:

* Case t = x. Then ® must end with rule (ax) and b = m = 0 by definition.
* Case t = up, such that u € ne,. Then ® must end with rule (@), (m), or (@p):

- Rule (@). Then, ® has two premises @, > ruwﬁf’u””wdu’ u: I=(HM— (7 =
) x 7' and @y Tp ™% b+ g7 such that T =T, + T istight, b =1+ b, +

by, m = my, + mp,and d = d,, + d,. Moreover, I', and ', are tight. By applying Lemma
34 to u, we get that 7 = ((# — (7' = «)) x J') =n, which is a contradiction.
Therefore, this case cannot apply.

- Rule (m). Then, ® does not end with a tight monadic type. Therefore, this case does not
apply.

- Rule (@p). Then, ® has one premise &, > I' H—flh’m’d“) u: .7 =(nx '), such that
d =1+ d,. By applying the i.h. to u, we have b = m = 0. Therefore, we can conclude.D

Lemma 9 (Normal configurations have correct size). Let & I’ Il—g”m’d) (t,s) : k be a tight
derivation of the following form:
O T L) 0 7 (2 x T s A IFEemd)
T+ A ||—(bt+bsxmt+msxdt+ds) (t, 5) T X I

whereT =T+ Ag k. =(t X I'),b=b; + b, m=m; + ms,and d = d; + d;. If by = m; = 0, then
A d=|(ts)|pand b=m=0.

"~ (conf)

Proof. Since T" is tight, then so are I'; and A,. Since by = m; =0, then t € no, by Lemma 7.1.1a
and d; = |t|, by Lemma 7.1.1b. Therefore, 7 = .7’/ by Lemma 6. Therefore, .7 is tight and bs =
ms = d; = 0 by Lemma 7.2. Thus, we can conclude withd =d; + ds =d; = [tlh = |(t,s)[n and b=
by+bs=m=my+m;=0. O

Lemma 10 (Normal configurations take zero steps). Let ® Fll—g”m’d) (t,s) : k be a tight
derivation. Then, b=m = 0 iff (¢, s) is an unblocked normal configuration.

Proof. Derivation ® must be of the following form:
oo T ™Mt 7= (@ x T) e AP s 0 7
Ft + AS ||—(bt+b5ymt+ms»dt+ds) (t’ S) T X 9
whereI' =T+ Ag, k =(t X T'), b=b; + b, m = m; + ms, and d = d; + d,.

(conf)

=) Letb=m=0. Then, by = m; = 0, and thus, t € no,, by Lemma 8. And we can conclude that
(¢, s) is in normal form.

<) Let (t,s) be in normal form. Then, t € noy, by definition. Thus, b; = m; = 0, by Lemma 8.
And we can conclude that b =m = 0, by Lemma 9. 0

Lemma 11 (Tight typability of states and normal forms).

(1) Let s be a state. Then, there exists a tight derivation T1;> () |F§l°’°’°) s .
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(2) Let t enoy. Then, for any 7, there exists a tight derivation ® > I’ FQOD 4 - 7 = (11, x
T), such that d = |t|y.

Proof.
(1) By induction on s:

« Case s=e¢. Then, we can build TT> ¢ 1-"% ¢ : ¢ by rule (emp), such that .7 = @ is tight.

« Case s =upd,(t, q). By applying the i.h. to g, there exists a tight derivation IT > 000 q:
{l . Z}; 7. Therefore, we can build IT; as follows:

— (m)
QIH00.0) ¢ [] : 1,

01-0 wpd, (1, q) : {L: [[}: {1:[]- L} T

(upd)

where T ={l: []-Z}; T is tight.
(2) We start by refining the original statement as follows:
a. Let t € ney. Then, for any .7, there exists a tight derivation &> I’ FOOD 4 7 = (n x
), such that d = |¢|,.

b. Lett € noy. Then, for any .7, there exists a tight derivation & > I' II—ElO’O’d) t: 7 = (tty X
T), such that d = |¢|y,.

The proof now goes as follows:
a. We reason by induction over t € ne:
« Case t = x. Then we can build ® by using rule (ax), such that b=m=d = 0= |x|, and
tth =n.
o Case t = up, such that u € ne,. By applying the i.h. (a.) to u, we get ®, > Iy, | 00du)

T = (tty’ x 7)), such that ', is tight and d,, = ||y, for any .7. Moreover, since I, and
U € ney, then tt, =n, according to Lemma 34. Therefore, we can build & is as follows:

D, (@
[, IHO00I4d) yp . 7 = (n x T) i

suchthatI'=Ty,andd=1+d, =1+ |u|y = |up|n-
b. We reason by induction over ¢ € no:

)

« Case t = Ax.u. Then we can build ® by using rule (Ap), such thatb=m =d =0 = |Ax.ul,
and tt, = a.

« Case —abs(t). Then t € ne, and we can conclude by (a.). 0

Lemma 12 (All unblocked normal configurations are tightly typable). If (¢,s) is a normal but
unblocked configuration, then there exists a tight typing derivation ® > I’ FO0D (1, 5) < &, such that

d=(t,5)n
Proof. By Lemma 11. O
Lemma 35. Let ®> I Il—flb’m’d) t 1 T = (t x T'),such that T is tight. If T = n, then —abs(t).

Proof. By induction over ®:
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+ Case ® ends with rule (ax), (@), (get), (set), (@), then —abs(t) holds by definition.

« Case ® ends with rule (m). Then ® does not conclude with a monadic type. Therefore, these
cases cannot apply.

+ Case ® ends with rules (1) or (Ap). Then, t =Ax.u and T =.#— u or T = a, respectively.
Therefore, these case do not apply. 0

Lemma 36 (Multi-types can split and merge). Let .4 = U1 i, b = +ictbi, m = +icymi, and
d=+icr. Then, &> TIFL™ ¢ - ziff (01s Ty IFE™ ¢ - )it

Proof. We omit this proof given its similarity with the proof for Weak Open CBN with Global
State. u

Lemma 37 (States can Split). Let 1'15>A||—(hmd) 2 T, such that ledom(ﬂ). Then, s=
updy(t, @), T() = M L, O TR0 12 and Tyo AT g (12 2 7, such
that A=T14+Ag, T ={l: T} T, b= bt—i—bq,m my + mg, and d = d; + d;.

Proof. The proof follows by induction on the structure of s:

« Case s =¢. Then the statement is vacuously true.
o Case s=upd;(u, q'). Then ®; is of the form:

b, /d
Oy Ty IFLemedd o g H/DA/II—(qm ) q:{l: L% Ty

Ty + Ay IFOHbemtmpdatde) you, (u, gy (I ctt" - 27 Ty

where A=T,+ Ay, T={l : M- L'}, Ty, b=by +by, m=my,+my, and d=d, +
dqr. We consider two cases:

(upd)

- Casel'=1. Then we simply take t =u, q=¢q, #' = M, and £’ = ¥, and we are done.
- Case ' #1 Since ledom({l' : . A"~ Z"}; T y) and I #1, then | € dom(.7 ¢). By applying
the ih. to ¢, we have that ¢'=upd)(v',q"), ({I' : L', T ) D)=Ty)=M"-2L",

, v d b m d "
T W R and My e Ay IF( 1 m )q’:conjil L7l

L'y T gy such that Ag =Ty +Ap, (I - L' Tyg={:.4" - L'l - L'} Ty,
by = by + by, my = mu +my, and dy= du/ +dy. Therefore, JTy,={l:
ML yqn. But s=upd;(u, upd;(v/,q")) =upd;(v/,upd;(u,q")), so we can
take t =u', q=upd;(u,q"), M=H", & =2", and T ={' : M- L'}; Ty, and
consider @, to be the following derivation:

Oy 5 Ty FEmed) y o’ Ty Ag W g gl s 27512 27 T

Fu + Aq” |'_(hu+bqn,mu+mqn,d,,+dqn) upd,,(u, q//) . {l’ . .g/}; {l . //}; yq”

where Ay =Ty + Ay and To={l': A" L'};{l : £"}; T 4. We can then conclude
with the following observations:

L (upd) =

$ Dot Ag=Ty+Ty+ Ay =Ty+ Ay =A,
* Since 7 ={l' : M- L'} Ty andl' # I then T (I) = 7 4(I) and

T=(l - LY, Ty=\ - LY M- L") Ty
—{1: Tyl - M- L Ty
={l: 7% T’
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* bv+bq=bu/+bu+bq//=bu+bq/=b, mv—l—qumu/—|—mu—|—mq//=mu+mq,=m
anddv—l—dq:du/+du+dq//=du+dq,=d, O

Lemma 38 (Substitution). If ®;> I'y;x : ///II-Elbt’m"dt)t wand ©,> Ty, H—fjb"’m“’d“) u : M, then
vy > Tp 4 Ty IFCrFbwmetmuditd) g ) 2oy,

Proof. We generalize the original statement by allowing ®; to conclude with either a monadic
type (1 or a multi-type .#p. Let 4 € {u, .#)}. Then the statement is as follows:

If &o Tpx: ™ 4 and @, T, FE™ %) 4o g7, then Dy Ti+
[y I oot medtdd o yy © @,

The proof follows by induction over @, according to the last rule of ®;:

+ Case Y = 1. Then, ®; must end with rule (ax), (1), (Ap), (@), (get), (set), or (Qp):
- Rule (ax). Then, t = y and there are two cases:

x y=x. Then, x{x\ u} =u and &;> Gi(x : [u]) IFgO’O’O)x . u, where I'y =0, 4 =[ul,
and by = m; = d; = 0. Moreover, ®,, must end with rule (m), and have one premise ¢/, >
r, H—gb“’m“’d") u : . Sowe can take @\, = P, and conclude with 'y + T’y =Ty, by +
b,=b,,my +my,=my,and d; +d, =d,.

* y£x Then, y{x\u} =y, T'r=(y : [u]), #=1], by = m; = d; = 0. Moreover, ®, ends
with rule (m) with no premises. Therefore, I'), = ¢, and b, = m,, = d,, = 0. So we can pick
Dyp\uy = Dy, where I'y + Ty =T, by + by =b; =0, m +my, =m; =0, and d; + d, =

+=0.
- Case ®; ends with (A). Then t=Ayp, u=9 = (A’ — ') x 7), and ®; has one
premise ®, > (Fpsy @ A ') x //H—flbp’mp’dp)p : ', where I'y =T'), (since we can assume
that y # x by a-conversion), b; = by, m; = mp, and d; = d,. By applying the i.h. to &,

by+by, wdp+dy
there exists ®ppuy> (Fpsy @A)+ Ty ||—£1P+ Mp Gy )p{x\ u} : (/. Moreover, by

a-conversion, we can assume since y ¢ dom(I",), so that (s y : MN)+Ty = Fp+Tuy:
' . Therefore, we can build ®,\,y as follows:
Pplx\u)
Tp + Dy IF O Fbwmptmundydi) 5y (p(x\ u)) : T = (M — p) x T)
And we can conclude since I'y + 'y =T'p + Ty, by + by = by + by, my + my, = mp +my,
di +dy =dp+dy, and t{x \ u} = Ly.(p{x \ u}).
- Case ®; ends with (A;). Then t=Ay.p, u=7=(ax.7), and ®;> @;x : [] H—J(no’o’o)
Ay.p:a,suchthat I'y =0, #=1], and by = m; = d; = 0. Therefore, ¥, ends with rule (m)
with no premises, and I'; = {J. Therefore, we can build @y, as follows:

(2p)

()

PIFO00 Ay p)x\u) : T = (ax T)

And we can conclude with T'; + T, =@, by + by, =m; +my, =d; +dy, =0, and t{x \ u} =
Ay.(plx \ u}).

- Rule (@). Then t=rp, u = 7 = «, and ®; has two premises P, > I'r;x : A4 H—gb”m”d’)

r: T=>(M"— (T =) x T )and @y Tpsx : %legbp’mp’dP)p . M, where'; =

Uy + Ty, M= UM, by =1+ by + by, m=m; + mp, and dy = d, + dp. By Lemma

36, there exist (®! > FL H—flh"’m"’di) u: Miepry, where Uy =T} + T2 by, =by + by, my, =
my + my, and dy, = d; + d,. By applying the i.h. to @, and @), there exists @\ > 'y +
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rLprrbemetmdrtd) Lo\ u) 0 7 = (M- (T =) x 7)) and Dy > Tp+
by+by, Jdp+d. .
2 |F£"+ 2 mpmadp tda) plx\u} : 4’ Therefore, we can build @, as follows:
Privg Ppir
(T, +Tp)+ (T +T2) |- (Utbrtbpbr-tbasimytmym o dydp i tdy) (pfo\ u(plx\u}): 7 =«

Thus, we can conclude with #{x\ u}=(p){x\u}=(Fr{x\u)Pp{x\u}), I'1+Ty,=
(Fr+Fp)+(F11,+F§), bt+bu=(1+br+bp)+(b1 + by), mt+mu=(mr+mp)+
(m1 + my), and d; + d, = (d; + dp) + (d1 + dy).

- Case ®; ends with (get). Then, t =get;,(\y.p), u={l: A" uM" - L}; T =k, and

®; has one premise &> (Fysy @ A ') x ///\kff"”""’df’)p Al: A" L) T = k,where

by = by, my =1+ m,, and d; = dp. By applying the ih. over ®,, there exists ®ppnu) >

Ty : A+ Ty H—gbﬁb”’mﬁm”’dﬁd")p{x\ ub {1l A" LY T = k. Moreover, by

a-conversion, we can assume since y € dom(I',), so that (T y @ A#')+ T, =T+ T3y :
M. Therefore, we can build ®;(, 4 as follows:

(@)

q’p{x\u} o T, +T, H_flbp-i-hu,mp-&-mu,dp-i-du)lj{x\u} ML T >k

T; + [y, IF ot bulbmptmudytdi) oot oy (plac\ u)) :{l : M UM - LY, T =k

Thus, we can conclude with get;(Ay.p){x \ u} = get;(Ay.(p{x\ u})), and b; + b, = b, +
by, mi +my =1+my +my, di +d, =dp + d.
- Case ®; ends with (set). Then t=set)(r,p), u={:%}s 9 =«, and &; has

bpmp.d
two premises ®,> [yx: sy IF™™ " r o " and Sy Tpsx 2y )

p:{l: M2}, T =k, where Tiy=0,4+T1y M=000M, bi=Db.+Db,
)

(get)

1 1 41
my =1+ m,+my, and d; =d, +dp. By Lemma 36, there exist &, I'} Il—gb"’m“’d"

2 .2 32
u:.#y and @3> I'2 H—flb“’m”’d“) u: M, where I,=TL+T2  b,=0bl+02,
my, =m) +m?, and d, =d}, + d>. By applying i.h. to ®, and ®,, there exist Py} >

1 1 1 b hZ) Z)d d2
r,+T} Ikgh'Jrh“’m’er”’errd“) rix\u} : A" and Pppey> Tp+ T2 H"* My dpt )

ple\u}y : {l : A" ZL); T = k. Therefore, we can build @\, as follows:
P Py

t
(T, +T,) + (T} 4 T2) Ottt totomeemy e mid +dprdid) set, (r{x \ ul, plx \ u)) 1 {l : L} T =« (set)

Thus, we can conclude with set(r,p){x\ u} =set;((t{x\ u}), (p{x\ u})),
T+ Ty=Tr4T,) + (L +T2), by + by = (by + by) + (b, + b2), mg + my, =
(14 my + mp) + (m}, + m2), and d; + dy, = (d, + dpp) + (d, + d2).

- Case ®; ends with (Qp). Then t=pr, u=.7 = (nx.7’), and ®; has one premise

by,mp,d,
Oy Tpx t 3" p o 7= (ax T7), by=by, my=my, and dy=1+dj,. By
applying the i.h. to ®,, there exists Py [i+ Ty H—Elbﬁh“’mﬁm“’dﬁd“)p{x\u} :
T = (n x 7). Therefore, we can build @\, as follows:
o}
plx\u} (@P)

T + T, IFGptbumptmi1+dy+dy) (plx\ u))(rix\u}): T = (n x T)
Thus, we can conclude with (pr){x\ u} = (p{x\ u})(r{x\ u}), by + by, = by + by, m; +
my=mpy+my,andd; +d, =1+d, +d,.
o Case 9 = .#,. Then, ®; must end with rule (m):
- Case ®; ends with (m). Then, &; has premises (Cbi > Fﬁ; x M H—Elh;’m;’d;) t: 8)iel
where I'y = +e T}, M = Uier. M3, Mo = [8i)ict, be = +ierbl, me = +ieyml, and dy = +ic de.
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By Lemma 36, ther¢ exist (CI>L|> FL I'I—flb“’m“’d“) u: Miel, wherg r, =+,‘€IF,’;., b, =

+icrbl, my =+161m§4, gnd. dy = +icid,,. By the ih. over each ®!, we have (CD’t{x\u} >

Ff + FL I}—flb’+b“’m’+m“’d’+d”) t{x\ u} : 8;)ier. Therefore, we can build ®(x\,) as follows:
(q)i{x\u})iel

+i€I(F£ + ]"114) |k (Fiet(bitb) A-ier (mitmi,),+ier (di+di)) tx\ u} : [8ilier

(m)

Thus,' we can conclude with T'y+ T, = +ie1Ff +ier F,i = —I—ie[(F; + FL), bi+b,=
+ierbt +ier by, = +ier(by + b)), me + my = +ierm; +ier my, = +ier(m; + my,), and d; +
dy = +ierd; +ier d, = +ier(d; + d,,). 0

Lemma 13 (Quantitative subject reduction). Let (t,s) ~>y (4, q), where r € {fn, g, s}. If O

r H—gb’m’d) (t,s) : K is a tight derivation, then ® > T’ H—gb/’m/’d) (u, q) : k, where r = By implies b’ =
b—1and m' = m, whiler € {g, s} impliest/ =band m' =m — 1.

Proof. We show a stronger statement of the form:

Let (t,s) ~r (4, q), where r € {By,g,8}. If P T H—gb’m’d) (t,s) : k, T is tight, and « is tight
or —abs(t), there exists ®' > I’ |- (u,q) : &, where r = By, implies ¥’ =b —1 and m' =m,
while r € {g, s} implies b’ =band m' =m — 1.

We proceed by induction over (%, s) ~»q (14, q):

o Case (t,5)=((Axp)r,s)~g, (p{x\1},s)=(u,q). Then, & has two premises

&, T, Foomedd o 7 o and T A FP9) ¢ 0 7 such that =T, + A,
b=b;+bs, m=m;+m;, and d=d;+d;. Then, ®; must end with rule (@) or
(). Let us assume that ®; ends with rule (@,). Then, ®; has one premise

b x.p>Mix, ,d X,
@jxpt> Taxp H—;A P piep) axp: T=@xJ'), such that T'1=Tjxp br="buxps

My = Mxp, and d; = d . p. However, according to Lemma 35, —abs(Ax.p) should hold. This
gives a contradiction, meaning that this case does not apply. Now, let us assume ®; ends with
rule (@). Then, ®; must be of the following form:

P, F;Lx_[,;x:,///\h(lb"’m"’d”)p: T =K

(;L) (bymy,dy)
Dpp F0m0de) Axp: T = (M — (T = 1)) x T) @, T, H™ ) vy

Doep+ 1 |- (L+bp+brmp+my.dp-+dr) (Ax.p)r: 7 =«

(@

where I't =Typ + Ty, by =1+ by, + by, m=m, +m;, and dy =dp +d,. By Lemma 38,

by+by, rdp+dy
there exists @y Daxp + H—Elﬁ iyt )p{x\r} : 7 = k. Therefore, we can

build @, 4) as follows:

Ppvy s
rAx.p + T, + A |}_(bp+by+bs,mp+mr+m5,dp+dr+ds) (p{x \ 7’}, S) ke

(conf)

where b’ =b, + b, + bs, m' =mp+m, +ms, and d=d, +d, +ds. Thus, we can con-
clude with b—1=(b;+bs) =1 =(1+by+ b, +bs) — 1=V, m=m; +ms=m, +m, +
me=m',andd=d; +di=dp+d, +d;=d’.
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o Case (t,5) = (get;(Ax.p), s) ~>n (p{x \ 1}, 5) = (1, q), such that s = upd(r, s'). Then ® must be
of the following form, where 7 ={l : Tpy(x) U.# - £ }; T ¢:

@, 5 T, 00" ot LY Ty = et
get
L\ x IFCp14mpdp) oot (Ax.p) : T = K I > A, IF0omed) g0 g

(conf)
L\ x + A [Fotbsltmptmedytds) (oot (Ax.p), s) : &

where T'=T,\x+A;, b=b,+b, m=1+m,+m; and d=d,+ds. Since Il

Ag Hbf”””df’ s {l: Tpx)u- LY To, we know, by Lemma 37, that s =upd(r, s, &,

A, H—gb”m”dr) r: Fp(x) U.#and Iy > Ay \Fff’s/"”s/’ds/) s {l: Z); To,suchthat A,=T", +

Ay, bs=b,+ by, ms=m, + my, and d;=d, + dy. Therefore, by Lemma 36, there exist
1 1 (bhmyd) 2 2 (bhm7.dy) 1 2

O, T, Iy r: Ip(x) and ;> Ty Iy r: M, such that I', =T, +T7;, b, =

bl + b2, m=m! +m?, and d, =d} + d?. By Lemma 38 (applied to ®, and ®}), there

b,+bl, L dy+d!
exists Ppe > Tp\ X+ A} |F£1P+ PGyt ')p{x\r} Al M- LY To= k. Moreover,

we can construct an alternative type derivation IT/ for s as follows:
o2 Ty
T2+ Ay PG b mitmeditds) wpg (r,s) {1 0l - L) To

Let Ty = I}, where g=upd,(r,s'’) =s and A;=T?+ Ay. Therefore, we can build ¢’ as
follows:

(upd)

DPpix\r) I,

(conf)
(FP\\ x4+ Frl) + (Frz + Ay) |,_(bp+b}+b3+bs,,mp+m}+m%+m5,,dp+d}+d%+ds,) (p{x \7},s) 1k

where b =b,+b} +b2+by, m'=my+m; +mi+my, and d =d,+d; +d?+dy.
Thus, we can conclude with I'=Tp+ A;=T,+ (T4 Ay) =T, + (I} +T?) + Ay,
bsz+bs:bp+(br+bs’):bp+(b}+b%)+bs’:b/’ m — 1:(1+mp+ﬂ15)_ 1:(1+
mp—i—m,—i—ms/)—1=(1+mp+m}+m%+ms/)—1=m/, d=dy+ds=d, +(d, +dy) =
dp+ (d} +d?)+dy =d.

o Case (t,5) = (set(r, p), s) ~>n (p, upd;(r, s)) = (4, q). Then, ' must be of the following form,
where 7 ={l : Z}; To:

@, T, IFrmed) e g
®,0 T, WP %) b {1t - LY Ty =« ot)
set
Ty + T IFOrbplmesmpsitsn) sot (1, p) : T = Kk I o A IF0msdd) g0

(Ty 4 Tp) + A IFOrtbpts Vemetmpms drtdp+ds) (et (1, p), s) - K

(conf)

where I' = (', + T'p) + A, b="b; + by + bs, m =1+ m, +mp +ms and d =d, + dp + ds.
Therefore, we can build derivation I, for upd,(r, s) as follows:
oD, I,
Ty + Ag IR rtbometmodeds) wpg (1, s) : {l : M- LY To

(upd)
Moreover, we can build &’ as follows:
Py I
Fp + (T, + Ay |- p+br+bs,mp+my+mg,dp+dy+ds) (ps updl(r, s) K

(conf)
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where b’ = by + b, + bs, m' =mp+ m, +m,, and d' =d,+d, +ds. Thus, we can con-
clude with T'=(I, +Tp) + Ag, b=b,+ by +b;=b, m—1=1+m, +mp+ms) — 1=
my+my+mg=m,andd=d, +d, +d;=d'.

o Case (t,5) = (pr, s) ~n (p'1, q) = (4, q), such that (p, s) ~»;, (¢, g). Then, ® has two premises
[OFEN Il—gh"mt’dt) t: 7 =kand I > A \kg"”ms“”s) s: I,suchthatI' =T+ A, b=b; +
bs, m = m; + ms, and d = d; + ds. Moreover, ®; must end with rule (@) or (€;):

- Case @, ends with (@). Then, ®; must be of the following form:

by,myp,d,
@po Ty k™" p . T (M (T 50)x T o T, K™Y o

Ty + O IR bptbrmptmpdptdr) o g7 — e

(@)

where I't =Ty + 'y, by = 1 + by + by, my = mp + my, and d; = d, + d,. Therefore, we can
build the following derivation for (p, s):

o, I
Ty + A IFOpTbomptmedytd) (p 5y (L — (T = k) x T

Moreover, I'y and A; are tight, and (p, s) ~4 (p', q) implies that —abs(p). By applying the
i.h. over @, ), there exists derivation @, o) that must be of the following form:

(conf)

b m .d
@, Ty s ") s g7 = (it — (T = ) x T)
I, A, IF0e"%) g2 g

Fp’ +A, H_(bp/+bq,mp/+mq,dp/+dq) (p/’ q): (M — (yl = K)) x 4

(conf)

such that Ty +As=Ty + Ay and (by + by, my +mg, dy +dg) and (bp + bs, mp +
my, dp + dg) are properly related. Therefore, we can build @' as follows:

>, @,

(©)
Fp’ +1"r|}_(1+bp’+b“mp’+m“dp’+d’) p/r: TN = K Hq[> Aq H_I(]bq«,mqﬂq) q: g ( :
conf

Fp/ 4T, +Aq ”_(H—bp/+br+bq,mp/+mr+mq,dp/+dr+dq) <p/r7 q) SK

where b'=1+by + b, +bg, m' =my +m, +my, and d' =dy +d, +d;. Thus, we
can conclude with I' =Ty + Ay = (T'y + ;) + A;=(T'y + ;) + Ay, and (1 + by + b, +
by, my +m; +mg, dy +dy +dg) and (1 + by + by + bs, mp + m, + my, dp + dy + ds) are
related properly.

- Case @), ends with (@;). Then, ® must be of the following form:

®,0 T, IH" %) p: 7 = (ax T7) -
L, ormldd) pr: 7 (nx 7)Mo ARP™ g 7

r*p + A, |}_(bp—b—hs,mp+ms,l+dp+ds) (pr7 S) ‘nx T

(conf)

where I' =Ty + A, b= by + bs, m = my + mg, and s = dp + d,. Therefore, we can build
the following derivation @, ):

o, IT;
Fp + A, |- (Bp+bs,mp+ms,dp+ds) (p,s):(mx T

(conf)
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Moreover, I'y and A are tight, and (p, s) ~5 (p’, g) implies that —abs(p). By applying the
i.h. over @, ), there exists a derivation for (p’, q) that must be of the following form:

(b,rm,,d.) bg,mg,d,
Oy Ty ka7 e T ax T Mg Ay TN g g7

Ty + A |} (b Fbqprmy +mg.dy tdy) @hq):(ax T

where 'y + Ay =Tp + A, and (by + by, my + my, dy + dg) and (b, + bs, mp + ms, dp, +
ds) are related properly. Therefore, we can build derivation @’ as follows:

(conf)

P,

(Cp)
Ty IFC ™ 4) s 77 = (n x T77) o A, IF00"%) g2 g

Ty +4Ay |- By +bq g, 1dpy+dy) (p'r,q):(nx T

(conf)

where Ty + Ay =T) + Ay, U = by + by, m' = my +my, and d’' = 1 4 dy + dj. Thus, we
can conclude I' =T + A; =Ty + Ay, and (by + by, my +myg, 1 +dy +dg) and (by +
bs, mp + mg, 1 + dp + dy) are properly related. 0

Theorem 3 (Quantitative soundness). If &> I’ H"””"” (t,s) : k a tight derivation, then there

exists (u, q) such that u € noy, and (t, s) wff””’) (u, q) with b By-steps, m g/s-steps, and |(u, q)|n = d.

Proof. We start by noting that ® has two premises ®;> I’ H—g’”mt’d‘) t: =t x7)and ;>

Ag Il—flbs‘m”dS) s: 7, where' =T+ Asand k =1 X 97, such that T and .7 are tight. Now, the
proof follows by induction on b + m:

e Case b+ m=0. Then, b =m =0, and thus, b; = m; = by = m, = 0. Therefore, (¢, s) is a con-
figuration in normal form, by Lemma 10, and | (¢, 5)|n = d, by Lemma 9. Thus, we can conclude
by takingu =tand g=s.

e Case b+ m > 0.Then, b > 0 or m > 0, and thus, b; + bs > 0 or m; + ms > 0. Note that it can-
not be that by = m; = 0, because this would imply that b = m = 0 by Lemma 9. Therefore, it
must be the case that b; + m; > 0, and thus, (t, s) is not a configuration in normal form, by
Lemma 10. Moreover, note that (,s) cannot be a blocked configuration, by Proposition 4.
Therefore, by Proposition 3, there exists (#,s’) such that (t,s) ~», (#,s'). By Lemma 13,
there exists &' T Hlb om'sd) (t',s') : «,suchthat b’ + m' = b+ m — 1. By the i.h., there exists

§f’ ) (u,q) and d=|(u, g@)|n. So we can conclude with

(b,m) (

n

(u, q), such that u € noy, (¢,s) ~

(t'sm’")

(t,8) ~on (', 8) ~op (u, q), which means that (¢, s) ~ u, q), as expected. 0

Lemma 39 (Anti-substitution). If ®@pau > T |F£1b’m’d) t{x\u} : u, then O;> I'px:

ANFEW o and @, e Ty IFCemedd) y 2 g7 such that Ty =T 4 Ty b= by 4 by, m=
my +my, and d =d; + d,,.

Proof. We generalize the original statement by allowing ®; to conclude with either a monadic
type ( or a multi-type .#p. Let 4 € {1, #)}. Then the statement is as follows:

If @iy > Tipnvy Il—g,b’m’d) t{x\ u} : ¢, then there exist ®;> I'y;x : ///Ikﬁf”””f’d" t .9 and
o, > T, H—;b“’m”’d“) u : M, such that 'y yy =T+ + Ty, b=b; + by, m=m; +my, andd =d; +
dy

The proof follows by induction over @\ ), according to the last rule of ®(y\ 4
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+ Case & = 1. Let us assume t = x, such that #{x \ u} = u. Then, ®p\uy > T\ H—g”m’d) u:

11, and we can build @, > T, [Fwm™edd 2 [4]) where Ty, = Tte\up> bu = b, my=m, and
d, =d, by applying rule (m) to P4y}, and s> x : 1] IFQO’O’O) x : u, where I'y =@, and
b = m; = dy = 0, by using rule (ax). From now on, we are going to assume ¢ 7 x and consider
the last rule used in ®(y\ ), which must be (ax), (1), (Ap), (@), (get), (set), or (Qp):

- Rule (ax). Then, t=y, y{x\u}=y, and .#=[]. So we can pick ®; = P4\, and
®d, 0 # IF9 - [ where T, =@, and b, = m, = d, = 0. And we can conclude with
Ft{x\u}=Ft=Ft+Fu,b:btzbt+bu,m=mt=mt+mu,andd=dt=dt+du.

- Rule (1). Then, t{x\u}=xry.(p{x\u}), u=7=(A"— pn')x.7), and Py

. (b X\uj> xu)d xu)
has one premise ®p(c\u) > Crpvups y @ A’ [ Pplevu ol ple\u} : 1, b=bppeuy

m=mpix\u), and d=dp\u). By applying the ih. to P,y there exist &,
bp,mp,
Ty o M );x //ll}—flpmp dP)p s and @, T, IFQemed) 4o g where Trpeu =
Ly + T, bppevuy = bp + by, mppeuy = mp + my, and dpx\uy = dp + dy,. Therefore, we can
build ®; as follows:
®p
r, FCpmods) jy b T = (M — ') x T)
where by = by, m; = m,, and d; = d,,. Thus, we can conclude.
- Rule (Ap). Then, t{x\u}=Ary.(plx\u}), p=T = (ax.7), and Pynuy> 9 -(00.0)
Ay.(p{x\ u}) : a, such that I'yjx\,) =¥ and b =m = d = 0. Therefore, we can build ®, >

g IFO00 4 1, where Ty =@, .#=1], and b, = m, =d, = 0. And we can build ®; as
follows:

(%)

A
Byx : MO0 hyp: T = (ax 9)( »)

where I'y =0, by = m; =d; = 0. Thus, we can conclude 'y =T+ +Ty =0, b="b; +
by=m=m;+my=d=d;+d,=0.
- Rule (@). Then, t=rp, u=9=«, and #t{x\ u}=(r{x\ u})(p{x\ u}). Therefore,

brxu) rxu’drxu
@y has two premises  DPppuy > Drpaup X 0 A0 H (e r) r{x\ u}

b X\Uj> X\U ’d X\u
T (M= (T =) x T and  Dpew > Tppaps X 1y P i)
plx\u} A’ where  Tyawy=Trieg + Dppewpy D=1+ briaw) +bpawy, m=
Mr\u} + Mplx\u and d= dr{x\u} + dp{x\u}- By applying the ih to D ix\u)>
there exist @y Tpyx oy W) o T = (M — (T = 1)) x T)
1 1 41
and @l T} H—Elb“’m”’d”) u: .M, where Trpuy=0y+TL by =0b+0bl,
Mype\u) = My + mL, and dypou =dr + d}l. By applying the ih. to P,y there
b R ,d 2 .2 32

exist @, Tpsx @ Hﬂ’"’" P)p A and CDiD Fﬁ H—flh“’m”’d“) u . M>, Where
Lemma 36, there exists ®, > [y, IFCo™0d) oz where = ity U My, by = bl + b2,
my, =ml +m?, and d, = dl + d2. Moreover, we can build ®; as follows:

o % (@)

(Ty + Tp)sx 1 o IFOFbrtbpmitmpditedy) 7 — e

where I'y=T,+T), bi=1+0b,+b,, m=m,+mp, and di=d,+d,. Thus, we
can conclude with Cipovy = Uia\u) + Fp{x\u} =T+ Fbll) + (Fp + Fﬁ) =Iy+TIy,
b=1+ br{x\u} + bp{x\u} =14 (b, + bb) + (bp + b%,) =bi+b,, m= Myr{x\u) T Mp(x\u) =
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(my +m,) + (my + mZ) =m + my, and d = drp\u) + dppovwy = (dr + dy) + (dp + d2) =
di+d,.

- Rule (get). Then t=get;(Ay.p), p={l: A" vH" - L} T =k, and t{x\u}=
get(Ay.(p{x\u})). Therefore, @) has one premise Pppyuy > Trpevuys ¥ -
' l_glbp(x\u),mp{x\u}»dp(x\u))P{x \u} i {l: "L T =k, where b=bpioup
m=1+mpp\u, and d=dp\yy. By applying the ih. to @,y there exists
po (Tysy s M )ix M Feme %) 1 g Py T =k and By Ty FGemed)
u : M, where Coups ¥ - M = (Fp Yy M) +Ty, bp{x\u} = bp + by, Mpl\u} =
mp +my, and dppeu =dp +dy. Therefore, T'ypnuy=TIp+T,. Moreover, we can
build ®; as follows:

®p
[psx M) got Gy p): (L M UM LY T =k
where I'y =Ty, by = by, m; = my, and d; = dp. Thus, we can conclude with T'y(\,) =T +
r,b= bp{x\u} = bp +b,m=1+ Mpe\uy = 1 + mp + my, andd = dp{x\u} = dp +d,.

- Rule (set). Then, t=set)(p,r), pn={: %4157 =, and t{x\ u}=set;((p{x\
(bp {oc\u}>Mp{x\u} dp x\u)

(get)

u}), (r{x \ u})). Therefore, ®;(»\, has two premises ®p(,\y > Fp{x\u} IFn

brx u rix\u drx u )
ple\u} o " and ®py > Trpow H—; It Srea) ey L - LY T =k,
where Ty = Dppevwy + Trivug = bpvwy + brpup m =1+ Mp{x\u} + Mrix\up, and d =
(bp>mpdp)

dpix\u) + drix\u)- By applying the ih. to ®pix\u), there exist @y Ip3x 1 A IFn

1 41
p A’ and Cbl > Fl H—(b M d) . A, where Ty :Fp—i—Fu, bpix\u) :bp—i—bt,
pla\u) = mp+mu, dpix\uy = dp +d,ll. By applying the ih. to @y, there exist &,

2 2 g2
Tyx oty W) i1 . £} T =« and o2 T2 Hf’“””"’d“) u : >, where
Crpovg =T + F s brivwy = br + bi, Myi\u) = My + mi, and dyx\u) = dy + dﬁ. By Lemma
36, there exists @, > T IFCe™ed) - 7 where b, = bl + b2, m,=ml +m2, and d, =
d} + d2. Moreover, we can build ®; as follows:
®, @
(Tp+ Tp)sx o o P Gtbrltmptmedbdd) st (p 1) {11 L1 T =k

where I'y=T,+T), by=b,+b, m=1+mp+m, and di=d,+d,. Thus, we
can conclude with Tpeuy = vy + Drpy = Cr + T8 + (Tp + T2 =T + T,
b=brivu) + bpievy = (br +by) + (Bp + b3) =be + by m =1+ My + Mo =1+
(m, + m,ll) + (mp + m%,) =m;+my, and d= dr{x\u} + dp{x\u} =(d, + d,l) + (dp + di) =
di+d,.

- Rule (@). Then, t=rp, u =7 = (n x 7'), and t{x \ u} = (r{x\ u})(p{x \ u}). Therefore,

. hTXU’ 7xu>drxu
®y(\uy has one premise Ppx\uy > i\ II—E1 (o e ) rix\u} : 7= @xJ),

b = brx\u)» M = Myx\u),and d = 1 + dyyx\u). By applying the i.h. to @, (x4, there exist @, >
Tpx s o W@ o g7 (nx 77) and @, T, IFLe™ed) 4 - 7 where Trpeu) =
Iy + Ty brix\uy = by + by Mypuy = my + my, and dyn\yy = dy + dy. Therefore, we can
build ®; as follows:

(set)

D,
Tpx 0 AOmpltd) ¢ o 7 = (n x )
where b; = b;, m; = m,, and d; =14 d,. Thus, we can conclude with Tty =Tr 4+ T,

b= br{x\u} =b,+b,=b,+b,,m= My\u} = My + My = m; + my,andd =1 +df{x\u} =
1+d,+d,=d; +d,.

(@p)
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o Case ¥ =.4p=[8ilic;. Let us assume t=x, such that t{x\u}=u. Then, Py y>

T\ |F§f”’”’d’ u : [8ilicr and we pick @, = P4y y), where 'y = T'jx\uy, by = b and my, = m,
d,, = d, and build ®; as follows:

( )
X [6,} ”—(0"0’0) X 51' icl

(m)
x 0 [8ier IFO00) x 2 [§]ies

where I'; =, and b; = m; = d; = 0. In both cases, we can conclude with I'yy\yy =T, =T+ +
Iy, b=b,=0b;+b,, m=m,=m;+m,, and d =d, = d; + d,,. From now on, we are going
to assume ¢ # x and consider the last rule used in @y ,3, which must be (m):

- Rule (m). Then, .Zy = [6;]icr apd ®y(x\u) has premises (@i{x\u} > I‘;{x\u} H”f’mf’df) Hx\ u):
8i)ier, where T'ipnuy = +ierl > b= Fietbi» m=+ierm;, and d = +ierd;. By apply-

ing the i.h. to each CIDi{x\u}, there exist (CD§> l“;';x LM Il—flh”m"d’)t . 8i)ier and (<I>L>
FL H—flb;’m:"d‘l‘) u . M;)ier, where Fi{x\u} = Fg + FL, b= hi + b;, m; = m’t + mil, and d; =

di + d;, for each i € I. By Lemma 36, there exists 'CDu > Iy Il—gb“’m”’d“') u: M, where '), =
+ierl'y, M = Ui M, by = +icib,, m, = ~+icym,,, and d, = +crd;,. Moreover, we can
build ®; as follows:
(@i Thx @ ., |F§1bpmt’d[)t 2 Si)ier
_}_ielrg;x : Ujep Ml \FCrietbitiermiticrd) ¢ 2 [8]ier

(m)

where Ty = +,-€1F§, b= +i€1bi, my = +,-€1mi, and d;= +i€1d§. Thus, we can
conclude  with Ty = +ierlfj = +ier(Cf + T}) = +ier T} +ier Ty =Tt + T,
b= +i§Ibi = ‘i"iel(bi + b’u) = +ielbi +ier bil = bt‘-i- bu', m= +,~'61m,~ ='+iel(ﬂ’li + m;) =
Ficrmy +ier my, = mg + my, d = +icrdi = tiel(d; + d,) = +ierd; tierd, = di +du.

Lemma 14 (Quantitative subject expansion). Let (t,s) ~>r (4, q), where r € {Bn, g, s}. If ®'>

r H—;h/’m/’d/) (u,q) : « is a tight derivation, then ® > T’ Il—éb’m’d/) (t,s) : k, where T = By, implies b/ =
b—1and m' =m, whiler € {g, s} impliest/ =band m' =m — 1.

Proof. We show a stronger statement:

Let (t,s) ~y (4, q), wherer € {fp, g, s}. f &> T Hf’ md) (u,q) : &, T is tight, and « is tight
or —abs(t), then > T Il—éb’m’d) (t,s): k, where r = B, implies ¥’ = b — 1 and m’ = m, while r €
{g, s} implies ¥’ =band m' =m — 1.

We proceed by induction on (t, s) ~», (1, g):

o Case (t,5)=((Ax.p)r,s) ~p, (p{x\1},s) =(u,q). Then &’ has two premises Dpp\r) >

b X\1y» X'M)d X\1
Tpix\r II—Elp(\)mp(\} i) x\r}: J =« and HSDASH—ng’mS’dS)s : Z, such that I' =
plx\r} p

Dyt + As V= bp{x\r} + b, m= Mpix\r} + M, and d' = dp{x\,} +d;. By Lemma 39,

by,my,d,
there exist ®p> [psx @ A H”"‘P P)p 1 I =k and ®,> T, H—gb”m”d’) r . ., such that
Cpivy =Tp + T bpp\ry = bp + by, Mppe\uy = mp + my, and dpp\uy = dp + d;. Therefore, we
can build @ as follows:
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r A
L, o)) Axp: T = (M — (T =) x T) ®,
r,+T, (I +bptbrmptmedptdr) () x pVr: T = K

(Tp +T) + A IFUHbptbrtbymptmedms dypdrtds) (L x p)r, s) : &

©

i (conf)

such that b=1+ by, + b, +bs, m=m,+m, +ms, and d=d, + d, +d;. Thus, we can
conclude with T'=Tppn +As=Tp+Tp)+ As, b =bpir +bs=by + by +bs=(1+
by + b, 4+ b)) —1=b—1,m' =mppe\uy + ms = (mp +m;) + mg=m,and d’' = dp\uy + ds =
(dp+dy)+ds=d.

o Case (t,s) = (get;(Ax.p),s) ~n (p{x\ 1},s) = (&, @), such that g=upd;(r,s’) =s. Then, &’

. (b X\Tp> X\1 ’d X\1 )
has two premises @, > ['pix\r) lfp PV Tptvrh Gplard plx\r} :{l: Ar- 2L} T =« and I,
which must be of the following form:

2 .2 32
o2 T2 Il—g}"m”d’) v M IMy> Ay H—flbs/’m"’ds/)s/ {l LL T

[2 4 Ay PO by mitmyditds) wpq (v, ') {1 2ty - L) T
where T'=Tppn + T2+ Ay), V= by + b2 +by, m= Mpix\r) + b? + by, and
d' =dpi\n —I—df +dy. By Lemma 39, there exist ®,> I'px: .2 Il—gbp’mp’dp)p :
Uity 2% T =k and ®'s TLIF™ ) 0 7 such that Tppy=Tp+T),

bpivr) = bp + b}, mppe sy =mp +ml, and dppuy =d, + dl. Therefore, we can build ®;
as follows:

(upd)

D, Tpix o) Il—gbp’mp’dp)p Al - L) T =k
ry -l 4mody) got (Axp) : {1 : My UMy - LY T =

(get)

. 1:71 bZ’ 1 Z)dl d2
By Lemma 36, there exists ®, > 1",1 + Ff H by mdy ) r . M1 U .M. Therefore, we
can build an alternative derivation H; for g as follows:

o, Iy
(F} + Frz) + Ay |0} +b2+by,ml+mi+my di+d2+dy) upd(r,s) :{l : M UMy LY T

(upd)

Then, we can pick I1; = 1'[;, and build & as follows:
q)t Hs
I‘p + (Frl + I‘f) + Ay “_(bp+b}+b3+bs/,1+mp+m}+m$+ms/,dp+d}+d3+d5,) (get,(Ax.p),s) 1 k

(conf)

where b=b,+b} + b2 +by, m=1+m,+m} +m?+my, and d=d,+d} +d?+dy.
Thus, we can conclude with I' =Ty + (FZ + Ay) =Ty + T} + T2 + Ay, b = by +
b2 +by=by+by +b2+by=b, and m =mpyy+mi+my=mp+ml+m:+my=
(1+mp+m} —}—m%—{-ms/)—l:m— l,d’:dp{x\,} +df—|—ds/:dp+d} +d%+ds,:d,
« Case h(t, s)dz (sety(r,p), s) ~n (p,updy(r,s)) = (u,q). Then, &’ has two premises o,
Ty H—;P’mp’ P)p Al . M- 2} T = k and Iy, which must be of the following form:
@0 T, Fmed) s g e AR ® s (1 2y 7
Ty + A IFOrtbometmodetds) upg (r,s) {1« M- LY T

where I'=T) 4 (I'y + Ay), V' =by+ b, + bs, m' =my+m, +m, and d' =d, +d, + d.
Therefore, we can build @ as follows:

(upd)
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o @,
(set)
L, + L, IFCrtbp ttmtmpditdp) sot (1 p) : {1: L1,.T =« I

° ( )
conf
(Fr r ) ﬁx | (b,+b,,+bs,1+m,.+mp+mx,dr+dp+d_;) (setl(r, p)7 S) cK

where b = b, + by + bs, m =1 + m, + my, + mg, and d = d, + dj, + ds. Thus, we can conclude
with =T+ (Fr + Ag), b =b, + by + by =b,m' + 1= (mp + m, + m;) + 1 =m,and d’' =
dr +dp+ds=d.

o Case (£, 5) = (pr, s) ~n (p'r, 9) = (1, q), such that (p, s) ~>p (¢, q). Then, @ has two premises

bg,mg,d,
Oy Ty F00med) o 7y and Tye Ay RS g+ 77, such that T =T, + A,
V' =by, + by, m" = my + my, and d' = d,, + d,. Moreover, ®, must end with rule (@) or (@p):

- Case ®, ends with (@). Then, @, must be of the following form:

b ms.d
®0 Ty Ik ™) o 7 = (il — (T = ) x T")
@, T, L) o gy

L, +T, (- (1 brmyy+mr.dy-+dy) P T =k

(@

where I'y =Ty + Ty, by =1+ by + by, my = my + m,, and d, = dyy + d,. Therefore, we
can build derivation @, 4) as follows:

Py Mg
Fp’ + A, |'_(bp/+bq;mp’+mq>dp/+dq) Wsq) : (M= (T"=K) x T"

(conf)

Notice that I'yy and A are tight, and (p, s) ~n (p', g) implies —abs(p). By applying the i.h.
to @, 4, there exists @, 5) that must be of the following form:
®,0 T, k7" b T = (M — (T =) x T")
> A IFomd) o
L)+ A IFbptbsmptmsdptds) (p ) (g — (T" = K)) x T

(conf)

where 'y + As =Ty + Ay, and (b + bs, mp + ms, dp + ds) and (by + by, my + mg, dy +
d,) are properly related. Therefore, we can build ® as follows:

o, @
Fr -+ Fp H—(l+b]7+br«,mp+mrsdp+dr) pr y =K

(Fr + Fp) + As ”_(1+bp+br+bs,mp+mr+ms,dp+dr+ds) (pn S) CK

(©

(conf)

where T'=Ty + T +A;=Tp+T;+ A, and (1+ by + b, + bs, my + m, +ms, dp +
dr +ds) and (1 + by + by + by, my + m, + mgy, dy + d, + d;) are properly related.
- Case @y, ends with (@;). Then, @’ must be of the following form:

(bp’ My ,dp/)

Dy Tyl p T =@mxT")

(©)
r, [RCNELRRE R pri T = (nx T") I, > A, H—I(lhq’m‘]’dq) q: 7'

(conf)
Ly+4 (- (b bq g, 14y +dg) (p'r,q):nx T"
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where I' =T’y + A, tight, b= by + by, m' = my + myg, and d=1+ dy +dg. Then, we
can build derivation ®(, ,) as follows:

@y I,

Fp’ + Aq “_(bp/+bq,mp/+mq,1+dp/+dq) (p/’ q) ‘nx TV

(conf)

Moreover, I'y and A, are tight, and (p, s) ~, (p', q) implies —abs(p). By applying the i.h.
to ®(, o), there exists a derivation for @, for (p, s) that must be of the following form:
Opo T, ™ o 7o ax 77 e A" 51 7
Tp + A IFGrtbomptmadytdd (p gy . n 5 77

where 'y + As =Ty + Ay, (bp + bs, mp + ms, dy + ds) and (by + by, my +mg, 1 +dy +
dy) are properly related. Therefore, we can build ® as follows:

(conf)

@,
T, - BpmpLtdp) e 7 = (nx 7" s
(conf)

Fp + A “_(bp+bs,mp+ms,l+dp+d_g) (pn S) ‘nx "

(@p)

where b= b, + bs, m =my + m;, and d =1+ d,, + d;. Thus, we can conclude with I" =
Ty +Ag=Tp+ A, and (bp + bs, mp +mg, 1+ dp +ds) and (by + by, my +myg, dy +
dy) are properly related. O

Theorem 4 (Quantitative completeness). If (¢, s) ng,m) (u, q) and u € noy, then there exists a tight

derivation ® > T’ \kif””"(”"”‘“) (t,8): k.

Proof. By induction on b + m:

o Case b+ m=0. Then, b=m =0, and thus, (t,s) = (1, q). Therefore, t € no. Thus, we can
conclude by Lemma 12.

o Case b+ m> 0. Then, there exists (¢,s’), such that (t,s) wg’o) (t,s) wﬁf"l”") (u,q) or
(t,s) wﬁo’l) t,s) wilb’m_l) (1, q). By the i.h., there exists &' > T H—;b oo1(4)1a) (t',s') : « tight,

such that ¥ +m' =b+ m — 1. By Lemma 14, we have ® T 1)) (t,s) : K tight,
such that ¥/ +m” =1+ b’ + m’. Therefore, b + m” = b + m, since the fact that ¥’ = b, and
m” = m can be easily checked by a simple case analysis. 0

A.3 Weak Open CBV with Global State

Proposition 5. Let (t, s) be a configuration. Then (t, s) is normal iff (,s) /oy.

Proof.

=) Let (¢, s) be normal. Then, either (¢, s) is blocked or t € noy:
- Case (t, s) is blocked. We reason by induction on (%, s).

x Case t = get;(Ax.u), such that [ ¢ labels(s). Then (¢, s) ~ by definition.
x Case (t,5) = (up, s), such that (4, s) is blocked. Then, by applying the i.h. to (i, s), we
get (u, s) /. Moreover, since (4, s) is blocked, then necessarily —val(u). Therefore,
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rule (By) does not apply since —val(u), rule (appL) does not apply since (u,s) /-y,
rule (appR) does not apply since (u, s) is blocked, and rules (get) and (set) do not
apply since ¢ is an application. Thus, (up, s) ¥+.

x Case (t,5) = (up, s), such that (1, s) >, (1, s) is unblocked, and (p, s) is blocked. Then,
by applying the i.h. to (p, s), we get (p, s) /. Moreover, since (p, s) is blocked, then
necessarily p # v. Therefore, rule (8y) does not apply since p # v, rule (appL) does not
apply since (4, s) />, rule (appR) does not apply since (p, s) ¥y, and rules (get) and
(set) do not apply since ¢ is an application. Thus, no rule applies to (up, s), that is,

(“P> s) Py

- Caset € noy. Then, (t, s) is unblocked by definition. We reason by induction on t € noy.

* Case val(t). Then (t, s) 7~ by definition.
+ Case —val(t). Then necessarily t € ney. There are three cases:

- Case t=xp, such that p enoy. By applying the i.h. to (p,s), we get (p,s) /~v.
Therefore, no rule of ~» applies to (xp, s), that is, (xp, s) .

- Case t = up, such that u € no, and p € ney C no,. Moreover, p # v, and (u, s) and
(p, s) are unblocked. By applying the i.h. to (u,s) and (p, s), we get (u,s) ¥y and
(p, s) #+v, respectively. Therefore, rule (8,) does not apply since p # v, rule (appL)
does not apply since (4, s) /~v, rule (appR) does not apply since (p, s) /v, and rules
(get) and (set) do not apply since ¢ is an application. Thus, (up, s) /.

- Case t = up, such that 4 € ney and p € no,. Moreover, —val(u) and (1, s) and (p, s)
are unblocked. By applying the i.h. to (u, s) and (p, s), we get (1, s) >y and (p, s) /v,
respectively. Therefore, rule (8,) does not apply since —val(u), rule (appL) does
not apply since (u,s) /vy, rule (appR) does not apply since (p, s) /~v, and rules
(get) and (set) do not apply since ¢ is an application. Thus, (up, s) /.

&) Let (t,s) #~y. We reason by induction on t:

- Case val(¢). Then, t € noy by definition. Therefore, (t, s) is normal.
- Caset=up:

x Case u = Ax.r and val(p). Then, rule (By) is applicable to (up, s), which leads to a
contradiction with the hypothesis. Therefore, this case does not apply.

x Case u = Ax.r and p # v. Since (Ax.1,s) />y and (Ax.r,s) is unblocked by definition,
therefore, (p, s) /+y; otherwise, rule (appR) would be applicable to (up, s). We can then
apply the i.h. to p, which implies that (p, s) is normal. Therefore, either (p, s) is blocked,
or p € noy. Let us first assume (p, s) is blocked. Then, (up, s) is blocked, and thus, it is
normal. Let us now assume p € noy. Since p # v then p € ney, and val(u), and thus,
u C noy. Therefore, up € ney, C noy. Thus, (up, s) is normal.

x Case —abs(u). Then, (1, s) #>y, otherwise rule (appL) would be applicable to (up, s).
We can then apply the i.h. to u, which implies that (i, s) is normal. Therefore, either
(u, s) is blocked, or u € noy. Let us first assume (u, s) is blocked. Then, (up, s) is blocked
by definition, and thus, it is normal. Let us now assume u € noy. Therefore, (1, s) is
unblocked. As a consequence, (p, s) ¥+, otherwise rule (appR) would be applicable to
(up, s). We can then apply the i.h. to p, which implies that (p, s) is normal. Therefore,
either (p, s) is blocked, or p € noy. In the former case, (up, s) is blocked by definition,
and thus, it is normal. In the latter case, up € ne, C noy. Thus, (up, s) is normal. 0

Lemma 40 (Relevance). Let ®>T H—S,b’m’d) t:p (resp. > A H—s,b/’m/’d/) s 7). Then dom(I") C
fv(t) (resp. dom(I") C £v(s)).
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Proof. By a simple induction over ® (resp. IT). U

Lemma 41 (Tight spreading). Let &> I’ Fbmd) ¢ 7 = (v x F), such that T is tight. If t e
ney, then T =n.

Proof. We proceed by induction on ¢ € ney:

(1) Case t = xu, with u € noy.
(2) Case t =up, with u € ney and p € noy,.
(3) Case or t = up, with u € noy and p € ne,.

In all the above cases, ® must end with rule (@), (@é), or (@12)):

« Case ® ends with rule (@). Then, ® has two premises ®;> I';Flomd) ¢ - 7 = (4 —
(7" = k) x F") and &, T, =lrmedd) ¢ o " = (g x T"), such that T =T+ T, is
tight k =t x ', b=1+b;+ b;, m=m;+ m,,and d =d; + d,:

(1) i=x,tr=u,and '} = (x : [#— (T = «)]). However, # — (T = k) is not tight,
which leads to a contradiction with T tight. Therefore, this case does not apply.

(2) y=wuand t, = p. By i.h. on u € ney we get # — (" = k) =n, which is a contradic-
tion. Therefore, this case does not apply either.

(3) ty=wuand t, =p. By i.h. on p € ney, we get .# =n, which is a contradiction. Therefore,
this case does not apply either.

« Case ® ends with rule (@Pl,) or (@12:,). Then 7 = n by definition. 0

Lemma42. Let Tl AIFE™ s . 7. If le dom(.7), then | € 1abels(s).

Proof. We proceed by proving the following stronger version of the statement:

LetIT> A H—S,h’m’d) s Z.Ifl € dom(.7), then s = upd;(v, q), for some value v and store g.
The proof follows by induction on IT:

« Case IT ends with (emp). Then .7 = ¥ which contradicts [ € dom(.7).
« Case IT ends with (upd). Then IT is of the following form:

®, o T, IFoemedd) oy > Ay |k5,bq””q’d”’) q: {27,
Ty + Ay IFbAbpmtmaditds) woq, (v, q) I+ - L7} T4

where A =T, + Ay, s=upd;(v,q), 7 ={I' : M- L'}; Ty, b=b, + by, m=m, + my, and
d=d, +d;. We consider two cases:

(upd)

- Case =1 Then we are done.

- Case [#1'.The hypothesis [ €dom(.7) implies [€dom(.7,), and thus, [e€ dom({/ :
L'y T 4). By the ih. on Tlg, we have q=upd,(w,q), for some value w and store g'.
Therefore, s = updy (v, upd;(w, ¢')) = upd;(w, upd; (v, ¢')), and we thus conclude.

The correctness of the original statement now follows easily from the fact that s =upd;(v, q)

implies [ € 1abels(s), by the definition of the domain of a state in Weak Open CBV with Global
State (c.f. Subsection 3.2). O
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Lemma 15 (Normal forms have pure types). Let &> I’ H—f,b’m’d) t: T = xT),such that T

is tight. If t € noy, then (1) = ' and, (2) for any 7, there exists ® > ' II—S,b’m’d) t: To=
(t x Ty).

Proof. The proof follows by induction on ¢:

o Case val(t). Then, ® can only end with rule (1). Therefore, (1) .7 = 7, by definition. And
(2) @’ can be built by taking the premise ® and simply choosing .7 when applying rule (1)
again.

o Case —val(t). Then, t € ney:
- Case t = xu, such that u € no,. Then, ® can only end with rule (), (@Il)), or (@%):

* Case ® ends with rule (@). Then, ® has two premises @, > x : [#4 — (T = k)] H_gjo,o,o)
x: T= (M~ (T =k)x F)and &y Ty F"D o 7 = (i x T7), where
I'=x: [#— (7' = k)] + ', Note that a derivation assigning a monadic type to x,
has to necessarily finish with (1). However, .# — (9’ = k) is not tight, which gives a

contradiction with I" tight, so that this case cannot happen.

* Case ® ends with rule (@Il)). Then, ® has two premises &, > x : [a] H—E,O’O’O)x:

T =(@x 7)and &, T, IFP™W 4 0 7 = (tt, x F7), such that T = (x : [a]) +
'y, 7 =n,and d = 1 + d,,. By applying the i.h. to &, we get (1) .7 = 7, and (2) for any
T, we have &> Ty, H—g,b”’m"’d“) u: 9= (tty X J). Furthermore, we can trivially
derive @ > x : [a] IFS,O’O’O) x : To= (@ x J) by picking the same 7. Therefore, (2)
we can build ®’ as follows:

et T (@)

(x : [@) + Ty lFemItdd) xy © Ty = (nx To) P
Thus, we can conclude.

* Case ® ends with rule (@%). This case is very similar to the previous case.

~ Case t = up, such that u € ne, and p € noy. Then, ® must end with rule (@), (@}1)), or (@f)):

x Case ® ends with rule (@). Then, & has two premises ¥, 'y Il—‘(,b“’m“’s“) u:
T = (M- (T =«k)xT") and &, Fpll—g,bp’mp’dp)p 1 T" = (M x T'), where
I' =T, + T} is tight. By applying Lemma 41 to @, we get .7 = ((# — (7' = k)) x
7") =n, which is a contradiction. Therefore, this case cannot hold.
* Case @ ends with rule (@113) or (@é). These cases follow easily from the i.h.
- Case t = up, such that u € noy and p € ney. Then, ® must end with rule (@), (@}1)), or (©12>):

* Case ® ends with rule (@). Then, ® has two premises &, I, |- 4,
T = (M~ (T =) x T") and Dpo T, L2 o 77 s (s x 77), where
I' =T, + I, is tight. By applying Lemma 41 to &, we get 7" = (.# x .7") =n, which
is a contradiction. Therefore, this case cannot hold.

% Case ® ends with rule (@}1)) or (@IZ,). These cases follow easily from the i.h. 0

Proposition 6 (Typed configurations are unblocked). Let ® > T Il—f,b’m’d) (t,s) : k. Then tight(I")
implies (t, s) is unblocked.

Proof. The proof follows by contraposition. We assume that (t, s) is blocked and show that I is
not tight. We proceed by induction on (t, s) blocked:
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o Case t = get;(Ax.u), such that | ¢ labels(s). Then, ® must be of the following form:

o, I—\UH_\(’thmu,(I’()u: {l:///~ff};¢7=> K =
ge
L \r et goty (Qoxan) {1 () Ut - 21 T = & 0o A" Y s (1T, (U -2} T
(Fu \\)C) + A |F(h,4+bé‘l+mu+ml§‘d,‘+d‘g) (get1 (AX.IA). S) -

(conf)

such that ' = (I'y, \x) + A, b=b, + bs, m =1+ my, + ms, and d =d,, + d;. Therefore, by
applying Lemma 42 to I1;, we get [ € labels(s), which leads to a contradiction. Therefore,
this case cannot apply.

« Case t = up, such that (4, s) is blocked. We have three cases:

- Case @ ends with rule (@). Then, ® must be of the following form:

@, 5 T, FPomed) o 7 = (it — (T = k) x T)

@, T, HP" %) b 7 = (ot x T ©
Ty, + T, IF (bt bpmactmpdutdp) yyy o 7 — > A, FPsmsds) g o

(Fu + r*p) + Ay |F(1+bu+b,,+bs,ml¢+mp+m3,du-&-dp-&-d.‘v) (up, S) Cx

(conf)

such that I' = (I';, + T'p) + As, b=1+ b, + by, + bs, m=m, + m, + m;, and dy, +d), +
ds. Therefore, we can build the following derivation for (, s):
o, [T
Iy 4+ Ag IFCutbomutmsdutd) (y ) : (M — (T = k) x T')
such that I', + A, is tight. However, by applying the i.h. to (u, s), we get that ', + A is
not tight. Thus, I' cannot be tight, since I' = (', + I'y) + Aq.
- Case ® ends with rule (@;). Then, ® must be of the following form:

(conf)

@, > T, IF "% s 7 = (ax 77
D, > Fpll—f,b"’m”’d”)p:ﬂ”é (tty x T7)
© (bg,mg,ds)
Ty + T IFbutbpmtmp Lrdictdy) yp - 7 = (n x T7) > Ayl 50 7

(T +Tp) + Ay It bptbsmtmp ms 1ty tds) (5 ) : ¢

(conf)

such that I' = (I", + T'p) + A, b="by, + by + bs, m =my +m, +ms, and 1 +d, +d, +
ds. Therefore, we can build the following derivation for (u, s):
D, IT;,

Fu + AS H—(bu+b5smu+ms’du+ds) (u’ 5) : (5 X y’)
such that I', + A; is tight. However, by applying the i.h. to (u,s), we get that I', + A, is
not tight. Thus, I" cannot be tight, since I' = (I', + ') + A,.

- Case @ ends with rule (@f,). This case is very similar to the previous case.

o Case t = up, such that (1, s) /v, (1, s) is unblocked, and (p, s) is blocked. Moreover, & must
end in rule (@), (@}1,), or (©12>):

(conf)
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- Case @ ends with rule (@). Then, ® must be of the following form:

@, > T, H" M s T = (M — (T = k) x T)
®,> T, |- Lromp-dp) p: T = (M xT" ©
T, + T, IF(butbpmtmy ditdp) ypy - 7 = 3¢ > A IFLmd) g0

(Ty + L) + A IFUtbutbptbsmutmptmsdutdptds) (yp g) : i

(conf)

such that I'=(I", + ) + As, b=1+b, + by + bs, m=my +mp + ms, and d=d, +
dp + ds. Since (u, s) /v, then Proposition 5 implies that (u, s) is normal, that is u € noy
or (u, s) is blocked. But we know that (u, s) is unblocked; therefore, u € noy, which implies
7 = 7', according to Lemma 15.1. Therefore, we can build the following derivation for

(p, 5):
®, I
Tp+ A IFOpFbomptmadytdd) (5 ) gt x T
such that I, + Ay is tight. However, by applying the i.h. to (p,s), we get I', + A is not
tight. Thus, I" cannot be tight, since I' = (', + I'p) + As.
— Case ® ends with rule (@;). Then, ® must be of the following form:

(conf)

@, > T, IF™ % 4 7 = (ax ")
P, > Fpl}—s,b”’m”‘d")pzﬂ”é(ttv>< T ©
r,+r, I (Butbpmutmp, Vdutdp) gy, - 7 — (nx I I > A |l-‘(,b“"m“"dx> s T

(Ty +Tp) 4 Ay IFbutbptbsmetmptms 1tdutdytds) (4 ) - i

(conf)

such that I' = (', + Tp) + A5, b=1by + by + bs, m=m, +m, +m,, and d=1+4d, +
dp + d;. Since (u, s) v, then Proposition 5 implies that (u, s) is normal, that is u € noy
or (u, s) is blocked. But we know that (u, s) is unblocked; therefore, u € noy, which implies
7 = 7" according to Lemma 15.1. Therefore, we can build the following derivation for
(P, 5):

®, I

(conf)
Tp+ A IFOpFbomptmadytdd) (5 ) g, % 7

such that I', + Ay is tight. However, by applying the i.h. to (p, s), we get that I', + Ay is not
tight. Thus, we can conclude that I' cannot be tight, since I' = (I', + ') + Ag.
- Case ® ends with rule (@}2)). This case is very similar to the previous case. 0

Lemma 43. Let &> I’ IFS,b’m’d)t 1 T = (t x J'), such that U is tight. If t© € {v,n} =3, then
—abs(t).

Proof. By induction over ®:

+ Case @ ends with rule (ax), (1), (Ap), or (m). Then, ® does not conclude with a monadic type.
Therefore, these cases hold vacuously.

o Case ® ends with rule (@), (get), (set), (@11)), or (@12)). Then, —abs(t) by definition. Thus, we
can conclude.
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o Case @ ends with rule (1). Let us assume t =Ax.u. Then, t =.#— u, T =.#, or T =a,
depending on whether the premise(s) of ® end with rule(s) (1), (m), or (Ap), respectively.
Thus, T ¢ &, so we are done. Now, let us assume t = x. Then —abs(t) holds. O

Lemma 44 (Terms in normal form and tight states have correct size).

(1) Let &T H-S,O’O’d) t : p be a tight derivation. Then, (i) t € noy and (ii) d = |t|.
(2) LetIIs> A ”_gb,m,d) s 1 T be a tight derivation. Thenb=m=d =0.

Proof.

(1) We split statement (1.i) into two parts, but keep the same statement for (1.ii):

(@) fu=.9=(nx 7)), thentcne,.
b) f u=9 = (tty x J’), thent € noy.
(o) d=ltls.

We reason by induction on &:

- Case ® ends with (ax), (1), (m), or (Ap). Then the type of the conclusion is not a monadic
type. Therefore, this case holds vacuously.

- Case ® ends with (@). Then the first counter must be greater than zero. Therefore, this
case holds vacuously.

- Case @ ends with (1). Then, val(t), and thus, t € noy (thus satisfying 1b), u = .7 =

(7 x F"), where F = 7, and ® has one premise @' > T’ H—S,O’O’d) t : 7, where m =0 or
m =.#. But, ./ is not a tight type, so we just need to check if 1c is satisfied when &
concludes with type 7 € {v, a}:

— Case m =v. Then ® has one premise that must end with rule (ax) and ¢t=x.
Moreover, d = 0 = | x|y, and thus, 1c is satisfied.

— Case m =a. Then ® has one premise that must end either with (ax) or (), and
thus, t = x or t = Ax.u, respectively. Moreover, d = 0 = | x|, = |Ax.uly, and thus, 1c is
satisfied.

- Case ® ends with (get) or (set). Then, the second counter must be greater than zero.
Therefore, this case holds vacuously.

- Case ® ends with (@Il)). Then, t =up, and ® has two premises &, > I',I-

T = @x 7" and ®pr Ty p o 77 5 (tt, x F7), where T =Ty + T, p1=

T = (nx J'),andd =1+ d, + d,. By applying the i.h. to @, and P, we get u, p € noy,
and d, = |uly and dj = |ply, respectively. Moreover, —abs(u), according to Lemma 43.
Therefore, u = x or u € ney. Therefore, up € ney (satisfying 1a) Thus, we can conclude
with d =1+ d, + d, = |up|y (satisfying 1c).

- Case ¢ ends with (@f,). This case is very similar to the previous case.

g0,0,du) u -

(2) We reason by induction over IT:

o Case I1 ends with (emp). Then T ¢ II—S,O’O’O) e : @, whered=0.
o Case IT ends with (upd). Then s =upd;(v,q) for some v and some g, and I1 has two

premises ®, > T, Il—g,bv’m”’dV) vi.#and Ty Ay H—E,hq’mq’dq) q:{l:.2); T4 where A=

Cy+Ag T={l: M- LY Ty b=b,+by, m=m,+myg, and d=d, +d;. However,
since we are assuming that IT is tight, then .7 is tight, which means in particular .Z =[],
< tight and .7, tight. Therefore, b, = m, = d, = 0. Moreover, by applying the i.h. to Iy,
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we get by = my = dy; =0. Thus, we can conclude with b=b, +byj=m=m, + my=d =
dy,+d,=0. O

Lemma 45 (Terms in normal form take zero steps). Let & I’ H—S,b’m’d) t : W be a tight derivation.
Then, b=m =0 iff t € noy.

Proof.

=) ByLemma 44.1.i.
<) By induction on f € noy:

- Case t =v. Then, ® must end with (ax), (1), (m), (1), or (Ap):

* Case @ ends with (ax), (1), (m), or (Ap). Then, ® does not conclude with a monadic
type. Therefore, this case holds vacuously.

x ® ends with (1). Then, u=9 = (7 x J’) and w =v or m =a, depending on
whether the premise(s) of ® end with rule(s) (ax) or (Ap). In both cases b=m =0,
by definition of rules (ax) and (Ap).

- Case t #v. Then, t € ney by definition. Therefore, (1) t = xu, where u € noy, (2) t = up,
where u € ney and p € noy, (3) or t = up, where u € noy and p € ne,. In all cases,  must
end with rule (@), (@Il)), or (@f,):

x Case ® ends with rule (@). Then, ® has two premises ®;> [ |- ompd) f

T =M= (T =k) x T") and &, T, Fmd) ¢ g1 s (g x T7), such
that ' =T+ tight, u =T =k, b=1+b;+ b,, m=m;+m,,and d =d; + d,:

(1) y=x, ty,=u, and ') = (x : [ A4 — (T’ = «)]). However, . # — (' = k) is not
tight, which leads to a contradiction with I' tight. Therefore, this case does not
apply.

(2) y=u €ney and t, = p. By Lemma 41, .# — (7' = k) should be equal to n, which
leads to a contradiction. Therefore, this case does not apply.

(3) ty=wu and f, = p € ne,. By Lemma 41, .# should be equal to n, which leads to a
contradiction. Therefore, this case does not apply.

% Case @ ends with rule (@}1,) or (@123). These cases follow easily from the i.h. 0
Lemma 16 (Tight configurations have correct size). Let &> I’ IFf,b’m’d) (t,5) : k be a tight deriva-

tion of the following form:
oo T ™Mt 7= (0 x T) Mo AP s 0 7
(conf)
T IFomd) (¢ 6): i

whereT' =T+ Ag k =(t X T'),b="by + b, m =m; + ms,and d = dy + d;. If by = m; = 0, then
A b=m=0and (ii) d = |(t, 5)|v.

Proof. Since I is tight, then so are I'; and A;. Since by = m; =0, then ¢ € noy, by Lemma 44.1.i
and d; = |t|y by Lemma 64.1.ii. Therefore, .7 =.7’ by Lemma 15.1. Therefore, 7 is tight and
bs =ms;=d; =0 by Lemma 44.2. Thus, we can conclude with d=d; +d; =d; = |t|y = (£, 5)|v
andb=0b; +b;=m=m; + m;=0. O

Lemma 17 (Unblocked normal configurations take zero steps). Let &> I' H—S,b’m’d) (t,8):k be a
tight derivation. Then, b= m = 0 iff (¢, s) is an unblocked normal configuration.
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Proof. Derivation ® must be of the following form:
@, T IFPmd) o 7 = (v x T7) Mo A IHPmed) s 7
Ft + AS ||—(bt+bsymt+ms»dt+ds) (t’ S) T X 9
where ' =T+ As,k = (t X F'), b="b; + by, m=m; + m,, and d = d; + d,.

(conf)

=) Let b=m=0. Then, by = m; =0, and thus, t € nop, by Lemma 45. And we can conclude
that (¢, s) is in normal form.

<) Let (¢, s) be in normal form. Then, ¢ € noy, by definition. Thus, b; = m; = 0, by Lemma 16.
And we can conclude that b = m = 0, by Lemma 45. 0

Lemma 46 (Tight typability of states and normal forms).

(1) Let s be a state. Then, there exists a tight derivation ® > ) |Mv°’°’°) s .

(2) Let tenoy. Then, for any 7, there exists a tight derivation T H—E,O’O’d)t:
T = (tty X T)s.t. d=|t]y.

Proof.

(1) By induction over s:

« Case s=¢. Then, we can build IT;> # IV ¢ : ¢, by rule (emp), which is trivially tight.

+ Case s =upd,(v, q). By applying the i.h. to g, there exists a tight derivation I1;> ¢ |1-{0:0.0)
q : 7 4. Moreover, .74 can be written as {I : £}; 7 ;, where .7 is tight and .7 ; is tight.
Therefore, we can build IT; as follows:

———— (m)
01000y [] 0 g {1: 2}, 7]
01000 upd, (v, 9): {1:[]- 2} 7

(upd)

We conclude since {l : []- Z}; T 21 is tight.
(2) We reason by induction over ¢ € noy:
« Case val(t). Then, (a) t =x or (b) t = Ax.u. Therefore, we can build ® by (a) rule (ax), or
rule (Ap), followed by rule (1). Thus, we can conclude.
o Case —val(t). Then, t € ney:

— Case t = xu, such that u € noy. By applying the i.h. to u, for any .7, there exists a tight
derivation ®, > I';, H—E,O’O’MV) u: 7 = (t/ x 7'),suchthat 1’ € tt,. Moreover, we can
build &, > x : [a] II-S,O’O’O) x : 9 = (@x J’). Therefore, we can build ® as follows:

o, D,
(x : [A]) + Ty IFOOI+UY) xy + T = (n x T)
such that I' = (x : [a]) + 'y tight, and 1 + |uly = |xuly.

- Case t = up, such that u € noy and p € ney. By the ih., for any .77, there exist &, >

I, Il—f,0’0’|”|") u:=9"=(t' x.7’)tight, such that t’ € tty, and ®,> I, H—S,O’O’lpl") u:
T = (1" x F'), such that T € tt,. Moreover, since I', is tight, and p € ney, we know

(@)
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7" =n, according to Lemma 41. Therefore, we can build ® as follows:
D, o,
Ty + Ty IFQO I+t yp - T = (n x T7)

such that I' =T, + I'p tight, and 1 + [u[y + |plv = |upls.
- Case t =up, such that u € ne, and p € noy. This case is very similar to the previous
one.
O

(@)

Lemma 18 (All configurations in normal form are tightly typable). If (t,s) is an unblocked nor-

mal configuration, then there exists a tight typing derivation &> I’ FEmd) (1 sy ke, such that
d= |(t) s) |y

Proof. By Lemma 46. U

Lemma 47 (Multi-types can split and merge). Let A4 = Uje1#;, b = +ic1bi, m = +ieymj, and d =
tier. Then, @ T P™ Dy ziff (01s T IFE™ Wy - = f)ey.

Proof. We omit this proof given its similarity with the proof for Weak Open CBV. U

Lemma 48 (States can split). Let Il > All—s,b’m’d)s 1 7, such that l€dom(7). Then, s=

upd;(v,q), TN =ML, ®y> Fvll—s,bv’m”’d” v and Ty> Aqll—g,bq’mq’dq) 3q:{1: %7,
suchthat A=T,+ Ay, T ={l : 9(1)};,7/,b:bv-i-bq,m:mv—i-mq,andd:dv—i-dq.

Proof. The proof follows by induction on the structure of s:

« Case s =¢. Then the statement is vacuously true.
o Case s =updy(w, q¢'). Then ®; is of the form:

bmsds
By Ty IFO ™) s Mo Ay by ™™ g 2y 7,

Ty 4 Ag Ol metmysdetdy) wou (. gy (1 2 - L) Ty

where A=Ty+ Ay, T={I': M- L'}, Ty, b="by + by, m=m, +my,and d=d,, +
dqr. We consider two cases:

(upd)

- Case I’ =1. Then we simply take v =w and q = ¢’, and we are done.
- Case I'#I Since ledom({l' : A" -2£"}; Ty) and I'#1l, then ledom(Jy). By
applying the ih. to Ily, we have that ¢'=upd,(w'.q"), ({I': L'} Ty)(D)=

(W (b sm,d i)
yq/(l) :%// 'g//) qu/ > FW’ H—S]hw m,, dw ) W/ . e%// and l—[q” > Aq// ”_vq mq q

q" {l: L'l L7y Ty, such that Ag=Tyw+Ay, {I': L' Ty={l:
%// . f//}; {l/ : f/}; yq//, bq/ = bw/ —+ bq//, mq/ = My + mq//, and dq/ = dw/ + dq//. But
s=updy (w, upd;(w’, ")) = upd;(w’, upd; (w, ")), so we can take v =w', ¢ = updy (w, q"),
M=M",L =" and T ={I' . M- ZL"}; Ty, and consider , to be the following
derivation:

@y Ty - Gwmwd) g gy g Ay Ih(,bq”’mq”’dq”)q” Al LB L Ty
r, + Agr ||—(bW+bq”’mW+mq”’dW+dQ”)updl/(w, gl ML LY gq,,

where Ay =T, + Ay and Ty={l': 4" - ZL'};{l : £"}; T . We can then conclude
with the following observations:

(upd)

* FV+Aq=FM/+Fw+Aq”=rw+Aq/=A,
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* Since 7 ={I' : M- L'} Ty andl' #I then T (I) = 7 4(I) and
T={l: " LY Tyg=:M"- L'V {1: M- L") Ty
={l: TyOs{l - L") Ty
={l: 7T

* bv+bq=bw/+bw+bq//:bw+bq/:b,mv—|—mq:mw/—|—mw+mq//:mw+mq/:b
anddv+dq=dw/—}—dw—}—dq//:dw-kdq/:d-

(|
Lemma49. Let @ T IFP™D ¢ 7 o (r x 7). If tis a value, then T #n.
Proof. By a simple inspection of the rules. g

Lemma 50 (Substitution). If ®;> 'y x : ANFLEmed) ¢ and @, T IFE ) there

exists Dy > e+ Ty | frtbmitmydidy) \ v}t .

Proof. We generalize the original statement by allowing ®; to conclude with either a monadic
type p or a type 7. Let & € {u, T}. Then the statement is as follows:

If &0 Tpx: FP™ 0 g and @y, T, ™ %) o g then @y

T+ Ty I bt madbd oy g,
The proof is by induction over @, according to the last rule used of ®:

o Case ¥ = . Then, &; must end with rule (@), (1), (get), (set), (@Il)), or (@12)):

- Rule (@). Then t = up, p = 7 = «, and &, has two premises &, > I'y;x : A H—f,b”‘m“’d”)
u: I =>(HM— (T =k)xT") and D, Fp;x://lzll—g,hp’mp’dp)p:
T"= (M x T'), where T=T,+Ty, M=a40Mr, by=1+b,+by m=

1 1 41
my+mp, and dy=d,+d,. By Lemma 47, there exist ol T} II—E,bV’mV’dv) v
2 .2 32
and ®2p I'2 ety g, where Ty = rl+rl,  b,=bl+062, m,=
m)+m?2, and d,=d.+d>. By applying the ih. to ®, and ®,, there exists
1 1 1
Dy > Ty + r! Ikg,bﬁb”’mﬁmv’dﬁd“) ulx\v}: = (H#— (7' =k)x.7") and

by+b2, 2 dp+d?
Dy > Tp+ T2 II—‘(,I’+ vyt V)p{x\ v} 1 9" = (M x .T"). Therefore, we can

build @\, as follows:
Pupevvy Ppxw) (
(Tu+Tp)+ (Tl 4T2) I (Lbutbp+bh b2, myA-mmp -l A-m2 dy+-dp+-d} +d2) (up){x\v} : T =«

And we can conclude with Iy + ', =(Ty+Tp) + (Fs+T32), by+b, =1+ b, + b, +
by + b2, my +my, =my +my +m} +m2, and d; + d, = dy, + dp, + d}, + d2.

- Rule (7). Then t=w, u=9=@mw x7), and ®; has one premise P,
Iyx //lll—s,b”m”d’) w:m. By applying ih to @, there exists @y

T, + T, [t brmitmyditdy) w{x\ v} : w. Therefore, we can build ®,) as follows:

(Dw{x\v} > T, 4T, H_s]bterv,mterv,dterv) wix\v} : 7
[y + I, IFGetbemetmyditdy) wix\ v} © T = (1 x .T)

And we can conclude.

(1)
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- Rule (get). Then t=get;(\yu), u={l:. 4" LW.H"-L}; T =k, and ®; has one
premise ®, > (Cysy @ A );x : //lll—g,b“m”’dt) u:{l: . #" £}, =«, where I' =T,
(since we can assume that y #x by a-conversion), and m; =1+ m,. By applying
the i.h. to @, there exists Dy > Cusy + A+ T, Fbetbultmytmyditd,) ufx\ v} :
{1: 4" %Y T = k. Moreover, by a-conversion, we can assume since y ¢ dom(T',),
sothat (Cysy : A')+ Ty =Ty +Tyy: M'=T1+Tyy : A’ Therefore, we can build
Dy(x\v) as follows:

- Rule (get). Then t=get;(Ay.u), p={l: 4" UM"-£L}; T =k, and P; has one
premise @, > (Cysy @ A );x : N Pemds) {(l: 4" LY} T =k, where Ty =T,
(since we can assume that y#x by «-conversion), and m; =1+ m,. By applying
the i.h. to @, there exists Py > (Cusy + A+ T, [ etbulrmytmyditd,) ufx\ v} :
{1: 4" %Y; 7 = k. Moreover, by a-conversion, we can assume since y ¢ dom(I",), so
that (Cysy : A+ Ty =0y + Ty A" =T+ Ty A . Therefore, we can build
D1} as follows:

cI>u{x\v}
[y + T, IFCtboltmutmditd) oot Qyu{x\v}) :{l: ' U M" - L} T =k
And we can conclude with m; =1 + m,,.

- Rule (set). Then t=setiw,u), u={:2%}%9=«k and &; has two
premises &, > [ysx @ ) II—S,bW’mW’dW) w:#' and S, Tyx: A H—S,b“’m”’d“) u:
{(l: #' - £}, T =«, where It=T,,+T,, b;=by,+b,, mi=1+m, +m,, and

st bl 1 (bymy.dy) 2 2 (O5.my.dy)
dy =d,, +d,. By Lemma 47, there exist &, > I", Ik v:#and &5 ')y
v i Mo, where T, =T} + T2, b, = bl + b2, m, = ml + m?,and d, = d} + d2. By applying
. . . 11 (bw+blmy+mld,+db)
i.h. to ®,, and the i.h. to @, there exist ®,,(\yy > Ty + T, Iy wi{x\ v} :
2 2 2
M and Py > Tu+ T2 |}—$,b“+hv’m”+m"’d“+dv) ulx\v} : {l: M- L}, T = k.

Therefore, we can build @y} as follows:

- Rule (set). Then t=setiw,u), u={:2%}%x9=«, and &; has two
premises &, Iysx @ A II—E,bW’mW’dW) w:#' and S, Tyx: A |Mj’“’mu"”“) u
{(l: #' - £}, T =«, where It=T,+T,, bj=by,+b,, mi=1+m, +m,, and

st bl 1 (bymydy) 2 2 (O5.my.dy)
dy =d, +d,. By Lemma 47, there exist &, > I", Ik v:#and &5 Iy Iy
v i My, where T, =T} + T2, b, = bl + b2, m, = ml + m?, and d, = d} + d2. By applying
. . . 11, (bw+blmy+mld,+dL)
i.h. to ®,, and the i.h. to @, there exist @,y > Ty + T, Iy wi{x\ v} :
2 2 2
M’ and Dy > Ty + 2 |}—$,b”+bv’m”+m“’d“+dv) ulx\v} : {l: M- L} T = k.
Therefore, we can build ®y(,\,; as follows:
(Dw{x\v} q)u(x\w
(T, + ) + (T} 4 T2) [Foutburbisbhlemytmatm g dotdotdi+8) set (w, u){x \ v} : {l : L} =«

(get)

(set)

And we can conclude with I'; + 'y = (T, + ['y) + (T} +T2), by + by = by, + b, + b} +
b:, mi+my, =1+ my, +my+ml+m?andd; +d,=d,+d,+dl +d>

- Rule (@;). Then t=up, u=9=@x7’), and &; has two premises
Oy Tyx oty Wowmds) o g (3% T and Sy Tpsx @ My |F(Vh*”mf”d")
p: T "= (ttyxJ'), where I'=0,+T), A=.1UMr, bi=b,+by, m=

1 1 41
my+my, and d;=1+d,+d,. By Lemma 47, there exist ®lv I'} II—E,bV’mV’dv)

2 02 J2
viy and  ®e T2y g where  Ty=Tl14T2, b, =bl+0
m,=m})+m?, and d,=d.+d2 By applying the ih to ®, and @, there
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exist Py > Dy + ) H—(h“er Mty dutdy) u{x\v}: T=@xT") and

by+b? 2 dy+d?
Qpivy > Tp + 2 II—( A A )p{x\ v} 1 9" = (tty x J'). Therefore, we

can build @\, as follows:

Puivt  Ppix)
(T, + Fp) + (Fi 4 FE) |- (butbp+b) b3 my+my+m)+mi 1 +dy+dy+d)+d3) (up)ix\v} : 7= @ x T

(@)

And we can conclude with T’y + 'y, = (', + T'p) + (Fi + Ff), bt + by =b, + by + b}, + b%,
m+my =my +mp+ml+m?andd; +d,=14d, +dp+d} + d>.
- Rule (@%). This case is very similar to the previous one.
+ Case 9 = 1. Then, ®; must end with rule (ax), (1), (m), or (Ap):

- Rule (ax). Then, t = y. There are two cases:

* y=x. Then x{x\v}=v, v =0,and ;> ¥;(x : [o]) H—E,O’O’O) x:o,wherel'y =0, #=
[0], and by = my = d; = 0. Moreover, ¢, must end with rule (m) with one premise @/, >
r, II—S,bV’mV’dV) v : 0. So we can take ®y(y\,) = P}, and conclude with I'; +T', =T, b; +
b,=b,, mi+m,=m,,and d; +d, =d,.

* y#x. Then y{x\v}=y, 1 =0, and &;> y : [0] IFS,O’O’O))/ 10, where 'y =(y : [o]),
M =1], and by =m; =d; =0. Moreover, &, ends with rule (m) with no premises.
Therefore, 'y =@, b, = m, = d, =0. So we can pick ®s(,\,} = P, and conclude with
Ft+I’V=Ft,bt—i—b,,:bt,mt—i—mV:mt,anddt—i—dv:dt.

- Rule (A). Then t=xtyu, t=4#"—>p, and &, has one premise D,
(TCwy: A )x: //lll-s,b”m”d’) u:u, where I''=T, (since we can assume that
y#x by a-conversion). By applying the ih to @,, there exists Dy, >
Ty = M)+ Fvlks,bt+bv’m‘+m”’dt+d” u{x\ v} : u. Moreover, by «-conversion, we
can assume since y ¢ dom(I",), so that (U'ysy : AV + T, =Ty + sy @ #'. Therefore,
we can build @y} as follows:

cI)u{x\v} (k)
[y, + T, IFetbometmyditd) jp (y{x \ v}) : M — p
And we can conclude since I'y + 'y =T, + Ty, and t{x \ v} = Ay.(u{x \ v}).

- Rule (m). Then t =w, T = [0ilie1, and @, has premises (CID’ > F’ X M Il—(h M, )
0i)icr, Where I'y =+, A = I_Iiep_///i_, b_t = +ielb;,, me = ‘Helm ;and d; = +zeldw- By
Lemma 47, there exist (CIDf, > Ff, H—E,b”’mv’d“) v . M), where I, = +i€II‘f,, b, = —i—iefbf,,
m, = +i€1m;, apdvdv = fiezdf,. By applying the i.h. to each CIDfA,, there exists (<I>’W{x\v} >
F1l,\/ + F:/ H_S]bw""bv’mw""mv’dw""dv)

w{x\ v} : 0i)ie1. Therefore, we can build @\, as follows:

(cb;,{x\v})iel
+id(ri 4T ) | (Fier (bl +b1),+ier(mi,+mi), +ier (di,+di)) wix\ v} : [tlier

(m)(m)

And we can conclude with I'y+T, = +,61F +ier F = —}—,eI(F’ +TI'! ) b+ b, =
+1€Ib +1€I b = +z€I(bl + bl) m + my, = +z€Im +ier m = +z€1(m +m ) and d; +
dy = +ierd,, +1€I d, = +ier(d;, + d.).

- Rule (Ap). Thent =Ay.u,7 =a,and ®;> @ x : [] |Mv°’°’°) Ay.u : a,wherel, =0, #=1],
and b; = my =d; = 0. Also, notice that t{x \ v} = Ly.(u{x \ v}). Therefore, ®, ends with
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rule (m) with no premises, and I', = #J. Therefore, we can build ®(y\, as follows:

B IFO00) Gy u){x\ v} : a(kp)

And we can conclude with Ty +T', =@, b; + b, =m; + m,=d; +d, = 0.

0

Lemma 19 (Quantitative subject reduction). Let (t,s) ~>r (u,q), where r € {By, g, s}. If &>

rIFemD (o kisa tight derivation, then ® > T |- d) (4, q) : kc, where T = By implies b’ =
b—1and m' =m, whiler € {g, s} impliest/ =band m' =m — 1.

Proof. We show a stronger statement of the form:

Let (t,s) ~»r (4, q), where r € {By,g,s}. If o> T II—S,b’m’d) (t,s):k, I is tight, and (k is tight
or —val(t)), then ®' > I H—s,h ) (u, q) : k, where T = B, implies ¥’ = b — 1 and m' = m, while
r €{g, s} impliesb’ =band m' =m — 1.

We proceed by induction on (t, s) ~ (1, g):

+ Case (t,5)=((Ax.p)v,s)~p, (p{x\v},s)=(u,q). Then, ® has two premises D(rp),>

b X.p)v> X. V’d X.p)v.
F(,\x,p)vlkf, ()M i p)y) (Axp)yv: T =(tx7') and I A4 ¢ g uch
that T'=T(xpy + Ass b="Dbguxp)yy +bs, m=mgypy +ms, and d=d(xp)y +ds. Then,
@ (3xp)y must end with rule (@), (@}1,), or (@%). Therefore, ®(;.xp)y has two premises @ >

Doxp Il—s,b“‘P’m“'p’d'\x'P)  p: T=(nx7") and @, T, [Fvmed) o (1) T,
such that 1-‘(}Lx.p)v = FAx.p + Iy, b(kx.p)v = bkx.p + by, Mxpyy = Myxp + My, and d(kx.p)v =1+
djxp + dy. Let us first assume @ ;) ends with (@Il,). Then, 7; =a. However, according to
Lemma 43 —abs(Ax.p) should hold. This gives a contradiction, meaning that this case does
not apply. Now, let us assume ®(; ), ends with (@f,). Then, 1, =n. However, according to
Lemma 49 75 # n should holds. This gives a contradiction, meaning that this case does not
apply. Finally, let us assume ® ;. 5), ends with rule (@). Then, @ ;.x ), must be of the following
form:

D> Tpsx: M Ih(,bb"”mh""d’“"’> p: T =K W

T IFOo s diss) dx.p: it — (T = k) @5 T, IFPmd) gy .

(©

M (by,my.dy)
Dhap - Grepmicrdacy) Jx.p: T = (M — (T =) x T) D> Iy """ Y v T = (M x T)

r,+T, | tbas ptbmy ptmydy . p+dy) Axp)v: T =«

where Ciypyy =Dixp + Ty T =7"=.7" by Lemma 15, 1 =4 — (T =«), 1, =M,
b=1+byxp+ by + by, m=myxp+my,+ms and d =d,xp + dy + ds. By Lemma 50, there

by+by, vsdptdy, .
exists Ppx\yy > Daxp + FVH—E,"+ Mt apt )p{x\v} 1 9 = k. Therefore, we can build

D (p(x\v}.5) as follows:

butbpumy iy td
Oppoy & Togp + Dy lby TPt g b Tk Mg AR 5 7

(l")\x.p + l"v) + AS |}(bv+bp+bs’mv+mp+ms>dv+dp+ds) (p{x \ V}, 5) ‘K

(conf)

where b’ = b, + byxp + bs, m' =m, +myp+mg, and d' =d, + djxp + ds. Thus, we can
conclude with T'=T(p)y + As=(Toxp +Tv) + As, b=0bguxpy +bs=1+bpxp+ by +
bs=b'— 1, m=mxpyy + ms=myxp +my +mg=m', and d = d(xp)y + ds = dyxp +dy +
d,=4d.
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o Case (t,5) = (get;(Ax.p), s) ~>y (p{x \ v}, s) = (&, q), such that s = upd;(v, s'). Then ® must be
of the following form, where 7 ={l : Tpy(x) U.# - £ }; T ¢:
P, T, H—‘(,b"’m"’d") pl: M- L}, =«
L\ xIFCr1Hmpdp) get (Ax.p): T = K
I, > A IFPm ) 50 7
L\ x + A [FCrtboltmptmsdytds) (oot (Ax.p), s) : k

(get)

(conf)

where T'=T,\x+A;, b=b,+b, m=1+m,+m; and d=d,+ds. Since Il

VA H—S,bs’ms’dS) s {l: Ty(x)ud- ZLY}; To, we know, by Lemma 48, that s = upd,(v, s'), D, >

A, IFf,bV’mV’d”) v:Tp(x)U.Zand Iy > Ay IFS,bS"mS/’dS') S {l: %) To,suchthat A,=T", +

Ay, bs=b,+ by, ms=m, + my, and d; =d, + dy. Therefore, by Lemma 47, there exist
1 1 (Gnmydy) 2 2 Onmdy) 1., 2

d,> T, Iy v:Tp(x) and @y ') lky v, such that I', =T, +T7, b, =

by, + bZ, m,=m}+ m?, and d,=d} + d>. By applying Lemma 50 to ®, and @), there

by+bl, L dy+d?
exists Dp\py > Ip\ x + Ai ||—$,P+ vyt ”)p{x \v}:{l: A £}; To= k. Moreover,

we can construct an alternative type derivation IT/ for s as follows:
o2 Iy
[2 4 Ay IFOAbomitmeditds) yod (v, s) {1 2 M- L); T

Let [T, = IT}, such that g =upd,(v,s') =s and Ay =T2 + Ay. Therefore, we can build @’ as
follows:

(upd)

Py Ty
(Fp\\ x+ F&) + (F3 + Ay) ‘I_(bp+h;+h3+bs/,mﬁm%m%ms,,dp+d3+d§+ds/) (p{x \ v}, )1k

(conf)

where b’ = by, + bl + b2 + by, m' = mp + ml + m: + my,and d' =d, + d}, + d> + dy. Thus,
we can conclude with I'=T,\x+ A;=Tp\x+ ([, +Ay) =T\ x+ (TL4+T2)+ Ay,
b=by+bs=by+(by+by)=by+ (bl +b2)+by=b, m—1=1+my+m)—1=(1+
my+my+my)—1=1+mp+ml+mi+my)—1=m, d=dp+ds=d,+ (d, +dy) =
dp+(d},+d2)+dy =d.

o Case (t,s) = (seti(v, p), s) ~v (p, upd;(v, 5)) = (1, q). Then, ® must be of the following form,
where 7 ={l : Z}; T

@, T, IFomd) . g
@, 5 T, 7" ) b di - ) Ty = ot)
set
[, 4 T, I botbpltmetmp sitsp) set) (v, p): T = & I, > A, IFEsmsd) g o

(Fv + Fp) + A, ”7(bv+bp+b571+mv+mp+ms-,dv+dp+ds) (Set[(V, [7)7 S) 'K

(conf)

such that I' = (I'y + [p) + As, b=by + by + b5, m=1+m, +m, +ms; and d=d, +d, +
d;. Therefore, we can build derivation I, for upd,(v, s) as follows:
D, I
Ty + A IFbvtbomytmoditd) upd, (v, s) {1 : M- LY To

(upd)
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Moreover, we can build ®’ as follows:
Py
Fp + (T + A)) | (bp+by+bs,mp+my+mg,dp+dy+ds) 3 updl(v, )k

(conf)

such that ' = b, + by + bs, m' =my + m, + ms, and d' = d, + d, + d;. Thus, we can con-
clude with T =(T, +Tp) + Ag, b=b, + by +bs=b, m—1=(1+m,+mp+m;) — 1=
my+my+mg=m',andd=d, +dpy+d;=d'.

o Case (t,s) = (pr, s) ~ (p'1, q) = (4, q), such that (p, s) ~»y (p, g). Then, ® has two premises
@, and [T > A H—E,bs’ms’dS) s : 7, and ®,, must end with rule (@), (@}1,), or (@12)):

- Case @), ends with rule (@). Then, ®,, must be of the following form:

@, T, K" ) b T o (it — (T = ) x T)
@, T, IFrmrdd) oo 1 = (L < T ©
Tp + T IF0ptbrmptmrdptds) b 7 = O, A P ®) s 7

(Fp + rr) + A, “_(1+bp+br+bs,mp+mr+ms,dp+dr+ds) (pr7 S) -

(conf)

where I' = (I'y + I';) + Agistight, b =1+ by, + b, + bs, m=mp + m, + mg,and d = d,, +
d; + d,. Therefore, we can build the following derivation @, :

o, I
Tp+ Ag IHGotbomptmedyd) (5 gy - (Lt — (T" = k) x T

Since I is tight, then I', and A are both tight. Moreover, —val(p), since (p, s) ~v (¢, ).
By applying the i.h. to @, ), there exists ®(, 4) that must be of the following form:

(conf)

@i Ty Iy ") o 7 s (= (T = ) x T)
(bg.mg.dq

o A, IFSe"%) g gm
Fp/ +A, ||_(bp/+bq,mp/+mq,dp/+d,,) (p/7q) (M — (g// = K)) x !

(conf)

where I'y +As=Ty + A,y and the counters (b, + bs, mp + mg, dp +ds) and (by +
by, my + my, dy + d;) are related properly. Therefore, we can build @’ as follows:

o, @

A (©

I,y +I, (Ll tbrm y +my.dyy +dy) P T =k b

(conf)
(Fpl + Fr) +Aq I|_(1+bp/+br+bq,mp/+mr+mq7dp/+dr+dq) (p/r’ q) e

where V' =1+ by + by + by, m' = my + m, + mg, and d’' = dy + d, + dy. Thus, we can
conclude with I'= (I + Ag) + Ty = (T + Ag) + Ty, and (1 + by + by + b, mp + m, +
mg, dp +dy +ds) = (b,m,d) and (V',m',d')= 1+ by + b, + by, my + m, + mg, dy +
dr + dy) are properly related.
- Case @, ends with (©11>) or (@f,). These cases are very similar to the previous case and follow
easily from the i.h..
o Case (t,s) = (pr, s) ~ (pr', q) = (4, q), such that (p, s) v, (p, s) is unblocked, and (r, s) ~+
(r, q). Then, @ has two premises ®,r and I > Ag H—E,b"ms’d") s 1 J,suchthat ' =T + A,
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b=1+ by, + bs, m = myp, + mg, and d = dp, + ds. Then, &, must end with rule (@), (@}1;)> or
2.
()
- Case @), ends with (@). Then, ®,, must be of the following form:
@, T, K7™ b 7 = (= (T x k) x ')
@, 5 T, ") ro g = (ot x T

T, + L, IFUFbptbrmptmedptdr) e 7 — i

(@

where I'yy =Tp+ Ty, b=1+bp+ b, +bs, m=mp+m,+mg and d=d,+d, +ds.
Notice that, since (p, s) >y and (p, s) is unblocked, then p € noy, by definition. Therefore,
7 = 7', according to Lemma 15. And, we can build derivation @, as follows:
o, I
Ty + Ag IFOrtbometmoditds) (r5) : (M x T)

Since I is tight, then I', and A; are both tight. Moreover, —val(r), since (r, s) ~ (7, q).
By applying the i.h. to ®,5), there exists @ 4) that must be of the following form:

(conf)

@y > T lF ) i grm (g < 7

I, A, IFVem%) g gm
Fp’ +Aq ||_(br/+bq,m,./+mq,d,/+dq) (r/, C]) . (/// % <y//)

(conf)

where 'y + Agy=Ty + Ay, and the counters (b, + bs, m, + mg, dr +ds) and (b +

bp,my,d
by, my + My, dy + dg) are related properly. Moreover, there exists @, > I'y e mede) p:

T" = (M~ (T x k) x T"), by Lemma 15. Therefore, we can build @' as follows:

D, D ©
Fp + Fr’ |}_(1+bp+b,/,m1,+mr/,d,,+dr/ pr' ST e I

(conf)
(Fp +T) + A, |k (1+bp+b,s+bgmp+m,s+mg,dp+d, +dg) (pr'.q): K

where b’ =1+ by + by + by, m' =mp + my + my, and d’' =d, + dy + dy. Thus, we can
conclude with I'=(I'y + A) + Ty = (T'p + Ag) + T, and (1 + by + by + bs, mp + m, +
ms, dp + dy +ds) = (b,m,d) and (V',m',d’)=(1+by+ by + by, mp + my +mg, dy +
dy + dg) are properly related.

- Case @), ends with (@}1)) or (@g). These two cases are very similar to the previous case. 0

Theorem 5 (Quantitative soundness). If &> I’ Il—s,b’m’d) (t,s) : k is a tight derivation, then there

exists (u, q) such that u € noy, and (t, s) ng,m) (u, q) with b B,-steps, m g/s-steps, and |(u, q)|v = d.

Proof. We start by noting that ® has two premises ;> Iy H—f,h”mt’d’) t: =t x7)and ;>

Ag |MJ’S’”‘S"’5) s: 7, where' =T+ Asand k =1 x 97, such that T and . are tight. Now, the
proof follows by induction on b + m:

e Case b+ m=0. Then, b =m =0, and thus, b; = m; = by = m, = 0. Therefore, (¢, s) is a con-

figuration in normal form, by Lemma 17, and [(t,s)|y =d, by Lemma 16. Thus, we can
conclude by taking u =tand g =s.
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e Case b+ m > 0.Then, b > 0 or m > 0, and thus, b; + bs > 0 or m; + m; > 0. Note that it can-
not be that by = m; = 0, because this would imply that b = m = 0 by Lemma 16. Therefore, it
must be the case that b; + m; > 0, and thus, ¢ ¢ no, by Lemma 45. Moreover, note that (¢, s)
cannot be a blocked configuration, by Proposition 6. Therefore, by Proposition 5, there exists

(', s') such that (¢, s) ~ (¢, s'). By Lemma 19, there exists @' =T II—S,b/’m/’d) (t',s") : k, such
(b';m')

that ¥’ + m’ = b+ m — 1. By the i.h., there exists (1, q), such that u € noy, (', §') ~y (u,q)
and d = |(u4, q)|v. So we can conclude with (¢, s) ~ (¢, ) ws,b ) (u, q), which means that
(t,5) ~Lm (4, q) as expected. 0

Lemma 51 (Anti-substitution). If @ty > Ttx\v) H—S,b’m’d) tHx\ v} : u, there exist ®y> I'y;x:

///l}—s,h”mt’d’) t:uand &,>T, II—SbV’mV’d”) v i M, such that Ty =T+ Ty, b=b; +b,, m=
my +m,y, and d=d; + d,.

Proof. We generalize the original statement by allowing ®(y\ ) to conclude with either a monadic
type p or atype 1. Let 4 € {1, t}. Then the statement is as follows:

If ®ipvny > Tixin) Il—s,h’m’d) t{x\ v} : ¥, there exist ®;> I';x : //lll—g,b"m”d’)t ¥ and ¢, >

T, IFPmed) s - g7 such that Ty =Ty + Ty, b= by + by, m=m; +m,,and d = d; + d,.
The proof is by induction over ®\,}, according to the last rule used in ®(y\,):

o Case & = . Let us assume t = x, such that t{x\ v} =v. Then u = .7 = (r x .7”), such that
T = 7' by the fact that t{x \ v} = v, and thus, ®y(x\,} must finish with rule (1), and 7 #n by
Lemma 49. Moreover, ®;,\,j must necessarily end with rule (1) with one premise <I>;{ L

Cipevn) |- bomd) t{x\ v} : m, such that Tt =m. By applying the ih. to CIDQ{x\V}, there exist

A WAl 7 and &, T, Il—f,b”’m"’dV) v : M, such that Ty, =T+ T,
b=0b;+ b,, m=m; + m,,and d = d; + d,. Therefore, we can build ®; > I';; x : ,///H—E,h”mf’d’)
t 1 7 = (w x ), by applying rule (1) to ®;. We can conclude since rule (1) leaves the typ-
ing environment and the counters of the premise unchanged. From now on, we are going to
assume ¢ # x and consider the last rule used in @y}, which must be (1), (@), (get), (set),
(©}1>)’ or (@}2)):

(b,my,d
v )t

- Rule (1). Then u =7 = (v x 7) and P4\, has one premise CDQ{X\V} > Ttx\v) Iks,b’m’d)
t{x\ v} : 7. By applying the i.h. to ®y,, . there exist @} T x : AFLemedd ¢ rand

o T, IFmed) 4 such that Ty =Tt + Ty, b=by + by, m=m; + my,and d =

ds + d,,. Therefore, we can build ®; > I'y; x : ///H,h”m“d‘) t: 7 = (r x 7) by taking P
and applying rule (1). And we can conclude since rule (1) leaves the typing environment
and the counters of the premise unchanged.

- Rule (@). Then t =up, u =7 =k, and t{x\ v} = (u{x \ v})(p{x \ v}). Moreover, ®4(,\y}
has two premises @y} > Tugr\v) H,h“’m“’d“) ulx\v}: T=>(H' - (T =k)xT")

(bp>mp,dp)
and @p) > Dpiovy) [ plx\v} 1 T" = (#' x T'), where Ty} =Ty} +
Cpievvys b=1+ by + bp, m=m, + myp, and d =d, + d,. By applying the i.h. to @y
and ®p(x\y), there exist @, > Tysx 1 ) H—S,b“’m“’d“) u: =AM - (7' =) xT"
1.1 41
and ®!> I} Il—f,bv’m”’dv) v i M, such that Ty =Ty + Ty, by =0, + b}, m,=m), +
1 1 1 (bporipddp) " / 2

m,, and d, =d, +d,, and ®,> I'p;x : A1 p: T"=>(#xT") and ®;>

2.2 52
Fg IFE,hV’mV’dV) v 1 M, such that Ty =Tp + Fg, by = b}, + b2, my = m;, + m?, and dp=
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d;, + df,. By Lemma 47, there exists &, > I, H—S,bv’mv’d”) v . M, such that I, = Fi + Fg,
by = bl + b2, m, =ml +m2, and d, = d} + d2. And we can build ®; as follows:
o, @,

(Cu+Tp)x: O mipd +dy) up: 7 =«
where T'y=T,+Tp, by=1+b,+b,, mi=my+mp, and d;=d,+dp. Thus, we
can conclude with Ft{x\v} = Fu{x\v} + Fp{x\v} =T, + 1“3) + (FP + Fg) =Iy+7T,, b=
1+bu+bp=1+(b’u+b§)+(b;,+h3)=1+bu+bp+bV=bt+bv, m=my + mp=
(m;+m},)-i—(m;,+m%)=mu+mp+mvzmt+mv, and d:du+dp=(d;+d},)+
(d}+d§)=du+dp+dv=dt+dv.

- Rule (get). Then, t=get)(Ay.u), u={l: 24" v.H"-£;T}=«k, and t{x\v}=
get;(Ay.(u{x \ v})). Moreover, ®4(,\,} has one premise @\ > Tup\nys y 1 A7 H—S,b’m )
ulx\v} {l: A" - L;}T =k, such that Tyn,y =Ty and m=1+m'. By
applying the ih. to @, there exist &, (Dysy @ A);x ///H-E,b“’m“’d“) u:
(: " L5)T =k and ®,e TPy 0 7 such that Typay =Ty + Ty,
b=b,+b,, W =m, + m,,and d =d, + d,. Therefore, we can build ®; as follows:

STy Mix A wmwdu) {(l: 4" LVT =«
Ty x o ANFO0lmedd) oot Qyu) - {12 M UM LY T =k
And we can conclude with I'yx\yy =Typey =Tu+Ty, b=by+b,, m=1+m'=1+
my + my, = (1 +my) + my,and d=d, + d,.

- Rule (set). Then, t=set;(w,u), u={l: <L} =«, and t{x\v}=set;(w{x\
v}, u{x\ v}). Moreover, ®;(,\,; has two premises @ (x\v) > i) H—S,b md) wi{x\ v} :
" and @y > Tupe F ™ ulx\v) 2 (12 '~ £} T = ke, such that Ty =
Doy + Tupevn), b=0"+b", m=14+m'+m", and d=d' 4 d". By applying the i.h. to

1 1 41
D,y(x\1) there exist @y, > [ysx 1 A II—‘(,hW’mW’dW) w: .#' and CI>11, > F& II—‘(,bV’mV’dv) v .M,
such that Iy px\y) =Ty + rLv =b,+bl,m=m,+ mi, andd' =d,, + di. By applying
the i.h. to @y, there exist @, > T'ysx @ AH H—s,b“’m”’d“) u:{l: . # £}, =« and
2.2 j2
CD% > Fﬁ II—S,hV’m“’dV) v i M, such that Ty =Ty + 2, v =b,+ b%,, m’ =m, + m%,
1 2 .1 2 41 2
Fg H_Srbv+bv,mv+mv,dv+dv) v M

(@)

(get)

and d” = d, + d2. By Lemma 47, there exists ®,> I'! +
such thatT", = Fi + Fg, b, = b}, + b%, m, = m}, + m%,, andd, = d}, + dﬁ. Therefore, we can
build ®; as follows:

o, o,

(Ty + T x ¢+ A Owtbwltmytmudvtdd) set)(w,u): {l + L) T =«
where I'y =T",, + 'y, by = by, + by, m; =1+ m,, + m,, and d; = d,, + d,. Thus, we can
conclude with Ty} = Cwiwvy) + Tupey = Cw + T2 + Ty + T2 =Ty + L) + (T +
T =Ti+Ty,  b=b+b"=(by+b))+ (by+ b)) = (b + b,) + (b + b}) = b + by,
m=1+m'+m" =1+ (my +my) + (my +m;) = (1 + my +my) + (m, +m;) =
mi+my,andd=d +d" =(dy +dl) + (d, + d*) = (dy + d,) + (d + d*>) = d; + d,.

- Rule (@é). Then, t =up, u =7 = (n x 7’), and t{x \ v} = (u{x \ v})(p{x \ v}). Moreover,
®yx\y) has two premises Dy > Tugain) |k$,"“”"""”") u{x\v}: 7=@x.7") and

(bp,mp,dp)
q)p{x\v} > Fp{x\v} IFy? "o plx\v}: T" = (tty x J’), such that Lo = Fugevwy +
oy b=by+by, m=m, +mp, and d=1+d,+d,. By applying the ih. to

@ (x\y) and Ppx\y), there exist O, > [y x 1 ) H—S,b”’m"’d”) u: 7= @x7")and dl>

(set)
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1 141

r! H—E,bv’m”’dv) v i My, suchthat Ty =Ty + Ty, by = b, + bl, my, =m, + ml,and d, =
v,,m.d, 22 12
d,+dl, and ®yo Tpix : oIy p o 77 = (61, x 77) and @26 12 1F )
v i M, such that Ty, =T + r2, by = b;, + b2, mp = m;, + m2, and dp = d;, +d2. By
Lemma 47, there exists ®, > I, IF?"™ %) 4, - 7 such that T, = Il 4+12 b, =bl + 02,

my, = ml +m?, and d, = dl + d2. Moreover, we can build ®; as follows:

o, @,

(Ty+Tp)sx : Ottty 14 d ) up: T =k
where T'y=T,+T), by=0b,+b,, mi=my+my, and dy=1+d,+dp. Thus, we
can conclude with Ft{x\v} = Fu{x\v} + Fp{x\v} =T, + Fi) + (Fp + F12/) =Iy+T,, b=
bu+bp=(b;+b$)+(b},+b§):bu+hp+bvzb[+bv, m=my + mp = (m), + m})+
(mfy +m3) = my + my +my=m;+my, and d=1+d,+dy=1+(d, +d}) + (d,+
B)=1+d,+d,+d,=d; +d,.

- Rule (@é). This case is very similar to the previous case.

(@)

o Case ¥ = t. Let us assume t = x, such that ¢{x \ v} = v. Then we have to consider two cases:
T = [0ilier or 7 is not a multi-type. If T = [0}]ie1, we can take ®, = D4y}, such that ', =
I'tx\v}> by = b, my, = m, and d, = d, and build ®; as follows:

e
X: [Gj] H—(O’O’O) X:O; icl
(m)

x: [61ier IFO00) x 2 [67]ies

such that I'y = @, # = [0i]ie1, and by = m; = d; = 0. If 7 is not a multi-type, then we can build
D> Ty ”_gb,m,d) v o [t], such that I'y = ['yx\v), by = b, my, = m, and d, = d, from P\
followed by rule (m), and ®;> x : [7] ”_‘(,0,0,0) x : 7, such that I' =0, by =m; =d; =0, by
using rule (ax). In both cases, we can conclude with 'y, =T, =Ty +T'), b= b, = b; + b,,
m=m, = m; + my, and d =d, = d; + d,. From now on, we are going to assume f # x and
consider the last rule used in ®y(y\,}, which must be (ax), (1), or (Ap):

- Rule (ax). Then t=y, 1 =0, y{x\ v} =y, and .#=[]. Therefore, we can take ;=
®y(x\v)> where I'y = T'yx\y)> by = b, my =m, and d; =d, and build &, > ¢ |MV°’°’°) vl
such that I'y =, and b, = m, = d, =0, by using rule (m) with no premises. And we can
conclude with T'y\yy =Ty =T+ Ty, b=b;=b; + by, m=my=m; + m,, andd=d; =
di +d,.

- Rule (A). Then t = Ay.u, =4’ — p, and t{x \ v} = Ay.(u{x \ v}). Therefore, ®yx\,) has
one premise @y > Cyupvnys ¥ @ A’ II—S,b’m’d) u{x\ v} : u, where Iy = Tupevn). By
applying the i.h. to @iy, there exist > (Tysy @ A );x //ll}-s,b“’m“’d“) u : u and
D, > Fvl}—s,b”’mv’d") v . M, such that Ty, =T, + Ty, since we may assume that y ¢
dom(I",) by @-equivalence, b = b, + b,, m = m,, + m,, and d = d,, + d,,. Therefore, we can
build ®;> I'y;x : (//llks,b“’m“’d“) Ay s M — u, such that Ty =T, by =b,, my=my,
and d; = d,, by taking ®; and applying rule (1). And we can conclude with T'y(x\y} =
Cupey =Ty + Ty, b=b, + by, m=m, +m,,andd =d, +d,.

— Rule (m). Then t = [0}];er and CIDQ{x\V} has premises (Cbi{x\v} > T Il—s,bi’mi’di) tHx \ v} 1 0)icl
where T'tx\y) = +ierli, b= +ierbi, m = —+ieym;, and d = +i¢;d;. By applying the i.h. to

. . . . bi, i,di . . bi, z)di
each @}, ,, there exist ;> ' x ,///ill—f,’m‘ O o;and ¢} > Fi,ll—f,”mv Dy =M
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such that I'; = F; + Ff,, M= Uic1 M;, bi = bi + bi,, m; = m; + mf,, and d; = di + di,, for
each i € I. By Lemma 47, there exists ®,> I', Il—g,bv’m”’dV) v : M, such that T, = —i—ieIFf,,
by, = +ic1b), my, = +icym,, and d, = +;¢1d,,. Therefore, we can build @, as follows:
(q)i)iel
+ielri§x -\ ietbhtiermptierdy) ¢ (7]

(m)

And we can conclude Ft{x\y} = —if,-ell",- = —I—ieI(Fi + Ff,) = Ft‘ + Fy, b=+icib;i= —I—,-d(bi +
b)), m = +icym; = +ic1(m; + m},), and d = +crd; = +ie1(d; + d,).

- Rule (Ap). Then, t=Ay.u, T =a, and t{x\ v} = Ay.(u{x \ v}). Moreover, I'tx\,; =¥ and
b=m=d =0. Therefore, we can build ®;> @ H_slo,o,o) Ay.u : a using rule (Ap), such that
I'y=0, #=1], and by = m; =d; =0, and we can build ¢, > ”_50,0,0) v : [], such that
I'y =¥ and b, = m, =d, =0, by using (m) with no premises. Thus, we can conclude with
Ty =0=T¢+Ty,andb=0=0b; + b,, m=0=m; + my,andd=0=d; + d,. O

Lemma 20 (Quantitative subject expansion). Let (t,s) ~>r (4, q), where r € {By, g, s}. If &'

r \Hj””””d’ (u, q) : k is a tight derivation, there exists ® > T' II—S,b’m’d) (t,5) : k, where r = By implies
V' =b—1and m'=m, whiler € {g, s} impliest/ =band m' =m — 1.

Proof. We show a stronger statement of the form:
Let (t,5) ~r (4, q), where r € {By, g, s}. If &' > T e o, q) : k, T is tight, and (x is tight

or —val(t)), then ®> I Ikg,b’m’d) (t,s) : k, where r = B, implies b’ = b — 1 and m’ = m, whiler €
{g, s} implies b’ =band m' =m — 1.
We proceed by induction on (t, s) ~v (1, q):

o Case (t,5)=((Ax.p)v,s) ~p, (p{x\v},s)=(u,q). Then, ®" has two premises Dppo\v} >
| |i—f,bp{x\”’mp(x\V}’dp{x\V})p{x\v} . 7=k and My A IFP™M%) 5 7 quch that T'=
Dppevwy + As, V= bp{x\v} + b, m = Mp{x\v} + Ms, and d' = dp{x\v} +d;. By Lemma 51,

by,my,d,
there exist Gy Tpsx: ///“_E,me P)p 1 I =k and O, > FVII—‘(,bV’mV’dV) v . M, such that
Loy = Fp + Ty, bppevwy = bp + by, Mppay) = mp + my, and dpix\yy = dp + d,.. Therefore, we
can build ® as follows:

il *)
r, I-Grmpdp) dx.p: M — (T = K) o, T, II—‘(,b"'m"’d") v M
T, I-brmd) jxp: T = (M — (T =K)) x T) Ly IFGemed) . 7 — (g x T) Eg
L, + T, [Fbptbvmpmydpd) (3 5 pyy s T =k
Hs

(conf)

(T, + 1) + A, | (L+bp+by+bs,mp+my+ms.dp+dy+ds) ((Ax.t')v,s): K

where b=1+0b,+b,+b;, m=m,+m,+m;, and d=d,+d,+d;. Thus, we can
conclude with T'=Tpp\n +As=(p+T) + Ay, V' =bpp\y) +bs=bp+ b, + by =1+
by + by +bs) —1=b—1,m =mpin\y) + ms=(mp +my,) + mg=m,and d’ = dp\) +ds =
(dp + dv) + ds =d.

o Case (t,5) = (get (Ax.p), s) ~v (pf{x \ v}, s) = (4, q), such that g =upd;(v,s’) =s. Then, &’

b X\Vj> XV’d X\V,
has two premises @, > [pix\y) H—g,”\}mp{\) p{\])p{x\v} Al ALy T =k and T,
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which must be of the following form:

2 .2 g2
o2 I'2 I%gbwmwdﬂ v Moo Ay “_E,hs/,ms/,ds/) TR
Flz, + Ay H—(h%-‘rbs/,m%-‘rms/,d%-i-ds/) updl(v, Nell: - LT
where  T'=Tppapy + (T + Ag), U =bppey +b5 + by, m' =mppoy + by + by, //‘nd
d =dyy +di+dy. By Lemma 51, there exist @, (by, mp,dp) H_SP,X.( '

1 .1 41
{l: - %Y T =K and ®lo T Il—f,bv’mv’dv) v i, such that Tppny=Tp+T),
bp(evvy = bp + bi, Mp(x\v) = Mp + m},, and dpi\uy =dp + d},. Therefore, we can build @,
as follows:

(upd)

(bp.mp.dp)

Oy Tpsx : Iy p:{l:dr LY T =«
T, IFle it mpds) gt Gap) i {1+ Uty - LY T =k

(get)

IFf,beg’mHmﬁ‘deg)

By Lemma 47, there exists &, Fi + F% v . M1 U M, Therefore, we

can build an alternative derivation 1'[:1 for g as follows:

o, Ty

(upd)
(P14 T2) + Ay PO +bFbymytmitmeditditds) upd (v, s') {1ty UMy - L) T
Then, we can pick I1; = IT; and build P as follows:
O IT
d : (conf)

FP + (1-\3 + Fg) + Ay ‘F(bp—i-h‘l,—i-b%—&-bsr,1+mp+m‘1,+m‘2,+ms/,dp—i—d%—i-d‘z,—i-dsr) (getl()»x.p),s) ke

where b=b,+ b} + b2+ by, m=1+m,+ml+m>+my, and d=d,+d. +d>+dy.
Thus, we can conclude with I' =T'p(\4) + (Ff +Ay)=T)+ Fi + Fg + Ay, b =bppany +
b2+ by =by+ by +b2+by=b, and m =mppay +ms+my=my+m)+m2+my=
(I4+mp+m,+mi+my)—1=m—1,d =dppey +d>+dy =dp +d}, + d2 +dy =d.
o« Case (t,5)=(sety(v,p),s) ~>v (p,upd)(v,s)) = (4, g). Then, &' has two premises P,
Ty ka,bp’m"’dp) p:{l: A 2} T = k and Iy, which must be of the following form:
o, > Fvll—g,h”’mv’dV) v M I > ASH—E,bS’mS’d‘)s Ly T
[y + A IFGvtbomytmoditd) wpd, (v, s) {1 : M- LY T
where I'=T, + (I', + Ay), V' =b, + b, +bs, m' =mp+m, +m, and d' =d, +d, + d.
Therefore, we can build ® as follows:

(upd)

o, D,
T, + T, IFOvtbplimcmpditdy) seg, (v, p) {1 : LT =«

(rv + Fp) + A, “_(bv+bp+b5,1+mv+mp+ms,dv+dp+ds) (Set[(V, p), S) ‘K

(set)

: (conf)

where b = b, + by + by, m =1+ m, + m, + mg,andd = d, + d, + d;. Thus, we can conclude
withI'=Tp 4+ (Iy + A, b’ =b, + by + bs=b,m' + 1 = (mp + m, + m;) + 1 =m,and d’' =

dy+dy+d;=d.
e Case (t,s) = (pr, s) ~v (p'r, q) = (u, q), such that (p, s) ~> (¢, q). Then, @ has two premises
@y and Ty > Ay ka,bq’mq’dq) q : 7,and ®y, must end with rule (@), (©rl>)’ or (@IZ,):
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- Case @y, ends with (@). Then, ®,/, must be of the following form:

@0 Ty by ? ™) 1 T = (M — (T" = K)) x T)

@, 5 T, IFrmrdd) o 71 = (g < T

Fp’ +T, |}_(1+hp/+br,m]7/+mr,d],/+dr) p/r: T =K

©

where I'=(Ty +T,) + Ay, b/ =14 by + b, + by, m' =my +m, +my, and d' =dy +
dr + dg. Then, we can build @, ) as follows:

o, I
Ty + Ag G Toomytmedy ¥4 (1 oy (s — (T = 1)) x T)

Notice that =val(p), since (p, s) ~v (p', q). By applying the i.h. to @y o), there exists D,
that must be of the following form:

(conf)

@, T, IFP" %) b 7 o (it — (T = k) x T)
> A IH " g0 g

(conf)
Fp + Ay |'_(bp+bs,mp+ms,dp+ds) (p’ S) Sx

where 'y + Ay=T)+ A, and the counters (b + bs, mp +ms, dp +ds) and (by +
bg, my + mg, dy + dg) are related properly. Therefore, we can build @ as follows:

b D,
P (@)

r,+TI, | (Itbptbrmptmrdptdr) by g — g I,

(conf)

(Tp +T,) + A, [F0tbotbrtbomptmetmsdptdrds) (p ) - g

where b=1+bp+ b, + b, m=mp+m,+ms, and d=d, +d, +d;. Thus, we can
conclude with I' = (T'y + T';) + A;=(Iyy + ;) + Ay, and (1 + by + by + bs, mp + m; +
ms, dp +dy +ds) = (b,m,d) and (b',m',d')=(1+ by + by + by, my + m, +mg, dy +
d, + dg) are properly related.

- Case @y, ends with rule (@Ilj) and (@%). These cases are very similar to the previous case.

o Case (t,5) = (pr,s) ~ (pr', q) = (4, q), such that (p, s) v, (p, s) is unblocked, and (7, s) ~~y
(7, q). Then, @' has two premises @, and Iy> Ay H—E,bq’mq’dq) q: 7, and ®,, must end
with rule (@), (©}1>)’ or (@%):

- Case @), ends with (@). Then, ®,,» must be of the following form:

D, 5 T, K" ) o T o (i — (T =) x T
@y T P04 1 g (< T

r‘p + Fr’ ”_(1+bp+br/,mp+mr/,dp+dr/) pr/ T =K

(@)

“where I'=(Tp + )+ Ay, b =14 by + by + by, m" =mp +my +mg, and d' =dp +
dy + dg. Notice that, since (p, s) > and (p, s) is unblocked (therefore (p, s) is an unblocked
normal configuration), then p € noy, by definition and Proposition 5. Therefore, 7 = .7,
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according to Lemma 15. And, we can build ®(, 4) as follows:
ol I,
Ty + Ag b Tbamymadytdo) (1 gy (Lt x T7)

(conf)

Since T is tight, then ', and A, are both tight. Moreover, —val(r), since (r, s) ~y (7', g).
By applying the i.h. to ®(» 4), there exists ®(;5), which must be of the following form:

@5 DD 0 T S (il x T e AP s 0 g7
Ty + Ag IFGrtbometmeditd) (7, 5) 2 (Ll x T)

where Ty +A;=T,+ A and (by+ by, my +mg,dy+dg) and (b, + bs, m, +
(bp’mp’dp)p )
v :

(conf)

ms, dr +ds) are related properly. Moreover, there exists dDE, > Iyl
T" = (M — (T" = «)) x 7", by Lemma 15. Therefore, we can build ® as follows:

P, @,

(©
r,+TI, | (L+bp+brmp+my dp+dy) pr (ﬂ’” % K‘) 0,
(conf)

T, + T+ A || (14D p+brtbymp+my-tmg dp-+dr+ds) (pr,s):x

where b =1+ by + by + bs, m =m, +m, + ms, and d = d,, + d, + ds. Thus, we can con-
clude with I'=(T, +Ty)+ Ay=(Tp +T7)+ A, and (1 + by + by + by, mp + my +
Mg, dp +dp +dg)=(',m',d") and (b,m,d)= 1+ bp+ b, + bs, mp + m, + ms, dp +
dy + d;) are properly related.

- Case @), ends with (@Il,) or (@%). These two cases are very similar to the previous case. O

Sfb,m,d) (

Theorem 6 (Quantitative completeness). If (t,s)~~ u,q) and u € noy, then there exists a

tight derivation ® > T’ II—S,h’m’l(u’q)l") (t,s): k.

Proof. By induction on b + m:
o Case b+m=0. Then, b=m =0, and thus, (t,s) = (4, q). Therefore, t € no,. Thus, we can
conclude by Lemma 18.
o Case b+ m > 0. Then, there exists (¢,s’), such that (t,s) wg,l’o) t,s) wf,b_l’m) (u,q) or
(t,s) wg,o’l) t,s) ws,b’m_l) (u,q). By the ih., there exists @' l“ll—g,h | (tlv) t,s) : k

tight, such that ' +m’ =b+ m — 1. By Lemma 20, we have ®>T 1 l) (t,s) : K
tight, such that b” + m” =14 b’ + m'. Therefore, b”" + m” = b + m, since the fact that b =
b, and m” = m can be easily checked by a simple case analysis. 0
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