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GENERALIZED BAIRE CLASS FUNCTIONS

LUCA MOTTO ROS AND BEATRICE PITTON

Abstract. Let � be an uncountable cardinal such that 2<� = �. Working in the setup of generalized
descriptive set theory, we study the structure of �+-Borel measurable functions with respect to various
kinds of limits, and isolate a suitable notion of �-Baire class � function. Among other results, we provide
higher analogues of two classical theorems of Lebesgue, Hausdorff, and Banach, namely:

(1) A function is �+-Borel measurable if and only if it can be obtained from continuous functions by
iteratively applying pointwise D-limits, where D varies among directed sets of size at most �.

(2) A function is of �-Baire class � if and only if it is �+-Σ0
�+1-measurable.

§1. Introduction. Roughly speaking, generalized descriptive set theory is the
higher analogue of classical descriptive set theory obtained by replacing all
occurrences of the first infinite cardinal � with an uncountable cardinal � or its
cofinality � = cof(�). For example, the generalized Cantor space 2� is obtained by
endowing the set of all binary sequences of length � with the so-called bounded
topology, while the generalized Baire space �� consists of all �-sequences with
values in �, again equipped with the bounded topology (see Section 2.1). Because of
some striking applications and tight connections with other well-established areas
of mathematical logic, such as Shelah’s stability in model theory [9, 13, 14, 19, 20,
21], generalized descriptive set theory has gained a certain relevance in modern set
theory, and the quest for a solid foundation, paving the way to more applications,
became an important issue.

Nowadays the literature features a thorough study of the classes of Polish-like
spaces that allow a meaningful development of the theory [3, 4, 6, 7, 10, 11, 24], as
well as a deep analysis of their definable subsets [1, 2, 5, 7, 9, 12, 17, 18]. The goal
of this article is instead to study definable functions between such spaces, focusing
in particular on �+-Borel measurable functions and their stratifications.1

In classical descriptive set theory, two of the most fundamental results concerning
Borel functions between separable metrizable spaces, due to Lebesgue, Hausdorff,
and Banach, are the following ones.
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1After completing this work, we were informed that the same kind of problems (but restricted to

regular cardinals) were tackled in [22] using completely different methods. Unfortunately, the proof
of [22, Theorem 4.12], which is the main result in this direction from that source, is flawed, and the
definition of �-Baire class � functions given there cannot work as expected. We will come back to this
issue in Section 8.
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2 LUCA MOTTO ROS AND BEATRICE PITTON

Theorem 1.1 (See, e.g., [16, Theorem 11.6, or Theorems 24.3 and 24.10]). Let
X and Y be separable metrizable spaces, and further assume that either X is zero-
dimensional or Y = R. Then the class of Borel functions from X to Y coincides with
the closure under pointwise limits of the class of continuous functions.

This can be refined by considering the Baire hierarchy, which is recursively defined
by stipulating that a function f : X → Y is of Baire class 0 if it is continuous, while
it is of Baire class � > 0 if it can be written as a pointwise limit of functions of lower
Baire classes.

Theorem 1.2 (See, e.g., [16, Theorems 24.3 and 24.10]). LetX andY be separable
metrizable spaces, and further assume that either X is zero-dimensional or Y = R.
Let � < �1. Then f is a Baire class � function if and only if it is Σ0

�+1-measurable.

Notice that the extra hypotheses2 on the spacesX and Y in Theorems 1.1 and 1.2
cannot be avoided. For instance, there are arbitrarily complex Borel functions
between the real lineR and the Baire space �� , but the closure under pointwise limits
of the class of continuous functions between such spaces reduces to the collection
of constant functions.

Moving to generalized descriptive set theory, Borel and Σ0
�-measurable functions

admit straightforward generalizations: �+-Borel measurable and �+-Σ0
�-measurable

functions (Section 2.4). As we will see in Section 4, the analysis of pointwise limits
is instead more surprising. To simplify the present discussion, let us temporarily
assume that � is regular and work with �-metrizable spaces (see Section 2.2).
Although the topology on such spaces is completely determined by �-limits, this kind
of limits are no longer sufficient to generate the collection of �+-Borel measurable
functions. In fact, when � > � the closure under �-limits of the class of continuous
functions is precisely the collection of all functions which are �+-Σ0

n-measurable for
some finite n ≥ 1 (Corollary 6.4). This forces us to consider other well-studied kinds
of pointwise limits, i.e., limits over directed sets (Section 2.3), and eventually get the
following result.

Theorem 1.3. Let X and Y be �-metrizable spaces of weight at most �. Then the
class of �+-Borel measurable functions between X and Y coincides with the closure
under pointwise D-limits of the class of continuous functions, where D varies among
all directed sets of size at most �.

The analogue of this theorem in the classical setting � = � holds as well, but it
is subsumed by the stronger Theorem 1.1, which drastically reduces the limits to
be employed to a single sequential limit. Although this is no longer possible in the
generalized setup � > �, we observe that it is enough to use sequential limits together
with limits over the partial order Fin� of finite subsets of � (Theorem 4.5), or even
just a single kind of non-sequential limit, namely, F̂in�-limits (Theorem 4.8). Notice
also that in Theorem 1.3 there is no additional hypothesis on the spaces involved:
this difference from Theorem 1.1 is only apparent, though, as �-metrizability implies
zero-dimensionality when � > � (see Theorem 2.1).

2Slight variations are possible. For example, one could let Y be an interval in R, or Rn , or Cn , and so
on.
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GENERALIZED BAIRE CLASS FUNCTIONS 3

Getting a higher analogue of Theorem 1.2 is an even more delicate matter,
addressed in Section 6. It turns out that there are serious obstacles at limit levels of
cofinality smaller than �. Nevertheless, we managed to find a reasonable definition
of generalized Baire class � functions (Definition 6.12) and, using an argument quite
different from the classical one, prove the following result (see Theorem 6.14).

Theorem 1.4. Let X and Y be �-metrizable spaces of weight at most �, and
assume thatY is spherically complete. Let � < �+. Thenf : X → Y is a �-Baire class
� function if and only if it is �+-Σ0

�+1-measurable.

Although somewhat technical for the problematic levels �, our definition of
�-Baire class � functions is close to optimal, as shown by the various counterexam-
ples presented in Section 6.1. The additional spherically completeness hypothesis on
Y can be avoided using slight variations of such definition (see the discussion after
Theorem 6.14).

The case of singular cardinals � needs further adjustments, but one can still get
results along the lines of Theorems 1.3 and 1.4 (see Section 6.2 and, in particular,
Theorem 6.16).

Along the way, we prove other structural results concerning �+-Σ0
�-sets and �+-Σ0

�-
measurable functions, among which it is worth mentioning the following ones:

(a) Higher analogues of structural properties, such as the reduction property, the
separation property, and alike (Section 3).

(b) A characterization of �-Baire class 1 functions in terms of limits of surprisingly
simple Lipschitz functions, called �-full functions (Section 5).

(c) A characterization of �+-Σ0
�-measurable functions in terms of uniform limits

of simpler functions (Section 7).

The last two items are the counterparts in the generalized context of some classical
results coming from [23].

§2. Preliminaries. Throughout the article we work in ZFC and, unless otherwise
specified, assume that � is an uncountable cardinal satisfying 2<� = �. We also let
� = cof(�). (Although some of the results would work with any infinite regular
cardinal �.) Moreover, all topological spaces are tacitly assumed to be regular
and Hausdorff, unless otherwise specified. We assume some familiarity with set
theory and general topology, and we adopt standard notation in those fields. For all
undefined notions, we refer the reader to [8, 15].

2.1. Trees and spaces of sequences. Given ordinals α and � , we denote by �α the
set of all sequences of order type α and values in � , and for s ∈ �α we let lh(s) = α
be its length. We also let �<α =

⋃
�<α �

� . We write s � � for the restriction of s to
� ≤ lh(s), and denote by s�t the concatenation of s and t; as usual, when t = 〈�〉
has length 1, we write s�� instead of s�〈�〉. The sequences s and t are comparable
if s ⊆ t or t ⊆ s , and incomparable otherwise. We let i (�) be the constant sequence
with length � and value i .

A set T ⊆ �<α is called tree if it is closed under initial segments, while its body is
the set [T ] = {x ∈ �α | ∀� < α (x � � ∈ T )}. Notice that, formally, [T ] depends on
the ordinal α; however, the latter will always be clear from the context, and thus it
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4 LUCA MOTTO ROS AND BEATRICE PITTON

can safely be omitted from the notation. A tree T is pruned if for all s ∈ T there is
x ∈ [T ] such that s ⊆ x.

Given two cardinals κ ≥ 2 and 
 ≥ �, we equip the set κ
 with the bounded
topology �b , i.e., the topology generated by the basic open sets of the form N s =
{x ∈ κ
 | s ⊆ x}, for s ∈ κ<
 . Equivalently, �b is the unique topology on κ
 whose
closed sets coincide with the collection of all sets of the form [T ], for T ⊆ κ<
 a
pruned tree. This allows us to canonically associate to each set A ⊆ κ
 the pruned
tree TA = {x � α | x ∈ A,α < 
}, called the tree of A, which has the property that
[TA] = cl(A). The notion of closed set can be strengthened by imposing further
conditions on the tree associated with it. More precisely, we say that a tree T ⊆ κ<


is superclosed if it is pruned and < 
-closed, that is, for all limit α < 
 and s ∈ κα

we have s ∈ T whenever s � � ∈ T for all � < α. Accordingly, a set C ⊆ κ
 is
superclosed if C = [T ] for some superclosed tree T ⊆ κ<
 .

2.2. Generalized metrics. Metric spaces are central in classical descriptive set
theory. When moving to the generalized context, we can continue to use classical
metrics if � = � [7], while if � > � then R-valued metrics needs to be replaced
with G-metrics, that is, metrics taking value in a totally ordered (abelian) group
G with degree � [3, 4]. Since it turns out that in the latter case the choice of G is
irrelevant, we usually speak of �-metrizable spaces rather than G-metrizable spaces.
For the same reason, we can safely assume that G is always a field; for the sake of
definiteness, we indeed stipulate that G = R if � = �, and G = �-Q, where �-Q is
Asperò–Tsaprounis’ ordered field of �–rationals [6], if � > �. We also fix once and
for all a strictly decreasing sequence (rα)α<� coinitial in G+: this is done by letting
r̂ = 2 if � = � and r̂ = � if � > �, and then setting rα = r̂–α .

It is well-known that if � > �, all �-metrizable spaces are �-additive,3 and
they indeed admit a compatible G-ultrametric. (This follows, e.g., from Theorem
2.1.) Moreover, most of the metric-related notions can be naturally adapted to
generalized metrics: this includes Cauchy-completeness, which in this case refers
to Cauchy sequences of length � rather than countable sequences. A stronger
notion of completeness is obtained by requiring that the intersection of any
decreasing sequence of closed balls is nonempty. A G-metric satisfying this property
is called spherically complete. One can show that spherically complete G-metrics are
always Cauchy-complete, but the converse might fail—indeed there are even spaces
which admit a compatible Cauchy-complete G-metric, but no spherically complete
G-metric is compatible with their topology.

Of particular interest in generalized descriptive set theory are the generalized
Cantor space 2� and the generalized Baire space �� , equipped with their bounded
topology. The space 2� is homeomorphic to a superclosed subset of �� , and it is
indeed homeomorphic to the whole �� if and only if � is not weakly compact.
(See [5, Proposition 6.6(a)] for the regular case and [7, Theorem 3.2.2] for the case
� = �; the latter can easily be generalized to cover the case of singular cardinals
of arbitrary cofinality.) Both spaces are (regular Hausdorff) topological spaces of
weight and density character �. Moreover, they admit natural spherically complete

3Recall that a topological space is �-additive if the intersection of less than �-many open sets is still
open.
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GENERALIZED BAIRE CLASS FUNCTIONS 5

G-ultrametrics which are compatible with their topology. In the case of �� , for
distinct x, y ∈ �� we set d (x, y) = rα , where α < � is smallest such that x � α 
= y �
α. The case of 2� is similar: we fix a strictly increasing sequence (�α)α<� of ordinals
cofinal in �, and then for distinct x, y ∈ 2� we set d (x, y) = rα for the smallest
α < � such that x � �α 
= y � �α . When considering �� and 2� as G-metric spaces,
we always tacitly refer to these specific G-ultrametrics.

A very convenient result in the context of �-metrizable spaces is the following.

Theorem 2.1 [3, 4, 25]. Suppose that � > �. For any space X of weight at most �,
the following are equivalent:

(1) X is �-metrizable;
(2) X is �-ultrametrizable;
(3) X is homeomorphic to a subset of �� .

Moreover, X is a spherically complete �-(ultra)metrizable space if and only if it is
homeomorphic to a superclosed subset of �� .

Given the importance that the spaces from Theorem 2.1 play in this article, we
denote by M� the collection of all �-metrizable spaces of weight at most �.

With a little care, one can strengthen the implication (2) ⇒ (3) of Theorem 2.1
and get the following result, whose proof is a higher analogue of [23, Theorem 4.1]
and works also when � = �.

Proposition 2.2. Let (X, d ) be a G-ultrametric space of weight at most �. Then
there is a topological embedding h : X → �� such that d (h(x), h(y)) ≤ d (x, y), for
all x, y ∈ X .

Moreover, we can further ensure that if d is spherically complete, then the range of
h is a superclosed subset of �� .

Proof. We define the inverse f = h–1 of h by building a scheme {Bs | s ∈ �<� }
on X such that for every α < � and s ∈ <��:

(i) Bs ⊆ Bt whenever t ⊆ s ;
(ii) {Bt | lh(t) = α} is a covering of X such that Bt ∩ Bt′ = ∅ for all distinct
t, t′ ∈ �α ;

(iii) if lh(s) is a successor ordinal and Bs 
= ∅, then Bs is the open ball
Bs = Bd (x, rlh(s)), for some/any x ∈ Bs ; if lh(s) is a limit ordinal, then
Bs =

⋂
�<lh(s) Bs��+1.

Condition (iii) ensures that diam(Bs) ≤ rlh(s) whenever lh(s) is a successor ordinal.
Together with condition (i), this implies that the map f canonically induced by the
scheme, which is defined by letting f(x) be the unique element in

⋂
α<� Bx�α if the

latter is nonempty (otherwise f(x) is undefined), is well-defined and continuous.
Condition (ii) entails that f is a bijection on its domain. Moreover, f is an open
map because eachBs is clopen by condition (iii) and�-additivity ofX , together with
the fact that (ii) grants that f(N s ∩ dom(f)) = Bs . Therefore h = f–1 : X → ��

is a topological embedding, and we want to check that d (x, y) ≤ d (f(x), f(y))
for every x, y ∈ dom(f) ⊆ �� . This is clear if x = y, so suppose that x 
= y. Let
α < � be smallest such that x � α 
= y � α, so that d (x, y) = rα . Necessarily, α is a
successor ordinal. Sincef(x) witnesses Bx�α 
= ∅, the latter is an open ball of radius
rα by condition (iii). Suppose towards a contradiction that d (f(x), f(y)) < rα .
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6 LUCA MOTTO ROS AND BEATRICE PITTON

Then f(y) ∈ Bx�α . On the other hand, f(y) ∈ By�α by definition of f, hence
Bx�α ∩ By�α 
= ∅. This contradicts (ii) and the choice ofα. Therefore d (x, y) = rα ≤
d (f(x), f(y)). The fact that the image of h is superclosed when d is spherically
complete easily follows from (ii) and (iii).

It remains to construct the scheme {Bs | s ∈ �<� }, and this is done by recursion
on lh(s). Set B∅ = X , and Bs =

⋂
�<lh(s) Bs��+1 if lh(s) is limit. (Notice that in the

latter case condition (ii) is automatically satisfied since by inductive hypothesis it
already holds at all levels α < lh(s).) Consider now a successor ordinal α = � + 1,
and assume that by inductive hypothesis Bs has been defined for all s ∈ �� . Fix
any s ∈ �� . If Bs = ∅, then we set Bs�i = ∅ for all i < �. If instead Bs 
= ∅, then
Bd (x, rα) ⊆ Bs for every x ∈ Bs ; this is because by condition (iii) we have that
Bs = Bd (x, r�) if � is a successor ordinal, or Bs =

⋂
�<� Bd (x, r�+1) if � is limit.

Fix an enumeration (xi)i<�, possibly with repetitions, of a dense subset D of Bs .
We define Bs�i by recursion on i < �, ensuring along the construction that Bs�i
is an open ball with radius rα . First we set Bs�0 = Bd (x0, rα). For i > 0, we let
A = Bs \

⋃
j<i Bs�j and distinguish two cases. If A = ∅, then we let Bs�i = ∅. If

instead A 
= ∅, then A =
⋃
x∈A Bd (x, rα) is a nonempty open set, and we can set

Bs�i = Bd (xk, rα) for the smallest k < � such that xk ∈ A. Conditions (i) and (iii)
are satisfied by construction. Condition (ii), instead, follows from the fact that it
holds at level � by inductive hypothesis, together with the fact that {Bs�i | i < �} is
a covering ofBs (by density ofD) and by constructionBs�i ∩ Bs�j = ∅ if i 
= j. �

It might be worth recording that Proposition 2.2 entails an analogue of
Theorem 2.1 for the case � = �.

Theorem 2.3. Suppose that cof(�) = �. For any space X of weight at most �, the
following are equivalent:

(1) X is metrizable and dim(X ) = 0, i.e., X has Lebesgue covering dimension 0;
(2) X is ultrametrizable;
(3) X is homeomorphic to a subset of �� .

Moreover, X is a completely metrizable space with dim(X ) = 0 if and only if it is
completely ultrametrizable, if and only if it is homeomorphic to a closed subset of �� .

Proof. The equivalence between (1) and (3) is standard (see, e.g., [7, Proposition
3.3.2]). The implication (3) ⇒ (2) is obvious, while the reverse implication (2) ⇒
(3) follows from Proposition 2.2. �

2.3. Limits. Let X be a topological space, and let (D,≤) be a directed set, still
denoted byD. A point x ∈ X is a D-limit of aD-net (xd )d∈D of points fromX if for
every open neighborhood U of x there is d ∈ D such that xd ′ ∈ U for all d ′ ∈ D
with d ′ ≥ d . When this happens, we write x = limd∈D xd . An important case often
considered in (generalized) metrizable spaces is when D = α is a limit ordinal, i.e.,
sequential limits (or α-limits).

It is well-known that D-limits capture the notion of topological closure: a set
C ⊆ X is (topologically) closed in an arbitrary topological space X if and only if
limd∈D xd ∈ C for all directed sets D and all nets (xd )d∈D of points from C . If X
has weight �, then without loss of generality one can restrict the attention to directed
sets D of size at most �, while if X is �-metrizable, then it is enough to consider
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�-limits. Occasionally we will also consider restricted forms ofD-limits, i.e., we will
restrict to D-limits satisfying some special extra properties (see Section 6).

Limits can be composed in the obvious way: if D,D′ are two directed sets and
and (xd,d ′)d∈D,d ′∈D′ is a family of points of X , we let limd∈D limd ′∈D′ xd,d ′ be the
point (if it exists) x = limd∈D xd , where in turn xd = limd ′∈D′ xd,d ′ for all d ∈ D.
The previous double limit operator will often be denoted by limD ◦ limD′ .

The notion of D-limit can be lifted to functions by taking pointwise limits: if
f and (fd )d∈D are functions between topological spaces X and Y , then we write
f = limd∈D fd if f(x) = limd∈D fd (x) for all x ∈ X . All the previous concepts
and notations can be adapted to pointwise limits of functions in the obvious way.

If F is a collection of function from X to Y , we let

D-limF =
{

lim
d∈D
fd | fd ∈ F

}
be the collection of all pointwiseD-limits of functions from F . This can be extended
to arbitrary families of limits by setting, for every collection D of directed sets,
D-limF =

⋃
D∈D D-limF .

Remark 2.4. Let κ be an infinite cardinal, and consider any cofinal setD ⊆ κ. If
f = limα∈κ fα , thenf = limα∈D fα too. Conversely, suppose thatf = limα∈D fα .
For each α ∈ κ, let fα = fα′ where α′ ∈ D is smallest such that α ≤ α′. Then
the sequence (fα)α∈κ extends (fα)α∈D , and f = limα∈κ fα . It easily follows that
κ-limF = cof(κ)-limF for every family of functions F .

2.4. Boldface pointclasses and Borel structure. A pointclass Γ is an operation
assigning to every nonempty topological space X a nonempty family Γ(X ) ⊆ P (X ).
A pointclass Γ is said to be boldface if it is closed under continuous preimages,
that is, if f : X → Y is continuous and B ∈ Γ(Y ), then f–1(B) ∈ Γ(X ). The dual
Γ̌ of Γ is the boldface pointclass defined by Γ̌(X ) = {X \ A | A ∈ Γ(X )}, while
the ambiguous pointclass associated with Γ is given by ΔΓ(X ) = Γ(X ) ∩ Γ̌(X ).
Examples of boldface pointclasses are the classes �+-Bor, �+-Σ0

� , �
+-Π0

� , and �+-Δ0
�

defined below. Let Γ be a boldface pointclass, X be a topological space, and A ∈
Γ(X ). A Γ-covering of A is a family {Ai | i ∈ I }, for some index set I , such that⋃
i∈I Ai = A and Ai ∈ Γ(X ) for all i ∈ I . A Γ-covering {Ai | i ∈ I } is said to be

disjoint if Ai ∩ Aj = ∅ for all distinct i, j ∈ I . (But notice that some Ai might be
empty.) Finally, a Γ-partition ofA is a disjoint Γ-covering ofA all of whose elements
are nonempty. When the class Γ is irrelevant, we simply drop it from the above
terminology.

Let X be a topological space. A set A ⊆ X is �+-Borel if it belongs to the �+-
algebra generated by the topology of X , which is denoted by �+-Bor. As in the
classical case, the collection of �+-Borel subsets of a topological space (X, �) can be
stratified in a hierarchy by setting �+-Σ0

1(X ) = � and, for � > 1,

�+-Σ0
�(X ) =

{⋃
i<�
Ai | X \ Ai ∈

⋃
1≤�′<�

�+-Σ0
�′(X ) for all i < �

}
.

The resulting pointclass �+-Σ0
� is boldface. We denote its dual by �+-Π0

� and the
associated ambiguous pointclass by �+-Δ0

� . It is not hard to prove that �+-Bor(X ) =
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8 LUCA MOTTO ROS AND BEATRICE PITTON⋃
1≤�<�+ �

+-Σ0
�(X ). Moreover, �+-Δ0

�(X ) ⊆ �+-Σ0
�(X ) ⊆ �+-Δ0

�′(X ) for every 1 ≤
� < �′, and the same is true with �+-Σ0

� replaced by �+-Π0
� . Such inclusions are

strict whenever X contains a copy of 2� , and in this case we say that the �+-Borel
hierarchy does not collapse. This essentially follows from the fact that there are
2� -universal sets for both �+-Σ0

�( 2� ) and �+-Π0
�( 2� ). The class �+-Σ0

�(X ) is trivially
closed under unions of size �. If � > 1 is a successor ordinal, then it is also closed
under intersections of size smaller than �; if instead � is a limit ordinal, it is closed
under intersections of size smaller than cof(�). Under mild assumptions on X , this
is optimal for spaces of weight at most �. Dual properties hold for �+-Π0

�(X ), and
therefore �+-Δ0

�(X ) is a �-algebra if � > 1 is a successor ordinal, or a cof(�)-algebra
if � is a limit ordinal. When � = 1, closure properties depend instead on the additivity
of the space. For example, if X is �-metrizable, then �+-Δ0

1(X ) forms again a �-
algebra. We refer the reader to [1] for more information on the �+-Borel hierarchy.
When the space X is clear from the context, we drop it from all the notation above;
on the other hand, when needed we might add a reference to the topology � of X
and write, e.g., �+-Σ0

�(�).
Given two topological spaces X and Y , a function f : X → Y is �+-Borel

measurable if f–1(U ) ∈ �+-Bor(X ) for all U ∈ �+-Σ0
1(Y ) (equivalently, for all

U ∈ �+-Bor(Y )). If Y has weight at most �, then for every �+-Borel function
f : X → Y there is 1 ≤ � < �+ such that f–1(U ) ∈ �+-Σ0

�(X ) for all open sets
U ⊆ Y : in this case, we say that f is �+-Σ0

�-measurable. The collection of all �+-Σ0
�-

measurable functions from X to Y is denoted by M�(X,Y ), and to simplify the
notation we also write M<�(X,Y ) instead of

⋃
1≤�′<�M�′(X,Y ). In a similar

fashion, one can also define �+-Δ0
�-measurable functions and alike.

§3. Structural properties. Following [7], we consider higher analogues of the
structural properties from [16, Section 22.C]. Given sets X ,Y , and P ⊆ X × Y ,
a uniformization of P is a subset P∗ ⊆ P such that for all x ∈ X,

∃y P(x, y) ⇐⇒ ∃! y P∗(x, y).

Definition 3.1. Let Γ be a boldface pointclass.

(1) Γ has the separation property if for every X ∈ M� and all disjoint sets A,B ∈
Γ(X ), there is C ∈ ΔΓ(X ) such that A ⊆ C and C ∩ B = ∅.

(2) Γ has the �-separation property if for every X ∈ M� and every sequence of
sets (Ai)i∈� from Γ(X ) satisfying

⋂
i<� Ai = ∅, there is a sequence (Bi)i<� of

sets from ΔΓ(X ) such that
⋂
i<� Bi = ∅ and Ai ⊆ Bi for every i < �.

(3) Γ has the reduction property if for everyX ∈ M� and everyA,B ∈ Γ(X ), there
are disjoint sets A∗, B∗ ∈ Γ(X ) such that A∗ ⊆ A, B∗ ⊆ B , and A∗ ∪ B∗ =
A ∪ B .

(4) Γ has the �-reduction property if for everyX ∈ M� and every sequence (Ai)i<�
of sets from Γ(X ), there is a sequence (A∗

i )i<� of pairwise disjoint sets from
Γ(X ) such that

⋃
i<� A

∗
i =

⋃
i<� Ai and A∗

i ⊆ Ai for every i < �.
(5) Γ has the ordinal �-uniformization property if for every X ∈ M� and every
R ∈ Γ(X × �), there is a uniformization of R in Γ(X × �).
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Clearly, if Γ has the �-separation property then it has the separation property,
and if Γ has the �-reduction property then it has the reduction property. To state the
relationships among the other structural properties we need one more definition.

Definition 3.2. A boldface pointclass Γ is �-reasonable if for every X ∈ M�,
every set I with |I | ≤ �, and every family (Ai)i∈I of subsets of X, we have that
∀i ∈ I (Ai ∈ Γ(X )) if and only if A ∈ Γ(X × I ), where

A = {(x, i) ∈ X × I | x ∈ Ai}.

If a boldface pointclass Γ ⊇ �+-Δ0
1 is such that Γ(X ) is closed under unions of

size � and intersections with clopen sets (for every X ∈ M�), then Γ is �-reasonable,
which implies that also Γ̌ and ΔΓ are �-reasonable. Therefore, all of �+-Σ0

� , �
+-Π0

� ,
and �+-Δ0

� are �-reasonable.
The following is the higher analogue of [16, Proposition 22.15], and can be proved

using similar arguments.

Proposition 3.3. Let Γ be a boldface pointclass.
(1) If Γ has the reduction property, then Γ̌ has the separation property.
(2) If Γ is closed under unions of length � and has the �-reduction property, then Γ̌

has the �-separation property.
(3) If Γ is �-reasonable, then Γ has the �-reduction property if and only if Γ has the

ordinal �-uniformization property.
(4) If there is a 2� -universal set for Γ( 2� ), then Γ cannot have both the reduction

and the separation properties.

The separation property admits a technical variation that will be used later on.

Corollary 3.4 (Folklore). Suppose that Γ has the separation property. Let X ∈
M� be such that Γ(X ) is closed under unions and intersections of size at most 
, for
some cardinal 
. LetC ∈ ΔΓ(X ) and (Pi)i<
 be a family of pairwise disjoint nonempty
Γ(X )-subsets of C . Then there is a ΔΓ-partition {Ci | i < 
} of C such that Pi ⊆ Ci
for every i < 
.

Proof. For each i < 
, let Di =
⋃
j �=i Pj . Then Pi and Di are disjoint Γ-sets.

Applying the separation property we get C ′
i ∈ ΔΓ(X ) such that Pi ⊆ C ′

i and C ′
i ∩

Pj = ∅ for every j < 
 different from i . Since our hypotheses imply that ΔΓ(X ) is

a 
+-algebra, it is enough to let C0 = (C ∩ C ′
0) ∪

(
C \

⋃
j<
 C

′
j

)
and Ci = (C ∩

C ′
i ) \

⋃
j<i C

′
i , for 0 < i < 
. �

We now want to prove the analogue in generalized descriptive set theory of [16,
Theorem 22.16]. The straightforward generalization of the original argument would
require �+-Σ0

�(X ) to be closed under intersections of length less than �, which is true
if � is regular and � is either a successor ordinal or a limit ordinal with cofinality �, but
fails in all other cases (see [1]). As a remedy, following [7, Proposition 4.2.1], which
proves the same result for the case � = �, we can exploit the following observation.

Lemma 3.5. Assume that � > �. Let X ∈ M� and 1 ≤ � < �+.
(1) If � is a successor ordinal and A ∈ �+-Σ0

�(X ), then A =
⋃
i<� Ai for some

family (Ai)i<� of sets in �+-Δ0
�(X ). Moreover, we can assume that Ai ⊆ Aj for

all i ≤ j < � or, alternatively, that the sets Ai are pairwise disjoint.
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(2) If � is a limit ordinal, (�i)i<cof(�) is a strictly increasing sequence cofinal in
�, and A ∈ �+-Σ0

�(X ), then A =
⋃
i<cof(�)Ai for some family (Ai)i<cof(�) such

that Ai ∈ �+-Δ0
�i+2 for all i < cof(�). Moreover, we can assume that Ai ⊆ Aj

for all i ≤ j < cof(�) or, alternatively, that the sets Ai are pairwise disjoint.
(3) If 
 < � and Aj ∈ �+-Σ0

�(X ) for every j < 
, then
⋂
j<
 Aj ∈ �+-Δ0

�+1(X ).

The dual results obtained by replacing �+-Σ0
� with �+-Π0

� and swapping the role of
unions and intersections hold as well.

Proof. The dual results can be obtained by taking complements and using De
Morgan’s rules, so we only consider the case of the classes �+-Σ0

�(X ). By Theorem
2.1, we can assume that X ⊆ �� .

We argue by induction on 1 ≤ � < �+. For the basic case � = 1, observe that every
A ∈ �+-Σ0

1(X ) can be written as
⋃
i<� Ai , where

Ai =
⋃

{N s ∩ X | lh(s) = i,N s ∩ X ⊆ A}.

Each Ai belongs to �+-Δ0
1(X ) because

X \ Ai =
⋃

{N t ∩ X | lh(t) = i,N t ∩ X 
⊆ A}.

Clearly, Ai ⊆ Aj whenever i ≤ j. If instead we want the sets Ai to be pairwise
disjoint, we replace each Ai with Ai \

⋃
j<i Ai : such sets are still clopen because

�+-Δ0
1(X ) is a �-algebra (because X , being a member of M�, is �-additive). This

proves (1). Part (2) needs not to be considered in the case � = 1. As for (3), it suffices
to prove that

⋂
j<
 Aj ∈ �+-Σ0

2(X ). Using (1), write everyAj asAj =
⋃
i<� Aj,i with

Aj,i ∈ �+-Δ0
1(X ). Then,⋂

j<


Aj =
⋂
j<


⋃
i<�

Aj,i =
⋃
s∈ �


⋂
j<


Aj,s(j).

If � is regular, then our assumption 2<� = � entails �<� = �, and thus | �
 | ≤ �<� = �
because � = �. If � is singular, then 2<� entails that � is strong limit, and thus
| �
 | ≤ κκ = 2κ < � for κ = max{�, 
} < �. Therefore in all cases | �
 | ≤ �, and
thus

⋂
j<
 Aj ∈ �+-Σ0

2(X ), as desired.
Let now � > 1. Part (1) is relevant only when � is successor, so assume that � =

�′ + 1. Write A =
⋃
j<� Bj with Bj ∈ �+-Π0

�′(X ). Fix a strictly increasing sequence

(�i)i<� cofinal in �. Then each Ai =
⋃
j<�i
Bj belongs to �+-Δ0

�′+1(X ) = �+-Δ0
�(X )

because (3) holds at level �′ by inductive hypothesis, and clearly A =
⋃
i<� Ai .

Moreover, if i ≤ j < � then Ai ⊆ Aj by construction. If instead we want the sets
Ai to be pairwise disjoint, then we again replace each Ai with Ai \

⋃
j<i Aj : since

�+-Δ0
�(X ) is a �-algebra (because � is a successor ordinal), this works.

If � is limit, we instead need to prove part (2). By definition, A =
⋃
j<� Bj , where

Bj ∈
⋃
�′<� �

+-Π0
�′(X ). For all i < cof(�), set Ai =

⋃
{Bj | Bj ∈ �+-Π0

�i
(X )}.

Then Ai ∈ �+-Σ0
�i+1(X ) ⊆ �+-Δ0

�i+2(X ). Moreover, Ai ⊆ Aj if i ≤ j, and A =⋃
i<cof(�)Ai . If instead we want the sets Ai to be pairwise disjoint, we once again
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replace each Ai with Ai \
⋃
j<i Aj , which belongs to �+-Δ0

�i+2(X ) because the sets

Ai are in �+-Σ0
�i+1(X ).

Finally, we prove (3). Again, we only need to check that
⋂
j<
 Aj ∈ �+-Σ0

�+1. For
all i < 
, apply4 (1) or (2), depending on whether � is a successor or a limit ordinal,
to getAj =

⋃
i<κ Bj,i withBj,i ∈ �+-Δ0

�(X ) andκ = � if � is successor orκ = cof(�)
if � is limit. Arguing as in the case � = 1, we have

⋂
j<
 Aj =

⋃
s∈ κ


⋂
j<
 Bj,s(j),

and we have to check that in all cases | κ
 | ≤ �. If � is regular, then | κ
 | ≤ �<� = �
because κ ≤ �. If instead � is singular, then κ < �: therefore | κ
 | ≤ 2max{
,κ} < �
because � is strong limit. �

Theorem 3.6. For any 1 < � < �+, the boldface pointclass �+-Σ0
� has the ordinal

�-uniformization property, and thus the �-reduction property, but it does not have the
�-separation property. The class �+-Π0

� has the �-separation property, but not the
�-reduction property.

The same is true for � = 1 if either � > �, or � = � and we restrict the attention
to spacesX ∈ M� with dim(X ) = 0 (equivalently: to ultrametrizable spaces of weight
at most �).

Proof. The case � = � has already been treated5 in [7, Proposition 4.4.4]. We
show that the same argument can be adapted to deal with the remaining cases, so
from now on assume � > �. By Proposition 3.3, it is enough to show that �+-Σ0

� has
the ordinal �-uniformization property. Fix any X ∈ M�: since we assumed � > �,
by Theorem 2.1 we can suppose that X ⊆ �� . We distinguish three cases.

First suppose that � = 1. For any i < �, we say that a setA ⊆ X is i-clopen if there
is S ⊆ �i such that A =

⋃
{N s ∩ X | s ∈ S}. It is easy to check that i-clopen sets

are closed under complements, and arbitrary unions and intersections. Moreover, if
j ≤ i then every j-clopen set is also i-clopen. Fix any R ∈ �+-Σ0

1(X × �). For every
i < � and � < �, let

R�i =
⋃ {
N s ∩ X | s ∈ �i ∧N s × {�} ⊆ R

}
,

and notice that
⋃
i<�

⋃
�<� R

�
i coincides with the projection of R on the first

coordinate. Each R�i is i-clopen, hence so is Ri =
⋃
�<� R

�
i . The set

Q�i = R�i \
(⋃

i′<i
Ri′ ∪

⋃
�′<�
R�

′

i

)
is i-clopen too, hence

Q∗ =
{
(x, �, i) ∈ X × �× � | x ∈ Q�i

}
=

⋃
i<�

⋃
�<�

(
Q�i × {�} × {i}

)
∈ �+-Σ0

1(X × �× �).

4This can be done because in the previous two paragraphs we already proved that (1) and (2) hold at
level �.

5Formally, [7, Proposition 4.4.4] states the result just for �-Polish spaces, i.e., completely metrizable
spaces of weight at most �. However, the proof goes through also for the more general class M�.
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Finally, the set

R∗ = {(x, �) ∈ X × � | ∃i < � [(x, �, i) ∈ Q∗]}

is open and uniformizes R.
Next we consider the case where � = �′ + 1 > 1 is a successor ordinal. Consider

R ∈ �+-Σ0
�(X × �), and write it as R =

⋃
i<� Ri with Ri ∈ �+-Π0

�′(X × �). Let

Q = {(x, �, i) ∈ X × �× � | (x, �) ∈ Ri} ,

and notice that Q ∈ �+-Π0
�′(X × �× �) because �+-Π0

�′ is �-reasonable. Endow
�× � with the Gödel well-ordering �, and define

Q∗ = {(x, �, i) ∈ X × �× � | (x, �, i) ∈ Q ∧ ∀(� ′, i ′) ≺ (�, i)
[
(x, � ′, i ′) /∈ Q

]
}.

There are less than �-many pairs (� ′, i ′) ≺ (�, i), and since the intersection of less
than �-many sets in �+-Σ0

�′(X × �× �) is in �+-Δ0
�′+1(X × �× �) = �+-Δ0

�(X ×
�× �) by Lemma 3.5(3), we get that Q∗ ∈ �+-Δ0

�(X × �× �) ⊆ �+-Σ0
�(X × �× �).

Therefore the set

R∗ = {(x, �) ∈ X × � | ∃i < � [(x, �, i) ∈ Q∗]}

belongs to �+-Σ0
�(X × �) and uniformizes R.

Finally, assume that � is a limit ordinal, and let R ∈ �+-Σ0
�(X × �). By Lemma

3.5(2), there are an increasing sequence (�i)i<cof(�) of ordinals smaller than � and
sets Ri ∈ �+-Δ0

�i
(X × �) such that R =

⋃
i<cof(�)Ri . For i < cof(�), let Qi ⊆ X ×

�× cof(�) be defined by

Qi = {(x, �, i ′) ∈ X × �× cof(�) | i ′ ≤ i ∧ (x, �) ∈ Ri′} ,

and set Q =
⋃
i<cof(�)Q

i = {(x, �, i) ∈ X × �× cof(�) | (x, �) ∈ Ri}. Since each

pointclass �+-Σ0
�i

is �-reasonable, then Qi ∈ �+-Σ0
�i

(X ), and thus Q ∈ �+-Σ0
�(X ).

Let

Q∗ =
{
(x, �, i) ∈ X × �× cof(�) | (x, �, i) ∈ Q ∧ ∀i ′ < i ∀� ′ < � [(x, � ′, i ′) /∈ Qi ]

∧ ∀� ′ < �
[
(x, � ′, i) /∈ Qi

] }
.

For any fixed pair (�, i) ∈ �× cof(�), the set{
x ∈ X | ∀i ′ < i ∀� ′ < �

[
(x, � ′, i ′) /∈ Qi

]
∧ ∀� ′ < �

[
(x, � ′, i) /∈ Qi

]}
belongs to �+-Π0

�i
(X ). Since �+-Π0

�i
(X ) ⊆ �+-Σ0

�(X ) and �+-Σ0
� is �-reasonable,

Q∗ ∈ �+-Σ0
�(X × �× cof(�)). As before, it follows that the set R∗ consisting of

those (x, �) ∈ X × � such that (x, �, i) ∈ Q∗ for some i < cof(�) is the desired
uniformization of R in �+-Σ0

�(X × �). �

By Corollary 3.4, we thus get the following corollary.

Corollary 3.7. Let X ∈ M� and 1 < � < �+. Let C ∈ �+-Δ0
�(X ), and let

{P0, ... , Pn} ⊆ �+-Π0
�(X ) be a finite family of pairwise disjoint nonempty subsets

of C . Then there is a �+-Δ0
�-partition {C0, ... , Cn} of C such that Pi ⊆ Ci for every

i ≤ n.
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The same is true for � = 1 if either � > �, or � = � and we restrict the attention
to the subclass of M� consisting of all ultrametrizable spaces.

§4. Generalized Borel functions as limits of continuous functions. Let Γ be a
boldface pointclass. Let X,Y ∈ M�, and let F be some set of functions between
X and Y. A function f : X → Y is locally in Fon a Γ-partition (Aα)α<
 of X if for
each α < 
 there is fα ∈ F such that f � Aα = fα � Aα for every α < 
. We will
often consider functions which are locally constant on a Γ-partition.

Lemma 4.1. Let X,Y ∈ M�, and let � < �+ be a limit ordinal. If f : X → Y is
locally constant on a finite �+-Δ0

�-partition of X , then

f ∈ cof(�)-limM<�(X,Y ).

Proof. Let n ∈ � and (Aj)j≤n be a finite �+-Δ0
�-partition of X such that f is

constant with value yj on eachAj . Using Lemma 3.5(2) if � > � or [7, Proposition
4.2.1] if � = �, we can find a sequence of ordinals (�i)i<cof(�) cofinal in � and
sets Bji ∈ �+-Δ0

�i
(X ) such that Aj =

⋃
i<cof(�) B

j
i for every j ≤ n, and moreover

Bji ⊆ Bj
i′ for every i ≤ i ′ < cof(�). Fix ȳ ∈ Y , and for i < cof(�) let

fi(x) =

{
yj, if x ∈ Bji for some j ≤ n,
ȳ, otherwise.

Notice that f is well-defined because Bji ⊆ Aj and Aj ∩ Aj′ = ∅ for every j 
= j′.
Since X \

⋃
j≤n B

j
i ∈ �+-Δ0

�i
(X ), each fi is constant on a finite �+-Δ0

�i
-partition,

and hence �+-Σ0
�i

-measurable. It remains to show that f = limi<cof(�) fi . Given

x ∈ X , let j ≤ n and i < cof(�) be such that x ∈ Bji . Since the sequence (Bji )i<cof(�)

is increasing, x ∈ Bj
i′ for every i ′ ≥ i , and thus fi′(x) = yj = f(x). �

Remark 4.2. For later use (see Definition 6.8), we note that the family of
functions (fi)i<cof(�) from the proof of Lemma 4.1 satisfies a stronger form
of convergence to f. More precisely, setting Xi =

⋃
j≤n B

j
i we get a covering

(Xi)i<cof(�) of X such that for every i ≤ i ′ < cof(�):

• Xi ∈ �+-Σ0
�(X );

• Xi ⊆ Xi ′ ;
• fi ′(x) = f(x) for every x ∈ Xi .

We now consider limits over the directed set Fin� = ([�]<ℵ0 ,⊆) of finite subsets
of �, ordered by inclusion.

Proposition 4.3. Let X,Y ⊆ ��, and fix an ordinal 1 ≤ � < �+. Then every
f ∈ M�+1(X,Y ) can be written as

f = limd∈Fin� fd ,

where each fd : X → Y is locally constant on a finite �+-Δ0
�-partition of X .
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Proof. Let TY be the tree of Y . For each s ∈ TY , let N s(Y ) = N s ∩ Y and fix
any ys ∈ N s(Y ). Let {Psα | α < �} be a family of nonempty �+-Π0

�(X )-sets such
that f–1(N s(Y )) =

⋃
α<� P

s
α .

Since |TY | ≤ �, we can clearly work with the directed set D = ([TY × �]<ℵ0 ,⊆)
instead of Fin�. Fix a nonempty d ∈ D. Let Sd = {s ∈ TY | ∃α < � [(s, α) ∈ d ]},
and let �0, ... , �k enumerate the set {lh(s) | s ∈ Sd} in increasing order, for the
appropriate k ∈ �. To simplify the notation, for s ∈ TY we let lev(s) = j if and only
if lh(s) = �j , and for every i ≤ k we let

s |i =

{
s � �i if lh(s) ≥ �i
s otherwise.

Finally, for any j ≤ k we let Sjd = Sj,0d ∪ Sj,1d , where

Sj,0d = {s |j | s ∈ Sd ∧ lev(s) ≥ j} and

Sj,1d = {s ∈ Sd | lev(s) < j ∧ s maximal in Sd}.

Clearly, Sjd consists of pairwise incomparable sequences because of the maximality
requirement in the definition of Sj,1d . Moreover, Sjd is finite because so is d . Notice
also that if s ∈ Sjd , then s |i ∈ Sid for every i ≤ j. Finally, by definition Skd coincides
with the set of all maximal elements of Sd .

We build a collection of finite �+-Δ0
�-partitions Cj = {Cjs | s ∈ Sjd} ofX satisfying

the following two conditions:

(1) For every s ∈ Sj,0d , Ptα ⊆ Cjs for every (t, α) ∈ d with t ⊇ s .
(2) For every 0 < j ≤ k and s ∈ Sjd , Cjs ⊆ Cj–1

s|j–1
.

In particular, Cj refines Cj–1. Notice that condition (2) is equivalent to: Cjs ⊆ C i
s|i

for every i ≤ j ≤ k and s ∈ Sjd .
The construction is by recursion on j ≤ k. If j = 0, then Sjd = Sj,0d = {s |0 |

s ∈ Sd}. For every s ∈ Sj,0d , let Ps =
⋃
{Ptα | (t, α) ∈ d ∧ t ⊇ s}. The finite family

{Ps | s ∈ Sj,0d } consists of pairwise disjoint �+-Π0
�-sets becausePtα ⊆ f–1(N t(Y )) ⊆

f–1(N t|0(Y )) and �+-Π0
�(X ) is closed under finite unions. Using Corollary 3.7, let

C0 = {C 0
s | s ∈ Sj,0d = Sjd} be any (finite) �+-Δ0

�-partition of X separating the sets
Ps from each other. It is clear that (1) holds by construction, while (2) needs not to
be checked in this case.

Assume now that j > 0, and that Cj–1 has already been defined. Fix any s ∈ Sjd . We
distinguish two cases. If s ∈ Sj,1d , then s = s |j–1 ∈ Sj–1

d and we can set Cjs = Cj–1
s .

With this choice, (2) is trivially satisfied. The remaining case is when s ∈ Sj,0d .
Let Ŝjd = {s |j–1 | s ∈ Sj,0d }, and notice that Ŝjd ⊆ S

j–1,0
d ⊆ Sj–1

d . For each ŝ ∈ Ŝjd ,
we repeat the argument from the basic case j = 0 but working within Cj–1

ŝ
and

considering only those s ∈ Sj,0d such that s |j–1 = ŝ . More precisely, for each such s let
Ps =

⋃
{Ptα | (t, α) ∈ d ∧ t ⊇ s}. By (1) applied to ŝ , we get Ps ⊆ Cj–1

ŝ
. Moreover,

the sets Ps are pairwise disjoint and they belong to �+-Π0
�(X ). So by Corollary 3.7
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we can find a �+-Δ0
�-partition {Cjs | s ∈ Sj,0d , s |j–1 = ŝ} of Cj–1

ŝ
separating the sets

Ps from each other. It is clear that both (1) and (2) are satisfied by construction.
For each d ∈ D, let fd : X → Y be the unique function which is locally constant

on the finite �+-Δ0
�-partition Ck and assumes value ys on each Cks ∈ Ck .

Claim 4.3.1. For every (s, α) ∈ d and x ∈ Psα there is t ∈ TY such that t ⊇ s and
fd (x) = yt .

Proof of the Claim. Let t be the unique sequence in Skd such that x ∈ Ckt ,
so that fd (x) = yt . Let j = min{lev(s), lev(t)}. Notice that x ∈ Psα ⊆ Cj

s|j
by (1).

Also, x ∈ Cj
t|j

by (2). Therefore s |j = t|j because Cj
s|j

∩ Cj
t|j


= ∅. It follows that s

and t are compatible, and indeed s ⊆ t because t, being an element ofSkd , is maximal
in Sd . �

To conclude the proof, we just need to show that limd∈D fd = f. Fix x ∈ X
and any s ∈ TY such that f(x) ∈ N s(Y ). Let α < � be such that x ∈ Psα , and set
d = {(s, α)}. Then Claim 4.3.1 entails that for every d ′ ⊇ d there is t ⊇ s such that
fd ′(x) = yt ∈ N t(Y ), and since N t(Y ) ⊆ N s(Y ) we are done.

Corollary 4.4. Let X,Y ∈ M�, and further assume that dim(X ) = dim(Y ) = 0
if � = �. For every limit ordinal � < �+,

M�+1(X,Y ) ⊆ Fin�-lim
(
cof(�)-limM<�(X,Y )) .

Proof. By Theorems 2.1 and 2.3, we can assume that X,Y ⊆ �� . Therefore it is
enough to combine Proposition 4.3 with Lemma 4.1. �

Given a family D of directed sets and a collection of functions F between
topological spacesX andY , we say thatF is closed underD-limits if for everyD ∈ D
and every family (fd )d∈D of functions from F we have limd∈D fd ∈ F (whenever
such limit exists). The D-closure of F is the smallest collection of functions which
contains F and is closed under D-limits.

We consider the following families of directed sets:

• D0 = {κ ≤ � | κ regular} ∪ {Fin�}.
• D� = {D | |D| ≤ �}.

Clearly, D0 � D�.
Theorem 4.5. Let X,Y ∈ M�, and assume that dim(X ) = 0 if � = �. For every

function f : X → Y , the following are equivalent:

(1) f is �+-Borel measurable;
(2) f is in the D0-closure of the collection of all continuous functions;
(3) f is in the D�-closure of the collection of all continuous functions.

Clearly, in Theorem 4.5 we can replace D0 and D� with any intermediate
D0 ⊆ D ⊆ D�.

Proof. (1}⇒ (2) First assume that either� > �, or else� = � and dim(Y ) = 0.
Then we may assume, without loss of generality, that X,Y ⊆ �� by Theorems
2.1 and 2.3. We show by induction on � < �+ that M�+1(X,Y ) is contained in
the D0-closure of M1(X,Y ). The basic case � = 0 is trivial, so assume that � >
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16 LUCA MOTTO ROS AND BEATRICE PITTON

0 and fix any f ∈ M�+1(X,Y ). If � is a limit ordinal, then since M<�(X,Y ) =⋃
�′<�M�′+1(X,Y ) and cof(�) ∈ D0 (because cof(�) ≤ |�| ≤ � is regular), it is

enough to use Corollary 4.4 and the inductive hypothesis. If instead � = �′ + 1 is a
successor ordinal, then we use Proposition 4.3 and the inductive hypothesis applied
to �′: this works because if a function is locally constant on a finite �+-Δ0

�-partition
of X , then it is trivially �+-Σ0

�′+1-measurable.
It remains to consider the case where � = � but dim(Y ) 
= 0. First we prove the

result for all �+-Borel measurable functions with finite range, which are precisely
the functions which are locally constant on a finite �+-Bor-partition.

Claim 4.5.1. If f : X → Y is locally constant on a finite �+-Bor-partition, then f
is in the D0-closure of M1(X,Y ).

Proof of the Claim. Let Z = f(X ). When construed as a function from X to
Z, the map f is still �+-Borel measurable. Since Z is finite, and hence discrete, then
Z ∈ M� and dim(Z) = 0, therefore we already know from what we proved above
that f is in the D0-closure of M1(X,Z) (as computed among functions from X to
Z). But since Z is finite, the latter coincides with the D0-closure of M1(X,Z) when
viewed as a collection of functions from X to Y : since M1(X,Z) ⊆ M1(X,Y ), we
are done. �

Consider now an arbitrary �+-Borel measurable function f : X → Y . Let � be
the topology of Y . By [7, Corollary 4.3.6], there is a topology �′ ⊇ � on Y such
thatY ′ = (Y, �′) ∈ M�, dim(Y ′) = 0, and �+-Bor(Y ′) = �+-Bor(Y ). It follows that
f, viewed as a function from X to Y ′, is still �+-Borel measurable, and thus it is
�+-Σ0

�+1-measurable for some � < �+. Since both X and Y ′ can now be construed
as subspaces of �� by Theorem 2.3, we can apply Proposition 4.3 and get a family of
functions fd : X → Y ′ which are locally constant on a finite �+-Bor-partition and
such that f = limd∈Fin� fd , where the limit is computed with respect to Y ′. Since
�′ ⊇ �, we still havef = limd∈Fin� fd if the limit is computed with respect toY , and
clearly the functions fd remain locally constant on the same finite �+-Bor-partition
if we step back from Y ′ to Y . Therefore we are done by Claim 4.5.1.

(2) ⇒(3) Trivial, as D0 ⊆ D�.
(3) ⇒(1) Let f = limd∈D fd with (fd )d∈D a family of �+-Borel measurable

functions. Assume first that � > �, so that Y is zero-dimensional. Then for every
clopen U ⊆ Y ,

f–1(U ) =
⋃
d∈D

⋂
d ′≥d
f–1
d ′ (U ). (4.1)

Since |D| ≤ � and f–1
d ′ (U ) ∈ �+-Bor(X ), this proves that f is �+-Borel measurable

too. If instead � = �, given any open set U ⊆ Y we consider an open covering
{Un | n ∈ �} of U such that cl(Un) ⊆ U for every n ∈ �. Then,

f–1(U ) =
⋃
n∈�

⋃
d∈D

⋂
d ′≥d
f–1
d ′ (cl(Un)), (4.2)

hence f–1(U ) ∈ �+-Bor(X ) again.

One might wonder whether the class D0 can be further reduced, still getting
an analogue of Theorem 4.5. For example, in the classical setting, which would
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correspond to the case � = �, it is enough to consider �-limits (Theorem 1.1). This
is no longer true in the uncountable setup. For example, the following proposition
implies that if � has uncountable cofinality, then M<�(X,Y ), which is a proper
subclass of all �+-Borel measurable functions if the �+-Borel hierarchy on X does
not collapse and |Y | ≥ 2, is already closed under �-limits, and thus it contains the
D-closure ofM1(X,Y ) forD = {�} (see also Corollary 6.4). A similar phenomenon
occurs if cof(�) = �: in this case, Proposition 4.6 yields that M�1(X,Y ) is closed
under �-limits, and therefore such limits are again not enough to generate all
�+-Borel measurable functions (if X and Y are large enough).

Proposition 4.6. Let X,Y ∈ M�. Let κ ≤ � and � < �+ be such that � is limit
and cof(�) 
= cof(κ). Then M<�(X,Y ) is closed under κ-limits.

Proof. Assume first that cof(�) < cof(κ). Suppose thatf = limα<κ fα for some
sequence (fα)α<κ of functions in M<�(X,Y ). Let (�i)i<cof(�) be a sequence of
ordinals cofinal in �. Then for every α < κ there exists i < cof(�) such that fα is
�+-Σ0

�i
-measurable. Since cof(�) < cof(κ), there exists some ı̄ < cof(�) such that

A = {α < κ | fα is �+-Σ0
�ı̄

-measurable}

is unbounded in κ, so that f = limα∈A fα . Being a limit of �+-Σ0
�ı̄

-measurable
functions over an index set of size at most �, we get that f is �+-Σ0

�ı̄+1-measurable
(by the computations (4.1) and (4.2) in Theorem 4.5), and thus f ∈ M<�(X,Y )
because � is limit.

Assume now that cof(κ) < cof(�). By Remark 2.4, if f is a κ-limit of functions
in M<�(X,Y ), then f = limα<cof(κ) fα for some sequence (fα)α<cof(κ) of functions
in the same class M<�(X,Y ). By the assumption on cof(κ), there is 1 ≤ �′ < � such
that fα ∈ M�′(X,Y ) for all α < cof(κ). Using again the computations (4.1) and
(4.2) in Theorem 4.5, we get f ∈ M�′+1(X,Y ) ⊆ M<�(X,Y ), as desired. �

On the other hand, short sequential limits do not suffice either. Indeed, if � is
regular, then �+-Δ0

2(X ) is a �-algebra. Therefore the class of �+-Δ0
2-measurable

functions, which is contained in M2(X,Y ), is closed under D-limits for all directed
sets D with |D| < �, and thus it already contains the D-closure of M1(X,Y ) for
D = {κ < � | κ regular}. It is open whether the class of �+-Borel measurable func-
tions can be realized as the D-closure of M1(X,Y ) for D = {κ ≤ � | κ regular} or
D = {Fin�} (see Section 8 for more on the matter).

We conclude this section by showing that there is a variant of Fin� which is rich
enough to generate the whole class of �+-Borel measurable functions by itself. The
idea is to still consider finite subsets of �, but labeling each of their elements with an
ordinal number. More precisely, for every d ∈ �� let supp(d ) = {i < � | d (i) 
= 0}
be the support of d , and let

F̂in� = {d ∈ �� | supp(d ) is finite and d (i) < 2 + i for all i < �}

be ordered pointwise, that is, for all d, d ′ ∈ F̂in� set

d ≤ d ′ ⇐⇒ d (i) ≤ d ′(i) for all i < �.

Clearly F̂in� ∈ D�, and d ≤ d ′ ⇒ supp(d ) ⊆ supp(d ′).
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Lemma 4.7. For every D ∈ D0, there is a surjection � : F̂in� → D which is order-
preserving, i.e., d ≤ d ′ ⇒ �(d ) ≤ �(d ′) for every d, d ′ ∈ F̂in�.

Proof. If D = Fin�, then we let �(d ) = supp(d ). If D = κ for some regular
κ < �, we let �(d ) = d (κ). Finally, if D = � then we let �(d ) = max supp(d ). It is
easy to check that in all three cases � is as required. �

The map � from Lemma 4.7 allows us to simulate any D-limit with a F̂in�-limit,
for every D ∈ D0. Indeed, if f = limd∈D fd , then f = limd∈F̂in�

f̂d once we set

f̂d = f�(d ). Combining this with Theorem 4.5 we then get the following theorem.

Theorem 4.8. Let X,Y ∈ M�, and assume that dim(X ) = 0 if � = �. For every
function f : X → Y , the following are equivalent:

(1) f is �+-Borel measurable;
(2) f is in the F̂in�-closure of the collection of all continuous functions.

§5. Generalized Baire class 1 functions and �-full functions. The following
definitions and results generalize [23, Section 2] to the uncountable setup.

Definition 5.1. Let (X, d ) be a G-ultrametric space. A set A ⊆ X is full if there
is some 
 ∈ G+ such that Bd (x, 
) ⊆ A for every x ∈ A. When we want to single
out a specific 
 witnessing that A is full, we say that A is full with constant 
.

Obviously, if 
′ ∈ G+ is smaller than 
, then every set A ⊆ X which is full with
constant 
 is also full with constant 
′. If X = �� , then Bd (x, rα) = N x�α , and thus
a set A ⊆ �� is full with constant rα if and only if N x�α ⊆ A for every x ∈ A.

Proposition 5.2. Let (X, d ) be a G-ultrametric space. For every 
 ∈ G+, the
collection of all full subsets of X with constant 
 is a complete algebra consisting of
clopen sets. Therefore, the collection of all full subsets of X (with any constant) is a
�-subalgebra of its clopen sets.

Proof. It is obvious that the collection of full sets with constant 
 is closed under
arbitrary unions and consists of open sets, so it is enough to show that it is also
closed under complements. Let A ⊆ X be full with constant 
, and let y ∈ X \ A.
Assume towards a contradiction that Bd (y, 
) ∩ A 
= ∅, as witnessed by x. Then
Bd (x, 
) = Bd (y, 
) and hence y ∈ A by fullness, a contradiction.

Finally, let (Aα)α<
 for 
 < � be a family of full sets, and let 
α ∈ G+ be such that
Aα is full with constant 
α . Since � is regular and G has degree �, there is 
 ∈ G+

such that 
 ≤ 
α for all α < 
. Then each Aα is full with constant 
, and thus so is⋃
α<
 Aα . �

Definition 5.3. Let (X, d ) be a G-ultrametric space, Y be any set, and 
 be a
cardinal. A functionf : X → Y is called 
-full (with constant 
 ∈ G+) if | ran(f)| ≤

, and for every y ∈ ran(f) its preimage f–1(y) is full (with constant 
). The
function f is < 
-full (with constant 
 ∈ G+) if it is 
 ′-full (with constant 
) for
some 
 ′ < 
. Finally, f is full (with constant 
 ∈ G+) if it is 
-full (with constant

) for some cardinal 
 or, equivalently, if f–1(y) is full (with constant 
) for all
y ∈ ran(f).
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Equivalently, f is 
-full (with constant 
) if it is locally constant on a partition
of X consisting of at most 
-many full sets (with constant 
). Note also that if f is
< 
-full for some 
 ≤ �, then there is 
 ∈ G+ such thatf is< 
-full with constant 
.

As in the classical setting, full functions are intimately related to Lipschitz
functions, where we say that a map f between two G-metric spaces (X, dX ) and
(Y, dY ) is Lipschitz (with constant R ∈ G+) if for all x, y ∈ X,

dY (f(x), f(y)) ≤ R · dX (x, y).

(This makes sense because we assumed that G is a field.)

Lemma 5.4. Let (X, dX ) be a G-ultrametric space, and Y be a topological space. If
f : X → Y is full, then it is continuous.

Moreover, if (Y, dY ) is a G-metric space, f has bounded6 range, and there is some

 ∈ G+ such that f is full with constant 
, then f is Lipschitz.

The second part of the lemma applies to any < �-full function, and also to any
full function with constant 
 whenever Y has bounded diameter.

Proof. The first part of the lemma is obvious, so we only prove the second
one. Let r′ ∈ G+ be such that diam(ran(f)) ≤ r′, and set R = r′ · 
–1. Pick any
x, x′ ∈ X . If dX (x, x′) < 
, then dY (f(x), f(x′)) = 0 ≤ R · dX (x, x′) because f is
full with constant 
. If instead dX (x, x′) ≥ 
, then

dY (f(x), f(x′)) ≤ r′ = r′ · 
–1 · 
 ≤ R · dX (x, x′).

Thus f is Lipschitz with constant R. �
Lemma 5.5. Let (X, dX ) and (Z, dZ) be G-ultrametric spaces, and letY be any set.

Let f : X → Y be a 
-full function, for some cardinal 
. If h : Z → X is a Lipschitz
function, thenf ◦ h : Z → Y is 
-full. Moreover, iff were 
-full with constant
 ∈ G+,
then there is 
′ ∈ G+ such that f ◦ h is 
-full with constant 
′. The same is true if we
replace 
-full with < 
-full.

Proof. Suppose that h is Lipschitz with constant R ∈ G+. It is enough to show
that the preimage via h of a full set A ⊆ X with constant 
 ∈ G+ is a full set
with constant 
′ = 
 ·R–1. Indeed, let z ∈ Z be such that h(z) ∈ A and let z ′ ∈ Z
be such that dZ(z, z ′) < 
′. Then dX (h(z), h(z ′)) ≤ R · dZ(z, z ′) < R · 
 ·R–1 = 
,
hence h(z ′) ∈ A. This shows that BdZ (z, 
′) ⊆ h–1(A). �

We now come to the problem of finding the “right” generalization of the classical
notion of a Baire class 1 function. When we move to cardinals � > � and consider
functions f : X → Y between two spaces X,Y ∈ M�, we have two options: either
we only consider �-limits of continuous functions (i.e., the class �-limM1(X,Y )),
or, in view of Theorem 4.5, we allow limits over arbitrary directed sets of size at most
� (i.e., we consider D�-limM1(X,Y )). In this article, the former are dubbed �-Baire
class 1 functions, while the latter are called weak �-Baire class 1 functions. We are
going to show that if � is regular andY is spherically complete, then the two notions
(as well as all intermediate ones) coincide, and if moreover X is a G-ultrametric
space, then this is the same as considering the class of �-limits of �-full functions.

6A subset A of a G-metric space (X, d ) is bounded if there is r ∈ G+ such that diam(A) ≤ r, i.e.,
d (x, y) ≤ r for all x, y ∈ A.
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Proposition 5.6. Let � be regular, and letX,Y ⊆ �� withY superclosed. For every
�+-Σ0

2-measurable function f : X → Y there is a sequence of functions (fα)α<� such
that f = limα<� fα and fα : X → Y is �-full with constant rα .

If moreover we assume � to be strong limit (hence inaccessible), then each fα can
be taken to be < �-full with constant rα .

Proof. For i, � < �, setN �i = {y ∈ Y | y(i) = �}. SinceN �i is clopen,f–1(N �i ) ∈
�+-Σ0

2(X ). Let F �j,i be closed subsets of X such that f–1(N �i ) =
⋃
j<� F

�
j,i . For every

i, j, � < �, let T �j,i be the pruned tree of F �j,i , and let TX be the pruned tree of X. Note
that

⋃
�<� f

–1(N �i ) = X for every i < �, and therefore⋃
j,�<�

T �j,i = TX . (5.1)

For every s ∈ TX and i < �, let (jsi , �
s
i ) be the smallest (with respect to the Gödel

ordering) pair (j, �) ∈ �× � such that s ∈ T �j,i . Notice that for every x ∈ X and

every i < � there is �xi < � such that �x�αi = �x��
x
i

i and jx�αi = jx��
x
i

i , for all �xi ≤ α <
�. (Otherwise x /∈ T �j,i for any j, � < �, contradicting (5.1).) In particular, �x�αi =
f(x)(i) for every α ≥ �xi .

Let TY be the superclosed pruned tree of Y, and for every sequence t ∈ TY pick
some yt ∈ Y such that t ⊆ yt . Let ϕ′ : TX → �<� be such that lh(ϕ′(s)) = lh(s) and
ϕ′(s)(i) = min{�si , lh(s)} for every i < lh(s). We define the map ϕ : TX → TY by
letting ϕ(s) ⊆ ϕ′(s) be the longest sequence still in TY , namely,

ϕ(s) =
⋃

{v ∈ TY | v ⊆ ϕ′(s)}.

Note thatϕ(s) ∈ TY sinceTY is superclosed. Finally, for everyα < �, letfα : X → Y
be defined by

fα(x) = yϕ(x�α).

Notice that ϕ′(s) ∈ (lh(s) + 1)lh(s) , thus fα attains at most | (α + 1)α |-many
values. This means that | ran(fα)| ≤ �, and furthermore | ran(fα)| < � when �
is strong limit. Moreover, if x � α = y � α, then fα(x) = fα(y). Therefore, fα is
�-full (or even < �-full, if � is strong limit) with constant rα .

It remains to show that f = limα<� fα . To this aim, fix an element x ∈ A: we
need to prove that for every � < � there exists ᾱ < � such that fα(x) � � = f(x) � �
for every α ≥ ᾱ. Set

ᾱ = sup{�, �xi , f(x)(i) | i < �}.

Note that ᾱ < � because � is regular. Fix any i < � and α ≥ ᾱ. Since ᾱ ≥ �xi , then
�x�αi = f(x)(i). Since ᾱ ≥ f(x)(i) = �x�αi , then ϕ′(x � α)(i) = �x�αi ; this implies
that ϕ′(x � α) � � = f(x) � � ∈ TY , hence ϕ(x � α)(i) = ϕ′(x � α)(i). Finally,
since ᾱ ≥ �, then fα(x)(i) = ϕ(x � α)(i). It follows that fα(x) � � = f(x) � �,
as desired. �

The following is the analogue in the uncountable regular case of [23, Corollary
2.16].
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Theorem 5.7. Let � be regular, X,Y ∈ M�, and suppose that Y is spherically
complete. For every f : X → Y , the following are equivalent:

(1) f is a �-Baire class 1 function;
(2) f is a weak �-Baire class 1 function;
(3) f is �+-Σ0

2-measurable.

If X is a G-ultrametric space, then the above conditions are also equivalent to

(4) f = limα<� fα with fα a �-full function with constant 
α , for some 
α ∈ G+.

In case � is strong limit (and X is G-ultrametric), item (4) can be replaced by

(4′) f is a �-limit of < �-full functions,

and if Y is a G-metric space we can further add:

(5) f is a �-limit of Lipschitz functions.

Notice that because of Lemma 5.4, condition (5) can be added to the list also when
X is G-ultrametric and Y is a G-metric space with bounded diameter, independently
of whether � is strong limit or not.

Proof. The implication (1) ⇒ (2) is obvious. To see (2) ⇒ (3), suppose that f
is the D-limit of a family (fd )d∈D of continuous functions fd : X → Y , for some
D ∈ D�. Since Y is zero-dimensional, it is enough to check thatf–1(U ) ∈ �+-Σ0

2(X )
for any clopen setU ⊆ Y , which is the case becausef–1(U ) =

⋃
d∈D

⋂
d ′≥d f

–1
d ′ (U ).

To prove (3) ⇒ (1), first notice that by Theorem 2.1 we can assume that X,Y ⊆ ��

with Y superclosed: applying Proposition 5.6 and using Lemma 5.4, we get the
desired result.

Suppose now that (X, d ) is a G-ultrametric space. Without loss of generality, we
can again assume that Y is a superclosed subset of �� . By Proposition 2.2 there is
a topological embedding h : X → �� which is Lipschitz. Let X ′ = ran(h). Since the
map f ◦ h–1 is �+-Σ0

2-measurable, by Proposition 5.6, it is the �-limit of a sequence
(f′
α)α<� of �-full (or < �-full, if � is strong limit) functions f′

α : X ′ → Y with
constant rα . Then by Lemma 5.5 each fα = f′

α ◦ h : X → Y is �-full (or < �-full)
with constant 
α for some 
α ∈ G+, and f = limα<� fα . This proves (3) ⇒ (4), and
also (3) ⇒ (4′) if � is strong limit. Lemma 5.4 yields (4) ⇒ (1) and (4′) ⇒ (1).

Finally, assume that � is strong limit, X is G-ultrametric, and Y is a G-metric
space. Every < �-full function from X to Y has bounded range because the order
of the field G has cofinality �, therefore (4′) ⇒ (5) by Lemma 5.4 again. Finally, (5)
⇒ (1) because Lipschitz functions are obviously continuous. �

§6. Level-by-level analysis of generalized Borel functions. The goal of this section
is to isolate the “right” notion of Baire class � function in the generalized context.
More in detail, we seek a stratification of �+-Borel measurable functions defined
in terms of suitable limit operators, which starts from continuous functions and is
“compatible” with �+-Σ0

�-measurability in the sense of Theorem 1.2. We first deal
with regular cardinals, as in this case we can exploit the results of Section 5 through
a suitable change-of-topology argument. After that, we briefly discuss what needs to
be modified in the singular case in order to get analoguous definitions and results.
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6.1. The regular case. The results from Section 5 allow us to obtain structural
information on the stratification in terms of measurability of �+-Borel functions.
Indeed, using also Lemma 6.1 we can prove that if � is a successor ordinal or a limit
ordinal of cofinality �, then �+-Σ0

�+1-measurable functions can be characterized as
�-limits of functions from lower levels (see Theorem 6.3).

Lemma 6.1. Let � be regular, X ∈ M�, and 1 ≤ � < �+. For every family (Ai)i<�
of �+-Σ0

�-subsets of X there exist D ⊆ �� and a bijection h : D → X such that:
(1) h is continuous;
(2) for every s ∈ �<� , one of the following holds, depending on the given �:

Case 1: if � = �′ + 1 > 1 is successor, then h(N s ∩D) ∈ �+-Π0
�′ ;

Case 2: if � is limit with cof(�) = �, then h(N s ∩D) ∈ �+-Π0

(lh(s)), for

some fixed non-decreasing function 
 : �→ �;
Case 3: if � is limit with cof(�) < �, then h(N s ∩D) ∈ �+-Π0

� ;

(3) h–1(Ai) ∈ �+-Σ0
1(D) for every i < �.

Proof. Without loss of generality, we can assume that X ⊆ �� by Theorem 2.1.
Let (C�)�<� be a family of sets in

⋃
�′<� �

+-Π0
�′ such that Ai =

⋃
�∈Ki C� for some

Ki ⊆ �.
We construct a family {Bs | s ∈ �<� } of subsets of X such that for every α, � < �

and s ∈ �<� :
(i) Bs ⊆ Bt whenever t ⊆ s ;
(ii) {Bt | lh(t) = α} is a disjoint covering of X ;
(iii)Bs ⊆ N ts ∩ X for some ts ∈ �<� with lh(ts) = lh(s);
(iv)Bs ∈ �+-Π0

�′ if � = �′ + 1 > 1 is a successor ordinal; Bs ∈ �+-Π0

(lh(s)) for a

suitable non-decreasing map 
 : �→ � if � is limit ordinal of cofinality �;
Bs ∈ �+-Π0

� if � is a limit ordinal of cofinality smaller than �;
(v) C� =

⋃
t∈K Bt for some K ⊆ ��+1 .

Consider the induced map h : D ⊆ �� → X , x �→ h(x) ∈
⋂
i<� Bx�i , where D =

{x ∈ �� |
⋂
i<� Bx�i 
= ∅}. Note that h is well-defined and continuous (so that (1)

is satisfied) by (i) and (iii). Condition (ii) entails that h is a bijection and that
h(N s ∩D) = Bs , so that (2) is satisfied as well by (iv). Finally, observe that by (v)
and (ii) applied to α = � + 1,

h–1(C�) =
⋃
t∈K
h–1(Bt) =

⋃
t∈K

(N t ∩D)

h–1(X \ C�) =
⋃
t∈ ��+1 \K

h–1(Bt) =
⋃
t∈ ��+1 \K

(N t ∩D).

Hence h–1(C�) is clopen for every � < �, so that (3) follows by the choice of the
sets C� .

The construction of the family {Bs | s ∈ �<� } is by induction on α = lh(s) < �;
when � is a limit ordinal of cofinality �, along the recursive process we also define
the value 
(α) of the function 
 : �→ � on input α. We set B∅ = X and, if � is limit
of cofinality �, 
(0) = 1.

Suppose first that α = � + 1 is a successor ordinal. Let �̄ < � be such that
C� ∈ �+-Π0

�̄
. By Lemma 3.5 (applied to X \ C�), there are J ≤ � and a �+-Π0

�-

partition C� = {C (j)
� | j < J} of X such that C (0)

� = C� . For each t ∈ �α , j < J ,
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and s ∈ �� , let Pt,j,s = N t ∩ C (j)
� ∩ Bs . By inductive hypothesis, {Bs | s ∈ �� } is a

disjoint covering of X , hence so is

P = {Pt,j,s | t ∈ �α , j < J, s ∈ �� }.

For every s ∈ �� , fix a bijection fs : �→ �α × J × {s} and set Bs�� = Pfs (�) for
all � < �. We know check that all of (i)–(v) are satisfied. Condition (i) is obvious,
while condition (ii) follows from the fact that {Bt | lh(t) = α} = P . Condition (iii)
holds by construction, as it is enough to let ts�� be the first coordinate of fs(�),
for every s ∈ �� and � < �. We now check (iv). If � = �′ + 1 > 1 is a successor
ordinal, then by inductive hypothesisBs ∈ �+-Π0

�′ for every s ∈ �� , and sinceC (j)
� ∈

�+-Π0
�̄

and �̄ ≤ �′, we conclude Bs�� ∈ �+-Π0
�′ . If � is a limit ordinal of cofinality

�, set 
(α) = max{
(�), �̄} < �. By inductive hypothesis again, Bs ∈ �+-Π0

(�) ⊆

�+-Π0

(α) for every s ∈ �� , andC (j)

� ∈ �+-Π0
�̄
⊆ �+-Π0


(α): hence Bs�� ∈ �+-Π0

(α). If

instead � is a limit ordinal of cofinality smaller than �, then by inductive hypothesis
Bs ∈ �+-Π0

� and C (j)
� ∈ �+-Π0

�̄
⊆ �+-Π0

� , hence Bs�� ∈ �+-Π0
� . Finally, using that

P is a disjoint covering ofX , it is easy to verify that (v) holds by takingK = {s�� |
s ∈ �� ∧ Bs�� ⊆ C

(0)
� }.

Now let α > 0 be a limit ordinal. For every s ∈ �α , set Bs =
⋂
�<α Bs�� . Then

(i) is satisfied by construction, while (ii) holds because by inductive hypothesis it is
satisfied at all levels � < α. Condition (iii) is satisfied by setting ts =

⋃
�<α ts�� . To

prove (iv) we again consider various cases. If � = �′ + 1 is a successor ordinal, then
by inductive hypothesis Bs�� ∈ �+-Π0

�′ for every � < α, hence Bs =
⋂
�<α Bs�� ∈

�+-Π0
�′ as well. If � is a limit ordinal of cofinality �, then we set 
(α) =

sup�<α 
(�): since cof(�) = �, we still have 
(α) < �. Then by inductive hypothesis
Bs�� ∈ �+-Π0


(�) ⊆ �+-Π0

(α), hence Bs =

⋂
�<α Bs�� ∈ �+-Π0


(α) too. Finally, if �

is a limit ordinal with cof(�) < �, then Bs�� ∈ �+-Π0
� for every � < α, and thus

Bs =
⋂
�<α Bs�� ∈ �+-Π0

� as well. Condition (v) is relevant only at successor stages,
and hence our proof is complete. �

Corollary 6.2. Let � be regular, (X, �) ∈ M�, and 1 ≤ � < �+. Given a family
(Ai)i<� of �+-Σ0

�(�) subsets of X, there is a topology �′ on X such that:

(1) (X, �′) ∈ M�;
(2) � ⊆ �′ ⊆ �+-Σ0

�(�) if � is either a successor ordinal or a limit ordinal with
cofinality �, and � ⊆ �′ ⊆ �+-Σ0

�+1(�) otherwise;
(3) Ai ∈ �+-Σ0

1(�′) for every i < �.

Proof. Let h : D → X be as in Lemma 6.1. Then it is enough to let �′ be the
pushforward via h of the topology induced by �� on D. �

Theorem 6.3. Let � be regular, X,Y ∈ M�, and suppose that Y is spherically
complete. Let 1 ≤ � < �+ be either a successor ordinal or a limit ordinal of cofinality
�. Then

M�+1(X,Y ) = �-limM�(X,Y ).
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If � is limit, then we further have

M�+1(X,Y ) = �-limM<�(X,Y ).

Proof. For the right-to-left inclusions, consider f = limα<� fα with fα ∈
M�(X,Y ) or fα ∈ M<�(X,Y ), depending on whether � is successor or limit. Fix
a clopen basis (Ui)i<� for Y : it is enough to show that f–1(Ui) ∈ �+-Σ0

�+1(X ) for
every i < �. As Ui is clopen, we have

f–1(Ui) =
⋃
ᾱ<�

⋂
ᾱ≤α<�

f–1
α (Ui),

and since in any case f–1
α (Ui) ∈ �+-Δ0

�(X ), the result easily follows.
We now deal with the inclusion from left to right. Let � be the topology of X. The

proof is by induction on 1 ≤ � < �+. The base case � = 1 is Theorem 5.7, therefore
we can move to the case � > 1.

Assume first that � is a successor ordinal: in this case, we want to show that f is a �-
limit of �+-Σ0

�-measurable measurable functionsfα : X → Y . Asf ∈ M�+1(X,Y ),
for every open set U ⊆ Y we can write f–1(U ) =

⋃
i<� Ai with Ai ∈ �+-Π0

�(X ).
Applying Corollary 6.2 to the family (X \ Ai)i<�, we obtain a topology �′ on X such
that (X, �′) ∈ M�, � ⊆ �′ ⊆ �+-Σ0

�(�), and Ai ∈ �+-Π0
1(�′) for every i < �. Then f

is �+-Σ0
2(�′)-measurable: applying Theorem 5.7, we get that f = limα<� fa with

eachfα : (X, �′) → Y continuous. Since �′ ⊆ �+-Σ0
�(�), the functionsfα are �+-Σ0

�-
measurable as maps between (X, �) and Y , hence we are done.

Now assume that � is a limit ordinal with cof(�) = �: we need to show that f is a
�-limit of a sequence of functionsfα : X → Y , where eachfα is �+-Σ0

�α -measurable
for some �α < �. Without loss of generality, we may assume that Y is a superclosed
subspace of �� (Theorem 2.1). Fix a basis (Uj)j<� of Y, and let {Ai | i < �} ⊆
�+-Σ0

�(X ) be such that for every j < �,f–1(Uj) =
⋃
i∈Kj (X \ Ai) for someKj ⊆ �.

By Lemma 6.1, there are a non-decreasing function 
 : �→ �, a subspace D ⊆ �� ,
and a continuous bijection h : D → X such that h–1(Ai) ∈ �+-Σ0

1(D) for every i < �,
and moreover h(N s ∩D) ∈ �+-Π0


(lh(s)) for every s ∈ �<� . By the choice of the sets

Ai , the function f ◦ h : D → Y is thus �+-Σ0
2(D)-measurable. By Proposition 5.6,

there is a family of functions (gα)α<� such thatf ◦ h = limα<� gα and each gα : D →
Y is �-full with constant rα : set fα = gα ◦ h–1. Clearly, f = limα<� fα . Since gα
is �-full with constant rα , the range of gα consists of (at most) �-many points
{yi | i < �} ⊆ Y such that for every i < �,

g–1
α (yi) =

⋃
{N t ∩D | t ∈ Li},

for some Li ⊆ �α . By the choice of h, it follows that f–1
α (yi) = h(g–1

α (yi)) ∈
�+-Σ0


(α)+1(X ). Since ran(fα) = ran(gα) has at most �-many elements, fα is thus

�+-Σ0
�α -measurable for �α = 
(α) + 1 < �. �

Corollary 6.4. Let � be regular, X,Y ∈ M�, and suppose that Y is spherically
complete. Then the closure under �-limits of the collection of all continuous functions
is precisely M<�(X,Y ).
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More generally, for every 1 ≤ � < �+ which is either a successor ordinal, or a limit
ordinal of cofinality �, the closure of M�(X,Y ) under �-limits is M<�+�(X,Y ).

Proof. Exploiting Theorem 6.3, an easy induction shows that M<�+�(X,Y ) =⋃
n∈�M�+n(X,Y ) is contained in the closure under �-limits of M�(X,Y ). Since

cof(� + �) = � < � = cof(�), the reverse inclusion follows from
Proposition 4.6. �

Theorem 6.3 tells us that, in order to find an appropriate definition of generalized
Baire class functions, we can use �-limits at all successor stages and at all limit
levels with cofinality �. When � is a limit ordinal of cofinality smaller than �,
instead, functions in M�+1 can no longer be characterized as �-limits of functions
in M<�(X,Y ) because of Proposition 4.6, so a different approach is in order. In this
situation, Corollary 4.4 suggests to use limits of the form

limFin� ◦ limcof(�) .

However, this would be an overdoing: as shown in the next proposition, the inclusion
in Corollary 4.4 is in most cases proper, and thus the resulting class would be larger
than expected.

Proposition 6.5. Let � be regular, X,Y ∈ M�, and let � < �+ be a limit ordinal.
Suppose that A ∈ �+-Σ0

�+1(X ) \ �+-Π0
�+1(X ) and that there are at least two distinct

points y0, y1 ∈ Y . Let f : X → Y be the “characteristic function” of A defined
by f(x) = y0 if x ∈ A, and f(x) = y1 otherwise. Then f /∈ M�+1(X,Y ), yet
f ∈ Fin�-lim

(
cof(�)-lim M<�(X,Y )). In particular,

M�+1(X,Y ) � Fin�-lim
(
cof(�)-limM<�(X,Y )) .

Proof. We first prove a claim which might be of independent interest.

Claim 6.5.1. Let A0, ... , An ∈ �+-Π0
�(X ), and let g : X → Y be such that g �

(X \
⋃
j≤n Aj) and g � Aj , for j ≤ n, are all constant. Then g = limα<cof(�) gα for

some sequence of function (gα)α<cof(�) with gα ∈ M<�(X,Y ).

Proof of the Claim. Since g is constant on each Aj , we can assume without
loss of generality that Aj ∩ Ai = ∅ for every j < i ≤ n. Let ȳ be the value of g on
X \

⋃
j≤n Aj , and yj be the value of g on Aj , for every j ≤ n. Let (�α)α<cof(�) be a

strictly increasing sequence of ordinals cofinal in �. By Lemma 3.5(2), each X \ Aj
can be written as X \ Aj =

⋃
α<cof(�) B

j
α where Bjα ⊆ Bj

α′ if α ≤ α′ < cof(�) and

Bjα ∈ �+-Δ0
�α+2

(X ). For every α < cof(�), let gα : X → Y be defined by

gα(x) =

{
yj, if x /∈

⋂
j≤n B

j
α and j ≤ n is smallest such that x /∈ Bjα,

ȳ, otherwise.

Each gα is �+-Σ0
�α+2-measurable because it is locally constant on a �+-Δ0

�α+2-
partition, and hence it belongs toM<�(X,Y ). Pick anyx ∈ X . Ifx /∈

⋃
j≤n Aj , then

for every j ≤ n there is αj < cof(�) such that x ∈ Bjαj . Set ᾱ = max{αj | j ≤ n}:

then for every ᾱ ≤ α < cof(�) we have x ∈
⋂
j≤n B

j
α , and hence gα(x) = ȳ = g(x).

If insteadx ∈
⋃
j≤n Aj , then there is a unique j̄ ≤ n such thatx ∈ Aj̄ because the sets
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Aj are assumed to be pairwise disjoint. For each j < j̄, let αj < cof(�) be such that
x ∈ Bjαj , and set ᾱ = max{αj | j < j̄}. Then by construction gα(x) = yj = g(x)
for every ᾱ ≤ α < cof(�). This shows that g = limα<cof(�) gα and concludes our
proof. �

By Claim 6.5.1, it suffices to show thatf = limd∈Fin� fd , where eachfd : X → Y
is locally constant on both Ad and X \ Ad for some Ad ∈ �+-Π0

�(X ). To this aim,
let {Aα | α < �} ⊆ �+-Π0

�(X ) be such that A =
⋃
α<� Aα . For each d ∈ Fin�, let

Ad =
⋃
{Aα | α ∈ d}, and then letfd (x) = y0 if a ∈ Ad andfd (x) = y1 otherwise.

If x /∈ A, then fd (x) = y1 = f(x) for all d ∈ Fin�. If instead x ∈ A, then fd (x) =
y0 = f(x) for all d ⊇ {α}, where α < � is any ordinal such that x ∈ Aα . This shows
that f = limd∈Fin� fd , as desired.

The core problem with using the double limit limFin� ◦ limcof(�) at limit levels
is actually the fact that even when cof(�) < �, the class M�(X,Y ) is not closed
under cof(�)-limits. More in detail, let � be regular and X,Y ∈ M�. Then for
every 1 ≤ � < �+, the class �+-Δ0

�+1(X ) is a �-algebra. It easily follows that if
D is a directed set of size smaller than � and f ∈ D-limM�(X,Y ), then f is
�+-Δ0

�+1-measurable. However, this is optimal. To see this, suppose that there is
A ∈ �+-Π0

�(X ) \ �+-Σ0
�(X ) and thatY contains at least two distinct pointsy0 andy1.

Letf : X → Y be defined byf(x) = y0 if x ∈ A andf(x) = y1 otherwise. Then by
Claim 6.5.1 the functionf is a cof(�)-limit of functions inM<�(X,Y ) ⊆ M�(X,Y ),
yet it is not �+-Σ0

�-measurable by the choice of A.
To overcome this difficulty, we have to perform a deeper analysis of limits over

directed sets of small size. Let (D,≤) be a directed set. A covering (Xd )d∈D of a set
X is (D-)increasing if Xd ⊆ Xd ′ for every d, d ′ ∈ D such that d ≤ d ′.

Definition 6.6. Let (D,≤) be a directed set, and let f and (fd )d∈D be functions
between topological spaces X and Y . Then f = l̂imd∈Dfd if there exists a D-
increasing covering (Xd )d∈D of X such that fd ′ � Xd = f � Xd for every d, d ′ ∈ D
with d ′ ≥ d .

Notice that if f = l̂imd∈Dfd , then there is a canonical increasing covering
(Xd )d∈D of X witnessing that, namely,

Xd = {x ∈ X | fd ′(x) = f(x) for all d ′ ≥ d}. (6.1)

Obviously, f = l̂imd∈Dfd implies f = limd∈D fd . The reverse is not true in
general. For example, assume that � is regular and considerD = �, ordered as usual.
Let f : �� → �� be constant with value 0(�) and, for every α < �, let fα : �� → ��

be constant with value 0(α)�1(�). Then f = limα<� fα , but f 
= l̂imα<�fα for the
simple reason that f(x) 
= fα(x) for every α < � and x ∈ �� .

In contrast, we are now going to show that if D has small size, then the two
notions of limit coincide. Let D<� be the collection of all directed sets of size strictly
smaller than �. Clearly, D<� is a proper subclass of D�.

Lemma 6.7. Let � be regular,X,Y ∈ M�, and letD ∈ D<�. Let (fd )d∈D be a family
of functions from X to Y . Then for every f : X → Y , the following are equivalent:
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(1) f = limd∈D fd ;
(2) for every x ∈ X there exists d ∈ D such that fd ′(x) = f(x) for every d ′ ≥ d ;
(3) f = l̂imd∈Dfd .

Proof. By Theorem 2.1, without loss of generality we can assume thatX,Y ⊆ �� .
(1) ⇒ (2) Fix x ∈ X . For every � < � there exists d� ∈ D such that fd (x) �

� = f(x) � � , for all d ≥ d� . For every d ∈ D, let Gd = {� < � | d� = d}. Since
(Gd )d∈D is a covering of � in |D|-many pieces and � is regular, there is d̄ ∈ D such
that |Gd̄ | = �, so thatGd̄ is unbounded in �. It follows that for every d ′ ≥ d̄ there are
arbitrarily large � < � such that fd ′(x) � � = f(x) � � , and thus fd ′(x) = f(x).

(2) ⇒ (3) For d ∈ D, let Xd be as in equation (6.1). By definition Xd ⊆ Xd ′

whenever d ≤ d ′, and (2) ensures that
⋃
d∈D Xd = X . It is then easy to verify that

(Xd )d∈D witnesses f = l̂imd∈Dfd .
(3) ⇒ (1) Obvious. �

Although they are equivalent when D ∈ D<�, the advantage of using the limit
operator l̂imd∈D instead of limd∈D is that we can naturally impose a definability
condition on the increasing coverings involved in its definition. Lemma 6.10 and
Theorem 6.11 show that this move fixes the problems encountered when dealing
with limit levels of cofinality smaller than �.

Definition 6.8. Let (D,≤) be a directed set, 1 ≤ � < �+ be an ordinal, and
let f and (fd )d∈D be functions between topological spaces X and Y . Then f =
l̂im�d∈Dfd if there exists a D-increasing covering (Xd )d∈D of X witnessing f =
l̂imd∈Dfd such that Xd ∈ �+-Σ0

�(X ) for every d ∈ D.

Remark 6.9. It can be shown that if f = l̂imd∈Dfd and fd ∈ M�(X,Y ) for
every d ∈ D, then the canonical increasing covering (Xd )d∈D from Equation (6.1) is
such thatXd ∈ �+-Π0

�(X ) for all d ∈ D, becauseXd =
⋂
d ′,d ′′≥d{x ∈ X | fd ′(x) =

fd ′′(x)}. Thus in Definition 6.8 we are adopting the weakest possible definability
requirement.

In contrast to the other results of this section, which all require � to be regular,
the next two results hold unconditionally, and indeed they will be used in Section 6.2
too.

Lemma 6.10. Let X,Y ∈ M� and D ∈ D�. For every 1 ≤ � < �+, if f ∈
D-l̂im�M�(X,Y ), then f ∈ M�(X,Y ).

Proof. Let f = l̂im�d∈Dfd , as witnessed by the D-increasing covering (Xd )d∈D .
Then for every open set U ⊆ Y we have

f–1(U ) =
⋃
d∈D

(f–1
d (U ) ∩ Xd ),

so that f–1(U ) ∈ �+-Σ0
�(X ) because Xd ∈ �+-Σ0

�(X ). �

The proof of the next result is essentially the same of Corollary 4.4: we only have to
check that, thanks to Lemma 6.10, the definability condition added in Definition 6.8
allows us to obtain an equality instead of an inclusion.
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Theorem 6.11. Let X,Y ∈ M�, and further assume that dim(X ) = dim(Y ) = 0
if � = �. For every limit ordinal 1 ≤ � < �+,

M�+1(X,Y ) = Fin�-lim
(

cof(�)-l̂im�M<�(X,Y )
)
.

Proof. Without loss of generality, we can assume X,Y ⊆ �� by Theorems 2.1
and 2.3. The inclusion from left to right follows again from Proposition 4.3 and
Lemma 4.1, together with Remark 4.2.

For the reverse inclusion, observe that cof(�)-l̂im�M<�(X,Y ) ⊆ M�(X,Y ) by
Lemma 6.10, so it is enough to check that Fin�-limM�(X,Y ) ⊆ M�+1(X,Y ). Since
|Fin�| = � this can easily be obtain from the same argument used in the implication
(3) ⇒ (1) of Theorem 4.5, the only difference being that now the functions fd are
assumed to be �+-Σ0

�-measurable. �
We are now ready to discuss some simple and natural generalizations to the

uncountable setting of the Baire stratification of Borel functions, with the goal of
obtaining an analogue of Theorem 1.2. Recall that in the classical case � = �, the
class of Baire class � functions is defined by taking continuous functions if � = 0,
and (�-)limits of functions of lower Baire class if � > 0. As discussed at length,
when moving to a regular cardinal we can naturally use �-limits at successor stages
and at limit levels with cofinality �, while in the remaining cases we have to use a
different limit operator. This leads us to the following first proposal. To simplify the
notation, we write B<�(X,Y ) instead of

⋃
�′<� B�′(X,Y ).

Definition 6.12. Let � be regular, and let X,Y ∈ M�. For every � < �+, we
recursively define the collection B�(X,Y ) of �-Baire class � functions as follows:

(1) B0(X,Y ) is the collection of all continuous functions f : X → Y .
(2) If � is either a successor ordinal or a limit ordinal with cof(�) = �, then

B�(X,Y ) = �-limB<�(X,Y ).

(3) If � is a limit ordinal with cof(�) < �, then

B�(X,Y ) = Fin�-lim
(

cof(�)-l̂im�B<�(X,Y )
)
.

Definition 6.12 is designed to be as close as possible to the classical definition and
to minimize the kind of limit operators involved, at the price of having to consider
different cases depending on the ordinal � < �+. In the opposite direction, one could
desire to have a uniform definition which maximizes the class of limit operators that
can be employed. This leads us to the idea of allowing the use of the special double-
limits from part (3) of Definition 6.12 at every level of the hierarchy, and to replace
Fin� and cof(�) with any pair of directed sets in D�. We again write B̂<�(X,Y )
instead of

⋃
�′<� B̂�′(X,Y ).

Definition 6.13. Let � be regular, and let X,Y ∈ M�. For every � < �+, we
recursively define the classes of functions B̂�(X,Y ) as follows:

(1) B̂0(X,Y ) is the collection of all continuous functions f : X → Y .
(2) If � > 0, then

B̂�(X,Y ) = D�-lim
(
D�-l̂im�B̂<�(X,Y )

)
.
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We are now going to show that under weak conditions on the spaces X and Y ,
both definitions do the job, and they are in fact equivalent to each other. We remark
that the two options are the extremes of a whole range of intermediate possibilities,
which however would give rise to the very same classes of functions because of the
next theorem.

Theorem 6.14. Let � be regular, X,Y ∈ M�, and suppose that Y is spherically
complete. Then for every � < �+,

B�(X,Y ) = B̂�(X,Y ) = M�+1(X,Y ).

Proof. By induction on � < �+. The equality B�(X,Y ) = M�+1(X,Y ) follows
from Theorems 6.3 and 6.11, while the inclusion B�(X,Y ) ⊆ B̂�(X,Y ) is obvious.
Finally, to prove B̂�(X,Y ) ⊆ M�+1(X,Y ) it is enough to use Lemma 6.10 and the
usual computation yielding D-limM�(X,Y ) ⊆ M�+1(X,Y ) for every D ∈ D�. �

The assumption that Y be spherically complete in Theorem 6.14 is very mild, as
every �-Cauchy-complete7 X ∈ M� can easily be turned into a spherically complete
space by adding at most �-many points. However, if one wants to dispense from
such assumption and work with arbitrary spaces in M�, it is enough to modify
Definition 6.12 as follows:

• when � is a successor ordinal, �-limits have to be replaced with Fin�-limits;
• at all limit levels � we use the double limit limFin� ◦ l̂im�cof(�), independently of

the cofinality of �.

This works because even after such modification, in the first part of the proof of
Theorem 6.14 we can still prove the inclusion M�+1(X,Y ) ⊆ B�(X,Y ) by using
Proposition 4.3 and (a suitable variant of) Corollary 4.4. This alternative approach
turns out to work also in the singular case, as briefly discussed in the next section.

6.2. The singular case. We now move to the case where � = cof(�) < �. There
are two major differences from the regular case:

(1) First, �-limits are no longer relevant, as �-limits and �-limits are equivalent
by Remark 2.4.

(2) Secondly, when � is limit we do not have to distinguish cases depending on
the cofinality of �: since � is singular, cof(�) < � for every limit � < �+.

This naturally leads us to the following variation of Definition 6.12.

Definition 6.15. Let � be singular, and let X,Y ∈ M�. For every � < �+, we
recursively define the collection B�(X,Y ) of �-Baire class � functions as follows:

(1) B0(X,Y ) is the collection of all continuous functions f : X → Y .
(2) If � = �′ + 1 is a successor ordinal, then

B�(X,Y ) = Fin�-limB<�(X,Y ) = Fin�-limB�′(X,Y ).

(3) If � is a limit ordinal, then

B�(X,Y ) = Fin�-lim
(

cof(�)-l̂im�B<�(X,Y )
)
.

7These spaces are one of the natural generalizations to the uncountable setting of Polish spaces, and
they are indeed called G-Polish spaces in the specialized literature (see, e.g., [4]).
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Moreover, it still makes sense to consider the alternative approach taken in
Definition 6.13: in this case, the definition of the classes B̂�(X,Y ) needs not to
be updated. As in the regular case, it turns out that both definitions allow us to
generalize Theorem 1.2.

Theorem 6.16. Let � be singular, X,Y ∈ M�, and further assume that dim(X ) =
dim(Y ) = 0 if � = �. Then for every � < �+,

B�(X,Y ) = B̂�(X,Y ) = M�+1(X,Y ).

Proof. We argue as in the proof of Theorem 6.14, with the following exception.
Instead of showing that B�(X,Y ) = M�+1(X,Y ), we just prove the inclusion
M�+1(X,Y ) ⊆ B�(X,Y ) using Proposition 4.3 (in the successor case) and a suitable
variant of Corollary 4.4 (in the limit case) instead of Theorems 6.3 and 6.11. The
rest of the proof goes unchanged. �

Remark 6.17. It is natural to wonder whether, at least in the successor case,
we can use sequential limits of arbitrary length below � (instead of Fin�-limits) to
generate the next class M�+1(X,Y ). The answer is in general negative. For example,
suppose that X contains a copy of 2� and that |Y | ≥ 2. Let D be the collection
of all cardinals κ ≤ �. Then D-limM�(X,Y ) � M�+1(X,Y ). To see this, notice
that by Remark 2.4 and the fact that � is singular, we have D-limM�(X,Y ) =
D′-limM�(X,Y ) forD′ = {κ < � | κ regular}. Letf = limα<κ fα for some regular
κ < � and some sequence (fα)α<κ of functions from M�(X,Y ). Let A be the
smallest �-algebra containing �+-Σ0

�(X ). The usual computation8 (see (4.1) and
(4.2) in Theorem 4.5) gives that f–1(U ) ∈ A for every open U ⊆ Y . On the
other hand, in [1] it is shown that when � is singular, A � �+-Δ0

�+1(X ). Fix a set
C ∈ �+-Δ0

�+1(X ) \ A and distinct points y0, y1 ∈ Y . Consider the function g : X →
Y defined by g(x) = y0 if x ∈ C , and g(x) = y1 otherwise. Then g ∈ M�+1(X,Y ),
yet g–1(U ) /∈ A for every open set U ⊆ Y containing exactly one of y0 and y1.
Therefore g ∈ M�+1(X,Y ) \ D-limM�(X,Y ).

§7. Uniform limits. This short section aims at generalizing the results from [23,
Section 3] to the uncountable setting. The theme is that of characterizing �+-Σ0

�-
measurable functions in terms of uniform limits of simpler functions. Although
somewhat unrelated to the previous sections, these results add more information on
the structure of �+-Σ0

�-measurable functions with respect to another kind of limit,
and thus we feel that they fit well with the general topic of the article.

Recall that in Section 2.2 we fixed a field G with degree � = cof(�) and a strictly
decreasing sequence (rα)α<� coinitial in G+. By the choice we made, rα+1 + rα+1 ≤
rα for every α < �. Let M̂� be the collection of all G-metric spaces of weight at
most �. Given a directed set D, a topological space X ∈ M�, and a G-metric space
(Y, dY ) ∈ M̂�, we say that a function f : X → Y is the uniform D-limit of a family
(fd )d∈D of functions from X to Y , and we write f = ulimd∈D fd , if for every
ε ∈ G+ there is d ∈ D such that dY (fd ′(x), f(x)) < ε for every x ∈ X and d ′ ≥ d .

8When � > �, we are also using that every open subset of Y ∈ M� can be written as a union of
�-many clopen sets.
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It is not hard to see that one could restrict the attention to directed sets of size at
most �: if f = ulimd∈D fd , then there isD′ ⊆ D with |D′| = min{�, |D|} such that
f = ulimd∈D′ fd .

As in the classical setting, it is easy to check that continuous functions are closed
under uniform �-limits. We generalize this to higher levels and to all directed setsD.

Lemma 7.1. Let D be any directed set, X ∈ M�, (Y, dY ) ∈ M̂�, and 1 ≤ � < �+.
Then M�(X,Y ) is closed under uniform D-limits.

Proof. Suppose that f = ulimd∈D fd with fd ∈ M�(X,Y ) for every d ∈ D.
We need to show that given any y ∈ Y and ε ∈ G+, the preimage of the open ball
BdY (y, ε) belongs to �+-Σ0

�(X ). Let � < � be such that r� < ε, and for each α < �
set εα = ε – r�+α . Then 0 < εα < ε, and for every ε′ < ε there is α < � such that
ε′ ≤ εα .

By choice of (fd )d∈D , for every α < � there is dα ∈ D such that
dY (fd (x), f(x)) < r�+α for every x ∈ X and d ≥ dα . We claim that

f–1(BdY (y, ε)) =
⋃
α<�

f–1
dα

(BdY (y, εα)),

from which the result clearly follows.
For the inclusion from right to left, fix α < � and a point x ∈ f–1

dα
(BdY (y, εα)).

By the triangle inequality and the choice of dα ,

dY (y,f(x)) ≤ dY (y,fdα (x)) + dY (fdα (x), f(x)) < εα + r�+α = ε,

so that x ∈ f–1(BdY (y, ε)).
Conversely, givenx ∈ f–1(BdY (y, ε)) let ε′ = dY (y,f(x)) < ε. Letα < �be such

that r�+α < ε – ε′, so that ε′ + r�+α+1 + r�+α+1 ≤ ε′ + r�+α ≤ ε and hence ε′ +
r�+α+1 ≤ ε – r�+α+1 = εα+1. Then by the triangular inequality and the choice of dα

dY (y,fdα+1 (x)) ≤ dY (y,f(x)) + dY (f(x), fdα+1 (x)) < ε′ + r�+α+1 ≤ εα+1.

Therefore x ∈ f–1
dα+1

(BdY (y, εα+1)) and we are done. �

Let X and Y be topological spaces, and let 1 ≤ � < �+. A �+-Δ0
�-function is a

map f : X → Y such that f–1(A) ∈ �+-Σ0
�(X ), for every A ∈ �+-Σ0

�(Y ). The set of
�+-Δ0

�-functions is denoted by Δ�(X,Y ). It is easy to check that �+-Δ0
�-functions

provide an alternative stratification of �+-Borel measurable functions: indeed,
Δ�(X,Y ) ⊆ M�(X,Y ) ⊆ Δ�·�(X,Y ) for every 1 ≤ � < �+. Moreover, under mild
assumptions on the spaces X and Y the set Δ�(X,Y ) is a proper subclass of
M�(X,Y ). Notice also that if a function is locally in Δ�(X,Y ) on a �+-Σ0

�-partition
of X of size at most �, then it is a �+-Δ0

�-function itself. We now have all the tools
to mimic the proof of [23, Theorem 3.5] and get the following characterization of
M�(X,Y ) in terms of uniform �-limits of simpler functions.

Theorem 7.2. Let X ∈ M�, (Y, dY ) ∈ M̂�, and 1 ≤ � < �+. For every function
f : X → Y , the following are equivalent:

(1) f ∈ M�(X,Y );
(2) f = ulimα<� fα , where each fα is locally constant on a �+-Σ0

�-partition of X
of size at most �;

(3) f = ulimα<� fα with fα ∈ Δ�(X,Y ) for all α < �.
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Moreover, in part (2) we can replace locally constant functions with locally Lipschitz
or even just locally continuous maps.

Proof. The implication (2) ⇒ (3) follows from the fact that every constant (or
Lipshitz, or continuous) function belongs to Δ�(X,Y ). Moreover, if (3) holds then
fα ∈ M�(X,Y ) for all α < �, and thus f ∈ M�(X,Y ) by Lemma 7.1, so that (1)
is satisfied. It remains to prove (1) ⇒ (2).

Let {yi | i < �} be a dense subset of Y , and for each α < � and i < � let Uiα =
BdY (yi , rα). Fix α < �. The family {Uiα | i < �} is an open covering of Y . Since
f ∈ M�(X,Y ), each set Aiα = f–1(Uiα) belongs to �+-Σ0

�(X ). By the �-reduction
property (Theorem 3.6), we can find a disjoint �+-Σ0

�-covering Bα = {Biα | i < �}
of X such that Biα ⊆ Aiα for every i < �. Thus the nonempty elements of Bα form a
�+-Σ0

�-partition ofX . Letfα be defined on an arbitrary x ∈ X by lettingf(x) = yi ,
where i < � is such that x ∈ Biα . Thenfα is locally constant on the above mentioned
�+-Σ0

�-partition, and f = ulimα<� fα by the choice of the open sets Uiα . �

Of course, by (the analogue for uniform limits of) Remark 2.4 we can replace
uniform �-limits with uniform �-limits in both (2) and (3) of Theorem 7.2.

Corollary 7.3. Let X ∈ M�, (Y, dY ) ∈ M̂�, and 1 ≤ � < �+. Then

M�(X,Y ) = D�-ulim Δ�(X,Y ).

Proof. The left-to-right inclusion follows from Theorem 7.2, while the reverse
inclusion holds by Δ�(X,Y ) ⊆ M�(X,Y ) and Lemma 7.1. �

By virtue of Theorems 6.14 and 6.16, all the results of this section also hold for
the collection B�(X,Y ) of �-Baire class � functions, for every � < �+ (under the
appropriate hypotheses on X and Y ). In particular, while B�(X,Y ) is far from
being closed under D�-limits, which indeed generate the next class B�+1(X,Y ), it is
instead closed under uniform D�-limits.

§8. Final remarks and open questions. Theorems 4.5, 6.14, and 6.16 provide a
quite satisfactory answer to our initial problem. However, as discussed at the end
of Section 4, it would be interesting to understand if it is possible to further reduce
the number of limits needed to perform this kind of analysis. In particular, in the
regular case it is natural to wonder whether sequential limits (of any length) suffice.
An attempt in this direction was made in [22], where �-Baire class � functions are
defined as the collection of all κ-limits, for κ ≤ �, of functions with �-Baire class
smaller than �. The setup is that of a regular cardinal � and of functions between
some fixed subset X of �� and the whole generalized Baire space Y = �� , thus
this definition is precisely what we are considering in the present discussion. After
providing a game characterization of the classes M�+1(X,Y ), in [22, Theorem 4.12]
it is claimed that all �+-Σ0

�+1-measurable functions are of �-Baire class � according to
the previous definition. The proof is by induction on � < �+, but as observed it has to
fail at the first limit level with small cofinality, i.e., at stage � = �: since the functions
of finite �-Baire class are those in M<�(X,Y ), any κ-limit of such functions must be
in M<�(X,Y ) itself if κ = � (Proposition 4.6), or it has to be �+-Δ0

�+1-measurable
if κ < � (because �+-Δ0

�+1 is a �-algebra). In other words: when confining ourselves
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to sequential limits, in order to capture �+-Σ0
�+1-measurable functions for � limit

with cof(�) < � it is necessary to use (at least) double limits. Despite the failure of
the naı̈ve approach undertaken in [22], using nested sequential limits it might still
be possible to answer affirmatively the following questions, which to the best of our
knowledge are still open.

Question 8.1. Let � be regular, andX,Y ∈ M�. Does the collection of all �+-Borel
measurable functions from X to Y coincide with the closure of continuous functions
under κ-limits, where κ varies among regular cardinals up to �? If � < �+ is limit with
cof(�) < �, is it true that M�+1(X,Y ) = �-lim

(
cof(�)-l̂im�M<�(X,Y )

)
? Can we at

least have M�+1(X,Y ) ⊆ �-lim
(
cof(�)-limM<�(X,Y ))?

A positive answer to these questions would provide optimal results. As a partial
contribution in this direction, we notice the following.

Proposition 8.2. Let X,Y ∈ M�, and let � < �+ be a limit ordinal with
cof(�) < �.

(1) If f : X → Y is locally constant on a �+-Σ0
�-partition of X of size at most �,

then f ∈ cof(�)-l̂im�M<�(X,Y ).
(2) Iff : X → Y is�+-Σ0

�-measurable, thenf ∈ �-ulim
(
cof(�)-l̂im�M<�(X,Y )

)
.

Proof. (1) The proof is similar to that of Claim 6.5.1. Let (Aj)j<J , for some J ≤
�, be a �+-Σ0

�-partition of X such that f is locally constant on it. By Lemma 3.5 (if
� > �) and [7, Proposition 4.2.1] (if � = �), there are a strictly increasing sequence
(�α)α<cof(�) cofinal in � and sets Bjα ∈ �+-Δ0

�α (X ) such that α ≤ α′ ⇒ Bjα ⊆ Bj
α′

and Aj =
⋃
α<cof(�) B

j
α , for every j < J . Fix any ȳ ∈ Y and define gα : X → Y by

setting

gα(x) =

{
f(x) if x ∈

⋃
j<J B

j
α

ȳ otherwise.

Then gα is �+-Σ0
�α+1-measurable, and f = l̂im

�
α<cof(�)gα , as witnessed by the

increasing covering (Xα)α<cof(�) of X given by Xα =
⋃
j<J B

j
α .

(2) Use part (1) and Theorem 7.2. �

We also observe that by Theorem 7.2, to deal with the case of arbitrary functions
in M�+1(X,Y ) for � < �+ limit with cof(�) < �, it is enough to solve the problem
for functions which are locally constant on a �+-Σ0

�+1-partition of size at most �.
Arguing as in Section 6 (and using in particular Claim 6.5.1), such functions can be
obtained through a limit operator of the form lim� ◦ limcof(�) if the �+-Σ0

�+1-partition
is finite or, more generally, of size smaller than cof(�). Unfortunately, although the
remaining gap might seem small, we cannot yet close it.

In the case of a singular cardinal �, instead, it seems hard to conjecture that
sequential limits can suffice, as only short limits are available because �-limits are
equivalent to �-limits by Remark 2.4, where as usual � = cof(�) < � (see also
Remark 6.17). However, it makes sense to ask whether Fin�-limits are enough to
describe the whole structure of �+-Borel measurable functions and its stratification
given by �-Baire class � functions. The question makes sense also in the regular case.
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Question 8.3. Let X,Y ∈ M�. Does the closure under Fin�-limits of M1(X,Y )
coincide with the collection of all �+-Borel measurable functions? In particular, is it
true that M�+1(X,Y ) = Fin�-limM<�(X,Y ) when � < �+ is a limit ordinal?

Finally, recall that in Theorem 4.8 we proved that there is a single directed set
in D�, namely F̂in�, which can generate the whole class of �+-Borel measurable
functions, globally. This naturally raises the question of whether it can also give a
level-by-level result. As usual, the answer is positive for successor levels and, if � is
regular, also for limit levels of cofinality �. However, the remaining cases are still
unclear.

Question 8.4. Let X,Y ∈ M�, and let � < �+ be a limit ordinal. Is it true that
M�+1(X,Y ) = F̂in�-limM<�(X,Y )?
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