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We consider a storage model that can be on a’Wfien on the content increases

at some state-dependent rate and the system can switch to the off state at a state-
dependent rate as welWhen off the content decreases at some state-dependent rate
(unlessitis at zernaand the system can switch to the on position at a state-dependent
rate This process is a special case of a piecewise deterministic Markov proéess
identify the stationary distribution and conditions for its existence and uniqueness
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1. INTRODUCTION

We consider a storage model that can be on or Wfhen on the buffer con-
tent (storage level increases at some state-dependent rate and the system can
switch to the off state at a state-dependent rate as. Wéilen off the content
decreases at some state-dependent (tatkess it is at zerpand the system can
switch to the on position at a state-dependent.rée two-dimensional Markov
processM = {(X,, l)|t = 0}, whereX; denotes the buffer content and the “back-
ground state’l, is alternatingly on and offis a special case of a piecewise deter-
ministic Markov proces$5]. This type of model is often referred to as a fluid
queue Fluid queues have frequently been used to model production systasms
well as telecommunication systems at the burst level

An interesting class of fluid queues is formed by the Markov-modulated fluid
queuesin which {I;|t = 0} is an underlying Markov process that determines the
rate at which the buffer conteift increases or decreasaskey reference i2]. An
important recent generalization is tleedback fluid queue ], in which not only is
the buffer content determined by the background process but the background pro-
cess is also influenced by the buffer contérgedback fluid queues may be used for
studying the interaction between a communication network and its sotocesam-
ple, feedback schemes in access communication networks were analy2€dLity
via a feedback fluid queue

The model under consideration in the present article can be viewed as a feed-
back fluid queue with two background states and unlimited buffer carftbatbuffer
contentX; decreases or increases at a rate that depentjswhereas changes Ip
are determined b);. In addition the rate at whictX; changes is also determined
by its own level In storage processgthere is a long tradition of studying storage
systemsor dams with a general release raf6,7]. Our main goals are to study
conditions for the existence of a stationary distribution of the Markov progéss
and to determine that stationary distribution as well as some related quantities

The article is related tf8], which considers a fluid queue with independent
and identically distributed.i.d.) (rather than state dependgah and off time pairs
and state-dependent production and release.réhesarticle also bears some rela-
tion to[14], which considers a feedback fluid queue with state-dependent release
rates ScheinhardtVan Foreestand Mandjeg$14] allow a finite numbelN = 2 of
background statedut restrict themselves to a finite buffer contehlte article is
also related td4]. When restricting consideration of our model to the states in
which the buffer content is decreasjioge obtains gueuewith workload-dependent
arrival and service rates and with service requests that depend on the workload
found at the time of their arrivaln [4], queues with workload-dependent arrival
and service rates have been studietinly with the restriction of.i.d. service
requestsThe close relation between fluid queues and ordinary queues has been
extensively studied ifi9].

The article is organized as followSection 2 contains a model descriptidine
stationary distribution of the Markov process under consideration is determined in
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Section 3 The conditions for the existence of a stationary distribution are quite
intricatg they are discussed in SectiorSkections 56, and 7 are respectively devoted
to the return time to a given buffer levéhe process restricted to dowwif ) or up

(on) intervals and the stationary distribution of the buffer content at times when the
process changes directigitom up to down or vice vergaln Section § we prove
that under some additional conditiaronvergence to the stationary distribution is
at an exponential rate

2. THE MODEL

We consider a storage systeon fluid queuewhich can be modeled as a piecewise
deterministic Markov proces$t = {(X;, I;)| t = 0} with state spacf0,c0) X {0,1}.
When in statgx,1), the process decreases at rafiex) or switches to statéx,0)
with rateA;(x). When in statd x,0), the process increases at ragex) or switches

to state(x,1) with rate Ao(x). We assume that;(x) andA4(x) are left-continuous
and thatry(x) and Ay(x) are right-continuousTo avoid an infinite number of
switcheswe assume that bothy(-) andA4(-) are boundedWe further assume that
ro(x) > 0 for all x = 0 and thatr,(x) > 0 for all x > 0 andr,(0) = 0 and that
A1(0) > 0 (so that the process does not get stuck in si@ate forevern. With these
assumptionsthe extended generator of this process can be written as follows

Af(X,1) = —ri(xX)f'(X,1) — A1(X)f(X,1) + A,(x)f(%,0),

AT(X,0) =ro(x)f'(x,0) — Ap(X)(x,0) + Ao(x)f(X,1), @

for differentiablef (x, i), wheref'(x, 1) is the derivative with respect to For back-
ground regarding piecewise deterministic Markov procedbesreader is referred
to [5].

3. THE STATIONARY DISTRIBUTION

In this sectionwe will compute the unique stationary distribution for the Markov
processM = {(X, 1;)| t = 0}. To this end we notice that the process sampled at
exponential times is Fellethat is x — U 'f(x, j), whereU ! is the transition func-
tion of the process sampled at é4p distributed timegindependent of our pro-
cesy, is continuous inx for all f(x,j) that are continuous in. When all states
communicatewhich will be the case under some natural conditions that are dis-
cussed in Section, 4\ is an irreducible T-chain and the existence of a finite invari-
ant measure for it will make it automatically Harris recurrgb]. Furthermore

the equatior(l — A)U* = | implies that a measure that satisfies

fAf(x,O)u(dx,O) +JAf(x,1)u(dx,1) =0

is invariant forU?*, and by the results df3], it is also invariant for the original
process|f the measureu is finite, M is immediately positive Harris recurrent
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With that in mind we are now set to compute an invariant distribution.fdr Let
us assume that a stationary distributi@rexists and is of the form

EL f (X0 1) = G f " g0 f (%0 dx+ ¢, f TR0t (D dx+ pfOD,  (2)

whereg; (-) are densitiegintegrate to landc, + ¢, + p = 1. In particulay for every
Borel setA and with 1,(0) denoting the indicator function of the eveit€ A}, the
stationary distributionr is given by

m(A0) = Cof Jo(X) dX,
A
3)
m(Al) = le 012(X) dx + p1a(0).
A
THrEOREM 1: Assume that a stationary distributianexists and is of the form (2).

(@) 1f [S{[Ao(u/ro(w] — [A1(u)/r1(w)]} du is finite for some > 0, then

1 I I O]
gi(x) = a1 (X) eXp[ J; ( ro(u)  ra(u) > du}’ @
where
Y D N B (Y REC B
a = J; ri(x) exp[ fo ( ro(u)  ry(u) ) du} . ®
furthermore,
o - i ,  i=01,
[ %} + aq + )\_(O)
. (6)
21(0)
p =
apt+ ay + m

(i) Otherwise,

1 N C Py
600 = exp{ £<ro<u> n(u))d“]’ "

where[” = — [ for x < ¢, and

I R B (VR PO} .
““fo 00 exp{ L(row) u(u))d”} dx ®)
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furthermore,

;

G = ’ IZO,l,

apt+ ay (9)
p=0.
Proor: From the form of the generatarve have that

0= cofoo Jo(X) AT (x,0) dx + leoo g (x) Af(x,1) dx+ pAf(0,1)
= COJ [ro(X)go(X) ' (X,0) = Ao(X)go(X) F(X,0) + Ao(X)Go(X) f(X,1)] dXx

+ cljo [—r1(X) 91 (X) ' (x,1) = 21(X)82(X) F(X,1) + A1(x)g1(x) F (x,0)] dx
— pA1(0)f(0,1) + pA,(0)f(0,0). (10)
Takingf(x,1) = f(x,0), we obtain

oo

Cojwro(x)go(x)f'(X,O)dXZ le ri(x)g:(x)f'(x,0) dx. (11)

Since(11) should hold for all differentiable functiorfg-,0) for which the integrals
are well definedthis yields the expected level crossings identiigte up= rate
down):

Colo(X)go(X) = C1r1(X)ga(X). (12)
Taking eitherf (x,0) = 0 andf(x,1) =1, or f(x,0) = 1 andf(x,1) = 0 gives

Cof Ao(X)go(X) dx = le A1(X)g1(X) dx + pA4(0), (13)

0 0

which is also expecteds it implies that the stationary rate at which the second
coordinate of the process moves from state 0 to state 1 is equal to the rate at which

it moves from state 1 to state This is also a type of level crossings identity
We now substituté13) in (10) to obtain

0= Cofo [ro(X)Go(X)f'(X,0) — Ao(X)Go(X)[ f(x,0) — (0,0)]
+ Ao(X)go(X)[ f(x,1) — f(0,1)]]dx

+ ClJOOO [—ri(X)g.(x) f'(x,1) — A(X)g.(X)[ f(x,1) — f(0,1)]

+ 2109 ([ F(x,0) = £(0,0)]] dx. (14)
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With f(x,i) —f(0,i) = f5 f'(u,i) duand a change of the order of integrati¢h4)
becomes

0= f [coro<x>go<x>—co [ rswawautc, [ Al<u>gl<u>du]f'<x,0>dx

- w[—clmx)gl(x) o e dit e [ Adwew du} F(x1) dx

(15)

Since(15) should hold for all differentiable functions for which the integrals are
well defined we obtain that necessarily

[o%e]

0 = Coro(X)go(x) — Cof Ao(U)go(u) du+ clf A1(u)gy(u) du, (16)

as well as

0= a6t~ & [ AWeWdute [ tWgpwd  @7)

Due to(12), the last two equations are identical
Let D;(x) be such thab{(x) = A;(x)/r;(x). Then with h(x) = coro(X)go(X) =
c1r1(x)g1(x), we have that

0= h(x) _foo D4(uyh(u) du +Jw D:i(u)h(u) du (18)

and thus
h'(x) = —(Do(x) = D1(x))h(x). (19)
This implies that
h(x) = ce [Po0 =13 (20)

Since theg; (x) are densitieq4) follows. It remains to compute the constangsc,,
andp. First, recall thatcy + ¢, + p = 1. Second (12) implies thatc, /¢, = a4 /ap.
Finally, lettingx — 0 in (16) and using13), one obtains thgiA,(0) = cyro(0)go(0).
If Do(X) — D1(X) — o0 asx — 0 or A4(0) = oo, then necessarilp = 0. Otherwise
(4) with x = 0 yields

/\1(0) ao'

P (21)

The theorem follows [ |

Remark 1:Several special cases of this result are contained in the liteydture
example (i) the case\;(x) = A, Mi(X) = | gives a classical two-state fluid queue
with exponential buffer content densitigs(-) andg,(-) and(ii) if Ao(x) andrgy(x)
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go to infinity with Ay(X)/ro(X) = |, one obtains aM/M/1 queue with expy) ser-
vice time distribution and with state-dependent servicemg@te and state-dependent
arrival rated(x). The stationary workload distribution of that model has already
been derived in4, Sect 4].

Remark 2:1t should be noted thag; (x)r;(x) depends on;(x) andr;j(x), j = 0,1,
only via their ratio Similar observations for related models have been ma@]in
and have been explained there via a rescaling of.time

Itis evident that a necessary condition for the results of the theorem to be valid
is thatay anda, are both finite In the next sectioywe study the conditions for the
existence of a stationary distribution #ff in detail

4. CONDITIONS FOR IRREDUCIBILITY

Since we showed that whenevey(0) > 0, oy < oo, anda; < oo, there is a sta-

tionary distribution in order to show that it is uniquét suffices to prove that the

processM is irreducible and nonexplosiv&his will also imply that the process is
positive Harris recurrentWe will show that the following set of conditions implies
that M is indeed irreducible and nonexplosive

Condition 1
© ] fx Ao(U) Al(u)> } .
——exp| — —— — —— |duldx< oo fori=0,1.
fo r () p[ 1<ro<u> ()
Condition 2

y o1
fmdu<oo forall0 < x <y < oo andi =0,1.

Condition 3

Y Ai(U) .
mdu<oo forall 0 < x<y<ooandi =0,1.

Condition 4

* 1 * Ao(U)
du=oc0 and ——du=o0 forsome(hence all x > 0.
X ro(u) X ro(u)

Condition 5 If

Jy u
du = oo,
o r(u)
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then

Y Aq(u)
——du= oo forsome(henceally> 0.
o ri(u)

Remark 3: Note that Conditions 1 and 4 together imply tHgt{[ Ao(u)/ro(u)] —
[A1(u)/r1(u)]} du = oo for any givenx.

Condition 1 states thaty < co anda; < co. Note that the lower limit of the
integral in the exponent is 1 and natThis is not a mistakesince we want to allow
for the case wherBy(x) — D;(X) — co asx — 0. Whenx < 1, [} = —fxl, as usual

Next, assume that given we are in stat€l), the time to get fronxtoy (y to
X), where 0< x < y < oo, is finite. The condition for this is Condition.Zwo types
of explosion may be possible in such a proc&xse is where the content reaches
in a finite time and the other is where there may be an infinite number of switches
between 0 and 1 in a finite tim&o prevent the firstit suffices to assume that the
first part of Condition 4 holddn order to prevent the seconsle have assumed that
A;i(+) are boundedTo make sure that all states are reachaiblsuffices to assume
that starting from any stafte,0) ((x,1)), the time until a switch is made is greater
than the time to reach any lewel> x (y < x) and is as. finite. Starting from(x,0),
the time to reacly > x (provided there is no switghis 6(x, y) = [,/[1/ro(u)] du.
DenotingT to be the switching time andl, (t) the unique solution ofy, o(t) = X +
Jaro(Wy o(u)) du, we have that

0(x,y)
PoolT> 0(x,y)] = eXp[— fo ' Ao(Wy o(S)) dS} = eXP[— J " Aoll) du].

ro(u)

Thereforeit is immediate that in order fd? o[ T > 6(X, y)] to be positive for every
finite y > X, we need to assume that Condition 3 holdsifer0. Since the first part
of Condition 4 implies tha# (X, y) — oo asy — oo, the second part assures us that
Tis as. finite.

Similar reasoning applies to the switching time from 1 tovith the possible
exception when stat€0,1) is not reachablein which case it can be removed
from the state space in order to maintain irreducibilithis happens when
JJ[1/r1(u)] du = . In the latter casethe condition that the switching time issa
finite is the necessary condition in Condition 5

5. EXPECTED EXCURSION TIMES

In this sectionwe compute the expected timeéREy) that it takes for the buffer
content to return to a given levglafter an instant where it crossed it from below

THEOREM 2:

ER(Y) = ao(y) + as(y), y>0, (22)

https://doi.org/10.1017/50269964805050011 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964805050011

ON-OFF STORAGE SYSTEMS WITH STATE-DEPENDENT RATES 9

where

S O B et IR L)) -
ai(y)—fy ri(x)exp[ L(ro(u) r1(u)>du}dx, i=0,1 (23)

If the conditions for p> 0 are satisfied, then it also holds for=y 0.

Proor: Fory = 0, whenp > O, if ¢ is the expected regenerative epdclcle
time), then it is clear that

1
A4(0)

p_ HC )

wherep is given by(6). Sq e = ag + a; + [1/A11(0)]. Hence the expected return
time to zero must be, + a4, which, indeed equalsyy(0) + «4(0). By reflecting the

process at some positive leweinstead of zerdi.e., by settingr,(y) = 0 and start-

ing the process dty,0)), the result for any > 0 is easily concluded u

The following intuitive argument also leads to the same formulaguifarThe frac-

tion of time that the buffer content spends just above level 0 in a given cycle can be
thought of as the density at zecggy(0+) + ¢,9:(0+). During a single cyclgthe
buffer content spends the infinitesimal tinh&/ro(0+)] + [1/r.(0+)] just above

level O. Therefore

1 1
+

ro(0+)  ry(0+)
He '

CoGo(0+) + ¢, 0:(0+) =
Applying Theorem 1we see that this is consistent witlh = ag + a4 + [1/A1(0)].

6. THE PROCESS RESTRICTED TO DOWN OR UP INTERVALS

The process restricted to down intervaélbe off staté decreases at a rate(x)
when at levek > 0 and has jumps ypvhich are state depende@tandard regen-
erative arguments imply that for the cgse- 0, the stationary distribution function
of this restricted content process is given by

L
A4(0)

F(w) = (24)

+a1f g1(x) dx
0

1, '
PR

Wheni(x) = A, r1(x) =1 forx > 0, Ag(X)/ro(x) = ufor x=0, andr < 1, it
is easy to check thatt F(w) = (A/p)e” "~ MW_ For this casgthe restricted process
is the workload process of a1/M/1 queue for which this formula is well known
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As for the process restricted to the up intervédle on statg the stationary
distribution of the content level has the dengity-).

7. THE STATIONARY DISTRIBUTION OF PEAKS AND VALLEYS

In this sectionwe want to compute the distribution of local minima and maxima of
M. Each forms a discrete-time Markov procegée call the local maximgpeaks
and the local minimavalleys Beginning with valleys and assuming that> O,
Theorem 51 and the resulting Eq20) of [4] cover the model considered here
when we restrictM to down intervals Therefore if we denote byVy a random
variable that has the stationary distribution of the process restricted to down inter-
vals and by, the stationary distribution of the discrete-time process of valleys
(which in the restricted process are the states right before jumpshgn for a
given bounded Borel measurable function

E[A: (Vo) F(Vp)]

Ef(Wp) = W (25)

Since by (24), for a given bounded Borel measurable functignwe have that

0 h(0) + alfo h(u)g,(u) du
Eh(\p) = 1 , (26)

11(0)

+ aq
it follows that for a given boundefj

f(0) + j AW e W) (W du
Ef (W) = _ . @7)
1+ alj A1(U)gy(u) du

Takingf(u) = 1j0,«(u), this implies that the stationary distribution function of the
valleys is given by

1+ alJX)\l(U)gl(U) du
Fu, (X) = - . (28)
1+ alf A1(u)gy(u) du
Whenp = 0, Wy has density
fu () = Oo/\l(x)gl(x) . (29)
fo A1(U)gy(u) du
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Similarly, it can be shown by identical methods tha¥\f; denotes a random vari-
able having the stationary distribution of the discrete-time peak proitessit has
the following density

Ao(X)Qo(X)
f Ao(U)go(u) du

fu, (%) = (30)

Remark 4: Equations(28)—(30) show that the densities of valleys and peaks are
proportional toAy(X)go(X) and A1(x)g.(X), respectivelyA similar result which
may be viewed as a PASTA generalizatioras derived if4] for anM/G/1 queue
with state-dependent arrival rate and service spkatiould also be noted thédf.
Remark 2, the densities of valleys and peaks dependigix) andr;(x), j = 0,1,
only via their ratio

8. EXPONENTIAL ERGODICITY

In this section we impose the following restrictions on the process parameters
which will ensure that the convergence to the stationary distributis at some
exponential ratéi.e., that M is f-exponentially ergodiéor some functiorf > 1):

Condition AL For somee > 0,

* Ao(U) 4 Ao(v) " 1 1
WP o exp{_fx (W)d“} {M(X)L <ro<u> ! u(u))d”} du

=l-e

Condition A2 There exists & > 0 so that

* Ao(u) u )\0(1)) " u 1 1
EEP“(X)L ot exp{_fx (W) dv} exp[c f <ro(v> * rl(v)> d”} du

=B < co.

We will show that under those conditigribe process\ is f-exponentially ergodic
as defined if13], with f =V + 1 (V defined below:

1 ifx<1

V(X,l): fx 1 d ifx=1
exp|c ul ifx=1,
P 1 r1(u)

[ Ao(u) " Ao) “c
V(x,0) —fx _ro(u) exp{ fx ro) dv} epr; ) dv]V(u,l)du.

We do this by verifying thatdV(x,i) = —kV(x,i) + k, for somek; > 0 and
ky, < oo, thus verifying ConditionCD3) of [13]. The verification forAV(x,0) is
easy
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AV(x,0) = ro(x)< ro(( ))V( x,1) + ;’(( ))V( x,0) — e V(x,0)>
— Ao(X)V(X,0) + Ao(X)V(X,1)
= —cV(x,0). (31)

Now, considerAV(x,1). With R;(x) = [,[1/r,(u)] du for x = 1, we have

AV(x,1) = —ceR™1, 1 — A (X)V(X,1) + A1(X)V(X,0). (32)

It is easy to see that for < 1, AV(x,1) is bounded as a product of a continuous

function and a bounded function(x). Forx = 1,

B R (u) _ (U)
AV(X,1) = Ay(x)ce ()L ro(u) p{ -[( ro(v) }

X (¢t expcfu ! + ! dv|—1|- ! du (33)
x \lo(v)  r1(v) A1(x) )

Using the Taylor expansion

u 1 1
exp[cfx<ro<v>+rl<v>> ]<1+ f (row) <u>>d
C 1 2
EU <ro(v) (v)) >

1
xexp{c <ro(u) rl(v)>dv]’ (34)

it follows that

AV(x,1) = Ce°R1<X>f O(U) {_ JU Ao(v) dv}

. Toll) © ro(v)

A f B P
X {[ ) ] o) T )% ]
C u/q 1 2
003 (J <r0<u> * n(u)) d“)
X exp cfu ! + ! dv| ¢ du (35)
X ro(U) rl(U) )
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But by Condition A1 and Condition,4or x = X,

* Ao(u) Y Ao(v) vl 1
fx o) eXp[—fX T0) dv] {M(X)fx (ro(v) + I’l(v)> dv — 1] du< —e.

(36)

As for the second term in the expression f#V(x,1), we use the inequality® =
2A%e** with A = ¢*/2 andc < A to show that

(fu< 1 + ! )dv)zexp{cju< ! + ! )dv}
x \lo(®)  ry(v) x \lo(®)  ry(v)

. (YL 1
< 2A exp{c £<r0(0)+ rl(u)>dv}’ (37)

and according to Condition A2

crioo | [ AW T [ o) cf (v 1 1 2
cecRul >{fx o) exp{ fx ) dv]/\l(x) Z{L <r0(v) + rl(v)> dv]
u 1 1
) exp{cfx (row) ! rl(z»)) d"} d“}

< c2eR0A2B, (38)

It thus follows that withc as above and > 1,
AV(x,1) = e*R™[—ce + c?A?B]. (39)

We now choose < €A%/2B and forx = x,, we obtain
—Ce
AV(x,1) = TV(X,l), (40)

and it is bounded fok < x,. It follows that the functiond/(x,i),i = 0,1, satisfy
condition(CD3) of [13] and thus Theorem 61 of [13] implies thatM is exponen-
tially ergodic
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