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An additive decomposition of a set I of nonnegative integers is an expression of I as
the arithmetic sum of two other such sets. If the smaller of these has p elements,
we have a p-decomposition. If I is obtained by randomly removing n* integers from
{0,...,n — 1}, decomposability translates into a balls-and-urns problem, which we start to
investigate (for large n) by first showing that the number of p-decompositions exhibits a
threshold phenomenon as « crosses a p-dependent critical value. We then study in detail
the distribution of the number of 2-decompositions. For this last case we show that the
threshold is sharp and we establish the threshold function.

1. Definitions, notation and basic properties
For integers i and sets of integers J and K, we use the fairly standard notation
i+J=J+i={i+j:je]}, J+K={j+k:(jk)eJ xK}.
In this paper, we restrict ourselves mostly to sets of nonnegative integers, though we do

allow ourselves the first notation with negative i, so long as —i is less than min J.

Definition. A set I of nonnegative integers is said to be decomposable if there exist
sets J,K, each with at least two elements, such that I =J + K. We also say that I is
J-decomposable, that (J,K) is a decomposition of I, and that J is a decomposition factor
for I.

Thus, a set of two integers is never decomposable; a set of three integers is decomposable
if and only if they are in arithmetic progression; and a set {a,b,c,d} of four integers
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a < b < c¢<dis decomposable if and only if a+d = b + c. (In this paper, we consider
the decomposability of finite sets only.)

Issues of decomposability of integer sets arise occasionally in mathematics and computer
science, most immediately in the context of the factorization of polynomials, since plainly
a necessary condition for a polynomial in one indeterminate with coefficients in some field
to split into two factors is that its set of exponents be decomposable. The more restrictive
notion of irredundant decomposition, where it is required that the map (j,k)+— j+ k be
one-to-one, gives a necessary and sufficient condition for a factorization to exist within
the class of Minkowski polynomials, i.e., polynomials in R[X] with 0-1 coefficients.

Decompositions are, of course, generally not unique; further, if (J, K) is a decomposition
of I, then min] = minJ + min K, and since any 0 <i< min/ can be written as j 4+ k with
0<j< minJ and 0<k < minK, resulting in (I —i) = (J — j) + (K — k), decomposability
is seen to be, in effect, a property of equivalence classes of subsets of N under translation.

Equally, if I =J 4+ K then also I = (J —minJ) + (K + minJ), providing the following
result.

Lemma 1.1. If I is decomposable, then it admits a decomposition factor containing 0.

So in investigating whether a set J may be a factor of decomposition of I, we need,
and shall, only consider sets containing 0. This remark lies at the root of the critical
phenomena to be investigated. Also note that for one of the factors to be a subset of I, it
is necessary and sufficient that the other factor contain 0 ( I = J + K with K < I implies
min/ = minJ + minK > minJ + min I, so minJ <0); and for both factors to be subsets
of I, it is necessary and sufficient that I contain 0.

Lemma 1.2. A necessary and sufficient condition for a set J containing 0 to be a decom-
position factor of I is: for any i in I, there is some (not necessarily unique) j in J such that
i—j+Jcl.

Proof. If I =J + K, then for any i € I there is a j € J such that i — j € K, implying
i—j+J<cK+J 1. Conversely, if the condition is true, let K ={k e N:k+J < I}.
By construction J + K < I, and by hypothesis I < J + K. (]

Note that for an arbitrary J, the condition in Lemma 1.2 is necessary and sufficient for
J —minJ to be a decomposition factor of I; J itself is one, if and only if the condition
holds with the added requirement that j<i. Of course, for J containing 0, the definition
of K might as wellread K ={kel :k+J <1}

For a given J, we now characterize the sets I which are not J-decomposable. This
follows by negating the condition in Lemma 1.2.

Proposition 1.3. Let ®; be the set of fixed-point free maps from J to itself, and for ¢ € @,
set

Ay ={IcN:@iel)(Vjeli—j+¢() ¢
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Then

{I =N :J isnot a decomposition factor for I} = U ﬂ{b
P,

(We exclude maps ¢ with fixed points simply because they all give empty .7 ¢s.) To gain
familiarity with Proposition 1.3, the reader may wish, before proceeding, to turn to the
preliminary material of Section 3, where the case |J| = 2 is worked out in explicit detail.

To simplify the study of the problem of decomposition as defined above, a main
restriction is to consider the decomposition for a fixed size of the decomposition factor J.

Definition. A set I of nonnegative integers is said to be p-decomposable if there exist sets
J,K, one of which, say J, has exactly p elements, such that I =J + K.

In this paper we will focus on the p-decomposability of a set I of integers. In the next
section we define a natural probabilistic model and we show that there exists a threshold
phenomenon for p-decomposability as a function of an appropriate control parameter. In
the following sections we investigate 2-decomposability more specifically and we give a
detailed study, providing asymptotic distributions dependent on the control parameter,
and proving in particular the existence of a sharp threshold for which we establish the
threshold function.

2. Random model and critical behaviour for p-decomposability

We show in this section that, for a given integer p > 2, the p-decomposability of random
sets of integers according to an appropriate probability distribution exhibits a critical
behaviour similar to that observed in random graphs [4], random Boolean formulae [5],
and the partitioning of random sets of numbers [ibid.].

Consider n urns UJ[0], U[1],...,U[n — 1], into which we throw H = H(n) balls with
equal probability of landing in each urn; and associated binary r.v.s, also denoted by
Uli]. An empty urn is indicated by U[i] = 0, an occupied one by U[i] = 1 (irrespective of
how many balls it has received). Depending on the outcome of this experiment, a set of
integers I < {0,1,...,n — 1} is defined as follows:

I={i:0<i<n—1U[]=0).

In other words, we remove from {0,1,...,n—1} = [n] the integers corresponding to
occupied urns.

We are interested in the limiting behaviour of the p-decomposability of I for large n,
with H = n*(1 4 o(1)) for some real (constant) o €]0, 1[, the control parameter; though
occasionally we assume a more general form for H, the number of integers removed from
[1], or of occupied urns. According to the value of o, two very different types of behaviour
arise as a function of a critical value of o.

To show this, we first establish two facts, one regarding almost sure decomposability,
the other almost sure non-decomposability. Throughout the remainder of this section
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we set

% = oe(p) =1—1/p. (2.1)

Lemma 2.1. There is a fixed subset with p elements, Jo = N, which, provided o < o, a.s. is
a decomposition factor of 1.

Proof. We may take Jy to consist of any p numbers 0 = jo < ji < j» < - < jp—1, such
that j,.; > 2j, for all v; for example, j, = 3" for v >1 will do nicely. (The condition
may be somewhat stronger than really required, though it would be unsuitable merely to
specify sequences from which no arithmetic progression may be extracted.)

Observe that, for any integer i, the intersection of any two of the p setsi — j + Jo, j € Jo,
reduces to {i}. Indeed, supposing —j +j' = —j+j, j# j, j # j (hence j # j), we may
assume, without loss of generality, that the largest of the four js is j'; since this cannot
be jo (or ji or j» actually), we have j = j,.; for some v, and all three other js are < j.
Therefore, j/ — j> j,+1 — jo > j» > j — j, a contradiction.

We may assume n > 2j,_;. For an arbitrary ¢ € @y, it follows from the definition of
&i{b‘) that the event I € Mio is contained in the union of the events D?,D‘f and Dg’ defined
as follows:

DY : @en) (pa<i<n—1—joy AU =0 A (Vj€Jo)Uli—j+¢(j)] = 1),
D¢ @ieln) (i<ji AU=0A Uli—0+¢0)]=1),
DY: @iem) (iZn—jp1=jp1 AUl =0A Uli—jpi + ¢(p-1)] = 1).

Consequently Pr(I € &/‘Jj’) < Pr(D‘f) + Pr(D‘f )+ Pr(Dg’ ), and the three probabilities on the
right are estimated ‘by decomposing w.r.t. (not necessarily disjoint) events of the form
i =v’. More precisely, each of Df), Dg’ and D? is an event & of the form (3i € [n])I1(i),
where II(i) is as just indicated. We express & as the disjunction ITI(0)V I1(1) Vv I1(2)
V-V II(n— 1), where a great many terms are obviously (deterministically) false and are
therefore dropped. Since the I1(v)s are rather cumbersome to write, we will use the more
concise notation & Ai := v instead of I1(v).

For DT, we draw on our preliminary observation to conclude that the p urns U[i — j +
¢(j)] are distinct, hence
Pr (DY) < Pr(DYAi = jo—1) + Pr(D{Ai = jpy+ 1)+ +Pr(D{Ai=n—1—j,)
< (n— 2jp—1) Pr(p given urns are occupied and another one is empty)

— 1)H- —1)--- —
<2y D PR o (1),

The other two are similar and somewhat simpler:

Pr(DJ) < Pr (DY Ai=0)+Pr (D Ai=1)+ - +Pr (D Ai:=ji —1),
Pr(D}) < Pr (DY Ai=n—j—1)+ Pr(D{ ANi=n—j,_i+1) 4+ +Pr (D Ai:=n—1),
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and both are no larger than
Jp—1 x Pr(a given urn is occupied and another one is empty),

so that
. (m—1DHTH H
PI'(D;)) +PI'(D§)) <2 X]p_lT =0 ; .
Finally, since @, has (p — 1)’ = O(1) elements,

Pr(I is not Jy-decomposable) < Z Pr (I € ,524;’)
PED,

o{ ) so(2)

It follows that if H?/nP~! tends to zero as n goes to infinity, the specific set Jy is almost
surely a p-decomposition factor of I, and a fortiori I is almost surely p-decomposable. In
particular, p-decomposability succeeds a.s. if H (the number of balls, or the number of
integers randomly withdrawn from [n]) is asymptotically n* with o < «.. L]

Lemma 2.2. Unconditionally w.r.t. the behaviour of H, we have
Pr(I is p-decomposable) < n? ex ! H\'
p p = p (p+1)2 \ n% ’
so that 1 is a.s. non-p-decomposable for H ~ n* with o > a,, or, more generally, whenever

lim H > 1
= n%(p(p+1)2Inn)tr =

(2.2)

Proof. We take into account all potential p-decomposition factors of I, i.e., all sets
J < [n] with p elements (recall that we assume minJ to be 0). However, in order to prove
that a given J is not a p-decomposition factor of I, it suffices, according to Proposition 1.3,
to exhibit a single ¢ € ®; such that I € &40. We systematically select ¢g = ¢ given by

$0(0) = min(J\{0}), ¢o(j) =0, for j>0.

The set W, = {do(j) —j : j € J} also has p elements, and the probability that J is a
p-decomposition factor of I is bounded by the probability of the event E;; that every
translate i+ Wj,i € I, intersects I. Now, it follows from standard Poissonization, de-
Poissonization arguments (e.g., [8]) that the urns are asymptotically independent, so we
may assume n to be sufficiently large that each urn is considered to have the probability
H /n of being occupied, and 1 — H/n of being empty; and x urns, to have the probability
(H/n)* of being all occupied. Moreover, a set of g integers can intersect at most g> of
its translates, so for any iy € [n] there can be no more than (p + 1) values of i € [n] for
which i + (W; U {0}) intersects iy + (W, U {0}). We can therefore find a set H; < [n] with at
least n/(p + 1)* elements, such that for i € H; the sets {i} U (i + W;) are mutually disjoint.
Because of this disjointness and the fact that W; does not contain 0, the 2|H;| events
ig¢l,ie Hyand I N(i+ W;)# 0, i € H;, may be regarded as mutually independent. Let
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k;(i) be the number of elements of i + W, that are in [n], so 0 < x;(i) < p. Then

Pr(Ej ) =Pr{Vie n] :i¢ IVIN(Gi+ W)+ 0}
<Pr{Vie Hy:igIVIN(i+ W)+ 0}
<[] Prligrvini+wynn) 0}
i€H;
< H{l— (1—E> Pr(I N ((i + WJ)ﬂ[n])=@)}.

; n
IEH./

The probability appearing in the last product is the probability that (i) urns are occupied,
or (H/n)<D > (H/n), so

n

H\" [(H\"" w7 1 Hr

Hence, for sufficiently large n and any J < [n] with p elements,

. p
Pr(E;;) <2 exp(ﬁ (nﬂ) ) (2.3)

Since there are (Z) < n”/2 such sets, the bound on the probability that I is p-decomposable
follows, as does the statement about the case o > o.. As for (2.2), we need only rewrite
this bound as

p
Pr(I is p-decomposable) < exp{—p Inn [p(p—l—ll)zlnn <g> — 1] } ]

Lemmas 2.1 and 2.2 imply the following.

Theorem 2.3. Let o be defined by (2.1). Then, if o < o, I is a.s. p-decomposable, whereas
if o > o, I is a.s. non-p-decomposable.

We will see in Section 7 that, up to the constant, for p = 2 the upper bound deduced
from (2.2) actually corresponds to a sharp threshold function for 2-decomposability.
Indeed, by a detailed analysis we will establish the following.

Theorem 2.4. Let the set I be obtained by randomly removing H integers from [n]. We
have :

ey T H
1 if hm—\/m <1,

H
——>1
/1/2nlnn i

This result for 2-decomposability and the above general upper bound lead us to suggest
as a conjecture that n*(p~'lnn)!/? is a sharp threshold function for p-decomposability.

lim Pr(I is 2-decomposable) = )
n—o0 0 lf lim
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3. 2-decomposability: Preliminary analysis

Since our main concern in this paper will be 2-decomposability, it is worth examining
in more detail how to recognize whether some set [ = [n] admits J = {0,a} as a
decomposition factor. As it turns out, we need only ascertain, for all i € I, whether
the integers i + a lie in I.

Indeed, of the 4 maps from J to itself, only one is fixed-point free, namely ¢ given
by ¢(0) = a and ¢(a) = 0. Hence, the general condition excluding J as a decomposition
factor for I,

Fel@Fped)(Vjeld) i—j+o(j) ¢l
just reads in this special case:
Fiel) i+a¢l Ni—aégl. (3.1)

Now when we look at the random model, integers outside [n] are deterministically excluded
from I, while for those in [n], inclusion in I is random. Thus, from a probabilistic viewpoint,
it is appropriate to distinguish four mutually exclusive cases,

A . i+ a are both in [n],
: only i—ais in [n],

B
C: onlyi+ais,
D

. neither is;
that is,
A:iza Ni+a<<n—1, e, 2a<n—1, a<i<n—a—1,
B:iza Ni+az>n, ie, max(a,n—a)<i<n—1,
C:i<aANit+asn—1, ie, 0<i<min(a—1,n—1—a), (3.2)
D:i<aANizn—a, ie, a>n/2, n—a<i<a-—1

According to which of these holds, we have distinct (and immediate) translations of (3.1)
in terms of empty and occupied urns.

3.1. The singletons and the doublets

In this section, we analyse for large n the number of singletons and doublets in our urn
model. This will be useful in the next sections. We recall the model: we have n urns
U[0]..U[n — 1] and we throw n* balls, 0 < « < 1. For fixed a, let H,; denote the event
{U[i] and U[i + a] are occupied}. Let v; denote the event U[i] is empty, and similarly for
vij. Then, by inclusion—exclusion,

Hyo = [1 = vol[1 —va] =1—vo —va + voa
Let us symbolically denote by V/ the event that j different given urns are empty. Then

PV[j] =PtV =1 —j/m)" ~1—jn*/n+---
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(Maple gives expressions to the desired precision; we will only give the first terms.)
Symbolically, H,. = (1 — V)2, ie.,
p2 :=Pr[H,.] =1—-2PV[1]+ PV[2]
(we simply replace ¥/ by PV[j]). We obtain
pr = n*(—1 + n*)/n®> + n*(—=2+3n* —n®)/n’ + - .

Similarly, the event Hy; := {U[i] is occupied} has the probability 1 — PV [1] and

p1 = Pr[H.] = n*/n+n*(1 —n*)/(2n%) + n*(1/3 —n*/2 +n>/6)/n> + - . (3.3)

The event Hs; := {U[i] and Ui +da] and Uli+ 2da] are occupied} is given by (1—V)?
and this leads to

p3 = Pr[H;.] = n*(2 — 3n* + n*)/n® + n*(9 — 33/2n* + 9n* — 3/2n°%) /n* 4 - - -

and, finally, the event Hy;; := {U[i] and U[i+a] and U[j] and U[j+ a] are occupied,
j>i+a},is given by (1 — V)* and this leads to

pa = n*(—6 + 11n* —6n* +n®)/n* +--- .

We recall that |[I| = n— S, where the random variable

n—1
S := number of singletons = Z Hy;
0

has mean
Ms = E(S) = np; = n* +n*(1 —n*)/(2n) + n*(1/3 —n*/2 + n**/6)/n* + - - -,
and
pos = E(S?) = npy + n(n — 1)p
with
o2 = VAR(S) = n*(—1 4 n*)/(2n) + n*(—=5/6n** + 2n* —7/6)/n> + - -~
By standard asymptotic analysis,
S~ N (Ms, 0,
where /" is the classical Gaussian random variable and M3, o3> are the dominant terms
of Mg, a2, ie.,
Mg = n*, o> =n*/(2n).

Let us now analyse the doublets. We see that, asymptotically, the doublets are
independent: ps ~ p3. Also, p; < 1. The random variable

n—a—1

A = number of doublets = Z Hy;
0
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has mean

M :=E(A) = (n— a)py = n*(—1 +n*)/n+n* (=2 + 3n* —n** —a(—1 +n*))/n* + -,

(3.4)
and
o =E(A%) = (n—a)p + (2n+ B)ps + (0 + yn+ )pa,
where f3,7,0 are unimportant constants for the precision we need here, and
0% = VAR(A) = n*(—1 + n*)/n + n*(=3n® + (—a+ Tn* + (=4 + a))/n* +--- . (3.5)

It is now clear that we must consider three regions: o < 1/2, « = 1/2, and o > 1/2.

3.1.1. a < 1/2. In this region, we obtain, by inclusion—exclusion,

n—l—a

I 01— Hal

i=0
~1—(n—ap2+n+7)ps + (/2 +n+0)ps +---
=1+n*(1 —n*)/n+n*(1 —1/2n* — ™ + a(—1 +n*) + 1/20°*) /0> + - -+,

Pr[A =0] =Pr

n—1—a

PrA=1]=Pr| Y Hy [l - Hajl|.

i=0 i

However, we note that, as far as H,j,j #i is concerned, several balls can fall into
Uli],U[i 4+ a] (actually with a multinomial law). So we must use n* — ¢ instead of n%
with ¢(random) = O(1). To check this effect, we have expanded PV [j] with n* — ¢, and p;
becomes

Pre = [*(—=1+n") =2c +c(1 + )l /n* + -+,

P3e = [M*(2 = 3n* 4+ n®) + nc(=3n* + 3¢+ 6) +c(—2 —3c— A /n* + -+,

Pac = [*(—6 + 11n* — 6n** + n>*) + n’c(—4n** 4+ n*(18 + 6¢) — 4¢* — 18¢ — 22)

+e(6+ 1c+6c2 + ) /m* +--- .

We obtain

PI'[A = 1] ~ (}’l - a)PZ [1 - (n —1- a)pZ,c + (n + V)P3,c + (n2/2 + on + T)p4,(r + - ]
~n* (=1 4+n")/n—@n" +0m*)/n* + -,

PriA=2]=Pr|Y > HyHy; [ [1— Hal

i k(L))
~[(n+7)ps + (/2 + on+ Dpa][1 —(n—2 — a)pac + -]
~ (=2 4 5n* —dn® + 03 /(2n*) 4 .

Note that we have neglected the fact that H,; has some correlation with Hy;., and H;_,.
This will be taken into account in Section 3.1.3.

312. «=1/2. As p, ~1/n, we see that we are in the realm of asymptotic Poisson
distribution, with mean 1. This can be checked by the method of moments (see, for
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instance, Kolchin, Sevastyanov and Chistiakov [10] and Barbour, Holst and Janson [2]).
First, by Poissonization—de-Poissonization, as exposed in the nice paper by Jacquet and
Szpankowski, [8], we can again consider all urns as independent. We obtain

M~1,
w ~ 2,
13 = E(AY) = (n— a)ps + (3n* + fin+ B2)ps
+ (n* + Ban® + Ban + Bs)ps + (6n + B7)p3 + (61 + Bs)pa,

where fi, are unimportant constants. This leads to uz ~ 5, which is the Poisson(1) third
moment. The generalization to y; is tedious but obvious.

3.1.3. « > 1/2. As np, > 1, this leads to a Gaussian distribution, with mean M and
variance ¢?. This can be checked as follows. For simplicity, we assume that n is an
integer multiple of a. Let us divide the urns into a subsets Q; = [U(i),U(i+a)---],i =
0...a — 1. Again, asymptotically, we can consider the urns as independent, with occupation
probability p;. The a subsets are obviously independent. In each subset (;, we obtain
a Markov chain on doublets, with states [0,0],[0,1],[1,0],[1,1], where the urn index
represents the (discrete) time of the chain, with transition probability matrix (q; := 1 — py):

g pt 0 O
0 0 g1 pm
g pt 0 O
0 0 ¢ m

The stationary measure is given by (¢7,q1p1,q1p1,p?). Let A; be the total occupation
time of state [1,1] in ;. The stationary increase in A; is given by qip;.p1 + pi.p1 = p?
as expected. A is now given by a sum of iid. random variables A;,i =0,...,a — 1. Set
n* :=n/a. Our Markov chain is finite, ¢p-mixing and we can apply the Functional Central
Limit Theorem (Billingsley [3, p. 174, Theorem 20.1]). We obtain the following result,
where B(t) is the standard Brownian motion (BM):
Ai([n"t]) — M*n"t
a*\/ﬁ

where n*M* and n*¢*? are the dominant terms of the mean M(n*) and variance ¢*(n")
of Ai(n*). We have M* ~ p? and ¢*2 ~ p? by (3.4), (3.5). We conclude that A is indeed a
Gaussian random variable.

In the next sections the 2-decomposability is analysed in detail, when n — co, with
numerous asymptotic expressions. In particular, we introduce a random variable ND,
which is a measure of decomposability.

= B(t), n"—>ow, tel01],

2

3.2. Preliminary analysis for asymptotic expressions

We have here J = {0,a}. We first make a heuristic analysis, in order to extract the main
characteristics of our constraints. For each a, let Z, := [some suitable combination exists],
that is,

Pr[Z, = 1] = Pr[A° v B v C“ Vv D],
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and Z, = 1 corresponds to non-decomposability according to {0,a}. The constraints are
given by (value O corresponds to an empty urn and 1 to an occupied urn)

A% =VAL!, with A =[Uli—al=1AU[[]=0AU[i+a] =1],

B :=VB{, with B} :=[U[i—a] =1AU[i]=0],

CY:=VvC!, with C/ =[U[i]=0AUl[i+a] =1],

D* :=vD{, with D{ = [U[i] =0].
Let us look for the possible ranges for a and i. From (3.2), and defining an exclusion
range p(a) where no urn can be occupied, we obtain

A¢ : we must have 2a<n—1, i€la,n—1—dq],
Bf : if 2a<n, i€ [n—an—1], with an exclusion range size p(a) ~ a,

2 if 2a>n, i€lan—1], with an exclusion range size p(a) ~ n — a,
C:if 2a<n, i€[0,a—1], with an exclusion range size p(a) ~ a,

2 if 2a>n, i€[0,n—1—ad], with an exclusion range size p(a) ~n—a,

D¢ : if 2a>n, i€n—aa—1].

Set

and
n—1
ND =) Y.,
a=1

that is, non-decomposability = [ND = 0]. Actually, ND is a measure of decomposability.

Now we first make a heuristic analysis. If we neglect the events [U[i] = 0] (which each
have probability ~ 1), and if we also neglect the possible 4, B and C overlappings, we see
that

Pr[B*V CY) ~ 1 —(1=2p(a)/n)" ~ 1 — e tm/n,
which means that
Pr(BY Vv C%) ~ 0, if 2p(a) <n'™,
Pr(BYV C%) ~ 1, if 2p(a) > n'™.

Our three usual o ranges are roughly analysed as follows (and we assume, in first
approximation, independence between all Z,).

a<1/2.
o x<1/2,a<n/2: p(a) =a.So we set a] :=n'""/2.
By Section 3.1.1, Pr(4%) ~ 0, and

Pr[B*V CY ~ 0, if a<adj,
Pr[B*V CY ~ 1, if aj <a<n/2,
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e o< 1/2,a>n/2: p(a) = (n—a). So we set a5 :=n—n'"*/2, and
Pr[B*VCY ~ 1, if n/2<a<as,
Pr[B“V CY ~0, Pr[Dl~1, if a>d.

Hence ND ~ n!=*/2. More precisely, with

n/2 ”
E(ND) = Z eI ~ / e Mda ~ n/(2n%),
n/2
2 .= VAR(ND) = Ze*ZP @t (1 — g~20lan/n)

o0
~ / ¢ (1 — g2 /) G ) (4n%),
0

we have ND ~ " (m, c?).

a=1/2.
e 0=1/2,a<n/2: p(a) = a. So we set a] := \/ﬁ/2.
By Section 3.1.2, for fixed a, Pr(—A4%) ~ e~!. Thus

Pr[B*V C ~ 0, if a< Jn/2,

/2
Z [Z, = 0] ~ Bin(/n/2,¢"), if a< . /n/2, taking only A4 into account,

a=1

Pr[BV CY ~ 1, if Jn/2<a<n/2.
e a=1/2,a>n/2: p(a) = (n—a). So we set a5 :=n— ,/n/2. Then
Pr[B‘V CY ~ 1, if n/2<a<n—/n/2,
Pr[B‘V C“~0, Pr[Dl~1, if a>n— /n/2.
Hence ND ~ Bin(,/n/2,e7"), or ND ~ .A"(\/n/2e™", Jn/2e7 (1 —e7")).

a>1/2.
e o> 1/2,a<n/2:Pr(4%) ~ 1 for fixed a, by Section 3.1.3, and, with a} :=n'=*/2,

Pr[B*V C ~0, Pr(4*)~1, if a<ad,
Pr[B*V CY ~ 1, if aj <a<n/2
e o> 1/2,a>n/2: p(a) = (n—a). So we set a5 :=n—n'"*/2, and
Pr[B*VCY ~ 1, if n/2<a< a3,
Pr[B*V CY ~0, Pr[Dl~1, if a>a;.
Hence ND ~ 0 if o > 1/2.
o = 1/2 corresponds to a critical value, where we observe a phase transition.

In the first two cases, Pr[non-decomposability] ~ 0; in the third case, Pr[non-decom-
posability] ~ 1. The simulations lead to the following observations. For n = 10000,

https://doi.org/10.1017/5S0963548304006224 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548304006224

Additive Decompositions, Random Allocations, and Threshold Phenomena 549

0 - 50 100 150 200
X

Figure 1. Observed and Gaussian ND distribution function (with observed parameters), o = 0.45

o =045 of T =100 trials, we obtain Figure 1, with observed = circle, asymptotic
Gaussian = line. The observed mean is 56.69, the asymptotic mean is 79, and the observed
variance is 1474. The fit is unsatisfactory. Obviously, we cannot ignore dependencies.

4. Main results on the ND distribution
In this section, we present the main results of our paper on the ND distribution; the
proofs will be given in the next sections. Set
Jj

o) =[Ja-2", a0 =1,

k=1
Q(c0) = 0.288788095087,..., QO (j) := 1/0()),
N e )
C(j) = WQ ()
—np?

K(n,o) := ,  with p; given in (3.3), p; ~n*7!,
4

B = K(n,a)/4,
Z, = [some suitable combination exists], i.e.,
Pr[Z, = 1] = Pr[A* Vv BV C*V D],
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Y, = [Za :O] =1-2,

n—1

ND := Z Y.
a=1

Non-decomposability = [ND = 0]. Actually, ND is a measure of decomposability.

If p < 1, we have the following result.

Proposition 4.1.

Pr[ND = k] ~ (=) > (—1) (;) BO~(i).

i=k

For all f, we have the following.

Proposition 4.2.

(B
Pr[ND = k] ~ Q (oo);C(J)W~
Set
RS
| Jj=0 (B +27)"
we obtain

T 1
PrND = 0] ~ [[ -1
i LHB/2

and, for all #, we have the following result.

Proposition 4.3.

1
PI'[ND = k] ~ ﬁkPr[ND = O] Z Siﬁlsgz L.

oglog e e eoy 1292 -+ - e
o200+ +koag=k

gerND =0 3 B S AN A
- o lo !l oy !\ 1 2

o200+ kg =k

The factorial moments of (4.2) are given by

i = 1RO (1),

5. A more precise approach: The correlation problem

(4.2)

(44)

(4.5)

In this section, we analyse the range overlappings, the inter-level correlations and the
effect of empty urns. The exclusion ranges will be denoted by p(a). As, from Section 3.2,
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we only need to consider the range [0, a}], we will limit ourselves to the case a < n/6. We
will use the following notation:

P#(a) := Pr'[Z, = 0] = Pr[-A49],
PBC(a) .= PrBVC[Z, = 0] = Pr[~(B* V CY)].

5.1. Ranges overlapping for Z, =0

Let us first look (for fixed a) for the possible overlappings of B vV C ranges. We neglect,

to first approximation, the events U[-] = 0, and we concentrate on the exclusion of the

events U[k] = 1. A more precise analysis is provided later on. After a detailed evaluation,

we see that four different cases must be considered for k:

o a<n/4: Ulk] =1 must be excluded for k € [a,2a] U[n—2a,n—a], and the joint
exclusion range is given by pB€(a) = 2a,

o n/d <a<n/3: Ulk] =1 must be excluded for k € [a,n — a], and the joint exclusion
range is given by p2¢(a) = n — 2a,

e n/3 <a<n/2: Ulk] =1 must be excluded for k € [n — 2a,2a], and the joint exclusion
range is given by p2¢(a) = 4a —n,

e n/2 <a: Ulk] =1 must be excluded for k € [0,n — a] U [a,n], and the joint exclusion
range is given by p2¢(a) = 2(n — a).

Now we look for the overlapping between BV C and A. Again we first assume that the

events [U[i] = 0] can be neglected. Given the constaints due to B V C, the different ranges

for the exclusion of [U[i+ a] = 1 AU[i —a] = 1] are given by (we give only the first two

ranges, the other ones are just more complicated and will not be used from now on):

o a<n/6:pl(a)=n—4a,

o n/6<a<n/5: pa) =2a.

5.2. The events U[-] =0 in A
Let pjx correspond to the event: [j occupied urns and k empty urns, all distinct]. We have
Pr[A9] = pyy = Pr[V(1 — V)] = PV[1] —2PV[2] + PV[3]
= n*(—1 4+ n*) /0> + n* (=4 +6n* —2n**) /0> 4+ ~ py ~ p%.

Similarly, p3» = Pr[V2(1 — V)], psa = Pr[V2(1 — V)*].
As is clear from Section 3.2, we can limit our analysis to the range [0,aj], and the
exclusion range p4(a) = n— 4a = O(n).

a < 1/2. We obtain by inclusion—exclusion
PA(a) = 1= p(@)pas + (p*(a) — 2a) p3»
T ( (” AZ(“)) — (0"(@) — 20)* — (p"(a) — a)*) Pzt
~ 1= pl(a)pi ~ "M, (5.1)
o = 1/2. The Poisson approximation leads to

PA(a) ~ o P @p  pmpM @t pt @/ -1 (5.2)
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o > 1/2. We have

PYa)=Pr| J] [1—vll—vjadll—vll

Lj€p™(a)

=Pr| J[ 00— —vjadll—vjal + 1= v = vl [l = vl |-

Li€p*(a)

Set
Fi=1—[1—vjt ][l —vj_d],
Gj =1 —v][1—vj][1 —vj_dl,

which are disjoint events. We obtain

PYa)y=Pr|[][F;+> G][F+-
J i J#i

Let us first deal with ¥, = Pr[Hj F;]. We divide the range [0..p"(a)] into 2a subranges
{i,i +2a,i+4a,...},i=0..2a— 1. In each range, of size |p*(a)/(2a)|] = O(n*) (in the
neighbourhood of aj), we must exclude the events [U[k] =1A Ulk + 1] = 1], but, as
p1 = Pr[U[k] = 1] < 1, we can safely consider all urns as asymptotically independent.

Let us denote by P(m) the probability that there do not appear 2 successive occupied
urns among m urns. This is a well-known problem. We have (with ¢; :=1— p)

P(m)=piqg1P(m—2)+qP(m—1), with P(0)=P(1)=1.
The generating function (g.f.) of P(m) is given by F(z) := Y J P(m)z™. We obtain
F—1—z=pqz*F + q1z(F — 1),
or

1+Zp1

F = .
l—p1z22+piz2 —z+piz

(5.3)

We let z; denote the root of the denominator of (5.3) with smallest module (the other one
is denoted by z;). This leads to

1+ Zp1
piqizi(z —z3)(1 —z/z})’
and by standard singularity analysis, we derive P(m) ~ C/z;™, with C ~ 1 +p?, 1/z] ~
1— pf + p? + -+ . This leads to P(m) ~ e‘”’pf, which is probabilistically obvious. So finally,

P~ e an <1 (5.4)

F=

Now we consider > =3, G;[[,; F;. Asymptotically,
¥, ~ pA(a)me*(p*‘(a)*l)p% _ ef(p“(a)*l)pfo(nh/nZ).

If o < 2/3 then Ws = o(¥1), and P4(a) ~ W1 + W ~ Wy ~ e #"@P If o > 2/3, by a similar
analysis we obtain P4(a) ~ e=#"(@px1,
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5.3. The events U['] =0in BV C
o < 1/2. Let us first look at the simplest case: a < n/4. We have

PP(a) = Pr [H[l —vill =viad] J] 1=will - vi_anl

i=0 i=n—a

= Pr [H [iva + 1= vl [0 —visal] T D+ 1= wil[1— v,»_a]]] :

i=0 i=n—a
Set
Fj = Vj,
GV ==y =], GP =1 —v][1 —vjud,

which are again disjoint events. Proceeding as before, we see that

i 2a  n—a
¥, :=Pr H H Fj| ~ e~
| j=a j=n—2a
i 2a n—a
Yy =Pr Z G(jl) HFj + Z G(jz) HF]- ~ 2apre” 2 = O(n* /n)e 2P = o(P)).
| j=a i Jj=n—2a J#i

So PBC(a) ~ W| ~ 721,
To show the increasing complexity of the asymptotics, let us consider the case n/4 <
a < n/3. (But we will not need these results from now on.) After a detailed analysis, this

leads to
n—2a n—a 2a
P*a = TL 7+ 61 TT 1Fs+ 67). TT [Fi+67)
j=a Jj=2a j=n—2a
where

GY =1 —v][1 — vjsal [1 = vjal.
This leads to
P, ~ o200
Wy ~ e 2P 2(n — 3a)py + (4a — n)ps] = o).
Therefore, PBC(a) ~ e~ ("—2001

a = 1/2. We limit ourselves to the range [0,a] = ,/n/2]. By a similar analysis, we obtain
PBC(a) ~ e 2/,

a > 1/2. In the range [0,q;], we derive PBC(a) ~ e=21.
5.4. Dependencies between the different a levels

Again, as we use only the range [0, aj], we will consider the case a < n/6. From Section 5.3,
we must have ZE = 0, i.e., asymptotically, no occupied urn in [a,2a] (and similarly for
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B). If we consider some level b > a, this implies that, if b < 2a, only the urns between 2a
and 2b must be empty, which leads to a conditional probability

BvC
PBC(bla) := Pr[Z, = 0|Z, = 0] ~ ¢ 22072001

If b > 2a, no correlation exists for BC.
Let us now turn to the dependency of 4 on BC:

if b<2a, then p?(bla) ~n—6b+2a,
if b>2a, then p*(bla) ~n—4b—2a, (5.5)
and P4(bla) :=Pr'[Z, = 0|Z, = 0] is given by (5.1) or (5.2) or (5.4) (depending on o),
now with p?(b|a) instead of p?(a).
So our different cases are analysed as follows (we can of course neglect the correlation
between A at a and A4 at b).

o < 1/2. The mean of ND is asymptotically given by

ng/é: e 1

—2ap1 pA

m~ e Pia)~ ———— ~ —, (5.6)
g 2p(1=2p1)  2py

where P4(a) is given by (5.1), with p?(a) = n — 4a. Set
my = E(ND?) = m + 285,

where S, :=E(}", > ,., Ya¥s), and

n/12 2a n/6
Sy ~ Z e—ZaplpA(a) Z e—2(2b—2a)p1PA(b|a) + Z e—prIPA(b|a)
a=1 b=a+1 b=2a+1
n/6 n/6
+ Y e 2mpia) Y e X2 pA(pla), (5.7)
a=n/12+1 b=a+1

where P4(bla) is given by (5.1) (with p?(b|a)) and p?(b|a) is given by (5.5). This leads to

ef2np% 1
Sy~ w2 2
6p7 6p7
and
1
2. _ 2

a=1/2. p; ~ 1/ /n,py ~ 1/nand, by (5.2), P4(a) ~ e~ "*)/" m and S, are given by (5.6)
and (5.7), with

PA(b\a) ~ epr(h\a)/n,

o2

e

and p“(bla) is given by (5.5). This leads to m ~ 2—; and S, ~
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a > 1/2. This is more delicate and we observe a phase transition: o = 1/2 is the critical
value. We now have

n/6 0 _np? )
4 np
m~ § :e—Zaple—(n—4a)pf ~ / e—2ap1 e—(n—4a)pfda _ e "N o~ e " '
— a=0 2(p1 —2py 2p;
a=1

We also have ND ~ 22/261 Y,, and we must compute the joint distribution of Y;, Yj,....
So we obtain, with

St =m, §; ZIE(Z Z Z YaIYaz o a,)

a; ax>ay ai>dai—1

PrND =0] =Pr[(1—Y)(1—=Ys) (1= Yy )]~ 1 —m+S — S+ = Z(—l)"Si-

(5.8)
Note that if all Y; were independent, we should derive

Sy ~m?/2,8s ~m*/3),...

and Pr[ND = 0] would be given by ¢™™, which is exactly the Poisson approximation.
In fact, we have

n/6 n/6
~2 0@ > bl
a=1 b=a+1

with
ola) = o 24 ef(n74a)p%
p(bla) = e 2P PA(bla), if b>2a, (5.9)
p(bla) = e 20720 pA(pla), if b<2a,

where P4(b|a) (with p?(b|a)) is given by (5.4) and p“(b|a) is given by (5.5). Asymptotically,
we obtain (as p} < py)

n/6—1 n/6 0 b e,znp%
S, ~/ (p(a)da/ w(b|a)db~/ db/ @(a)yp(bla)da ~ 7
a b b=0 a=0 P

=1 =a+1 1

More generally, set

pA(xilx1 -+ - xi_1) := exclusion range for A at level i, given all values at previous levels,
P(xilxy e xing) = _2\11’16_,0 (xilx1+xi-1)pt ;o if x> 2%,
P(xilxg e xing) i=e 2(2x;—2xi— 1)p1e—p (xilx1ximn)p} i X < 2xioq, (5.10)
®i(x1 xl) =1,
o0
O_1(x1 - x1—1) 1=/ p(xg]xg - x-1)Op(xy - xp)dxg, [ > 1.
=Xi—1
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Then
&~/“wm®mnwp
0

The numerical values grow too rapidly with n. Moreover, expressions for p4(-) seem
difficult to compute.
We also have
[c¢]
PrND = 1] = m— 285, + 383+ = »_(—1)™*is; (5.11)

i=1

and, again, the Poisson approximation (if all Y; were independent) would lead to e "m.

More generally, we have the inclusion—exclusion principle, also called Jordan’s formula.

Proposition 5.1.

Pr[ND = k] = (—1)f i(—l)i (;) Si. (5.12)
i=k

6. Asymptotic results

In this section, we present and prove several asymptotic expressions for Pr(ND = k).

6.1. First asymptotic expressions

In this section, we give a first asymptotic expression for Pr[ND = k]. Let us first remark

that in the term e~ "#P1 of ¢(a) (as given by (5.9)) and in the term e 7 of v (as

given by (5.10)), we have a first contribution ¢! and a second contribution of the form

exp[(Y; cixi)pi]. In fact, as p? < py, this second part is negligible w.r.t. the term e=2%1 of

¢(a) and w.r.t. the term e 2?1 or ¢ 22¥—2X-1P1 of . Hence we obtain the equivalent
672np%

0 b
Siv [ b [ g tlade
h=0 a=0 p

1

where

p*(bla) =e2*, if b>2a,
p*(bla) = e2?729if h< 2a.
This leads to
s~
6p
More generally, set

05(x2) = / @"(x1)p" (x2]x1) dxy,

1=0

@mwa/ P (X )0 (i) i, > 2.

’C,’71:0
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Then
—2np? 0
Sy~ W, , with W, = / @;(Xz)ch,
- " (6.1)
—inp; 0
Si ~ Wi—i’ with W,’ = / ®f(x,) dX,'.
)41 0
We obtain

WI0..00] = [1, 1/2, 1/6, 1/21, 4/315, 32/9765, 512/615195, 16384/78129765,.. ].

An explicit expression for W; is given by the following proposition.

Proposition 6.1. For all i >0, we have

i—1 i 2i(i—3)/2
W-=||7 l|| _ , (6.2)
! L22-2 ky 2 2’< 1 T (2 —1)

where by convention an empty product equals 1 (i.e., Wy = 1).

The proof is given in the appendix. Set

J
=]J0 - 0(0) = 1,
k=1
0(0) = 0.288788095087,..., 0O (j) := 1/0(j).

These functions appear in many analyses of algorithms (see, for instance, Louchard [11]).
We obtain W; = Q—(i)/4'. This leads to W; ~ Q—(o0)/4'. Hence (6.2) shows that we must
have

efnp%
K(n,o) = <4
D1
in order to use (5.12). We now have
Si ~ WiK". (6.3)
Equation (5.12) becomes
PrIND = K] ~ (1 S 1y ()4 (64)

i=k

which is Proposition 4.1. For n = 10000, o = 0.58, we obtain K (n,a) = 0.608. A simulation
of T = 100 trials leads to Figure 2 (with observed mean). The asymptotic mean is given
by 0.317; the observed mean is given by 0.44.
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0.57

0.4+

0.31

0.2

0.1+

0 2 4 6 8 10

Figure 2. Observed and limiting (with (4.1) and observed mean) ND distribution, o = 0.58

The Poisson approximation (with the observed mean) is given by Figure 3. Curiously
enough, this is the best fit! (This is explained in the next section.)

6.2. More efficient asymptotic expressions
In this section, we present several more asymptotic expressions for Pr[ND = k]. The
factorial moments are also analysed.

First of all, we obtain

(B/2)

Pr[ND = k] ~ 0™ () ; CO T g

which is Proposition 4.2. The proof is given in the appendix.

This series is absolutely convergent. Of course, (4.2) and (4.1) do have the same moments
my, = E(ND¥). But it is easy to check that, when f > 1, my ~ k!S; ~ k!p¥Q~ (k). Even
when f > 1, these moments satisfy the relation

. 1
lim sup —m,i/
k—o0

k
< 0.

This can be seen by using Stirling’s asymptotic formula. Hence, by Feller [6, p. 228], the
distribution is uniquely determined by its moments and (4.2) is valid for all . In fact, we
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¢

0 i 3 3 % 3 ;
Figure 3. Observed and Poisson (with observed mean) ND distribution, a = 0.58

can derive a precise expression for the factorial moments of (4.2):

i (B/2)
iy = E(N ZC(J Zk’ +ﬂﬁ/2/ o
= Q—<oo)Z CO)B/2Y
j=0
= Q0 (0)I!p' H(l— ) =11'07(D),
k=I+1

by (A.7). This proves (4.5). In particular,

g = 1,
mp = m,

Hiy = 4m?*/3,
iz = 16m* /7.

Remember that, by (6.3), S; ~ f'Q=(1).
Yet another expression for Pr[ND = k] can be derived. First we obtain

PrIND=0] ~ || ———
gl—i—ﬁ/zk
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and, setting

0

1
:Z(mzf)i’

we obtain

1
= ~ Bk — oy O L. Tk
PIND =k~ FPIND = 0] 30 sy
oy 200+ +koy =k

FPND=0] > 1 (Sl)m <Sz)xz (sk)“k
- gl T\ 1 2 ()
o 42000+ +koy =k 01002 ol » 1 2 k

which is Proposition 4.3. The proofs are given in the appendix.
The number of terms in (4.4) is equal to the number of partitions of the integer k,

which is known [1] to have the asymptotic value exp(n+/2k/3)/ (4k\/§). For example, the
first four terms are

Pr[ND = 1] ~ fPr[ND = 0] 51,

Pr[ND = 2] ~ %2Pr[ND =0] (s + 57),

3

Pr[ND = 3] ~ %Pr[ND =0] (253 + 3s152 + 57), (6.5)
4

Pr[ND = 4] ~ g 54 PrIND =0] (654 + 85153 + 353 + 65752 + 57).

7. A re-analysis of the different cases

We can now re-analyse our different cases, with appropriate asymptotics.

a<1/2
e K ~1/py ~2m, f =K /4 The distribution function of ND is given, from (4.2), by
B2\
<kl ~1-— . .
PrIND <K] ~ 1 Z 25 (1)

We know that f > 1. Hence

PNk Kk _
(1Jﬂr/ﬁ2;2f) - (1+121/ﬁ> ~ (=2~ e

So we set k = xf§ and we obtain
PrND <k] ~ 1= Q7 (0) Y C(j)e?. (7.2)
=0

The fit of (7.2) with the observations (« = 0.45), with the observed mean in f, is
given in Figure 4. The fit is not completely ideal, but much better than the Gaussian
approximation.
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0.81

0.6

0.4

0 50 100 130 200
X

Figure 4. Observed and limiting (7.2) (with observed mean) ND distribution, o = 0.45

Two more asymptotic results can be obtained.

(i) From (4.3), we derive

L(B) := In(Pr[ND = 0]) ~ — i In(1 4 /25,
k=0
and, by Euler—-McLaurin, for large f,
In(Pr[ND =0]) ~ — Oﬁ In(1 + y)dy/(yIn2) —In(1 4+ B)/2.
The first term leads to

B B
~ —/ In(z)dz/((z —1)In2) ~ —/ In(z)dz/(zIn2) + Cy,
1 1
for some constant C;. We finally obtain

—In*()
2In2

+Cy—In(1+B)/2
and

Pr[ND = 0] ~ C,p~lealh+/2,

https://doi.org/10.1017/50963548304006224 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548304006224

562 0. Dubois, G. Louchard and J. Mandler

Actually, we can get an equivalent of C, as follows: assume 8 = 2/. We derive

PE[ND 0] ﬁ 1 1 2J(j+1)/2 - 1
Ll B/2K UV (1 + 1/2%) ik s 1/2k
~ C32/2.ﬁ7(10gz(ﬁ)+1)/2’ (7.3)

with
- 1
= ——— =0.419422441795,....

A still more precise analysis can be done. Indeed, L(f) is a dyadic sum, which, for large
f, can be analysed using Mellin transforms: see Flajolet, Gourdon and Dumas [7]. It is
well known that the dominant value is given by some function of log(f). The oscillatory
part has a very small amplitude, usually of order 107>, Indeed, set f(y) :=In(1 + y). We
obtain

LBy ==>_f1+p/2.

k=0
the Mellin transform of which is

L'(s) = — b 1

ssin(ms) 1 — 257

defined in the fundamental strip (—1,0). To the right of this strip, the poles of L*(s) are
a triple pole at s = 0, simple poles at s = y; := 2kni/In2(k # 0) and simple poles at the
positive integers. The singular expansion of L*(s) is given by

| 1 In2/1247%/(61n2)
o= :
- 1 - —1
o
- % 2 sin(myk) In 2(s — i) +k§4( ) k(s — k)(1 — 2%)

This leads, by converse mapping, to

—In*(B)
2In2

. -1
kpk(1 —2k)°
(7.4)

L(B) ~ —In(f)/2+ [~ In2/12 — n?/(61n2)] + y0(B) + Z(—n
k=1

where yo is a small periodic function of log,(f):

e—2nik log,(f)

B —n B -7
vo(B) = % 7 sin(mye) In2 ; ziesin(myx)  In2

Here the amplitude of yo is of order 107!2. Substituting f = 2/ in (7.4), and comparing
with (7.3), we arrive at the curious identity

o0

_ ky _ — _ 2
2;1n(1+1/2) In(2) = —In2/12 n/(6ln2)+kz=;ksinh

1
(2n2k/In(2))’
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0.8+ °
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0.4

0 10 20 30 40 50 60
X

Figure 5. Observed and limiting (7.1) (with observed mean) ND distribution, & = 0.5

(ii) The moments of (7.2) are easily computed. By absolute convergence,
o0 0 ) 0
PO Y CU) [ e dx = PO ()Y €U/ =26
Jj=0 0 Jj=0
by (A.8). More generally,

o0 o0
my = E(NDF) ~ Z C(j / e kxkdx
J=

= Q0 (c0)k! Z C(j)/2" = Bk1Q™ (k)

j=0
by (A.9). However, this is exactly what we expected. Indeed, as > 1, my ~k!S; ~
k!*0~ (k). Moreover, this is of course compatible with (4.5).

a=1/2.

e K~e'/py ~2m, p=K/4> 1. The fit of (7.1) with the observations (x = 0.5), with
the observed mean in f3, is given in Figure 5. The fit of (7.2), with the observed mean in
B, is given in Figure 6. Our analysis given in the case o < 1/2 is still valid.
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0.6

0.4

0.2

0 10 20 30 40 50 60
X

Figure 6. Observed and limiting (7.2) (with observed mean) ND distribution, o = 0.5

e An interesting extension is to consider the case where we replace H = n'/? by H =
Jonlogn. All our previous asymptotic analysis is still valid, now with

p1 = +/0logn/n.
For instance, K becomes
—5logn 1/2—6
K=
Jologn Jologn

Hence, if 6>1/2, K | 0,n — oo, and the almost sure non-decomposability analysis is
available; if 6 <1/2, K T oo,n — o0, and the almost sure decomposability analysis is
valid. This proves our Theorem 2.4.

a>1/2.
o K=¢"/p ~2m, =K/4>1. (A precise analysis of K is given in the appendix.)
The fit of (4.2) with the observations (o = 0.55), with the observed mean in f3, is given in
Figure 7. Apart from k = 0,2, the fit is rather satisfactory.

Pr[ND = 0] is asymptotically given by (4.2) or (4.3): this leads (with the observed mean
in ) to 0.1344, the observed value of Pr[ND = 0] = 0.1180. A more extended simulation
is given in Figure 8, with n = 10® and T = 12000 trials. The fit near the origin is better.
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0.1
0.08
0.06
0.04

0.02+

0 2 4 6 "8 10

Figure 7. Observed and limiting (4.2) (with observed mean) ND distribution, o = 0.55

o K=e¢"/p ~2m B =K/4<1. Now, we can use either (4.1) or (4.2). We can also
explain the rather good fit of Figure 3 (o« = 0.58) with a Poisson distribution. Indeed, if
B < 1, (4.3) leads to

o0

In(Pr[ND = 0]) ~ — Y In(1 + $/2°) ~ —Zﬁ/zk ~ 2B ~ —m,

k=0 k=0

or
Pr[ND = 0] ~ ™.

Similarly, in (A.11), we use

“ 1
S1=Z =~ 2,
/<=0ﬁ+2
and

Pr[ND = 1] ~ e7"m.
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0.14 1

0.121

0.17

0.08

0.06

0 2 4 6 8 10

Figure 8. Observed and limiting (4.2) (with observed mean) ND distribution, & = 0.55, n = 10%, T = 12000

More generally, we see that, by successively differentiating (A.5) w.r.t. z, and setting
z=—f,q=1/2,(4.1) leads to

i'Pr[ND = i]/B" ~ e ™i![z'] g (1/2 = e "i107 (i),
again by (A.5), or
Pr[ND = i] ~ ¢ ™(m/2)Q~ (i), (7.5)

which corresponds to a form of distorted Poisson distribution. For instance, for n = 10000,
o = 0.58, the fit with (7.5) (with the observed mean) is given in Figure 9. The term Q~ (i)
in (7.5) can also be derived from (6.5).

Let us now compute the factorial moments of (7.5). We obtain

= E(ND}) = Z e LB (i).

i=0

Again, successively differentiating (A.5) w.r.t. z, now setting z = f§, ¢ = 1/2, we obtain,
for small f,

iy ~ e "BHIQ (e ~ 1110 (1),

which is of course equivalent to (4.5).
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2o

0 i 5 3 % 3 ;

Figure 9. Observed and limiting (with (7.5) and observed mean) ND distribution, o = 0.58

8. Conclusion

The problem of the decomposability of a set of integers as the sum of two sets is a basic
combinatorial problem related to the factorization of some classes of polynomials. In this
paper we have addressed the problem of p-decomposability which arises when one of the
two sets of the decomposition has a fixed size p. We have studied the limiting large-n
probability of p-decomposability of a set drawn uniformly at random among the subsets
of [n] of size n — n*, showing that it changes abruptly for large n, decreasing from 1 to 0 as
o increases through a critical value, a. = (p — 1)/p. Then, focusing on 2-decomposability,
we have provided a very detailed analysis of the asymptotic distribution of the number
of possible decompositions as « varies. In particular, we have shown that there exists a
sharp threshold function for 2-decomposability, namely {/1/2 nlnn. A next step could be
to adapt the study developed in this paper to 3-, 4-, ... decomposability, with the hope of
eventually generalizing it to p-decomposability. However, the complexity of the analysis
carried out for 2-decomposability casts doubt on the possibility of doing so. Probably,
then, another approach is to be found, possibly inspired by this one.
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Appendix: Proofs

A.l1. Proof of Proposition 6.1
Proof. We have Wy =1 and W| = 1/2,so let i be >2. Our first (and main) step will be
to prove by induction on i that for all such i and x>0,

i—2 k+2_
©;(x) = Y (—1)fHaye %, (A1)

k=—1

where for i>2 and —1 <k <i—2,

(i=1)(i=2)/24k(k+1)/2

[T e -2 —1)

aij = (A2)
Fori=2,

@m=£@wwwww

x/2 X
— e—Zx/ e—2udu + e—4x/ 6214 du
0 x/2
satisfies (A.1) with (A.2). Now suppose the same holds for some i > 2. We calculate ©;;

0, (x / O (u)y*(x|u)d

k41 —2x M2 gy u —4x Yo
= E (=1 aix|e e ¥ “du+e” e du
0 x/2

k=—1
i=2 Ll ok 5 ki ' 2k+2 ! kg

D e T S O B 3
k=—1 -

Plainly then (agreeing, as we clearly may, that a;;_; = 0 for all i),

2k .
2 ay + zﬁTlai,k—l, 0<k<i—1,
dit+1k = (A.3)

) ,
a1+ Y oD sEay, k=—

(Note that the value for k = —1 cannot be written )2, (—1)!*12!/(2'+2 — 1) ay, since it
actually exceeds this by a;_1/2.)

We deal with k>0 first. For k =i— 1, the quotient 2% /(2k*1 — 1) equals 2(—D+k/
(21 — 1), which adds just the right factors to a;;_» so that (A.3) extends (A.2). Suppose
then 0 <k <i—2. The induction hypothesis (A.2) implies

2(i=1)(i-2)/2
Hk+1 I)H(z+1) k— 2 1)

The quantity between brackets on the right equals 2kk+D/2+k[2ik=1 _1)4 1] =
2i=1oktk+1)/2 5o that (A.3) again extends (A.2).

Aig1y = [2k(k+l)/2+k(2i7kfl _ 1) + 2k(k71)/2+2k:| i
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Let us turn now to k = —1. Using g-factorial notation (see, e.g., [1]),

(@s=1—q)(1—g*) - (1—¢),

the corresponding case of (A.3) reads

o 1 122 20+1(+2)/2 1
‘ — (_1)\iHIai—1)~2)/2 AN E
Ay, = (—=1)72 [(2)1.1 + B IZ(;( 1) 202 — 1 (2)121(2)isi—2

Taking account of the fact that (22 —1)(2),;; = —(2);12» and applying the change of
summation index h =1+ 2, we get

) i Zh(h
Gip1y = (—1)H120=16=2)/2 [ TR Z (2 . ] (A4)

Now from a special case of an identity due to Cauchy (Formula (3.3.6) of [1] with z = 1
and g = 2; see also [12, Vol. I1, p. 59]), we know that

, 2h0=1/2

Z( 2)/1 2)1

Therefore, the quantity between brackets in (A.4) is

1 _1(1_ 1 )_l( 1 _L) [(—l)—l] 2i-1
)it 2\Q2) @121/ 2\ 21 () (2)1 Q0

so that finally

21172
2’
which is indeed the same as (A.2) with i replaced by i+ 1. Thus (A.1) with (A.2) is

established for all i > 2.
Now for the short second step. Integrating (A.1) yields, in view of (A.3) and (A.2),

aiy1,—-1 = (—1)

ok
a1
W= Z k“mai,k = Ait1,-1 — l2
k=—1
_ ( 1)1 |:2i(i1)/2 2(1'71)(1'72)/271(1 _ 21) .21'(1'73 2

@ " @) =g

which is just the last expression in (6.2), and trivially equal to the other two. L]

A.2. Proof of Proposition 4.2
Proof. Equation (4.1) can be written, with f := K(n,a)/4,

Pr[ND = k] ~ Z( 1)’(i>ﬁi+(—1)"Z(—1)i(£>ﬁi[Q(i)—Q(OO)]-
i=k
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However,

Q- H1 2'< H1 2k
=Q—(oo>[1'[<1—2—’<>—1].

k=i+1

Using two classical Euler identities, we will derive several summation formulaec we need
hereafter. These identities are

Hl_lqk 1+Z] ’/H(l—q (A.5)
H( +4'z —1+Z ‘g~ 1>/2/1'[(1—qk) (A.6)
k=1

k=0

or a simple proof, see Knut , Ex. 5.1, . First, set z = — ‘ ,q= in (A.6).
(f impl f, Knuth [9, Ex. 5.1.1/16]). Fi 1/2“rl 1/2 in (A.6)
This leads to

1

kH(l—z—k)—l-i-Z( ’+1121<11/2Q()
=i+1
Sy KC))
ZE;WQ (J)=Z; 207 (A.7)
= =

where

(—1y

C(j) = WQ_U)'

For further use, we note that, setting i = 0 in (A.7), we obtain Q(c0) = Z]”“ o C(j). Setting
i =1, we derive

Q@) _ < Cl)
1—1/2 _27 (A8)
(This is relation (A.4) in [11].) More generally,
00 i)=Y N, (A9)
j=0
Putting everything together we obtain
Pr[ND = k] ~ @ (c0)(—1)F Z c()d (=1y (;) % (A.10)
j=0 i=

However, differentiating the g.f. 1/(1 4 yz) = Z(—l)iyizi, we obtain

.
(1 )t = Z( Ul() l
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hence (A.10) becomes

0 2J k
Pr[ND = k] ~ 0™ () C(ﬁﬂ%' O

j=0

A.3. Proof of Proposition 4.3
First, we set z = —f,q = 1/2 in (A.5): equation (4.1) leads to

s 1
PrIND=0] ~ || ———.
kl}) 1+ B/2k

Now, differentiating (A.5) w.r.t. z, we obtain

o0 k o0 o0

1 T
Z l_qqkz Hl_quz :lel 1/1—[(1—(11‘).
k=0 u=0 k=1

i=1

Setting z = —f3, ¢ = 1/2, we obtain

pPALEIAN s SR N Y
k=0 1 + ﬂ/Zk u=0 1 —|—B/2“ - i=1 ’

that is, by (4.1)

0

Pr[ND = 1]/ Z - Pr[ND = 0],
or
Pr[ND = 1] Z - Pr[ND = 0]. (A.11)
B+ 2

A direct check of (4.3) and (A.11) is given as follows: (4.2) leads to

o0

Pr[ND = 0] ~ )Z 1 f(ﬁf/z] = _(oo)z;C(j)z; # (A.12)
J= i=

However, (A.5) gives

o0

- 1 i pi— s
gm =Z(—1)/3Q (i),

i=1

and by (A.9), we immediately recover (4.3). Similarly, differentiating (4.3) and (A.12) w.r.t.
p, we derive

N NS U5 A~ S BN |
(w)zc(j)m_gl+ﬁ/2k;ﬁ+2"’

j=0

which immediately leads to (A.11).
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Let us now proceed for all k. We first prove the following lemma.

Lemma A.l1. Setting

- 1
Sl_;(ﬂ—l—Zl)”

the following obtains, for any k> 1 (and < 1 at least),

(_1)“1+"'+0¢k+1 o 4 oo P; %
—k = ;
Sk Z +...+ak oyttt ol H ﬁlPO

o
o +20:§+-“+kc<k=k 1 i=1

with P; ~ Pr[ND = .

Proof. Let A be the right-hand side of (A.5). By k-fold differentiation of the logs of both
sides, using the Faa di Bruno formula for the kth derivative of a compound function (e.g.,
[13, p. 35]):

k!

© ik
k - 1 ' = DO(1+"'+O(,< 10 A
( ; - qu)k o +2%z;+kou =k( el )al P Lo - el

X (DAY (D*A)* - - - (DFA)*

(_1)m1+"'+mk+1 (OC] —+ ot oy — 1)1
o1 +200 4+ +kog =k o l... ol 1 Ao+ o

DAN™ (D*A\™  (DFAN™
“\1r) \ Kl
Now from (A.5) for z=—f and ¢ = 1/2, and (4.1), we see that D'4 = i!P;/p', where
P; ~ Pr[ND = i]. The result follows. ]

=k!

Although we are only interested here in the field of reals, the base field in the following
two lemmas could of course be C.

Lemma A.2. For 1<i<k, let the polynomial P; in the indeterminates Xi,...,X; be of the
form ¢; X; + Si(X1,..., Xi—1), with ¢; # 0. (Sy is understood to be a constant.)

(1) There is (at least one) polynomial Q(Xi,...,X}), depending only on the P;s, such
that for any polynomials A;(Xy, ..., Xx), Bi(X1,..., X)) verifying A; = Pi(By,...,B;)(1 <
i< k), we have By = Q(Ay, ..., Ay). (In particular, we of course have X = Q(Py,..., Py).)

(i) If there are particular polynomials Uj(Xy,..., Xk), Vi(X1,...,Xk) (1 <i<k), with the
U;s algebraically independent, and R(X4,...,X), such that U; = Py(Vy,...,V;) and
Vi = R(Uy,..., Uy), then the polynomial Q in (i) is unique and equal to R.

(ii1) If (ii) holds, then for any real numbers ai,...,a; and by,..., by, the equalities a; =
Pi(by,...,b;)) (1<i<k) imply by = R(ay,...,a).
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Proof. (i) We have By = c¢y!'(4; —S;). Call this Q(4;). For any r <k, from B; =
0i(Ay,...,A4;) (1<i<r), there follows B,1 | = crjll(ArH —S41(01,...,0,)), which we call
0,41(A4,...,A4,11). We may then take Q = Q.

(ii) For any Q as in (i) we have V), = Q(Uy,...,U;) = R(Uy,..., Uy). Since the U;s are
algebraically independent, Q — R is the null polynomial.

(iii) The a;s and b;s are just particular polynomials. (Note that we do not assert that
R is necessarily the only polynomial such that, for arbitrary numbers a;, b;, the equalities
a; = Py(by,...,b;) imply by = R(ay,...,a;). This is certainly true in the event that the P;s
are algebraically independent, but in any case we do not need it.) L]

Lemma A.3. If real numbers a; and b; (1 <i<k) verify

i 1 -
arz(_l)l+] Z (OC1+ +Of>bolu_,,bfr’ forlgrék,
P o Ao\ oy o
then we have
- aa
by = (—1) > "5, Jor 1<r<k. (A.13)
w200+ o, =r aper e
Proof. We apply Lemma A.2 with
. 1 o+ + o
P(X1,...,X,) = (—1)y*! - X X
(X1, Xo) = (=1) > OH._.W(&1 a,> X

o 2054 Fro=r
for 1 <r<k,

and

X“l .. .X“k
R(X1,...,X}) = (—1)<*! > ==k

o leo. Otk!
o200+ ko =k

For 1<r<k, let 0, =3 ¢ oiycciy <1 Xir -+ Xi, be the elementary symmetric polyno-
mials in the indeterminates X1,..., X, and S, = Zi;l X! the Newton sums. From the
classical Waring identities (e.g., [12, Vol. 1, p. 5], [14, esp. (7.23)]), the polynomials P;,
R, U; = —S§;/i, and V; = —o; are immediately seen to verify (ii). The S;s, and thus also
the U;s, are known to be algebraically independent (loc. cit.). Hence (A.13) for r =k is
obtained from (iii). Since k was arbitrary, we are done. ]

The proof of Proposition 4.3 goes as follows.

Proof. Using Lemma A.1, we see that the a;s and b;s given, for 1 <i<k, by

. P
a; = —1 lS,' i and bi = —— !
(—1)'si/ B,
comply with the hypotheses of Lemma A.3. Writing down (A.13) we get (4.4). L]
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1.21

0.8+

0.6 07 0.8 09 1
al2

Figure 10. S(x)

Ad. A precise analysis of f = K(n,a)/4, a > 1/2

In this section, we show that there exists still another threshold value " delimiting the
choice of asymptotic expressions. We consider f = K(n,o)/4 = e /(4n*~1). Differenti-
ating w.r.t. n, (considered as a real), we see that  possesses a unique maximum for

| — o\ V22D
"= (21—1> '

This maximum, S(a), say, is given in Figure 10. S(«) T o0 as o | 1/2. The unique threshold
value giving S(o*) = 1 is o" = 0.557023356433,.... For a > o, we can use either (5.12) or
(4.2). For 1/2 < o < o, we observe two values ny(a), ny(o) such that, for n € [1/2,n1] or
n € [np, 0], we have f < 1 and we can use either (5.12) or (4.2). For n € [ny,ny], f > 1,
we must use (4.2). The two functions ny,n; can be computed as follows. Set

W :=—Qa—1)[Inn—21In2/(1 —a)].
This leads to

WeW =X with x = M621n2(2“*1)/“*9‘)

’ o—1 ’
This is the well-known equation of the Lambert function W(x). W is related to the tree
g.f. T(x) by the relation T(x) = —W(—x). It appears that two branches of W lead to the
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solutions we need here: the classical one W(x), analytic at 0, and the other one, W (—1, x).
We obtain

ni(2) = exp{—[W(x) —2In 220 — 1)/(1 — 2)] /(2 — 1)},
n (o) = exp{—[W(—1,x) —2In2(20 — 1)/(1 — 2)] /(20 — 1)}.

For instance, with o = 0.55, we obtain n; = 3140, n, = 988126791.
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